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The weak Pleijel theorem with geometric control

Pierre Bérard and Bernard Helffer

In memory of Y. Safarov

Abstract. Let Q ¢ R?,d > 2, be a bounded open set, and denote by A;(2), j > 1, the
eigenvalues of the Dirichlet Laplacian arranged in nondecreasing order, with multiplicities.
The weak form of Pleijel’s theorem states that the number of eigenvalues A ; (€2), for which
there exists an associated eigenfunction with precisely j nodal domains (Courant-sharp
eigenvalues), is finite. The purpose of this note is to determine an upper bound for Courant-
sharp eigenvalues, expressed in terms of simple geometric invariants of 2. We will see that
this is connected with one of the favorite problems considered by Y. Safarov.
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1. Introduction and main result

We consider the Dirichlet Laplacian H () in a bounded open set Q in R¥.
We denote by 1;(€2) (j € IN*) the sequence of eigenvalues arranged in nonde-
creasing order, with multiplicities. The ground state energy A;(€2) is simply de-
noted by A(€2). We denote by N(¢;) = ¢j_1 (0) the nodal set of an eigenfunction
¢; associated with A;(£2), and by j1(¢;) the number of connected components of
Q \ N(¢;) (nodal domains).

Courant’s nodal domain theorem [8] (1923) says that for any j > 1, the number
w1(¢j) is not greater than j.

An eigenvalue A;(2) is called Courant-sharp if there exists an associated
eigenfunction ¢; with (¢;) = j. In contrast with Sturm’s theorem in dimen-
sion 1, the weak form of Pleijel’s theorem [16] (1956) says:
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Theorem 1.1. In dimension 2, the number of Courant-sharp eigenvalues of H(2)
is finite.

This theorem is the consequence of a more precise theorem (strong Pleijel’s
theorem):

Theorem 1.2. In dimension 2, for any sequence of spectral pairs (¢n,An) of
H(S),

lim su < -
mtee n —ADy  \j

where D1 is the disk of unit area, and j the least positive zero of the Bessel
Sfunction Jy.

((@n) _ 4w :(2)2<1’

Remark. Pleijel’s theorem extends to bounded domains in R¢, and more gener-
ally to compact d-dimensional manifolds with boundary, see Peetre [15], Bérard
and Meyer [6]. More precisely for d > 2, there exists a constant y(d) < 1 such

that
w(Pn)
n

lim sup < vy(d).
n—+oo

It is interesting to note that the constant y(d) only depends on the dimension and
is otherwise independent of the geometry.

In view of Pleijel’s theorem, it is a natural question to look for geometric
upper bounds for Courant-sharp eigenvalues. The purpose of this note is to give
a geometrically controlled version of Theorem 1.1. In dimension 2, we prove the
following result.

Theorem 1.3. Let Q C R? be a bounded C? domain. Then, there exists a positive
constant B(2) depending only on the geometry of 2, such that any Courant-sharp
eigenvalue A () of H(2) satisfies
A(D
kg < (@) <A@,

More precisely, the constant B(2) can be computed in terms of the area |2|, the
perimeter £(0R2) of 2, as well as bounds on the curvature of 0Q and on the cut-
distance' £¢(2) to 0R2.

The result also holds with weaker regularity assumptions. For example, in-
spection of the proof which uses the results of van den Berg and Lianantonakis [7]
gives the following non optimal but more explicit corollary.

! The cut-distance is defined in Section 3.1, equation (12).
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Corollary 1.4. Let Q C R? be a bounded domain. Define the geometric quantity
D(2) by

€ Q:d
D(Q) — sup 2 €224 < el
£>0 3
where d(x) is the distance from x to the boundary of 2. If D(2) is finite, then any
Courant-sharp eigenvalue Ay (2) satisfies

247 A(Dy) )4 (D(Q)*

AD) k = |QAk(2) =2 (M]Dl) s Q2

Observe that the lower and upper bounds are dilation invariant. When Q is
regular, D(£2) can be bounded from above by

€2
80(9)’

Remarks. (i) Corollary 1.4 holds as soon as the boundary of € has Minkowski
dimension 1, see Section 3.2. (ii) The constant D(2) is bigger than the upper
Minkowski content. We cannot substitute D (£2) with the upper Minkowski content
because we need upper bounds on the quantities involved, not only an asymptotic
behaviour.

