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of eigenvectors on random regular graphs
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Abstract. Consider a random regular graph of fixed degree d with n vertices. We study
spectral properties of the adjacency matrix and of random Schrodinger operators on such
a graph as n tends to infinity.

We prove that the integrated density of states on the graph converges to the integrated
density of states on the infinite regular tree and we give uniform bounds on the rate of con-
vergence. This allows to estimate the number of eigenvalues in intervals of size comparable
to log; 1 | (n). Based on related estimates for the Green function we derive results about
delocalization of eigenvectors.
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1. Introduction

In his seminal work from 1955, Wigner showed that the density of states of random
matrices with independent identically distributed entries converges — as the size
of the matrix tends to infinity — to a universal deterministic probability measure,
the semicircle law [49]. This result was gradually improved and today it is known
that universality of spectral properties of Wigner matrices goes far beyond that.
Even the local eigenvalue statistics, studied via the eigenvalue gap distribution, is
given by universal laws [20-22,44]. These laws can be calculated explicitly from
Gaussian ensembles and are characterized by local repulsion of the eigenvalues.
We refer to the textbooks [7, 8, 36] and the review [13] for general results about
random matrices and further references.

One field where random matrices arise is the study of random graphs. Along
with a graph of # labeled vertices one considers the adjacency matrix which is
the symmetric n x n matrix with entry ij equal to 1, if vertex i is connected
by an edge to vertex j, and equal to 0 otherwise. The spectrum of this matrix
bears information about the geometry of the graph, however determining spectral
properties is often a difficult task.

For Erd6s—Rényi graphs, where every edge is chosen independently with prob-
ability p (see [10] for details concerning random graph models), universality of
the local eigenvalue statistics for the corresponding adjacency matrix has recently
been proved under suitable conditions on p [18,19]. Two of the steps towards uni-
versality are proving local convergence of the density of states and delocalization
of eigenvectors. The former refers to the fact that the average number of eigenval-
ues in small intervals converges to a universal law. (Ideally this holds for intervals
of size comparable to 1/n, up to logarithmic corrections.) The latter means that
eigenvectors are typically uniformly distributed over the whole graph. Let us em-
phasize that the mentioned results, for Wigner matrices as well as for Erd6s—Rényi
graphs, rely on independence of the entries.

In this note we investigate the spectrum on random regular graphs with fixed
degree d. In a regular graph of degree d each vertex is connected to d other
vertices. Thus in the corresponding adjacency matrix each row and each column
contains d entries that are 1 and n — d entries that are 0. Such a graph, or equiva-
lently such a matrix, is chosen at random with uniform probability. These random
matrices are sparse: only few entries are non-zero so that moments of the distribu-
tion of the entries decay slowly. More importantly the entries lack independence.
Therefore it is not clear how to apply the methods developed to study Wigner ma-
trices and ErdGs—Rényi graphs.
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While there are results concerning extreme eigenvalues at the edge of the spec-
trum [24,42] not much seems to been known about eigenvalues in the bulk of the
spectrum. However, it is conjectured that the local statistics is universal and gov-
erned by repulsion of eigenvalues, see for example [17,18,27, 37].

In this article a small step is made in this direction by studying convergence
of the density of states and delocalization of eigenvectors. First we analyze the
density of states. The analogue of Wigner’s result for random regular graphs was
proved by McKay [33]: The density of states of the adjacency matrix of a random
regular graph converges in distribution to a probability measure, known as the
Kesten—-McKay law.

In Theorem 2.1 we refine this result by giving uniform bounds on the rate of
convergence. This allows us to deduce local convergence of the number of eigen-
values in intervals of size comparable to loggil (n). Our approach is based on the
fact that arandom regular graph coincides locally with a regular tree. This explains
the rate log;', (n) since this approximation typically works well up to distances
comparable to log,;_, (n). While this rate is far from the desired 1/, our results
are strong enough to deduce statements about convergence of the Green function
and delocalization of eigenvectors.

Our findings are similar to results recently obtained by Dumitriu and Pal [16]
and by Tran, Vu, and Wang [46]. They also study spectral properties of random
regular graphs and consider the case where the degree d is not fixed but tends
to infinity together with the number of vertices n. The main results also include
delocalization of eigenvectors and local convergence of the number of eigenvalues.
Again the size of the allowed intervals is comparable to logcjnl_1 (n). Let us remark
that our methods — even though they are tailored for regular graphs with fixed
degree — also extend to graphs with growing degree. In Theorem 2.2 we recover
results from [16] and [46] and we slightly improve them in a certain sense that is
made precise below.

After this prelude, the main purpose of this article is to derive similar results
for random Schrodinger operators and to deduce delocalization of eigenvectors.
Motivated by recent physical and numerical considerations about eigenvalue sta-
tistics [9, 14] we study the Anderson model of random Schrodinger operators on
random regular graphs: A random Schrédinger operator consists of the adjacency
matrix perturbed by a random potential, that means one adds independent iden-
tically distributed entries on the diagonal of the matrix. Again we explore the
density of states by comparing with the Anderson model on the infinite regular
tree. The strength of our approach lies in the fact that it depends only on local
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properties of the graph, therefore it extends to general local operators such as
random Schrodinger operators.

The Anderson model on the tree is one of the most studied models of random
Schrodinger operators, see [47] for an overview of results and references. It is
a natural question in what way spectral properties on the infinite tree extend to
the corresponding finite-volume operator on a random regular graph. However,
for Schrodinger operators the analysis of spectrum and eigenvectors is more chal-
lenging since the corresponding spectral measure on the infinite tree is not purely
absolutely continuous but it also contains a pure-point component.

This should influence the behavior of eigenvectors of the finite-volume oper-
ator. In spectral regimes that correspond to pure-point spectrum of the infinite-
volume operator one expects to find exponential localization while eigenvectors
with eigenvalues within the absolutely continuous spectrum are expected to be de-
localized. In turn, properties of eigenvectors are conjectured to determine whether
the local eigenvalue statistics is Poisson or governed by level repulsion [9,14,47].

Again we are able to make a small step in this direction. In Theorem 2.3 we
show that the mean density of states of a random Schrédinger operator on arandom
regular graph converges to the density of states on the infinite tree. We give bounds
on the rate of convergence and show that the mean number of eigenvalues in inter-
vals of size comparable to loggil (n) converges. Finally, in Theorem 5.3 we apply
these results and combine them with recent results about random Schrodinger op-
erators on the infinite tree [3] to prove that typically eigenvectors on a random
regular graph with eigenvalues within the absolutely continuous spectrum of the
infinite-volume operator are not localized.

The article is organized as follows. In the next section we explain the relevant
notation concerning random regular graphs and spectral measures. Then we give
the precise statements of the main results about convergence of the density of
states.

In Section 3 we provide the main tools: The fact that a random regular graph
coincides locally with a tree implies that low moments of the spectral measure
on the graph agree with the respective moments on the tree. Therefore also the
expectation of polynomials of low degree (typically up to log,;_, (n)) is the same.
Thus to obtain uniform estimates on the rate of convergence of the density of states
one needs to approximate the Heaviside function by polynomials. As was noticed
by Chebyshev, Markov, and Stieltjes orthogonal polynomials are well suited for
this purpose. In Theorem 3.1 we use this approach to prove a deterministic estimate
for the density of states valid for all regular graphs.
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In Section 4 we study the distribution of cycles in a random regular graph and
we show that it is justified to approximate a random regular graph locally by a
tree. We use that to complete the proof of the results from Section 2.

In the final section we apply the developed techniques to prove convergence of
the Green function and to deduce results about delocalization of eigenvectors.

2. Notation and results

Consider the set G, 4 of simple regular graphs with n vertices and degree d > 3.
Let P, 4 denote the uniform probability measure on this set and let €, 4 denote
the expectation with respect to P, ;. We study this ensemble as n tends to infinity.
We say that an event happens asymptotically almost surely if the probability P, 4
of the event tends to one as n tends to infinity.

We assume that the degree d is fixed unless stated otherwise. However, the
methods that are employed here are not limited to this case. In particular in The-
orem 2.2 we consider the case where d = d, tends to infinity with n.

2.1. The adjacency matrix. First we study the spectrum of the adjacency matrix
A, of arandom regular graph G, € G, 4. The adjacency matrix is the self-adjoint
operator on the Hilbert space £2(G,) defined by

(Anp) )= > $(). ¢ €l?(Gn). x € Gy

y€Gp:d(x,y)=1

Here the distance d(x, y) of two vertices x, y € G, is the length of the shortest
path connecting x and y. The adjacency matrix is the discrete Laplace operator
on G, with the diagonal terms removed.

