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1. Introduction and main result

It is well-known that for non-normal operators, as opposed to normal operators,
the norm of the resolvent can be very large even far away from the spectrum.
Equivalently, the spectrum of such operators can be highly unstable under tiny
perturbations. Originating from a renewed interest in numerical analysis with
the works of L. N. Trefethen and M. Embree [22, 8], spectral instability of non-
self-adjoint operators has become an active subject of interest. It is the source of
many interesting effects, as emphasized by the works of E. B. Davies, M. Zworski,
J. Sjostrand and many others (cf. [4, 5, 7, 3, 6]).

It is natural to study the effects of small random perturbations on the spectra
of non-normal operators. A recent series of works by M. Hager, W. Bordeaux-
Montrieux, J. Sjostrand, and M. Vogel [1, 11, 12, 13, 18, 24, 23] has focused on the
case of elliptic (pseudo-)differential operators subject to small random perturba-
tions. It was shown that for a large class of (pseudo-)differential operators one
obtains a probabilistic Weyl law for the eigenvalues in the bulk of the spectrum.

Another important example is the case of non-self-adjoint Toeplitz matrices.
They can arise for example in models of non-Hermitian quantum mechanics,
cf. [9, 14]. The spectral theory of such operators has been much discussed in
the past, cf. [25, 2], and from the point of view of spectral instability in [8].

The simplest example of a truncated Toeplitz operator is the Jordan block ma-
trix. M. Hager and E. B. Davies [6] considered the case of large Jordan block
matrices subject to small Gaussian random perturbations and showed that with
a sufficiently small coupling constant most eigenvalues can be found near a cir-
cle, with probability close to 1, as the dimension of the matrix N gets large.
Furthermore, they give a probabilistic upper bound of order log N for the number
of eigenvalues in the interior of a circle.

A recent result by A. Guionnet, P. Matched Wood and O. Zeitouni [10] im-
plies that when the coupling constant is bounded from above and from below by
(different) sufficiently negative powers of N, then the normalized counting mea-
sure of eigenvalues of the randomly perturbed Jordan block converges weakly in
probability to the uniform measure on S! as the dimension of the matrix gets large.

In [17], J. Sjostrand obtained a probabilistic circular Weyl law for most of the
eigenvalues of large Jordan block matrices subject to small random perturbations,
and in [20], we obtained a precise asymptotic formula for the average density
of the residual eigenvalues in the interior of a circle, where the result of Davies
and Hager yielded a logarithmic upper bound on the number of eigenvalues.
The leading term is given by the hyperbolic volume form on the unit disk, in-
dependent of the dimension N.
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The goal of the present work is to study the spectrum of random perturbations
of the following bidiagonal N x N Toeplitz matrix:

0 a 0
b 0 0
Cask I. P=pP= 0 b 0 0 (1.1)
0O ... ... ... 0 a
0o o0 ... ... b O
Originally we also wanted to include
0 a 0 0
0 0 a b 0
o 0 0 a ... ... 0
Case II. P=Pp=1\|... ... ... ... ... ... .1,
a b
0 a
0 o0

but we decided to postpone much of the study in this case.

Here a, b € C\ {0} and N > 1. Identifying CV with ¢2([1, N]), [I,N] =
{1,2,..., N} and also with 6[21’ ~1(Z) (the space of all u € (%(Z) with support in
[1, N]), we have

Pr=lp Ni(at—1 + b)) = 1[1,N](aeli + be~iDx),

Py = 1[1,N](af_1 +bts) = 1[1,N](aeli + bCZiDX),

where 7 u(j) = u(j — k) denotes translation by k.
The symbols of these operators are by definition,

Pi(§) = ae’® + be ¢, P(§) = ae't + be?'t. (1.2)

They are 2s-periodic in ¢ and will often be viewed as functions on R/27Z with
the identification R/27Z > & <— e'¥ e S!. In this work, we consider the
following random perturbation of Py = Pj

Ps := Py + 000, Qo = (qjk(®))i<jk<N: (1.3)

where 0 < § < 1 and g; x (w) are independent and identically distributed complex
Gaussian random variables, following complex Gaussian law N¢(0, 1).
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The following result shows that, with probability close to 1, most eigenvalues
are in a small neighbourhood of the ellipse E; = Py(S') with focal points +2+/ab
and major semi-axis of length |a| + |b|: let y be a segment of £; and r > 0, put

['(r,y) ={z € C; dist(z, E;) = dist(z, y) < r}. (1.4)

Theorem 1.1. Let P = P be the bidiagonal matrix in (1.1) where a, b € C satisfy
0 < |b| < |a|. Let Ps be as in (1.3). Choose § < N™%, k > 5/2 and consider the
limit of large N. Let y be a segment of the ellipse Ey = Py(S') andletT = I'(r,y)
be asin (1.4) with InN)/N < r < 1. Let 8y be small and fixed.

Then with probability

1
>1- (9(1)(— +In N)N2"e_2N8°, (1.5)
r
we have
1 . 5 /1
#(0(P5) N T) = ==voly w51 Py (r)‘ < O()N 0(7 +1n N). (1.6)
Here we view 10, N] as an interval in R of length N.

