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Irregular time-dependent perturbations
of quantum Hamiltonians

Didier Robert!

In memory of Yuri Safarov

Abstract. Our main goal in this paper is to prove existence (and uniqueness) of the quantum
propagator for time-dependent quantum Hamiltonians H (1) when this Hamiltonian is
perturbed with a quadratic white noise ﬂK B is a continuous function in time ¢, ﬂ its
time-derivative and K is a quadratic Hamiltonian. K is the Weyl quantization of K.

For time-dependent quadratic Hamiltonians H(¢#) we recover, under less restrictive
assumptions, the results obtained in [3, 9, 10]. In our approach we use an exact Herman—
Kluk formula [20] to deduce a Strichartz estimate for the propagator of H(r) + BK.

This is applied to obtain local and global well posedness for solutions for non-linear
Schrédinger equations with an irregular time-dependent linear part.
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1. Introduction

The linear time-dependent Schrédinger equation was studied in [22, 23] for time
dependent potential at least continuous in time. There are physical motivations
to consider Schrodinger equations perturbed by quadratic potentials times a white
noise in time (see for [3, 9, 10]). But the constructions elaborated in Fujiwara
[11] and Yajima [22] are no more valid for time-discontinuous Hamiltonians.
Nevertheless it has been shown in [3, 9, 10] that these constructions, based on
Fourier integral representations of the propagator, can be revisited and extended

1'This work was supported by the French Agence Nationale de la Recherche, NOVESOL
project, ANR 2011, BS0101901.
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when the time dependence in the Hamiltonian is irregular, as for white noise.
The main motivation for considering irregular time dependent Hamiltonian comes
from Bose Einstein condensation or fiber optics (see [3] and its bibliography).

The main idea developped in [9, 10] to construct a propagator Ug(t,s) for
the quantum Hamiltonian H(t) + BK, where B is in some Holder class (so its
derivative f is a distribution in time), is to establish a suitable representation
formula when 8 is C !-smooth in time and to prove that the dependence of Ug(t, s)
in B is continuous for the topology of the Holder space C*(I7),0 < u < lina
time interval I = [to — T, to + T], T > 0.

This strategy was initiated by Sussmann [21] for solving stochastic differential
equations by deterministic methods.

In this paper we shall extend the main results of [3, 9, 10] to more general
quadratic Hamiltonians by using a different approach. Instead of establishing
a generalized Mehler formula for the time-dependent propagator we choose to
use a formula inspired from the Herman—Kluk formula [20], which is more
flexible. The advantage of this approach is that the link between classical and
quantum mechanics is straightforward, we do not need to take care of caustics
because it is not necessary to solve the classical Hamilton—Jacobi equation as in
the Hormander—Maslov approach. The quantum oscillations are represented by
complex phases so that a Melher (or Van Vleck) type formula can be recovered
by a stationary phase argument. This is related to complex WKB analysis and
coherent states (see [7] and its bibliography).

We shall extend here several well known results in the C! time regular case
when § in only continuous or in an Holderian class of order i €]0, 1[. For example
B could be a trajectory of a one dimensional Brownian motion (u = % —¢&) or of
a fractional Brownian motion (u = H —¢, H €10, 1] being the Hurst index of the
process).

Acknowledgements. The author thank Laurent Thomann for his comments on a
preliminary version of this paper and the referee for the relevant suggestions.

2. Mathematical Settings and Results

Let H(t) be a time-dependent real polynomial Hamiltonian, of degree at most 2
in the phase space space Rg X Rg, with continuous coefficients in ¢t € It =
[to — T,to + T], K is a real polynomial time-independent Hamiltonian of degree
at most 2.
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Let B be a continuous function of time ¢. Denote Hg(t) = H(t) + BK an
irregular perburbation of H(¢) where w = %. Hyg is here a distribution in the
time ¢ so the meaning of the classical Hamilton equation is not clear. Denote
z = (q, p) a generic point in the phase space lRfIl X IRZ . The classical Hamilton

system is

qp = dpHp(qp. pp). "
pp = —94Hg(qp. Pp);
where gg = qg(t,s), pg = pg(t,s) withinitial data attime t = s, gg (s, s) = q(s),
pp(s,s) = p(s).

If B is C! the classical evolution (1) is linear and so well defined. Let us denote
Dy (t,5)z = (qp(t,s), pp(t,s)) where z = (q, p),q = q(s), p = p(s). Using the
method developed in [21, 9, 10] the Hamiltonian flow ®g(z, s) can be extended in
a natural way as a symplectic map for 8 € C°.

Let us now consider the quantum evolution. If 8 is C ' (I7) denote by H g(t) the
Weyl quantization of Hg(t,q, p), see for example [7]. Here the Planck constant is
fixed, so we choose & = 1.