Let (4;)7_, denote the eigenvalues of 4, and let (¢;)7_, be the corresponding
£2(G,)-normalized eigenvectors. If an eigenvalue has multiplicity higher than one
we repeat the value according to its multiplicity and we choose the eigenvectors
as an orthonormal basis of the eigenspace. Since G, has n vertices, A, is a sym-
metric n by n matrix and we obtain n eigenvalues and n eigenvectors. To study
the distribution of the eigenvalues we introduce the following spectral measures.

For a vertex x € G, we write §; € {?(G,) for its characteristic function:
8x(x) = 1 and 6x(y) = O for y # x. Also, foraset I C R let y; denote its
characteristic function: y;(t) = 1forz € I and y;(t) = O for¢ ¢ I. We write |/|
for the length of the set. The local spectral measure p, , with respect to a vertex
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x € Gy is given by

pnx(D) = e x1 (An) 8x)2Gy = 9 10 ()2 @.1)
Ajel

With Nj(G,) we denote the counting measure that counts the number of eigen-
values A; in the set 7,

N1(Gn) = Y x1(Aj) = Tr[xr (Ap)]
j=1

and we remark the identity

NH(Gn) = ) pn (D), (22)

xeGy

Our main tool in the analysis of the spectral distribution of A4, is the fact that
a typical regular graph locally resembles a tree in the sense that it contains large
regions without cycles. (A cycle refers to an unoriented, unlabelled closed path
without repetitions of vertices and edges other than the starting and ending ver-
tex.) So we also consider the infinite regular tree T; of degree d. On the tree the
adjacency matrix A, is again defined by

(Ar,¢) ()= Y o). ¢el*(Tq). x €Ty

y€Tq: d(x,y)=1

Since the degree d is finite A, is abounded and self-adjoint operator with domain
£(T4). In analogy with the local spectral measure (2.1) we define the local density
of states measure

oo(1) = (Ox, X1 (A‘Id)(gx)lz(’fd) (2.3)

which is independent of x € T;. On the tree this can be calculated explicitly and
is given by the Kesten—McKay measure:

Ad—1) 12

The fact that a random regular graph is locally identical to a tree has already
been used by McKay to determine the limiting distribution of eigenvalues of the
adjacency matrix. Assume that for each fixed k > 3 the number of cycles of
length k in G,, is of order o(n) as n tends to infinity. Then it is shown in [33] that
the measure N.,)(G,)/n converges in distribution to 0. This local convergence
was generalized in [39] to the much richer class of self-adjoint graphs that includes
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trees and, in particular, regular trees. Since we aim at comparing with results on
regular trees we restrict ourselves here to local convergence of random regular
graphs to regular trees.

We refine the result of McKay by giving an estimate on the rate of convergence.
Note that the measure oy is supported in the interval [-2+/d — 1,2+/d — 1] and
that its density is bounded by y,, where

d 1
— ifd <6,
4 \/d? —4(d — 1)
Yd =
d—1
ifd > 7.
dm ! -

Theorem 2.1. The local density of states of the adjacency matrix of a random
regular graph satisfies the estimate

sup [+ 3 s (=00, 1) = o0((—o. D] = CraVd = Thogg", (0
re x€Gp

asymptotically almost surely for any constant C > 8.
In particular, the estimate

1
‘;NI(Gn) —oo(I)| = 8|I| (2.5)

holds asymptotically almost surely, for all § > 0 and all intervals I C R satisfying

|I| > 2C)/d\/5d—1

log;t,(n).

Remark. As mentioned in the introduction this result can be seen as a general-
ization of recent results found in [16, 46], where the spectral distribution of the
adjacency matrix is analyzed on random regular graphs with degree d = d, that
tends to infinity as n — oo. In fact from [16, Lemma 10] one can also derive a
result for fixed degree d, namely that (2.5) holds if the size of the interval [ is
larger than log(log(n)) log™! (n).

To emphasize that our approach can be applied in various situations let us now
briefly consider the case where the degree d = d, depends on the number of
vertices and tends to infinity as n — oo, as studied in [16, 46]. To confine the
spectrum to a finite interval one considers the rescaled operator

~ 1

Ay=——— 4
" oJd, =1 "
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on £2(G,) and the correspondingly rescaled operator Ao 4, On 02(T,4,). Then the
local density of states measure

Go(1) = (Bx. x1(A74,)8:) 27,

is given by

. 2 dp(dp—1) 5
Uo(dk) = ;dnz — 4(dn — 1))&2 1— )Lz)((_l’l)()t)d)t . (26)

As n tends to infinity this measure converges to the semicircle measure
2
Osc(d)A) = ;\/1 — A2 x1,n(A)dA. (2.7)
In the same way as above we define the local spectral measure

Pnx(I) = (Ox, x1 (Avn)‘gx)KZ(G,,)
and the counting measure
N1 (Gn) = Telxr(A)] = > finx(D) (2.8)
x€Gy

and we obtain the following local semicircle law.

Theorem 2.2. Let d, — oo asn — oo with d, < (n/In(n))"/3. Then the local
density of states of the operator A, satisfies the estimate

1 - In(d, — 1) 1
— —00,1]) = osc((—00, 1| < C(——— + —
sup| 2 (o0, —oul(oo0 b=+ a)
asymptotically almost surely for any constant C > 8.
In particular, the estimate

‘%NI(G,,)—%(I) < 8|1 (2.9)

holds asymptotically almost surely, for all § > 0 and all intervals I C R satisfying

2C (m(d,, ) 1 )

Il > = —
=5 13

Remark. This theorem is similar to recent results from [16,46]. In [16, Theorem 2]
it is shown that (2.9) holds with probability at least 1 —o(1/n), if d, = In” (n) and
the size of the considered interval / is comparable to In~# Y(n) for0 < y < 1 and
comparable to In? (n) for y > 1 both with 8 < 1. Theorem 2.2 above improves
this in the sense that one can consider slightly smaller intervals /.
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In [46, Theorem 1.6] a similar estimate is shown to hold with probability at least
1 — O(exp(—cn/d, In(dy))) if the size of the considered interval I is comparable
to In'/3 (dn) dyn 1/10 " A far as the size of the interval is concerned Theorem 2.2
above gives better bounds if d,, is less than In'®(n). For d, larger than that the
result in [46] is stronger.

2.2. Random Schrodinger operators. Now we study the distribution of eigen-
values of a random Schrodinger operator on a random regular graph G, € G, 4
with fixed degree d > 3. We define the operator

H,(V)=A4,+V
on {2(G,). The operator V denotes a random potential, a multiplication operator,

(V$) (x) = wx¢p(x), ¢ € £(Gy), x € Gn,

where (wx)eg, stands for a collection of independent identically distributed real
random variables with density p. We assume that p has bounded support such that
supp p C (—po, po) for some 0 < py < 0o and we write ||pl|cc = SUpP;cp P(t)-

For random Schrodinger operators we apply the same notation as above for
eigenvalues and eigenvectors. Here the eigenvalues (4;)7_, and eigenvectors
(¢j)}—, are random objects even for a fixed graph G, since they depend on the
potential V. So for x € G, we consider the random spectral measure

pnx (I3 V) = Guo 1 (Ha(V)8x)2G,) = D lj)> (2.10)
Ajel

that corresponds to (2.1). As in (2.2), with N;(G,; V) we denote the random
variable that counts the number of eigenvalues A; in the set /,

xeGy

NHGn: V) =Y x1O) = Te [y (Ha(V)] = Y pnx(I:V). (2.11)
j=1

In the same way we define the corresponding objects on the tree J;: First the
operator
Hy,(V)= Ay, +V

on £?(T;). Here V = (wx)xeT, denotes again a collection of independent identi-
cally distributed real random variables with density p. We write IP and I for the
probability and expectation with respect to the distribution of (wx)xe7,-
We recall that the density of the random potential has finite support. Hence, Hy,
is a bounded self-adjoint operator with domain £2(T).
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For x € T; we define the local density of states measure

g (1 V) = Gy 1 (Hry (V)8 27,

This measure depends on the potential V' and thus on the vertex x € ;. To obtain
an invariant measure we take the expectation with respect to the random potential
and set

op(I) = Elpg, x(I: V)] (2.12)

By translation invariance of the operator Hy,(}') the measure o, is independent
of x € T, and thus depends only on the density p. We refer to Appendix A.2,
where we state selected properties of jug, x and o,.

To identify the random potential on the graph G, with the random potential
on the tree T; we consider the tree as the universal cover of the graph. To con-
struct the universal cover one starts with an arbitrary vertex o € G, and the set
of non-backtracking walks in G, that start at o. This is the set of finite sequences
(x‘,-)j-‘=1 such that x; = o, x; is adjacent to x;4; in G, for j = 1,...,k — 1,
and xj_; # xj4q for j = 2,...,k — 1. Two such walks are said to be adjacent
if their lengths differ by one and if they agree except for the last vertex of the
longer walk. The set of non-backtracking walks in G, starting at o with this no-
tion of adjacency is isomorphic to the tree T; and forms the universal cover of the
graph G,.

