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Global well-posedness and long-time asymptotics
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Abstract. We use the d-inverse scattering method to obtain global well-posedness and
large-time asymptotics for the defocussing Davey—Stewartson II equation. We show that
these global solutions are dispersive by computing their leading asymptotic behavior as
t — oo in terms of an associated linear problem. These results appear to be sharp.
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1. Introduction

In this paper we will use the inverse scattering method to prove global well-
posedness for the defocussing Davey—Stewartson II (DS II) equation

iy +20%+)u+ (g +g)u =0, (1.1a)
dg + d(jul>) =0, (1.1b)

a nonlinear, completely integrable dispersive equation in two space dimensions.
Here and in what follows, z = x; + ix, and

= 1,0 .0 1,0 .0
5= E(a_xl +’a_x2>’ 9= E(a_xl_’a_xz)‘

The defocussing DS II equation may be regarded as a two-dimensional ana-
logue of the defocussing cubic nonlinear Schrédinger equation in one space di-
mension: it is one of a multiparameter family of models proposed by Benny and
Roskes [12] and Davey and Stewartson [19] to model the propagation of weakly
nonlinear surface waves in shallow water (see Ghidaglia and Saut [23] for a phys-
ical derivation and extensive local well-posedness results).

We will prove that the Cauchy problem for (1.1) is globally well-posed for
initial data in the space H'-!(C). Here and in what follows, H%# (C) denotes the
weighted Sobolev space

H*P(C) = {f e L(C): (D) f, ()P f(-) € L*(O)}.

Here (z) = (1 + |z|?)"/2 and (D)# is the Fourier multiplier with symbol (£)#.
We will also show, under stronger conditions on the initial data, that solutions
are asymptotic in L°°-norm to solutions of the linear problem

ive +2(3% 4+ 8%)v = 0. (1.2)

To state our result precisely, we recall the formulation of (1.1) as a nonlinear in-
tegral equation. Denote by S(¢) the solution operator for the linear problem (1.2).
For T > 0, let

X7 = C([0, T], L3(C)) N L*([0, T] x C).

We say that a function u € X7 solves the Davey—Stewartson II equation with
initial data ug € L2(C) if u() solves the equation

u(t) = S()ug + A(u)(2), (1.3)
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fort € (0,T). Here

t

A)(t) = i/o S(t — 5)(2u(s) Re[S(Ju(s)[*)]) ds.

where 8 = 997! is the Beurling transform (see Lemma 2.4). Strichartz esti-
mates for S(¢) (see [23, §2 and Appendix]) show that the solution operator S(¢)
and the nonlinear mapping A takes X7 to itself, so that (1.3) can be formulated
as a fixed-point problem in this space. It is not difficult to see that a classi-
cal solution of (1.1) belonging to C!([0, T],8(C)) also solves (1.3). Ghidal-
gia and Saut [23, Theorem 2.1] showed that for initial data uy € L?(C), prob-
lem (1.3) has a solution in X7 for some 7 > 0 depending on the initial data.
For uy € H'!(C) we can globalize this result by the inverse scattering method.
We will prove:

Theorem 1.1. There exists a continuous map

H(C) xR — HYI(C),
(uo, ) > u(r),

so that the function u is a solution of the Davey—Stewartson 11 equation (1.1) with
initial data ug in the sense that the integral equation (1.3) holds for allt. Moreover,
lu(®)|2 is conserved.

Since HY!1(C) c LP(C) for all p € (1,00) (see (2.2)) it is easy to see that
C([0,T], H"'(C)) is continuously embedded in X7. Hence, the global solution
constructed in Theorem 1.1 coincides with the local Ghidaglia-Saut solution for
all T, so that these solutions extend to 7 = oo when ug € H1(C).

Our proof exploits the completely integrable method for the defocussing
DS 1II equation developed by Fokas [22], Ablowitz and Fokas [1, 2, 3], Beals and
Coifman [7, 8, 9], Sung [33], and Brown [13]. For uy € 8(C), the function

u(z, 1) = Ie* RO (Rug)()](2) (1.4)

solves the Cauchy problem for (1.1) with initial data uy € S(C) (see Appendix B
for a self-contained proof and for references to the literature). Here R and J are
the direct and inverse scattering transforms for the DS II equation which we now
describe.
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Forz = x; +ix; and k = k; + ik», let ex(z) be the unimodular function
ex(z) = ekEkz _ exp(—2i(k1x2 + kax1)).

The direct scattering map R is defined by the d-problem (in the z-variable)

g = %ekum, (1.5a)
E_mz = %ekum, (1.5b)
|zl|iinoo(“1(z’k)’ na(z.k)) = (1,0), (1.5¢)
and the representation formula
(Ru) (k) = %/ek(Z)u(Z)mdA(Z) (1.6)

(here and in what follows, d A denotes Lebesgue measure on C). Given u € 8(C)
one first solves (1.5) for w1, u2, and then computes Ru from (1.6). The lineariza-
tion of the map R at u = 0 is the map

G0 =+ [ e 1) dAE) (1.7

which is the usual two-dimensional Fourier transform up to a linear change of
variables.
The inverse scattering map J is similarly defined by the d-problem

v = %ekfv_z, (1.8a)
Iva = %ekfv_l, (1.8b)
|k1|igloo(”1(z’k)’ va(z.k)) = (1.0), (1.8¢)
and the representation formula
Gr)(z) = %/e_k(z)r(k)vl(z,k) dA(k). (1.9)

Here 9, denotes the E_J—operator acting in the k variable. Given r € 8(C), one first
solves (1.8) for vy, vy, and then computes Jr from (1.9). The linearization of the
map J at r = 0 is the inverse Fourier transform

T 9 = l/e—k(Z)g(k) dA(k). (1.10)
b/
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From the definitions it is formally obvious that
J=CoRoC, (1.11)

where C is complex conjugation. This fact, proved in Lemma 3.11 of what follows
(see also [5, §2]), will allow us to apply our analysis of R directly to J.

The solution formula (1.4) for (1.1) should be compared to the Fourier trans-
form solution formula

v(z,1) = F MR (Fug) ()](2) (1.12)

for the linearized problem (1.2). Using the definition (1.8)—(1.9) of the map J,
we can recast the solution formula (1.4) for the DS II equation as a d-problem
depending on space and time as parameters. Given uy, € 8(C), one computes
ro = Rug and solves the E_J—problem

_ 1 .
Vi = Ee_”SW, (1.13a)
3 U is—
dxva = Ee ToV1, (1.13b)
|k1|i—r>noo(v1’ V2) = (1,0) (1.13c)
Here .
kz —kz
S(z.k,t) = Z” Z 4 4Re(k?) (1.14)

is a real-valued phase function with a single nondegenerate critical point
ke =iz/4t. (1.15)
We then recover the solution from the formula

1 .
u(z,t) = ;/e”S(z’k”)ro(k)vl(z,k,t)dA(k). (1.16)

By a careful study of the 8-problems (1.5) and (1.8), we will prove:

Theorem 1.2. The maps R and I, initially defined on S(C) by (1.5)—(1.6)
and (1.8)—(1.9), extend to locally Lipschitz continuous maps from H(C)
to itself. Moreover, RoJ = JoR = I where I is the identity mapping on H''(C).
Finally, the Plancherel relations |Rull>» = ||r||> and ||Ir|2 = |72 hold.
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Proof of Theorem 1.1, given Theorem 1.2. First, we show that the map defined
by (1.4) has the claimed continuity properties. For u; and u, in a fixed bounded
subset of H:1(C) and ¢,¢' > 0, let

Ui (z.0) = I F IR ),
Un(z. 1) = T R OIRuy))(2).
Then
101 () = Ua( )l grr = Clle¥ ™ OIRAu) — 4 ROIR ) 1.
< Clle* R R — Ruo)] 1.
+ (RO — AR R () | 1.1

where C is uniform in u; and u, in a fixed bounded subset of HU!(R).
The continuity now follows from the Lipschitz continuity of R, the estimate

. 32
e RO £l < CO+ D] S g1

and the fact that
lim [|[e* R 1] f |11 = 0

for each fixed f € H'!(C) by dominated convergence.

Next we prove that the map (1.4) solves the DS II equation (1.3) for initial data
ug € HY'(R?). Foru; and u, in a fixed bounded subset B of H1(C)and T > 0,
we have

sup |Ui(-,t) = Us(-, )||g1a < Clluy —uz|lgia, (1.17)
t€[0,T]

where C = C(T, B), by Theorem 1.2. Now let uy € H"'"!(C) be given and let
{1,012, be a sequence from 8(C) with u,,0 — ug in H1(C). Let

Un(z.1) = (e ROIR(uy o))
and
UGz, 1) = 3RO R y0)).

By (1.17),

sup | Un(-.0) =U(-,0)[[gra = Cllun,o — ol g1
t€l0,T]

so that, in particular, U, — U in Xr. Since u,o € 8(C), we have U, €
C(]0, T], 8(C)), and each U, satisfies

Un(t) = S()un,0 + AUn) (). (1.18)
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Since

|U = Unllx, < C(T) sup |UC,0) = Un(-, D)1y
t€[0,T]

and A is a continuous mapping from X7 to itself, it follows that A(U,) — A (U)
in X7. Taking limits in (1.18) in the X7-topology, we conclude that

U@t) = S(uo+ AU)(2)
so that U solves the DS II equation (1.3) with initial data u,. O

Through a careful study of the d-problem (1.13a), we will prove:

Theorem 1.3. Suppose that uy € HV'(C) N LY(C). The solution u of the
defocussing DS Il equation with Cauchy data ug obeys the asymptotic formula

u(z,t) =v(z,t)+o0@™hH
in L3°-norm, where
v(z,1) = F (¥R Ry (-)),

Remark 1.4. In an earlier version of this paper, the hypothesis that uy € L!(C)
was erroneously omitted. The condition uy € L' (C) implies that ry is continuous
(see Remark 3.7). The additional hypothesis appears to be necessary for the proof:
see Lemma 5.9 for the key step where the continuity of r¢ is used.

Remark 1.5. This result shows that, in contrast to the one-dimensional cubic non-
linear Schrodinger equation, there is no “logarithmic phase shift” in the solution
due to the nonlinear term. See Deift-Zhou [20] for an analysis of this phenomenon
and for references to the literature.

Remark 1.6. Suppose that r( is continuous and that ¥~ 'ry € L!(C). This
assumption holds, for example, when 1y € S(C), so that ro € S(C) by Sung’s
work [33, Paper II, §4] on the scattering transform. The function v(z, ) is given
by

v(z1) = / [y — )T ro) () dAC),

where
ei(22+22)/8t

Ii(z) = 41
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From this formula, we obtain
Jim T, () 'v(z,1) = /(?_lro)(z/) dA(z") = 7ro(0)
which shows that the remainder o(¢ 1) is indeed of lower order provided r¢(0) # 0.