It is well known that H (1) is a self-adjoint operator in L?(R4) and that the
time-dependent Schrodinger equation generates a continuous family of unitary
operators in L2(IR%), which we denote by Ug(t,s), satisfying

i0,Ug(t,s) = Hg(t)Up(t,s5), Ug(s,s) =1. 2)
Denote
CRUr) ={B € C°Ur).|Blec < R} and Ci(Ir) = CRUT) N C'(IT)
(equipped with the sup-norm). We have the following preliminary result.

Theorem 2.1. (i) The map B +— ®g is a Lipschitzian map from C IIQ(IT) into
COo(Ir x I, S(2d)) where S(2d) is the space of linear symplectic maps of R*?.
In particular for any T > 0, the map (B.t,s) — Pg(t,s) can be extended in a
unique continuous map from C Ig (IT) x It x It into the affine symplectic group
of R*4.

(i) For any ¥ € S(R?), the map B +— Ug(t, s)Y is uniformly continuous on
CxUr). In particular the map (B.t.s) — Ug(t,s) can be extended in a unique
continuous map from Clg (IT) x It x It into the unitary group of L%(R%).

Part (i) of Theorem 2.1 will be proved in Section 3 and part (ii) in Section 4.2.
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Let Kg(z,s; x, y) be the (distribution) Schwartz kernel of Ug(z, s). The next
result is an exact formula for Kg(z,s;x, y) depending only on the classical
dynamics ®g (7, s). A more precise statement will be given later in Corollary 3.3.

Theorem 2.2. Forevery 8 € C°(I7) there exist explicit complex functions ag(t, s)
and Vg (t,s,z,x,y) wheret,s € IT, z = (q, p) € R24, x, y € R4, such that

Kg(t,s;x,y) = aﬁ(t,s)/ exp(iVg(t,s,z,x,y))dz. 3)
Rr2d

Moreover Wg is polynomial of degree at most 2in z and IWg > 0.

The maps (B.t,s) — ag(t,s) and (B,t,s) — Yg(t,s,z,x,y) are continuous
on Clg(IT) x It x It.

Equation (3) is an equality between two distributions in the Schwartz space
8'(RY x RY).

Notice that formula (3) is valid without condition on the time interval /7, the
caustics are not obstructions here. Of course this difficulty appears again when
computing the integral in z € R?? to get the following result. To go further we
need the following hypothesis.

Hypothesis 2.3. The Hessian matrix 812,, »H (constant here) is non singular and
32 K =0.
».p

Hypothesis 2.4. 92 K = 0or € C*(I7) with 1 > 3.

Remark 2.5. If d = 3 and if 8[21’ »K is an antisymmetric matrix, it represents an
angular momentum rotation term. This case was considered in [1] without noise
and in [9, 10] for perturbations by noise.

The following result is a consequence of Sections 4.1 and 5.1.

Theorem 2.6. Assume that Hypothesis 2.3 and Hypothesis 2.4 are satisfied.

(I) For every R > O there exists Tr > 0 such that for everyt, s € It and every
B such that if B € C*(I1), ||Bllex < R andt # s, the Schwartz kernel Xg(t,s) of
Ug(t,s) is a C* function of (x, y) given by the following formula

Kp(t,s:x,y) = bg(t,s)~4/2e!Sp:s:x:3), “4)

where bg(t,s) is continuous in (B,t,s), t # s, Sg(t,s: x,y) is the classical action
along the unique classical trajectory joining y to x at time s.
Moreover there exists y > 0 such that |bg(t,s)| > y|t —s| foreveryt,s € ITp.
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(II) There exists a constant Cr, depending only on R such that for every
t,selrgpandeveryx,y € R4, we have

Kp(t.5:x,y)| < Crlt —s|7/2. ©)
and for every p € [2, +oc), we have for ¢ € L?(R?),

1Up (1. )Vl ogay < Crlt = s[4V 2P|y gy 1/p+1/p' =1. (6)

As it is well known the dispersive estimate (6) is closely related with Strichartz
estimates (see [15]) and allows application to non-linear Schrodinger equations.
The case with noise was considered in [3, 9].

Let us consider the non-linear Schrédinger equation (NLS):

0y = Hg(O)y + Ay [y, v(s) = . )

where A € R,0 > 0.
Here Hg(t) is irregular in time ¢ so we have to consider the following integral
mild version of (7)

V() = Ug(t.5)y — i / Up (1) [9) P2 (). ®)

Let us introduce the Sobolev weighted spaces associated with the harmonic oscil-
lator:

H*RY) = {y € L*(RY), y € H*RY), |x[*y e L*(R)}.

where H* (Rd ), k € N, is the usual Hilbertian Sobolev space.