If we choose y = E! and view P; as a function on ]0, N] x S, then, since
P Y(T) = PY(Er) =]0, N] x St we have

1 _
EVOI]O,N]XSI P (D) =N
which is equal to the total number of eigenvalues of Pg, so the number of eigen-
values outside of I' is bounded be the right hand side of (1.6). With r > 0 fixed
but arbitrarily small we get

Corollary 1.2. Under the general assumptions in Theorem 1.1, let T be any fixed
neighborhood of E1. Then with probability as in (1.5), we have

#(0(Ps) N (C\ )| < O(HN* InN.

Figure 1 illustrates the result of Theorem 1.1 by showing the eigenvalues of the
N x N-matrix in (1.1), with N = 500, a = 1 + i and b = 0.5, perturbed with
a complex Gaussian random matrix and coupling constant § = 107>, The line
indicates the image of the unit circle S' under the symbol of the matrix (1.1).
We can see that most eigenvalues are close to an ellipse with only very few in
the interior. This phenomenon has been observed numerically in [8] (we refer in
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particular to Figures 3.2 and 3.3 in [8]). For more numerical simulations for more
general Toeplitz matrices, we refer the reader to [8, Section 7].

% Eigenvalues of Pg T . . : : x Eigenvalues of Pg i -

Eigenvalues of Py sh

Eigenvalues of P (S1)

1k

0.5

-0.5

L L L L L L L L L L L L L L
-1.5 -1 -0.5 0 05 1 1.5 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 18

Figure 1. The spectrum of P; with N = 500,a = 1 + i and b = 0.5 perturbed with a
complex Gaussian random Matrix with coupling constant § = 10~>. The red line is the
image of the unit circle S' under the symbol Pj.

Acknowledgements. We thank the referee for a very thorough job which has
led to improvements, corrections and clarifications. We also thank Alain Grigis,
for his historical remark about the range of the symbol in Case II.

2. The range of the symbol

Write
a=lale’®, b=1ble"®, a peR (2.1)

2.1. Case I. We have P(£) = |ale’@t®) 4 |b|e!®—H and the largest value of
| P(§)] (for & real) is attained when the two terms in the expression for P (§) point
in the same direction. This happens precisely when

EZ'B;a+nk, k eZ.

Write £ = ﬂ%"‘ + 1. Then

P(§) = 'R (jaje’™ + |ble™")

_ (2.2)
= ! @FB2((ja| + |b|) cosn + i(|a] —|b]) sinp).
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Assume, to fix the ideas, that |b| < |a|. Then P(R) is equal to the ellipse, Eq,
centered at O with major semi-axis of length (|a| + |b|) pointing in the direction
¢!@+P)/2 and minor semi-axis of length |a| — |b|. The focal points of E; are

+ 2vab = £e!@tB/22 /la| |b). (2.3)

The left hand side of Figure 2 illustrates the range of the symbol in Case I by
presenting P(S!) withh =0.5anda =1 +i,a = 0.5+ 0.5i.

’ ’ 05k 1

051 -,

Figure 2. The left hand side shows the image of S! under the principal symbol of Case I
(for the dashed ellipse we chose b = 0.5, @ = 1 + i and for the other ellipse b = 0.5,
a = 0.5 + 0.5i). The right hand side is similar but for the principal symbol of Case II
(for the dashed line we chose » = 0.5, a = i and for the continuous line » = 0.5, a = 0.4i).

2.2. CaselIl. Write
P(§) = |a|ei(a+§) + |b|ei(ﬂ+2§)_

By the same reasoning as in Case I, the largest value, |a|+ |b|, of | P ()] is attained
when

§=fmx =a—B+2nk, kel

The smallest value ||a| — |b]| of | P(§)] is attained when
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We have
P (§max) = '®*7P(la| + |b]), P (§min) = —¢'®* P (la| — |b)).
Write £ = o — 8 + 7, so that
P(§) =P fe'), f©) = lalt + |b|g>.

The study of P(R) is equivalent to that of f(S!). This curve is called the
“Limacon de Pascal” after E. Pascal, father of B. Pascal.! Assume for notational
reasons that @, b > 0, so that

[ = fap(§) = at +bg>.

This function has the unique critical point { = {.(a, b), given by a + 2b{, = 0,

a
§e = _%
and
)
S =17
Since f is quadratic, we have
_ PSRN a)?
SO = 1) +bG — 1 == +b(c+55) 24)

Notice that

(1) b<a/2 = ¢ & D(,1),
2 b=a/2 = (€S,

3) b>a/2 = ¢ € D(0,1).

In the first case there is no pair of distinct points on S which are symmetric
to each other with respect to ¢, so f(S!) is a simple closed curve in C.

In the second case f:S! — C is still injective but has a critical point at .
The image of S! is still a simple closed curve, but with a cusp at f(¢.).

