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Double operator integral methods
applied to continuity of spectral shift functions

Alan Carey,! Fritz Gesztesy, Galina Levitina,!
Roger Nichols,? Denis Potapov, and Fedor Sukochev'!

Dedicated to the memory of Yuri G. Safarov (1958-2015)

Abstract. We derive two principal results in this note. To describe the first, assume that A,
B, A, By, n € N, are self-adjoint operators in a complex, separable Hilbert space J, and
suppose that

s-lim (A4, — Z()Ig-c)_l =(A— Z()Ig-c)_l
n—oo
and
s-lim (B, — zol5¢) ™' = (B —zol5¢) ™!
n—oo
for some zg € C\R. Fix m € IN, m odd, p € [1, 00), and assume that for all a € R\{0},
T(a):=[(A—ailsc) " — (B —ails)™ ™) € Bp(H),
Tn(a) := [(An —ails) ™™ — (Bp —ailsc)™ "] € Bp(H),
lim |7 (a) — T(a)ll,0) = 0.
n—>oQo
Then for any function f in the class §, (R) D C§°(R) (cf. (1.1) for details),
im([[£(An) = f(B)] = [£(4) = F(B)]llm 90 = O.

Moreover, for each f € §n(R), p € [1,00), we prove the existence of constants ay,as €
R\{0} and C = C(f,m,a1,az) € (0, c0) such that

1£(A) = fB) 5,0 <CUA—-arils)™™ — (B —arils)) " |3, @0
+ (A = azily)™ — (B —az2ilsc) ™" |3, 50)),

which permits the use of differences of higher powers m € IN of resolvents to control the
Il - I, (3c)-norm of the left-hand side [ f(4) — f(B)] for f € Fm(R).
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Our second result is concerned with the continuity of spectral shift functions £ (- ; B, Bo)
associated with a pair of self-adjoint operators (B, Bp) in H with respect to the operator
parameter B. For brevity, we only describe one of the consequences of our continuity re-
sults. Assume that Ag and By are fixed self-adjoint operators in I, and there exists m € IN,
m odd, such that, [(Bo — zI3¢) ™™ — (Ao — zI5¢)™""] € B1(H), z € C\R. For T self-
adjoint in 3 we denote by I',,(T') the set of all self-adjoint operators S in H for which
the containment [(S — zI5¢) ™" — (T — zI3¢)7"™] € B1(H), z € C\R, holds. Suppose
that By € ', (Bo) and let {B<}r<0.1] C I'm(Bo) denote a continuous path (in a suitable
topology on I';;,(Bo), cf. (1.3)) from Bg to By in I',,(Bo). If f € L°°(R), then

lim [|§(-; B, Ao)f —&(+; Bo, o) fll L1 @:(jvim+14+1)~1qv) = 0.
T—0+

The fact that higher powers m € IN, m = 2, of resolvents are involved, permits applications
of this circle of ideas to elliptic partial differential operators in R”, n € IN. The methods
employed in this note rest on double operator integral (DOI) techniques.

Mathematics Subject Classification (2010). Primary: 47A10, 47AS55; Secondary: 47A56,
47B10.
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1. Introduction

We dedicate this note to the memory of Yuri Safarov (1958-2015), a gentle giant
in the area of spectral theory, whose contribution to the field (see, for instance, the
highly influential monograph [19]) left an indelible impression on our community.
His presence is sorely missed.
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We derive two principal results in this note. To describe the first, we introduce
the class of functions §,,(R), m € N, see [22], by

Sm(R) :={f € C*(R) |
f© e L*®(R); there exists ¢ > 0 and fo = fo(f) € C
such that (d*/dA%)[f (1) — for™] el Atmee,
=012}

(1.1

(It is implied that fo = fo(f) is the same as A — =4o00.) One observes that
Sm(R) D Cg°(R), m € IN.

Assuming that A, B, A, By, n € N, are self-adjoint operators in a complex,
separable Hilbert space JH, suppose in addition that

s-lim(A, — zol5¢) ™! = (A — zol5¢) 7!
n—>oo

and

s-lim(B,, — zol3¢) ™' = (B — zol5¢) !,
o0

n—

for some zy € C\R. Fix m € N, m odd, p € [l,00), and assume that for each
a € R\{0},

T(a):=[(A—ails)™ — (B — ails)™] € B,(H),
Ta(a) == [(An —ails)™ — (By —aily)™™] € Bp(H),

and
lim [T, (a) — T(a)ll5, @0 = 0.
n—oo

Then for any f € §n(R),
lim ([[f(An) = f(Bu)] = [f(4) = f(B)]ll 5,00 = O.

Moreover, for each f € §n(R), p € [l,00), we prove the existence of
constants ay,a, € R\{0} and C = C(f,m, a1, a») € (0, 00) such that

| f(A) = f(B)llz,@0) < CU(A—arils)™ — (B —aiils))™" |8, 0
+ (A = azils)™ — (B — azils) ™™ || 5, (30)-
(1.2)

The estimate (1.2) is of interest as it permits to control the || - ||, (3¢)-norm
of [f(A) — f(B)], f € §m(R), in terms of differences of higher powers m € IN
of resolvents of A and B. This is significant in applications to elliptic partial
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differential operators for which differences of sufficiently high integer powers of
resolvents, but not necessarily the difference of resolvents itself, typically lie in
the trace class (cf. also our brief comments following (1.4)).

This circle of ideas is treated in detail in Sections 2 and 3, employing the
method of double operator integrals (DOI) (cf. [3], [4], and [22]).

The second main result of this note concerns the continuity of spectral shift
functions &£(-; B, By) associated with a pair of of self-adjoint operators (B, By)
in H (cf. [5] and [21, Chapter 8] for details on &) with respect to the operator
parameter B. To keep the following sufficiently short, we only describe one
of the consequences of our continuity results. We note, however, that it was
precisely this consequence that was employed in recent applications to Witten
index computations for certain classes of non-Fredholm Dirac-type operators
without a mass gap in [7]-[9] (see also [10] and [14]). To set this up, assume
that A¢ and By are fixed self-adjoint operators in the Hilbert space JH, and there
exists m € IN, m odd, such that

[(Bo —zI30)™™ — (Ao — z130) "] € B1(H), z € C\R.