D(Q) < max{ 2@(39)}.

In all the paper, we only consider the Dirichlet problem. It would also be
interesting to analyze the Neumann problem in the same spirit. Looking at the
proof of Polterovich in [17], the main point would be to obtain a geometric estimate
of the number of nodal domains touching the boundary.

Organization of the paper. The paper is organized as follows. In Section 2,
we sketch the proofs of Pleijel’s theorem, and we explain the idea of how to obtain
geometric upper bounds for Courant-sharp eigenvalues. In Section 3 we describe
lower bounds on the counting function, using [19] or [7], and we derive upper
bounds for the Courant-sharp eigenvalues. In Section 4, we compare the bounds
obtained in Section 3 for three very simple examples (the disk, the annulus and
the square), and the bounds one can derive for other explicit examples (rectangles,
equilateral triangles, etc.).

2. Proofs of Pleijel’s theorem

In this section, we sketch the proof of Theorem 1.2 for a domain  in R?. We first
introduce some notation.
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Let Nq(4) denote the counting function for H(£2),
Na(d) = #{j | A;(®) < A}.
The counting function can be written as
Ne(2) = Cq 12|29 = R(V).

where Cy is the Weyl constant, |$2| denotes the d-dimensional volume of €2, and
the remainder term R(A) satisfies R(1) = 0(1%9/2) according to Weyl’s theorem.
The Weyl constant is given by

Cq = (27r)_da)d,

where w, is the volume of the unit ball in R,

au::ndﬂ/r(%4-0. (1)

We also denote by B¢ the ball of volume 1 in R¢.
To prove Theorem 1.2, we start with the identity
wgn)  n M@V
n An(Q)d/2 W Pn)

Applying the Faber—Krahn inequality to each nodal domain of ¢, and summing
up, we have

2

(@) amf)*?
e B[]

Note for later reference that

(@42 amH?
2]

W($n) =n = 3)

This gives a necessary condition for A,(£2) to be Courant-sharp, which is (up to
the renormalization by the volume) independent of the geometry of €.

Taking a subsequence ¢, such that

Jm“%ﬂﬁmmMM,
i—>too N n—+oo N

and implementing in (2), we deduce

dy\d/2
MBDI o) Nat)

m —— <1
|22 n—s+too N n—>+o0 Ng(An) A—+oco Ad/2 —
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Having in mind Weyl’s formula, we obtain

. w(én) 1
lim su <yd) = ———.
n—>+o£) no v(@) Cq l(IB‘li)d/z

When d = 2, one has C; = 7=, A(B?) = xj?, so that y(2) = 5 < 1 since

47> 72

Jj &~ 2.40. More generally, for d > 2, one has

24-2421(d /2)?
yd) = 22"
(J(d—z)/z,l)

where j, 1 denotes the first positive zero of the Bessel function J, (in particular
jo.1 = J), and it can be shown, see [6], that

y(d) < 1. “)

This proves Theorem 1.2, and Theorem 1.1 follows as well.

Remark. In the case of general Riemannian manifolds, one needs to use an
adapted isoperimetric inequality which is valid for domains with small enough
volume, see [15, 6].

We now give an alternative proof of Theorem 1.1 which provides a hint on how
to bound the Courant-sharp eigenvalues from above.

If A,, is Courant-sharp, then A,,_; < A, and hence,n = Ng(4,)+ 1. Using (3),
we obtain

d/2
An Courant-sharp => Nq(A,) + 1 =n < |Q| (i'(’I(BS;;) / _ )
Writing the counting function as
Na(d) = Cq (2|22 — R(). (©)
and plugging this relation into (5), we obtain that
An(R2) Courant-sharp = Fqo (A,(2)) <0, @)

where the function Fg, is defined for A > 0 by

Fo() = Ca(1-y(d) Q1A = R() + 1.
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By Weyl’s theorem, the remainder term satisfies R(1) = 0(1%/2). Since we have
1 —y(d) > 0, see (4), the function Fg tends to infinity when A tends to infinity
and hence the number of Courant-sharp eigenvalues must be finite.

As a matter of fact, the preceding proof tells us that Courant-sharp eigenvalues
must be less than or equal to

inf{u > 0| Fo(A) > 0for A > u}.