In the third case, the critical point ¢, is situated on the segment |—1, O[. There is
one pair of points on S! that are symmetric to each other with respect to {., namely

o and &, where e = ¢ +i+/1 — 2. Thus f(a.) = f(@c) €] —o0, f(¢)[is the

! We thank A. Grigis for this information and for the link

http://www.mathcurve.com/courbes2d/limacon/limacon.shtml
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only point in £(S'!) whose inverse image consists of more than one point. f(S')
is a closed curve with f(a.) = f(ac) as its unique point of self intersection.
We can write

f(Sl) = {f ()} U Vint U Vexts

where yine = f(ST N{ERE < REeY), yer = F(ST N A{LRE > REe}) are smooth
curves, which become simple closed after adding f(¢.) and yiy, is situated in the
interior of the region enclosed by the closure of pex:.

The right hand side of Figure 2 illustrates the range of the symbol in Case II
by presenting P(S!) withb = 0.5anda = i,a = 0.4i.

Remark 2.1. If P is a bounded operator: H{ — H, where H is a complex Hilbert
space, we define the numerical range

W(P) = {(Pulu); u € I(, flul = 1}.

It is well known that W(P) is convex, see [15]. If I1: H{ — 3 is an orthogonal
projection with range R(IT), then

W(ILP | p ) C W(P),
for if u € R(I1) is normalized, then ¥ = TTu and

(MMPuju) = (Pulllu) = (Pulu).

If
N
P =Y apt:t*(Z) — (X(Z). aj€C,
-N
is a finite difference operator with symbol P(§) = Zf N are %€ then P is

unitarily equivalent to the multiplication operator
P:L3(SY) 5 i —> P(E)i € L2(SY)

and from writing down the scalar product (P11 | 1) we see that W(P) = W(P) is
contained in the convex hull of the range P(S!) of (the symbol of) P.

This can be applied to P; and Py; with TTu = 1 yju, u € (%(Z), and we
conclude that W(P;), W(Py) are contained in the convex hulls of P;(S!) and
Pi(S1) respectively.?

2 We thank the referee for indicating this argument.
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3. Spectrum of the unperturbed operator

3.1. Case I. The spectrum of Py as a set coincides with the set of eigenvalues.
Consider an eigenvalue z € C and a corresponding eigenvector 0 # u €
£2([1, N]). Extending u to [0, N + 1] by putting u(0) = 0, u(N + 1) = 0,
we have

au(k + 1) —zu(k) + buk —1) =0, k=1,...,N.

We can extend u further to all of Z and get a function i: Z — C such that
u(k) =u(k)on[l,N], u0) =u(N+1)=0 (3.1)
and such that
au(k + 1) —zu(k) + bu(k —1) =0, k eZ. (3.2)
The space of solutions to (3.2) is of dimension 2 and if the equation
at+b/i—z=0 (3.3)

has two distinct solutions ¢4 and {_, then it is generated by the functions i 4, given
by
is() =tk kel

When the equation has a double solution, which happens precisely when

a§=E=§,

i.e. when z is one of the focal points of E1, the same space is generated by
fo(k) = &%, din(k) = ke,

In the case when the characteristic equation has two distinct solutions, we can
write

(k) = cp .k 4 ek,
and apply the boundary conditions in (3.1), to get
c+ +c- =0, c+§‘f+1 + e tNTL =,

and

= —cq4, i/-l—l — é—]_V-i-l‘
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This gives the N possibilities,

S+
’
(The case v = 0 is excluded since we are in the case of distinct solutions of the

characteristic equation.) The relation between the two solutions of (3.3) is given
by

= e2miv/(N+D) 12 . N. (3.4)

aty = b/t
and insertion of this in (3.4) gives,
%ﬁ — p2miv/(N+1)

Fixing a branch of /b/a, we get
tx(v) = Vb/aetTV/NFD oy =1 N

The corresponding eigenvalues are then

2 =2(v) = alye(v) + b/L4 (v) = 2/ab cos (N”J‘r’ 1).

These values are distinct so we conclude that the spectrum of Py consists of N
simple eigenvalues.
Recall the representation (2.1). We can choose the branch of the square root so

that
Vab = /|a| |b|e!@+P)/2.

We conclude that the eigenvalues

2(v) = 2v/Jal[le" @ P2 cos ()

N +1
are situated on the major axis of the ellipse £, between the two focal points (2.3).

Remark 3.1. Let
W = diag (w¥)o<k<n—1

be the diagonal matrix with elements w*, 1 < k < N, where 0 # w € C. Then
P has the same spectrum as

0 a/w 0 e ... 0

bw 0 a/w ... ... 0

Fowpw— 0 bw 0 a/w ... 0
bw 0 a/w
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and choosing w = (a/b)"/? gives
o 1 O 0
1 0 1 0
o 1 o 1 ... ... 0
P=@)"?|... ... ... ... ... ... ...\
1 0 1
1 0

The last matrix is self-adjoint and this explains why the eigenvalues of P are
situated on a segment.

3.2. CaselIl. P = Py is nilpotent, so o (P) = {0}.

4. Size of |¢|

For the understanding of our operators, it will be important do determine, depend-
ing on z, the number of exponential solutions 7 (k) = ¢¥ that grow near k = 400
and near k = —oo respectively. Here { is a solution of the characteristic equa-
tion (3.3) in Case I and of the characteristic equation

at +b* =z 4.1

in Case II.