We shall see that these spaces are invariant by the quantum propagator Ug (¢, s)
for any B € €°(I7). In order to include the Gross—Pitaevski non-linearity (o = 1)
we have to consider initial data in the space (! (R?). Here we have the following
local result proved in Section 5.

Theorem 2.7. We assume that Hypothesis 2.3 and Hypothesis 2.4 are satisfied.

DIfo<o < %, then then for any ¥ € L*(R?) the integral equation (8) has
a unique solution yg € C°(Ir, L2(R%)). Moreover, for every T > 0, we have
Y € €I, LA(RY)) N L™ (I, L*° (RY)), with r = ¥Z¥D.

The L* norm is conserved: | g (t)|| 2gay = |V | p2@way for everyt € It.

Moreover if y € H'(RY) then yg € CO(R, ' (RY)).
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ADIfo < o < ﬁ, d > 3. Then for any ¥ € H'(R?) there exists
0 < T = T(Y¥llgrgay.s) such that the integral equation (8) has a unique
solution yg € C°(Ir, LA (R%)) N L” (I, L (RY)), with r = *ZED and such
that for any a,b € RY,

(@a-x+b-Vyyg € Ur, LARY)) N L"((I7), L*° (RY)).

Remark 2.8. A global well-posedness result in the F(!-subcritical case with a
rotation term for (8) is proved in [1] for time-independent Hamiltonians. Foro < %
(L?-subcritical non-linearity ) a global result in ' (R¢) could be obtained under
the assumptions of Theorem 2.7 following [1, Theorem 2.2] but for 2 < o < 7%,
d > 2 and A > 0 (defocusing case) the situation is much more involved because
we cannot use the energy conservation. In [9, Theorem 3] the author uses the
result of [1] to get a global 3(!-well-posedness result with a rotation term in the
regular part H assuming that K is linear in (q, p).

Notice that global well-posedness results in the supercritical case are proved

in [18] for the Gross—Pitaevski equation with random initial data.

Remark 2.9. The non-linear Schrédinger equation with a white noise dispersion
is also considered in [2] (see also the references of [2]). These papers use the
probabilistic setting of stochastic processes.

3. The smooth time-dependent case

In this section we assume that H(¢) is a time-dependent polynomial Hamiltonian,
of degree at most 2, with continuous coefficientsint € It = [to — T, to + T], K
is time-independent. Let 8 be a continuous function of time ¢. Denote Hg(t) =
H(t) + BK the irregular perburbation of H(¢) where g = %.

If B is C! the classical and quantum evolutions are well defined. We shall
show in the next section that these evolutions are still well defined for B € C°(I7)
following an approach inspired from [21, 9].

We shall review here some more or less well known formulas concerning
quantum time-dependent quadratic Hamiltonians.

It is well known that classical and quantum evolution are well defined if H ()
is continuous in time (and for Hg () if B is C!) and there exist exact formulas
related the classical and quantum evolution. Denote by ® g (¢, s) the classical flow
in the phase space R?¢, at time ¢ with initial data at s and by Ug (¢, s) the quantum
propagator generated by the Weyl quantization H (1) of H(r).
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Let us recall now a formulation of the exact correspondence classical-quantum.
We have

H(t) = Hx(t) + H1(t) + Ho(?),

where H;(t) is a polynomial of degree j in (¢, p) € R24. Let us denote S, (t)
the matrix of the quadratic form H,(¢). Explicitly,

1
Hj(t;q, p) = E(GH(t)C] q+2Lg(t)q-p+ Eg(t)p-p). p.qeRY.

and
Gul(t) LH(r)T)

Sa(t) = (LH(r) E,

where ¢, p € R4, and Gy (t), Lg(t), and Eg(t) are real, d x d matrices,
continuous in time ¢ € R, Ex (¢), Gy (t) are symmetric, Ly (¢) " is the transposed
matrix of L (t). The classical motion defined by H,(¢) in the phase space R??,
is given by the linear differential equation

. T
G- En)G) =Cioo) o
P Lu@) Eu@))\p -0
where the matrix J defines the symplectic form

U(Z’Z/) =Jz 'Z/’ z = (q’ p)7 7' = (q/’ p/)7

where z - 2’ denotes the scalar product in R4,

This equation defines a linear symplectic transformation, ®g, (¢, s), such that
D4, (s, s) = I. It can be represented as a 2d x 2d matrix which can be written as
four d x d blocks:

A(t,s) B(t,s)
Dy, (t,5) = . 10
R 1o

Let us denote H the Weyl quantization of the Hamiltonian H (see [7] for the
definition and properties of the Weyl quantization).

