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On the spectrum and numerical range
of tridiagonal random operators
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Abstract. In this paper we derive an explicit formula for the numerical range of (non-self-
adjoint) tridiagonal random operators. As a corollary we obtain that the numerical range
of such an operator is always the convex hull of its spectrum, this (surprisingly) holding
whether or not the random operator is normal. Furthermore, we introduce a method to
compute numerical ranges of (not necessarily random) tridiagonal operators that is based
on the Schur test. In a somewhat combinatorial approach we use this method to compute the
numerical range of the square of the (generalized) Feinberg—Zee random hopping matrix to
obtain an improved upper bound to the spectrum. In particular, we show that the spectrum
of the Feinberg—Zee random hopping matrix is not convex.
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1. Introduction

Since the introduction of random operators to nuclear physics by Eugene
Wigner [24] in 1955, there is an ongoing interest in random quantum systems, the
most famous example probably being the Anderson model [1]. In the last twenty
years also non-self-adjoint random systems were extensively studied, starting with
the work of Hatano and Nelson [14]. Compared to self-adjoint random operators,
non-self-adjoint random operators give rise to many new phenomena like complex
spectra, (non-trivial) pseudospectra, etc. In return, the study of non-self-adjoint
operators requires new techniques as the standard methods from spectral theory
are often not available.

We start with some limit operator and approximation results for numerical
ranges of random operators. We then focus on the physically most relevant case
of tridiagonal operators. In particular, we prove an easy formula for the (closure of
the) numerical range of tridiagonal random operators (Theorem 16). As a corollary
we get that the (closure of the) numerical range is equal to the convex hull of
the spectrum for these operators, just like for self-adjoint or normal operators.
Theorem 16 thus provides the best possible convex upper bound to the spectrum
of a random tridiagonal operator. In particular, it improves the upper bound given
in [4] for a particular class of random tridiagonal operators. The authors of [4]
considered the following tridiagonal random operator:

0 1
C_1 0 1
Co 0 1

where (cj);jez is a sequence of i.i.d. random variables taking values in {+o0} and
o € (0, 1]. The special case 0 = 1 was already considered earlier (e.g. in [2], [3],
[9], and [15]) and is called the Feinberg—Zee random hopping matrix. It is also the
main topic of [11] and [12], where the symmetries of the spectrum and the connec-
tions to the spectra of finite sections of this operator are studied, respectively.
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Theorem 16 also determines the spectrum completely in some cases. Consider
for example the Hatano-Nelson operator

where (vj)jez is a sequence of i.i.d. random variables taking values in some
bounded set V' C R and g > 0 is a constant, and assume that V is an interval
of length at least 4 cosh(g). Then Theorem 16 implies that the spectrum of A is
equal to the numerical range, which is given by the union of the ellipses

E, = {eg“ﬂ T4 @HD. [0,27)}, veV.

In Section 2.3 we introduce a method to compute numerical ranges of arbi-
trary (not necessarily random) tridiagonal operators that is based on the Schur
test. For the (generalized) Feinberg—Zee random hopping matrix as studied in [4]
and mentioned above, we use this method to compute the numerical range of the
square of the random operator, which will provide an improved upper bound to
the spectrum. This is related to the concept of higher order numerical ranges as
used in [7] and [21] for example.

In the last part we provide explicit formulas for the numerical range and the
numerical range of the square in the case of the (generalized) Feinberg—Zee ran-
dom hopping matrix in order to show that this new upper bound is indeed a tighter
bound to the spectrum than the numerical range. In particular, we confirm and im-
prove the numerical results obtained in [3] concerning the question whether the
spectrum is equal to the (closure of the) numerical range in the case 0 = 1. More
precisely, we show that the spectrum is a proper subset of the (closure of the)
numerical range and not convex.

1.1. Notation. Throughout this paper we consider the Hilbert space
X = {*(7)

and its closed subspace £2(IN). The set of all bounded linear operators X — X
will be denoted by £(X). The set of all compact operators X — X will be denoted
by K(X).
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We want to think of £(X) as a space of infinite matrices. Operators in £(X)
are identified with infinite matrices in the following way. Let (-,-) be a scalar
product defined on X and let {e; };cz be a corresponding orthonormal basis, i.e.
(ei,ej) = &;; foralli, j € Z. We will keep this orthonormal basis fixed for the
rest of the paper. The subsequent notions may depend on the chosen basis.

Let A € £(X). Then the entry A; ; is givenby (Ae;, e;). The matrix (A4;, ;)i jez,
in the following again denoted by A, acts on a vector v € X in the usual way.
If v; is the j-th component of v, then the i-th component of Av is given by
>~ A; jv;. This identification of operators and matrices on X is an isomorphism
jEZ
‘Esee e.g. [17, Section 1.3.5]). Therefore we do not distinguish between operators
and matrices. As usual, the vector (4;;)jez € X is called the i-th row
and (4;,j)iez € X is called the j-th column of A. For k € Z the vector
(Aitk,i)iez € Xis called the k-th diagonal of A or the diagonal with index k.
A is called a band operator if only a finite number of diagonals are non-zero.
The set of all band operators will be denoted by BO(X). Furthermore, we call A
tridiagonal if all diagonals with index k& ¢ {—1, 0, 1} vanish.

We consider the following subclasses. Let n < m be integers and let

U,,..., U, CC
be non-empty compact sets. Then we define

MUy, ....Up) ={A € LX): Aisr; € Ugifn <k <mand

Ajyr,i = 0 otherwise},

i.e. the k-th diagonal only contains elements from Ug. Similarly, we denote the
set of all finite square matrices with this property by

Mo (Up, ..., Up).
IfAe M(U,,...,U,) satisfies
A;j = Aityp,j+p foralli,j € Z and some p > 1,
then A is called p-periodic and the set of all of these operators will be denoted by
Mper,p(Un, ..., Up).

In the special case p = 1 these operators are usually called Laurent operators and
therefore we additionally define

LUy, ....Un) := Mper.A(Un. ..., Up).



On the spectrum and numerical range of tridiagonal random operators 219

The set of all periodic operators will be denoted by
Mper(Un, c e ey Um).

A € M(WU,,...,Uy,) is called a random operator if for k € {n,...,m} the
entries along the k-th diagonal of A are chosen randomly (say i.i.d.) with re-
spect to some probability measure on Uy. Finally, pseudo-ergodic operators are
defined as follows. Let Py ; be the orthogonal projection onto span{ex....,e;}.
Then A € M(U,,...,Uy) is called pseudo-ergodic if for all ¢ > 0 and all
B € Mgn(U,, ..., Uy) there exist k and [ such that

| PxiAPx; — B <e.

In other words, every finite square matrix of this particular kind can be found up to
epsilon when moving along the diagonal of a pseudo-ergodic operator. Note that if
all of the Uy, are discrete, one can simply put ¢ = 0 in the definition. At first sight, it
is not easy to see why one may want to consider operators of this type, but in fact,
pseudo-ergodic operators are closely related to random operators. Under some
reasonable conditions on the probability measure (see e.g. [18, Section 5.5.3]),
one can show that a random operator is pseudo-ergodic almost surely. Therefore
the definition of pseudo-ergodic operators is a nice circumvention of probabilistic
arguments when dealing with random operators. We will make use of this fact
for the rest of the paper and just mention here that every statement that holds for
a pseudo-ergodic operator, holds for a random operator almost surely. The set of
pseudo-ergodic operators is denoted by

VE(U,,...,Uy).
The notion of pseudo-ergodic operators goes back to Davies [6].
1.2. Limit operator techniques. Limit operators are an important tool in the
study of band operators. For k € Z define the k-th shift operator V; by
(ka)j = Xj—k for all x € X.

Let A € £(X) and let
h = (hm)men

be a sequence of integers tending to infinity such that the strong limit!

Ap = mh_I)Iloo V_n,, AV,

! Sometimes different and more sophisticated notions of convergence are used to define limit
operators. In the case of band operators on £2(Z) all these notions coincide (see e.g. [17, Section
1.6.3] or [5, Example 4.6]).
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exists. Then Ay, is called a limit operator of A. The set of all limit operators is
called the operator spectrum of A and denoted by

o°P(A).

Here are some basic properties of limit operators that we will need in the following
(see e.g. [17, Proposition 3.4, Corollary 3.24]).

Proposition1. Let A, B € BO(X) and let h := (hym)men be a sequence of integers
tending to infinity. Then the following statements hold:

o there exists a subsequence g := (gm)mew Of h such that Ag and B4 exist,;

if Ay and By, exist, so does (A + B), and (A + B), = Ay + Bp;

if Ay and By, exist, so does (AB)y and (AB), = ApBp;
o if Ay exists, so does (A*)y, and (A*), = (Ap)*;
o if Ay exists, then ||An| < ||All;

o if A € X(X), then Ay = 0.

We call an operator A Fredholm if ker(A) and im(A4)* are both finite-dimen-
sional. As usual we define the spectrum

sp(A) :={A € C: A — Al is not invertible}
and the essential spectrum
SPegs (A) 1= {A € C: A — Al is not Fredholm}.

After introducing all the notation, we can cite the main theorem of limit oper-
ator theory (which holds in much more generality than stated and needed here).

Theorem 2 (e.g. [18, Corollary 5.26]). Let A € BO(X). Then

Pess(A) = () sp(B).

BeoP(A)

In order to apply this theorem to pseudo-ergodic operators, we use the follow-
ing result that characterizes them in terms of limit operators.
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Proposition 3. Let U,, ..., Uy, be non-empty and compact. Then
A eVEWU,,...,Uy) < o®(A) = M(U,,...,Uy).

Proof. For diagonal operators on £2(Z) this is Corollary 3.70 in [17]. The proof
easily carries over to the case of band operators. U

Using this and A € M(Uy, ..., Uy,), we get the following corollary.

Corollary 4. Let U,, ..., Uy, be non-empty and compact and consider and oper-
ator A € VE(Uy, ...,Uy). Then
sp(A) = spes (D) = | J  sp(B). (1)

BeMUy,...,Un)

In particular, we see that the spectrum of a pseudo-ergodic operator only de-
pends on the sets Uy, ..., U,. Furthermore, equation (1) provides a somewhat
easy method to obtain lower bounds for the spectrum of A € WE(U,,..., Uy).
Indeed, we can take any operator B € M(U,, ..., U,) with a known spectrum
and get a lower bound for the spectrum of A. For example the spectrum of a peri-
odic operator B can be computed via the Fourier transform.