4.1. Case I. We recall that we have assumed for simplicity that |a| > |b|. The
case |a| = |b| will be obtained as a limiting case of the one when |a| > |b|, that
we consider now. Let

Jap(§) =al+b/¢

and observe that when r > 0

Jas(@D(0.7)) = farp/r(0D(0,1))

which gives a family of confocal ellipses E,. The length of the major semi-axis
of E, is equal to |a|r + |b|/r =: g(r). E,, is contained in the bounded domain
which has E;, as its boundary, precisely when g(r;) < g(r2). The function g
has a unique minimum at r = rypin = (|b|/|a])'/?. g is strictly decreasing on
10, rmin] and strictly increasing on [rmpin, +00[. It tends to +0o0 when r — 0 and
when r — +o0o. We have gmin = g(rmin) = 2(la||b])'/? so E,_. is just the

Tmin



988 J. Sjostrand and M. Vogel

segment between the two focal points, common to all the E,. For r # rpin, the
map dD(0,r) — E, is a diffeomorphism. Let r; be the unique value in ]0, 1] for
which g(r1) = |a| + |b| = g(1). We get the following result.

Proposition 4.1. Let |b| < |a|.

o When z is strictly inside the ellipse Ei described after (2.2), then both
solutions of f,5(¢) = z belong to D(0, 1).

e When z is on the ellipse, one solution is on S' and the other belongs to
D(0,1).

o When z is in the exterior region to the ellipse, one solution fulfills |{| > 1
and the other satisfies || < 1.

Proof. When z is strictly inside E; it belongs to

forr; < p+ < p— < land ¢y € 3dD(0, p+). The other two cases are treated

similarly. O

In the case |a| = |b|, E; is just the segment between the two focal points. In
this case rmin = 1 and we get the following result.

Proposition 4.2. Assume that |a| = |b|.

e [fz € E; then both solutions of f,4({) = z belong to S*.

o Ifzisoutside E1, one solution is in D(0, 1) and the other is in the complement
of D(0, 1).

Remark 4.3. Recall that E, is the ellipse with focal points +¢ = £2+/ab and
length of major semi-axis equal to g(p) := |a|p + |b|/p. Equivalently,

Ep=1{zeClz—c|+|z+c[=2g(p)}

The solutions { = {4+ of f,,({) = z belong to dD(0, p+), where p+ are the
solutions to 2g(p+) = |z — ¢| + |z + c|, situated on each side of ryin = /|b/al.
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Assume that z is restricted to a compact subset K of C. Then p1 € [1/C, C]
for some C = C(K) > 1. For p € [1/C, C], we have

g(p) = le| = o = rmin|*.
Consequently,
o+ = rminl = (g(p) = leD'? = 27121z = ¢| + |z + ¢| = 2[e)"2.
Since p+ are situated on opposite sides of rpin; we get
6+ = 8-l = los = p-| = (12 —c| + |z +c| = 2le)"2.

Noticing also that {;{_ = b/a, we have with the convention || < |¢_], that
[C+|/|¢=| < 1 with equality precisely when z belongs to the focal segment. For
every neighborhood of that segment, there exists 6 < 1 such that |¢4|/|¢-] < 6
for z outside that neighborhood.

4.2. Case II. We write the equation (4.1) as

f(§) =z, where f(§) i=al + b¢* = b(§ — L) +¢ = 2,
¢c is the critical point, given by ¢, = —a/(2b) and

¢ = f() = —a®/(4b).

For any given z, the two solutions are symmetric around ., and depending on
which case we are in according to the conclusion after (2.4), we just have to see if
both, one or none of the symmetric solutions belong to D(0, 1).

When |b| < |a|/2, we have . ¢ D(0,1), f(S') is a simple smooth closed
curve y and if we let " be the bounded open set with ' = y, we conclude as
follows.

Proposition 4.4. e [f z € T, then one of the solutions belongs to D(0, 1) and the
other one is in C\ D(0, 1).
o Ifz € y, then one of the solutions belongs to S* and the other is in C\ D(0, 1).
e Ifz € C\ T, then both solutions are in z € C \ D(0, 1).

When |b| = |a|/2, we have:

Proposition 4.5. Forz # f(.) (i.e. for z away from the cusp of the simple closed
curve f(S')) we have the same conclusion as in Proposition 4.4. When z = f({.)
(i.e. at the cusp), { = ¢, € S is a double solution of z = f(¢) (and there is no
other).
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When |b| > |a|/2, we have {, € D(0,1) and ¢, # 0. Draw the line through
¢ which is perpendicular to the radius of D(0, 1) that passes through that point
and let o, and o/ be the two points of intersection with S'. We have seen in
Section 2 that f(ac) = f(«) and that the short circle arcs and the long circle
arcs connecting these two points are mapped by f onto two simple closed curves
Vint and Yex;, both containing the point f () = f(c.) and such that if we let [y,
Iex¢ denote the open bounded sets bounded by yint, yext respectively, then away
from f(a.), Yint is contained in Texi. Also Ty C Text.