The results of Theorem 1.3 were first obtained by Kiselev [24] (see also [25,
Theorem 7]). On the one hand, Kiselev’s result treats both the focusing and
defocussing DS II equations; on the other, he imposes a “small data” restriction
and more stringent integrability and regularity assumptions. Kiselev’s analysis
relies in part on separate asymptotic expansions of the solution v;(z, k, ¢) in the
‘exterior region’ |k —k.| > t~'/* and in the ‘interior region’ |k —k.| < 2¢!/* with
matching in the transition region.

In our proof, we remove Kiselev’s small data restriction in the defocussing case
and replace the asymptotic expansions with a finer analysis of the integral operator
M (see (5.3)) used to solve (1.13a). Our analysis rests on scaling arguments and
on the simple integration by parts formula (2.9) previously used by Bukhgeim [17]
in his analysis of the inverse conductivity problem.

Inverse scattering for the defocussing Davey—Stewartson Il equation was stud-
ied by Fokas [22], Ablowitz and Fokas [1, 2, 3], Beals and Coifman [7, 8, 9],
Sung [33], and Brown [13]. Beals and Coifman construct global solutions for the
defocussing DS II equation with initial data in S(C) by inverse scattering meth-
ods, while Sung constructs solutions for the same case if ¥ € L' N L™ and the
Fourier transform of u lies in L! N L™ (see paper III of [33]). Sung [34] obtained
the leading t~! decay rate (but not the asymptotic formula) for solutions of the
DS II equation with Schwarz class initial data, using his earlier work [33] on the
inverse scattering method for DS II. Sung and Brown construct solutions to the
focusing DS II equations with small initial data; the small data hypothesis avoids
soliton solutions (see [4] and Section 10.5 of [21] for an exposition and additional
references) and the blow-up phenomena discussed below. Brown actually shows
Lipschitz continuity of the solution map for (1.2) for small Cauchy data in L? for
either the focusing or defocussing DS II equation. More recently, Astala, Faraco,
and Rogers [5] proved Lipschitz continuity of the scattering map R from H** to
L? for s € (0, 1) and proved a Plancherel identity for R.

The same analysis used here can also be applied to the focusing DS II equation
with small initial data, which differs from (1.1) in that the second equation reads

dg — d(lu*) =0,

changing the sign of the nonlinear term. The “small data” condition is used to
replace the Fredholm argument in Lemma 3.1. Details will be given in [30].
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Ozawa [28] constructed a solution to the focusing DS II equation with the follow-
ing properties: (1) the initial data ug € L2, but |Vue(z)|, |zu(z)| > C(1 + |z|)~!
for a positive constant C, (2) the measure |u(z,7)|>dA(z) concentrates to a §-
function in finite time (see also C. Sulem and P. Sulem [32], pp. 229-230). Since
Vug and (- )ug(-) lie in weak-L2 but not L2, Ozawa’s results suggest that H 1:1(C)
is a natural limit for the inverse scattering method.

In [29], we use the results of this paper and previous work of Lassas, Mueller,
and Siltanen [26] and Lassas, Mueller, Siltanen, and Stahel [27] to find global so-
lutions of the Novikov—Veselov equation with initial data of conductivity type by
the inverse scattering method. In [14], co-authored with Russell Brown, Katharine
Ott, and Nathan Serpico, we show that the maps R and J have mapping proper-
ties between weighted Sobolev spaces which parallel those of the Fourier trans-
form. Our analysis in [14] relies in part on a key estimate of Astala, Faraco, and
Rogers [5] that generalizes our Lemma 3.2. These authors prove a Plancherel for-
mula for the map R under less restrictive hypotheses than ours.

We close by sketching the contents of this paper. In §2, we fix notation,
recall basic facts about integral operators associated to the d-problem, recall key
Brascamp-Lieb inequalities, and prove an important lemma on integration by
parts. In §3, we study the d-problem (1.5) in depth. We apply these results
in §4 to prove Theorem 1.2. Finally, we prove Theorem 1.3 in §5. Appendix A,
written by Michael Christ, proves Brown’s multilinear estimate (Proposition 2.5
and [13, Lemma 3]) by the methods of Bennett, Carbery, Christ, and Tao [10, 11].
In Appendix B we present a concise proof that the inverse scattering formula (1.4)
gives a classical solution of the DS II equation for initial data in 8(C). Appendix C
computes large-z asymptotic expansions for solutions of (1.8) that are used in
Appendix B.

Acknowledgments. It is a pleasure to thank Russell Brown, Ken McLaughlin,
Michael Music, and Peter Topalov for helpful discussions, to thank Russell Brown,
Peter Miller, and Katharine Ott for a careful reading of the manuscript, and to
thank Michael Christ and Catherine Sulem for helpful correspondence. I am also
grateful to the referee for an exceptionally thorough and meticulous reading of
three (!) versions of this manuscript, for pointing out several errors in an earlier
version of this paper, and for numerous helpful suggestions which have consider-
ably improved the manuscript. The current proof of Lemma 3.11 incorporates a
suggestion of the referee. Part of this work was carried out at the Mathematical
Sciences Research Institute in Berkeley, California, whose hospitality the author
gratefully acknowledges.
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2. Preliminaries

Notation, function spaces. We denote by C°(C) the bounded continuous func-
tions on C equipped with the sup norm, and by Cy(C) the continuous functions
that vanish at infinity. The spaces L?(C) are the usual Lebesgue spaces and p’
the Holder conjugate exponent. We sometimes write L (C) or L,f (C) to clarify
the choice of integration variable z or k. The space L?'!(C) consists of complex-
valued measurable functions f € L?(C) with (z) f € L?(C). We denote by ( f. g)
the dual pairing

1 [—
(f8) =+ [ T dAG). 1)

To quantify regularity of solutions for (1.5) and (1.8), we use the usual Holder
spaces. For o € (0, 1), let C* denote the bounded, Holder continuous functions
of order @ on C equipped with the norm

1/ llce = 1 lloo + sup LD =S

z#£z/ |Z _Z/|a

If X and Y are Banach spaces, B(X,Y) (resp. B(X,Y)) is the Banach space
of linear (resp. antilinear) operators from X to Y. We write B(X) for B(X, X),
and similarly for B(X).
The space H'!(C) is continuously embedded in L?(C) for any p € (1, 00).
Thus, for any s € (1, 00),
lulls < Csllullgrr, (2.2)

where Cs; depends only on s. We also have the following standard compact
embedding result. We give a proof since we have not found a reference although
the result is well-known.

Lemma 2.1. The space H"'(C) is compactly embedded in L?(C) for any p €
(1, 00).

Proof. Observe that F preserves H 1 (C) and maps L? (C) continuously to L?' (C)
for p € [1,2]. Hence, if we show that H!:!(C) is compactly embedded in L?(C)
for p € (1,2], the same fact for p € [2,00) is follows by composing with the
continuous map J.

To show that H'!(C) is compactly embedded in L?(C) for p € (1,2], let
n € Cg°(€) with n(w) = 1 for |[w| < 1 and n(w) = 0 for [w| > 2, and let
nr(z) = n(w/R). Let TR f = ng - f. Since Tg is a bounded map from H'!(C)
to W2 (C) for any p € [1,2], it follows from the Rellich-Kondrakov Theorem that
Tg is a compact mapping from H !:!(C) to L4(C) forany q € [1, 00). Forg € (1,2]
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21

—q)
we have by Holder’s inequality that ||(I — Tr) f|lq < C4R™ @ : || £1lz2.1, so that
|(I = Tr)||B(ze) vanishes as R — oo. The compact embedding now follows from
norm-closure of the compact operators. |

Estimates and vanishing theorem for the 3-problem. The solid Cauchy trans-
form is given by

(Pf)(2) = © / L r@ydaw

w) z—-¢
and is an inverse for the d-operator in the sense that, for f € Cse(0),
P(3f) = d(Pf) = f. (2.3)

Results analogous to those described below also hold for the operator
- 1 1
PNE =~ [ 2@
b4 z — é‘

which is an inverse for the d-operator.
The following estimates extend P to a larger domain. They are proved, for
example, in Vekua [35, Chapter 1.6] or Astala, Iwaniec, and Martin [6, §4.3].

(1) Fractional integration and Holder estimates. If ¢ € (1, 2) then g denotes
the Sobolev conjugate (§)~! = g~ — 1/2. It follows from the Hardy-Littlewood-
Sobolev inequality that

1P fllg = Cqll fllq- (2.4)

We usually take ¢ = pand g = 2p/(p + 2) for p € (2, 00). From this inequality
and Holder’s inequality we see that for p € (2,00), v € L?(C) andu € L?(C)

1P @Ay = Collvll2ll £ p- (2.5)
It follows from Holder’s inequality that for any ¢, r with 1 < g <2 <r < o0,
1P f oo = Cor(1f g + 1S 117)- (2.6)

(2) Holder continuity and asymptotic behavior. For any p > 2 and f €
L?(€) N L7 (0),

[(Pf)(z) — (P < Cplz = 21212 £ 1. (2.7)
If pe(2,00)and f € L? N L? then
| llim (Pf)(z) = 0. (2.8)
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By (2.6) and a density argument, it is enough to show that (2.8) holds for
f € Cg°(C). This is a straightforward computation.

The following lemma will allow us to recast (1.5), (1.8), and (1.13a) as integral
equations.

Lemma 2.2. Suppose f € LI(C) for g € (1,2). A function u € Li(C) solves
ou = f in distribution sense if and only ifu = Pf.

Proof. For any f € L9(C), it follows from (2.3) and (2.4) that u = Pf solves
du = f in distribution sense.

Suppose, on the other hand, that f € L4(C), thatu € L9(C), and that du = f
in distribution sense. Let v = u— P f . It follows that 99v = 0in distribution sense,
so that v € C* by Weyl’s lemma. Thus, v is a holomorphic function belonging
to L?(C), so v vanishes identically by Liouville’s Theorem. O

The following vanishing theorem is a special case of Brown and Uhlmann [16,
Corollary 3.11] that will suffice for our purpose.

Lemma 2.3. Suppose that w € L?(C) N LIOC(C) for some p € (1,00), that
a € L*(C), and that dw = aw in distribution sense. Then w = 0.

Basic estimates on the Beurling transform. The Beurling transform 8§ is de-
fined on C5°(C) by

1. 1
8/)(z) = ——lim — f(w) dA(w)
T &0 lw—z|>e (Z - )
and obeys the relation 3(S f) = df. We refer the reader to [6, §4.3] for discussion
and proofs.

Lemma 2.4. The operator § extends to a bounded operator from LP(C) to itself
for any p € (1,00), unitary if p = 2. Moreover, if Vo belongs to L4(C) for some
q € (1,00), then §(d¢p) = dg.

Thus, if_u € L?(C) for some p € (1,00) and Vu € L9(C) for g € (1, 0),
the norms ||du||y, ||0u|l4, and || Vu||, are mutually equivalent.
We will also use the analogous results for the transform
1
(™)) =—= L jim —— f(w) dA(w)

T el Jjw—z|>¢ (Z —w)?

which satisfies (8* f) = df on C$°(C).
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Integration by parts. If ¢(z, 0) is a smooth, real-valued function with isolated
critical points in the integration variable z, and if f € Cg*° with support away
from the critical points of ¢, then

Pkwfkn==%gf@)—%Pkw&wghmkn. 2.9)

In case i¢(z, k) = kZ — kz for k # 0, the phase function ¢ has no critical points.
Hence, for any f € C5°(C), the identity

Pkﬁ?z%f—%Pm@Jﬂ (2.10)

holds.

