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Inverse boundary problems for polyharmonic operators
with unbounded potentials
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Abstract. We show that the knowledge of the Dirichlet—to—-Neumann map on the boundary
of a bounded open set in R” for the perturbed polyharmonic operator (—A)™ + g with
g € L?w,n > 2m, determines the potential ¢ in the set uniquely. In the course of the
proof, we construct a special Green function for the polyharmonic operator and establish
its mapping properties in suitable weighted L? and L” spaces. The L” estimates for the
special Green function are derived from L# Carleman estimates with linear weights for the
polyharmonic operator.
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1. Introduction

Let @ C R" be a bounded open set with C° boundary, and let (—A)™,
m = 1,2, ..., be apolyharmonic operator. Let g € L2m () be a complex valued
potential. We shall assume throughout the paper that n > 2m.

Let y be the Dirichlet trace operator, given by

m—1
y: H"(Q) — [[ H™77209).  yu = (ulse. dulsa. ... 97 ulse).
j=0
which is bounded and surjective, see [8, Theorem 9.5, p. 226]. Here and in what
follows H*(2) and H*(3R2), s € R, are the standard L?-based Sobolev spaces
in © and its boundary 0€2, respectively, and v is the exterior unit normal to the
boundary. We shall also set

H{"(Q) ={uec H"(Q): yu = 0}.

An application of the Sobolev embedding theorem shows that the operator of mul-
tiplication by ¢ is continuous: HJ'(2) — H ~™(£2), and standard arguments, see
Appendix A, imply that the operator

(=A)" +q: Hi'(Q) — H™™(Q) = (Hg'(Q))' (1.1)

is Fredholm of index zero. Furthermore, the operator in (1.1) has a discrete spec-
trum.
We shall assume throughout the paper that

0 is not in the spectrum of the operator (1.1). (A)
It follows that for £ = (fo,..., fm—1) € ]_[;7:01 H™7=1/2(3Q), the Dirichlet

problem,
(A" + q)u = 0in  Q,
yu=f on 02,

has a unique solution u € H™(2). We introduce the Dirichlet-to—Neumann map
by

1.2)

_ !
(Mg fh) = Z %/ﬂD“uD“vdx—i—/Quqﬁdx,

lee|=m

where h € ]_[;’:01 H™I=12(Q), and v € H™(Q) is such that yv = h.
It is shown in Appendix A that A, is well defined and

m—1 m—1 ,  m—l
Ag: [T H™7209) — (] #"7209) = [T H™*1200)
=0

J=0 Jj=0
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is a linear continuous map. Notice that when m = 1, we recover the standard
Dirichlet—to—Neumann map for the Schrodinger equation, given by

HY20Q) 3 f —> dyulsg € HV2(Q). (1.3)

The inverse boundary value problem for the perturbed polyharmonic opera-
tor (1.1) is to determine a potential ¢ in € from the knowledge of the Dirichlet—
to—Neumann map Ay.

This problem has been studied extensively in the case of the Schrédinger oper-
ator, i.e. whenm = 1. It was shown in [26] that a potential ¢ € L°°(2) is uniquely
determined in €2 from the knowledge of the Dirichlet—-to—Neumann map (1.3) for
the Schrédinger equation. The proof of this result in [26] is based on a construc-
tion of complex geometric optics solutions to the Schrédinger equation, with an
L? control of the remainder. The proof also goes through for some unbounded
potentials, e.g. ¢ € L"(2). In [22] a global uniqueness result was established
for ¢ € L™?(Q), following an earlier result of [2] for ¢ € L"2T¢(Q), ¢ > 0.
It turns out that L? methods are no longer sufficient in the proofs in [2] and [22],
and it becomes essential to control the remainders of complex geometric op-
tics solutions in suitable L” spaces. Inverse boundary value problems for the
Schrodinger equation on certain classes of manifolds were studied in [4] and [3],
in the case of L and L"/? potentials, respectively.

Turning our attention to the case of polyharmonic operators, let us remark that
the areas of physics and geometry where such operators occur, include the study
of the Kirchhoff plate equation in the theory of elasticity, and the study of the
Paneitz—Branson operator in conformal geometry, see [7]. It was shown in [15]
that a potential ¢ € L°°(€2) can be uniquely recovered from the knowledge of
the Dirichlet-to-Neumann map A, for the perturbed biharmonic equation, i.e.
m = 2. In [14] an alternative approach to this problem was developed and the
uniqueness result was extended to g € L/ 2(Q), n > 4. The proofs in [15] and [14]
rely upon L? methods only. Inverse spectral problems for a potential perturba-
tion of the polyharmonic operator were studied in [20], and inverse boundary
value problems for a first order perturbation of the polyharmonic operator were
addressed in [18] and [19], again using L? techniques.

The purpose of this paper is to study the problem of recovering a potential
g € L7w (), n > 2m, from the Dirichlet-to—Neuman map A4, associated to the
perturbed polyharmonic operator (—A)™ + g. This can be viewed as an extension
of the study of [22] for the Schrodinger equation to the case of the polyharmonic
equation.
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The assumption g € L7 (), n > 2m, seems natural as it guarantees that the
strong unique continuation principle holds for the operator (—A)™ + ¢, see [16]
in the case m = 1, and [21] in the case m > 2. Furthermore, it is known that this
condition is optimal in the class of L? potentials, see [16].

While the operator of multiplication by ¢ € L*°(2) is continuous:

H™(Q) — L*(Q),
taking ¢ € L7 (), we get a continuous operator:
H™(Q) —> Litom (Q).

Here L?(Q2) C Litsm (€2), and therefore, when constructing complex geometric
optics solutions for the perturbed polyharmonic operator, it becomes crucial to
control the remainders not only in L2(2) but also in L% (£2), which is the dual
space of L5 ().

The following uniqueness result is the main result of this paper.

Theorem 1.1. Let q1,q> € L2 (), n > 2m, and assume that (A) holds for
(=AD" +qj, j = 1,2 If Ay, = Ay,, then g1 = g2 in Q.

In the case m = 1 this result is due to [22]. In the proof of Theorem 1.1 we
shall follow the method of [22], which we learned from the work [3].
The crucial role in [22], following [26] and [5], is played by the fundamental
solution
M _ g1

1
N )

of the conjugated Laplacian e *%(—A)e*% = —A —2¢ -V with ¢ € C* \ {0},
£-¢ = 0. Here pe(€§) = |€]* — 2i¢ - £ is the symbol of the operator, and F is the
Fourier transformation. The argument of [22] consists of two main ingredients.
The first one is the use of two fundamental estimates for the convolution operator
Gél) f= gél) * f, in suitable weighted L? and L” spaces. Such estimates have
been established in [26] and [17], respectively, see also [2]. The second ingredient
is an approximation of an L? function by a sequence of L* functions.

) e 8'(R).