Let us denote K, (¢, to; x, y) the Schwartz kernel of the quantum propagator
Un, (2, to).

It is known that the propagator Uy (¢, ty) is well defined ([7], p.67). It is unique
and satisfies the properties

i0,Ug(t,s) = H(Un(t,s), Ug(s,s)=L (11)
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Let Xy (t,19) € & (]R;‘f X IR‘yi ) be the Schwartz Kernel of Ug (¢, ty). There exist
many papers giving more or less explicit formula for Ky (¢, #9), see [13, 17, 20].
For our purpose it is convenient to use a formula closely related with coherent
states and symplectic geometry of the phase space (for details see [20]).

Let us introduce the Siegel space X (d) of d x d complex matrices I" with
imaginary part

r-rrt
2i

definite-positive. Let be ® be a continuous map from /7 into X (d) and

I =

M@Ui tO) = (C([7 [0) - iD([7 [0) - ®(t)(A(t1 tO) - iB([7 [0))'

The exact correspondence between classical and quantum mechanics can be
expressed as follows. Let us denote K (¢, fo; x, y) the Schwartz kernel of the quan-
tum propagator Ug, (¢, 5).

Proposition 3.1 (Herman—Kluk formula in the quadratic case [20]). We have the
Jollowing exact formula

Me(t,t i -
K, (t.to; x, y) = 2d/2(2n)_3d/2det_1/2<7®(. ")) / el Yo 2oy gz
R2d

i
(12)
where

Vel to:z:x,y) = %(qt “pt—q-p)tpr-(x—q)—p-(y—9q)
3OO 4 (x —4) +i(r ~4)- (7~ ).
with z = (¢, p) € R? x R,

Remark 3.2. © is a useful degree of freedom to compute Kg, (2, 10: x,y).
The choices ® = il and ©(¢) = I'(¢, tp) can be useful, where

[(t,t0) = C(t,t0) +iD(t, to)(A(t, to) + iB(t, 10)) " .

In [20] © is supposed to be C! in ¢. The result is clearly valid for ® only
continuous. In formula (2.12) of [20] we have to read det™"/? and not det'/2.
Notice that Mg(¢, tp) is invertible (property of the action of symplectic matrices

on the Siegel space).
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Adding now lower order terms we get

Corollary 3.3. Suppose now that H(t) = H(t) + Hi(t) + Ho(t) where H;(t) is
homogeneous of degree j inz = (q, p) € R?“.

Then the Schwartz kernel Xy (¢, to; x, y) of Un (¢, to) has the following expres-
sion:

IKH([, fo; X, y)UHz([7 [0)

13
— 2d/2(27'[)_3d/2det_1/2(M(t_’ tO)) / ei\p(t’to;Z;x’y)dZ, ( )
1 RrR2d

where

Vel(t, tg,2,X,Y)

t t t
= \P@,z(t,to;z;x,y +/ b(s)ds) —/ a(s)ysds —/ Ho(s)ds,
to to

to
with i
ye=v+ [ bas
t
and @ and b depend on H,(t) and are given in the proof.

When applied to Hg(t) (here B € C'(IT)) we use the notations Kg = Krg
and Yg = .

Proof. Itisenough to assume that Hy(¢) = 0. Recall here a well known argument
(Lagrange method). Let us compute V (¢, f9) such that

Un(t, to) = Un,(t.to) - V(2. 10).

We get

i0;V(t, to) = Un,(to.t)Hi(t)Un,(t, to) V(2. to). (14)
We have Hi(t;q, p) = a(t)-q + b(t) - p. Using the exact Egorov formula [7] for
quadratic Hamiltonians we obtain

Un, (to, ) Hi (1)U, = A1),

where A(t,z) = Hi(t,Pn,(t,20)z). Then by the characteristics method we
conclude

V(t.10)Y (to, x) = exp (i /t &(s)xsds) v (to,x - /t B(S)ds) ,

where (Z:) = Oy, (1,10) (%), NT is the transposed matrix of the matrix N,

x5 = x + [’ b(s)ds. The corollary follows. O



964 D. Robert
4. The time-irregular case

4.1. The classical evolution. What remains true of the previous computations
for Hg(t) = H(t) + BK when B in only continuous in /7?
For the noise part SK the classical evolution is linear:

@y (t.5.2) = Px(Bi — B)z.