Let g € (1,2). Approximating /' € W!4(C) by a sequence from C{°(C),
we can conclude that for f € W4 (C), the equality (2.10) holds in L9. Note that,
if £ € W14(C), Sobolev embedding implies that f € L9 so the statement makes
sense. From this we obtain the estimate

IPlex f1llg < Cqlk) I f llw.a- (2.11)

Brascamp-Lieb type estimates. The following multilinear estimate, due to
Russell Brown [13, Lemma 3] (see also Nie-Brown [15]), plays a crucial role in
the analysis of solutions to (1.5) and (1.8). See Appendix A for a proof of the
estimate by the methods of Bennett, Carbery, Christ and Tao [10, 11]. Define

An(p,uo,ul’,_,,uzn) — / |p(§)||u20n(20)|"'|u2n(22n)|dA(Z)’
2t [[L:1zj-1 =zl
where d A(z) is product measure on C?"*! and
2n _
(=) =1z
Jj=0
Proposition 2.5. [13] For any functions p,ug,uy, ..., uz, € L?(C), the estimate
2n
|An(puo. ur ... uzn)| < Callpllz [ T llusll2 (2.12)

Jj=0

holds.
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Remark 2.6. Let 7Yy = Peju;y where u; € L?(C). Consider the form
(1, euoT® ... TCMY) (2.13)

which defines a function of k. Integrating (2.13) against a test function p in the
k-variable and applying (2.12) shows that (2.13) defines an L? function of k with

2n
(1, exuoTD ... TCO1) |5 < Cy [T s -
j=0

For details we refer the reader to the proof of Theorem 2 in [13] where a very
similar estimate is proved.

3. An oscillatory 9-problem

In this section we study the ] problem (1.5). The main results used in §4 are
Lemmas 3.6 and 3.12. Because the problem (1.8) has a nearly identical structure,
the results of this section apply to the problem (1.8) with typographical changes.
Fix p € (2,00),k € Candu € H"!(C). It follows from Lemma 2.2 that a pair
of functions (w1, o) with uq — 1, up € LP(C) solves (1.5a)—(1.5b) if and only if

u1—1 = Tyus, 3.1
2 = Trpq,

where Ty is the antilinear operator

Tev) = 5 Plec(- (- YT

We sometimes write Ty, for T; to emphasize its dependence on u. We will
solve these integral equations and then check that (1.5¢) holds for the solutions
so constructed (see (3.15)).

Formally, u; = (I — T, kz)—1 1. To prove and analyze this solution formula, we
will need the following estimates which are easily deduced from (2.4)—(2.7). Here
C, (resp. Cp 4) represent numerical constants depending only on p (resp. p, q).

1Tl 5 zry < Cpllullz, (3.2)
I Tk — Tk,u’”@(Lp) < Cpllu — /||, (3.3)

1Tkl 5Lr. ooy < Collull2p/p-1) + 1ullpr+2)/(p-2)) (3.4
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(Tiy)(2) = (Te¥) ()] < Cpoplz =22 P Jullgra ¥ llp, 2 < po < p,
(3.5)

1 Tke = Tir o |52y < Colll(er—ir (+) = Dutll2 + [lu —u'[|2), (3.6)
1Tk = Tiear |3 rr ooy < Cplllt = l2p/p—1y + 11t = |l ppr2y/(p—2))> (3.7)

||Tk,u - Tk’,u”ia(Lp,Loo) = Cp(”(ek—k’ - 1)u||2p/(p—1) (3.8)
+ lCex—kr — Dutllp(p+2)/(p—2))-

In (3.4), we used (2.6) with ¢ = 2p/(p + 1) and r = (p + 2)/2. In (3.5),

we used (2.7) together with [[uy/|,, < |ulls|lyl, for s = pg! — p~L.

Estimate (3.7) follows from (3.4) and the linear dependence of T}, on u. Esti-
mate (3.8) follows from (3.4) and the linear dependence of Ty, on exu.
We also have from (2.2) and (2.4) that

ITilp < Cpllullgra, (3.9)
1Tkl = T Ulp < Cpllu —ufl g (3.10)

Using the inequality |e?® — 1| < 217%|9|* for any « € [0, 1], (2.4), and Holder’s
inequality, we have

1Tl = Tio Ly < Cplk =Kl 2. @ € [0.1—2/p). G.11)
while from (2.6) with g =2p/(p + 1), r = (p +2)/2, we have
1Tkl = Tir oo = Cp(ll(ek—tr — Dttll2p/(p+1) + (ks — Dutll(p42)/2)- (3-12)

In what follows, it will be important to track uniformity of estimates for u in
bounded subsets of H!!(C). For given My > 0, we denote

Bo = {u € H"'(Q): Jullg1.1 < My}

We denote by C (M) a constant depending only on M.
We first construct the resolvent (I — T2 )~! for (k,u) € C x L?(C) using
Fredholm theory.

Lemma 3.1. Forany (k,u) € C x L?(C) and p € (2,00), (I — Tkzu)_1 exists as
a bounded operator on L? and the map

(k.u)— (I =TZ,)7"

is continuous from C x L? into B(LP).
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Proof. First, we show that T is a compact operator on L?. By the norm-closure
of compact operators, the estimate (3.3), and the density of C§°(C) in L?(C), it
suffices to show that Ty is compact foru € C§°(C). Let p’ € (1, 2) be the conjugate
exponent to p. It suffices to show that the Banach space adjoint 7, = —%ekuP
is compact from L?'(C) to itself. Let @ C C be a bounded set with smooth
boundary containing the support of u. If f € L?' (C) then Pf € L2P/(»=2)(()
by (2.4) while VP € L? (C) by Lemma 2.4. Thus

[P f i1 < CA+1QU)Lf 1

and compactness follows from the Rellich-Kondrakov Theorem.

Next, we recall the standard argument (see, for example, [8, §7]) that
ker(I — T?2) is trivial. Suppose that ¥ € LP(C) with ¢ = T2y. Then by
Lemma 2.2, the pair (v, Ty) is a weak solution of the system (1.5a)—(1.5b).
It follows that ¢4 = ¢ + Ty and ¢_— = y — T each solve the scalar prob-
lem dw = aw witha = :I:%eku € L?*(C) and w € L?(C). We now conclude
from Lemma 2.3 that ¢ = ¢— = 0soy = 0.

It now follows from the Fredholm alternative that (1 —T2,)~" exists. To prove
that the resolvent is continuous in (k,u) € C x L?(C), we appeal to (3.2), (3.6),
the Dominated Convergence Theorem, and the second resolvent formula. |

For u € H"!(C), the operator T has small norm for large |k]|.
Lemma 3.2. Fix p € (2,00). Foru € H“'(C) and |k| > 1, the estimate

1T llmwr) < Collulzpa k)™
holds. Moreover,
||Tk2,ul||17 = Cp”u”}qu.l(k)_l-
Proof. From (2.11) with f = uy and g = 2p/(p + 2) we have the estimate

1Tk ¥ llp < Co (k)™ (el ¥ 1l + 18ull2 0l [l + Nullp 199 112) (3.13)

so that

IT2V 11y < Colk) ™ el T I + N8ullzlleel2 ¥ 1l + llaellp leell2 /o2y 1)

In the second term we used (3.2), and in the third term, we used [|0 T /|l =
10T, ¥ |2 = ||u |2 (the second step follows from the unitarity of the Beurling
transform; see Lemma 2.4). Using (2.2) and (3.2), we obtain the first estimate.
To obtain the second estimate, we use (3.13) with = Ty 1 together with (2.2)
and (2.4). O
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From Lemma 3.1 and Lemma 3.2, we obtain the following uniform estimate
on the resolvent.

Lemma 3.3. Fix My > 0 and p > 2. The estimate
sup{||(/ — TZ,) " llsry:k € C.u € Bo} < C(Mo. p)
holds.

Proof. By Lemma 3.2, given My, we can find Ry so that ||(/ — Tkz’u)_1 ls@ry <2
for all (k,u) with |k| > Ro and |[u||g1.1 < Myp. On the other hand, the set

{(k’u) : |k| =< RO, ||u||H11 < Mo}

is bounded in C x H!'!, hence precompact in C x L? by Lemma 2.1. The image of
this set under the map (k, u) — (I — Tk2,u)_1 is therefore a bounded set in B(L?)
by the continuity asserted in Lemma 3.1. |

Lemma 3.4. Letu € H"(C). Foreachk € C and any p € (2, o), the functions
pri=14+ —-TH'T2,  po:i= T (3.14)
are the unique solutions of (3.1) with 1 — 1, up € C* N LP. For these solutions,

|z1|i—r>noo(m’ w2) = (1,0). (3.15)

Moreover, for any p € (2,00), any @ € [0,1 — 1/(2p)), any My > 0 and any
u € By, the following estimates hold:

sup(|lur — 1l + llu2llp) < C(My, p). (3.16)
keC
sup(| u1llce(cy + lIn2llce @) < C(Mo, @). (3.17)

keC

Proof. Let p > po > 2. It follows from (3.4) and (3.5) that for u € H!, T}
maps L?(C) into C'~2/Po(C) with bound uniform in k € C and u in bounded
subsets of H!>!(C). From (3.9), we have T; 1 € L? with norm bounded uniformly
in k € C and u with ||u] g1.1 < My. It follows from this fact and Lemma 3.1 that
(I —TH'TA = Th(I —TH'Tkl € LP(C) N C'=2/po(C) for py > p > 2.
Hence, the functions given by (3.14) solve (3.1) with u; — 1 € L? N C'=2/po,
The assertion about limiting behavior follows from (2.8).

Estimate (3.16) follows from (3.2), (3.9), and Lemma 3.3. Estimate (3.17)
follows from the uniform estimate on || Tx || 5> c1-2/70)- O
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Next, we study the k-dependence of the solutions (3.14). For brevity we write
p= (1. 12)-

Lemma 3.5. Fix p > 2, My > 0 and u € By. Then

(- k) = (- KDL < C(Mo, )k —K'|%, (3.18)
foranya € (0,1 —2/p), and
sup |pu(z, k) — pu(z, k)| < C(Mo, ) F(Ik — k'), (3.19)
zeC

where F(0) = 0, F is continuous, and F depends only on u and p. Finally, for
each fixed z € C,

Iklli—r>noo(Ml(Z’k)’ pa(z.k)) = (1,0). (3.20)

Proof. From (3.6) and the inequality |ex(z) — 1] < 217%|k|%|z|*, we easily see
that for any p € (2, 00) and « € [0, 1], the estimate

1Tk = Ti | 510y < Cpallullgralk —k'1* (3.21)
holds. From this estimate, Lemma 3.3, and the second resolvent formula, we

conclude that [|(/ — T3 ™' — (I = TZ) 'swry < C(Mo, p,a)|k — k'|* for any
a € [0, 1]. From (3.11), (3.14), and (3.21) again, we conclude that

(- k) = pa (- KDL = C(Mo. p.a)lk —K'|*,  a €[0,1-2/p).