Theorem 5 (e.g. [8, Theorem 4.4.9]). Let Uy, ..., U, be non-empty and compact,
p €N, B € Mper,p(Un, ..., Up) and let By € L(CP) be defined by

(Bk)i,j = Bitkp,; foralli,je{l,...,p}andk € Z.

Then
sp(B) = U sp ( Z Bke_ikﬂ). 2)

9€[0,27) keZ

This brief summary of limit operator theory is sufficient for the rest of this
paper. We recommend [17] and [22] for more details and further reading.

2. The numerical range

For the reader’s convenience we start with the definition and some basic properties
of the numerical range.

Definition 6. Let A € £(X). Then the numerical range is defined as

N(A) :=clos{{Ax,x): x € X, ||x|| = 1}.
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For ¢ € [0, 27r) the (rotated) numerical abscissa is defined as
ro(A) := max{Re z: z € N(e'? A)}.

Note that the numerical range is usually defined without the closure (and de-
noted by W(A)), but we prefer to consider the numerical range as a compact set
here. The following results are well-known and also hold in arbitrary Hilbert
spaces.

Theorem 7 (Hausdorff-Toeplitz). Let A € L(X). Then N(A) is convex.

Theorem 8. Let A € L(X). It holds
conv(sp(4)) € N(4)
with equality if A is normal. Moreover,

sup |(Ax, x)| < [ 4]
Ixl=1

with equality if A is normal.

To determine the numerical range of an operator A, one usually applies the fol-
lowing method by Johnson [16]. Since the numerical range is convex by Theorem
7, it suffices to compute the numerical abscissae r,(A) for every angle ¢ € [0, 2x).
Fix ¢ € [0,27) and let

1 . .
B = E(e”"A +e7'A%).
Then

ro(A) = sup Re(ei“’Ax,x)
lxl=1

1. .
= sup —((e'?A+ e " A%)x, x)
lxlI=1

= sup (Bx,x)
llxll=1

= ro(B).

Since B is self-adjoint, r,(A) is exactly equal to the rightmost point of the spec-
trum of B. This observation is the starting point for almost every result we prove
in this paper.

We will also find it useful to talk about convergence of set sequences.
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Definition 9. Let (M,),cnv be a sequence of compact subsets of C. Then we
define

limsup M,, :== {m € C: m is an accumulation point
n—>oo

of a sequence (my,)neN, My € My},

liminf M, := {m € C: m is the limit of a sequence (my)neN, My € My }.
n—>oo
The Hausdorff metric for compact sets A, B C C is defined as
h(A, B) := max{max min |a — b| , max min |a — b|}.
acA beB beB acA

Moreover, we define lim M, as the limit of the sequence (M,,),en With respect
n—>o00

to the Hausdorff metric.

These notions are compatible with each other in the sense that they satisfy the
same relations as they do for ordinary sequences:

Proposition 10 ([10, Proposition 3.6]). Let (M,),en be a sequence of compact
subsets of C. Then the limit lim M, exists if and only if lim sup M,, = liminf M,
n—>oo n—>oo

n—->oo
and in this case we have

lim M, = limsup M,, = liminf M,,.

n—>oo n—00 n—>oo

2.1. Limit operator and approximation results. We will first prove the fol-
lowing limit operator result, which can be proven (without further effort) in much
more generality than we state it here.

Theorem 11. Letr A € BO(X). Then

N NA+K) = conv( U N(B)). 3)

KeX(X) Beo®P(A)

To prove this, we need the following lemma that we will then apply to se-
quences (V_p, (A + K) Vi, )nen, where K € K(X) and (h,)nen is a sequence of
integers tending to infinity.
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Lemma 12. Let A € L(X) and let (Ap)nen be a sequence in L(X) that converges
to A in weak operator topology. Then N(A) C lirg inf N(A,).
n—>oo

Proof. A, — A in the weak operator topology implies ((4, — A)x, x) — 0 for

all x € Xasn — oo. Let z € N(A). Choose x; € X with ||x1|| = 1 such
that |z — (Ax1, x1)| < 1 and n; such that [{(A, — A)x1,x1)| < 1 forall n > n;.
For j € N choose xj11 € X with [lxj11]| = 1such that |z—(Ax; 1, xj+1)| < 757

andnjq > nj suchthat |[((Ap—A)Xj 41, X 41)| < J% foralln > nj4,. Of course
this implies |z — (Anx;, xj)| < % for all n > nj. Now define a sequence (z;)nen
of complex numbers as follows. For n < n; choose z, € N(A,) arbitrarily.

2

For j e Nand n; < n < nj4; choose z, € N(A,) such that |z — z,| < =

We get |z — z,| — 0 as n — oo. Thus N(A) C liminf N(A4,). O
n—>oo

Proof of Theorem 11. Let B € 0°P(A) and K € K(X). To prove “2” it suffices to
show N(B) € N(A + K) because the intersection of convex sets is again con-
vex. So let i be a sequence of integers tending to infinity such that A, = B.
By Proposition 1, B is also a limit operator of A + K:

(A+K),=A,+ K, =A4,+0= A, = B.

Applying Lemma 12 to the sequence (V_j, (A + K)V}j, )new and using that the
numerical range is invariant under unitary transformations, we get

N(B) C liminf N(V_y,, (A + K)V3,) = liminf N(4 + K) = N(4 + K).

To prove the other inclusion, recall that it suffices to compare numerical ab-
scissae, i.e. to show

inf A+ K) < B): B OP(4)) .
KelglC(X)r(p( + K) < max {ry(B): B € 0°(4)}

for all ¢ € [0,2m). Since ry(A) = ro(e’?A) for all A € £(X) and ¢ € [0,27),

it even suffices to consider ¢ = 0. Set zo := || A||. Then
ro(A+ K) = sup Re((4 + K)x, x)
llxll=1
= sup Re((4+ K +zol)x,x) —zo
lIxll=1
< sup |Re{(A+ K + zol)x, x)| — zo
lIxlI=1

1
= sup |=((A+ K+ (A+ K)* +2z0])x,x)| — 2o
Ixl=1

1
:?M+K+M+Kf+MﬂF%,
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where we applied Theorem 8 to the self-adjoint (hence normal) operator
A+ K+ (A+ K)* + 2z01.

Taking the infimum, we arrive at
1
inf rg(A+K)<-= inf |A+ K+ (A+ K)* + 2z | — 2o
KeX(X) 2 KeX(X)

1

= - inf ||A+ A* + K + 2z9I| — zo.
2 Kex(X)
K=K*

For a self-adjoint operator C € £(X), the norm ||C + K| is minimized by a self-
adjoint operator K € X (X). This can be seen as follows:

IC + K[l = sup [{(C + K)x,x)|

lxll=1
= (e EEE e (e + K55 )
= s <(C * K%K*)x’x>
fe s

where we used Theorem 8 and the fact that

<(C + K+TK*)x,x> e R and <(C + K—2K

*

)x, x> ciR
for all x € X. Moreover, we have

inf_ |A+ K| = max |B]
KeX(X) Bea©P(4)
for all A € BO(X) by [13, Theorem 3.2]. Combining these results and using Propo-
sition 1, we get

inf ro(A + K) <
KeX(X) K

inf |4+ A+ K+ 220l || — 2o
eX(X)

max {||B| : B € 0°®(4 + A* +2z91)} — 2

max {||B + B* 4+ 2zol|| : B € 6°P(A4)} — zo.

N = N = N =
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Since ry(B) < ||B|| < ||A|| for all ¢ € [0,2x) by Theorem 8 and Proposition 1,
N(B +z¢1) is contained in the right half plane for every B € 6°P(A). This implies

ro(B) = sup Re(Bx,x)
lxll=1

= sup Re((B + zol)x,x)—zo
llxll=1

= sup |Re((B + zol)x,x)| —zo
lxll=1

1
= sup = ((B+ B*+2z9l)x,x)|—zo
lxll=1

1 *
:5||B+B +2Zo]||—20.
We conclude

inf ro(A+ K) <max{ro(B): B € c°P(A)}. O
KeX(X)

If we apply this result to pseudo-ergodic operators, we get the following corol-
lary:

Corollary 13. Let Uy, ..., U, be non-empty and compact. It holds

N(A) = U N(B)

BeMUy,...,Un)

forall A € VE(Uy, ..., Uy).

Note that taking the convex hull is obviously not necessary here. In fact, it
suffices to consider periodic operators on the right-hand side:

Corollary 14. Let U, ..., Uy, be non-empty and compact. It holds

N(4) = clos ( U N(B))

BEMper(Un ----- Un)

forall A € VE(U,,...,Up).
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Proof. Let A € VE(U,, ..., Uy,). Itis not difficult to find a sequence

(Ak)ke]N C Mper(Una ey Um)

that converges weakly to A (even strongly). Thus by Lemma 12 and Corollary 13,
we have

N(A) C liminf N(4g) C clos( U N(B)) C N(A). O
k=00 BeMper(Un - Um)

In the next section we will see that in the case of a tridiagonal pseudo-ergodic
operator A, it even suffices to consider the Laurent operators contained in °P(A).

So far we only considered numerical ranges of operators A € BO({*(Z)).
However, it is sometimes more convenient to work with operators 4 € £(¢?(IN)).
We will thus find the following well-known proposition useful.

Proposition 15. Let A € BO({>(Z)) and let Ay := PyAPN|impy € L(£*(IN)),
where P denotes the projection onto spaniey, e», . ..}. If there exists a sequence
(hm)men of integers tending +oo such that Ay exists and is equal to A, then
N(A) = N(A3).

Proof. Clearly, (A4x,x) = (Ax, x) for all x € im Py and thus N(44+) € N(A).
Conversely, let c € N(A+), On := I — P and consider

A= Py APK|im Py + ¢ ON|im oy -
Then

(Ax,x) = (A4 Pxx, Pxx) + ¢ (Onx, Oxx)

< P]Nx P]Nx
= + T,
[ Pwx |l || P

>||me||2 T elonxl.