The graph G, induces an equivalence relation on its universal cover and thus on
the tree: Two vertices of T, are equivalent if the corresponding non-backtracking
walks in G, have the same endpoints. Hence, the graph G,, can be recovered from
the universal cover as the set of equivalence classes. This induces a map

which is onto and preserves the local geometry in the sense explained in the fol-
lowing.
For a vertex x € G, and k € N let

Bi(x) ={y € Gy: d(x.y) < k}

denote the k-neighborhood of x, including all edges of G, that are incident with
at least one vertex y with d(x, y) < k. If By (x) is acyclic then By (x) is a finite
tree of depth k. To compare the graph G, locally to the tree we define

R(x) = max{k € IN: By (x) is acyclic}. (2.13)

(Since G, does not contain double edges we have R(x) > 1 for all x € Gy.)
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Let X € T4 be an arbitrary vertex from the preimage of x under the map ¢ and let
13 BRx)(X) CTg — Bru)(x) C G, (2.14)
be the restriction of ¢ to the neighborhood
Bren(3) = {§ € Ta: d(5.9) < R(x)}.

By (2.13) the map t; is an isomorphism from Bg(y)(X) to Br(x)(x).

Given a realization of the random potential V' = (wz)zeg, on the tree, this
map generates a realization of the potential on the graph: For x € G, we choose
X € T4 as above and for y € Bp(y)(x) we set w, = wy, where § € Bp(y)(X) is
the unique preimage of y under (z. For y ¢ Bp(x)(x) we set wy, = wj, where
y € Ty is an arbitrary vertex from the preimage of y under . This procedure
yields a collection of independent and identically distributed random variables
(wy)yeag, with density p. In fact, this realization of the random potential depends
on x € G, and on the choice of preimages. However, by independence of the
random variables (wy)y,e7, this dependence disappears after taking expectations.
Thus we denote the resulting random potential on G, again by V.

With this construction the local geometry and the random potential in
Brx)(x) C Gp and Bry)(X) C T4 coincide. By induction in k € IN, it is easy
to see that (8, H,,(V)ka)ez(Gn) and (83, Hy, (V)kSJAC)ez(gd) only depend on the
local geometry and on the random potential in B,,(x) and B,,(X) respectively,
where m = k/2 for k even and m = (k + 1)/2 for k odd. In particular, it follows
that

Gx Ha(V) )26, = B Hr, (V) 80) 27, (2.15)
forall k = 0,1,...,2R(x). This identity is a key ingredient in the proof of the

following result.

Theorem 2.3. Assume that the density p of the random potential V satisfies
lplloo < 00 and supp(p) C (—po, po) With 0 < pg < oo. Then the local density of
states of the operator H, (V') on a random regular graph satisfies the estimate

sup [% Z Elptn x (=00, t]; V) — M,z (=00, t]; V)|]

teR x€Gy,

< Cllplloc2vVd =1 + po) logz!, (n)

asymptotically almost surely for any constant C > 4.
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In particular, the estimate
1
~E[N1 (Ga: V)] = 0p(D)| < 8|1

holds asymptotically almost surely, for all § > 0 and all intervals I C R satisfying

- 2Clplleo(2vd =1 4 po)
- )

7] log;t,(n).

In Section 5 we apply the developed methods to deduce estimates for the Green
function. We establish convergence of the imaginary part of the Green function on
a random regular graph to the respective quantity on the infinite regular tree, see
Corollary 5.1. Based on these bounds we prove statements about delocalization
of eigenvectors. In particular, in Theorem 5.3 we show that eigenvectors of the
operator H, (V) with eigenvalues within the absolutely continuous spectrum of
the infinite-volume operator Hy, (V') are not localized. Since these results require
more notation and since they ask for some discussion we state these results in
Section 5.

3. A deterministic estimate for the integrated density of states

In this section we fix a graph G, € G, 4 and a vertex x € G,. We derive an
estimate for the difference between the spectral measure on G, and the respective
measure on the tree T4 that depends on the local geometry of the graph.

Recall the definition of R(x) from (2.13) and set R(x)* = R(x) for R(x) odd
and R(x)* = R(x) — 1 for R(x) even. As in Theorem 2.3 we write x € T, for a
vertex from the preimage of x € G, under the universal cover.

Theorem 3.1. Forall G, € G, 4 and all x € G, the local density of states of A,
satisfies

sup(|pn,x((—o0, t]) — og((—00, t])[] < 4myavd — 1 ! -
teR R(x)

Moreover, under the conditions of Theorem 2.3, the local density of states of

H, (V) satisfies

?u]EI:;[E“’Ln,X((_OO’ l], V) - :u“‘fd,fc((_oo’ l], V)|]

1
<27|pllc(2Vd — 1+ PO)W

forall G, € G, g and all x € G,.
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Remark. For the adjacency matrix A, there is a variant of this result. In [41] it is
shown that there is a constant C > 0 such that, for all m € IN,

2m—2

/
Supllt < (~o.]) = oo ((=00. 1) ] < (L +m (Y mr.6a)”).
te Pt

where Wy (x, G,) is related to the number of closed non-backtracking walks of
length k in G, that start at x. For m < R(x) the second summand is zero. More
generally, Wi (x, G,) can be estimated in terms of the number of cycles in G, and
the resulting bounds are similar to Theorem 2.1.

In the remainder of this section we prove Theorem 3.1. The proof is based on a
general estimate for measures on the real line that we give in the next subsection.
In Subsection 3.2 we show how the theorem can be deduced from Proposition 3.2.

3.1. A general estimate. The following result is related to the classical moment
problem and the Chebyshev—Markov—Stieltjes inequality; it is based on an ap-
proximation of the Heaviside function by orthogonal polynomials. We refer to the
books [5, 31,43] for background information regarding this approach.

Proposition 3.2. Let o0 be a measure on the real line with bounded density w and
with support in the finite interval (—wo, wo). Let N € N and assume that | is
another measure on the real line such that, forallk = 0,...,2N,

/Ako(dk):/)tku(d)t). (3.1)
R R
Then the estimate

2
sup o ((—o0. 1)) — p((—o0. 1] = 1= [wlloatwo
teR

holds with N* = N for N odd and with N* = N — 1 for N even.
Proof. First we note that for ¥ < —wg we have

o (=00, 1]) — (=00, 1])| =< | (=00, —wo])|

= |0 (=00, —wo]) — p((—00, —wo])|
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and for t > wy (by (3.1) with k = 0),

o (=00, 1]) = (=00, 1])| = o (=00, wo]) — p((=00, 1])
< o (=00, wo]) — (=00, wo))|.

Hence, we can assume ¢t € (—wyg, wp).
Forn € Ny, let P, denote the orthonormal polynomial of degree n with respect
to the measure . We claim that

1
Yoo Pa)?

Combining this bound with Lemma 3.3 below proves the proposition.

To establish (3.2) let us first assume that ¢ is a zero of the polynomial Py.
We remark that these zeros are real and simple [5] and we denote them by
A1 < Ay < -+ < An. Then this assumption means that # = A; for an index
j €{l,..., N}. We construct a polynomial R,y_5 of degree 2N — 2 that satisfies

o (=00, 1]) — p (=00, 1])] = (3.2)

Ryn—2(A1) == Roy—2(;) =1,
Ron—2(Aj41) == Ron—2(AN) =0,
and
Rin_,(Ai) =0

for all i # j. These 2N — 1 assumptions determine the polynomial Ryny—_»
uniquely. A short argument using Rolle’s theorem shows that

Ron—2(A) = J(=c0.1;1(4)

forall A € R[5, p. 65]. In the same way we construct a polynomial Q,y—_, of
degree 2N — 2 by changing only the condition at A; to Q,n—2(A;) = 0. Then we
get Qan—2(A) < X(~c0,1,1(A) forall A € R. Hence, we can estimate

o004 = [ sconao@n) = [ Raw-so(an.

(=00, Aj]) = /R Hcoonie(d) = /R Oov—a(Mu@dr)  (3.3)
and

0((=00,4;]) —p((=00, A;]) = /RRzN—z()k)O(dl)—/Rszv—z(l)/i(dl)- (3.4)
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To bound the right-hand side we invoke the Gaussian quadrature formula from
Lemma A.1in Appendix A.l: With M = N — 1 and s = 0 we find

N J
Ron—2(Ag) 1
Ron_a(M)o(dX) = 2:——§j—
/R e YN POw? 2 YN Paa)?

By assumption, the first 2N moments of the measures o and p agree, so we also
get

/ Oan—a(Mp(dA) = / a2 (M) (dA)
R

n= 0 P (Ak)z

Jj—1 1

k= 12 P (Ak)2

_ Z Qan-2)
=1

Combining these identities with the estimate (3.4) yields the upper bound

1 1
2] — Aj N
6 ((—00, A5]) — p((—o0, D_Z P02 SN Pk

where we used the assumption Py (A;) = 0 in the last step. The lower bound is
proved in the same way by exchanging the roles of o and p in (3.3) and (3.4). This
proves (3.2) if ¢ is a zero of Py.