It is geometrically clear that the set of points ¢ in D(0, 1) for which the
symmetric point with respect to ., namely ¢’ = ¢, — (¢ — ¢.), also belongs to
D(0, 1), is obtained by taking the short circular segment from «, to «., then the
convex hull of that set and finally adding all the symmetric points with respect to
. This is a lens shaped region L inside D(0, 1) whose image under f coincides
with Ty This leads to:

Proposition 4.6. When |b| > |a|/2, the following holds for the solutions (counted
with their multiplicity) of the equation f({) = z:

o if z € Ty, then we have two solutions in D(0, 1);

o ifz € yine \ { f(ac)), then one of the solutions is on S, namely on the short
circular arc between o, and o, while the other solution is in D(0, 1);

e ifz = f(ac), then there are two solutions on S*, namely o, and a.;

o ifz € Dext \ Tint, then then there is one solution in D(0, 1) and one outside
D(0, 1);

o ifz € Yext \ { f(ac)}, then one of the solutions is in S' (namely on the long
circular arc from o, to «..) and the other one is outside D(0, 1);

e ifzeC\ Cext, then both solutions are outside D(0, 1).

5. Grushin problem for the unperturbed operator

We start with a quick introduction to Grushin problems. This method is an
elementary way of reducing problems to lower dimensions and basically it is just
a play with 2 x 2-matrices with operator entries. We follow a terminology which
is common in PDE, but the method appears in many areas under different names:
“Lyapunov-Schmidt bifurcation,” “Shur complements,” “effective Hamiltonians
and Feshbach reduction”. The calculations are mostly simple and direct. See [21]
and [16] for recent discussions.
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In this paper, we limit the attention to finite matrices. Let P: H{ — I be linear,
H=CN,1<N < +00.LetG=0C",1<n < N. Consider

P—z R_

?(z):(RJr O):%x9—>ﬂ{x9,ze§2

where Ry:H — G, R_:§ — H are linear operators of maximal rank (n), that we
assume independent of z for simplicity. 2 C C is some open connected set.
Assume that P(z) is bijective for every z € Q and let

_(E@ Ei(@).
E(Z)_(E_(z) E_+(Z)).J{><9—>J{><9

be the inverse, depending holomorphically on z € Q. For each fixed z € Q2 we
have

Proposition 5.1. For every z € Q we have that P — z is bijective iff E_{(z) is
bijective. When bijectivity holds, we have

E_4(2)' =—Ry(P—2)'R_,
(P—2)"'=E(@)— Ex(2)E_+(2)'E_(2). (5.1

The proof follows from some direct calculations based on the 8 operator
identities that we get from PE = 1 and EP = 1.
Letting o (P) denote the spectrum of P, it follows that

o(P)NQ ={ze€Q;detE_4(z) =0}.
Keeping the assumption that P(z) is bijective for all z € 2, we have:

Proposition 5.2. For every zg € o (P) N Q, the algebraic multiplicity of zo as an
eigenvalue of P coincides with the multiplicity of zo as a zero of the holomorphic
Sfunction Q 3 z — det E_4 (2).

Proof. We give the proof for completeness. From the identity
0:€(2) = —€(2)9:P(2)E(2),

we infer that 9, E_4(z) = E_(z)E+(z). Let y be the oriented boundary of the
disc D(zg,r), where r > 0 is small enough. The multiplicity m(zo) of z¢ as an
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eigenvalue of P is equal to the trace of the spectral projection, and by (5.1) and
the fact that £(z) is holomorphic in €2, we get

m(zo) = trﬁ/y(z— P) ldz
= tr% /y Ei(2)E_4(2) YE_(2)dz
= ﬁ /y tr(E4(2)E—1(2) YE_(z))dz
_ ﬁ /y tr(E—y () E_(2)E4 (2))dz
_ % /y tr(E_y ()"0, E_y)dz

1
=— | d;IndetE_,(z)dz
2wi J,

and the last expression is equal to the multiplicity of zg asa zerodet E_1 (z). O

Below it will be convenient to permute the lines in P and the columns in &.
Then &€ will still be the inverse of P.

We return to the discussion of bidiagonal matrices and from now on we only
consider the Case I and write P = P;. We are interested in the case when z is
inside the ellipse E1, so that the two solutions of the characteristic equation are
in D(0, 1) and correspond to exponential solutions that decay in the direction of
increasing k. Consequently, in our Grushin problem we put a condition of type
“4+” at the endpoint k = 1 of [1, N] and a corresponding co-condition of type “—”
at the right end point k = N. Define

Ry:CY¥N —C and R_:C— CV,
by
Riu=au(l) and R_u_ =au_ey, (5.2)

foru € CV, u_ € C, where ey denotes the Nth canonical basis vector in CV so
that ex (j) = §; y. We are then interested in inverting

(e )= () 53)

in CN x C.
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It will be convenient (without changing the mathematics) to permute the com-
ponents v, vy, so we apply the block matrix

((1) (1)):CN><C—>C><CN

to the left and get the equivalent problem

CP(Z)(uu) = (UJ) where P(z) = ( Ry 0 ):CN xC —> CxCN.