Since || Pnx|* + || Onx|* = ||x||* and N(A) is convex, we get N(A) € N(A4).
Moreover, A is a limit operator of A and thus N(4A) € N(A) by Theorem 11.
We conclude N(4) = N(A4). ]
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2.2. Tridiagonal pseudo-ergodic operators. In this section we focus on the
case of tridiagonal pseudo-ergodic operators. Here the following simplification
of Corollary 14 can be achieved:

Theorem 16. Let U_4, Uy and U, be non-empty and compact. Then, given an
operator A € VE(U_1, Uy, Uy), the following formula holds:

N(A) © conv( U sp(B))

BeL(U-1,Up,Uy)

@ cOnV( U {u—lem tug+ue™: 9 e [0, 2”)})'
ukGUk,
k=—1,0,1

In particular, sp(A) = N(A) if U sp(B) is convex.
BeL(U—1,Up,Uy)

Proof. 'The last assertion follows from (i) since
U sp(B) S sp(4) € N(4)
BeL(U—1,Uy,Uy)

by Corollary 4 and Theorem 8. Moreover, (ii) follows immediately from Theo-
rem 5. We thus focus on the proof of (i).

“2”. Theorem 8 and Corollary 4 imply

N(A) 2 sp(4) 2 LJ  sp(B)
BeL(U—1,Up,Uy)

as above. Taking the convex hull on both sides yields
N(A) 2 conv ( U sp(B)).
BeL(U—1,Up,Uy)
by Theorem 7.
“C”. As in the proof of Theorem 11, it suffices to compare max ro(B)

BeL(U—_1,Upy,Uy)
with r¢(A). This then implies

N(A) C conv ( U N(B))
BeL(U—1,Up,Uy)

and hence

N(A) C conv( U conv(sp(B))) = conv( U sp(B))

BeL(U-1,Up,Ur) BeL(U-1,Up,Ur)



On the spectrum and numerical range of tridiagonal random operators 229

because Laurent operators are normal. We also set zg = || 4|| again, which implies
N(B + Z()I) C CRezo forall B € M(U_l, Uy, Ul) It follows

ro(A) = sup Re (Ax,x)

lxll=1

= sup Re ((4 + zol)x,x) —zo
lIxlI=1

= sup |Re ((4 + zol)x,x)| —zo
lxll=1

1
= — sup |((A+ A* +2z¢l)x,x)| — zo
2 xl=1

1
= 5 ||A + A* + 2201” —Zo,
where we used Theorem 8 in the last line. Using that the norm of an operator is

bounded by the sum of the maximal elements of its diagonals (also called Wiener
estimate, see e.g. [17, p. 25]), we arrive at

1
r()(A) = 5 ||A + A* + 2201” —Zp

_ 1 _
< max |uj; +u—_1|+ = max |ug + Uy + 2z0| — Zo. ))
u_1€l_ 2 upely
urel;

Fix w_; € U_1, wy € Uy and w; € U; such that the maximum in (4) is attained,

i.e.
max |e'%uy + e u_q| = |e'°w; + e |
u_1€l_;
uiel;
and
max |e'®ug + e ug + 2zo| = |e'Pwo + e Wo + 229|.
uo€lp

It is not hard to see that the spectrum of a tridiagonal Laurent operator
L(v_1, vg, v1) (to simplify the notation we identify the set

L(v-1,v0,v1) := L{v-1}, {vo}, {v1})

with its only element) is given by an ellipse with center vy and half-axes
| |lv=1| £ |v1] ]| (see e.g. [20]). If in addition

C = L(v-1,v9,v1)
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is self-adjoint, then its spectrum is given by the interval
sp(C) = [vo — [v—1] — [v1], vo + [v—1| + [v1]]
and thus ||C|| = |vg| + |v=1] + |v1|. In our case, if we put
B := L(w-1, wo, wy),

we get
| B + B* + 220l | = 2|wy + W—1| + |wo + Wo + 220

and therefore

1
r()(A) < EHB + B* + 2201” — Zp.

From here we can go all the way back to finish the proof:

1
ro(A4) < 2 |B+ B* + 220l — zo

1
= — sup |[((B+ B* +2zol)x,x)| — zo
lIxl=1

= sup |Re ((B + zol)x,x)| — zo
lxll=1

= sup Re ((B +zol)x,x) —zo
xl=1

= r()(B).

O

Combining Corollary 4, Theorem 8 and Theorem 16 we also get the following

corollary.

Corollary 17. Let U_y, Uy and U, be non-empty and compact and consider the

operator A € VE(U_1, Uy, Uy). Then A has the following property:

N(A) = conv(sp(A)).

This corollary is quite remarkable because one can usually not expect this prop-
erty from non-normal operators. As a consequence, any tridiagonal random oper-
ator has this property almost surely. We do not know if pseudo-ergodic operators
with more than three diagonals share this property, but we do know that Theo-

rem 16 is wrong if the tridiagonality assumption is dropped.
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Example 18. Let U_, = {1}, Uy = {£1}, Uy = {0}, U; = {1} and U, = {1}.
Consider the 3-periodic operator

0 1 1
I | 0 1 1
A= € Mper,3(U—2, Ceey Uz)
1 1 o -1 "
1 1 0
Then
0 1 1
1
B:==-(A+ A% = I 0 ! !
2 1 1 0 0
1 0O 0

By Theorem 5 we get
sp(B) = | spb(®@)),

%€[0,2m)
where
0 1+e 40
b(®) =1+ e? 0 e~i?
1+e?  e? 0
The spectrum of b(0) is given by {3 — @ -1, 4 @} So in particular, we get

i- @ € sp(B) and thus

33 1 9
ra(4) = ro(=A) = 5= = 2 > -
Let us denote the two operators in L(U_,, ..., U,) by C; and C,. We get
min Rez = min Re(e 2?4 777 4 i? 4 £2i7)
zesp(Cy) ¥€[0,27)
= min 2(cos(2?) + cos(1}))
%€[0,2m)
9

4
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and
min Rez = min Re(e 2?4 770 —¢i? 4 ¢2i?)
zesp(Ca) %€[0,27)
= min 2cos(2%)
¥€[0,27)
=-2

by Theorem 5 again. This implies that the numerical range of A exceeds the convex
hull of the spectra of Laurent operators in the direction of the negative real axis,
ie.

N(A) & conv ( U sp(B)).

BeL(U-1,Up,Ur)

So in particular, in view of Corollary 13, Theorem 16 is not valid for five diagonals.

2.3. A method to compute numerical ranges for general tridiagonal oper-
ators. In this section we introduce a method to compute numerical ranges for
tridiagonal operators. As explained at the beginning of Section 2, it suffices to
compute the numerical abscissae r, for ¢ € [0,27). Fix ¢ € [0,27) and recall
that we have r,(A4) = ro(B) for

1. .
B := E(e”/’A +e7'PAY).

In case 4 is a tridiagonal infinite matrix acting on ¢2(IN) or {?(Z), the non-zero
entries of B are given by

1. o
Bjj-1 = E(e’wAj,j—l +e 7 A;-1,5),
1. o .
Bj; = E(e’wAj,j +e7'%4;,;) =Re(e'? A ).

1 o
Bjjy1 = E(ewAj,j+1 +ePAj41,5)

for all j in the respective index set. B can now be transformed to a real symmetric
matrix by applying the unitary diagonal transformation that is defined recursively
as follows:

Ty =1,

Tjt1,j+1 = sign(B;j+1) 7T}, ;
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for all j in the respective index set, where sign: C — T is defined as

Z o fs # 0,
sign(z) := 4 |71
1 if z =0.
The matrix
C :=TBT*

is then real and symmetric with ro(C) = ro(B) = ry,(A) and
Cj,j = Re(ei"’Aj,j) e R,
1, . o
Crj+1 =5 €A j1+ e A;50,] = 0. (5)

Thus the computation of r,(A) is reduced to the computation of r¢(C), which is
also the rightmost point in the spectrum of C. In the following we can also assume
that C; j+1 > 0 for all j because if C; ;41 = 0 for some j, then C can be divided
into blocks and the spectrum of C is then given by the closure of the union of the
spectra of these blocks. Moreover, shifting C by A/ for some A € R only shifts
the spectrum of C by A. Thus we can also assume that C only has positive entries
on its main diagonal.

This matrix C now satisfies the requirements of the following lemma by
Szwarc? that is basically a reformulation of the Schur test.

Lemma 19 ([23, Proposition 1]). Let C € £L({?(IN)) be real, symmetric and tridi-
agonal with C; ;,Cj j+1 > O forall j € N and N > supC; ;. If there is a

jeN
sequence (gj)jen that satisfies g; € [0, 1] and
C?.
J,J+1 <
=gj+1(1—-gj) (6)
(N —=Cij)(N = Cjyrj41) ~ ’

forall j € N, thenro(C) < N.

2 Szwarc [23] actually proved it for C € £(£?(Z)), but the proof is very similar for C €
L(L2(IN)).



234 R. Hagger
In fact, also the converse is true:

Lemma 20 ([23, Proposition 2]). Let C € L({?>(IN)) be real, symmetric and tridi-
agonal with Cj ;, Cj j+1 > 0 for all j € IN. Then there exists a sequence (g;);en
with the following properties:

e gj€[0,1) forall j € N;

o gi=0ifandonlyifj =1;

e forall j € IN,

2
Cjj+

(ro(C) — Cj,j)(ro(C) = Cj11,j+1)

= gi+1(1 —gj). (7N

To demonstrate the procedure, we prove the following proposition that we need
later on. Note that this proposition can also be shown using Theorem 5 applied to

1
B = (A+4%).

This results in the computation of the eigenvalues of a 2 x 2 matrix and one obtains
Corollary 22 directly.

Proposition 21. Let I € {IN,Z}, let A € £L({*>(1)) be tridiagonal and 2-periodic
and let N > supRe A; ;. Further assume that A + A* is not diagonal. Define

i€l
|12 + A2,1|?
ni(A4) =
4(N —Re Al,l)(N —Re A2’2)
and
|A23 + A3)?
n2(A4) = :
4(N —Re A2,2)(N —Re A3,3)
Then

Vi(A) + V() =1 < N = ro(A).