To follow the method of [22], a tempered fundamental solution of the conju-
gated polyharmonic operator e *% (—A)™e*t = (—=A—2¢-V)™ with ¢ € C"\ {0},
¢-¢ = 0, with good mapping properties of the corresponding convolution operator
in appropriate weighted L2 and L? spaces, should be available.
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A new difficulty in the construction of such a fundamental solution, compared
with the case of the Laplacian, arises since, while 1/p¢(§) € §'(R") N LIOC(]R”),
we have 1/(p:(§))™ ¢ LlOC (R™) for m > 2, and therefore, it cannot be viewed as a
distribution directly. Here we find a way to regularize 1/(p¢(£))™ and obtain the
following result, where L2(R"), o € R, stands for the weighted L? space with the
norm

1/2
171z = ([ 0+ lreorar) (14

Theorem 1. 2 Letm =1,2,3,...,and let { € C" \ {0} be such that ¢ - ¢ = 0.
There exists g Veg (R™) such that

(A —20-V)"gi™ =3,
and such that the operator
G™: S(R") — S'(R").

defined by
GO f = x g

enjoys the following properties:
@) for || = so > O, the operator Gém) can be extended to a bounded operator
G L2 5 (R") — L2R"). —m<o<l-m

such that

16 Fllg < o f ez, (15)

Ié“l’”

@) Gém) extends to a bounded operator
G™ . [ (R") —s L3 (R"
oF (R") (R")

with the bound

uniformly in {. When f € Litsm (R™), the function w = Gém) f is the
unique L#=5m (R™)-solution of the equation (—A —2¢ - V)"w = f.

2 ZCI 2 (16)

Ln +2m

When m = 1, this result is known thanks to the works [26], [17], and [2].
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A fundamental result of [10] and [23] establishes the existence of a tempered
fundamental solution for a general partial differential operator with constant co-
efficients. As our applications require estimates for the corresponding convolu-
tion operators in (weighted) Lebesgue spaces, in the proof of Theorem 1.2 we
proceed much more concretely and construct the distribution gém) essentially ex-
plicitly. In the case of the biharmonic operator, a tempered fundamental solu-
tion of (—A — 2¢ - V)? is constructed and weighted L? estimates are obtained in
[14]. Our construction is different and works for a general polyharmonic operator.
We should also mention that in [15] a regular (non tempered) fundamental solu-
tion of (—A —2¢-V)? is used, see [13, Theorem 10.2.1], and local L? estimates are
obtained. It seems that local L” estimates are not easily obtained for the corre-
sponding convolution operator, and therefore, this approach is not pursued in this
work.

An important ingredient in the proof of (1.5) is the weighted L? estimate for
the operator Gél), obtained in [26]. To prove the estimate (1.6) we use uniform
L? Carleman estimates with linear weights for the polyharmonic operator. Since
we did not find any reference for such estimates, in Section 2 we follow [27] and
derive them as a consequence of the corresponding L? Carleman estimates with
logarithmic weights for the polyharmonic operator, established in [16].

The paper is organized as follows. In Section 2 we discuss L? Carleman es-
timates with linear weights for the polyharmonic operator. Section 3 is devoted
to the construction of a tempered fundamental solution to the conjugated poly-
harmonic operator e *%(—A)™e** and to the proof of Theorem 1.2. Section 4
contains the construction of complex geometric optics solutions to the perturbed
polyharmonic equation with a potential ¢ € L2m (). The proof of Theorem 1.1 is
then concluded in Section 5. Appendix A is concerned with the wellposedness of
the Dirichlet problem for (—A)™ + ¢ with ¢ € L2m (), and is included for the
completeness of the presentation.

2. LP? Carleman estimates with linear weights for polyharmonic operators

The purpose of this section is to present L? Carleman estimates with linear weights
for polyharmonic operators, which generalize the corresponding estimates of [17],
obtained for the Laplacian.

In the work [27] it is explained how to obtain the L? Carleman estimates with
linear weights for the Laplacian of [17] from the L? Carleman estimates with log-
arithmic weights, established in [16]. The work [16] contains also L? Carleman es-
timates with logarithmic weights for polyharmonic operators, and following [27],
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we shall derive L? Carleman estimates with linear weights for polyharmonic op-
erators from these estimates.
Let us start by formulating the following result of [16].

Theorem 2.1 ([16]). Let m be an integer, 1 < m < n/2, and suppose that
p = ;- and q = 2 (e ;—l—é = land%—é = ) Lett > 7
and § = dist(t — g, 7)) > 0. Then there exists a constant C = C (6, n), depending

only on § and n, such that for every u € C§°(R" \ {0}),

x|~ ullpa@gry < Clllx |7 (=A)"ullLrm@n). (2.1)

In the next result we establish the L? Carleman estimates with linear weights
for the polyharmonic operator.

2n

n+2m and

Proposition 2.2. Let m be an integer, 1| < m < n/2, and p =
Then

4= 3= 2m

le* ¥ul| La gy < Clle*™ (=AY u]|Lr ) (2.2)
uniformly in k € R" and u € C§°(R").

Proof. First notice that when k = 0, the inequality (2.2) follows from the Hardy—
Littlewood—Sobolev inequality, see [12, Theorem 4.5.3].

Let now k € R" \ {0} be fixed and let u € C5°(R"). Consider the function
u(x) = u(x + tk). Since for t > 0 sufficiently large, i = 0 near zero, apply-
ing (2.1) to u, we get

™ il Lagrny < CllIXI™ (=A)"i ]| Lr @, (2.3)

for ¢t > 0 sufficiently large such that § = dist(z — g, 7Z) > 0. Making the change
of variables x + tk — x in (2.3) , we obtain that

lx =tk ullLagrny < Clllx — k|~ (=A)"ullLr ). 2.4)

Tk 2
|x—tk|:t|k|\/l—2x 4

Writing

tk> - 2|k?
we see that (2.4) is equivalent to
(-2 + ) ]
u
t|k|2 t2|k|2 L4 (R")

=] (12 + ) oo

(2.5)

LP(R")
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We have
(1 p Xk P >_t/2—ex ( ‘1o (1 Xk P )
kz " eke) TP LTy o8 AERRETE

x-k

= exp (% + Ok,suppu(;)) — elkl?

uniformly on supp u, as t — oo away from the set Z + %. Hence, passing to the
limit in (2.5), we get

x-k

xk
le® 1 ullLa@ny < Cllek (=A)"u||Lr@n), (2.6)

with the same constant as in (2.1). Replacing k € R" \ {0} in (2.6) by k/|k|?,
we recover (2.2). The proof is complete. O

3. A special Green function for the polyharmonic operator.
Proof of Theorem 1.2

Let ¢ € C" \ {0} be such that ¢ - ¢ = 0, and let us consider the constant coefficient
differential operator,

e (=AY ¥t = (—=A =2 - V)™, (3.1)
The purpose of this section is to construct a suitable tempered fundamental solu-

tion of the operator (3.1), and to prove Theorem 1.2. To that end let us consider
the equation,

(—A—20-V)"w =28 in R" (3.2)

where w € 8'(R"). Taking the Fourier transform in (3.2), we obtain that

(> = 2i¢-&)"W(E) = 1.