It remains to prove (3.2) if ¢ is not a zero of Py. For s € R we define a
polynomial of degree N + 1 by

Pn41(0) = Pni1(A) + 5Py (R).
Since Py () # 0 we can choose s in such a way that
Pyi1(t) =0.

Thus we can argue in the same way as before, with N replaced by N + 1.
This establishes (3.2) and completes the proof. U

The proof of Proposition 3.2 is based on the following estimate of the so-called
Christoffel numbers (Y-2_ P,(1)2)~".
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Lemma 3.3. Assume that o is a measure on the real line with bounded density
w and with support in the finite interval (—wg, wo). Let Py, n € Ny, denote the
orthonormal polynomial of degree n with respect to o.

Then for all N € N and all t € (—wg, wo) the estimate

L 2mwofwlle
Yoamo Pa®? N7
holds with N* = N for N odd and with N* = N — 1 for N even.

Proof. We fix N € IN and t € (—wy, wp). Below we construct a polynomial
552_2 of degree less or equal than 2N — 2 with the properties

S8 ) =0 (3.5)
forall A € R,
S8 @) =1, (3.6)
and w o .
/ Sy (Mdh < =2 (3.7)
—wo

To estimate Z,I,V:O P, (t)? in terms of this polynomial let us first assume that ¢
is a zero of Py. Let A1 < A, < --- < Ay denote the zeros of Py and assume that
t = A; for anindex j € {1,..., N}. Then the assumption Py (4;) = O together
with (3.5) and (3.6) implies

! I SO SN S8 L
_ =y

SN o P2 XN Pa(A)? SN PaM)? T o e Pa(Mi)?

We combine this estimate with the quadrature formula from Lemma A.1 and get

1
n=0*"n

If t € (—wo, wo) is not a zero of Py we define, for s € R, a polynomial
Pyy1(0) = Pnii(A) + 5Py (A).

Since Py (t) # 0 we can choose s such that Py+1(t) = 0. Now we can argue
similarly as above: Againlet A < --- < Ay41 denote the zeros of Py so that
t = Aj foranindex j € {1,..., N + 1}. Now we apply Lemma A.1 directly to

N+l o
LN fvz"N)_z(Af) s %33_2(@)
Zn=0 P’l([)2 Zn=0 Pn(lj)z k=1 Zn=0 Pn(kk)2
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and we obtain (3.8). We have shown that the estimate (3.8) is valid for all
t € (—wg, wp). Now we combine this estimate with (3.7) and arrive at

<

! / 5O
S Pa)? S 2

o )
nwu/ SO ()da

wo

(Mo (dr)

IA

- 2 wo || w] oo
SN
which is the claimed estimate.

It remains to construct the polynomial S2(t13,_2. Let T;, denote the Chebyshev
polynomial of degree m € INj that is defined by the equation

T (cos8) = cos(mB).
For N € IN, let n € N denote the largest integer satisfying 4n < 2N — 2. Then,
for x € R, we set
2n

1 2 .

Fona(x) = n

This defines a polynomial of degree 4n < 2N — 2.
Let us note the following relation to the Fejér kernel. For x € (—1, 1) write
x = cos 8 with 6 € (0, ) and calculate

Fon—2(x) = Fony-2(cos b))

1 N 2
S 2n4+1 0 @2n+

2n
)2 Z (2n —m + 1) (=1)" cos(2mb)
m=1

11 sin®(@n+ DO =) | sin®(2n + DO + 7))
200+ 1)2( sin(0 — %) sin2(6 + Z) )

This identity shows that Fox_»(0) = Foy—z(cos(rr/2)) = 1, that Foy_—»(x) > 0
for x € (-1, 1), and that

1 T T
Fon— dx < < )
/_1 2N-2(0)dx = 7 S 4
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To see that F,y—»(x) is non-negative for all x € R note that it vanishes together
with its derivative at the points x; = cos(n/2+ kn/(2n+ 1)),k = 1,2,...,n.
Together with the condition F>y_(0) = 1 these are 2n + 1 conditions. Since
F>n_5 is by definition an even polynomial of exact degree 4n these conditions
determine the polynomial uniquely and show that it is non-negative.

Thus, for ¢t € (—wp, wp) and A € R, we set

A—t
S32 () = Fava ()

and the properties (3.5), (3.6), and (3.7) follow directly from the properties of
F>n—5. This completes the proof. Ol

3.2. Proof of Theorem 3.1. Let us first consider the adjacency matrix A,.
For this operator the claim follows directly from Proposition 3.2. We only have
to show that the measures u,, » and oy satisfy the conditions of the proposition
with N = R(x): Recall that the measure oy is supported in the finite interval
(—2+/d — 1,2+/d — 1) and that its density is bounded by y,. Hence it remains to
establish that the k-th moments of oy and u, x agree fork =0,...,2R(x).

For x € G, we pick a vertex x € T, from the preimage of x under the
universal cover and consider the map ¢; from (2.14). It maps the neighborhood
BRrx)(X¥) C Ty isomorphically to Br(x)(x) C G, and as in (2.15) we find
x. A%8) 2 (6,) = (8,;,A’§d8);)42(¢d) for k = 0,1,...,2R(x). By definition of
the measures @, x and oy, see (2.1) and (2.3), this implies

| Hounah) = G A58z 6, = G A5, Be) oy = [ Arontar)

fork =0,1,...,2R(x). Hence, these measures satisfy the conditions of Proposi-
tion 3.2 and the proof of the first statement is complete.

To prove the second claim we have to argue a bit more carefully. For the random
operator H, (V') the spectral measure pgy, x(I;V) is not necessarily absolutely
continuous, hence we cannot apply Proposition 3.2 directly. (We note that o, has
bounded density by the Wegner estimate (A.2), so we can apply the proposition to
the measures o, and £ [Mn,x]- This immediately yields a similar estimate for the
difference of £ [un x] and o, however, we want to prove a stronger statement.)
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From identity (2.15) we see that

/ A i x (dA; V) = By, Ho(V)*8x) 2(6,)
R
= (83, Hy, (V)*82) 27

= [ g, sdaiv)
R

is valid for all k = 0,...,2R(x). Hence, we can apply estimate (3.2) to the mea-
sures jin,x and pg, 3 and obtain

1
|/’Ln,x ((_007 t], V) - :U*‘J’d,fc ((_007 t], V) | S R(x) (39)

> n=0 Pn(t)?
where P, denotes the orthonormal polynomial of degree n with respect to the
random measure g, £.
From the general property (A.1) we learn the the support of this measure is
almost surely contained in the interval (—2+/d — 1 — pg, 2+/d — 1 + po). Hence,
in the same way as in the beginning of the proof of Proposition 3.2 we can reduce

the problem to ¢t € (—2vd — 1 — pg,2+/d — 1 + pg). For such ¢ estimate (3.8) is
valid and combining it with (3.9) we find that the bound

|t x ((—00.1): V) = g, 3 ((—00.1]: V)| < /R S Ry Mg, 2 (dA: V)

holds almost surely. Hence, recalling definition (2.12), the Wegner estimate (A.2),
and the bound (3.7), we obtain

Eljtnx (=00, 1 V) = gy 2 (=00, 1 V) | < /R SO 2 (M)0p(dR)

_ 27)lpllo(2v'd — 1 + po)
- R*(x) '

This proves the second claim and completes the proof of Theorem 3.1.

4. Asymptotically almost sure bounds on the rate of convergence

In this section we combine the deterministic estimates of Theorem 3.1 with bounds
on the number of cycles in random regular graphs to prove the results from Sec-
tion 2.
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4.1. Acyclic regions in random regular graphs. Here we collect information
about cycles in random regular graphs based on results from [34,35]. We establish
the fact that typically at most sites the graph looks locally like a tree. This is made
precise in Lemma 4.2 below.

For a set A we write |A| for the number of elements, in particular for a subset
F C G, of a graph, |F| denotes the number of vertices. For a graph G, € G, 4
and k£ € IN let C(k) denote the set of cycles of length k in G,,.

Lemma 4.1. For3 <k <nd/4 —2d? one has

enatiewon < (14 B LY

Proof. Let G, be an arbitrary graph from G, ; and let e(G,) denote the set of
edges of G,. We also introduce K, the complete graph of n vertices and the set
e(K,) of edges of K,,. We consider a cycle ¢ C K, of length k and its set of edges
e(c). To estimate the expectation of |C(k)| we use the following relation to the
number of cycles ¢ of length k in Kj,:

EnallC)] = D Puale(c) C e(Gn)l
«CKn 4.1
|{C C Kn}l HCH}(X iPn,d[e(c) C e(Gn)]'

IA

From [35, Theorem 3] (see also [34, Theorem 2.10]) it follows that for
k <nd/4—2d? one has

dk(d — 1k 2 k

Paale(®) € e(G)] = == (——— )

_(d- l)k( nd )k

-k nd —4d? -2k/

Moreover, a counting argument shows that
n! nk
K= —1 <

e C Kall = =1 = 2%

We combine these estimates with (4.1) and get

d— 1)k d k
Enallel] = S ()

A simple estimate using the fact that k < nd /4 — 2d? yields the claim. U
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Remark. A similar argument leads to a lower bound on &, 4 [|C(k)|] with the
same leading term (d — 1)* /2k. In this sense the estimate in Lemma 4.1 is sharp.