Proof. Clearly, A € £L({*(Z)) and PnAPn|py € £(£?(IN)) have the same numer-
ical range by Proposition 15. It thus suffices to consider the case A € £(¢?(IN)).
Let C be asin (5) with ¢ = 0 so that ro(4) = ro(C). We can assume that C; ; > 0
for all j € IN (shifting by A € R does not change anything).

If Aj 5+ A1 = 0. Then n1(A4) = 0 and an easy computation shows 1,(A4) = 1
if and only if N = ro(A). The case A2 3 + E = 0 is similar. So let us assume
Ajj+1+ Ajt1,; # 0forall j € IN for the rest of the proof. Clearly, this implies
n1(A),n2(A) >0and Cj j41 > O0forall j € N
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Let N = ro(A). Lemma 20 applied to C yields a sequence (g;);en with the
properties
e gj€[0,1)forall j €N,
e gi =0ifandonlyif j =1,
e forall j € N,

|4jj+1 + 1‘1,/'+1,./'|2

= gin(1—g)).
Tro(A) —Re A; ) (ro(A) — Re dyrryony &1 780
Since A is 2-periodic, we have
2
|A1,2 + A2,1|
n(A4) = = g2,
4(ro(A) —Re Ay,1)(ro(A) —Re A3)
-2
|A23 + A3 |
A = ’ ’ = 1— y
P = ()~ Re A2a)(ro(d) —Re Ay 782
2
A1+ A2
ni(4) = | | = g4(1 —g3),

4(?‘0(14) —Re Al,l)(ro(A) —Re Az,z)

We observe 11(A) = g2 € (0,1) and n2(A) = g3(1 — g2) € (0,1). If j is odd, we
deduce the following recursion:

gy 2D () (=g -
’ l=git1  1-1D  1—g;—ni(4)
&
The corresponding iteration function
f:(00,1=n1(4)) — R,
(I —=x)n2(4) )
1 —x—n1(4)
has a positive derivative
d (1- A A)na (A
d d=x)m) _  n(A)n(4) (10)

dx1—x—m(4) (1—x—n1(A4))?2

since 1n1(A),n2(A) > 0. Thus f is strictly increasing. Since (g;j)jean—1 is
a sequence in [0, 1), it is in fact a sequence in [0,1 — 75;(A4)). Indeed, if
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gj = 1 —1n1(A), then by equation (8), gj+» is either not defined or negative, a
contradiction. Moreover, we have

n2(A)

=7>0=
= m(A) &l

g3

since 11(A), n2(4) € (0,1). We conclude that (g;),;eaw—1 is strictly increasing,
hence convergent. Denote the limit of this sequence by x*. By the fixed-point
theorem, x* has to be a fixed point of the iteration function f. After some rear-
ranging, we get two possible candidates for a fixed point:

(1= x")ma(4) _ o
1 —x*—n1(A4)
= (I=x")n(4) =x"(1 —x* —n1(A4)
= ()7 = (14 n2(A) = ni(A)x* + n2(4) =0

v _ Lt ma(A) —m(A) £ VU + 12(4) — 01(4)? — 412(4)
> :

(In

— X
Of course the fixed point we are looking for has to be real and thus
(1 + 12(A) — n1(A4))* — 4n2(A)
has to be non-negative. It follows

0 < (14 n2(A4) — n1(A))* — 4n2(A)
=1+ 12(A)% + n1(4)* + 2n2(A4) — 201 (A) — 201 (A)n2(A) — 4n2(A)
= 12(4)> = 2(1 + 0 (A)n2(A4) + (1 — n1(A))>.

Solving for 7,(A) yields

n2(4) < 1+ n1(4) — V(1 + n1(A4)% — (1 — n1(A4))2
=14+ n(4) -2vni(4)
= (1 - v/ni(4))%

since 72(A) < 1. This inequality now implies v/71(4) + /n2(A) < 1. As we will
prove later, this inequality is actually an equality.
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Conversely, let v/n1(A) + /72(A) = 1. Of course, we can again assume that
I = IN. Define the sequence (g;);en as follows:

g1:=0,
A
gar = A e s odd,
1—gj
A
gj+1 = 12(4) if j is even.
1—gj

In order to apply Lemma 19, we have to check g; € [0, 1] for all j € IN. Let us
first consider (g;);eaw—1 and its iteration function (9). As seen in (11) the fixed
points of f are given by

oo L m(d) —m(4) + V(I + 12(4) = 11(4))? — 4n2(4)
5 :

Plugging our assumption /71(A4) + v/12(A) = 1 into this equation, we get

L4 () — (1= VI @)? £ /(14 12(4) — (1 = VI(A)2)? — d2(4)
2

4n,(A) — 4ny(A
_ Hz(A):E\/nZ( )2 n2(A)

= Vn2(4).

Thus there is only one fixed point and x* < 1. By (10), the iteration function f is
strictly increasing in (0, 1 — 1(A)), while

1—n1(4) = 1= (1 — Vna2(A4)* = 2y/n2(A) — 12(A) > V/12(A)

since 72(A) = x* < 1. Furthermore, gy = Oandthus 0 < g; < x* < 1
for all j € 2IN — 1. We conclude g; € [0, 1] for odd j. Similarly (exchanging
n1(A) and n2(A) and using the starting point 1;(4) < /n1(4) < 1), we also
get g; € [0,1] for even j. Furthermore, Condition (6) is fulfilled by definition.
Thus (g;);en meets all the requirements and we can apply Lemma 19 to C, which
implies ro(C) = ro(A) < N. So let us summarize what we have so far. We have

() vm(A) + yn2(4) < 1if N = ro(A) and

(i) N = ro(A)if v/m(4) + yn2(4) = 1.
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Now let /n1(A4) + /n2(A) = 1 and assume ro(A) < N. Then

2
|A12 + Az1| N
4) < ’ ’ =: 711 (A),
1) < 3ot —Re Aun)(ro(A) —Re Az 1Y
—_—2
Axz+ Asp .
n2(A4) < | | =: 72(A)

4(ro(A) —Re Az2)(ro(A) —Re Az3)

and thus /71(4) + /72(A) > 1. But this is a contradiction to (i). Thus

(A + Vma(A) =1 = ro(A) = N.

Conversely, let N = ro(A) and assume /n1(4) + /1n2(4) < 1. Then by
continuity there exists an ¢ > 0 such that

J s+ To1]

4(N —&— ReAl,l)(N —&— ReAz,z)

—2
N |A23 + A3,| _
4N —e—Redys)(N —e—ReAdsz)

This is a contradiction to (ii) since N — & < ro(A). Thus N = r¢(A) implies
V() + Vo (4) = 1. O

Although we will not need this in what follows, it is worth noting that, since
Az 3 = A1,1, the equation /11 (A)+ +/n2(A) = 1 canbe solved for ro(A). Clearly,
this formula is also valid if A + A™ is diagonal.

Corollary 22. Let1 € {N, Z} and let A € £L({*(1)) be tridiagonal and 2-periodic.
Then

1
ro(A) = E(a—l—b—l— V(@ —b)?+ (c +d)? > max{a, b} (12)
with equality if and only if c = d = 0, where

a = Re Al,l = R6A3,3, b = Re A2’2,

1 - 1 S
c=3 A1p+ A2, d = 5|A2,3 + Aszpl.
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3. The Feinberg—Zee random hopping matrix

In this section we consider a generalization of the Feinberg—Zee random hopping
matrix that was considered in [4]:

0 1
A(7 — Cc—1 0 1
Co 0 1

where (cj);jez is a sequence of i.i.d. random variables taking values in {+oc} and
o € (0, 1]. The authors of [4] showed

sp(Ao) S {x +iy: x| +[y] = V2(1 + o)}

In the case o = 1 this square is (almost surely) exactly the numerical range of A,
as shown in [3] by an explicit computation. For o < 1 the square is tangential to
the ellipses in Theorem 16 and thus a proper superset of the numerical range of A4
(see Proposition 28 for an explicit formula of N(Ay)). We try to further improve
this bound obtained in Theorem 16 by computing the numerical range of N(A2).
The idea is the following:

sp(As) = {z € C: z € sp(Ag)}
C {z € C:z? e sp(A2)}
C {zeC:z? e N(A2)}

=:,/N(A42).

We thus obtain another upper bound to the spectrum. As we will see in Sec-
tion 3.2, we indeed have \/N(A42) C N(Ay), thus improving the upper bound to
the spectrum for all ¢ € (0, 1], in particular improving the upper bound of [3] that
was obtained by a massive numerical computation in the case 0 = 1. To compute
N(A2) we will observe that, although A2 is not tridiagonal itself, it can be decom-
posed into tridiagonal matrices and thus the method introduced in Section 2.3 can
be applied. Explicit formulas for N(A4,), N(A4,)? and N(A2) are postponed to
Section 3.2. To simplify the notation, we fix o here and drop the index.
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3.1. Computation of N(4%). We will prove the following theorem at the end of
this section. The sets N(B?), N(B2) and N(B3) are filled ellipses/disks and can
be computed explicitly (see Proposition 24). Theorem 23 thus provides an explicit
formula for the (almost sure) numerical range of 42.

Theorem 23. Leto € (0,1], Uy = {1}, Uy = {0}, and Uy = {xo}. Take an
operator A € M(U—-1, Uy, Uy). Then

N(A?%) C conv(N(B}) U N(B?) U N(B3)),
where
® By € Mper,a(U-1, Uy, Uy) is the operator with period (o, 0,0,0),
® By € Mper,4(U-1, Ug, Uy) is the operator with period (—o, —0, 0,0), and
® B3 € Mper4(U-1, Ug, Uy) is the operator with period (—o, —0, —0, —0).
If A € VE(U-1, Uy, Uy), then equality holds.
That in the case A € WE(U-;, Uy, Uy) the right-hand side is a subset of

the left-hand side is clear by Theorem 11 and the fact that c°P?(B?) = o°P(B)?
(see Proposition 1). Moreover, it is sufficient to prove

N(A?) C conv(N(B}) U N(B3) U N(B3))

for A € WE(U-, Uy, Uy) by the same reason. To do so, we need to compute
N(B?) fori € {1,2,3} first.