Here and in what follows we use the normalization,
F® =506 = /}R e f()dx, f € SR,

extended to the space 8'(IR”) in the usual way.
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The condition ¢ - { = 0 is equivalent to the fact that
Re¢-Im¢ =0, |Rel|=|Im{|. (3.3)

Using (3.3) together with the fact that the Laplacian commutes with rotations, we
may and shall assume, without loss of generality, that ¢ in (3.2) has the form,

¢ =se; —isey, s=[¢|/vV2>0,

where e; and e, are the first two vectors in the standard orthonormal basis in R”.
The symbol of the operator (—A —2¢ - V)™ is equal to (p¢(£))™, where

pe(€) = |E7 = 2i¢ - & = |& —sea|® — 57 = 2isky.
The characteristic set of (—A —2¢ - V)™ is given by
Se={§cR: pr()) =0} ={E €R": & = 0.[f —se2| =5).  (3.4)

Thus, X is the codimension 2 sphere, which is obtained as the intersection of the
hyperplane £, = 0 and the (n — 1)—dimensional sphere, centered at se, and of
radius s.

In what follows, we shall use the standard notation a < b for a, b > 0, which
means that there exists a constant C > 0 independent of { such that a < Cb.
We shall also write a ~ b whena < b and b < a. When the constant C depends
on a large parameter M, we indicate this dependence by writing a ~ps b.

We shall need the following result concerning the behavior of p¢(§) in R”,
established in [26], see also [9]. We shall present the proof since some of the
estimates in the proof will be used in what follows.

Lemma 3.1. For |§] > 4|, we have
pe(®)] ~ [EI. (3.5)
For |&] < M |¢| with a fixed constant M,

|pe(§)| ~m sd(§,Z¢), (3.6)

where d(§, X¢) is the distance from § to Zg.
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Proof. Assume first that |§| > 4|¢|. Then (3.5) follows from the following esti-
mates,

Pz (®)] < €17 + 2[¢1[€] < %IEIZ,

and

1P ®)] = 1617~ 20¢llE] = 16l

To see (3.6), we first observe that for || < M|{],

P2 ()] ~ | 1§ = seal” — 52| + 2s]&1] ~ar s(IE —sez| —s| + [E1]). (3.7)

Let § € R”. Then for any n € X, we get

1§ =nl =&l [§—nl = [ —sex| —[n—se| = [|§ —se2| —s],  (3.8)
and therefore,
1
d(§. %) = E(IIE —sea| —s| + [E1]). (3.9)

On the other hand, we have

d(§ Xe) ~ 6] + . inf & —n'| = 6] + | 1§ —sea| —sl. (3.10)

n'—sez|=s

Here we have used the fact that the distance from the point &' = (&,...,&,) €
R"! to the sphere {n’ = (n2.....7x) € R"7': |y — ses] = s} is given by
| 1§ — sea| —s|.

If | —sez| —s > 0, then

[1§" —sea| —s| = [§' —sea| =5 < [€ —se2| —5 = [|E —se2| —5].
If |§ — ses| — s < 0, then
[[€" = sez| —s| = 5 — [§" —sea| < [E1] + 5 — |§ —se2| < [61] + |s — € — sea] .

Thus,
d(, Z¢) S| —sea| — s + |&1], (3.11)

uniformly in s > 0. Hence, using (3.7), (3.9) and (3.11), we obtain (3.6).
The proof is complete. O
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The next result is well-known and is presented here for the convenience of the
reader.

Lemma 3.2. Letn > 3. Then for every ¢ € C*, £ - ¢ = 0, and |¢| > 4, we have

1 q n
2@ Lo

if and only if 1 < q < 2, and for such q,

L ¢ LY(R™) + (£)"2L*®°(R") C 8'(R"). (3.12)
pe(§)

Proof. The complex vector ¢ will be kept fixed in the proof. Let K C R” be
a fixed compact set. Then by (3.6), for § € K, we have |p:(§)| ~ d(§, Z¢).
Let ¢ > 1 and let us write

1 1
———dE ~ —d
/K |pe (§)]4 ¢ /{EeK:d(E,E;)sl} (d(§,Z¢)) :

+/ ! d€
tek:dEsp=1) (d(E Ze))? 7
where the last integral is finite. Recalling from (3.10) that

d(E, Ze) ~ 1] + 1§ — sea| =],

and passing to the polar coordinates in &', centered at se;, i.e. & = sey + r0,
r>0,0¢cS8" 2, we get

s+1 rn—2
T i&drde
/{geK e z<1y dE )T Ec)q /s" 2/ /|51|51 (& +|r —sha !

s+1 1
—  d&dr
/s /|sl|51 (& +r—she '

1
N ——d£dE,.
/|$2|51/|§-1|51 (|&1] + &2 §1d¢

Here we have used the factthat s — 1 < r < s + 1 and s > 2 is fixed. The latter
integral is finite precisely when g < 2.
To check (3.12) it suffices to consider the decomposition,

1
p(é) X(E)@‘i‘( X(é))m

Here y € Cg°(R") is such that y = 1 on {&: |§] < 4|¢|}. The proof is complete.
O
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In what follows we shall consider convolutions of tempered distributions and
Schwartz functions. Let us recall briefly the standards facts about them, see [12].
Letu € 8'(R") and f € S(R"). Then the convolution u * f is defined by

(ux f)(x) =uy(f(x = ).
We have
ux fe8@®)NC®R"),
and
Fux f)= fiie8 @Y.
When m = 1, the distribution

gl =7 ) e S@®™

( 1

¢(§)
is a tempered fundamental solution of the operator —A —2¢ - V. This fundamental
solution was introduced in [5] and [26]. The convolution operator

G f =gV x f: S(R") — S'(R")
is continuous, and in [26], it was shown that for || > so > 0, we have
GV L2 (R") — LZ(B"). —1<o0 <0,
with the bound

(1) ¢
1Ge” fllLz@ny < m||f”[,2+l(]1{")'

When m > 2, according to Lemma 3.2 we have W ¢ LIOC(]R”), and
therefore, it cannot be viewed as a distribution directly. Hence we shall proceed to
regularize it. Following [26] let us introduce an open cover of R” in the following
way. Here it will be convenient to denote by X (s) the characteristic set X¢, given
by (3.4). Let us set

Vils) = R\ N (2(s)).
where
Ny (Z(s)) ={eR": d(E, Z(s) <r}, r>0.
To construct an open cover of the compact set N (E (s)) we observe from (3.8)
thatif § € N (3(s)) then 1] < 5, and [§ —se2| >5— = Therefore the length

of at least one component of £ — s32 must be greater or equal to —= ﬁ (5—355) > 5,
n > 2. Thus, letting

) ={E R 6 —s| > 3| N N(S()".
(3.13)
Vi(s) :{EGR”:|§,~|>2S—n}ﬁNs(E(s))°, j=3...n,
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where N, (2 (s))? is the interior of Ny(Z(s)), we have

n

157

Ny (Z(s) c V. (3.14)
j=2
It will be convenient to decompose the open sets V; (s) further,
Va,£(s) ={§ € Va(s) : £(§2 —5) > 0}, 3.15)
Vie@s)={EeVi(s): £§ >0}, j=3,...,n.
We have the scaling relations,
(s) = sX(),
Ns (2(s)) =sN1 (2(1)),
5 (5() = sN 1 (2(1)) 516
Vl(S) = SVl(l),
Vix(s) = sVx(1), j=2.3,....n.
Thus, (3.14) is equivalent to
N (W) c Wi uvi-y). (3.17)
j=2
Let y;,+(1), j = 2,...,n, be apartition of unity subordinate to the open cover