P—z R_
5.4

E E.

E_ E_4
denotes the inverse of the matrix in (5.3) (when it exists), then the inverse of the
matrix in (5.4) is given by

It

— . N N
8_(E_+ E_).CXC — C" x C. (5.5)

The important quantity £_ now appears in the lower left corner.
Identifying CV x C ~ C x C¥ ~ CN*! in the natural way we see that P(z)
has a lower triangular matrix with

e all entries on the main diagonal equal to a,

o all entries on the “subdiagonal” (i.e. with indices j, k satisfying j —k = 1)
equal to —z,

e all entries on the “subsubdiagonal” (with indices satisfying j —k = 2) equal
to b,

o all other entries equal to zero.

Equivalently, we can write
P@) =IpNenla—zT + bt?),
where 7 denotes translation to the right by one unit, when identifying

CV* > 2\ 1(Z) = {u € C(@)iu(k) = 0fork ¢[1,N + 1]}.
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We see that P(z) is invertible with inverse £(z) given by a lower triangular
matrix with constant entries ¢, on the vth subdiagonal (i.e. the entries with index
(J, k) for which j —k = v). Further ¢o = 1/a. Equivalently,

&(z) = lpn+1y(co + 1t + - +ent?). (5.6)

Also notice that ¢, is independent of N. The first column u in the matrix of £(z)
is equal to (co, c1,. .., cn)" and it solves the problem

P(z)u = ey, whereei(j) =61,;.
This gives the equations,
au(l) =1,
—zu(l) + au(2) =0,
bu(l) — zu(2) + au(3) = 0,

bu(2) — zu(3) + au(4) = 0,

bu(N —1) —zu(N) +au(N + 1) =0.
Extend u to u € £2([0, N + 1]), by putting u(0) = 0. Then we get,
butk —1)—zuk) +auk +1)=0, k=1,...,N,
u(0) =0, (5.7)
u(l) = 1/a.
Here u can be extended uniquely to all of Z by solving successively the first

equationin (5.7)fork = 0,—1,... andfork = N+1, N+2,... and the extended
function u has to be of the form

u(k) = c1.o8 ek, (5.8)

where {4 are the solutions of (3.3), and we assume that z is not a focal point of
E1, sothat ¢4 # ¢_. The last two equations in (5.7) give

c++c-=0, Cycy+Cc_=1/a,

and we conclude that
1 1

CTan o T a0 >
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By (5.5), we know that E_ is the last component of u, and hence

N+1
é—++ _é—]_V-H

E_i(z)=—"—7—"—. (5.10)
" aCs =)
Recall that by a general identity for Grushin problems,
(—D)N E_;(2) detP(z) = det(P — z). (5.11)

See (2.12) in [13] and also (4.3) in [16] for an indication of a quick proof. Here
the factor (—1)" comes from the displacement of the 1st line when going from the
“standard” matrix in (5.3) to P(z). Now,

detP(z) = aV T+, (5.12)
The last three equations give,
gNHL N+
det(P — z) = (—a)™ ﬁ (5.13)

We observe a symmetry property of equation (5.13): reversing the orientation
and permuting a and b, we could replace Ry by Rtu = bu(N) and R_ by
R_u = bu_e;. We should then replace ¢4 by 1/¢+ and (5.13) becomes

(N+1) C(NH)
é-;l _ é-:l

Using that {1 {_ = b/a, we check directly that the right hand sides in (5.13) and
(5.14) are equal.

det(P —z) = (=b)V St

(5.14)

6. Estimates on the Grushin problem and the resolvent

The aim of this section is to obtain estimates on the Grushin problem and the
resolvent for the unperturbed operator. In the following we will work with the
convention that the two solutions ¢4 to the characteristic equations are such that

1S+| <[]

Since ¢4 ¢_ = b/a, this means that || < |b/a|'/? < |¢_]|.
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6.1. When ¢ and ¢_ both belong to D(0,1). Here we give estimates on (5.5)
which is the inverse of (5.4), the Grushin problem for the unperturbed operator Py
in the case when z is inside the ellipse E.

By (5.5) and (5.6)

E =1p,n(co+cr1t 4+ CN—ZTN_2)1[2,N+1]’ (6.1)
Co
E+ = R E_ = (CN_l,...,C()), (62)
CN-1

where, using (5.8) and (5.9),
é-{ci_—H _ é.E-H
T Ay -

Fork e N,t € D(0, 1), let

k=0,...,N. (6.3)

k+1 whent =1,
Frpr)=1+t+-+tF =11 _ k41

1—1¢

when ¢t # 1.

By the triangle inequality,

| Fre41(0)] < Fr1(J2)).

We have

i 2
| Fr+1(¢)| < min (k +1, I —t|>'

From (6.3) we get

k
Ck = %Fkﬂ(%)’ (6.4)
e 2
|(,k| < W min (k + 1, m) (65)
By (5.10), (6.4), and (6.5) we have that
Y [ 2
|Eotl = 2o Py (e /6)] < =2 min (V+1, m).
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Proposition 6.1. If ¢+ € D(0, 1), then

=l 2 2 2
IE] < lal™" min (N, ——— |§_|)m1n (V.= g —§+/§—|) (6.6)

and

B L 2 /2 2 2
IE+I = IE-]l < la] mm(N’l—|§_|> m”‘(N’1—|;_|’|1—§+/§—(I6>'7)

Proof. From 6.1, we infer that
[E]l < lcol + -+ [en—2].