A similar estimate holds for u, by the formula u, = Tip;, estimates (3.2)
and (3.11), the continuity estimate on w1, and (3.21). This proves (3.18).
Using (3.18), estimates (3.2), (3.4),(3.6), (3.8), (3.12), (3.16), and the identity

pi(z. k) — pa(z. k') = (TZua)(z. k) — (TZ 1) (z. k).
we conclude that (3.19) holds for u; with
F(k —k') = [[(ek—t' — Dutll2psp—1) + (k- — Dutll(p+2)/p
+ lCex—kr — Dull2p/p-1) + (ek—kr — Dutllp(p+2)/(p-2)-

To estimate p, we write i, = Ty 1 and use (3.4), (3.8), (3.12), (3.16), and (3.18)
to obtain an estimate with the same F as above.

From (3.17) and (3.19), it follows that the solutions (3.14) are jointly continu-
ous in (z, k) so that, in particular, point evaluations make sense. If we can show
that lim|0o Tx1 = 0 in L?(C), (3.20) will follow from (3.14), Lemma 3.3,
and the uniform estimate (3.4). By (3.10) and a density argument, it suffices to
show that limjx| 0 T 1 = 0 for u € C5°(C). This is an immediate consequence
of (2.10). O
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Next, we prove Lipschitz continuity of u as a function of u. We write u(z, k, u)
to emphasize the dependence of © on u.

Lemma 3.6. Fix My > 0 and p € (2, 00), and suppose that u,u’ € By. Then

sup (-, k,u) — pu(- ku)lp < C(Mo)llu— /|| g1, (3.22)

keC

sup  |u(z, k,u) — u(z, k,u')| < C(Mo)|lu —u'|| g1.1. (3.23)
(z,k)eCxC

Proof. If (3.22) holds, we can use (3.2), (3.3), (3.4), (3.7), and the identity
(1 =1, u2) = (Tkz,ul, Ty i41) to conclude that (3.23) holds.

If (3.22) holds with u replaced by w1, then the same estimate for p, follows
from the formula u, = Tx 1 + T (1 — 1) and (3.2), (3.3), and (3.10).

It remains to prove (3.22) for u replaced by wq. By the second resolvent
formula, (3.2), (3.3), and Lemma 3.3, for any u, v’ in B,

I =12~ = =T N swr < C(Mo, p)llu—1u'l. (3.24)
Using the identity
prC ko) = pa (k') = [T = T2,) ™ Tl = Tew (= T2,) ™ Trear 1,

estimates (3.2), (3.3), (3.9), (3.10), the uniform estimate from Lemma 3.3, and
the Lipschitz estimate (3.24), we conclude that p satisfies the L? Lipschitz
estimate. O

We now turn to the scattering map (1.6). If u € H'1(C) we may define r = Ru
by

r(k) = %/ek(z)u(z) dA(z) + %/ek(z)u(z)(,ul(z,k) —1)dA(z). (3.25)

The first term is a Fourier transform and is well-defined as an element of H 1 (C).
The second integral defines a bounded continuous function of & by (3.18) since
u € L? Tt follows from (3.25) that if r = Ru, r’ = Ru/, and |Jul|g1.1, [|u'|| g1.1 <
Mo, then

r—r' = %/ek(u—u/)
+ l/ek(u[m(z,k;u)— 1] —u'[pu1(z. k') = 1))
T

= I1(k) + I2(k),
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where for any p € (2, 00)
I1llp < Cpllu —t/llprs NT2lloo < C(Mo)llu—u'[|g1.1. (3.26)

The first estimate follows from the Hausdorff-Young inequality. In the second
estimate, we used (3.22) and (3.16).

Remark 3.7. If u € H"!(C) N L'(C) and r = Ru, we may compute

rk) = / ek u() (z.5) dAG),

where the integral is absolutely convergent by (3.17). By the Dominated Conver-
gence Theorem and (3.18), this expression defines a continuous function of k.

We claim that, moreover, r € Cy(C), the continuous functions vanishing at
infinity. To see this we use (3.25) and note that the first term vanishes as |k| — oo
by the Riemann-Lebesgue lemma, while the second term vanishes as |k| — oo
by (3.20) and dominated convergence.

We now give a self-contained proof of the standard result (see [8, §3.2], the
formal argument in [33, I, §1], and justification in [33, II, §4]) that the functions
(i1, p2) are determined by the d-data r. More precisely, we will show that the
functions

V1 = W1, V2 = egfl2 (3.27)

solve the Z_)k problem (1.8). We will prove this by direct differentiation of the
solution formulas (3.14) in k.

To do so, we will need the following well-known lemma which shows that the
‘analyticity defect’ of the operator Tk2 is a rank-one operator. We give a proof for
completeness.

Lemma 3.8. The identity
= 1
(0 TY) = E(Tkl)?_l(ﬁ *) (3.28)

holds as a derivative in B(LP) operator norm, where ! is given by (1.10).
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Proof. This identity is formally obvious but we need an explicit estimate to prove
differentiability in operator norm. Write z = x; + ix; and k = ky + ik, so that
ex(z) = exp(—2i(ki1x2 + kax1)) and 0x = (1/2)(0k, + idk,). We claim that

5
(578 7)@
:_# Z_lz/ek(z/—z”));% 2u (") ) dAGE") dAE),
(3.29)
)
(57 7)@
= s [ o DI ) A dA,
(3.30)

from which (3.28) follows. We will prove (3.29) since the proof of (3.30) is similar.
Using the estimate

|eiht 1 —ihl| < 21_0|h|1+0|l|1+9

(for 8 € (0, 1) to be chosen), denoting Tk2 f by F(ky), and denoting the right-hand
side of (3.29) by F'(k1), we can estimate |2~ (F(k; + h) — F(ky)) — F’(k1)| by
|h|? times

//9
/ Ix2 % ' W) )] Lf ) dAG") dAE). (3.31)

To prove norm differentiability, it suffices to bound (3.31) as an L? function of z
uniformly in f with || /||, < 1. The L? norm of the expression (3.31) is bounded
by 27 times the sum of the L? norms of the functions

L) = / 1 W ] A A,

I(z) = / P IZ”|9 () [u")[ | f(")]dAE") dA).
By Holder’s inequality and (2.4),
1T1lp < el 1) ()2t

6
121lp = lltll2p/ 2 I1C)" ()l
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so it suffices to choose 6 so the weighted norms of u are bounded for u € H'!.
A short calculation shows that the norm ||(-)%u(-)]||s is bounded by constants
times ||{-)u(-)|2 provided 0 < 8 < 2 —2/s. Choosing any 6 with 0 < 0 <
min(1 —2/p,2/p) gives the desired bound. O

First, we consider u € 8(C).

Lemma 3.9. Let u € S(C), and let (41, 2) be given by (3.14). Then, for each
z € C, vi(z, ), va(z, -) defined by (3.27) are strong solutions of the system (1.8).

Proof. The asymptotic condition (1.8c) is an immediate consequence of (3.20)
and the definition of (v1, v2). To show that (vq, v) satisfy (1.8a)—(1.8b), it suffices
to show that

- 1_ 1
g1 = >k, 0k +2)p2 = STH (3.32)

We will prove these identities by differentiating the solution formulas (3.14) with
respect to k and using (3.28).

For u € 8(C) it is easy to see that
O TZ1 = (T ) (k) (Tx D),

where the Fourier transform defines a continuous function of k since u € S(C).
Using the operator identity

(I —TH™ = U =TH G THU —TH™
together with the formula 1, — 1 = (1 — T2)~' 721 and (3.28), we compute

Optr = (1 = T)™'TZ1)
= [ =THT ' T NE @ = D) + [( = THT T )51 (@)
= w2 (i)
= rita.

To compute (9 + k)2 we will use the identity (35 +2)Tx f = F(uf) + Te Bk f),
which holds pointwise if u € 8(C), f(-,k) € C(C), and (dx f)(-,k) € C(C) with
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bounds uniform in k. We then compute

(O +2)p2 = Ok + 2) T
= F(upy) + T (k1)
=r+rTgus
=T,
where in the last step we used Ty o = Tk2,u1 =u; — 1. O

Next, we use Lemma 3.6 to extend the result tou € H!.

Lemma 3.10. Letu € H"'(C) and let (ju1, j12) be given by (3.14). Then, for each
z € C, vi(z, -),va(z, -) defined by (3.27) are weak solutions of the system (1.8).

Proof. It suffices to show that for each ¢ € C5°(C) and each fixed z € C,

[ o dat =5 [ pwripc.idad. 639

/ (0 + g (khpalz, k) dAK) = 3 / oK) rn(z. k) dAK). (3.34)

Let {1, }5° , be a sequence from C{°(C) converging in H!:!(C) to u, and denote
by p1,n, U2,n the corresponding solutions given by (3.14). Finally, let

_1 —_—
rn =7 /ekun,ul,n.

By Lemma 3.9 and an integration by parts, the identities

[ om0 daw = 3 [ otm@umacodaw. (39

/ (-0 + 2912z, K) dAK) = 5 / oK) rupiin(z. k) dAGK)  (3.36)

hold. We will prove (3.33)—(3.34) by taking limits in (3.35)—(3.36) as n — oc.
We give the proof for (3.33) since the other is similar. The left-hand side of (3.35)
converges to the left-hand side of (3.33) asn — oo by (3.23). To show convergence
of the right-hand side, we estimate

‘/w(k)(rn(k) Ha.n —r(k) pa(z. k) dA(k)| < C(Mo)|[un —ull g1,

where we used uniform bounds (3.16) and (3.17) together with Lipschitz
estimates (3.22), (3.23), and (3.26). O
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We now briefly discuss the d-problem (1.8) and prove:
Lemma 3.11. For any r € 8(C), the relation (1.11) holds.