(3.17) of the compact set N% (Z(1)),i.e.
0 < xj(1) € Cg°(Vj+(1)),

and

Z(Xj,+(1) + =) =1

j=2
near N% (Z(1)). We set

(D) =1=Y () + g—(1) € C®(R")

j=2

and we have
11 (1) =0
near N% (Z(1)).
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Setting
1)) = i(DE/9). 26 = xjx(DE/s). j=2.....n, (3.18)
we see that y; +(s), j = 2,...,n,is a partition of unity subordinate to the open

cover U;’=2(Vj,+(s) U Vj,—(s)) of the compact set Ny (X(s)), i.e.
0 < Xj.x(s) € Cg°(Vj£(5)),

and

Z(Xj,-i-(s) + xj—(s) =1

J=2

near N (2 (s)). Furthermore,

2108) = 1= (1j+(8) + %~ () € C®(R")
j=2

and
x1(s) =0

near N (Z(s)).
To solve the equation

(&> =2i¢- &)™ =1 in R", (3.19)
we seek a tempered distribution w of the form
n
W=+ Y (B4 + D), (3.20)
j=2
where w; satisfies the equation
(IE —2i¢-§)"W1 = xi(s) in R”, (3.21)
and w; + solves the equation
(§7 = 2i¢-&)"Wjx = yj,+(5) in R", j=2,....n. (3.22)
Since supp (y1(s)) € R™\ Ny (XZ(s)), we see that the function

_ 0aG)E

— o0 n S/ n '2
(peeyr €¢I OSED 329

w1 (§)

solves the equation (3.21).



Inverse problems for polyharmonic operators 159
To solve the equation (3.22), we define
U (s): Via(s) — U D ()(Vix (). j=2....0m,
by

m = VP (s)(§) = —26,

b= e D = THEZPEE TS g

s
£ :
m=o Y@ =& 1#1 ).
The Jacobian of this transformation is given by

W
€ 4|&;]

—, j=3,...,n.
S

’ ]=27

Thus, for § € V;,+(s), we have 2 < |det[g—g]| < 8 and hence, ®Y-%)(s) is a local
diffeomorphism. Furthermore, since

®UH) (5) : V;1(5) —> DU (5)(Vj ()

is injective, we conclude that it is a global diffeomorphism.
We have also the scaling relation,

U (5)(£) = s (1) (8/s),
where the map
B (1): Vi1 (1) — dUD (1)(V; (1))

is a smooth diffeomorphism between bounded open sets, which are independent
of s.
Now in the new coordinates we have

pe((@YE ()™ () = s(n; +im).

and therefore, the equation (3.22) becomes

$" (nj + i)™ £ (@D )T M) = 1£O@F ()7 ) in R
(3.25)
To proceed we shall need the following result.
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Lemma 3.3. Letm > 2, j =2,...,n, and let

. _1ym—1
g _ (D a("?—“(%) € S'(R), (3.26)
¢ sm(m— 1)1 nj +im

where the derivatives are taken in the sense of distributions. Then

s"(nj +in)"EM =1 inR™. (3.27)

Proof. To fix the ideas let us take j = 2. Let ¢ € S(R"). We have

(m 2)

(s™ (2 +in)"E;7 . @)

1 1
= (m 1) m
= + d

— /]R I i)

1

=— 1 —3mD m dnidnady,
(m—l)!s%/ﬂ{n_z/]f{zwg(o) ——— Oy (2 +1im)" (n)dnidn2dn
(3.28)

where
n= 1"

and
B.(0) = {(n.m2) € R?*: [m|* + |n2]® < &%}

Here and in what follows (-, ) denotes the distributional duality.
Integrating by parts and recalling that (7, 4+ in;)" ¢ € S(R"), we get

1
lem [ 0D (i) e)dmad:
R2\B.(0) M2 + 1M

- - 1 .
=y / 950 (————) (2 + in)" e (ndmdny
R2\B;(0) M2 +1im

m—2
1
L 1 m—2—k/ 1y =2K) Yo%) (ny + i)™ ds.
DBl B (a7 ) - im) ™)
where dS is the Euclidean arc measure on 0B:(0) and v = (vq, v5) is the interior

unit normal to dB.(0).
Writing
n =ecosf, ny=esinf on dB(0),

and using the facts that

5 y—_ 3.29
"2(n2+im> =1 ‘(2 4 i)Y (3:29)
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and
0% (12 + i)™ (m) = O( (i, m)I™ %),k <m,
we see that

1
gm—2-k)(___~  )g(k) . m s
/835(0) "2z (nz+in1) no (2 + 1) e(n))
2
< / O(e?)d6 — 0,
0

as ¢ — 0. Therefore, also using (3.29), we obtain that

tim 7, = (n = 1! [ g
e—0 R2
This together with (3.28) implies (3.27). The proof is complete. O
Lemma 3.3 implies that the distribution
2= (@B ()T ES™ € /(R
is a solution of (3.25). Thus,
D;2(8) = (@ ()" (1j.£(5) 0 (@B ()Y E{™ ) € €' (V;2(5) (3.30)

is a solution of (3.22). Here (®>*)(s))* is the pullback by the diffeomorphism
U+ (s), see [6].
Let

S(R") > EM =

Xl(srzl + Z(q)(],_l—)(s))*(()(],-l—(s) o (CD(],'F)(S))—I)Eéms]))
(pe)™ =

+ 2 @6 (15,-() 0 (@) THE™ ).

J=2

(3.31)

Summing up the discussion so far, we have the following result.

Proposition 3.4. The distribution ggm) =JYE gm)) is a tempered fundamental
solution of the operator (—A — 2¢ - V)™, The convolution operator

G f =g x f (3.32)

is continuous S(R") — 8'(R"), and w = Gém)f is a solution to the equation

(—A—20-V)"w = f inR".
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Our next goal is to extend the convolution operator Gém) to a bounded operator
between suitable weighed L2 spaces, introduced in (1.4), and to obtain estimates
for the corresponding operator norm. To that end, we shall prepare by proving
some auxiliary results.

Lemma 3.5. Let Wy and W5 be open subsets of R", let ®: Wy — W, be a C*®
diffeomorphism and let W, € W, be open. Then for o € R, we have

171 @ W)l 2y < CIT @2y w € E WD), T @) € LE(RY).
(3.33)

Here the constant C depends only on o, ||8"‘<I>||Loo(q>_1(W2/)), ||8“¢_1||L00(W2/)
for |a| > 1.

Proof. First notice that

157 @) 125 gy = 1) /R (14 BT IF @) (H)PdE = )" [ulFo gy
Therefore, (3.33) is equivalent to the fact that
[®*ullgo@ny < Cllullgomn, ue&(Wy) N HR"),

which expresses the invariance of the Sobolev space H?(R”) under a smooth
diffeomorphism, see [11, Theorem 2.6.1]. The proof is complete. |

We shall have to apply Lemma 3.5 to the diffeomorphisms ®U:#)(s),
j = 2,...,n, introduced in (3.24), which depend on a large parameter s, and
to make sure that the constants in (3.33) are independent of s we require the fol-
lowing result.