Let z(s) € R24 be an initial data. Then zg(t) = Pk (Bs, Ps. z5) is a solution in
Sussmann [21] sense of the Hamilton equation

2p(1) = BT V=K (zp(1)),  zp(s) = z(s). 15)
We have here
zp (1) = exp((B(r) — B(s5))J Sk)z.
Now let us consider the perturbed Hamiltonian Hg (1) = H(t) + BK(t). We

want to define a classical trajectory zg(1) = Ppg,(t,s,z(s)) for the perturbed
Hamilton equation

zg(t) = JV,Hg(zg(t)), zg(s) = z(s). (16)

Definition 4.1. zg(¢) is a Sussmann solution of (16) if

(CLO) there exists a neighborhood ~N5 of B in C°(I7) such that if one has
Né = Ng N Cl(Ir), then B +> z5(t) is a uniformly continuous map
from N}] into C°(I7, R?9);

(CL1) for every e > 0, zge(t) solves (16) for the C! function B%;

(CL2) lim zpe (1) = z5(1) in C’(Ir.RY);

CO(Ir) is equipped with its natural norm ||8]|e = sup |B(?)].

telr

Properties (CLO), (CL1), and (CL2) define a unique mild solution of (16).
In particular zg () is independent on the C! approximations B¢ of B.

We have to prove that conditions (CLO0), (CL1) and (CL2) are fulfilled.

Recall that H(¢) and K are quadratic forms on R??. If B € C!(I7) then it is
well known that @4 (2, 5) is a symplectic linear transformation of the phase space
R24. It is convenient here to consider that the Hamiltonian Hy is a perturbation
of the noise term SK. Then it solves the following integral equation

Bp1,(1.5) = D (Be — Bs) + / Ok (B — ) IS (D), (r.s)dv.  (17)

where Sy (¢) is the symmetric matrix of the quadratic form H(¢).
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Now the trick is that we can solve equation (17) using the Picard fixed theorem.
Denote

CrUr) ={B € C°Ur),[Bllc <R} and Cg(Ir)= Cxr(Ir)NC'(I)
(equipped with the sup-norm).

Proposition 4.2 (see also [10], Proposition 2.29). (1) There exists Tr > 0 small
enough such that for T < Tg and B € CR(Ir), equation 17 has a unique solution
defined for (t,s) € It x It.

(2) B = @y is a Lipschitzian map from C}Q(IT) into C°(I x It,S2d))
where S(2d) is the space of linear symplectic maps of R?4.

(3) ®uy (2, 5) satisfies
Oy, (t,11) = Oyt 5)Ppy(s, 1), forallt, ty,s € Ir. (18)

In particular for any T > 0 @y, (t,s) can be extended to It x I in a unique
way such that for every z € R?*?, zp(t) = ®pg(t,5)z satisfies (CLO), (CL1),
and (CL2).

Proof. (1) is a direct application of the Picard fixed point theorem. First from a
well known estimate for linear ODE we have, for some I' > 0,

| @k (B — Bs)l| < eT1Pi=hsl, (19)

For X € C°(I7 x I, S(2d)) denote

Fp(X) = O (B — ) + / Ok (B — fo)ISH(X(T.5)dr.  (20)

So if B € Cp(Ir), Fg has unique fixed point Xg in C°(Ir x Ir,S(2d)) for
T < Tgr. Moreover there exists C > 0 such that

I1Xp (2, 9)|| < Ce*TE

and if B € Cj(I7) then Xg = Op,.

(2) B — Pk (B;, Bs) is C' from Clg(IT) into S(2d). Choosing Tg > 0 small
enough, the derivative Dy Fy (Xp) satisfies || Dx Fw (Xpg)| =< % Applying the
implicit function theorem we get that § > & Hg is also C 1

(3) is now easy to prove using that it is true for B € C!. |
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We can now add the contribution of order one. We have
Hg(t) = Ha(t) + Hi(t) + B(K2 + K1).
Denote
Hpo(t) = Ha(1) + BK>(1),
Hg 1 (1) = H(t) + BKi.
Hp(t.2) = (Va(t) + BVk) - 2.

We have, using the Duhamel formula, for every z € R24,

t .
Opr,(t,5)2 = Dp, (1, 5)2 +/ Op,, (L, u)J (Ve (u) + fVk)du,  (21)

@y, , (2, 5) solves the integral equation (17). So plugging (17) for H = H, in (21)
and integrating by parts we get

Corollary 4.3. The map B +— ®p,(t,s)z given by (21) is C! from C°(I7) into
R24 and zg(t) satisfies properties (CLO), (CL1) and (CL2). In particular there
exists Cr > 0 such that for all z € R?*4, By, B € Cr(IT), we have

|28, (1) — 28, (1) = CrlIB1 — B2lloolz]- (22)

4.2. The quantum evolution. Following [10] we define the quantum evolution
for the Hamiltonian Hg () when 8 € C°(Ir) as follows.