Proof. Let S; be the antilinear operator

1S 0106) = 3 Pelecy TN,

where Py is the Cauchy transform acting on the k variable. Write S; = S;, to
emphasize the dependence of S; on r. Observe that, as operators on L?(C), we
have

[Sz.r F1(k) = [T2.7 f1(k). (3.37)
Formally, (1.8) is solved by

v =14+ —-SH7'S21, vy:= S, (3.38)

(compare (3.14)). Tracing through the proofs of Lemmas 3.1-3.4 one can easily
prove that these formulas give the unique solution to (1.8). The uniqueness of
solutions to the d-problems for ;1 and v and the identity ex(z) = e, (k) easily
imply the identity

vi(z, k,r)y=ui(k,z,r). (3.39)

One may then compute, for r € §(C),
(CoRoC)r)=C oR(r)
1 -
= (5 [ etor@mE T aaw)
= 1/.e_k(z)r(k)vl(z,k,r) dA(k)
z
=J(r),

where we used ex (z) = e, (k) and, in the third line, we used (3.39). O

Finally, we obtain expansions for the solution u which will facilitate a finer
analysis of the scattering map.
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Lemma 3.12. Fix My > 0 and suppose that u € By. Then for any positive

integer N,
N .
pi(z. k) =14 T 1+ Ry n(z. kiu),
j=1
N .
wa(z, k) = Z T+ 4+ Ron(z, k;u),
j=0
where for any p € (2, 00)
IRin (-, zsu)]lp < C(p, Mo) (k)™M 1, (3.40)
IR2.n (-, z:w)l|, < C(p, Mo) (k)N (3.41)

Moreover for any p € (2,00) and u,u’ € By, the estimates

]Scup(k)NllRl,N(uk, u) = Rin (- k), < C(Mo, p)llu—u'llgra,  (3.42)
eC

sup(k)V | Ron (- ko u) = Ro v (- ke )l < C(Mo, p)[lu — || gia - (3.43)
keC

hold.

Proof. By iterating the integral equations (3.1), we see that

N
pr =14 TH1+ TN 2y,
j=1

N
po = 3T 4 TN,
j=0

Thus
RN = T/3N+2M1 and Ry n = T12N+3M2-

The norm estimates (3.40)—(3.41) follow from (3.2), (3.9), Lemma 3.2, and (3.16).
The Lipschitz estimates (3.42)—(3.43) follow from Lemma 3.2 and (3.22). O

4. Direct and inverse scattering transforms

In this section we study the direct and inverse maps R and J defined respectively
by (1.5)—(1.6) and (1.8)—(1.9). As in §3, for given My > 0, By denotes the ball of
radius My in H11(C).
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First, we will prove:

Proposition 4.1. The map R defined initially on 8(C) by (1.5) and (1.6) extends
to HV1(C). Moreover, for any My > 0, u,u’ € By, we have Ru, Ru’ € HV'(C)
and

[Ru — Rt || 11 < C(Mo)||u —u' || g1.1.

Remark 4.2. The proof of Proposition 4.1 shows that for u € HY!(C), the
scattering transform can be computed as

1 -
(Ru) (k) = F(u)(k) + ;/ek(é)u(é)(m(é, k) —1)dA(Q),
where the second right-hand term is an absolutely convergent integral for each k.
We prove Proposition 4.1 in several steps.

Lemma 4.3. Fix My > 0. For u,u’ € By, Ru and Ru’ belong to L*(C) and the
estimate
[Ru —Ru'l2 < C(Mo)||u —u'|| 11

holds.

Proof. We use Lemma 3.12 with N = 2. Substituting the expansion for x; into
the integral formula (3.25) we see that

wu =L / ewu() dAGE) + — / ek (u()(T1 + TE1) dAC)

+ l/eku(z)Rl,z(z,k) dA(z).
b1

The first term is a Fourier transform which is Lipschitz continuous as a map from
H! to L2. The second two terms are multilinear forms in u and define L2
functions of k by Remark 2.6. Lipschitz continuity follows from multilinearity.
Since Ry (-, k) has L? norm of order (k)2 it follows from Holder’s inequality
and (3.40) that the last right-hand term defines a function in L2, Lipschitz contin-
uous in u by (3.42). O

Now we extend the Lipschitz estimates to the weighted space L2:!(C). Initially
we compute for u € 8(C) to justify the integrations by parts that occur.

Lemma 4.4. Fix My > 0. For u,u’ € By, Ru and Ru' belong to L*1(C) and

|Ru — Rut' || 21 < C(Mo)l|u — ' | gg1.1.
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Proof. By Lemma 4.3, it suffices to show that the map u — (-)r(-) is well-
defined and Lipschitz continuous from H! to L?. We will prove Lipschitz
continuity on the dense subset §(C) and extend by continuity to H 1 (C).

Using the trivial identity d,(ex) = —kex and integrating by parts in (3.25),
we see that kr(k) = F(d,u) + Iy + I, where

I = i/ek(é‘)(agu)(é)(m(C,k)— 1) dA(0),
T
1
o= o [ WP ua b dA),
where in the second line we used (1.5a).

To analyze Iy, let n € Cg°(C) with n(z) = 1 for |z|] < 1 and n(z) = 0 for
|z| > 2. Then Iy = I1; + I, where

1
In = ;/ek(é)n(é) (9zu)(§) [11 (8. k) — 1] dA(D).

ha=- / ex(©)(1 = 1(0) Beu)(©) [ @ F) — 1] dAQ).

In I, the function ndsu belongs to L? forany p € (2, 00), so we can show that
111 has the required continuity properties by mimicking the proof of Lemma 4.3
with u replaced by ndsu. In I,, substitute

@ k) —1= ﬁ / e (O (e @R dAE)

L[ e
NETTY

4.1

Fu(C’) pa (', k) dAL).

Inserting the second right-hand term of (4.1) in /;, leads to an integral that can be
analyzed along the same lines as /; since (1 — n(é))g:_l(agu)(é) belongs to L? for
p € (2, 00) while ¢u(¢) belongs to L2. Inserting the first right-hand term of (4.1)
into I, gives the product of F(~1(1 — n)d¢u) and [ e_giifiz. The first factor is
the Fourier transform of an L? function and Lipschitz continuous from H!! into
L?. Thus, it suffices to show that the second factor is a Lipschitz continuous map
from H'! into L*. This follows from Holder’s inequality, (2.2) with s = p’,
(3.16), and (3.22).
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To analyze I, we use Lemma 3.12 with N = 2. The term corresponding to
R> n belongs to L? with appropriate Lipschitz continuity by (3.41) and (3.43)
together with the fact that |||u|?||, is bounded for any p € (2, o0) using (2.2) with
s = 2p’. The remaining terms take the form

(), T2 1) = ~(|ul?, P(exu(T2 1)) = (e_jw,T?/ 1), 4.2)

1
2

Remark 2.6, the form (4.2) defines a multilinear map from H ! to L2. O

where w = @ P(|u|?) satisfies |w]> < C|u|3,,, owing to (2.2) and (2.4). By

To finish the proof that R is Lipschitz continuous from H! to itself, we
consider the derivatives d; 7 and dxr.

Lemma 4.5. Fix My > 0. For any u,u’ € By, V(Ru) and V(Ru') belong to L?
and the estimate

IV (Ru) = V(Ru) |2 = C(Mo)[[u — v'[| 1.1

holds.

Proof. By Lemma 2.4, to show Lipschitz continuity of u — V(Ru), it suffices
to study the map u +— dr. As usual, we check Lipschitz continuity on §(C) and
extend by density.

For u € 8(C) we compute dgr = —F((-)u(-)) + I1 + I> where

J— / ee () Cu(®) @R — 11dAQ).
s

b= or®) / et (OUOTEE ) dAQ),
T

where we used the first equation in (3.32). To see that u + [ is Lipschitz
continuous, we may mimic the analysis of 7, in the proof of Lemma 4.4. The map
u +— I, defines a Lipschitz continuous map since u — r is Lipschitz continuous
as a map from H' to L? by Lemma 4.3, u € L? by (2.2), and u — p, is
Lipschitz continuous from H ! into L? by Lemma 3.6. O

Proof of Proposition 4.1. An immediate consequence of Lemmas 4.3-4.5. |

The following result is an immediate consequence of Lemma 3.11 and Propo-
sition 4.1.
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Proposition 4.6. The map J, initially defined on 8(C) by (1.8) and (1.9), extends
to HV1(C). Moreover, for any My > 0, and r,r’ € By, we have Jr,Jr’ € HV1(C)
and

[19r = 3r' | g1 < C(Mo)|r — 1| 11

Remark 4.7. In analogy to Remark 4.2, the extension of J to H !!(C) can be
computed as

1
Or)(z) =F' (") + - / e—k(2)r(k)(vi(z. k) — 1) dA(k),
where the second right-hand integral is absolutely convergent.
Next, we show that R and J are mutual inverses.

Lemma 4.8. Suppose that u € HV'(C) and that r = Ru. Let (v1, v) solve the
system (1.8) with r = Ru. Then

u(z) = %/e_k(z)r(k)vl(z,k) dA(k).

That is, (J o Ryu = u for all u € HY'(C). Similarly, (R o I)r = r for all
re H41(C).

Proof. If J o R is the identity map I on H1(C), the relation R o J = I is an
immediate consequence of (1.11). Hence, it suffices to show that J o R is the
identity map.

The analysis of §3 applies with no essential changes to (1.8) and shows that this
equation has a unique solution for each fixed z € C and given r € H"!(C). By
this uniqueness, the functions (vq, v;) obtained by setting (vi,v2) = (11, exliz)
coincide with the functions (v1, v,) obtained by solving the 5—pr0blem (1.8) with
r = Ru. We will first show that

1
lklligloo(az +kjvy = S,

where v, = e;Tiz, u is the given u € H'!(C), and the limit is taken in the L*(C)
topology for some s € (2, 0o0). We will then show that, if v, is the solution to (1.8),
the relation

Jim (02 + s = 5 [ @) 0N G R dAG) = 57

also holds. This proves that u = Jr in L*(C). Since u and Jr belong to H'1(C),
it follows that the equality holds in H1(C).
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First, we may compute for each k € C that

= 1_ 1_
0z + k)vo = ex (0 42) = FH M =SV

as vectors in L?(C) where we used (1.5b). On the other hand,
1 __
v—1= EPk(ek” v2)
by (1.8a) and Lemma 2.2, so that
1. 1 —
0z + k)vo — —u = —u Pr(exr v3).
2 4
For each k and any s € (2, co) we may therefore estimate
1_ 1
10z + Kyva — St lls = llullsvalicoexey | Pe(rD (L.

The second right-hand factor is bounded owing to (3.17) since v, = exlis.
The third right-hand factor is a bounded function that vanishes as |k| — oo
by (2.8).

Second, from the formula v, = %Pk [ex 7 V1], the fact that vi = u;, and (1.5a),
we may compute

@ + Kyvz — T = (3 + k)vp — % / exr v (2. ) dA(k)

1 =
= EPk[e—kranI]

Py 7]
= —uPy[ruz).
4 kT2
We may then estimate, for each k € C,
[ Pre[Fpallls < llullsllwzllco@exey | Pr(lrDl
and conclude as before that || i P, [Fu2]||s vanishes as k — oo. O
Next, we prove Plancherel-type identities for R and J.
Lemma 4.9. For u and r belonging to H''(C), the identities
[Rulla = [Irll2,  [197]l2 = [lull2

hold.
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Proof. We prove the first since the second then follows from (1.11). By Lipschitz
continuity it suffices to prove the result for u € C§°(C). Letting r = Ru we may
compute

[ ok asa = iim ~ [ @ [eeuom@Baac )

T
= Jim - fuo( [ a@r@mERan ) ddo
= Jim (I1(R) + I2(R)),

where

nw == u(z)( /IleR ek(z)mdAac)) dAQ).