Although this quantity is a geometric invariant associated with €2, it is not clear
how to estimate it in terms of simple geometric invariants, even if we used Ivrii’s
sharp estimate R(1) = O(A@~1D/2) see [12, 20]. In order to proceed, it is
sufficient to have an explicit geometric upper bound R(A) of R(A). Indeed, define
the function

Fa(\) = Cq4 (1-y()) 2] 292 — R + 1. (8)

Then, any Courant-sharp eigenvalue A () must satisfy Fq (Ax(2)) < 0, and
hence the inequality

A (Q) <inf{u > 0| Fq(A) > 0for A > u}. )

In the next section, we use the explicit upper bounds R(A) provided by the
papers of Safarov [19] and van den Berg and Lianantonakis [7] to obtain upper
bounds on the Courant-sharp eigenvalues in terms of simple geometric invariants.

3. Lower bounds on the counting function and applications
to Courant-sharp eigenvalues

In this section, we describe lower bounds on the counting functions derived
from [19] or [7], and apply them to bounding the Courant-sharp eigenvalues.

3.1. The approach via Y. Safarov. We implement a result by Y. Safarov [19]
(2001) which provides a lower bound for the spectral function on the diagonal, with
an explicit control on the remainder term. This estimate is obtained by making use
of finite propagation speed for the wave equation, and precise Tauberian theorems.

If @ C R¥ is an open set, then the spectral function of the Dirichlet Laplacian

E(X,X,A) = %( Z (,ZS]‘(X)Z + Z ¢j(X)2),

A;<A Aj<A
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satisfies [19, Corollary 3.1]

—-1.,2
e(x,x, 1) > Cd)td/z— 2dCd7T—de( /2 4 vm_d)d_l’

d(x) d(x)
forallx e Qand A > 0.

Here d(x) is the Euclidean distance to 02, and vy, is a universal constant
depending only on the dimension.

More precisely, let

d+1

— if d is odd,
") d +2)
, if d is even.
2

Then,

vm = (Bm) '™
where vy, is the ground state energy of the Dirichlet realization of (—1)™ 0‘11 tzzr,n,, on
1= 33l

Define

No(A) = / e(x,x,A)dx,
Q
and let €0 (€2) be the largest number ¢ with the property that
QL= {x e Q:d(x) <€}

is diffeomorphic to d2x]0, €.
Then, for 0 < € < €¢(R2),

Na(A) = Cq |2 A4 — Cq |Q8|2972

N 1
s, () ([ ).

This inequality is also true by semi-continuity for Ng(A).

Writing Nq (1) = Cg |22| A4/2 — R(}) as in (6), we have

_ Vm d—1 1
R(A) < Cy Q21012 +2d Cy e~ 02 (A1/2+—d (/ —dx).
2] md € ) d(x)>e d(x)
(10)
We now use our freedom for choosing €. A convenient choice in order to get
the right power of A is to take

€= a(Q)A_1/2.
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Because we need this estimate for any A in the spectrum of the Laplacian, and
actually for A > 1,(€2) (because the Courant-sharp property is already established
for the two first eigenvalues), we choose

a(Q) = ()A2(R)"/2.
To have more explicit bounds, we could also choose
@(Q) = o()A2(Q)"?

where A,(£2) is a geometric lower bound of A,(£2) (using the Faber—Krahn
inequality or a consequence of the Li—Yau inequality, see below (18) and (19)).

For regular domains, the right-hand side of (10) can be estimated in terms of
the geometry of .
For the sake of simplicity, we give the details in the case d = 2.

In dimension 2, the above lower bound for Ng (A) (and Ng (1)) reads

Na(L) = G|QIA — CIQ5, 114

1 (11)
—4Cym~ 2 1+2 kl/z(/ —dx).
2 2 ( o ) {dx)>ar—1/2y d(x)
When d = 2, we have m, = 2, and we can verify (using the quasimode (i —x2)?

of [19]) that

U <7Tx8%x9<2°,

which implies the rough estimate
v, <4.24 <5,

We now assume that 92 is a smooth submanifold, so that 02 is the union of
p smooth simple closed curves. We write the proof in the case p = 1, the general
case is similar. Let ¢:[0, L] — R? be a parametrization of dQ2 by arc-length,
with L := £(d2), the length of the boundary. The associated Frenet frame is
{z(s),v(s)}. We can assume that the orientation is chosen such that v(s) points
towards the interior of 2. The curvature «(s) of the curve is given by the equation
7(s) = k(s)v(s). Let k_(2) denote the infimum of x over [0, L]. Define the map

F:[0,L] x]—o00,00[—> R2, F(s,t) = c(s) + tv(s).
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We have
AsF(s,t) N0 F(s,t) = (1 —tk(s))T(s) Av(s).