Proposition 24. Let By, B, and B3z be as above. Then

ro(BF) = 20 cos(p) + V(1 +02)2cos(p)? + (1 —02)2sin(p)2,

re(B3) =1+02,

ro(B3) = =20 cos(p) + /(1 +02)2 cos(¢)? + (1 — 02)2 sin(¢)>

and the boundaries of N(B?) and N(B2) are given by the following parametriza-
tions:

ON(B}): z(t) = 20 + (1 + 0?) cos(t) + i (1 — o?)sin(t),
IN(B2): z(t) = (1 + o?)e",

ON(B3): z(t) = —20 + (1 + %) cos(t) + i (1 — o?) sin(z).
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Proof. Bj is a Laurent operator with diagonals (1);ez, (0);ez and (0);ez and
therefore 312 is a Laurent operator with diagonals (1);ez, (0)iez, (20)iez, (0)iez
and (02);ez. Therefore the spectrum of B is given by the ellipse

E:={t€0,2m): 20 + (1 + 0?)cos(t) + i(1 — %) sin(t)}

(see e.g. [20] or use Theorem 5). Since Laurent operators are normal, E is equal
to the boundary of the numerical range of BZ. An elementary computation yields

ro(B?) = 20 cos(¢) + /(1 + 02)2 cos(¢)? + (1 — a2)2sin(t)2.

B3 is a 4-periodic operator that looks like this:

o2 0 0 0 1
-2 0 —-20 0 1
B2 = 13
2 o2 0 0 0 1 (13)
-2 0 20 0 1

It can be decomposed into an even and an odd part as follows. Let
X, :={x e€X: x4 =0forall j € Z}
and
X, :={x eX:xy; =0forall j € Z}.
Then B3(X,) C X, and B3(X,) C X,. Thus we can consider
Cy:= A%*|x, and D, := A%|x,

and get A2 = C @ D with respect to this decomposition of X, where C, and D,
are tridiagonal operators given by

Cs .

and

D,
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We see that C; is a Laurent operator and similarly as before we conclude that the
boundary of the numerical range of C, is given by the ellipse

{t €[0,27): (1 +0?)cos(t) +i(1 —o?)sin(t)}.
D5 is a 2-periodic operator, hence we can apply Proposition 21. Let
Dy :=e’Dy, N :=1+02,

and let us exclude the cases (o, ¢) = (1,0) and (o, ¢) = (1, ) for the moment so
that D, o, + D;,w is not diagonal. In the notation of Proposition 21 (D> ,) and
n2(D3,,) are given by

|ei¢: _ O.Ze—i<p|2
4(1 + 02 + 20 cos(¢))(1 + 02 — 20 cos(g))
(1 +02)% — 402 cos(p)?
" 4((1+ 02)? — 402 cos(p)?)
1
R

ni(Da2y) =

1
N2(D2,y) = N1(D2,p) = T

Thus

\/ﬂl(Dz,ga) + \/le(Dz,q)) =1
and, by Proposition 21,

ro(Dy) = 1+4+02 forall g € [0,27) ((0,9) ¢ {(1,0), (1, 7)}).

In the remaining two cases 3(D2,, + D3 ,) is a diagonal matrix and thus it is
easily seen that r,(D>) = 2 holds. Therefore we have

ro(Dy) = 1+02 forall g € [0,27).
Now obviously N(C,) C N(D>) holds and thus we get
ro(B3) = 1+0% forallg € [0,2r).
A parametrization of dN(B?) is then of course given by
z(t) = (1 + o2)e', 1 €][0,2n).

Bj is the same as B; just with o replaced by —o'. U
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Next we have to compute

N(p) := B? 14
(9) ,,-Jﬁ‘j‘zﬂ}""( ) (14)

for every ¢ € [0, 27).

Proposition 25. Let By, B, and B3 be as above, ¢* .= arccos(#) and let N
be given by (14). Then N takes the following values:

o for0 < ¢ < ¥,

N(g) = 20 cos(¢) + v/ (1 + 02)2cos(¢)? + (1 — 02)? sin(¢)?;

o forp* < ¢ <m— 9",
N(p) =1+ 0%

o form—o¢* <@ <m+ 9"

N(p) = =20 cos(p) + v/ (1 + 02)2cos(p)? + (1 — 02)2 sin(p)?;
o forw + ¢* < ¢ < 2w —¢*,
N(p) =1+ 0%

o for2m —¢* < ¢ < 2m,

N(p) = 20 cos(@) + V(1 + 02)2 cos(¢)? + (1 — 02)2 sin(p)?.

Proof. Since all of these functions are continuous, we only have to check where
the graphs of r,(B?), r,(B32) and r,(B?) intersect. Let us have a look at r,(B?)
and r,(B?2) first:

ro(BY) = r4(B3)
= 20 cos(@) + V(1 +02)2cos(¢)? + (1 —02)2sin(p)? = 1 + o2
= (14+02%cos(p)? + (1 —0>)2(1 —cos(¢)?) = (1 + 0% — 20 cos(¢))?

— cos(p) = —.
@) 1+ 02

Thus the graphs of r,(Bf) and r,(B3) only intersect at ¢* = arccos(;=%5)
and 27 — ¢*. Similarly, the graphs of r,(B2) and r,(B2) only intersect at
m —¢* = arccos(;7%;) and 7 + ¢*. Finally, r,(B}) and r,(B3) obviously only

intersect at 7 and 37” Plugging in some angles and using (14), one easily deduces
the assertion. O
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Now let us focus on A2. Let us denote the first subdiagonal of an operator
A € WE(U-1, Uy, Uy) by (hj)jez, i.e. hj := Aj41,; for all j € Z. Then A? has
the following entries:

(A%)j 42 = Ajj1djrje2 = 1,
(A%)jj+1 = Ajjr14j11,j+1 + AjjAj j+1 =0,
(A%).; = AjjrAjrr,j + AjjAjj + Ajjo1Ajorj = hy + hjoa,
(A%),j—1 = AjjAjj—1 + Ajj-14j-1-1 =0,
(A%),j—2 = Ajj—14j-1,j—2 = hj—1hj—a,

and can be decomposed as A2 = C @ D as in the proof of Proposition 24.
The matrices C and D are given by

C]’/+1 = 1,
Cj,j = haj + h2j—1,
Cjj—1 =haj_1hsj_s,
and
Djj+1=1,
Djj = haj+1+ haj,
Djj—1 = hajhzj-1,
for j € Z, respectively. We will focus on the computation of the numerical range
of C. The computation of the numerical range of D is exactly the same so that
we obtain N(C) = N(D). Since the numerical range of a direct sum is just
the convex hull of the union of the numerical ranges of its components, we get
N(A%) = N(C) = N(D).
By Proposition 3, we have A € 0°P(A) and thus there exists a sequence of inte-

gers (gn)new tending to infinity such that A, exists and is equal to A.
Without loss of generality we may assume that this sequence tends to 4+oco. Then

(A% = (4 =A>=C @D
by Proposition 1. Observe that

V—gn (C D D)Vgn = V—gn/ZCVgn/2 ©® V—gn/zDVgn/2
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if g, is even and
Vogn (C ® D)Vg, = V_(g,—1)/2DVig,—1)/2 ® V-(g,+1)/2C Vign+1)/2

if g, is odd. Clearly either {n € IN: g, is even} or {n € IN: g, is odd} is an in-
finite set. Let us first assume that {n € IN : g, is even} is infinite and denote the
sequence of even elements in g by g¢. Then by construction V_ge/,C Vge /5 con-
verges strongly to C and V_,e /, DV,e /5 converges strongly to D as n — oo. Thus
C € 0°(C) and D € ¢°P(D). Similarly, assume that {n € IN : g, is odd} is infi-
nite and denote the sequence of odd elements in g by g°. Then by construction,
V_(¢2-1)/2C V(g9—1)/2 converges strongly to D and V_g041)/2DV(go1)/> con-
verges strongly to C as n — oco. Thus D € ¢°P(C) and C € ¢°P(D) in this case.
Since limit operators of limit operators are again limit operators of the original
operator (see e.g. [17, Corollary 3.97]), we also get C € 6°P(C) and D € o°P(D)
in this case. Since g¢ and g° tend to 400, we can apply Proposition 15 to get

N(4%) = N(C) = N(C+),

where
Ct := PNCPxlimpy € L(£(IN)).

Fix ¢ € [0,27) and let E(¢) be the real symmetric tridiagonal operator that
satisfies

E;;(p) = Re(€?(C4);,5).
1. o
Ejj+1(p) = §|€'¢(C+)j,j+1 +e7'(Cq)jy1,l

and
re(A%) = ro(Cy) = ro(E(p))

(cf. (5)). Now for every angle ¢ there are 16 different combinations for

(h2j—1.h2j, hajt1, hajy2)
in (6). Define

Ejj+1(p)?
(N(p) = Ej,j (@) (N(p) — Ej+1,5+1(9))

forall j € IN, where N(p) is given by Proposition 25. Let us consider ¢ € [¢p*, 7]
first. For these angles, we have the following table. For later reference we num-
bered the 16 cases lexicographically.

15)

nj () :=



246 R. Hagger

Table 1

ti | (haj—1.haj, hojs1,h2j42) nj(®)
(1—=02)2+402 cos(p)?

: (0.0..9) 4(14+02—20 cos(p))?

O i

L e e ey

L e |t
e s

6 (0,—0,0,—0) (1+022(21::t522)c20s(<p)2

L

(1—02)2+402 cos(p)?