Next, for T self-adjoint in H, we introduce I',,,(T') as the set of all self-adjoint
operators S in J for which the containment

(S —zl30)™" — (T —zI30)™"] € B1(H), z € C\R,
holds. The family of pseudometrics
dm,z(S1,82) = |[(S2 — zI30)™" — (S1— 2130 " |3, 90) (1.3)

S1,82 € T(T), z € C\R, generates a topology, T,,,(D, T'), on [}, (T). Finally,
suppose that By € [, (By) and let

{Br}re[o,l] - 1—‘m (BO)

denote a path from By to B; in [,(By) such that B; depends continuously on
7 € [0, 1] with respect to the topology T, (D, T). If f € L*°(R), then

tim_ £(-: B, A0)f = (- Bo. Ao) fllLi i+ 411wy = O
T—>

in particular,

lim E(v; By, Ag)dv g(v) = /}RE(U; By, Ag)dv g(v) (1.4)

=01+ JR

for all g € L>°(R) such that ess. sup,cp |([v|/"*! + 1)g(v)| < oo.
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We emphasize that in the special case m = 1, the continuity result (1.4)
for spectral shift functions with respect to trace norm convergence of resolvent
differences was derived by Yafaev [21, Lemma 8.7.5]. To be able to apply this to
elliptic partial differential operators (particularly, to Dirac and Schrédinger-type
operators in R”?, n = 2, cf., e.g., [22], [23], and [24, Chapters 3 and 9]), one
typically needs m sufficiently large, depending on n (especially, for n = 4). It was
precisely this fact and concrete applications to one-dimensional as well as multi-
dimensional Dirac-type operators without a mass gap (rendering these Dirac-type
operators non-Fredholm) which are approximated by certain pseudo-differential
operators, that motivated us to write this note. The Witten index for these types
of non-Fredholm Dirac-type operators (a concept extending the Fredholm index)
is computed in terms of spectral shift functions and the latter are approximated by
the spectral shift functions corresponding to the pseudo-differential approximants.
Due to limitations of space we will not go into further details at this point but refer
to [7]-[9] (see also [14]).

Results of the type (1.4) and extensions thereof are treated in detail in Section 4,
employing [21, Lemma 8.7.5] and [22], and particularly the results derived in
Sections 2 and 3.

Finally, we briefly describe some of the notation used in this note. The symbol
Bp(H), p € [1,00), denotes the standard £7-based Schatten—von Neumann trace
ideals over the complex, separable Hilbert space H, B, (H) denotes the ideal of
compact operators in H, and if X is a Banach space, B(X) denotes the Banach
space of all bounded, linear operators on X.

The family of strongly right-continuous spectral projections associated to a
self-adjoint operator A in H is denoted by { E4(A)}er, With

Ei(}) = Ea((—00,1]), AeR.

The notation s-lim,—.co 7, stands for the strong (i.e., pointwise) limit of a
sequence of bounded operators {75, }5>; in H.

The symbol Cp(R+) represents bounded, continuous functions on Ry =
[0, 00), and analogously for le (R+),k € IN.

2. Norm bounds controlled by powers of resolvents via DOI

The principal aim of this section is to prove (2.19) which shows how trace ideal
bounds of resolvent powers of self-adjoint operators in HH control those of a
sufficiently large class of functions of such operators.
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Throughout, we denote by Hg’B the linear mapping defined by the double
operator integral

3370 = [ [ 6Gmaba) T dEso. T B0,

where E4, Ep is spectral measures corresponding to the self-adjoint (respectively,
unitary) operators A, B. We refer to [4] for the precise definition and general
properties of the double operator integrals.

It is known that if ¢(A, u) = a;(A)az(p), (A, u) € R?, for some bounded
functions a; and a, on R, then

33" (T) = a\(A)Tax(B). 2.1)

Depending on the function ¢, the operator J :;’B (T) is bounded. Below we will
recall a result describing the class of functions ¢ such that

358 By(30) — Bp(30).  p e[l o),
33" B(30) — B0,
is a bounded operator. We introduce
My = {p € LX(R*dp) | 3" € B(B,(30)},  p € [1.00),
Moo = {¢p € LX(R*:dp) | 357" € BBIO)),

where p = pg ® pp denotes the product measure of p4 and pp, the latter
are suitable (scalar-valued) control measures for £4 and Ep, respectively (e.g.,
pA() = D ics(ej, Ea()ej)sc, with {ej}jes a complete orthonormal system in 3,
J C NN an appropriate index set, and analogously for pp). In addition, we set

A,B
pllon, == 1135 le(B,@0), P €[l 00),
[

AB
[éllmes := 175" BB @0)-

For simplicity, we denote
mt = ml = f‘J‘J/t001

and (cf. [4, Section 4])

Pl := N@llon, = lIPllontes. ¢ € M.
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Remark 2.1. By interpolation, the inclusion ¢ € 9t implies that ¢ € 91, for any
p € [1,00),and [[¢[lan, < [[¢llan, p € [1, 00).

We also recall the following result.

Theorem 2.2 ([4, Theorem 4.1]). Assume that A and B are self-adjoint operators
in H. If the function ¢ (-, -) admits a representation of the form

¢(A,m=/Qau,z)/3(u,z)dn(z), (o) € B2,

where (2, dn(t)) is an auxiliary measure space and
C?:= sup/ la(A, ) dn(t) < oo, Cﬁ2 = sup/ 1B, 1)|? dn(t) < oo,
AeR JQ HER JQ

then ¢ € 9 and
[¢lln < CaCg.

In the proof of the main theorem of this section, we need two results from [22]
and [4]. Since these results were stated without proof in those papers, we now
supply a proof for convenience of the reader.

Theorem 2.3 ([4, Theorem 5.2]). Assume that A and B are self-adjoint operators
in H. If there exist 0 < my < 1 and 1 < my such that

sup /R (1™ + £ €. w2 dt = C2 < oo, (2.2)

HER

where ¢ (€, i) stands for the partial Fourier transform of ¢ with respect to the first
variable,

b= ent [ 0w an, 6w < B2
then ¢ € 9 and
[$llon < CCo,
where the constant C = C(my,my) > 0 does not depend on E4 or Ep.
Proof. In view of
mp < 1< msp,

one obtains

+oo dr

mi m2)—1 — —_-
/}R(IEI + 1§172) ds_zfo PN :C e (0,00). (23)
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That is,
Sy ) = (™ +16™)7Y2, my <1 <my,

satisfies fu, m, € L*(R). Therefore, by (2.2) and Holder’s inequality, one obtains
[ 1b.wla
R

B /]R[('f"’“ +[61) 21§ & (™ + [5172) 7V 2d g

) 1/2 1/2
< ( fraer 12 e omas) ([ e+ e ae)
R R

1/2
< Co( /R (el + gy ds) ,

uniformly for u € R. Hence,

$(-. ) e L'(R),

and

sup ||¢3(' 1wy < oo
HER

By the inverse Fourier transform
B0 = [ D)€l ds
R
= /R SEH(E™ + E1™)Y2 § (& I (E™ + (€™ 7V dE.

Next, introduce the functions

a(r.t) =M (|t|™ + |t|m2)71/2
and

B, 1) = (Jt]™ + [t 2 §(t, ).

By (2.2) and (2.3), the functions « and 8 satisfy the condition of Theorem 2.2
with respect to the measure space (2, dn(¢)) = (R, dt). Hence, by Theorem 2.2,
¢ € Mand ||¢|lon < CCyp, where the constant C = C(m;, m2) does not depend
on the spectral measures £4 and Ep. O
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Proposition 2.4 ([22, Proposition 3.1]). Assume that A and B are self-adjoint
operators in H. Suppose that the function K(A, i) on R? satisfies

|K(A, )] < Cg <00, (A, p)eR2, (2.4)

and is differentiable with respect to A with

‘31((1,#)

P <Cxk(1+ A7 (A, p) € R?, (2.5)

where the constant Cx is independent of u. Assume, in addition, that for every
fixed u € R
lim KA,un)= lim K(,p), (2.6)
A—>—00 A—>+o00

where the limits exist by (2.5). Then §® € B(B(H)) and J&® € B(B,(H)),
p € [1,00).