The map F is a local diffeomorphism for |¢| < ¢4 with

4 = (sup le(s)) "
[0,L]

725

The injectivity of F is determined by the infimum §, of the cut-distance § (s) to

the submanifold 0€2, where
84+ (s) :=sup{t > 0:1 = dist(F(s,¢),9RQ)}.

In this case, we have
€o(Q) = inf{r;.8,)

(12)

so that F is a diffeomorphism from [0, L] x ]0, €0(£2)[ onto its image (i.e. so that

F is both a local diffeomorphism and injective). For € < €¢(£2), we have

L re
10 :/ / (1 —tk(s)) ds dt.
0 0
It follows that
C2 195,151 2 < B1()A12, where
1
B1(R) = (1 + (@) |k(R)Deo(R)A2(2)'/*(09).

The third term in the right-hand side of (11) can be written as
1/2 1
B2(£2)A ——dx, where
{dx)y>ar—1/2y d(x)

Ba(Q) = 1 202(1 + v260(R) " Aa(R)72).
Write

1 1 L@ (1 —¢
/ —_dx =/ — dx +/ / A=K 4 gy
(dx)>ar—1/2) d(x) (dx)>eo@)) d(x) 0 Jar—1/2 t

We can estimate the second integral in the right-hand side as we did above.
The first integral can be estimated from above by |2|/go(€2). It follows that
there exist positive constants 83(£2) and B4(2) such that, for all A > A1,(2),

Na(}) = By — R(1), with

R() = R(A) = B3(0A2In (=== ) + Ba(@A V2.

A2(£2)

(13)
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Note that the constants only depend on the geometry of the domain Q. More
precisely, the constants can be computed in terms of |Q2], £(2), k—(2), €0(£2),
and A,(2).

Remarks. (i) The preceding proof shows that one can alternatively estimate the
constants in terms of ||, £(0€2), €9(£2), A2(€2), and the number of holes of the
domain (through the integral [y, «).

(ii) In higher dimensions, one can state a similar result in which the curvature
k of the curve is replaced by the mean curvature i of the hypersurface 9<2.
For this purpose, one uses the Heintze-Karcher comparison theorem [9].

Applying (8) and (9), we obtain that any Courant-sharp eigenvalue Ax(€2)
satisfies

fa(Ax) =0, (14)
where the function fq is defined for u > A,(£2) by

A _
o) = S 8l = B (45) — Bu(@ 4 1.

Since A(D;) > 4m, see (4), the coeflicient of the term u in the expression of
[fo is positive, so that the function tends to infinity when u tends to infinity. Hence
Iq = f&' (] — 00,0]) is either empty or bounded from above.

Define

Bs () = max{A(2), fo(2)}.

where B¢ (£2) is the supremum of /g if /g is non empty and 0 otherwise. From
equation (14) we conclude that

Ak () Courant-sharp = Ax(R2) < Bs().

We have proved Theorem 1.3.

Starting from the inequality fq(Ax) < 0 in the above proof, we conclude that
any Courant-sharp eigenvalue A satisfies

A
4212142 < B3() In 75 + Ba(Q).
2

where 4, = - — ﬁ. Using the inequality In = < 4 (%)1/ * which holds for

any (. > A,, we obtain the following more explicit bound.
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Corollary 3.1. In dimension 2, any Courant-sharp eigenvalue Ay (2) of H(2)
satisfies

16724 (ID1) )4 (B3(2) + Ba(2)* }

Ak (£2) = max {’\2(9)’ (A(IDI) P 1Q*22(2)

15)

Remarks. (i) For the unit disk, the bound (15) is sharper than Corollary 1.4, see
Section 4. (ii) P6lya’s conjecture for Dirichlet eigenvalues (see [18]) does not go in
the right direction. Indeed lower bounds on the Dirichlet eigenvalues correspond
to upper bounds on N(A). This would be good for Neumann eigenvalues, but in
this case, there are other problems, see [16] and more recently [17].