Then, by (6.5),

1 N—2 . ’
1E] < mmm(; 64 1. e Fva (D).
Here
N-2 0o
D16k + 1) = min (V= 12 D16k + 1)
0 0
and

o (N ket —a (1 S
20: 1"k + 1) = at(ont )t:|g_| - 8t(l —Z)t=|§—| B (1— |§—|)2’

leading to

1 1 2(N —1) 4
E|<— N 1) ’ :
II Ilf|a|mm(< D T Tt/ |1—c+/c_|(1—|;_|))

which implies (6.6). Continuing, we see by (6.2) and (6.5), that

IE-I> = 1 E+]? = lcol® + -+ + len—1[?

<imin(NZ_l|¢ et — Y )
=qaE ™2 k- Tog/ep & )
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Here,
N-1
SR = Fn (P,
0

andfor0 <r <1,

Fn(?) = = Fn()~ < Fn(t)
SO
N-—1
> 1% < Fn(1-D.
0
Furthermore,
N-—1
Z - (k + 1)> < min <N3 Zm 2 (k + 1) )
Here,
o0 o0
D Kk + 1) = 0,00, Y (!
0 0
t
- 8,13, 1—
1
- 8,13, 1—
t
=0
REY:
(=03
Hence
2k 2 3 1+ 1E_?
Z|§| (1) < min (N2, 7= |2)3)

3

:
=

’(l—lé“ I)3>

(

“(N3’ T+ SE=TED)
min

(N

’(1—|§ I)>
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Thus,
|E4I? = | E_|1?
1 . . 1 3 4
< fap min (min (=) e e 04)
1 . . 1 3 4 . 2
= g min (min (V. =5 ) i (Y =)
1 2 1 2 2
B R R | |
—|a|2“““( 1—|c_|>“““( (=1 |1—c+/;_|)
and we conclude (6.7). O

In the following we concentrate on the case when E is a true non-degenerate
ellipse, i.e. when

0<1|b| <al. (6.8)

The degeneration ¢, /{_ ~ 1 takes place near the focal points z = +2+/ab where
{+ ~ {_ ~ £,/b/a and hence |{_| < | so we are away from the degeneration
|¢—| & 1, which takes place near E;. Until further notice we assume that z is not
in a neighbourhood of the focal segment.

From (6.6), (6.7), and the fact that |{4/{_| is bounded by a constant < 1
(cf. the end of Remark 4.3), we get

IE| < O(1) Fn(15-)). (6.9)
IE+], |E=| < O)Fn(l-)"2. (6.10)

Here, we used that Fg1(f) < min (k + 1, =) for 0 <7 < 1.

6.2. When one of |{4] is larger than 1 and the other one smaller than 1.
In this case

S+l = [b/al <1 < [¢|
and we estimate the resolvent of P = Pj directly. Recall that we work with
P =P = l[l,N](ar_l + b1), T=r11,

with the identification £2([1, N]) ~ 6[21’ N (Z). We start by deriving a fairly explicit

expression for the resolvent, valid under the sole assumption that z is not in the
spectrum.
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a) We first invert at™! + bt — z on £2(Z). This is a convolution operator and we
look for a fundamental solution F:Z — C solving

(at™' 4+ bt —2)F = §y, (6.11)

where §o(j) = So,;. As before, we assume that || < [{—|. When [{4]| < 1 < |{—]
our function F will belong to £!. Try

k ’ k 0’
Fk) = ¢ {§+ = (6.12)
k k <

—> —

where ¢ will be determined. (6.11) means that
au(k +1) + bu(k —1) —zu(k) =6ox. k eZ.
With the choice (6.12), this holds for k # 0 and for £ = 0 we get
claly + b7 —2) =1,
ie. :

R T YT,
Using that aly + b/{y —z = 0, we have b/{_ — z = —al_ and (6.13) becomes

(6.13)

1

c= it (6.14)
Thus, with Ps, = at™! + bt acting on functions on Z, we get
(Poo —2) 0 (F¥)v = 0,0 € £, (Z), (6.15a)
(Fx) o (Poo — 2)u = uu € £2,,.(Z), (6.15b)
where zgomp is the space of functions on Z that vanish outside a bounded interval,

and F'x denotes the convolution operator, defined by

Fxu(j) =) F(j —kvk).
k

When
1S4 < 1 < ¢,

F belongs to £!, Fx is bounded on £2, eq. (6.15) extends to the case when u, v €
£2(Z) and then expresses that F  is a bounded 2-sided inverse of Py, —z: €2 — (2.
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For future reference we combine (6.12) and (6.14) to