Proof. By (2.4) and (2.6) the function

k(p) := lim K@A,u), peR, 2.7)
A—>+oo
is well-defined and bounded on RR.
We set
h(d p) = K. p) — k(). (A.p) € R?, (2.8)
and claim that this function satisfies the conditions of Theorem 2.3. Indeed, since
o _ 0K
CY R Y
one infers from (2.5) that
oh oh
—(-,p) € L*(R), p€R, with sup ||=—(-, ) < 0.
ER peR || 04 L2(R)

Furthermore, by the definition of the function #,
lim h(A,u) =0,
)L—lrziloo ( M)

and therefore,
+oo ah
— — (@, n)ydt, A>0,
2 oA
hhop) =
A dh
/_Ooa—)t([,,bb)d[, A <O.



756  A. Carey, F. Gesztesy, G. Levitina, R. Nichols, D. Potapov, and F. Sukochev

Hence, by (2.5) for A > 0,

+o00 oh
B

“+o00
h(, )| s/ (t.0)|dr sC/ (147" dr,
A A

for an appropriate constant C > 0. A similar estimate for A < 0 yields
h(A, ) = O(A™Y)  if A — Fo0,

uniformly for u € R. Hence, h(-,u) € L?(R) and by Parseval’s identity, one
obtains

sup /R ERIA e, ) dE < oo,

HER

That is, the function / (-, -) satisfies the condition of Theorem 2.3 with
mi =0 and m2:2.

Hence, Theorem 2.3 implies that the operator H,‘f’B B(FH) — B(H) is
bounded. Furthermore, since K(A, ) = h(A, pn) + k(n), (A, ) € R2, eq. (2.1)
for the operator g Ifé’B implies

3% (1) = 32 (T) + Tk(B).

Since the function k is bounded one infers that the operator J Ié’B is bounded on
B(H). Finally, Remark 2.1 implies that the operator J I“é’B is also bounded on any
Bp(H), p € [1,00). O

A,B A,B
Corollary 2.5. The norms ||Jx" s ooy 13x" I8,@0), P € [1,00), do not
depend on the spectral measures E4 and Ep.

Proof. This follows from the proof of Proposition 2.4 and Theorem 2.3. O

To prove the norm bounds required for the proof of Proposition 4.6, we now
introduce the following assumption.

Hypothesis 2.6. Assume that A and B are fixed self-adjoint operators in the
Hilbert space H, p € [1,00), and there exists m € IN, m odd, such that for all
a € R\{0},

[(B—ails)™™ —(A—ails)™™] € Bp(H) (resp., B(H)). (2.9)
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The following construction is taken from [22]. Fix a bijection p: R — R
satisfying for some ¢ > 0 and r > 0,

peC*(R), oA =A", |Al=r. ¢A)=c., AeR. (2.10)
Let r > 0 be such that ¢(1) = A™ for |A| = r. We choose a function § € C2(R)
such that 8(A) = 0 for |A| <r/2,0(A) = 1for |A| = r and

¢(A;—i — )+ (1= ) = g1 () + £(1), AR

A —i o) —i
(2.11)

We note that g, € C?(R) with compact support.
Thus,

(Pp(A) —ils) ™ — (p(B) —ils)™" = g1(A) — g1(B) + g2(A) — g2(B). (2.12)
Next, we denote

g1(A) — g1(u)
A —ia)™ —(u—ia)™™’

g2(4) — g2(w)
A—ia)y™ —(p—ia)™’

Gra(A, p) =

(2.13a)

Gra(A.p) = (2.13b)

A, € R, where a € R\{0}. In [22, Proposition 3.3] it is proved that there
exists a (sufficiently small) a; € R\{0}, such that the function G 4, satisfies the
assumption of Proposition 2.4. Therefore, Proposition 2.4 implies that

g1(4) — §1(B) = 3G, (A—arils)™ = (B —a1ils)™")
and
lg1(A) —g1(B)lIB,@0 < C1ll(A—arils)™ — (B —arilse) " |5, @0, (2.14)

for some constant C; = Cj(a;,m) € (0,00) (and a corresponding estimate
for the B(H)-norm). Moreover, in [22, Proposition 3.2] it is proved that there
exists a (sufficiently large) a, € R\{0}, such that the function G, ,, satisfies the
assumption of Proposition 2.4. Therefore,

g2(A) — 2(B) = 05 (A= azils)™ — (B —azils)™")

and

lg2(A) — g2(B) 8,30 < C2ll(A — azils)™ — (B —azils) ™ ||, @0 (2.15)
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for some constant C; = Cs(az,m) € (0,00) (and a corresponding estimate for
the B(H)-norm). We note that the independence of the constants C; and C,
in (2.14) and (2.15) of p € (1, co0) follows from the fact that G 4,, G240, € M
(see Proposition 2.4) and Remark 2.1.

Combining this with (2.12) one arrives at the following result. If ¢ satis-
fies (2.10), then there exist a;,a; € R\{0} and C = C(ay,az,m) € (0, 00) such
that

1@ (A) —ils)™" = ($(B) = il5) " 3,00
S C(I(A=arils)™ — (B —arils) ™" | 8,0 (2.16)
+ (A = azilsc)™ — (B — azils) "3, 0)
and an analogous estimate for the uniform norm || - || (g¢).

Next, we introduce the class of functions for which we prove the main results
of this and the next sections.

Definition 2.7 ([22]). Let m € IN. Define the class of functions §,,(R) by

Fn(R) = {f € C*(R) |
fO© e L>®):;
there exists ¢ > 0 and fo = fo(f) € C
such that (d*/dA%)[f(A) — for™ =00 Atomee,
£=0,1,2}.

(It is implied that fo = fo(f) is the same as A — £o00.)

In particular, one notes that for all m € IN,
Co°(R) C Fm(R),

and

J) Ao JoA™" + O(A[T"). [ € Im(R).

Let f € §m(R) and let ¢ be as before (see (2.10)). The assumptions on the
functions ¢ and f imply that fy := f o ¢! € F1(R) (see [22]). It follows from
the discussion before [21, Theorem 8.7.1] that there is a continuously differentiable
function g on T, with g’ satisfying the Holder condition with exponent ¢ > 0, such
that

Jo(d) = g(y(4)), (2.17)

where y(1) = % A € R, denotes the Cayley transform.

i’
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We denote U = y(¢(A)), V = y(¢(B)). By (2.16), there exist ay, a, € R\{0}
and a constant C = C(ay, az, m) € (0, 00) such that

U =Vls,e0 = 12i(¢(A4) —ils)™ = (@(B) —ils) " l|2,00
< 2C((A = arils)™ — (B —a1ils) ™" |, 00 (2.18)
+ (A = azils)™ — (B — azils) ™" |8, 0)-
and an analogous estimate for the uniform norm || - || (g¢).