3.2. Approach via van den Berg-Lianantonakis. Prior to Y. Safarov, van den
Berg and Lianantonakis have given lower bounds for the counting function Ng (1)
depending on the Minkowski dimension of d€2. When this dimension is (d — 1),
they prove [7, Theorem 2.1] that if

A > 4|Q7d, (16)

then

NQ) = C41Q] A% = 3D(@)A“~ D2 log((2|2)*/ 1), (17)
where the geometric constant D(2) is defined by
]
D(RQ2) :=sup —.
e €

To apply (17) to Pleijel’s theorem, one needs to compare condition (16) with
the condition A > A,(€2). One can for example observe that the Faber—Krahn
inequality applied to the second eigenvalue gives (see [1] or (3) for d = 2)

12(Q) > Qo)™ 3, . (18)

For d = 2, since 2nj(i1 > 4, the condition A > A,(R2) implies (16). For d > 2,
we can use the following lower bound for A,(€2) which is a consequence of the
Li—Yau inequality, see [1, eq. (11.5)],

d  47x222/d

A (2 .
) > S )

19)
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Hence it is enough to verify that

d 4m222/4
—_—— >4,
d+2 (wg)*d —
which is easy to establish. Indeed, using (1), we obtain
d

d 2/d
T go¥dp(Z 4 > 1,
d+27 (2+) =

which follows from the inequality dLH w>1ford > 1.

Assuming d = 2 for the sake of simplicity, and using (7) together with (17),
we obtain that any Courant-sharp eigenvalue A;(€2), with Ay > A,, satisfies
ga(Ax) <0, where gg is defined by

1 1
=(-— - —=)IQ|1 - 3D(Q) n/?In2|Q 1,
ga() = (3 = 3py) 1914 —3P@ 1 2 CIQlw +

for . > A,(2). Define B;(2) to be 0if go (i) > 0, and sup{u > A2: ga(un) < 0}
otherwise, and define

BB(2) := max{A2(L), f1(£2)}.
Then,
Ak (2) Courant-sharp = A () < BB(2).

This proves Theorem 1.3 using the lower bound for the counting function provided
by [7].

From the inequality gq(Ax) < O in the preceding proof, we have that any
Courant-sharp eigenvalue A (€2) satisfies the inequality

(% - ﬁ)m A2 _3D(Q) In(2]Q[Ar) <0,

for A > A,. Using the inequality

Inp <2ul/* foru > 16,

and the fact that 2|2|A; > 16 (Faber—Krahn), we obtain the more explicit bound
given in Corollary 1.4.

As kindly communicated by M. van den Berg, in dimension 2, when € is
sufficiently regular, the geometric invariant D(€2) can be bounded from above by
€2
€ ()’
where /7(£2) is the number of holes of €2, or by
€2
€(Q)’

D(@) < max ( £OR) + 7 e0(R) H(Q)),

D(R) < max ( 2@(39)).
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4. Examples and particular cases

4.1. Examples. In some 2-dimensional cases, it is possible to compute the upper
bounds for Courant-sharp eigenvalues arising from the preceding sections explic-
itly. Consider the following domains:

Q1 = B(0,1), the unit disc in R2,
Q, = B(0,1)\ B(0,a), 0<a<1, theannulusA(0,a,1)C R?,

Q3 =10, 7[x]0, x|, the square in R? with side 7.

For the unit disc, one finds that Bs(2;) ~ 7.1-10° and Bp(Q;) ~ 2.1-107.

For the annulus, one finds that Bp(Q,) ~ 4.2 - 102 when a = 0.75, and
BB(22) ~ 4-107 when a = 0.25. This indicates that the cut-distance to the
boundary does matter in the upper bound on Courant-sharp eigenvalues.

For the square with side 7, one finds that 85 (Q3) ~ 5.9-10°. It turns out that
this bound is much bigger than the bound which is deduced in the next sub-section,
namely 51.

This is not surprising. The general lower bounds for the counting functions
used in the preceding sections, equations (13) and (17), are worse than the sharp
2-dimensional estimate R(1) = O(11/2), see [12], by a In(1) factor. On the other-
hand, the estimate (22) has the right powers, and almost the right second constant.

Generally speaking one should therefore expect that the bounds Ss(€2) and
BB (L2) are not sharp.