1 -
k) =~ | u(z)( /IM e (O C.1) - udA(k)) dA).
Since %flklsR ex(O)r (k) dA(k) converges in L? to F(7) we have

Jim 1(®) = w7 da).

The analogue of Lemma 3.4 for (1.8) guarantees that v{({,-) — 1 € LP(C)
uniformly in ¢ € C, so that

Jim 1) = [ uo)( [ e@r@mER - 1446 ) dac)

The Plancherel identity now follows from Remark 4.7 and the identity Fr =
F1r. O

Proof of Theorem 1.2. An immediate consequence of Propositions 4.1 and 4.6
together with Lemmas 4.8 and 4.9. |

5. Large-time asymptotics

In this section, we prove Theorem 1.3 using the formulation (1.16) of the inverse
scattering method. For ug € H1(C) N L!(C), we have ro € H1(C) N Cy(C) by
Remark 3.7. In this section we will assume that ry € H'1(C) N Cy(C) and set

Yy = llrollgra + llrollcocey-
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Observe that the solution formula (1.12) for initial data vy = F~!ry may be written
1 .
v(z,t) = —/e”S(Z’k”)ro(k) dA(k), (5.1)
T

where the real-valued phase function S is given by (1.14).
By (5.1), to prove Theorem 1.3, we need to show that

u(z,t) —v(z, 1) = %/e”S(z’k”)ro(k)[vl(z,k,t)— 1dAKk) =o(t™") (5.2)

in L$°-norm, where v; is determined by (1.13a).
To solve the d-problem (1.13a) and obtain the estimates on vy — 1 needed to
prove (5.2), we introduce the integral operator

1 . a—
My = EPk(e—”Srow) (5.3)

which depends parametrically on z and ¢ through the phase function S. It follows
from the theory of §3 that M is a compact operator on L ,f (C) for each fixed z, t and
any p € (2, 00), that the resolvent (/ — M?)~! is a bounded operator on L? (C),
and

m—1=U-M*>»"M?1 (5.4)

as vectors in L,f (C). In Lemma 5.5 we reduce the proof of estimate (5.2) to the
estimate
% / eMSERD Lo Y (M) (2, k, 1) dAk) = o(t™ 1) (5.5)

in L°(C) norm. We prove estimate (5.5) in Lemmas 5.6-5.9. For the proofs of
Lemmas 5.6-5.8, it suffices to assume that r € H1(C) N C°(C). For Lemma 5.9,
we need to assume that r € Cy(C).

We begin with stationary phase estimates on the operator M. Recalling (1.14)
and (1.15) we may write

1
S(z,k,t) = 4Re((k —ke)*) + So,  So = ZRe(zz/tz).

Hence o
S,;(z, k,t) =4k —k.).

Since S has a single stationary point at k = k., we introduce a cutoff function

x(k) = (" *(k — k),

where n € Cg°(C) with n(w) = 1 for l[w| < 1 and n(w) = 0 for [w| > 2. Note
that, for any o € [1, o0],
Ixllo < Cot ™. (5.6)
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We will estimate M by splitting M = My + M(1 — yx), use the small support of
x to estimate the first term, and the oscillations of the factor exp(iS) to estimate
the second term.

Lemma 5.1. Suppose that p € (2, 00), that y € W-P(C), and that ro € H"(C).
Then, as vectors in L?(C),

—itS

2itSg

MI( = 0] = (= 0700 + 5= Pele SO (1 = 7).

Proof. For ¢, rg € Cs°(C) this is a direct consequence of the integration by parts
formula (2.9) with ¢ replaced by —S. Now let v € W1P(C) and ry € HV!(C).
If {{»} and {r,} are sequences from C$°(C) with ¥, — ¥ in W2 and r, — ro
in H'1(C), we have ¥, — ¥ in sup norm so r, ¥, — roy in L? N L?7/(P+2)

and 0¢ (raYrn) — d(roy) in L2P/(P*+2) Using (2.5), we conclude that the identity
holds in L?-sense for ¥ € W12 and ro € H%1(C). O

We’ll use the following estimates on singular factors S/E_ U and SIE_ 2 that occur
in the integrations by parts. We omit the elementary proofs.

Lemma 5.2. Forany o € (2, ],

ISZH(1 = o < CotM4710C, (5.7)

For any o € (1,00],
I1S72(1 = Do < Cot'/271C, (5.8)
IS @ )llo < Cot/271C), (5.9)

Using the estimates above we can now estimate M away from points of sta-
tionary phase.

Lemma 5.3. Suppose that ro € H“(C) N C°(C). Forany p € (2,00), the
estimate

1M1= 0¥l < Coyt (¥ ll, + 0¥ ) (5.10)

holds.
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Proof. We will use Lemma 5.1. We compute

oitS L
M=y = (1= oy (5.11)
Y
e itS _ . -
o [ s = o) dA)
so that .
1M1= 0%l = Gt~ (D 19515)- (5.12)
j=0

Here, Jy is ¢ times the first right-hand term in (5.11). The terms Jy, J», J3, J4 are
t times the integrals that arise in the second right-hand term of (5.11) by applying
the product rule to

0 (ST (=)o ¥) = =452 (1= Nro ¥ — ST (000 ¥

—— _ (5.13)
+ S A= 0droy + SN = ro 3y

By (2.4), to estimate ||J; |, for i = 1,2,3,4, we must estimate the 127/(?+2)
norms of each of the four right-hand terms in (5.13).
Jo: Using Holder’s inequality and (5.7), we estimate

_ — - 1
1ol < IS A= 0r0 ¥ llp < Cot3y |1l

which shows that J is estimated by a constant times ¢1/4.

J1, Jo: We estimate J; since the estimate for J, is similar. Using (5.8), we
have
_ — - 1
11l = Cp||451;2(1 =010V ll2p/(p+2) < Cpot Ty [Vl

where in the last step we used Holder’s inequality, (5.8) with 0 = 2, and the bound
[70llcc < y. In the estimate for J,, we replace (5.8) by (5.9).
J3, J4: To estimate J3, we use (5.7) and Holder’s inequality to conclude that

1731l < Coll ST (1= 0070 ¥ ll2p/(p+2)
< GlIS7H 1= Dlloy 1970ll2 ¥ o,
< Cpyt V471G |y

Here 07! + 05! = p7!. If 0, = p we may take 07 = oo. Hence, we can
estimate J3 in all cases by a constant times t1/4. The estimate for J4 is similar,
with ||drg||2 replaced by |ro||2 in the estimates. Recalling (5.12) and combining
these estimates leads to (5.10). O
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We will make use of the following estimates on M .

Lemma 5.4. Suppose that ro € H"1(C) N C°(C). For any p with p > 2, the
Jollowing estimates hold:

IMl5ry = Cpy, (5.14)
IMyllgr < Cpyt™ 4, (5.15)
IM?|lgrry < Cpt ™ /4y2, (5.16)

IMylll, < Cpyt™ /471 CP), (5.17)
1M1 = 1, < Cpyt ™4, (5.18)
IM*1], < Cpy*e™' 7V EP, (5.19)

Proof. Estimate (5.14) is an immediate consequence of (2.5).
To prove (5.15), we use (2.5) to estimate

IMx¥lp < Coliroxll2¥ll, < Covlixl2ll¥ |,
and use (5.6) with o = 2.
To prove (5.16), we use (5.10) and (5.15) to estimate
1Mol < Coy @™ *lgllp + 17 *(l¢ll, + 19¢1,)).

where in the last term we used ||d¢||, < C, [EX |, owing to Lemma 2.4. Setting
¢ = My and using the estimate above, (5.14), and the trivial estimate || JM /|| p =
v|¥ |, we obtain (5.16).

To prove (5.17), we use (2.4) to estimate [|[Myl|l, < Cpv|xll2p/(p+2) and

apply (5.6).
To prove (5.18), we trace through the proof of (5.10) with ¢ = 1.
To prove (5.19), we first note that

IM1||, < Cpyr~t/471/EP (5.20)
by (5.17) and (5.18). Next, from (5.10) and (5.15), the estimate
IMyllp < Coyt™ W 1l + 172189 11,) (5.21)

holds, where in the last term we used Lemma 2.4. Starting with (5.20) and iterating
with (5.21) we see that

IM71p < Cpy/ 177471,

The case j = 4 gives (5.19). O
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From (5.16) it follows that for each p € (2, 00), thereisa T = T(y, p) > 0 so
that

sup  [[(1 = M*) Vg@r <2. (5.22)
t>T(y,p)

Lemma 5.5. Suppose that ro € H1(C) N C°(C). Then, the estimate

1 .
sup |u(z,t) —v(z,t) — —/e”SrOle < C(p, y)—1-ven
b/

zeC

holds for any p € (2,00) and allt > T (y, p).

Proof. From the first equality in (5.2), (5.4), and the identity
I-MH1—T-M>=1U-M>"'M*

we conclude that

1 . 1 )
u(z,t)—v(z,t)— ;/e”srole = ;/e”sro(l —M*H M.

The result now follows from Holder’s inequality, the fact that ry € L?'(C) for any
p € (2,00),(5.19), and (5.22). |

It remains to estimate
/e”Serl =11+ I, + I3+ I, (5.23)
where
I = [ S M - pMo]
o= [ eSrMEm( - o)
= [ Sl - MG~ )
I = [ Sl

First, we analyze the mixed terms /; and /. In each integral we will split
¢Sty = eSrox + eSro(1 — y) and bound each of the terms separately.

To control the first type of term, we will use the estimate

‘ / e”Sroxw‘ < CytV/@P=12)y |, (5.24)
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true for any p € (2,00). To control the second type of term, we will use the
integration by parts formula

| L[ uss
/ensro(l “ov=-1 / S (ST o1 — 0W).

Expanding the d-derivative into four terms, using Holder’s inequality, and apply-
ing the inequalities (5.7)—(5.9), we conclude that for any p € (2, 00),

‘ / ¢Sro(t= 09| < Gyt VCP Yl + Gyt 1Py, (525)

+ Cpyt VD, + Cryt VDT By,

< Gyt PN (1 Nl + 109 11)-

First, we consider ;.

Lemma 5.6. Suppose that ro € H'(C) N C%(C), p € (2,00), and t > 1. Then
‘/e”SrM[(l - X)MX]‘ < Gy VRT3, (5.26)
Proof. We split I1 = J; + J, where
e e Ry

= / S (1 — rM{(1 — ) My].

To bound J;, we use (5.24) with v = M(1 — y)My and (5.10) with s = p to
estimate

[J1] < CpytVEOV2 M (1 — )My,
< Gyt eI (I My, + 19(Mp)llp)
< Gy,

where in the last step we used ||5(M)()||p = |lrox|p and (5.6).
To bound J,, we (5.25) with v = M(1 — y) My, the operator bound (5.14),
and (5.17) to estimate

[Ja| < CpytVCPTY (M1 — )My, + 8M(1 — )Myl
S pr3tl/(2p)—5/4'

Combining these two estimates completes the proof. O
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Next, we consider /5.