Since g’ satisfies the Holder condition with exponent ¢ > 0, the double
operator integral J ZEK , where

gu) — g(v)
u—v

g, v) = u,veT,

is a bounded operator on B, (), p € [1, 00), and on B(H), see [2, Theorem 11].
Thus,

f(A) = f(B) = fo(¢(A)) — fo(9(B)) =gU) —g(V) = H?{K(U -V,
and therefore, [ f(A4) — f(B)] € B,(F) (resp., [f(A) — f(B)] € B(H)) and

1/ (A) — f(B)lls,@0 < ldgmlla@,0nllU = Vis,oo
< C((A—ayils)™ — (B —arils) ™ 8,00 (2.19)
+ (A = azils))™ — (B — azils)) " |8,00). [ € Im(R)

(and the corresponding estimate for the uniform norm || - || 3 (s¢)). Here the constant
C =C(f,a1,a2,m) € (0, 0) is independent of p € [1, c0) (see Remark 2.1).

Remark 2.8. Assume Hypothesis 2.6 with p € (1,00). Then estimate (2.19)
holds for a wider class of functions f, and the constant C can be sharpened.
Indeed, assume that function f on R is such that the function g on T de-
fined by (2.17) is a Lipschitz function on T. Then combining [l, Theorem 2]
and [11, Corollary 5.5] one obtains [ f(A4) — f(B)] € B,(J) and

I.£(A) = f(B)lls, @0

2
P
+9)|U = V|13,

p—1

< 32(c1

2.18) p? . em .1 N—m
<640, (CroT 4 9) (A — @iz ™ = (B = arids) s, 00
+ (A = azils)™ — (B — azilsc) ™ ||, 0)-

where the constants C; = C1(f) € (0,00) and C; = Cy(ay,az,m) € (0, 00) are
independent of p € (1, 00).
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Remark 2.9. In the special case m = 1, an inequality similar to (2.19) was derived
for f € A(R) in [15] using the notion of almost analytic extensions. Specifically,
it was shown in [15] that for each fixed zo € C\R and each f € A(R), there exists
a constant C = C(f, zo) € (0, 00), independent of p € [1, c0), such that

1f(A) = f(B)llz,@0 < CI(A—z20l3)7" = (B —20I50) " llz,00. P €[l 00).

Here A(R) is defined as
AR) = | smw).

B<0

with the class SA(R), B € R, consisting of all functions f € C*(R) such that

£ (x) o O((x)?™™), 'm e Ny,

where
(z) = (z2+ DV?, zeC;

in particular, C§°(R) C A(R). For the case B, () replaced by B(H), we
refer to [12, Theorem 2.6.2]. The double operator integral (DOI) techniques
employed in the bulk of this section not only yield the stronger estimate (2.19)
for f € §m(R), but at the same time permit the use of higher powers m € N of
resolvents to control the left-hand side of (2.19).

Remark 2.10. In connection with containments of the type in (2.9), we recall
that a Cauchy-type formula implies the following elementary fact (cf. [21, p. 210]).
Let S;, j € {1,2}, be self-adjoint operators in some complex, separable Hilbert
space K. If

[(Sz — Zlgc)_m — (Sl — lec)_m] S 'Bp(jC), ARS C\R, (2.20)
for some p € [1,00) U {oo} and some m € N, then
[(Sz—ZIj{)_n—(Sl—le{)_n] G'BP(K), z GC\R, nz=zm.

In the case where S;, j = 1,2, are bounded from below, see also [21, Propo-
sition 8.9.2]. Hence, if (2.20) holds for some m € IN, we may, without loss of
generality, assume that m is odd (as we will in subsequent sections).
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3. Limiting process for double operator integrals

The main purpose of this section is to prove Theorem 3.7.

Let Ay, By, A, B be self-adjoint operators in the Hilbert space . We recall
the definition of the classes 21} (E4) and 45 (Ep) (cf., e.g., [3, p.40]). Suppose
¢ (-, -) admits a representation of the form

p(A.p) = /Qa()ht)ﬂ(/ht)dn(t), (A, p) € R?, (3.1

where (€2, dn(t)) is an auxiliary measure space and

C2:=sup | |a(r.t)>dn(t) < oo, (3.2a)
AER J Q
= sup [ 1BG0P dn) < . (3.2b)
HeR
Set
a(t) ::/Ra()u,t)dEA()L), an(t)::/]Ra(A,t)dEAn()L), (3.3a)

b(1) = /R Buu O dEs(),  balt) = /}R BGu 1) dEp, (1), (33b)

n € N, and introduce

1/2
en(v,0) = [/Q||an(t)v—a(t)v||2dﬂ(t)} ,

1/2
$n(v, B) = [/Q ||bn(t)v—b(t)v||2dr](t)] :
nelN,veXH,and
A(Eq) :={¢in(3.1) ] nli)rglosn(v,a) =0, v e H},

A/ (Eg) :={¢in(3.1) | nli)n;OSn(v,a) =0, veH}.

If Ay, By, A, B are unitary operators on 3, the classes 217 (E4), 2l) (E4) are intro-
duced similarly.

We note that the definitions of the classes 247 (E4), 24 (E4) impose certain
restrictions on convergences A, —> A and B, —> B as well as on the properties
of the function ¢, given in (3.1).

Proposition 3.1. If ¢,V € A7 (E4) (respectively, ¢, € A7 (Ep)), then (p+V) €
AT (E4) (respectively, (¢ + ) € A7 (EB)).
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Proof. We prove the assertion only for the set 247 (E4), since for the set 27 (Ep)
the proof is similar.
Let the functions ¢ and ¥ have the representations

¢(x,m=/ o1 O )1 (. 1) dma (1),

Q)

VO = [ eaGnpaln) dia)
2
for some measure spaces (2;, dn; (t)), and functions «;, B;, j € {1,2}.

Let (2, X, dn(t)) be the direct sum of the measure spaces (21, dn;(¢)) and
(R22,dna2(t)) (so Q = 24 U Q,, the disjoint union of 2, and 25, etc.). Define the
function
o1 (A,l‘) , t €,

A, =
@(d.0) {az(k,t), € Q.

Evidently, the function « satisfies condition (3.2). In addition,

/(xl (A, 1)dEa,(t) =aV(r), teQ,
R
an(t) =
/az (A, t)dEa,(t) = aP (1), t e Q.
R
and
/al A1) dEq(t) = aV (1), 1€,
R
a(t) =
/a2 (A 1) dEq(t) = a® (1), 1€ Qo,
R

where a,(/ ) (-) and @/ (-) denote the operators defined by (3.3) with respect to the
functions «;, j € {1, 2}. Hence, for every fixed v € X,

2
en(v.0) = ( /Q lan()v —a(t)v||2dn(t))
2
< ( [ e —a(”(t)vllzdm(l))
Q1

2
) _ @ 2
+ (/QZ las? @)v —a® (@)v] dnz(t))

= 8n(v’ (Xl) + En(v, 052) - 0
n—>oo

Thus, (¢ + ) € A (Eq). |
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Our proof of Theorem 3.7 is based on the following result in [3].