Definition 4.4. 1 — Yg(t) € L?>(R4), t € Ir, is a mild solution of the Schro-
dinger equation
i0:9(0) = Hs Oy (). ¥ (to) = Yo (23)
if the following conditions are satisfied:
(QMO) there exists a neighborhood Ng in C°(I7) such that if one has N}] =
Ng N Cl(I7), then B ¥5(t) is a uniformly continuous map from N}}
into C°(I7, L*(R?));
(QM1) for every ¢ > 0, g« () solves (23) for B = B°;
(QM2) lim yge (1) = ¥(t) in COU7).

Recall that B¢ are C'approximations of B in C°(I7). As in the classical case
¥p(t) is independent on the C! approximations ¢ of f8.
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For simplicity we shall assume that that Hg is homogenous of degree 2.
Adding terms of degree 1 and O is easy to check using the Duhamel formula as in
Corollary 4.3. As in the time-regular case we shall show now that the quantum
evolution is completely determined by the quantum evolution studied above. In
order to go from the regular to the irregular case we use the following proposition.

We use now the notation Ug = Up,.

Proposition 4.5. For any R > 0 there exists Cr > 0 and Tr > 0 such that for all
B. BV, B@ e CO(Irr) N Cl(ITRr), all y € S(RY) and t, s € IT g, we have

1Ug (2. )V | 2ray = CRIV I L2Ra)- (24)
1Uga (1. t0)Y — Ugor (t. 1)V | L2y < CRIBY — BOlloollV l32may.  (25)

Corollary 4.6. B +— Ug(t,s) can be extended in a unique way to C3(It) such
that properties (QMO), (QM1), and (QM?2) are satisfied. Moreover the Schwartz
kernel of Ug(t, s) is given by the Herman—Kluk formula (12) with the generalized
classical flow ®g,(t, s) determined by (21). Notice that the linear part @y, (t, 5)
of the affine map ®p,(t,s) is a symplectic matrix denoted by

_ [Ap(t.s) Bgl(t,s)
Py (108) = (cﬁ(z,s) Dﬁ(z,s)) :

Corollary 4.7. For every k > 0 we have Ug(t, $)H*¥(RY) € HK(RY). Moreover
there exists Cr s, 7 > 0 such that for € H*(RY), t,s € IT, B € C%(IT), we
have

U (t, )V | 3ckmay < CRt0,7 |1V | 3¢k (mat- (26)
Proof. This a consequence of (24) and of the Egorov property:
Us(s.1)AUp(t.5) = Ao Dp(t.s). 27)

We start by proving the corollary for k = 1 hence by induction we get the result for
any k € IN. Consider the linear symbol A(q, p) = a-q+b-p andlet v € H'(R?).
Then using (27) and that ®g(z, 1) is an affine map we get that

AUg(t,s)¥ = Ug(t, s)Ug(s, 1) AUg(t, s)y € L>(RY).

So Ug(t, s)¥ € H(R¥) and (26) for k = 1. O
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We shall use coherent states with the notations of [7, Chapter 1] (here we
choose the Planck constant # = 1). The next two lemmas will be used to prove
Proposition 5.1

Lemma 4.8. There exists Tr > 0 small enough, Cr > 0 such that fort,s € It g
and B € Cx(IT r) we have

sup l{oy, Ug(t, s)px)|dX < MR, (28)
yer2d JR24

sup oy, Ug(t,s)px)|dY < MR. (29)
XeRr2d JR2d

Proof. From [8], Proposition (5.7), we have

(0z+x,Up(t.s)pz)
X 12

:aﬂexp<—‘z+? +Aﬂ<2+¥)'(z+ﬂ>>’

(30)

where
Apg = I+ Fg)A + Fg +iJ(A— Fg))~",
Fg = ®pylt,s),
ag =29 det(I 4+ Fp 4 iJ(I — Fg))'/2.

Then using [8, Lemma 5.11] and (30), we have

v Up(t.5)g0)| < exp (- 512

R = 2(1+ Ap(t, )/’

where Ag(t, s) is the largest eigenvalue of @, (7, 5)Pp (2, )T,
But we have || @, (2, s)|| < Ce*'™R. So for some Cg > 0 we have

_ly?

l{oy.,Ug(t,s)po)| < e Cr. (€2))

But Ug(t, s) is the metaplectic transformation associated with Fg. More precisely,
recall that we have (see [8]) Ug(t,s) = I?(ng) and gy = 7A"(X)<Po, where R
denotes the metaplectic representation and T the Weyl translation representation.
In particular we have the useful property

R(Fp)T(2)R(Fg)* = T (Fp2). (32)
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So we get

(v, Up(t,8)px) = P oy _p,x, Us(t, 5)go), (33)

where g(B) = 5(FgX.Y),0(Z,Y) = JZ -Y is the symplectic form. From (32),
(31), and (33) we get, t,s € ITR,

Y=g, t,5)X 2

oy, Up(t,s)ex)| < e Cr : (34)

Now choosing Tg small enough we have ||, (7, s)7 Y| < 2. Hence (28) follows
from (34). O

We come now to a continuity property of Ug in B (25). For proving this
property we shall use again coherent states.