The following result is a simplified version of [16, Lemma 4]. It quantifies how
well one can approximate a graph G, € G, 4 by a tree.

Lemma 4.2. Fork € N let F,(k) C Gy denote the set of vertices x € Gy such
that By (x) is acyclic. Then for all € > 0 and k < n/4d — 2d? we have

IFn’fk)| >€] - i%(l +§(d+§))2k'

n
Proof. We apply the Markov inequality, namely that for all € > 0,

LACTI
n

fP,,,d[l -

Poall- = Pn.allGn \ Fa (k)] > ne]

. 4.2)
= _En,d”Gn \ Fn(k)”
ne

Hence, we have to estimate €, 4[|G, \ Fu(k)]].
Consider ¢ € C(m), i.e. acycle ¢ C G, of length m € IN. For k € IN set

N (k) ={x € G,: ¢ C Br(x)}.

For k < m/2 the set N(k) is empty. For k > m/2 it is included in the set of
vertices that are at distance less or equal than k — m/2 from c¢. Hence, we have
IN:(k)| =0fork <m/2 and

IN (k)| < m(d —1)k—/2

for k > m/2. For each vertex x € G, \ F, (k) the neighborhood By (x) contains
at least one cycle so that

G \ Fa(k) © | Ne(h).

Hence,

2k

G\ Fa ()] < > > IN(R) < > m(d — 1)™21e(m)] .

m>3 ceC(m) m=3
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We combine this estimate with Lemma 4.1 and conclude that

EnallGn\ Falh)]) < 5 > (4 2@+ 37)"
m=3

1(d —1)2k+1/2 8 k\\ 2

LR 8 ke
2 Jd—-1-1 n d

Inserting this into (4.2) finishes the proof. O

4.2. Proof of the main results. With Lemma 4.2 at hand we can deduce the

results of Section 2 from Theorem 3.1. Here we give the proofs of Theorem 2.3
and Theorem 2.2. The proof of Theorem 2.1 is similar.

Proof of Theorem 2.3. Recall the definition of R(x) from the beginning of Section
3 and the definition of F, (k) from Lemma 4.2. We can always estimate R(x) > 1
and for x € F, (k) we have R(x) > k. Thus Theorem 3.1 implies that, for all k € IN,

sup [% Z E|pn x((—00, t]; V) — pg, 2 ((—00, 1]; V)|]

teR x€G),
1 1
< 27 pllow@Vd =1+ po) (=51 Fa )| +1Gn \ Fa(K)])
1 1
< 27l plloo@Vd =1 + po) (= + ~1Ga \ Fa(K)]). (43)

We apply Lemma 4.2 to estimate the second term. For € > 0 let Q(e, k) denote
the event {|G, \ F,(k)| < ne/(k — 1)} and note that by Lemma 4.2

k—1(d—1)%*+1/2 8 K\ 2K
Pralf(e )] 2 1= 5= <1+;(d+g>> . (4.4)

Now we choose k = «xlog,;_;(n) + 1 with « < 1/2. Then we see that for fixed
€ > 0 the event Q(e, klog,;_;(n) + 1) holds asymptotically almost surely. With
this choice of k estimate (4.3) shows that the bound

sup [% Z Elptn x (=00, t]; V) — M,z (=00, t]; V)|]

teR x€Gy

(1+e)2xn
< O Dl @Vd =T + po)

14+ €27
< U2 | OVI=T + po)
klog, ,(n)
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holds on the event Q(e, « log,;_; (n)+1), so the bound holds asymptotically almost
surely. This proves the first part of the theorem. In view of (2.11) and (2.12) the
second statement is a direct consequence of the first. O

Proof of Theorem 2.2. Note that the measure 6y, given in (2.6), is supported in
(—1, 1) and that its density is bounded by

dvd—1 ! ifd <6
. 21 JdZ—4(d — 1) -
Va =

2d(d—1) _

Thus we can argue as in Section 3.2 to obtain the estimate

) _ - 27 Yq
supllin.«((—0e.1]) = Fo((~00. 1DI] = Zr-

Hence, on the event

4.5)

20 = {160\ B0 = =5 |

we find that

sup [ 3 lfin(~00. 1) ~ Go((—00, 1)

teR x€Gp

< 27, (s + 211G\ Fa ()]

. 2m
= (1 +6)¥a, 1

The probability of Q(e,k) is bounded by (4.4). So we can again choose
k = kIn(n)/In(d, — 1) + 1 with « < 1/2 and we note that the assumption
d, < (n/In(n))'/? ensures that the condition of Lemma 4.2 is satisfied. We de-
duce that the event Q(e, « In(n) / In(d, — 1) + 1) holds, for all ¢ > 0, asymptotically
almost surely. Thus the estimate

sup [+ 3 s (=00, 1) = (o, D) ] <

x€Gy

4(1 + 2¢) In(d, — 1)
K In(n)

holds, for all e > 0, asymptotically almost surely. Here we used the fact that y,,
tends to 2/ as d, tends to infinity. It remains to note that

sup [|Go ((—00, 1]) — o5e ((—o0, 7])[] = (1 +6) (4.6)

teR n

for d, large enough. Thus applying the triangle inequality yields the first claim.
By (2.8) the second claim follows from the first. ]
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5. Estimates for the Green function and delocalization of eigenvectors

Here we apply the results of the previous sections to compare Green functions on
the finite graph G, with the respective Green functions on the infinite tree. Then
we deduce delocalization of eigenvectors for the adjacency matrix and for random
Schrodinger operators. In particular, we show that eigenvectors of the operator
H, (V) with eigenvalues in the regime of absolutely continuous spectrum of the
infinite-volume operator Hy, (V) are not uniformly localized as n tends to infinity.

5.1. Convergence of the Green function. Let us first introduce some notation.
For z € C4 and x € G, we consider diagonal elements of the Green function, the
Stieltjes transform of the local spectral measures:

Tp(x,2) = (8x. (An — 2)7'8x)2(6,)
:/(A—z)—lun,x(dk),
R
1:‘n (x,z) = (8x, (I‘Tn - Z)_lgx)ZZ(Gn)
- / (= 2) i (d2),
R

Ta(x,2; V) = Gy, (Ha(V) = 2) 7' 82)e2(6,)

(5.1)
=/XA—n”umﬂdMV)
R

In the same way, we define the corresponding Green function on the infinite
tree T;. One can either use resolvent expansions and the geometric structure of the
tree or the explicit representations of the measures oy and o (see (2.4) and (2.7))
to derive that, for any X € T,

FTd()%’Z) = F‘]’d(Z)
- / (% — ) op(d2)
R

 —2(d-2)—dJZZ—4d 1)
- 2(z2 — d?)

(5.2)

and
lim Ty, (£,2) = Te(?)
with 1
Fe() = [ (=2 o) = —5(- - V= 4),
R
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Here we specify the root of a complex number in C4 as the one with positive
imaginary part. As in Theorem 2.3, for given x € G, we choose X € T; from the
preimage of x under the universal cover.

Corollary 5.1. Let (g,)nen be a sequence of positive numbers such that e, = o(1)
as n — oo. Then the following estimates hold asymptotically almost surely.

(1) Assume that (zn)nen is a sequence of complex numbers with
Sz = ngnlogd—l(n))_l

for a constant

C > 16mygVd — 1.

Then we have
1
— D ISTw(x, 20) = 3Ty, (z0)| < e,

xeGy

(2) Letd, — 0o asn — oo with d, < (n/In(n))"/? and assume that (z,)nen is
a sequence of complex numbers with

Szp = Ce, ' (logg)_ () +dy, ")

Jfor a constant
C > 16.

Then we have
1 ~
= 2 _Ta(rz0) = AT < e

xeGy

(3) Let the random potential V satisfy the conditions of Theorem 2.3 and assume
that (z,)nen is a sequence of complex numbers with

Szp = Clenlogy_y (”))_1

Jor a constant

C > 87|lpllo(2vd — 1+ po).

Then we have

1
= > EISTu(x. 2p: V) = 3T, (£, 203 V)| < &0,
n

xeGy
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Proof. Letus show how the first statement can be deduced from Theorem 2.1. The
other two statements follow in the same way from Theorem 2.2 and Theorem 2.3
respectively.