4.2. Particular cases. As already mentioned, improved Weyl’s formulas with
control of the remainder which are only asymptotic are not sufficient for an
explicit version of Pleijel’s theorem. We nevertheless mention for comparison
a formula due to V. Ivrii in 1980 (cf [11, Chapter XXIX, Theorem 29.3.3 and
Corollary 29.3.4]) which reads

1 _
NQ) = —2_j@Ad/2 -~ _24=L_150106@-D/2 4 r),  (20)
(2m)4

4 (2m)d-1
where r(1) = O(A(¢~1/2) in general, but can also be shown to be o(1@~1/2) if
the boundary is C*°, and under some generic conditions on the geodesic billiards
(the measure of periodic trajectories should be zero). For piecewise smooth
boundaries, see [21]. The second term is meaningful in this case only.

Formula (20) is also established for irrational rectangles as a very special
case in [12], but more explicitly in [13] without any assumption of irrationality.
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See also [3] for some 2-dimensional domains with negative curvature. We do not
discuss here the case of “rough” boundaries which was in particular analyzed by
Netrusov et Safarov in [14] (and references therein).

Note that when d = 2, the second term in (20) is

1
Wa(L) := —E|asz|xl/2. (21)

The Dirichlet (and Neumann) eigenvalues are explicitly given for few domains.
In dimension 2 these domains include the rectangles, the right-angled isosceles
triangle, the equilateral triangle and the hemiequilateral triangle. In these cases,
estimating the counting function amounts to estimating the number of points with
integer coordinates inside some ellipse (these domains are obtained as quotient
of a torus). The estimates which are obtained in this manner are compatible with
Weyl’s two terms asymptotic formula (20)), involving the area of the domain and
the length of it boundary. Similarly, in higher dimensions, one can explicitly
describe the Dirichlet (and Neumann) eigenvalues of the fundamental domains
of crystallographic affine Weyl groups, [2]. As far as the asymptotic estimate is
concerned, this is possible because the remainder term in Weyl’s estimate has
order A@=2)/2+1/(d+1) for a d-dimensional torus.

Rectangle. Following (and improving) a remark in a course of R. Laugesen [4],
one has a lower bound of N(A) in the case of the rectangle

R =R(a,b) :=(0,ar) x (0,bn),

which can be expressed in terms of area and perimeter. One can indeed observe
that the area of the intersection of the ellipse {(x;r—zl)z + (y;;—zl)z <A} withRTxR*
is a lower bound for N(1).

The formula reads

1 1 11
Nx(d) > —|R|A — —|d0R| VA +1, ford>— + — (22)
4r 2 a?

b?’

Here we can observe that the second term is 2 W, (1), see (21).

Equilateral triangle ([5]). We consider the equilateral triangle with side 1:

V3 A 3
No(A) > 222 2 /a+1.
TNz T VAt

Again we observe that the second term is 2 W5 (1), see (21).
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Right-angled isosceles triangle ([5]). Let B, denote the right-angled isosceles
triangle,

By = {(x.y) €]0,7| y < x},

>n)& @G+ V2)vr 1
z 3 .

The cube ([10]). For the cube ]0, [ 3, we have, for A > 3,
3
N > %AW - T”A 1321

Acknowledgements. The authors would like to thank M. van den Berg for useful
discussions and remarks on a preliminary version of this paper, and the referee for
his comments.

Added in proof. We point out the following recent paper. M. van den Berg
and K. Gittins, On the number of Courant-sharp Dirichlet eigenvalues. J. Spectr.
Theory 6 (2016), no. 4, 735-745.

Concerning the Neumann problem, we point out the following recent pa-
per. C. Léna, Pleijel’s nodal domain theorem for Neumann eigenfunctions.
Preprint 2016. arXiv:1609.02331 [math.AP]

References

[1] M. Ashbaugh and R. Benguria, Isoperimetric Inequalities for Eigenvalues of the
Laplacian. In F. Gesztesy, P. Deift, Ch. Galvez, P. Perry, and W. Schlag (eds.), pec-
tral theory and mathematical physics: a Festschrift in honor of Barry Simon’s 60"
birthday. Quantum field theory, statistical mechanics, and nonrelativistic quantum
systems. Papers from the conference held at the California Institute of Technology,
Pasadena, CA, March 27-31, 2006. Proceedings of Symposia in Pure Mathemat-
ics, 76, Part 1. American Mathematical Society, Providence, R.I., 2007, 105-139.
MR 2310200 Zbl 1221.35261