Lemma 3.6. Let ®U:%) (s), j =2,...,n, be the diffeomorphism, defined in (3.24).
Then for all s > s¢9 > 0, we have

||3aq>(‘i’i)(s)||L°°(Vji(s)) < Cq,
19% (@Y ()7 ' =C > 1
L2@UD ;1) = Car el =1,

uniformly in s.
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Proof. Recall that
Vie(s) =sVix(D),  @UH(s5)(E) = sdUP (1)(§/s),
and therefore,
0 (@Y (5))(§) = s 7¥0g (@U B (1)) (§/s). (3.34)

Now writing
n =0V (5)(E) = sV (1)(E/s).

we see that
@V ()7 () = & = s(@YF (1)) (/).
Hence,
02 (@YVF ()" (n) = s'73% (@ (1) (n/s). (3.35)
The map

VB (1): V1 (1) — dUD (1)(V; (1))

is a smooth diffeomorphism between bounded open sets, which are independent
of s, and it can easily be seen to extend to a smooth diffeomorphism on a neigh-
borhood of V; 4 (1). The claim of the Lemma then follows from (3.34) and (3.35).
The proof is complete. O

We shall need the following consequence of [26, Lemma 3.1].

Lemma 3.7. Letn > 3, x = (x1,x2,x") € R", and let

1
H(x1,x3) = — e L} (R?) N §'(R?).
('xl -x2) |X2 +lx1| € loc( ) ( )
Then for —1 < o <0,
ICH (x1, x2) ® 8(x")) * fllp2 < Clifllzz,,» fe S(R"). (3.36)

Proof. Writing x’ = (x1, x»), we have

f(x/ _ yl’ x//)
Rz |y2 +iy1l
By inspection of the proof of [26, Lemma 3.1], we get

x =y x"
/ (1 + |x/|2)0 f( y )
R2 R2 |y2 +iy1

<cC / (1 + WP f( s x") Pdxidoca,
]R2

(H®8(x") * f=(H®x")y(f(x—y) = dyidy>.

2

dyidyz| dxidx;

for all x” € R*2,
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Using the fact that 0 < 0 and 0 + 1 > 0, we obtain that
x —y . x" 2
R2

dy1dy>| dxidx;
5({/(1+hﬁf*ﬂf@tﬂm%uuuL
]RZ

R2 Y2 +iy1l

and hence, the estimate (3.36) follows by integration with respect to x”. The proof
is complete. U

Lemma 3.7 will be used in the proof of the following result which will be
needed later.

Lemma 3.8. Letn > 3, x = (x1,x2,x") € R*, andm = 1,2,.... Then for
—m <o <1 —m, we have

@) s

<Clglzz,, » &<8®RY. (3.37)

1

H(}Q +ixy

Proof. Writing x” = (x1, x2), we have
m—1

(22— ®80) *g

X2 +1Xx1

|y2|m—1 ’ A/ "
< | ———lgx" =y x")|dy
R2 |y2 + iy

< C|x/|m—l / ;|g(x/ _ y/,x”)|dy”
- r2 |2 +iy1]

’r_ m—1
e B =y dy”
]RZ

|y2 + iy1]
= CO+ P2 (s @307 g
(g ®567) < (-1 Igh).
Thus,
H( ®5(x”))* gl | < CH ;.Qa 5(x")) * IgI)
Xy +ix1 L5 |x2 + ixq| L e

+C H (m ® S(x”)) (1" gl

2
L0+m 1
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As —1 <o +m—1 < 0, applying Lemma 3.7, we see that the expression above
does not exceed

C C . m—1 < C ’
lgllzz,  +CU-1"gll2, =Cliglez,,

1

which shows (3.37). The proof is complete. U

For future reference we shall also need the following result.

Lemma 3.9. We have
If *¢llz <Collfllz, f€LyR"),¢e8R"), (3.38)

where o > 0.

Proof. Using that
(1+ [x)2 < C((1+ |x — y[H2 + (1 + [yH7?),

we have

2 1/2
1/ %olz < (/ (/(1 + IXI2)"/2I<p(x—y)llf(y)ldy) dx)

< CUI+1-P)lgl * 1 f1ll2 + gl * (4 1- P21 f1l2)
< I+ 1Pl f 2 + el fll2) < Coll 2.

where in the last line we have used Young’s inequality for convolutions. The proof
is complete. U

In our considerations we shall apply Lemma 3.9 to the function

o =F"(xjx(s)), Jj=2.....n,

where y; +(s) is defined by (3.18), and consequently depends on the large param-
eter s. In order to conclude that the constant in (3.38) is independent of s, we shall
prove the following result. Notice that here it is important that our partition of
unity is chosen so that it respects the scaling relations (3.16).
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Lemma 3.10. Let o > 0 and let y; +(s) be defined by (3.18). Then the norms
157 G llr@ny, 1A+ 1-PYPF el i@y, J =21,

are O(1), uniformly in s > s¢9 > 0.

Proof. By (3.18), we get

TN () = 5"T (rg(1) (5x),

and therefore,

17 D@y = 157 G L1 - (3.39)

For s > 5o > 0, as o > 0, we also have

_ P\
10+ 1 B2 s e = [ (14 2) 19 (s 0)lay.
" 0
(3.40)
As F1(x;+(1)) € 8(R"), the expressions in (3.39) and (3.40) are finite.
The proof is complete. O
We are now ready to prove the following result.
Proposition 3.11. Let m = 1,2,..., and —-m < o < 1 — m. Then for
|¢| > s¢ > O, the operator Gém) can be extended to a bounded operator
L<27+2m—1(R") - L(zy R")
such that
16 fllz < —=I1 /1 (341)
§ Ly = |Z|m Ly fom—t’ )

Proof. It suffices to prove (3.41) when f € S(R"). When doing so we shall make
use of the fact that
G f = EM) * f,

where Eém) is given by (3.31).
First notice that

. s
Supp (71(5)) € {§ € R": dist(§, T¢) > -1,
2n
and therefore, an application of Lemma 3.1 shows that

pe(©)| 2 5%, € € supp ((1(5)).
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By Parseval’s formula and using that 0 < 0 and o + 2m — 1 > 0, we have

Hﬁ_l((ptl(;))w *f L3 = HCTr_l((p)gl(g))m) *f
x1(s) =

H (Pt (5))’”

L2

= (27x)™? (3.42)

C
< — < —
< 7 /e < ;|2m 10z,

Let now 1 < j < n, and assume to fix the ideas that j = 2, all other cases
being identical. Writing x = (x1, x2, x”), by (3.26), we have

5 (B = =" 71 (30 ! )

n2

s™(m — 1)! N2+ in
_ Lx;" 1 —1(;_) (3.43)
s™(m —1)! N2 +in
l x;,n ! ®5(X//),

= 2asm(m — D)!(xa2 + ix1)
see [12, Exercise 7.1.40].
Using that

O*(fu) = (®*f)(®*u), feCPWR")., ueD @,

see [12, p. 135], for s > 59 > 0, with the help of Lemma 3.5 combined with
Lemma 3.6, we get

1T (@@ () * ((r2,£(5) 0 (@@E () ™HE™ D)) * £l 2
= 1T (@2F ()" (F x2.£(5)) 0 (@D ()T E ) 12
< ClIF7H((f x2t(s)) 0 (@ED ()T EM )| 2

= CIFHEI?) % T (F x2.£(9) 0 (@2F ()7 12

m—1 N
= (i @ 80) # T T 0 @D 0
2 +1X1

(3.44)
In the last line we have used (3.43).
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An application of Lemma 3.8 shows that the last expression can be estimated
as follows,

IA

C ~
T 2,250 0 (@D )z, -

1

IA

C _ ~
prl S ez, -
(3.45)

C
S T Oz,

m—1

IA

C
1D

2 .
o+2m—1

Here we have used Lemma 3.5, combined with Lemma 3.6, and Lemma 3.9, com-
bined with Lemma 3.10.