8 (0,—0,-0,-0) 4(1+02+20 cos(@)(1+02)

9 (—0,0,0,0) 4(1( :722—);; j(i?;)o)s((ﬁ;)

10 (—o0,0,0,—0) (1—023§1T522)c203(<p)2

11 (—o0,0,—0,0) a +62‘2(21j522)czos(¢)2

2| (00-0-0) e R i
13 (=0,-0,0,0) a1 +02£124(_r(i§w—)‘)t?124:§s2(f)220 cos(9)
14 (=0,—0,0,-0) 4(1(:;(2;?220_ j(;r;;;s((;p 4)—12)

15| (-0.-0.-0.0) Ry Ry
16| (-0.—0.~0.—0) o taamts”

This table has to be read as follows. The sequence (4;); < induces a sequence
(tj)jen. For example if the sequence (/;);en starts with

(0,—0,—0,0,0,0,0,—0,0,—0,...),

the sequence (¢;);en starts with (7,9,2,6,...). The numbers #; are used to refer

to the respective 7n;, which are computed via Formula (15). So if, for example,
_ (14022 —402 cos(p)?
- 4(1+02)2

t; = 6, then n;(¢)
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We will find the following equalities and inequalities useful:

0 = cos(p) < 1 f02 <1 (16)
4ot (1+0%)?
2\2 2 2 2\2 _
(1-0%)"4+40"cos(¢p)" <(1—07)" + 3022~ (11022 17
262 140*
1 +062—20cos(p) > 1 +02— —2 _—_T° (18)

1402 1402
(1 +0%)? —40%cos(p)?> = (1 + 0 + 20 cos(p))(1 + 0 —20 cos(p))  (19)

Using these, it is not difficult to see that n;(p) < 1 for all ¢ € [p*, 7] and
J € IN (i.e. for all possible values of 1;(¢) in Table 1). We even have 7, (¢) < i
for all ¢ € [p*, Z]and j € N with #; ¢ {3,5}. This observation is very useful to

finally construct the sequence needed for Lemma 19.

Proposition 26. Let o € (0,1], U_y = {1}, Uy = {0}, Uy = {+o} andlet A €
VE(U-1, Uy, Uy). Let ¢ € [p*, 7], nj := n;(¢) and t; for all j € N be defined as
above. Then the sequence (gj);en, defined by the following prescription, satisfies
gj €0, 1] and n; < gj+1(1 —g;) forall j € IN:

. N
o ift; =5, choose g; = 11T 20005@),

1402 ’
o ifthere is some k € N such thatt, = ... =ty = 6 and ty+1 = 5, choose
_1 14+02—20 cos(p) .
gl ) 1+0-2 ’

o if neither is true, choose g1 = %;

o iftj €4{2,6,10,14} and tj;1 = 5, choose g;+1 = %w

1+02 ’
o ift; €{2,6,10, 14}, there is some k > j suchthattiz, = ... =t = 6and
tx+1 = 5, choose gj+1 = %W;
e ift; =3, choose gj 11 = %W;
o ift; = 11, there is some k < j suchthatty = ...=1t; = 1l and ty_; =3,
1 1+02+20 cos(p) .

choose gj+1 = 3152 >

e if none of the above is true, choose gj 11 = %
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Proof. That g; € [0, 1] holds for all j € IN follows from (16). So it remains
to prove that n; < g;4+1(1 — g;) holds. Above we observed that n; < % unless
ti € {3,5}. Soift; ¢ {3,5} forall j € N, then n; < g;4+1(1 — g;) is obviously
satisfied. It remains to investigate what happens if #; € {3,5} for some j € IN.
Roughly speaking, the idea is that the cases #; = 3 and #; = 5 affect the sequence
(gk)kew only locally in the sense that {k € N : g = 1} is an infinite set. Thus
if ¢; € {3,5} occurs, we try to get back to % as soon as possible as j increases.
The argument can then be repeated by induction.

Note that if #; € {3, 5}, we can simplify 7; as follows:

(1 +0%)>—40%cos(p)>  11+0%420cos(p)
= 4(1 402 —20cos(p))(1+02) 4 1+02

where we used (19).

Let us consider the case t; = 3 first and assume g; = % More precisely, we
start our sequence with g1 = g, = ... = % until #; € {3, 5} occurs the first time
and consider the case where #; = 3 occurs first. Then by definition

~_1140%+420co0s(p)
gji+1 = 5 1102
and
11+ 02+ 20 cos(p)
gi+1(1—gj) = = ;.

4 1402

Observe that ; and n; 41 are notindependent. Indeed, ;41 depends on s 41,
h2j42, haj+3 and hyj44 whereas n; depends on haj_1, haj, hajy1 and hajio.
Thus if we fix n;, there are only 4 possible combinations for 1;4;. In particular,
if #; = 3, then 711 has to be contained in {9, 10, 11, 12}. So there are four cases:

(1 —02)? + 402 cos(p)?

. — ti — 9 ,

V1= 30 + 02 — 20 cos(9)) (1 + 02) (t+1=9)
(1 —0?)% + 402 cos(p)?

1= tip1 = 10),
Nj+1 411 02)2 (tj+1 )

- (1+0%)?*—40%cos(p)? (o1 = 11)
Mi+1 = 41+ 02)2 j+1 = 11),

(1 4+ 02%)? — 4052 cos(p)?

Nji+1 = tj+1 = 12).

4(1 + 02 + 20 cos(p))(1 + 02)
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In the first case we have g2 = 1:
1 11+02+20cos(p)

gi+2(1—gj+1) = 271 g
114 0% —20cos(p)
4 1+02
1 1+0*
> ___ -
T 4(1402)?
> Nj+1,

where we used (18) in line 2 and (17) and (18) in line 3. In the second case we

2_ S . .
have gj 4> = %%{W < 2 if 1742 € {5,6} and gj4» = 1 if not:

gaa(l— gir) > 1 —|—o2—2crcos(g0)(1 11402 —|—2crcos(<p))
j j+1) =

1+ 02 2 4 1+ 02
1 (14 0%—20cos(p))?
T4 (14 02)2
_1d+0%?
T4 +02)4
= Mj+1,

where we used (18) in line 2 and (17) in line 3. In the third case we have
1 1402420 cos(p) .

gji+2 = 3 1102
1+02+20cos(p) /1 114024 20cos(p)
gi+2(l —gjy1) = T+ o2 (5— 7 P )
_ 11+02+420cos(p) 1 + 02 — 20 cos(p)
4 1+02 1+ 02
1 (140%)?*—40?cos(p)?
T4 (1+02)2

=MNj+1.

In the fourth case we have gj 4, = 3:

ol —g; )_1 114 02+ 20 cos(p)
8j+2 8j+1 _2 4 1+02

11402 —20cos(p)

T4 1+02

1 (140%)?—40?cos(p)?

T 41402+ 20 cos(p))(1 +02)

=Nj+1-
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So either gj4» < % (and we included one special case that we need afterwards) or
gj+2 = gj+1. Thus either we are where we started with, namely 1, or we are in the
third case, where ;1 is of type (11). But in this case we have h,j 11 = hy; 43 and
haj4+2 = hyj+4 and thus we have again the same four cases for 7,4, and so on.
So either we end up with an infinite sequence with gy = gj4+; forall k > j (which
is impossible by pseudo-ergodicity, but would still be just fine) or we eventually
go out with gz < % for some k > j + 2. Thus we are done by induction if we can
control the case #; = 5 as well.

The case t; = 5 is very similar to the case ¢; = 3, but we have to think back-
wards this time, which is a little bit more complicated. If we have a look at the
generators (i.e. haj_1, haj, haj41 and hyjio) of the cases f; = 3 and t; = 5, it is
intuitively clear, why this has to be the same but backwards. So assume #; = 5.

Then g; = %W and gj4+1 = 3 by definition and thus
o _)_1 11+0%>—20cos(p) 11+0>+20c0s(p)
AR O I 1+ 02 ~ 4 1+ 02 =

As already mentioned, we have to look backwards here, i.e. we want to control
gj—1. Now there are five cases. The first case is j = 1, which is trivial of course.

The second case is where #;_; = 2. In this case we have g;_; = %:

U—g )_11+02—2000s(<p)
8j 8j—1 =1 1102
1 1+0°
> ___ -
T 41+ 02)?2

= Nj-1,

where we used (18) in line 1 and (17) and (18) in line 2. The third case is where

o ] . _ 114+0%=205cos(gp) .
tj—1 = 6. In this case we have g;_; = 27 102

114 0% —20cos(p) 11+ 0%—20cos(p)

gi(l—gj—1) =73 5 (1—— . )
2 1+o0 2 140

11402 —20cos(p) 1 + 02 + 20 cos(p)

4 1+ 02 1+ 02

1 (140%)?%—40?cos(p)?

4 (14 02)2

=nj-1-
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. . 2 .
The fourth case is where 7;_; = 10. We either have gj_; = %%ﬁ;os(w) > 1

iftj_» € {3, 11} or gj—; = 1 if not:

11+ 02 —20cos(p) 11+ 02+ 20 cos(p)
gl—gj-1) =3 5 (1—— 5 )
2 1+o 2 1+o
_ 1(14+0%—20cos(p))?
4 (14 02)?
4y2
- 1(1—1—0)
“4 (1+40)*
= Nj-1,

where we used (18) in line 2 and (17) and in line 3. Note that this case matches
perfectly with the second case above. The fifth case is where t;,_; = 14. In this
case we have g;_; = 1:

1+ 02 —20 cos(p)
1+ 02
(1 4+ 02)? — 402 cos(p)?
(1 + 02 + 20 cos(p))(1 + 0?)

= nj—l-

gi(l—gj-1) =

1
4
1
4

Again we conclude that either gj_; > % (note that the inequality is in the other
direction this time, which is good!) or gj—; = g;. Thus either we started where
we ended, namely % (or even better, we started with something that is greater than
or equal to % and the sequence reduced to %, compare with the mentioned special
case above), or we are in the third case, where #;_; = 6. But in this case we have
haj—1 = haj_3and hpj_» = hyj_4 and thus we again have the same four cases for
nj—2 and so on. Thus we either end up at g;, which is fine or we eventually have
gk > % for some k < j — 1. In either case we are done by induction. Ol

So we are done with the case ¢ € [¢*, 7]. This means that there is only the
case ¢ € [0, ¢*] left. All the other angles will follow by symmetry. Let us now
consider the table for the angles ¢ € [0, ¢*]. Remember that we have

N(g) =20 cos(¢) + v/ (1 + 62)2 cos(p)? + (1 — 2)2 sin(p)?