For z € C write

z=FE+in,
with £ € R and > 0, and
_ n
A) =34 — L — .
ga() =30 =27 = s (5.3)
We note that ) )
8E.n
MdA = —. 4
/}R\ 0 fah = = (5.4)

By (5.1) we have

ST (x. 20) = /R ¢ Wi (1) = — /R oz (=00, A]) dg 5y (1)

and by (5.2)
%F’J‘d (Zn) = _/]RUO ((—OO, A’]) dgEn,ﬂn (A) .

Combining these identities with Theorem 2.1 and with (5.4) yields the claim. [

Remark. The third statement of the corollary gives a partial answer to a question
raised in [25], whether

EIT0,E +iny:V)—T5,0,E+in,; V)| — 0

for a sequence of positive numbers 7, that is of order o(1) as n — oco. At least
for the imaginary part of the Green function, the third statement of Corollary 5.1
can be interpreted in this way, if the vertex 0O is chosen at random with uniform
probability from G,,.

5.2. Delocalization of eigenvectors. In this subsection we analyze how the be-
havior of eigenvectors of the finite-volume operator H, (1) is related to spectral
properties of the infinite-volume operator Hy, (V). In the regime of absolutely
continuous spectrum of the infinite-volume operator the corresponding general-
ized eigenfunctions are delocalized: They are not square-summable and in par-
ticular not localized to a bounded set (see for example [23] for the behavior of
eigenfunctions of the adjacency matrix on an infinite regular tree and [4, 30] for
random Schrodinger operators).
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In finite volume the spectrum is of course always pure point and eigenvectors
are square-summable. In the following we show that one can nevertheless find
remnants of delocalization for eigenvectors of the finite volume operator.

Let us first consider the rescaled adjacency matrix A, on a random regular
graph with degree d,, tending to infinity as n — oo. In this case the spectral mea-
sure in the limit of infinite volume n — oo is given by the semicircle measure
osc defined in (2.7). This measure is purely absolutely continuous with bounded
density. Thus eigenvectors of A, are expected to be delocalized for large n. Propo-
sition 5.2 shows that this is justified. The result is similar to [16, Theorem 3] and
the remark after Theorem 2.2 applies. We include the statement and its proof be-
cause it serves as an illustration for the more involved result about eigenvectors of
random Schrddinger operators that is given in Theorem 5.3 below.

The proof relies on the fact that the Stieltjes transform of an absolutely con-
tinuous measure has a uniformly bounded imaginary part. In this way absolute
continuous spectrum is related to boundedness of the imaginary part of the Green
function: Since the semicircle distribution is absolutely continuous with bounded
density we find, for all £ € R and > 0,

2
ST (E + i) = /}R gE(M0w(dd) < = /}R gEa(MdA=2. (5.5

This uniform estimate is a crucial ingredient in the proof of the following propo-
sition.

Proposition 5.2. Let d, satisfy the conditions of Theorem 2.2 and let A, be a
deterministic subset from n vertices with |A,| < In(n).

Let G, € SG,4, be a random regular graph of degree d,. Then for any
(2(Gy)-normalized eigenvector ¢ of the operator A, the estimate

In(d,, —
> i = c(HE D L,

oy In(n)
holds asymptotically almost surely with a uniform constant C > 0.

The same estimate holds asymptotically almost surely if one first chooses
G, € G, 4 at random and then the subset A, C G, at random with uniform
probability.

Proof of Proposition 5.2. Let (¢; )7=1 and (A j);?zl denote the eigenvectors and
eigenvalues of the operator A,,. Then forany m € {1, ...,n}and 7 > 0 we estimate

om @ <0 ) e P = T i), (56)
j=17m
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where in the last step we used (5.1). To derive an upper bound on 3T, (x, A, +i17)
we compare with the Stieltjes transform of the semicircle distribution:

|an(x’km + i”) - %Fsc(km + ir])|
- ‘ / Gy fin () — / gkm,n(x)dosc(x)‘
R R
- ‘ /}R (i (=00, A]) — 05e((—o0, A]))dgxm,nm‘

< / inx((—00, A]) — xe(—00, AD| |g}, (W)]dA.
R

Inserting estimates (4.5), (4.6), and (5.4) yields

= . ~ . 1 1
ISTa (x, Am + in) = Slsc(Am + in)| < C(R(x)* + d_> /]R |g;1m’n()t)|d)k

20, 1 !
= T(R(x)* + E)

for all x € G, and n > 0 with a constant C > 0 independent of x and n.
We combine this bound with (5.5) and obtain

S . 2C 1 1
ST (6, Am + i) <2 + T(R(x)* + E)' (5.7)
Recall the definition of F,(k) C G, from Lemma 4.2 and the fact that
R(x) = k for x € F, (k). Let us assume that A,, C F, (k). Under this assumption
we combine (5.7) with (5.6) and take the limit | 0. This yields

Y lom@P =2¢ (1= + =) 1Al (5.8)

1 1
xX€EA, k—1 n

for any eigenfunction ¢,,, m € {1,...,n}, on the event {A, C F,(k)}.
Now we estimate the probability of this event with the help of Lemma 4.2.
We remark that, for |A,| < |F,(k)|,

-1
_ n — |An| n
P [An C Fu(k)] = (|Fn(k)| - |An|) (|Fn(k>l)

_ = A [Fy )Y
(I () = AW DIt
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For a parameter 0 < 7, < 1 —|A,|/n we introduce the event
Q(tn. k) = {|Fa (k)| > n(1 — 1)}
and estimate
Pua [An C Fn(k)] = Ppa [An C Fu(k) | Q2(tn, k)] Pn.a [Q(Ta, k)] -

The first factor is bounded below by

(1 = |AaD! (10 = 7)) n(L= 1) = |Ag[\IAal o [Ag]y Al
(n(l —ty) — |An])!n! _( n ) _(1 tn n )

and from Lemma 4.2 we obtain that the second factor is bounded below by

1

g - 1)2"—d_":_11(1 2(a+ S))Zk.

Now we choose 7, comparable to 1/./n and k = «log; _;(n) 4 1 with
k < 1/4. Then both lower bounds tend to 1 as n — oo and we get

PualAn C Fu(klogg 1 (n) +1)]=1—0(1)
as n — oo. Inserting this choice of k in the bound (5.8) proves the claim. ]

Remark. The same methods yield a similar statement for the adjacency matrix
A, on arandom regular graph with fixed degree. However, for this operator better
results have recently been derived in [11]: Brooks and Lindenstrauss also investi-
gate delocalization on regular graphs by comparing with the regular tree. They use
the explicit representation of spherical generalized eigenfunctions on the tree and
estimate the norms of certain propagation operators (also build from orthogonal
polynomials). From these estimates they deduce information about eigenvectors
on regular graphs. This direct comparison of eigenvectors leads to delocalization
bounds that decay not logarithmically but with a small power of n.

Results about the behavior of eigenvectors on regular graphs related to quan-
tum ergodicity have also been obtained in [6], where delocalization is tested by
averaging an observable. Both results rely on explicit formulas for eigenfunctions
on trees that are not available for random Schrodinger operators.

Let us now study eigenvectors of random Schrodinger operators on random
regular graphs with fixed degree d. In this case the analysis is more complicated
since the spectral measure of the corresponding infinite volume operator is not
purely absolutely continuous: The spectrum of a random Schrédinger operator on
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an infinite tree can consist of different components, including absolutely contin-
uous spectrum but also pure-point spectrum. We refer to [47] for an overview
of spectral properties of the operator Hy,(V'), see also Appendix A.2, where we
state selected results.

Existence of pure-point spectrum and exponential localization of the corre-
sponding eigenfunctions of Hg, (V') was proved in [1]. Therefore one cannot ex-
pect that all eigenvectors of the finite volume operator H, (V) on a random reg-
ular graph are delocalized. The existence of absolutely continuous spectrum of
Hy, (V) was also established, first in [30] and later in [2,26] and the regime where
absolutely continuous spectrum can be found was recently extended in [4]. A rel-
evant criterion for absolutely continuous spectrum is positivity of the imaginary
part of the Green function. Thus one defines

oac(Hy,) ={1 e R: IP[li?&Snyd(x,)L +in; V) > 0] > 0}.
n

This set is independent of x € T, deterministic and forms the support of the ab-
solutely continuous component of the spectrum (almost surely with respect to the
random potential), see [3,4]. In Theorem 5.3 we show that eigenvectors of the
finite volume operator H, (V') with eigenvalues in o,c(Hy,) are typically delocal-
ized for large n.

An important ingredient in the proof of delocalization for the adjacency ma-
trix alone is the fact that the limiting spectral measure is absolutely continuous
with uniformly boundedness of the density. This allows for estimate (5.5). For
random Schrodinger operators the density of the limiting spectral measure j13, x
is given by lim, o Sy, (x, A + in; V). This limit exists almost everywhere and it
is finite if A lies within the absolutely continuous spectrum [4,45]. However, even
for compact intervals I C o0,c(Hs,) it is not clear whether sup; ¢ 1,7>0 ST, (x,
A + in; V) has finite expectation. Therefore we can not treat single eigenvectors
but we have to select a suitable combination as follows.