Lemma 5.7. Suppose that ro € HV'(C) N L®(C), t > 1, and p € (2, 00). Then

‘/eltSrM[XM(l _ X)] S pr3t1/(2p)_5/4- (5'27)

Proof. As before we write I, = J; + J, where
h= [ S ropmiama - ol

Jy = / ¢S ro(1 — )M [ZM(1 - p)].

To estimate J;, we use (5.24) with v = MyM(1 — y), (5.14), and (5.18) to
estimate

|J1] < Cpy?t P21 M1 = 1)l

< pr3[1/(2p)—5/4‘

To estimate J,, we use (5.25) with v = MyM(1 — y), (5.14), and (5.18) to
estimate

|J2| < Cpyt VOO MyM(1 = p)llp + 10MxM(1 = )|,

< Cpy*VCPTHIMA — Pl

< pr3t1/(2p)—7/4‘

Combining these estimates completes the proof. O

Next, we bound /3.

Lemma 5.8. Supposerqg € H>'(C)N COC), t > 1, and p € (2,00). Then
‘/e”er(l — OM[(1 = ]| < Cpy’tt/ D=5/, (5.28)

Proof. First, we insert | = y 4+ (1 — y) and write the integral to be estimated as
J1 + J, where

5= / ¢S yroM (1 — M1 — P dA,

I = / ¢S (1= )roM[(1 — ) M[(1 — p)]] dA.
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We estimate, using (5.24) with v = M(1 — y)[M(1 — y)],
1] = Gyt VEPTI2IM(1 = M1 = )l

< pr3[1/(2p)—5/4’

where in the last step we used (5.18) and (5.14).
To estimate J,, we use (5.25) with v = M(1— y)M(1 — y), (5.14), and (5.18)
to conclude that

/2] < CpytVEPTHIM(L = )M = Dllp + 7M1 = D))
< pr3t1/(2p)—7/4_
Combining these two estimates completes the proof. |

Finally, we show that 14 is o(t~!). Recall that, for ug € L'(C), ry € Co(C) by
Remark 3.7.

Lemma 5.9. Suppose ro € H1(C) N Cy(C). Then

lim ¢ / e'Sro M(y(M(x1))) = 0. (5.29)

t—-+o00

Proof. We first write
([ MGG = 1+ .
where
Ji = Z/ei’S)(rotpM, Jy = Z/e”S(l — Oro¥m,

and
Ym = M(x(M(x1))).

We first show that J, — 0 as ¢ — oo using estimate (5.25) with ¥ = ¥py.
We obtain, for any p € (2, 00),

| 2] < Coyt PP (|yaellp + 199 1)
< Coyt Ve (lyag llp + XM p)
< pr3[—1/4‘

In the second step, we used (5.14), and in the last step, we used (5.17). This shows
that J, — 0ast — oo.
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We now turn to J;. Let us write k for k — k.. We may compute

Ji = dA(k, k' k"),

£ €150 odit Re(1€2—(1€/)2+(1€”)2)G(k’ Kk
4n? /c (k = k(K = K7)

where

G(k, k', k") = ro(k)ro(k)ro(k") x (k) x (k") x (k).

Define ¢ = t'/4(k — k.) and similarly for ¢’ and ¢”. We see that the expression J;
is given by

eitSO / e4it1/2Re(§2—§’2+§”2)H(§ é-/ é—//)

= ¢ 0T 1)

dA. 3. L"),

where
H(,$.8") = n@n@)mE") x ro(ke + £/ V1) rolke + &'/ V1) rotke + ¢/ V).

Clearly, |I(z,t)] < C ||r0||3CO(C), where C is bounded uniformly in z and ¢, and
1(z,t) is a continuous multilinear function of ry € Co(C). Thus, to show that
lim; 00 I(z, 1) = 0, it suffices to check for ro € C5°(C) since such rq are dense
in Co(C). For such ry, we have

4it!2Re(E2 =82 +8"2) p (Y (£ (L")

__ 157 dA(C, /’ "
&= =) (656

1(z.0) = S ro (ko) Protie) [ ©
+00™h,
Consider now the integral

Mt R D (0 (")
J(@) = / —_—
(& =8N =1
The integrand is an L'(C3) function owing to the compact support of 7. The
integral J(¢) is thus a special case of the integral

dA.¢. ).

S0 f) = [ AR g ) aa 00,

It suffices to show that J(¢, f) — 0 ast — oo. Owing to the trivial bound
|J(t, )| < | £, it suffices to do so for a dense set of f € L'(C3). We first
observe that finite linear combinations of compactly supported product functions
of the form g;(¢)g2(¢")g3 (L") are dense in L' (C?), so it suffices to show that

lim [ e*"'?ReE 65y dA(¢) = 0.

t—>00
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Now write { = {; + i{> and note that, by a further density argument, we may take
g(8) = h1($1)h2(82). As Re(8?) = ¢ — &3 it now suffices to show that

lim 42 oy ds = 0
-0

for bounded and compactly supported 4. This is now an easy consequence of the
Riemann-Lebesgue lemma and a simple change of variables.

O

Proof of Theorem 1.3. An immediate consequence of Lemma 5.5, (5.23), and

estimates (5.26), (5.27), (5.28), and (5.29). O
Appendices

A. Multilinear estimates

Michael Christ

In this appendix we establish a rather general multilinear inequality in terms
of weak type Lebesgue spaces, then specialize it to deduce the inequality of
Brown [13] stated in Proposition 2.5.

Let IF be one of the two fields ' = R or ' = C, equipped with Lebesgue
measure in either case. Consider C—valued multilinear functionals

FN
j=1

where each ¢; : FN - FNijsa surjective IF-linear transformation, f;: FNi — C,
and dy denotes Lebesgue measure on FV. A complete characterization of those

exponents (p1, ..., pm) € [1, 00]™ for which there are inequalities of the form
m
IACS foreoos S| < C T T IS5 (A2)
Jj=1

has been obtained in [I1]. Such an inequality implicitly includes the assertion
that the integral (A.2) converges absolutely whenever each f; belongs to L.
To review this result, we first recall key definitions from [10] and [11].

Denote by dimp (1) the dimension of a vector space V' over IF. Throughout the
discussion, IF should be considered as fixed; vector spaces, subspaces, and linear
mappings are defined with respect to .
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Definition A.1. Relative to a set of exponents {p, }, a subspace V C IV is said to
be critical if

dimp(V) = Y _ p;* dimp(£; (V). (A.3)
J

to be supercritical if the right-hand side is strictly less than dimp (1), and to be
subcritical if the right-hand side is strictly greater than dimp (V).

Throughout the discussion, the reciprocal of any infinite exponent is inter-
preted as 0. The subspace {0} is always critical.

Theorem A.2 ([11]). Let ' = RorF = C. Let N > 1 and N; > 1 for all
j e {1,2,...,m}. For each index j € {1,2,...,m} let {Zj:IFN — FNj be an
F-linear surjective mapping. Let p; € [1,00]. Then (A.2) holds if and only if TN
is critical relative to {p;} and no proper subspace of BN is supercritical relative
10 {pj}.

This theorem was stated in [11] only for ' = R, but the proof given in [11]
applies equally well to F = C. See also [10] for a different proof and more
thorough analysis for the case ' = R.

In order to extend this theorem to include Brown’s inequality (2.12), we will
utilize the Lorentz spaces L?" as defined for instance in [31]. These spaces
are defined for (p,r) € [1,00) x [1,00], and are Banach spaces except in the
exceptional case (p, r) = (1, 1). Throughout the following discussion, we assume
that (p, r) is not equal to (1, 1). The facts needed about the Lorentz spaces for our
discussion are these.

(i) LP-? equals the Lebesgue space L?.

(i) LP*° equals weak L?. Thatis, f € LP°°(IF") if and only if there exists
Cy < oo such that for every o € (0,00), [{x € F":| f(x)| > a}| < Cla?.
Here | E| denotes the Lebesgue measure of a subset £ of . The infimum of
all such Cy is denoted by || f'||z».cc. This quantity is not in general a norm,
but is equivalent to one unless (p, r) = (1, 1); see [31].

(iii) In particular, the functions |x|~%/? and |z|~24/? belong to L?"*°(R?) and to
LP°(C4), respectively.

(iv) Ifr = pthen || f||L».r < C| f||L» forall functions f, where C < oo depends
only on p,r.
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The next result extends Theorem A.2 to Lorentz spaces, although perhaps not
in the most definitive manner.

Theorem A.3. Let ' = RorF = C. Let N > 1 and N; > 1 for all
j € {1,2,...,m}. Foreachindex j € {1,2,...,m} let ZJ-:IFN — FNj be an
F—linear surjective mapping. Let each exponent p; belong to the open interval
(1, 00).

Suppose that with respect to {p;}, the total space TN is critical, and every
nonzero proper subspace of TN is subcritical. Then for all exponents rj € [1, 0]
satisfying

dort=1 (A.4)
J

and, for all functions f; € LP"i(FNi), T[j_, f; o £; belongs to L'(FN).
Moreover, there exists C < oo independent of { f;} such that

A foree )| S C T T i i (A5)

Jj=1

The proof will utilize the following crude multilinear interpolation theorem,
established in [18].

Proposition A.4. Leta; € [0, 00), and suppose that at least one of these numbers
is nonzero. Let Q = {(ll, ..o tj) € (0, 1)™: Zj ajt; = 1}, equipped with the
topology induced by its embedding in (0, 1)™. Let (X, A, n) be any measure space.
Let A = A(f1,..., fm) be a complex-valued multilinear form defined for all
m-tuples of measurable simple functions f;: X — C.

Let O be a nonempty open subset of Q. Suppose that for eacht = (t1,...,ty) €
O there exists C; < oo such that

A1 S S C [ fillppsr. where pj =177, (A.6)
J

for all m-tuples of simple functions f;. Then for any relatively compact subset
O" C O there exists C < oo such that for all t € O" and all exponents r; satisfying
Z;'n=1 rj_1 = 1, for all m-tuples of measurable simple functions,
IACf1s o )l < CT T Sillprsrs s where pj = 177", (A7)
J
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Proof of Theorem A.3. It suffices to apply Theorem A.2 and Proposition A.4
in combination. Indeed, if an m-tuple p = {p;:1 < j < m} satisfies the
hypotheses of Theorem A.3, then so does any m-tuple ¢ = {g;:1 < j < m}
satisfying the equation } _; %qj_l = 1 such that each qj_l is sufficiently close
to pj_l. Indeed, as V varies over all nonzero proper subspaces of 'V, the numbers
3 p;lw take on finitely many values, and are all strictly greater than
one by the subcriticality hypothesis. Therefore these strict inequalities continue
to hold whenever ¢ is sufficiently close to p. The hypotheses of Proposition A.4

are thus satisfied. Applying that Proposition yields inequality (A.5). O
Consider now the multilinear inequality of Brown [13]. Let

lPllg0(z0)| - 19 (z2n)] ,

2
[TZ1 |zj=1 = 21

An(p, 90,415 - - 4q2n) :/ u(z),
@2n+1

where du(z) is product measure on C2* 1 and ¢ = ij-io(—l)j zj. The inequality
states that

2n
|An(p’ QO’ QI’ LR ,QZn)| S C”IO”Z 1_[ ||q/ ||2 (A'S)
j=0

Note that since A, is multilinear, it follows directly from this statement that the
map

(P-90.91. - --.q2n) —> An(p.q0.41. - -..q2n)
is Lipschitz continuous from any bounded subset of (L2(C))?"*! to C.