= 20 cos(p) + v/ (1 — 02)2 + 402 cos(¢)?

here and let us drop the ¢ in N(¢) for the sake of readability.
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Table 2

ti | (haj—1,h2j  hajvis hajvo) nj ()
1 (0,0,0,0) 1
o L i o
P @m0 oo
G SO 73 o
2 (eoo) e
6 (0,—0,0,—0) (1+02)24—;<;2 cos(p)?
7 (0,—0,—0,0) (1—02)21-;:;;2 cos(@)?
o it e
d Co.0.0.0) Ut et
10 (—0,0,0,—0) (1—02)21:22 cos(p)?
11 (—0,0,—0,0) (1+<;2)24_;<£2 cos(@)2
2| (Cooceo) Rt
b (F0.~0.0,0) 4@5222$§g$§ﬁ&w»
4] Comes-o) E oL
Bl Gemeeo) S0
6] Cococecn) | UEESEE

We will find the following equalities and inequalities useful:

N >1+02,

cos(p)

o
> 9
T 1402

(20)

2D
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N =20 cos(p) = /(1 —02)2 + 402 cos(¢)?

4ot
> \/(1 —02)2 + ﬁ (22)

1+0*

1+02

1+ 0% 40

1+02+1—|—02

1 +40?% +0*
1+ 02

(N — 20 cos(p))? (24)

N + 20 cos(p) >

(23)

(1—0%)% 4 402 cos(¢p)?

4ot
(1+02)?
_(a+ 462 +o*)(1 4+ o)
B (1+02)2

(1 +0%)?—40%cos(p)? < (1 +0%)? -
(25)

Using these, it is not difficult to see that n; (¢) < %for allp € [0,p*]and j € N
(i.e. for all possible values of 7;(¢) in Table 2 and 71;(¢) < i for all ¢ € [0, p*]
and j € N with¢; ¢ {3,5}. If

(1 + 0%)? —40?% cos(p)? < (N — 20 cos(¢))N,

then even 1, (¢) < % forall ¢ € [0,¢*] and j € IN (i.e. also if #; € {3, 5}). In this
case we can just choose g; = % for all j € IN and we are done. It thus remains to
consider the case where

(1 +0%)? — 4062 cos(p)? > (N — 20 cos(¢))N.
The argument is now exactly the same as in the proof of Proposition 26.

Proposition 27. Let 0 € (0,1], U-; = {1}, Up = {0}, Uy = {*o} and let
A € VE(U-1,Uy,Uy). Let ¢ € [0,¢*], nj := nj(p) and tj for all j € N be
defined as above. Further assume that

(1 +0%)? —40?% cos(p)? > (N — 20 cos(p))N.

Then the sequence (gj)jen, defined by the following prescription, satisfies
gj €10,1]and nj < gj+1(1 —gj) forall j € N:



254 R. Hagger

1 (1+02)>—402 cos(p)? .
2 (N—2ocos(p)N

e ifty =5, choose g1 = 1—

o ifthere is some k € N such thatt, = ... =ty = 6 and ty+1 = 5, choose
=1_ 1 (1+5%)2—402 cos(p)? .
81 = 2~ (N—20cos(g)N °

o if neither is true, choose g1 = %;
e iftj €{2,6,10,14} and tj11 = 5, choose gj+1 = 1 — %(IJ&‘\TIZ_)ZZ(;:(‘)’SZ(;%S}\?’)Z;
o ift; € {2,6,10, 14}, there is some k > j suchthattiy, = ... =t = 6and

1 (1+02)?—402 cos(p)? .
2 (N—2ccos(p))N °

tk+1 =5, choose gj+1 =1—

. _ 1 (1+02)%2—402 cos(p)? .
o iftj =3, choose gj41 = 2 (N30 cos@)N —*

o ift;j =11, there is some k < j suchthatty = ...=1t; = 1l and ty_ =3,
1 (14+02)2—402 cos(p)? .
2 (N—2occos(p)N °

choose gj+1 =

e if none of the above is true, choose gj 11 = %
Proof. 'The proof is exactly the same as the proof of Proposition 26. We only have
to change the numbers. That g; € [0, 1] holds for all j € IN follows from (20),
(22), and (25). So it remains to prove n; < g;j+1(1 —g;). Above we observed that
nj < i unless ¢; € {3,5}. Thus if the cases t; = 3 and #; = 5 do not occur, then
nj < gj+1(1 — g;) is obviously satisfied. So we are left with the cases ¢; = 3 and
t; = 5 again.

Let us consider the case 7; = 3 first and assume that g; = 1. Then by definition

1 (14 02)2% —40%cos(p)?
8i+1 =3
2 (N —20cos(p))N
and
i —g) = 1(1+0%)?—40%cos(p)>
EHC T8 =T (N “20cose)N
Now there are four possible cases for 7;41:
_ (1=0%)+40”cos(p)® (o1 = 9)
i+t = 4(N — 20 cos(¢))N A=
(1=02)2 + 402 cos(p)?
Nji+1 = N2 (tj+1 = 10),
(1 +02%)% — 402 cos(p)?
Nji+1 = N2 (tj+1 = 11),
~_ (1+0%)>—40”cos(p)® (o1 = 12)
W+ = T4(N 1 20 cos(@))N A
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In the first case we have g2 = 1:

(= gy = L_ L1+ 0%) = 4o cos(p)”
Ei+20 T8+ = 5 T 4T (N — 20 cos(9))N
12(N =20 cos(¢))N — (1 4+ 02)% + 402 cos(p)?

4 (N — 20 cos(p))N
_ 12(1+0% — (1 +0%)? + 402 cos(¢)’
4 (N — 20 cos(p))N

1 (1—0%)? 4 402 cos(p)?
~ 4 (N —20cos(p))N

= 77j+1 s
where we used (20) and (22) in line 2. In the second case we have

1 (14 02)%—40%cos(p)?
gi+2=1-3
2 (N —20cos(p)N

1
< —
-2
if tj42 € {5,6} and gj 1> = 3 if not:

gi+2(1 —gj+1)

- (1 1 (1+02%)%—402cos(p)? . 1 (1+0%)?%—402cos(p)?
= ( 2 (N —20cos(p))N )( 2 (N —20cos(p))N )

1 2N(N —20cos(p)) — (1 4+ 0%)% + 4a2cos(p)? ,
=3¢ (N — 20 cos(p))N )

1 N(N —20cos(p)) + 1+ 0% — (1 +02)% + 402 cos(p)?
Z( (N — 20 cos(p))N

1 N(N —20 cos(¢)) — 20N cos(¢) + 402 cos(p)?
3¢ (N — 20 cos(p))N

1 (N —20 cos(g))?

)2

A%

)2

v

4 N2
_ 1(/(1 —0?)? + 402 cos(p)?)?
4 N2
= Nj+1,

where we used (20) and (22) in line 2 and (20) and (21) in line 3.

255
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2V2_ 442 < 2
In the third case we have g;4» = 3 (145\7,_)2 = :(‘)’S((Z;);](v‘p) :

ey = 1 (1+0%)%—402cos(p)? 1 (1+0%)%—402cos(p)?
gi+2(1=8j+1) = 3 = F 3 oSN ( 27 (N =20 cos(g)N )

_ a4+ 02)?2 — 402 cos(p)®> N — 20 cos(¢)

~— 4 (N —20cos(p)N N
_ 1 (140%)*—402cos(p)?

4 N2

=TNj+1

like in the second case. In the fourth case we have gj1, = %:

gy = L 10?7~ do? cos(p)?
Ei4200 T8V T 5 T 4T (N — 20 cos(@))N
1

- 114402+ 0"
=274 (1+o22
1 1+0*

~ 4(1+02)?

_ a4+ 02)? — 402 cos(¢)?
— 4 (N +20cos(p))N

=1j+1,

where we used (20), (22) and (25) in line 1 and (20), (23) and (25) in line 3.
So either gj+2 < 1 or gj42 = gj+1. As in the proof of Proposition 26 we con-
clude that we eventually go out with gz < % for some k > j 4 2. Thus we are
done by induction if we can control the case t; = 5 as well.

So assume #; = 5. Then g; = 1 — %(IJ{]‘(,Z_);;S&Z(;%V)Z and gj41 = 3 by

definition and thus

(=g = L+ 02 —do? cos(p)?
B+ T8 = 4T (N Z 20 cos(@)N

= r]]_

Again there are five cases here. The first case is j = 1, which is again trivial.
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The second case is where ¢;_; = 2. In this case we have g;_; = %:

1 1(1+0%)2—40%cos(p)?

=81 = 5 = (N — 20 costp) N
_ 12(N =20 cos(p))N — (1 +0?)* + 40° cos(p)?
4 (N — 20 cos(p))N
_ 120+ o) — (1 +02)2 + 402 cos(p)?
4 (N — 20 cos(p))N

1 (1 —02%)?+ 402 cos(p)?
4 (N —20cos(p))N

=Nj+1,

where we used (20) and (22) in line 2. The third case is where #;_; = 6. In this

. _1_1 (1-}—(72)2—402 cos(<p)2 .
case we have g;_1 =1 3 (N=30 cos@) N

. 1(1+0%)?—40° cos(go)z)l (1 + 02)? — 402 cos(p)?
2 (N —20cos(p)N 2 (N —20cos(p)N
1 (2N(N —20 cos(@)) — (1 + 02)% 4 402 cos(p)?
4 (N — 20 cos(p))N
(1 4+ 02)? — 402 cos(p)?
(N — 20 cos(p))N
1 (N(N —20 cos(¢)) + 1 +0* — (1 + 0%)? + 402 cos(p)?
4 (N — 20 cos(p))N
(14 02)? — 402 cos(p)?
(N — 20 cos(p))N
_ L(N(N —20 cos(g)) — 20N cos(p) + 402 cos(p)?
— 4 (N —20 cos(p))N
(1 4+ 02)? — 402 cos(p)?
(N — 20 cos(p))N
I N —20 cos(p) (1 4+ 02)? — 402 cos(p)?

gi(l—gj—1) = (

4 N (N — 20 cos(p))N
_ 1(1+0%)?—402cos(p)?
4 N2
=T1j-1,

where we used (20) and (22) in line 2 and (20) and (21) in line 3. The fourth case

22 _ 452 cos(v)2
is where 7;_; = 10. In this case we either have g; | = %(IJ{;_)ZU :&(;)O;I(f) >3
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if tj2 € {3, 11} or gj—y =  if not:

1 (14 02)* — 40 cos(p)?
gi(l—gj-1) = (1 2 (N —20cos(@)N )
(12 1050 —docos’)
2 (N —20cos(p)N

_1(N-2 cos(¢))?