Proposition 3.2 ([3, Proposition 5.6]). Let ¢ € 2} (E4) N A](Ep). Then for any
T € Bp(H), p €[1,00),

. An,By A,B _
Tim 357 "(T) = 85 (1)l s,00 = 0. p € [1,00).

In order to formulate the main results of this section later on, we introduce the
following assumption.

Hypothesis 3.3. Let A, B, A,, By, n € N, be self-adjoint operators in a separable
Hilbert space H and suppose that

s-lim(A, — zol5) ™! = (A — zoI5) "L, (3.4a)
n—0o0
S-_l)lm(Bn — Zo]f}{)_l = (B — Zol}()_l, (34b)

for some z¢g € C\R (cf. [18, Theorem VIIIL.19 (b)]).

Lemma 3.4. Assume Hypothesis 3.3. If a function ¢ (-, -) satisfies the condition of
Theorem 2.3, then ¢ € A3 (Ey).

Proof. This argument is based on the proof of Theorem 2.3. Let (2,dn(t)) =
(R, dt) and let a (A, 1) = e (|¢]™ + |t|"2)"1/2. If v € K, then

1/2
en(v, o) = U (e]™ + [¢m2) 7 e Any — !4y 2, dz] , nelN
R

Fix § > 0. Since [ (|| 4[¢|™2)~! dr < oo (cf., eq. (2.3)), there exists R > 0
such that

/ (e™ + |¢|™2) "t dt < 8.
|t|>R

On the other hand, since the family of functions {ei“},e[_R, R] is uniformly
continuous, [18, Theorem VIII.21] and the comment following its proof guarantees
for each v € H,

lim ”eitAnv _ eitA

UHf}{ = O,
n—0

uniformly in ¢ € [—R, R]. Therefore, for each v € J, there exists N € IN such
that

le'™Any — e 4v|sc <8, n =N, t€[-R,R].
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Hence, for every v € H,

n—>oo

_ . 1/2
+ lim |:/ ||e”A”v—e”Av||§cdt]
|t|>R

n—>oo

1/2
lim &,(v,a) < lim |:/ le" 4y —eltAvH%{ dt:|
n—>o00 tI<R

< 28|v 9.
Since § > 0 was arbitrary, one concludes
lim ¢,(v,a) =0, veH. O
n—>o00

The next corollary is an immediate consequence of Lemma 3.4 and Proposi-
tion 2.4.

Corollary 3.5. Assume Hypothesis 3.3. If a function K on R? satisfies the as-
sumption of Proposition 2.4, then K € 5 (Ep).

Proof. As in the proof of Proposition 2.4 (see (2.7) and (2.8)), we set
k(p) = AEIEOO K@A,pw), hA.p)=K@A, p)—k(pn), A, pekR,

and write
KA, 1) = h(A, p) —k(w). (3.5)

As established in the course of the proof of Proposition 2.4, the function / satisfies
the assumption of Theorem 2.3. Therefore, by Lemma 3.4 we have h € 25 (Ey).
In addition, for the function ¢ (A, u) := k() we can write

SO 1) = /R G DBt dm(),

where a(A,t) = 1, B(u,t) = k(u), and m is the measure defined on the o-algebra
2R by setting
1, 0e A,

0, otherwise.

m(A) = {

Since for the function «(A,t) = 1, the corresponding operators a(¢) and a,(t),
defined in (3.3) are just the identity operator, it is clear that the function ¢ belongs
to the class 25 (E,4). Hence, equality (3.5) combined with Proposition 3.1 implies
that K € A3 (E4). O
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To proceed further, we now strengthen the assumptions on the operators A4,,, A
and B,, B, n € N, as follows.

Hypothesis 3.6. In addition to Hypothesis 3.3 we assume that for some m € NN,
m odd, p € [1,0), and every a € R\{0},

T(a):=[(A+ialy)™ — (B +ials)™™] € By(H), (3.6a)
Tu(a) :=[(An +ials)™™ — (By +ialsc)™"] € Bp(H), (3.6b)

and
Tim ([ 7,(@) = T(@)]5,0 = 0. (3.7)

With this hypothesis in hand, the following theorem is the main result of this
section.

Theorem 3.7. Assume Hypothesis 3.6. Then for any function f € §,(R),
Tim ([[£(4n) = f(B)] = [f(4) = fB)ln, 30 = 0. (3.8)

Proof. Fix abijection ¢: R — R, satisfying (2.10). The proof is divided into two
steps.

STEP 1. In this step we prove that
im [|[(@(An) =150 = (¢(Bn) —il30)7"]
— (@A) = iIs)™" = (¢(B) = il3) ™ Nll5,50) = 0.
Let g1, g2 be asin (2.11). By (2.12) one infers
[(@(An) —ils)™" = (P(Bn) —il30) ']
—[(@(A) —il5)™" = (p(B) —il5) ']

= [g1(An) — g1(Bn) — g1(A4) + g1(B)]
+ [82(A4n) — g2(By) — g2(A) + g2(B)].

Thus, to prove the assertion of Step 1 it suffices to show that

(3.9)

nli)f{}o g1(A4n) — g1(Bn) — g1(A4) + g1(B) 3,0 =0,
nll)ﬂc}o lg2(An) — g2(Bn) — g2(A4) + g2(B) 5,0 = 0.

Since the proofs of these assertions are very similar, we prove the first one only.
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Let G, be the function defined by (2.13). It is proved in [22, Proposition 3.3]
that there exists 0 # a; € R such that the function G4, satisfies the assumption
of Proposition 2.4. Thus (see the notation (3.6)),

g1(4n) — g1(Bn) — g1(A) + g1(B)
=g, (Ta(an) = 35" (T(@) (3.10)
g; B (Tu(ar) = T(ay) + 33"; (T (ar) - 3g° o, (T(an).

Next, we prove the convergence of each term on the right hand side of (3.10)
separately.

For the first term on the right-hand side of (3.10), Proposition 2.4 and Corol-
lary 2.5 imply that J; A” Bu ¢ B(Bp(FH)) uniformly for » € IN. Hence, by (3.7), one
obtains

lim_ ||3é7;ﬁ"(Tn(a1) ~T(@))lls,@0 =0. (3.11)

For the second term on the right-hand side of (3.10) we claim that G4, €
23 (E4) N A7 (Ep). Since by definition of G1,4,, G1,4,(A, ) = G1,4,(1, 4), it
suffices to show that G 4, € A}(E4). The latter inclusion follows from the fact
that the function G 4, satisfies the assumptions of Proposition 2.4 and hence also
of Corollary 3.5, that is, G1,4, € A (E4) N Qlf (EB), as required.