The estimate (3.41) follows from (3.42), (3.44), and (3.45). The proof is com-
plete. U

We now proceed to discuss estimates for the convolution operator Gém) in suit-
able L? spaces.

Proposition 3.12. Let £ € €" \ {0}, £ - ¢ = 0. Then G{" can be extended to a
bounded operator

L5 (R") — L7255 (R")

such that

m 2n
16 FN, 24 <CUAN g f € LTEEmRD), (3.46)

n—2m n+2m

uniformly in (.

Proof. First as a consequence of (2.2), we have the following estimate

m
lull, 2y = CH=A=28-9)"ul (3.47)

2n
n+2m

uniformly in { € C", ¢ - ¢ = 0, and u € S(R").
Next we would like to substitute ¥ = Gém) f, f € 8(R"), in (3.47). How-

ever, the operator Gém) does not preserve the Schwartz space. To overcome this
difficulty, let us consider the space of S(R”), given by

Xe ={f €SR"): f € C&CR"\ ).
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Let us show that
G": X — Xe. (3.48)

Indeed, let f € X;. Using (3.31), we get

—o i)
gy =14

+ 2 (@UDE) (7 4+(5) 0 (@D (s) ™ ES)
(pe)™ o

+ 2@ (7 1) 0 (@) THE™).

J=2

Notice that f y;.+(s) o (PUH(5)™! € CL®R™ \ {n; = 0,71 = 0}). Therefore,
for ¢ € S(R™), we have

((f 17.£(5) 0 (@YD () H EI™D )

1 1 ~ .
= gim=1) . ®UD () 1o)d
sm(m—l)!/w nj+im (S 15£() o ( () e)dn

1 ~ )

. ®UD (V)L odn.

/R Ty ) o @V ) g
Hence, -

G f € CR" \ Zo).

which shows (3.48).
Substituting u = Gém)f, | € X¢, into (3.47), and using that

(—A=20-V"G{"f =f feXe.

we get

16 £l 2, <CISN 2a . S € Xe (3.49)

where the constant C is independent of {. According to Lemma 3.13 below the
2n

space X is dense in L7+2m (R"), and hence the estimate (3.49) can be extended

toall f € L5 (R™). This completes the proof. O

Lemma 3.13. For every ¢ € C" \ {0} such that ¢ - { = 0, the space
Xe={f € SR": f € C*(R" \ Tp),

where
Te={E eR": pe(§) =0},

is dense in L?(R"), 1 < p < oc.
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Proof. Without loss of generality, we may assume that { = s(e; —ie3), and there-
fore,

Ye={£eR": & =0,]§ —sez| =5}
Let g € L4(R"), % + é = 1, be such that

(g. f)=0 (3.50)

for all /€ X¢. According to the Hahn—-Banach theorem, it suffices to show that
g = 0. It follows from (3.50) that

(F e, f) =0,
where }‘\ is an arbitrary function in Cg°(R" \ X¢). Hence,
supp (F'g) C DIFS

As X; is a compact subset contained in the hyperplane {§; = 0}, we have

k
Flg=> u; @81, u; €& B,
j=0
where k is the order of the distribution F~1g € &'(R"), see [12, Example 5.1.2,
p.128]. Thus,

k
g = Zaj ® (ix1)!, u; €8 NC®M). (3.51)
j=0
Since g € L4(R"), ¢ < 0o, by Fubini’s theorem we have x; — g(x, x’) in L4(R)
for almost all x". As g < oo, the latter is only possible if all u; in (3.51) vanish
identically. The proof is complete. O

Remark 3.14. [t might be interesting to mention that there is another way to prove
the density of the space X¢ in LP(R"™) with nzfz < p < oo, which is based on
the fact that X¢ is a smooth manifold of codimension two, and the fact that if
g € L1(R™) and supp g is carried by a manifold of codimension two then g = 0
provided 1 < g < nzT”z The latter fact is established in [1] by refining the proof of
[12, Theorem 7.1.27].

Let us finally discuss the uniqueness statement in Theorem 1.2. To that end it
remains to show that the homogeneous equation

(=8)" =2¢0-V)"w =0 (3.52)
has only a trivial solution in L = (R™). Taking the Fourier transform in (3.52),

we see that supp (W) C Xy C {£ € R" : §; = 0}. As in the proof of Lemma 3.13,
we conclude that w = 0. The proof of Theorem 1.2 is now complete.
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4. Construction of complex geometric optics solutions

Letg € L2 () and n > 2m. Viewing ¢ as an element of (L7m N &)(R"), with
supp ¢ C Q, consider the equation,

(A" +qu =0 inR". 4.1)

The next result provides us with the existence of complex geometric optics
solutions to the equation (4.1).

Proposition 4.1. For each ¢ € C" such that ¢ - { = 0 and |{| is sufficiently large,
there exists a solution of the equation (4.1) of the form

u=e**1+r), (4.2)
where the remainder r satisfies
71, 5235 gy = O 18] = o0, 43)

and for any compact set K C R”,

I ll2y —> 0, [¢] = oc.

Proof. We follow the method of [22] and [3], where the existence of complex
geometric optics solutions for the Schrodinger operator —A + ¢ with g € L2 ()
was established. Here the convolution operator Gém) introduced in (3.32) together
with the estimates (3.41) and (3.46) will play a crucial role.

Substituting (4.2) into (4.1), we get

(A =2;-V)" +q)r =—q inR". 4.4)

Let us write
q=didr, dy=lq|"? dr=q/lq|"?

L rn - _ 1/2 P
We have dy,d, € L= (R") and ”dJ ”LW(]R”) = ”q”LZHW(]Rn)’ Jj=12

We shall look for a solution of (4.4) in the form

r=G?ww. (4.5)



172 K. Krupchyk and G. Uhlmann
Thus, we have to solve
(I + G dy)w = —dy € (LW NENR") C (L2NENR").  (4.6)

as 2m < n. To that end we shall invert the operator / + a’zGém)dl on L2(R™).
Let us show that

||d2G§m)d1 lL2@®my—>L2@ny —> 0, [§] — oo. 4.7)
In doing so, we let, when 7 > 0,

di(x), |di(x)| <T,
oy | YW M@=
0, otherwise,

Thus, for each 7, dj; € L*°(R"). Furthermore, d; ;(x) — d;(x) almost every-

where as t — oo. We also have |d; ;(x)| < |d;(x)|, and therefore, by dominated

convergence, we get ||d; — d; ¢ ”L%(Rn)
For f € L?(R"), we write

— 0as 1t — oo.

||d2G§m)d1f||L2(]Rn) < ||d2,rG§m)dl,rf”L2(]R")
+ d22 G (dr — dv o) f N2y 4.8)
+1(d2 — d2, )G d1 £ |2 gany.