For a given realization of the random potential V' on the tree T;, a graph
G, € Gn.a, and a vertex xo € G, we identify the potential on the graph with
the potential on the tree as described in Section 2.2. Let ()k‘,-);-’=1 and (¢;)7_,
denote the eigenvalues and corresponding £2(G,)-normalized eigenvectors of the
operator H,(V') and let I C R be bounded and measurable. For j = 1,2,...,n
we define non-negative coefficients

cj(xo, 1) = |pj(x0)?ifA; € I and cj(xo,I) =0ifA; ¢ I (5.9

and we note that 37, ¢; (xo. 1) < 1.
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In Lemma 5.4 below we prove the following estimate under the assumption
I C 0ac(Hyg,): Forall x € Tz and n > 0 we have

n
]E[ch(xo,l)fsl"fyd()?,lj +in; V)] <C|I| (5.10)
j=1

with a constant C > 0 depending only on the degree d and on the density of the
random potential. In the proof of Theorem 5.3 we use this estimate in the same
way as we used (5.5) in the proof of Proposition 5.2.

We remark that an eigenvector ¢; of H, (1) that is localized close to the vertex
Xo leads to a coefficient ¢; of order 1. The following result shows that this can not
happen for large n for eigenvectors with eigenvalues within the absolutely contin-
uous spectrum of Hy,. Recall that we write B, (xo) ={y € G, : d(x9,y) < r}
and that | B, (xo)| denotes the number of vertices in this neighborhood.

Theorem 5.3. Assume that the density of the random potential is bounded and
has bounded support. Let I C 0a(Hg,) be bounded and measurable. For a
random regular graph G, € G, 4 choose avertex xo € G, at random with uniform
probability. Let (;)7_, denote the 02(Gp)-normalized eigenvectors of H, (V') and
let cj(xo, I) be as defined in (5.9).

Then for any sequence (en)nen of positive numbers with e, = o(1) asn — o0
the estimate

Y o Digy (o < — B0l
xeBy (x0) j=1 eny/10g4-1(n)

holds asymptotically almost surely (with respect to the random potential V and
the choice of graph G, € G, 4 and vertex xo € Gp) for all r < 1n (In(n)).

Proof. First we fix a graph G, and a vertex xo € G, and we choose x € B,(xp).
For a given realization of the potential V' on the tree T; we consider the corre-
sponding potential on the graph G,, as explained in Section 2.2.

As in (5.6), we have for all j € {1,...,n}andallnp >0

loj (X)> < ST (x, A +im; V)

and therefore

B[ 3" ¢jle; 0P < nE[ 30 ;8T 4y +in V)] (5.11)
j=1

Jj=1
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for all n > 0. Here and in the remainder of the proof we write ¢; = ¢;(xo, /) for
short.

To derive an upper bound on II',(x,A; 4+ in; V) we compare with the Green
function on the tree T;. Consider the map (5, given in (2.14) and let ¥ € T, be
the preimage of x € G, under this map. Recall the definition of gg ; from (5.3).
For n > 0 and any eigenvalue A; € I we have

ISTu(x, Aj +in V) =T, (R, 4 +in; V)|
- ‘ /}R G2y Dttnx (d A V) — /}R g2, m (Wit 2(dA: V)

5/}R|Mn,x((—00,l]:V)—Mfrd,fc((—oo,)t];V)| zuylgé,n(kﬂdk.
€

Note that a coeflicient ¢; is non-zero only if the corresponding eigenvalue A; lies
in I and that the sum of the coefficients ¢; is bounded by one. Hence, we find

n
E[chmrn(x,xj i V) — ST, (R A + i V)|]
j=1

< /R Bllen (=00, 41 V) = iy 5 (00, A V) supl , (0l

and Theorem 3.1 yields the upper bound

n
E[ch|SFn(x,Aj Fin V) — ST, (R, A + in; V)|]
j=1

< 27 plloo@Vd — T + po) o / (sup g}, ()2

R( )*

<c(1+ ﬂ) nRi(x) (5.12)

where we used the fact that the integral of the supremum is bounded by a constant
times n~'(1 + |I|n~"). Here p denotes the density of the random potential and
we use that ||pllecc < oo and that suppp = [—po, po] With po < oco. To shorten
notation C denotes various positive constants that may depend only on d and p.
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Combining (5.11) and (5.12) with (5.10) yields, for n > 0 small enough,

1
nR(x)*>'

. 1 1]
E[‘;CJWJ(X)F] < C(|1|n+ R + nR(x)*) < Clll(n+

Applying the Markov inequality we deduce that for any 0 < §,, < 1

- C|I| 1
Pl Y YealowP=s5— (77+77R(x)*)]21—5n. (5.13)

x€By(x0) j=1 " xeB,(xo)

It remains to estimate R(x)*. Recall the definition of F,(k) C G, from
Lemma 4.2 and assume that xo € F,(k). Since xq is chosen from G, at ran-
dom with uniform probability we can estimate the probability of this event with
the help of Lemma 4.2. Indeed, we have, for any 0 < 7,, < 1,

Pu,alxo € Fu(k)]
= Pn.alxo € Fu(k) [ |Fn()| = n(1 = t)][Ppal| Fa (k)| = n(1 — 7,)]
> (1 =) Puall Fu(k)| = n(1 — 7a)].

By Lemma 4.2 the latter probability is bounded below by

- 2nlrn (d =1 JdL_Ii | (1+ g(d * g»zk‘

Let us now choose k = k log,;_,(n)+ 1 withk < 1/4 and t, comparable to 1/./n.
Then the lower bound tends to 1 as n — oo and we get

Pualxo € Fp(klogy_(n) +1)] =1—0(1) (5.14)

asn — oQ.

By assumption, r < In(In(n)) < klog,_,(n) + 1 for n large enough. Hence,
for x € B,(xg) we have

Bklogd_l(n)—l—l—r(x) C Bklogd_l(n)—l—l(xo) .

Thus xo € Fy(klog,;_,(n) + 1) implies that these neighborhoods are acyclic.
In particular we find x € F, (k log,;_,(n)—r+1)sothat R(x)* > klog;_,(n)—r.
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We choose 7 = (k log,_, (n) — r)~/2 and arrive at
1 2| B, (x 4|B,(x
D (LI SO L1075 B [ 2C0
ety RO T ficogg_i(m) =1~ logg_;(n)

for n large enough.
With this choice of parameters (5.13) reads as

P Y Yolgwp s S B0l 1L
x€By(x0) j=1 Sn VKlog,_q(n)

and this estimate is valid for n large enough on the event
{x0 € Fp(klogy_,(n) + 1)}.

Finally, we choose 8, comparable to C|I|e,/+/k such that

. | B, (x0)] C|I|
P il ()P < ———e | > 1~ €n (5.15)
I:xelg(:xg); Y Env logd—l(n)] \/E

for n large enough on the event
{x0 € Fp(klogy_,(n) + 1)}.

Relations (5.14) and (5.15) show that the claimed estimate holds asymptotically
almost surely and the proof is complete. O

The proof of Theorem 5.3 relies on the following estimate for the Green func-
tion on the tree. For this estimate it is essential that / C 0ac(Hyg,).

Lemma 5.4. Under the conditions of Theorem 5.3 the bound (5.10) holds for all
X € T4 and n > 0 with a constant C > 0 depending only on the degree d and on
the density of the random potential.

Proof. The proof is based on estimate (A.3), the fact that within the absolutely
continuous spectrum the imaginary part of the Green function has finite inverse
moments. This was recently proved in [3]. To apply this result we rely on recursion
properties of the Green function on trees and on results from rank-one perturbation
theory.
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We fix a graph G, and a vertex x¢ € G,. Recall the definition of the coefficients
¢j(xp, 1) from (5.9). Again we write ¢; = c;(x¢, /) for short. By (2.10) we have,
for any X € Ty,

n
Y 3Ty, (kA +im V) = Y lg;(x0) 2305, (5. Aj +in: V)
j=1 AjGI

:/srqd(fc,wrm; V)t o (A A1 V).
1

We use the Stieltjes inversion formula, see for example [45, Theorem 3.21],
to write the spectral measure j, x, in terms of the Green function and we obtain

n
ZCj%Fg‘d()%, Aj+in V)
j=1 (5.16)

= liml STg, (X, A +in; V)ITn(xo, A +i€;V)dA.
€0 T Jr
To estimate the expectation of the right-hand side, we use the following results
from rank-one perturbation theory [1,15,40]. This allows to analyze the depen-
dence on the single random variable wy,,.
First we rewrite T, (xg, A + i€; V): For a realization of the random potential
V = (wx)xec, We denote by ¥ the same collection of random variables with Wxo
replaced by zero. Then

Hp(V) = Hy(V) + 0xg8x, -

where §x,(xo) = 1 and d,(x) = 0 for x # xo. The resolvent identity yields, for
zeCy,

1 1 1 1
— = = Wxobxg ——=——
H,(V)—z H,(V)—z Hy(V)-z Hy(V)—z

and thus

Ty (x0,2; V) 1

1+ wxTnl(x0,2: V) @xo — Exy(2)

I‘n(xg,z; V) =

with

B (z) = —Th(xo.z: V)71
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It follows that

SExo(A +i€)
(Wxg — NExy(A +i€)2 + IEx, (A +i€)?"