Thus, Proposition 3.2 implies that

. nsBn A.B

Jim |36 " (T(a) = 3G, , (T(@))ls,@o =0,
concluding the proof of Step 1.
STEP 2. Denote by y(4) = “” , A € R, the Cayley transform. We set

Un :=y(@(A4n)), neN, U :=y(¢(A)),
and

Vi :=y(¢(Bn)). neN, Vi=y(¢(B)).

Since U, — U = 2i((¢p(An) — ils0)™' — (p(A) — ils¢)~") and by [18, Theo-
rem VIIL20] s-lim, o0 (¢p(A4) — il5)™! = (¢(A) —ils¢)~", one concludes that
s-lim, o0 U, = U, and similarly, s-lim, .~ V;, = V. Furthermore, the conver-
gence (3.9) implies that

Wi ([Uy Vi = U + V5,30 = 0.
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Let f € §n(R). The assumptions on the functions ¢ and f imply that
fo = fo¢ ! € F1(R) (see [22]). It follows from the discussion before [21,
Theorem 8.7.1] that there is a continuously differentiable function g on T, with g’
satisfying the Holder condition with exponent ¢ > 0, such that

JoA) = g(y(A)).
One confirms that
f(An) = f(Bn) = fo(¢(An)) — fo(¢(Bn)) = g(Un) — g(Va),

and
f(A) = f(B) = fo(¢(A) — fo(@(B)) = g(U) —g(V).

Thus, to prove the convergence (3.8) it suffices to show that
Tim [g(Un) — (V)] — [g(U) = gVl 00 = 0. (3.12)

Since g’ satisfies the Ht')lder condition with exponent ¢ > 0, the double
operator integrals J mV” g [1], where

gu) —g(v)
u—v

m(u,v) = ,veT,

are bounded operators on B,(H), p € [1,00), with uniformly bounded norms
(with respect to n), see [2, Theorem 11]. Thus,

[g(Un) —g (V)] — [g(U) — g(V)]
ng"(U Va) =350 (U = V)

n>Vn sV U, v
[1] (U —Va—-U+ V) + (3 gl (U V) d [1](U V))
Since [U,—V,—U+V] —= 0in B, (H)-norm, and the norms ||3g[”1’] Va (B, @0)
are uniformly bounded, one obtains
Tim (1375 (Un = Vo = U + V)]lz,00 = 0.

Moreover, since g’ satisfies the Holder condition with exponent ¢ > 0, a
combination of [3, Proposition 7.5] and [3, Theorem 5.9], as well as the discussion
following the latter theorem, implies that the function g{!! is an element from the
class 27 (Ey) N AT (Ey) and therefore, by Proposition 3.2, one infers

Tim 370" (U = V) =85 (U = V)lls,00 = 0.

Thus, (3.12) holds, concluding the proof. O
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4. Continuity of £(-; B, By) with respect to B

In this section we apply a continuity result for spectral shift functions £(-; B, By)
with respect to the operator parameter B in terms of trace norm convergence of
resolvents derived by Yafaev [21, Lemma 8.7.5] and extend it to the case where
powers of resolvents converge, employing Sections 2 and 3 and the treatment
in [22].

Throughout this section, we suppose the following set of assumptions:

Hypothesis 4.1. Assume that Ay and By are fixed self-adjoint operators in the
Hilbert space JH, and there exists m € IN, m odd, such that

[(Bo—zl30)™™ — (Ag — zI5¢)™™] € B1(H), =z € C\R. 4.1)
We denote by ¢: R — R a bijection satisfying for some ¢ > 0,
peC*(R), o) =A", |A=1, ¢} =c.
Then [22, Theorem 2.2] implies that
[(p(Bo) — il30)™" = (¢(Ao) — ils0)™'] € B4 (30). (4.2)

Following [22], one thus introduces the class of spectral shift functions for the
pair (Bo, Ag) (cf. [5] and [21, Chapter 8] for details) via

§(v: Bo. Ao) = §(9(v): 9(Bo). ¢(4o)). v €R,
implying
£(-; Bo, Ag) € L'(R; (v|"*! + 1)7'dv)
since upon introducing the new variable
nw=plv)eR, veR, 4.3)
the inclusion (4.2) yields
£(-19(Bo). ¢(Ao)) € L' (R: (Inf* + D7 'dp).

Taking into account the change of variables (4.3), the corresponding trace formula
then is of the form

(f(Bo) — f(A0)) = tr((f 06~ (@ (Bo) — (f 0~ )@ (A0))
- /R die (f 0 ™1 () (12 0(Bo). 9(A0))

:/]Rdv ') EW; Bo, o), f € Zm(R),
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where the second equality follows from Krein’s trace formula for resolvent compa-
rable operators, that is, pairs of self-adjoint operators whose resolvent difference
is trace class (see, e.g., [21, Chapter 8)); the fact that the function f o ¢! satisfies
Krein’s condition, thatis, f o ¢~! € §1(R), is guaranteed by (2.10).

If S and T are self-adjoint operators in H and for some zy € C\R,

[(S = zol50)™" = (T — zoI30)~"] € B1(H),
then actually
(S —zI5)™" = (T —zI50)7'] € Bi(3), zeC\R,
a fact which follows from the well-known resolvent identity (see, e.g., [20, p.178]),

(S —zl30) ™" = (T —zI3) ™" = (S — 2oL30)(S — zI30) ™"
[(S —zols)) ™" — (T — zol5¢) "]
(T — zoIs (T — zI50) 7L,

z,z9 € p(T1) N p(T). However, an analogous result cannot hold for higher powers
of the resolvent as the following remarkably simple example illustrates.

Example 4.2. Suppose J is an infinite-dimensional Hilbert space, and let P; €
B(H), j € {1,2}, be infinite-dimensional orthogonal projections with

P1P2=O and P1+P2=I:}(

Set
A=+3(Pi+ P,) and B = 3(P;— P,).
Evidently,
A% = B* =3Iy
and
(A—ils0)® = A% —3iA% + 3(—i)?A — i35 = —8il4.
Similarly, one obtains (B — ils¢)® = —8ils¢, and consequently,

(A—ils) 2 — (B —ils)2 =0 e B (H).
However, if z € C\{i}, then

(A+zI50)% = A3 +324% + 3224+ 221 4.4)
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Taking, for example, z = 3/ in (4.4), one computes
(A + z150)% = A(A% +32%15) + z(3A? + 2%15)) = —24A4,

and similarly,
(B + 3il5)® = —24B.

Computing inverses, one infers

o 1 1
(A+3il5)7% = —ﬂA 1= —m(m + Py),
s 1, 1
(B + 3ils) =_ﬂB =—m(P1—P2),
so that |
(A+3il50)"3 = (B+3il5) % =— 12\/§P2 ¢ Boo(H),

due to the fact that P, is an infinite-dimensional projection in J{.

Due to these reasons we are assuming the trace class hypothesis (4.1) for all
z € C\R, whenever m = 2.

Definition 4.3. Let T be self-adjoint in 3 and m € IN odd. Then I',,,(T') denotes
the set of all self-adjoint operators S in JH for which the containment

(S8 —zls)™ — (T — zI30)™™] € B1(H), z e C\R,
holds.