Let us now estimate each term in the right hand side of (4.8). By Holder’s
inequality and (3.46), for each t > 0, we obtain that

ld2. Gy (dr = dvo) 2y < Nd.elly gy oy 1GE™ (A1 = di) f1] 2

n—2m (R?)
=C ||d2,‘l: HL%(]R") ”(dl - dl’r)f”Ln-iz-gm (R
1/2 _ .
< CIICIIILﬁ(W)II(dl dl,r)”Lm(]Rn)”f”Lz((]i")g-)
Similarly, for each t > 0, we have
1/2

| (d2 — dz,r)Gém)dlf”Lz(]Rn) <Cllds - dz,r”L%(]Rn)HCI”L/ﬁ &) ||f||L2(]Rn)-

(4.10)

Lete > 0. Since ||d./'_d./',r||L%(]Rn
that there exists 7 large such that

)y~ 0ast — oo, it follows from (4.9) and (4.10)

ld2,« Gém) (di—di )l L2@my—»r2@m |l (dz—dz,r)Gém)dl lL2@m—>r2@mn) =< 2¢/3.
@.11)



Inverse problems for polyharmonic operators 173

Let us fix this ¢ and obtain the estimate for the first term in the right hand side
of (4.8). Recall that supp d; ; C supp ¢ := L is compact. Letting—m <o < 1-m
and using (3.41), we get

lda,eG{™ dv e f Nl 2y < Collda G d e f 12 any

< Cplda e llLoen | G dv e £l 2 gy

CL 4.12
|§|m ||d2 1:||L°°(]R”)||dl rf”L 2 o1 (B™) ( )

Cr 2« | Loo@mmlldi |l Lo mr)
< : : £ L2 an

- 4

Now it follows from (4.8), (4.11) and (4.12) that
||de§m)d1 lz2@®ny—r2@n) < &

for |¢| sufficiently large, which implies (4.7).

In particular, ||d2G§m)d1 I 22(rn)—rL2@mny < 1/2 when [¢] sufficiently large, and
therefore, (4.6) yields that

=—(I + G d\)"d

w .
=Y (-G dr) dy.

j=0
We have
IvllL2@ny < 242l 2@gny < O(1).

Using (3.46), from (4.5), we obtain that

170, 2 gy < Cllivl 2
nF2m (R7)
= C”dl”L%(]Rn)”v”Lz(]R”) (413)
= 0),

for |¢| sufficiently large.
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Let K C R” be a fixed compact set and let us write
Il 2k < ||G )d, 2Vl + ||G; )(d, - d1,0)v|12(k)- 4.14)

Using the inclusion L%(K ) C L?(K), the estimate (3.46) and Holder’s in-
equality, we get

1GI™ (dy — dy)vll 2y < CklIG™ (dy —

= CK”dl - dl,‘C”L%(Rn)”v”LZ(]R")

=< CK,q”dl - dl,l’”L%(]Rn)‘

Lete > 0. As ||dy — — 0ast — oo, letus fix T > 0 so that

d1,r||L%(]Rn)
1G{™ (dy = di 2)vllLax) < &/2. (4.15)
Now let —m < o0 < 1 —m. Using (3.41) and the fact that
suppd; C suppgq := L
is compact, we obtain that
16 d1 vl 2y < CxIGE™ el 2 gy
|§|m ld1cv ||L2 1 @)

= TFm |é-|m ”dl ellee@my vl L2 rm) (4.16)

for |¢| sufficiently large. It follows from (4.14), (4.15) and (4.16) that
Irllz2xy = 0, [¢] — oo.

The proof is complete. O
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Remark 4.2. Let us mention that u|g € H™(2) where u is the complex geometric
optics solution given in (4.2). Indeed, let 2 C R" be open bounded such that
Q € Q. Then it follows from (4.3) that u|g € L5 (). By Hoélder’s inequality,
we have

< -
||¢Iu||LnJ%gm @ = ”q”Lﬁ(m”u”LnES’m @’

and therefore, (—A)™"u = —qu € Litsm (Q) c H™(Q) by the Sobolev embed-
ding, see [25, Theorem 0.3.7]. Hence, by elliptic regularity, u € H;} (2), and
thus, u € H™(Q2).

5. Proof of Theorem 1.1

An application of Lemma A.l and the fact that A,, = Ay, give us the following
integral identity,

/ (92 — g)uruzdx = 0, (5.1)
Q
for any solutions u1,u, € H™(2) of the equations

(=A™ +gu; =0 inQ, (5.2)

and
(=A™ +q2)u, =0 inQ, (5.3)

respectively.
Given £ € R”, we set

&1 :Sm-l-l'(%-l-r??z),

E=—57}1+i(%—”72),

where 11,17, € 77! satisfy
Em=§m=n-1=0
and 8P
-t r? =52,

The vectors are chosen so that §; - {; =0, j = 1,2, and {; + ¢, = iE. We also
have |¢;| = +/2s, j = 1,2.
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By Proposition 4.1, for s sufficiently large, there exist complex geometric optics
solutions,

U = ex'h(l + rl),
Uy = ex'zz(l + r2),

to the equations (5.2) and (5.3), respectively, where the remainders r; satisfy

1731, 285 gy = O(D: 5 = 00, (5.4)

and for any compact set K C R",
IrjllL2xy — 0. s — oc. (5.5)

By Remark 4.2 we know that u;,u, € H™(2). Substituting u; and u, into
the integral identity (5.1), we obtain that

/ (g2 —q1)e’**(1 4+ r1 + 72 + r72)dx = 0. (5.6)
Q
Let us show that

/ (g2 — q)e’ ¥ (r1 + 73 + rif2)dx - 0, s — oo. (5.7)
Q

To that end, we fix ¢ > 0 and write ¢ = ¢» — ¢;. Let g* € L>(2) be such that

lg — qﬁ”LQnW(Q) < &. By Holder inequality, (5.4) and (5.5), we get

‘ / qe's (ry + 72 + riF3)dx
Q

< CQ”qﬂ”LOO(Q)(”rl||L2(S'2) + ||r2||L2(Q) + llr1 ||L2(Q)||r2||L2(Q))

+ Callg —q IILW(Q)

< 0(e),

for s sufficiently large, which shows (5.7).
Taking the limit as s — oo in (5.6), we obtain that g; = ¢, in Q. The proof of
Theorem 1.1 is complete.
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Appendix A.
Wellposedness of the Dirichlet problem for (—A)™ + ¢
with potential ¢ € L7m

Let Q@ C R” be a bounded open set with C* boundary, and let ¢ € L2m (),
n>2m.