[2] P. Bérard, Spectres et groupes cristallographiques. I. Domaines euclidiens. Invent.
Math. 58 (1980), no. 2, 179-199. MR 0570879 Zbl 0434.35068

[3] P. Bérard, Remarques sur la conjecture de Weyl. Compositio Math. 48 (1983), no. 1,
35-53. MR 0700579 Zbl 0538.58037

[4] P. Bérard and B. Helffer, Dirichlet eigenfunctions of the square membrane: Courant’s
property, and A. Stern’s and A. Pleijel’s analyses. In A. Baklouti, A. El Kacimi,
S. Kallel, and N. Mir (eds.), Analysis and geometry. Selected papers presented at the


http://arxiv.org/abs/1609.02331
http://www.ams.org/mathscinet-getitem?mr=2310200
http://zbmath.org/?q=an:1221.35261
http://www.ams.org/mathscinet-getitem?mr=0570879
http://zbmath.org/?q=an:0434.35068
http://www.ams.org/mathscinet-getitem?mr=0700579
http://zbmath.org/?q=an:0538.58037

732

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

P. Bérard and B. Helffer

MIMS (Mediterranean Institute for the Mathematical Sciences)—GGTM (Geome-
try and Topology Grouping for the Maghreb) Conference held at the Cité des Sci-
ences, Tunis, March 24-27, 2014. In honour of M. S. Baouendi. Springer Proceed-
ings in Mathematics & Statistics, 127. Springer, Cham, 2015, 69-114. MR 3445517
Zbl 06499037

P. Bérard and B. Helffer, Courant sharp eigenvalues for the equilateral torus, and for
the equilateral triangle. Lett. Math. Phys. 106 (2016), no. 12, 1729-1789.

P. Bérard and D. Meyer, Inégalités isopérimétriques et applications. Ann. Sci. Ecole
Norm. Sup. (4) 15 (1982), no. 3, 513-541. MR 0690651 Zbl 0527.35020

M. van den Berg and M. Lianantonakis, Asymptotics for the spectrum of the Dirichlet
Laplacian on horn-shaped regions. Indiana Univ. Math. J. 50 (2001), no. 1, 299-333.
MR 1857038 Zbl 1040.35052

R. Courant, Ein allgemeiner Satz zur Theorie der Eigenfunktionen selbstadjungierter
Differentialausdriicke. Nachr. Ges. Gottingen 1923, 81-84. JFM 49.0342.01

E. Heintze and H. Karcher, A general comparison theorem with applications to vol-
ume estimates for submanifolds. Ann. Sci. Ecole Norm. Sup. (4) 11 (1978), no. 4,
451-470. MR 0533065 Zbl 0416.53027

B. Helffer and R. Kiwan, Dirichlet eigenfunctions on the cube, sharpening the
Courant nodal inequality. Preprint 2015. arXiv:1506.05733 [math.SP]

L. Hormander, The analysis of linear partial differential operators. IV. Fourier inte-
gral operators. Reprint of the 1994 edition. Corrected 2" printing. Classics in Math-
ematics. Springer-Verlag, Berlin, 2009. MR 2512677 Zbl 1178.35003

V. Ya. Ivrii, On the second term of the spectral asymptotics for the Laplace—Beltrami
operator on manifolds with boundary and for elliptic operators acting in fiberings.
Funktsional. Anal. i Prilozhen. 14 (1980), no. 2, 25-34. In Russian. English transla-
tion, Functional Anal. Appl. 14 (1980), no. 2, 98-106. MR 0575202 Zbl 0448.58024

N. V. Kuznecov, Asymptotic distribution of eigenfrequencies of a plane membrane in
the case of separable variables. Differencial’nye Uravnenija 2 (1966) 1385-1402. In
Russian. MR 0206524

Y. Netrusov and Y. Safarov, Estimates for the counting function of the Laplace op-
erator on domains with rough boundaries In A. Laptev (ed.), Around the research
of Viadimir Maz'ya. 1I1. Analysis and applications. International Mathematical Se-
ries (New York), 13. Springer, New York etc., and Tamara Rozhkovskaya Publisher,
Novosibirsk, 2010, 247-258. MR 2664711 Zbl 1186.35125