ST (x0. A +ie; V) = (5.17)

We emphasize that E ,, is independent of wy,. We also note that the limit
Exo(A) =lim E,, (A +i€)
€l0

exists almost everywhere with respect to Lebesgue measure, see for example [45,
Theorem 3.23].

Next, we estimate Iy, (X, A +in; V): If we remove the vertex X from the tree
T4, it is decomposed into d disjoint infinite rooted trees that are rooted at the the
nearest neighbors of X. (We remark that these trees are no longer regular, since
the degree at the root equals d — 1.) Let

NE) ={yeTa:dx.y)=1j

denote the set of nearest neighbors of X. For y € N(X), let 7, denote the rooted
tree with root at y. In the same way as on the regular tree we define the bounded
self-adjoint operators Hr, (V) with domain 02(Ty). Foru € Ty and z € Cy4 we
write

FTy (u, Z; V) = (514’ (HTy (V) - Z)_18u)£2(Ty)

for the respective Green function. The trees 7), with y € N (%) are not connected to
each other, hence the random variables I'7, (y, z; V), y € N(%), are independent.

Employing the resolvent equation one can derive the recursion formula, see for
example [4],

1

Iy, (X,z;V) = )
7al ) Wi =2 =Y yeni I, (0,23 V)

Taking the imaginary part, we see that for all z € C+

ATy, (%.2:V) = [P, Gz V(Y STr (.2 7) +32).
yeN(X)
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Applying the recursion formula one also gets that

1
T, (%, 2 V)> < —
¢ Rz =2 =2 yenw Iy (0.2:1)))?

1
T (Cyen ST (0,23 V) +32)2

and we obtain
1

> yen) STr, (v, 2: V)

ATy, (£,2: V) < (5.18)

Let again Xo € T; denote the vertex corresponding to xo € G, under the
universal cover and let us for the moment assume that X # Xo. Then there is one
unique vertex y* € N(X) such that the corresponding rooted tree 7+ contains Xo.
Let

NT@) ={y e N®): X0 ¢ Ty}

denote the subset of all other nearest neighbors of X. In particular, we find that
NT (%) contains d — 1 vertices. For y € NT (%) the tree Ty does not contain %o,
thus the collection of random variables

Tz, Y, A +im V))yen+@)

is independent of wy,, the value of the random potential V' at Xo. If ¥ = X, then
all random variables I'r, (y, A +in, V) with y € N(X) are independent of wg, and
we can continue the proof in the same way with N * (%) replaced by N(X).

We note that, for z € C4, the imaginary part of the Green function is positive.
Hence, in view of (5.18) we have

1

STy, (X,z;V) < — .
? ZyEN“‘(fc) Iy, (v, 23 V)

(5.19)

Combining (5.16), (5.17), and (5.19) we arrive at the bound

n
ZCj%Fg‘d()%,)Lj +in V)
Jj=1

1
< lim — S1S2d A,
elo 1 Jr
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where
1
Sl = ~ .
ZyeN+(fc) SCr, (v, A +in; V)
and
S, — SExo(A +i€)

(@xg — NBrg(h + €)% + IBrg(A + i€)2

Recall that w;, = wy, and that the random variables Ex,(A + i€) and I'r, (y,
A+ in; V) with y € N*T(%) are independent of w;,. Hence, we condition on the
random potential V' = (w,),e7, at all other vertices and take the expectation with
respect to wg, only. By dominated convergence, we find

n
[Zc,-fsr‘rd (XA +in V) ‘ (a)y)yaéfco]

< lim — //SIS3d)t,o(v)dv

€0 T
where
SExo(A +i€)
(V—NREx, (A +1i€)? 4+ IJEx, (A +i€)?
Now we estimate p(v) < | p|lco and apply Fubini’s theorem to perform the inte-
gration in v. Since

S3 =

/ SExy(A +i€) do —
R (V—NREx,(A+i€))?+JEx, (A +i€)?

we obtain

n
E[ Y ¢80, (A +in:V) | @)y |

j=1

<l / ! da
= ||p = N
=i > yen+@ S, (v, A +in; V)

Taking now the expectation with respect to (wy), -z, yields

n
E[ch%ﬂ;d (%A + i1, V)]

Jj=1

1
< Il [ B - —
=i Y yen+@ S, (v, A +in, V)
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Finally, we use that the set N*(x) contains d — 1 elements. The inequality of
arithmetic and geometric means tells us that

Yo ST A+inV)=@d-1) ] STrG.a+iny)V/E@D
yENT (%) yeNT*(®)

and using the fact that the random variables 3I'7, (y, A +in; V), y € N *(%), are
independent we conclude

n
E[chtsrqd(fc,xj +in; V)]

Jj=1

d—1J; i
yENT(%)

Hence, applying (A.3) yields the claim of the lemma. O

Appendix A. Auxiliary results

In the appendix we collect some known results that are used in the previous sec-
tions. We indicate where proofs can be found in the literature.

A.l. Orthonormal polynomials and Gaussian quadrature. In Section 3 we
repeatedly used the following quadrature formula for polynomials. A proof and
further references can be found for example in [5, Chapter 1.4.1].

Lemma A.l. Let 0 be a measure on the real line with finite moments and let
(Pn)nen, denote the orthonormal polynomials with respect to o. For arbitrary
M € Nands € R set ﬁM+1 = Pyq1+sPyandlet Ay < Ay < -+ < Apyr41
denote the zeros of ﬁMH.

Then the identity

M+1

R(Ak)
R(AMo(d)) = -
/R (W@ ; M Pu()

holds for any polynomial R of degree less or equal than 2M .
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A.2. Spectrum and Green function on the infinite tree. Here we mention
some results about the spectrum of the random Schrodinger operator Hy, (V)
defined in Section 2.2 and about the Green function I'y, (x, z; V') defined in Sec-
tion 5.1. We refer to the books [12, 29, 38, 45] for more information and further
references.

Recall that the random potential V' is defined as a multiplication operator

(V) (x) = wxp(x). ¢ €?(Ty), x €Ty,

where (wx) ye7, are independent identically distributed real random variables with
density p. Hence one can refer to the theory of ergodic operators to determine the
spectrum of Hyg,. In [28,32] it is shown that the spectrum corresponds almost
surely to the set-sum of the spectrum of the adjacency matrix and the support
of p. On the tree the spectrum of Ay, is given by (—2+vd — 1,2+4/d — 1). So un-
der the assumption supp(p) = [—ps, ps] With pg < oo the spectrum of Hy, (V)
is almost surely given by the deterministic set [-2v/d — 1 — ps,2+/d — 1 + ps].
In particular, the spectral measure ju, . satisfies, for all x € Ty,

Supp(//v‘fd,x) =[-2vd —1—ps,2vVd — 1 + ps] (A.1)

almost surely and this implies
supp(0,) = [-2vVd — 1 — ps,2vd — 1 + ps].

It was noticed by Wegner [48] that regularity of the distribution of w, implies
regularity of the density of states measure: Under the assumption ||p|lcc < 00
using spectral averaging one can show that

dop

%

Along with the spectrum also the spectral components, the pure-point spec-

trum, the singular continuous spectrum, and the absolutely continuous spectrum

form almost surely deterministic sets. It is the subject of extensive research to

determine the location of these spectral components and we refer to [47] for an

overview of results and further references.

One useful criterion for absolutely continuous spectrum is that the imaginary

part of the green function does not vanish. So one considers the set

=< llplleo - (A.2)

o0

Gac(Hz,) = {A eR: P[E%%ng A FingV) > o] > 0}
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that also forms a deterministic set that does not depend on x € T,. For almost
every realization of the randomness o,.(H,) is the support of the absolutely con-
tinuous component of the spectrum [3,4]. Within this set the imaginary part of
the Green function has finite inverse moments. This fact was recently established
in [3, Theorem 2.4]: Let I C 0ac(Hg,) be a bounded and measurable set. Con-
sider an infinite rooted tree T and let 0 denote the vertex at the root. Then there is
a § > 0 such that the estimate

esssup E[(ST7(0, A +in; V)38 < o0 (A.3)
Ael,n>0

holds.
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