Let us denote U = Ug) (2, s) — Ugw (t, s). We have to establish an estimate
for the Bargman kernel K5y (X, Y) := (¢py,8Upx).

Lemma 4.9. For any R > 0 there exists Cr > 0 and Tr such that for all
BW,BP e CRUIrr) N C'(IrR), XY € R,

\Fﬁ(g)X—le

|Ksu(X.Y)| < CRIBV =BPNloc(1+|Fgor XY |[+]Y —Fgr X|P)e— & .
(35)

Proof. We use the same method as in the proof of Lemma 4.8. For 6 € [0, 1]
denote B = M + (1 —0)B®. So we have

1
~ ad
Rou(X.¥) = [ S tor Uporpn)do. 36)
0

Using (30) and known estimates on Fg, we shall easily get (35). Let us begin with
the particular case X = 0. We have to compute % {(py, Ug@® o) using (30). Then
applying Corollary 4.3 and (31) we get for every 6 < [0, 1], Cr > 0 large enough,

2

d _re
55 (7- Usorgo)| < CrlIBY = BP ool + Y )e” k. (37)

Now from estimate on the derivative of g(8), using (33) and (34), we get the
estimate (35). O
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Proof of Proposition 4.5. The estimate (24) is a direct consequence of Lemma 4.8.
We can get (25) from estimate (35) as follows. Let us introduce the space

L2 (R*) = {u € L2(R*). (X)*u(X) € L*(R*)},
where (X)* = (1 4 |X|?)*/2. Recall the useful estimate
(X +7)72 <2(Y)(X)%

From (35) we can deduce that the linear operator §U with kernel EgU is continuous
from L22(R2?) into L2(R??). Let us consider the integral kernel X, (X,Y) =
Ksu (X, Y)(Y)™2. We have to prove that K,(X,Y) is the kernel of a bound
operator Ty, in L2(R2?). Denote

My, = max {sup/ | K2 (X,Y|dY, sup/ | Ko (X, Y|dX} , (38)
X Y

We have the well known LZ-norm estimate
”TJQH = Msz' (39)

Then using (35) and (39) we get that §U is continuous from L2-2(R24) in L2(R29),
with a norm estimate as follows.
Introduce the Fourier—Bargmann transform

U(X) = @n)Plex. v),
which is well defined for every ¥ € 8'(R?). Recall that ¢ > ¥ is an isometry

from L2(R¢) into L?(RR?¢) and that ¢y is an eigenvector for the creation operators

a; = %(Xj + %) with eigenvalue o; = LJ?” if X = (¢, p) € R¢ x R¥.

Then for every k > 0 there exists Cy such that

1V 12k w2ay < Cll¥ llack ray-

So we get, under the conditions of (4.9),

18Ul L2@ey < CRIBD = BP0V |32 gy

This proves (25). O

Finally we have proved Corollary 4.6 which is the main result of this section.
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5. Application to Strichartz estimate and NLS

In this section we give a proof for Theorem 2.6 and Theorem 2.7.

A motivation for studying linear quantum dynamics with noise is the get results
for non-linear Schrodinger equations. For that it is now well known that Strichartz
inequality is very useful. For quadratic Hamiltonian with noise § this inequality
is derived from the a Mehler—Van Vleck formula for the Schwartz kernel of the
propagator Up (¢, s) for 0 < |t —s| < T, with T small enough.

5.1. Alocal dispersive estimate. We start with an almost explicit expression for
the kernel of the propagator valid with noise.

Proposition 5.1. If the Hypothesis 2.3 and Hypothesis 2.4 are satisfied then for
every R > 0 there exists Tp > 0 such that for every t, s €|to, to + Tr] and every
such that ||B|lex < R the Schwartz kernel Xg(t,s) of Ung(t,s) is a C* function
of (x,y) given by the following formula

Kpg(t,s;:x,y) = (2im) "4 2det™/2(Bg (1, 5))e’ S5, (40)

where Sg(t,s;x,y) is the classical action along the unique classical trajectory
joining y to x at time s.

In particular there exists y > 0 such that det Bg(t,s) > y|t — s|? for every
t €elrp.

Let pg(t,s; x, y) be the momentum of the trajectory (qs, ps) = Pu,4(t, 5)(q, p).
Then we have

t
Sp(t,s;x,y) = / (Gu - pu—Hg(u,qu, pu))du, where p = p(t,s;x,y). (41)
s

Proof. The computation is well known, the new fact here is that we need to control
the validity of this computation with the noise term in f.