One observes the following transitivity property: if B € I',(A) and C €
I'n(B), then C € T, (A), as well. In view of (4.1), one infers By € I, (Aop)
in the notation of Definition 4.3.

We note that for each m € N, I',,(T) can be equipped with the family
D = {dm,}zec\r of pseudometrics (see [13, Definition IX.10.1] for a precise
definition) defined by

dm,z(S1.82) = (82 — zI30) ™" — (S1 — zL30) " |3, (50),  S1.S2 € T (T).
For each fixed ¢ > 0, z € C\R, and S € I',,(T), define
B(S:dm,z.6) ={S" € Tn(T) |dm,2(S.S") < ¢},

to be the e-ball centered at S with respect to the pseudometric d, ;.
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Definition 4.4. T,,(D, T) is the topology on I, (T") with the subbasis
Bm(D,T) ={B(S;dmz,€)|S € nm(T), ze C\R, ¢ >0}

That is, T, (D, T) is the smallest topology on I', (T) which contains 5,,(D, T).

In order to state the main results of this section, we introduce one more
hypothesis.

Hypothesis 4.5. (i) Let Ay, By, and B; denote self-adjoint operators in H with

By, By € T')u(Ap) for some odd m € NN, and let {B;}cc[0,1] C I'm(Bo) (and

hence in I',,(Ap)) be a path from By to By in I[',,(By) depending continuously

on t € [0, 1] with respect to the topology T, (D, T') introduced in Definition 4.4.
(ii) Assume that ¢: R — R satisfies the conditions in (2.10).

Proposition 4.6. Assume Hypothesis 4.5. Then ¢(By) € T'1(¢(Ay)), and

{@(Br)}zefo,1 C I'ile(Bo))

is a path from ¢(By) to ¢(B1) in T'1(p(By)) depending continuously on t € [0, 1]
with respect to the metric dy; (-, -).

Proof. The claims that ¢(Bo) € T1(¢(4o)) and {¢(Br)}zeo,11 C I'i(¢(Bo))
follow immediately from [22, Theorem 2.3]. To establish continuity of the
path {¢(B:)}refo,1] With respect to the metric d;; (-, -), an application of the
estimate (2.16) yields the existence of a constant C(¢) € (0,00) and points
ay, as € R\{0} such that

d1,i(¢(Be), 9(Br)) < C(¢)(dm,a,i(Be, Br) + dm,ayi(Br, Br)), T, (= [0, 1].

Thus, continuity of the path {¢(B:)}e[o,1] With respect to dy;(-, -) follows
by hypothesis from the continuity of {B;}.e[o,1] With respect to the topology
Tm (D, T). |

The following theorem represents the principal result of this section.

Theorem 4.7. Assume Hypothesis 4.5 and let &y(-; ¢(Bo), 9(Ao)) be a spectral
shift function for the pair (¢(Bo), ¢(Ao)). Then for each t € [0, 1], there is a unique
spectral shift function £(-; 9(Bz), p(Ao)) for the pair (p(B:), ¢(Ag)) depending
continuously on t € [0, 1] in the L'(R; (A? + 1)~'d 1)-norm such that

E(+;9(Bo), p(Ao)) = éo(-; ¢(Bo), ¢(Ao))- 4.5)



772  A. Carey, F. Gesztesy, G. Levitina, R. Nichols, D. Potapov, and F. Sukochev

Consequently,
§(+: Bz, Ao) 1= §(¢(-): 9(Br). 9(Ao)), (4.6)

the corresponding spectral shift function for the pair (B, Ao), depends continu-
ously on t € [0,1] in the L' (R; (Jv|™™ + 1)~Ydv)-norm and satisfies

£(+; Bo, Ao) = &0(®(-); ¢(Bo), ¢(Ao))- 4.7)

Proof. Let&y(-;¢(Bo), ¢(Ap)) be a spectral shift function for the pair of operators
(¢(Bo), ¢(Ao)). Since {¢(B:)}ref0,1] C T'1(¢(Bo)) is a continuous path with
respect to dy; (-, -), an application of [2]1, Lemma 8.7.5] yields for each pair
(p(B7), 9(Ap)), T € [0, 1], a unique spectral shift function

E(-19(Bo).¢(40)) € L'(R: (A2 + )71 dA),

depending continuously on t € [0, 1] in the L'(R; (A? 4+ 1)~'dA)-norm and such
that (4.5) is satisfied.

For each v € [0, 1], let £(-; By, Ag) denote the spectral shift function for the
pair (B, Ag) defined by (4.6). Evidently, (4.7) holds, and it only remains to
establish continuity of £(-; B, Ag) with respect to the L' (R; (|| + 1)"1dv)-
norm. To this end, one applies (4.6) and makes the change of variable in (4.3).
Consequently,

/}R £(v: Be, Ao) — £(v: Bur, Ag)| (™1 + 1)~ dv

_ [ 15 9(Bo). 9(A0)) — E(1; 9(Br). 9(A0))|
R (=1 ()™ + Do’ (91 (1))

Next, one obtains the following estimates on the weight of the measure on the
right-hand side of the equality in (4.8):

(4.8)

du.

1 __Go
(= (W)™ + D' (o~ 1 () ~ p2+1

for some constant Cy > 0, having used the last inequality in (2.10), and

ne[-1,1], 4.9)

1 1
(e~ GO+ + Do/ (9= (W)~ m|p[P=1/m(|p 1/ 4 1)

(4.10)

e lu| > 1.
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Combining (4.8), (4.9), and (4.10), and setting C := max{1, Cyp},
/ [€(v: Br. Ag) — §(v: B, Ao)|
v
R

[v|mtl 41

< C/ & (1 9(Bz), 9(Ao)) — §(1; 9(Br), p(Ao))|
Y n?+1

dp, .7 €][0,1],

and continuity of £(-; B, Ag) in L' (R; (Jv|™ ! +1)"!dv) follows from continuity
of £(-;9(Br), p(40)) in L'(R; (u* + 1)~dp). O

Remark 4.8. If {7,}°2, C [0, 1]and t, — Oasn — oo, then Theorem 4.7 implies
Jim [[§C-: Bz, Ao) — §(+: Bo, Ao) L1 s (vpm+1+1)-1av) = 0 (4.11)

In particular, there exists a subsequence of {£(-; By,, Ao)}new Which converges
pointwise a.e. to £(-; By, Ag) as n — oo.

We conclude with an elementary consequence of Theorem 4.7.
Corollary 4.9. Assume Hypothesis 4.5. If f € L*°(R), then

li%1+ [§C-: Be, Ao) f —§(-: Bo. Ao) f | 1 ;o1 4+1)~1dv) = 0.
T—

in particular,

tim, [ &0 Be, Ao)dv g(0) = [ 602 Bo. Apidv )

=01+ JR

forall g € L®(R) such that ess. sup,cg |([v[™ ! + 1)g(v)| < oc.