To deduce (A.8) from Theorem A.3,setlF = C, N =2n+1,andm = 4n +2.
Let the index j range over [0,4n +1],set N; = 1forall j € {0,...,4n + 1}, write

z = (2o, ..., 22n), and consider the linear functionals /; : C?"*1 — C! defined
by

Zj for0 < j <2n,

Zj_on —Zj—ap—1 for2n < j <4n,

lj (2) = (A.9)

2n )

Z(—l)lzi for j =4n + 1.

i=0

The following linear algebraic fact will be proved below.

Lemma A.S. The (4n + 2)-tuple of exponents p = (p;) = (2,2, ...,2) satisfies
the hypotheses of Theorem A.3.
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To apply the lemma to inequality (A.8), setr; = (2n +2)"! for0 < j < 2n
and for j = 4n + 1, and r; = oo for 2n < j < 4n. For each j € (2n,4n],
define f;:C! — R* by fj(w) = |w|~!. Each of these functions belongs to
L?°°(C'). The factors |z; — zj—1|~! appearing in (A.8) are then |z; — z;_;|7! =
Jilj(2)), for j € (2n,4n]. Setting f; = g; for all j € [0,2n] and f4,41 =
P, An(p. o, qon) €Quals A(fo,.... fanst1) = fon TTI6" £ (;(2)) dz. By
Theorem A.3 in conjunction with Lemma A.5,

2n

|An()0’ QO’ LR J]Zn)| S C”p”Z,r 1_[ ||q/ ||L2‘r’
j=0

where r = 2n + 2. Since 2n + 2 > 2, the L% norm is majorized by a constant
multiple of the L2 norm. O

This reasoning yields various refinements of (A.8). For instance, any one of
the functions p, ¢; may be taken to be in L2:°°(C) rather than in L2.

Proof of Lemma A.5. Firstly, N = 2n + 1, while

4n+1 4n+1 4n+1
> pytdime(t (V) = D" pi'Ny =Y 27t 1=2"(4n+2) =N,
j=0 j=0 j=0

Thus F¥ is critical relative to (2,2, ...,2).

It remains to show that any nonzero proper complex subspace V of CV is
subcritical. For any index j, since ¢; is a linear mapping from C¥ to C!, either
dimc(¢;(V)) = 1, or {; vanishes identically on V. Let S be the set of all
J €1[0,....2n] such that z; = O forall z = (2¢,...,22,) € V, and let T be
the set of all j € [1,2n] such that z; — z;_; = 0 for all z € V, but neither j nor
j — L belongs to S.

The mapping /j 15,:V — C is surjective if j € [1,2n] and j ¢ T U S.
For if not, then it vanishes identically; z; —z;_; = Oforallz € V. Since j ¢ T,
the definition of T forces at least one of the indices j, j — 1 to belong to S, that
is, at least one of the functions z + z; and z — z;_; vanishes identically on S.
The equation z; —z;_; = 0 then forces both of these functions to vanish identically.
Therefore both indices j, j — 1 belong to S, contradicting the hypothesis that
jeETUS.

A further consequence is that the number of j € (0,2n] such that j ¢ T, but
zj —zj—1 = Oforall z € V, is at most |[S| — 1. Equality occurs if and only if
S =1lk,k—1+|S|] for some k € [0, 2n].
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The set of mappings {¢; : j € S} U{{;12,:j € T} is linearly independent,
and V is contained in the intersection of their nullspaces, so

dimg(V) <2n + 1 —[S| = |T|.

On the other hand,

4n+1

3 27 dime(t (V)

Jj=0

2n 4n
=Y 27N dime(4; (V) + Y 27 dime(; (V) + 27" dime(Lans1(V)
Jj=0 j=2n+1

>27'@n+1—|S)+27'@n —|T| = (S| = 1)) + 27" dime(Lant1(V))
=2n+1—1|S|—|T|) +27YT| + 27" dime(an+1(V))
> dimg(V) 4 27T | + 27" dimg (Lant1 (V).

This is strictly greater than dimc (V') unless T = @, V' is contained in the nullspace
of bynt1,dime(V)=2n+1—|S|,and S = [k, k — 1+ |S|] for some k € [0, 2n]
withk — 1 + | S| < 2n.

Suppose that T = @, and that V' is contained in the nullspace of £4;,+;.
S cannot be all of [0, 2r], for this would force V' = {0}, contrary to hypothesis.
Therefore the equation £4,41|y = 0 is not forced by the equations £;|y = 0
for all j € §, so dimg(V) must be strictly less than 2n + 1 — |S|. There-
fore Z;fgl 27t dimg(¢;(V)) is strictly greater than dime (V) in all cases; every
nonzero proper subspace of C¥ is subcritical. |

B. Time evolution of scattering maps

The purpose of this appendix is to give a self-contained proof that the function
u defined by (1.4) solves the DS II equation for uy € S8(C). Previous proofs may
be found, for example, in the papers of Beals-Coifman [7, 8, 9] and Sung [33],
Part III. We suppose that r € C!(R;; 8(C)) obeys a linear equation

F=igpr,
where ¢ is areal-valued polynomial in k and k. We will obtain an effective formula

for u if u = J(r) by differentiating

u = (exr,vy)
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and exploiting solutions (v¥, v¥) to a ‘dual’ problem

_ 1 ——

8kvf = Eekr# v, (B.1a)

5 ) = Lo TEF

Okvy = Eekr vy, (B.1b)
where r# = 7. The following lemma on symmetries of the map R shows that

# = R(u") where u*(z) = u(-z).

Lemma B.1. Let u,u’” € H"'(C) and let r = R(u), r’ = Ru"):
() ifub(z) = —u(z), then r*(k) = —r(k),

(i) ifu’(z) = —u(—z), then r’(k) = —r(—k), and

(iii) ifu’(z) = i (z), then r®(k) = —r(k).

Proof. In what follows we let (,u'i , ,u';) denote the solutions to (1.5) with u replaced
by u®.

(i) follows from (1.6) and the fact that /Lli = 1.

(ii) follows from (1.6) and the fact that ,u'i (z,k) = n1(—z,=k)

(iii) From the definition (1.6) we compute (recall (2.1))

(k) = (eiit. 1)
= (e_xu, (I — Pre_guPrerii)~'1)
= ((I — e_guPriier Pr) ' e_gu, 1)
= ((I — Pyiteg Pre_ju)~ "1, eit)
= (k)
as claimed. O

From the formula
[0 2] =~ Puerrlp. Pelear
we have
b= [0, (1 =TH™'N

i ~ o
= _Z(I — T2 Pre o, Prle—xrv
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so that
.. _ i, _ _ - =
U =i{egpr,vy) — Z(ekr, (I — Tkz) lPkekr[go, Prle_xrvy)

=i{e_xrf1,081) +1 (f2, pe_grvi),

where

fi =P —(THM!
g1 = Pre_yrvy,
fo=1+erP(I— (T

Noting that (T2)* = Lex7 Pre_rP, it is not difficult to see that
fi(z, k) = vi(=z, k),
g1(z.k) = v2(z. k),
fa(z, k) = vl( z,k),
so that
(z.1) = i{e_grvi(—z. ). @va(z. ) + i (vH(=z. ). pe_grv(z. ).
where we have suppressed the ¢-dependence of v and v¥. Setting
n(z.k) = —ek(Z)r(k)vz( 2, k)va(z, k) + —vl( z,k)e_r (2)r(k)vi(z, k)
we have
u(z) = Zi/go(k)r;(z,k) dA(k).
Using (1.8) and (B.1), we can write
n(z,k) = 0k [vi(—z, k)vi(z, k)]

and )
n(z.k) = 0k [vi(—z. k)va(z. k)]

so that, if ¢(k) = 4Re(k?), we conclude that
u(z) = 4i(Ih + 1)

(the complex conjugate on I, is intentional), where

I = /k2ék[v§(—z,k)v1(z,k)] dA(k).
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I, = / k20r vl (=2, k)va(z, k)] dA(K).

The integrands in /; and /I, are exact differentials and, for r € 8§(C), vanish rapidly
at infinity. We can evaluate /; and I, using the fact that, if 4 is a smooth function
with 0h of rapid decay and

hj
h ~ Z T (B.2)

Jj=0
then

/k"ékh dA(k) = 2mih,,.

We compute the large-k asymptotic expansions of v; and v, in Appendix C. Write
[h]; for hj in the expansion (B.2). In terms of the expansion (C.2) we have

[V (—z. k)i (z. k)2 = v} gvia + V5 jvis + 05 510,
W (—z.k)va(z. k)2 = v3 g1 + V5 yvis + 05 510,

# #

where v* corresponds to the potential u®, and, since v¥ is evaluated at —z, we re-
place u by —it, P by — P, and d by —d in (C.3) and (C.4)—(C.6) to find the expan-
sion coefficients for v¥. Straightforward computation using (C.3) and (C.4)—(C.6)
gives

P32 k(. Rl = qu(S(ul?) — 57

where we used the identity (37! £)2 = 20~1(f 9! f) with f = |u|? to eliminate
terms of fifth order in u. Similarly,

1 1.5
(=2, kpva(z. K)o = —Ju(S () + S0
Finally, we obtain
ii(z) = =2(9%u + %u) —u(g + ),

where
g = —=8(ul?).

This is exactly the DS II equation.
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C. Asymptotic expansions

In this section we compute large-parameter asymptotic expansions of the solutions
v = (v1,v2) of (1.8). Exploiting the fact that v = (w1, exitz), we conclude
from (1.5) that

- 1

0,V = Euvz, (C.1)

1_
0; + k)vy = Euvl.
For r € 8(C), the functions (v;, v») admit a large-k asymptotic expansion of the
form
v~ (1,0) + Y kDO, (C.2)

£>0

where v® = (v 4, v5¢)7. From the system (C.1) we easily deduce that

1- 1
V1,0 = 18_1(|u|2), V2,0 = Eﬁ’ (C.3)

while for £ > 1,

Vp g = Eﬁvl,(—l — 0y p—1,

1
Vig = EP(UVM)-

It easily follows that

1 1 _

Vi1 = 1—6P(Iu|2P(IMI2)) - ZP(uau), (C4)
1._ 1, _

Va1 = §MP(|M|2) - 53% (C5)

1 _
V22 = 5“ P(|u|2P(|u|2))
| | . (C.6)
+ §8(72 P(|lu?) — §7,7P(u<‘972) + 58212.
Remark C.1. In a similar way one can show that for r € §(C), u has a large-

z asymptotic expansion whose coefficients are computed in terms of r and its
derivatives. Thus for example

i) = 1k = (336 1) + 0(27),

pa(e k) = < (57) + 0207,
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