J. Peetre, A generalization of Courant’s nodal domain theorem. Math. Scand. 5 (1957),
15-20. MR 0092917 Zbl 0077.30101

A. Pleijel, Remarks on Courant’s nodal line theorem. Comm. Pure Appl. Math. 9
(1956), 543-550. MR 0080861 Zbl 0070.32604

L. Polterovich, Pleijel’s nodal domain theorem for free membranes. Proc. Amer. Math.
Soc. 137 (2009), no. 3, 1021-1024. MR 2457442 7bl 1162.35005


http://www.ams.org/mathscinet-getitem?mr=3445517
http://zbmath.org/?q=an:06499037
http://www.ams.org/mathscinet-getitem?mr=0690651
http://zbmath.org/?q=an:0527.35020
http://www.ams.org/mathscinet-getitem?mr=1857038
http://zbmath.org/?q=an:1040.35052
http://zbmath.org/?q=an:49.0342.01
http://www.ams.org/mathscinet-getitem?mr=0533065
http://zbmath.org/?q=an:0416.53027
http://arxiv.org/abs/1506.05733
http://www.ams.org/mathscinet-getitem?mr=2512677
http://zbmath.org/?q=an:1178.35003
http://www.ams.org/mathscinet-getitem?mr=0575202
http://zbmath.org/?q=an:0448.58024
http://www.ams.org/mathscinet-getitem?mr=0206524
http://www.ams.org/mathscinet-getitem?mr=2664711
http://zbmath.org/?q=an:1186.35125
http://www.ams.org/mathscinet-getitem?mr=0092917
http://zbmath.org/?q=an:0077.30101
http://www.ams.org/mathscinet-getitem?mr=0080861
http://zbmath.org/?q=an:0070.32604
http://www.ams.org/mathscinet-getitem?mr=2457442
http://zbmath.org/?q=an:1162.35005

The weak Pleijel theorem with geometric control 733

[18] G. Pdlya, On the eigenvalues of vibrating membranes. Proc. London Math. Soc. (3) 11
(1961), 419-433. MR 0129219 Zbl 0107.41805

[19] Y. Safarov, Fourier Tauberian theorems and applications. J. Funct. Anal. 185 (2001),
no. 1, 111-128. MR 1853753 Zbl 1200.35204

[20] R. Seeley, A sharp asymptotic remainder estimate for the eigenvalues of the Lapla-
cian in a domain of R3. Adv. in Math. 29 (1978), no. 2, 244-269. MR 0506893
Zbl 0382.35043

[21] D. G. Vasiliev, Two-term asymptotic behavior of the spectrum of a boundary value
problem in the case of a piecewise smooth boundary. Dokl. Akad. Nauk SSSR 286
(1986), no. 5, 1043-1046. In Russian. English translation, Sovietr Math. Dokl. 33
(1986), no. 1, 227-230. MR 0829600 Zbl 0629.58021

Received September 13, 2015

Pierre Bérard, Institut Fourier, Université de Grenoble and CNRS, B.P. 74,
F 38402 Saint Martin d’Heres Cedex, France

e-mail: pierrehberard @ gmail.com

Bernard Helffer, Laboratoire de Mathématiques Jean Leray, CNRS, Université de Nantes,
2 rue de la Houssiniere, F44322 Nantes Cedex 3, France

Laboratoire de Mathématiques d’Orsay, Univ. Paris-Sud, CNRS, Université Paris-Saclay,
France

e-mail: Bernard.Helffer @univ-nantes.fr


http://www.ams.org/mathscinet-getitem?mr=0129219
http://zbmath.org/?q=an:0107.41805
http://www.ams.org/mathscinet-getitem?mr=1853753
http://zbmath.org/?q=an:1200.35204
http://www.ams.org/mathscinet-getitem?mr=0506893
http://zbmath.org/?q=an:0382.35043
http://www.ams.org/mathscinet-getitem?mr=0829600
http://zbmath.org/?q=an:0629.58021
mailto:pierrehberard@gmail.com
mailto:Bernard.Helffer@univ-nantes.fr

	Introduction and main result
	Proofs of Pleijel's theorem
	Lower bounds on the counting function and applications to Courant-sharp eigenvalues
	Examples and particular cases
	References