In the special case of one-dimensional systems, particularly, Schrédinger and
Dirac-type operators on R or (0, co) with sufficiently short-range potentials, the
scattering phase shift is known to coincide with the spectral shift function (up
to a constant factor) and continuity of scattering phase shifts with respect to the
potential coefficient is known (see [6, Theorem 5.5]).

In conclusion, we note once more that in the special case m = 1, the con-
tinuity result for spectral shift functions with respect to trace norm convergence
of resolvent differences was derived by Yafaev [21, Lemma 8.7.5]. The principal
purpose of this section was to extend this result to higher odd integer powers m of
resolvents in order to make this continuity result available to n-dimensional ellip-
tic partial differential operators (e.g., Schrodinger and Dirac-type operators) for
which m has to be chosen sufficiently large, depending on n € IN.
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Appendix A. The case where 4 and B are bounded from below

Due to its particular importance in applications (e.g., in connection with multi-
dimensional Schrodinger operators), we now also briefly treat the case where
A and B be are self-adjoint and bounded from below. In fact, without loss of
generality, we assume throughout this appendix that A and B are strictly positive,
self-adjoint operators in JH, that is, for some ¢ > 0,

A=ely, B =ely. (A.1)

Since this case is significantly simpler than the case treated in Sections 2 and 3,
we primarily mention results without detailed proofs.
The symbol 32’3 is now of the form

337 = [ [ 90w dEAN T dERG. T € B0,
Ry JRy
In addition, M, 1 < p < oo, and ||¢||om, = IIH(;}’BII(BP(:}()#BP(%) are defined as

in Section 2, and again, we denote 91 := M; = M. As before, M, C M and

I@llon, < ll@llon. p € [1. 00).
Throughout this section we assume that A and B satisfy (A.1) and that

T :=[(A+ Is)) ™ — (B + I3))™™] € B, (%0), (A.2)

p € [1, 00) (resp., B(H)).

The principal reason why the case of semibounded operators is significantly
easier than the case treated in Sections 2 and 3 is the fact than both (A + I5¢)~"™ and
(B + I5¢)™™ are self-adjoint operators and therefore, one can use the fundamental
results obtained in [16] and [17].

Let
1

w(k) = m, AZOy

assume f is a bounded function on R, and introduce g := f o ¢ ~!. One can
write

J(A) = f(B) = (f oy W (A) = (f oy HW(B)) = J55 (¥ (4) — y(B)).

Since by hypothesis, [ (4) =y (B)] € B, (H), p € [1, 00) (resp., [V (A)—y(B)] €
B(H)), to establish the inclusion [f(A) — f(B)] € By(H), p € [1,00) (resp.,
[f(A) — f(B)] € B(H)), it suffices to specify the class of functions rendering
H;Eﬁ a bounded operator on B, (H), p € [1, 00) (resp., B(H)).
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Let p € (1, 00) and let g be a (globally) Lipschitz function on (0, 1]. Then [17,
Theorem 1] guarantees that gl!l e 9M,, and therefore, [ f(A) — f(B)] € Bp(H),
and

1/ (A) = f(B)l5,00 < CIA+ 1507 = (B + Is) " ll5,0

for some constant C = C(p, f) € (0,00), p € (1, 0).

Next, consider the case where (A.2) holds for B (H) or B(H). Let g € B;O’l,
where B;o,l stands for a certain Besov class (see [16, Section 6] for the precise
definition). Then [16, Theorem 8] implies that gl!! € 9, that is, [ f(4) — f(B)] €

B1(30) (resp., [f(4) = f(B)] € B(3()), and

I £(A) = f(B)lls, 30 < CI(A+ I50)™™ — (B + L)) "1l 8,50
(resp., | f(A) — f(B)|s@o < CI(A+ I30)™™ — (B + I30) "]l s0)-

where C = C(f) € (0, 00).
Thus, one arrives at the following result.

Proposition A.1. Assume that (A.2) holds for B,(H), p € (1,00), and B1(H),
or B(H), respectively. In addition, let f o Yy~ be a (globally) Lipschitz function
on (0,11 if p € (1,00) and f oy~ ! € B;o,l if p = 1 orin the B(H)-context.
Then,

[f(A) = f(B)] € By(H), p €[l o0) (resp., [f(A) = f(B)] € B(})),

and for some C, = Cp(f) € (0,00), p € [1,00) (resp., C = C(f) € (0,00) in
the B(H)-context),

I £(A) = fFB)Is,c0 < Cplll(A+ I30)™ — (B + I30) "1l 8,0
(A.3a)

(resp., | f(4) = f(B) B0 < CI(A+ 107" — (B + Is) "]l B0)- (A.3b)

Remark A.2. (i) Assume that (A.2) holds for p € (1,00) andlet foy~! € B ;.
Since in this case gl!] € 90, one also concludes that g!!! € M, and [g!]|on, <
g™ ||sn, p € (0, 00). Therefore, the dependence of the constant in (A.3) on p can
be eliminated.

(ii) On the other hand, if one is interested in the p-dependence of such a con-
stant, the following can be asserted. Assume that (A.2) holds for p € (1, c0) and
let f oy ~! be a (globally) Lipschitz function. It follows from [11, Corollary 5.5]
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that there exists a constant C = C(f') € (0, co), independent of p € (1, 00), such
that

2

p
p—1

| £(A) = f(B)|lz,m0 <C I[(A+ I30)™" = (B + I3)) ™"l B, (30-
To have a result similar to Theorem 3.7 we need to impose additional assump-
tions on the function f.

Theorem A.3. Let A, B be strictly positive self-adjoint operators on a Hilbert
space H, and let the families { Ay} oo, and { B, }5>, of strictly positive self-adjoint
operators converging to A and B, respectively, in the strong resolvent sense
(i.e., we assume (3.4)). Suppose that for fixed m € N, m odd, and p € [1, 00),

T:=[(A+1I30)™" = (B + I3)™"] € Bp(H),
T, = [(An + I&f)_m - (Bn + 1%)—m] € Bp(g{)’ nel,
and
Jim ([T = T5,0 = 0.

Assume that g = f oy~ is a (globally) Lipschitz function on (0, 1] if p > 1, and
let foy~' € B, if p= 1 Assume, in addition, that g' is a bounded function
on (0, 1] satisfying a Holder condition for some € > 0. Then

Jim [[[f(An) = f(Bu)] = [f(4) = f(B)]ll 8,000 = O.
Proof. Writing

[f(An) = f(Bn)] = [f(A) = f(B)]

= 4P () —ahi)

= 3205 (T = T) + @55 () - 345 (1),

The convergence of the first term on the right hand-side above can be proved as
in Theorem 3.7. To prove the convergence of the second term, it is sufficient to
show that gl!l e 27 (Ep) N A (E4). Since, by the assumption, g’ is a bounded
function g’ satisfying the Holder condition for some ¢ > 0, [3, Proposition 7.8 and
Theorem 5.7] imply that gl!l e 2A](Ep) N AT(E4), and hence by Proposition 3.2
we conclude that

. A,B A,B
Jim (1@ (T) = iy (D 8,00 = 0. =
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