We have the following chain of continuous inclusions, where the first and the
last ones follow from the Sobolev embedding theorem, see [25, Theorem 0.3.7],

H™(Q) —> L (Q) —> L2(Q) —> Litsm (Q) —> H™(Q).

For f = (fo...., fm—1) € ]_[;-":_01 H™=1=1/2(3Q), consider the following
Dirichlet problem,
(=A)"+qu =0 in<,

(A.1)
yu=f on 0%2.
Here
m—1 _
yr H"(Q) — [T H"77209).  yu = (ulag. dulsa. ... 87 ulse)
J=0

is the Dirichlet trace of u € H™(2) on the boundary of €2, and v is the exterior
unit normal to the boundary.

The purpose of this appendix is to use the standard variational arguments to
show the wellposedness of the problem (A.1). Consider first the inhomogeneous
problem,

A"+ qgu=F inQ,
((=A)" +q) (A2)
yu =0 on 0€2,

with F € H7™(Q). Using the multinomial theorem, we write
g
m!
m __ 20
(=A)" = E o D,
lat|=m

To define a natural sesquilinear form a, associated to the problem (A.2), we let
u,v € C§°(2) and integrate by parts,

m m! «, Dy 5
(=A)" + Qu,v)2q) = Z o QD uD%vdx + Quqva’x = a(u,v).

la|=m

Notice that this is not a unique form, associate with the problem (A.2).
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Using the Sobolev embedding H(2) C L5 (2) and Holder’s inequality,
we obtain that

m!
la(u,v)] < Y ;”Dau”LZ(Q)”D(XUHLZ(Q)

la|=m
(A.3)
+lall, ;g Il 01, 224 @
< Clullam@llvlamg)-
Hence, the sesquilinear form a(u, v) extends to a bounded form on H]"(£2).
Poincaré’s inequality implies that for |8| < m, we have
”Dﬂu”LZ(Q) <C Z 1D%ullp2¢q), u € Hy' (),
la|=m
and therefore,
el Fm@y < C Y 1D%ul} 2y, u € HJ'(Q). (A4)
l|=m
Using (A.4), and writing ¢ = ¢* + (¢ —¢*) with ¢* € L®°(Q) and ||g —qﬁ||Lﬁ(Q)

small enough, we obtain that
Rea(u,u) > Z / |D"‘u|2dx—/ lu|?|q|dx
Ial—m

> 0 3 1D U aiey — ¥ lowc@) e
o ul?

—llg =4Il @ @)

> (¢/Dullzmgy — Collul}aigys ¢ > 0.u € HY'().

Thus, the form a(u,v) is coercive on HJ'(2). As the inclusion map
H{ () — L?(Q) is compact, the operator

(=A)" +q: Hy' () — H™™(Q) = (Hg" ()’ (A.5)

is Fredholm of index zero, see [24, Theorem 2.34].

Furthermore, since the operator (—A)" + g + Co: HJ'(2) — H™™(Q) is
positive, by an application of the Lax—Milgram lemma we conclude that it has a
bounded inverse. As the embedding H{"(2) — H ™ (£2) is compact, the oper-
ator (A.5), viewed as an operator on the Hilbert space H~"(2), has a discrete
spectrum.
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To study the well-posedness of (A.1), let us assume that
0 is not in the spectrum of the operator (A.5). (A)

Let w € H™(R2) be such that yw = f, see [8, Theorem 9.5, p.226] for the
existence of such w. Thenu = v +w € H™(Q), where v € H["(2) is the unique
solution of the equation,

(=8)" + v = =((=4)" + g)w € H(Q),

solves the Dirichlet problem (A.1). Furthermore, the solution to the Dirichlet
problem (A.1) is unique.

Under the assumption (A), we define the Dirichlet-to—-Neumann map, asso-
ciated to (A.1), in the following way. Let f.h € ]_[;";01 H™7=12(3Q), and
v € H™(L2) be such that yv = h. Then we set

_ |
(Ag fih) = au.v)= > %/ D"‘uD"‘vdx—i—/ ugivdx, (A.6)
lo|=m - JQ Q

where u € H™(2) is the unique solution of the Dirichlet problem (A.1).
Let us now show that the definition (A.6) of A, f is independent of the choice
of an extension v of 4. To that end let vy, v, € H™(2) be such that

yv1 = yvp = h.
Then we have to show that
! -
Z m_/ D*uDe(vy —vy)dx —i—/ uq(vy —vz)dx = 0. (A7)
o! Q Q
|a|=m
For any w € C§°(R2), asu € H™(S2), we have

|
0= ((-A)"+qu,w) = Z %(—1)’"/

D“uD“tI)dx+/ uqwdx.
Q

— Q
lo|=m

As Cg°(2) isdensein H"(£2) and the form is continuous on H{"($2), we get (A.7).
It follows from (A.3) that

(Mg foR)] = Cllullam@llvllzm @)
= C”f”n;":—Ol Hm—j—l/Z(gg)”h”n;":—Ol Hm—i=1/2(3Q)’
where

”h”l‘[;”:—()l Hm—i=1/23Q) = (”hO”iIm—l/Z(aQ) + - [ hm— ”?.11/2(39))1/2
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is the product norm on the space ]_[;’:01 H™7=12(3Q). Here we have used the

fact that the extension operator ]_[;";01 H"I=120QQ) 5 h — v € H™(Q) is
bounded, see [8, Theorem 9.5, p. 226]. Hence,

m—1 m—1

Aof € ( l—[ Hm—j—1/2(ag2))/ _ l—[ Hmit1/2(5Q)

Jj=0 Jj=0

is well defined, and the operator

m—1 m—1
Ag: [TH™7V?09) — [ H "2 (09)
j=0 j=0

is bounded.
The following integral identity is used in the proof of Theorem 1.1.

Lemma A.l. Let g1, g, € L?%(Q) and Ay, = Ay,. Then

/9(6]2 —q)uiuzdx =0, (A.8)

for any solutions uy,u, € H™(Q) of the equations ((—A)" 4+ g1)u; = 0in Q,
(=A™ +q2)us = 0in Q, respectively.

Proof. Firstas u, € H™(Q) satisfies the equation ((—A)™ + ¢g»)uz = 0, we have

m!
0= (. (-A)" +q2)p) = Y ;(—l)m/s]D“u_zD"‘cpdx +/Qu_2612§0d)€,
le|=m

(A.9)
for any ¢ € Cg°(2). By density and continuity, (A.9) remains valid for any
¢ € Hy'(Q).

Let v, € H™(2) be such that

(=)™ +q2)v2 =0 inQ,
Yv2 = YUr.
Substituting ¢ = u; —v2 € HJ*(R2) into the identity (A.9), we get

!
Z m_/ D%us D*(uy — va)dx +/ U2q2(u1 — v2)dx = 0. (A.10)
o! Q Q

| =m

From the equality (Ag4, (yu1), yuz) = (Ag,(yv2). yuz) we conclude that

!
Z %/ D%u> D% (uy — vo)dx + / (U191 — v2g2)uzdx = 0. (A.11)

la|=m

Subtracting (A.11) from (A.10), we obtain (A.8). The proof is complete. O
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