4 N2
_ 1(y/(1 —02)2 + 402 cos(p)?)?
4 N2
= Nj+1.

The fifth case is where #;_; = 14. In this case we have g;_; = %:

1 1(1+0%)?%—402%cos(p)?
4 (N —20cos(p)N
114402 +0*

4 (14 02)?

140

4(1+ 0?)?

_ a4+ 02)? — 402 cos(p)?

~ 4 (N +20cos(p)N

gi(l—gj—1) =

e

2
1
2
1

= 77j+11

where we used (20), (22), and (25) in line 1 and (20), (23), and (25) in line 3. As
in the proof of Proposition 26 we conclude that we either end up at g;, which is
fine or we eventually have gz > % for some k < j — 1. In either case we are done
by induction. O

Using the sequences obtained in Proposition 26 and Proposition 27, we can
now apply Lemma 19 to prove Theorem 23:

Proof of Theorem 23. Let A € WE(U_1, Uy, Uy). The inclusion
N(A%) 2 conv(N(B}) U N(B3) U N(B3))

is clear by Theorem 11 and the fact that 0°?(B?) = 0°P(B)? (see Proposition 1).
To prove the other inclusion, we have to show r,(42%) < N(gp) for all ¢ € [0, 27),
where N(g) is given by Proposition 25. Using the transformations ¢ +— 7 — ¢
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and ¢ = ¢ + 7, it is clear that is suffices to consider ¢ € [0, Z]. Indeed, N(g) is
invariant under these transformations and in the Tables 1 and 2 only the roles of
+o0 and —o are interchanged. To apply Lemma 19 to £ (¢), we have to assure

1 o
Ejj+1(p) = §|ew(c+)j,j+l +e7(Cy)jj+11 >0

and Ej j(¢) > 0 for all ¢ € [0, Z]. The latter can be achieved by shifting and the
former can only fail if 0 = 1 and ¢ = 0. But in this case we trivially have

ro(E(@)) < [|E(@)]| < 4 = N(g)

by the Wiener estimate (e.g. [17, p. 25]). Moreover, we clearly have
N(g) > sup Ej,j (¢)
JeEN

as E;; € {—20cos(¢),0,20 cos(¢)} for all j € N and ¢ € [0, Z] (cf. Proposi-
tion 25). We can thus apply Lemma 19, using the sequences from Proposition 26
and Proposition 27,3 to obtain

re(4%) = ro(E(9)) < N(p) forallg € [0, 5]

and hence all ¢ € [0, 27).

The inclusion for more general operators A € M(U-1, Uy, U;) now follows
from Theorem 11 and Proposition 1 again. O

In Figure 1 we can see that \/N(A42) is indeed a tighter upper bound to the
spectrum than N(A). Moreover, it shows that sp(A4) is not equal to N(A) and thus
not convex. This confirms and improves the numerical results obtained in [3].
A rigorous proof of this observation can be found in Section 3.2.

3.2. A proof that /N(42) c N(A). In this section we provide formulas for
N(A), N(A)? and N(A?) in terms of graphs of explicit functions. These follow
from elementary computations using Theorem 16, Theorem 23 and Proposition 24.
These formulas then allow us to show that \/ N(A42) is indeed a proper subset of
N(A).

3 Including the trivial case where (1 + 02)2 — 402 cos(¢)?> < (N — 20 cos(@))N.
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Figure 1. The boundary of v/ N(A?) (blue), the boundary of N(A) (red) and a lower bound
to sp(A4) consisting of spectra of periodic operators and the closed unit disk (black, see [2]
and [3]) in the case 0 = 1.

Proposition 28. Let o € (0, 1], Uy = {1}, Uy = {0}, Uy = {*+0} and consider
an operator A € VE(U_1, Uy, Uy). Then

NA)={x+iyeC: — f(x) <y =< f(x),—(1+0) <x <1+o0},

where
f:[-(0+0),1+0]—R

is given by

(1+0)> ]

(1—o0) ( ol ) forxe|-(10+o )——m,

1+o0

V2(14+02) +x forx €

(14 0)? (1-0)? ]
V201020 20+ 00))

[
(-
f(x)=11+0) (x ) forxe( (1-0)? (1_0)2)
[
o

-0 Va(l+0?) V2l +0?)

(1-0)? (1+o)2)
\/2(1—|—02) V2(1 +02)

V2(1+02%)—x X €

(1-0) ( o ) for x € 1+0].

V2(1+o )
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Proof. By Theorem 16, the numerical range of A is given by the convex hull of
the two ellipses {¢'? + ge™™: § € [0,27)} and {e!? — o™ : ¥ € [0,27)).
The assertion thus follows by an elementary computation. O

Proposition 29. Let o € (0,1], U-y = {1}, Uy = {0}, Uy = {£0} and take an
operator A € WE(U_1, Uy, Uy). Then

NA? ={x+iyeC: - f(x) =y = f(x).~(1+0)* =x = (1 +0)*},

where
fil-1+0)%(1+0)? —R
is given by
202
(1 —02).1— (’;IOZ) for x € [=(1 + 0)2, —40),
2 x?
f(x) = 1 + 07— m forx € [—40, 40],

(1—02),/1— (f;i‘;f for x € (40, (1 + 0)2].

Proof. Using Re(z?) = (Rez)? — (Imz)? and Im(z2) = 2RezImz for z € C,
this follows from Proposition 28 by another elementary computation. O

Proposition 30. Let o € (0,1], U-y = {1}, Uy = {0}, Uy = {£0} and take an
operator A € WE(U_1, Uy, Uy). Then

NA?) ={x+iyeC: —g(x) <y <gx),—(1+0)> <x < (1 +0)*},

where
g [-1+0)* (140 —R
is given by
o forx € [-(140)* —20 — 0(111‘;)2),
2 _ X +20\2
) = (-0 1= (T523)
e forx € [20 —o%,—ﬁ),
(1+ 02)? o

g(x) = x;
V1402404 J1+4+0240*
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e forx € [—0,0],
g() = V(1 +02)2 =%

232
e forx € [o,20 + 0%),
(1+ 02)? o

— X;
J1+02+04 J1+02+0

e forx € 20 + 0(111‘;222, (1+0)?),

(1—02),/1—(%)2.

Proof. 'This follows from Theorem 23 and Proposition 24 by yet another tedious
but elementary computation. O

Thus N(A)? is surrounded by (parts of) two parabolas and two ellipses whereas
N(A?) is surrounded by (parts of) a circle, two ellipses and four straight lines (see
Figure 2 for the case 0 = %). It is readily seen that the ellipses are the same,
respectively.

Figure 2. The two parabolas and the two ellipses (blue, dotted), the circle (red, dotted),
N(A4)? (blue, solid) and N(A?) (red, solid) in the case o = %
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Theorem 31.

operator A €

Let o € (0,1], U-y = {1}, Uy = {0}, Uy = {£o} and take an
WE(U_1, Uy, Uy). Then N(A?) is a proper subset of N(A)>.

Proof. Let f be as in Proposition 29 and B;, B;, B3 as in Theorem 23.
We will show that f is concave, which implies that N(A4)? is convex. It then
remains to show that N(A)? contains N(B?), N(B3) and N(B2) by Theorem 23.
Using Corollary 13 and the parametrizations of IN(B?) and IN(B?) provided by
Proposition 24, it is easily seen that

and

N(B?) = N(B1)*> C N(4)?

N(B3) = N(B3)> C N(A)*.

It will thus suffice to consider N(B3).
Clearly, f is continuously differentiable with

x+201—¢2 x4+ 20\2\"1/2 )

1+02W(1_(1+O’2)) forxe[—(l—i-(')') ,—40),
f(x) = R for x € [—40,40],

2(1 4 0?)

x—201—0? X —20\2\"1/2 >

mm(l—(m)) forx€(40,(1+0) ]

Moreover, f” is piecewise continuously differentiable with

) =

1—o02 X 4 20\2\—-3/2 )
_1+02< _(m>> for x € [-(1 + 0)°, —40),
1
—m for x € (—4(7, 4(7),
1 —o? X —20\2\-3/2 >
_1+02(1_(1+02)) for x € (40, (1 + 0)7].

Thus f”(x) < 0 for x € [—(1 4+ 0)?, (1 + 0)?] \ {—40, 40}, which implies that f

is concave.
Let

g [-1+0%), 14+’ —R

be defined by /(1 + 02)2 — x2 so that

NBY) ={x+iyeC:—g(x) <y <g(x).~(1+0%) =x < 1 +0%

(see Proposition 24).
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Assume first that 46 > 1 + ¢2. Then

2

f)=g(x) &= 1402 —> = JU+o2)2_x2

4407
2
41+ 02?)

2 x4
2 T 1022 "

= (1+oz— )2:(1+02)2—x2

<~
— x=0

for x € [—(1 + 02),1 + 0?]. Thus the graphs of f and g only intersect at
x = 0. Since both f and g are continuous, it suffices to plug in some values
(e.g. £(1 + 0?)) to conclude f > g and thus N(B3) € N(A4)2. As we mentioned
at the beginning of the proof, this implies N(42%) € N(A4)2.

Now let 40 < 1 + o2. For x € [—4o0, 40], this is the same as above. For
x € (40,1 4 02] we have

f0) =) &= (1-0")1-(7753)

—20\2
Tro7) ) = (roh-

(1+02)2 —x2

= (1 —02)2(1 - (

But this quadratic equation only has the solutions x = 20 and x = —“;—"4

which are not contained in (40,1 + 02]. Thus the graphs of f and g do not

intersect in (40,1 + o02]. Similarly, the graphs of f and g do not intersect in

[—(1 + 0?), —40). Since f and g are continuous, this again implies that f > g
and thus N(42%) € N(4)2.

It is now easily seen that this inclusion has to be proper. O

’

Since N(A) is symmetric with respect to the origin (cf. Proposition 28), Theo-
rem 31 implies that  / N(A?2) is indeed a tighter upper bound to sp(A4) than N(A).

Corollary 32. Let o € (0,1], U-1 = {1}, Uy = {0}, Uy = {Xo} and take an
operator A € VE(U_1, Uy, Uy). Then / N(A2) is a proper subset of N(A).
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