First of all let us remark that the action Sg is continuous in g for the C°
topology.

To obtain this property it is enough to assume that Hg(¢) is quadratic. From
Euler identity we have Hg(t) = 3(q-94Hg + p - 8, Hpg). So, using the Hamilton
equations, § = d, Hg, p = —d4Hpg we have

1
Sg(t,s;x,y) = E(pt “qt — Ps *qs) -

Recall that (q;, p;) = Pm,(t,5)(gs, ps), SO continuity properties in 8 for Sg is a
consequence of continuity for the flow ®g,.
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Now, we shall use here computations taken from [4]. Notice that in formula (13)
and (12) the phases Wg and Vg , are quadratic in z. So the integral is the integral
of a Gaussian and we have to compute a Gaussian integral (a particular case
of the stationary theorem). For this computation we use the simpler notations
A = Ag(t,s) and the same for B, C, D.

We choose here in (12) the complex matrices ©(¢) = I'(¢) where

I'(t):=(C +iD)(A+iB)™!

(see Section 3). The matrix of the quadratic part of ¥ was computed in [4]:

2il+(A+iB)"'B i(A+iB)"'B
2 v= . 42
92z ( i(A+iB)™'B  —(A+iB)"'B (“42)
In particular we get
det(d7 ,¥) = det(—2i(4 +iB)™'B) (43)

and 82, .V is invertible if and only if B := Bg(z, s) is invertible.
This is checked using the following lemma (in [9, Proposition 2.30] a similar
result is proved).

Lemma 5.2. We have the following estimate of the flow ®g (¢, 5), for |t —s| small
enough,

Pry(t.s) =1+ ((B(1) — B(s))J Sk + (1 —5)JSH(s)

44
+O(r =52+ sup B0~ pa)P). @9
lt—u|<|t—s|
In particular if B € C*(IT) with u > % then we have
Bg(t,s) = (t — s)alz,pH(s) + O(Jt = s]?). (45)

Moreover ifag,pK = 0 then the estimate (45) remains true for any p € €% (It g).
In estimates (44) and (45), O(:) is uniform for ||B|lex < R.

Using lemma 5.2 and choosing Tr > 0 small enough we get that Bg(z, 7o) is
invertible for ¢ € IT g. So under the same conditions we have that

det(d2,W(1,5)) # 0.

So we get (40) by computing a Gaussian integral.
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Proof of lemma 5.2. Using (17) we get

t
By (1.5) = B PIISK 4 / eBi=BOISK 1§, (uyeBu—B) IS gy

N

t s
+/ e(ﬁt—ﬂu)JSKJSH(u)(/ e(ﬂu_ﬁf’)JSKqDHﬁ(a,s)do)du.
(46)

The last term is clearly O(|t —s|?). To estimate the first we use the Taylor formula
1
e"/SK = 1 + uJSg + u?(JSk)? / (1 — 6)ef?/Sk (47)
0

Notice that we have

_[(Lx O _ [ L&)  Eun()
JSK—(GK L;) and JSH(I)—(GH(I) LH(l‘)T)'

Notice that Eg (¢) is invertible for ¢ close to ty. Moreover J SI% =0if Ly = 0.
So the lemma can be easily obtained from (46) and (47). A

This concludes the proof of Proposition 5.1. |

The next corollary is very useful in applications to get Strichartz estimates, as
explained in [15].

Corollary 5.3 (dispersive estimate). There exists a constant Cg, depending only
on R such that for every t € It g and every x, y € R¢, we have

|Kp(t,55x, )| < Cr|t — 5|72 (48)
and, for every p € [2, +00], we have, for ¥ € L?(R?),

U (t. )Vl Logay < CrlE =57 2Py || way. 1/p+1/p" = 1. (49)

Let us notice that the principal symbol of H (1) is not necessary elliptic, the
important property to get the local dispersive estimate (49) is that the quadratic
form 92 , H is non degenerate (for d =2 we may have H(q, p) = pi—p3+4q;+43).

5.2. About the proof of Theorem 2.7. As already remarked in [3, 10], using
Strichartz estimate (49) it is possible to extend the results proved in [5] concerning
non-linear Schrédinger equations for quadratic linear parts with noise. The proofs
follows closely [5] so we do not repeat the details here (see also [6, 16]) for the
regular case).
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In a first step the result is proved locally in time by a fixed point argument
such that B + Yg(t) is continuous from C* (/) into L?(R?). Then we get the
conservation of the L2 norm (this is true for 8 € C!(I7) and also for B € C*(Ir)
by continuity). Using the conservation law we can extend the local solution in a
global solution for initial data in L?(R¢) for subcritical non-linear terms.
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