1 ¢k, k=0,

k
FO=26—D ¢ k=0

b) We next solve
(at ' +br—2)u=0 onZ,

with one of the two sets of “Dirichlet” conditions,
u@ =1, uN+1)=0

or
u@0 =0, u(N+1)=1

Denote the solutions by u = uy, u = ug respectively, when they exist and are
unique.
In both cases we know that u has to be of the form

u(j) = el + et

and it suffices to see when c4 exist and are unique. After some straightforward
calculations, we get existence and uniqueness under the condition

N+1 é-N-l—l # O (616)
and then
us)) = T @ — /Y,
urlj) = T (§+}§_)N+l (/6N +1=T — (17e N +1ed),

¢) Solution of (P — z)u = v in £2([1, N]). We adopt the assumption (6.16)

from now on and recall, that this is equivalent to the assumption that z avoids

the spectrum of P = Py and the two focal points. With the usual identification
02([1,N]) ~ 5[1 N (Z) it is now clear that the unique solution is

u =1y, > Wwhereu =Fxv—(Fx*v)Our— (Fx*v)(N+ Dug.
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Let E = (P — z)™! (in line with our general notation for Grushin problems,
now in the case when Ry, E1, E_4 are absent) and let E(j, k), 1 < j,k < N
be the matrix elements of E. Then E(j, k) = u(j) where u is the function above
associated to v = J;. Writing ngn(]) g‘i for j > 0and = ¢/ for j < 0,

[Esen(h ) = Iéjén(j)l, we get first
E(j.k) = F(j —k) = F(=k)ur(j) = F(N + 1 —=k)ur(j),
and after substitution of the above expressions for F, uy and ug,

0 et e (G TRE)

o
T

LN )

d) In addition to (6.16), we now assume

1E4l <1 <L)

N—

Then we get

1 .
EGH1 = g (gl ™
2 k
+—|1_(§_+)N“|('§+' <|z )

) )

In the big parenthesis the first term corresponds to a convolution and the second
term corresponds to the sum of two rank 1 operators. Letting || - || denote the norm
in £2 or in £(¢2, £?), depending on the context, we get

N—-1
1 ) 4
1B = o= (2 1osannl + ——— Mm@ =)
lal g+ = ¢\ = - ()" )

6.17)
Recall that Fy (t) = 1 +¢ +--- + ¢tV =1 and that

Fy(t) xmin(1/(1 —¢),N), O0<t<I1.

We have
N —

—

. 1
Ssen(nl! =1+ 1841 Fn—1(18+]) + EFN—l(l/IC—l)-

—

—N
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Also,
w18 17 = 14PN (18+17).
Here,
1—2N 14N
Fy(t?) = = Fy (1),
N = = e D)
SO
Fn(t)/2 < FN(t?) < Fn(2).
Similarly,

N |2 = @FNG/M_P)

and using these facts in (6.17), we get

Lo (A
181 = ey (U 6 Fw b + 7 v (1)
[ L\

1/2 R
gy D ()

(6.18)

Recall here, that |¢4| < |b/a|'/? < 1 and we have assumed that z avoids a fixed
neighborhood of the focal segment, so |4 /{_| < const. < 1.

7. Grushin problem for the perturbed operator
We interested in the following random perturbation of Py = Pr:

Ps := Py + 0800, Qo = (qji(®))i<jk<nN: (7.1)

where 0 < § <« 1 and g; ¢ (w) are independent and identically distributed complex
Gaussian random variables, following the complex Gaussian law N¢ (0, 1).

The Markov inequality implies that if C; > 0 is large enough, then for the
Hilbert—Schmidt norm,

2

P[|Qullus < CiN] =1 -7, (7.2)

where IP(A) denotes the probability of the event A. This has already been observed
by W. Bordeaux-Montrieux in [1].



1004 J. Sjostrand and M. Vogel

7.1. A general discussion. We begin with a formal discussion of the natural
Grushin problem for Ps. Recall from Section 5 that the Grushin problem is of the
form

_( R+ 0. ~n N
CPO—(PO_Z R_)'C xC—Cx(C",

where we added a subscript 0 to indicate that we deal with the unperturbed
operator. Recall that Py is bijective with inverse

E° E°
&o = (Egtr Eg):CxCN—>CN><C,

where we added a superscript 0 for the same reason. If §|| Q. ||| E®|| < 1, we see
using a Neumann series that

_( R+ 0. ~~ N
Tg—(PS_Z R_)'C xC— CxC",

is bijective and admits the inverse

ES ES
Es = (Eii Ei):CXCN—>CN><C.

where
E} = EY —8E°QLES + 8%(E°Q0)*EY +--- = (1 +8E°Q,)'EY,
ES = E® —SE°(QL)E® 4+ 82E°(QuE®)? +--- = E°(1 + 80, E®) !,
E% = E® —SE°(QLE®) + 8E°(QLE®)? +--- = E°(1 + §Q,E®) ",
ES = E°, —8E°Q,E% +82E°Qu,E°QLES + -
=E%, —8E°Q,(1+8E°Q,)'EY.
One obtains the following estimates:

IE°]|

|E®| < , (7.3a)
1= 8] QulllE°]
158 ) < — Bzl (7.3b)
= = T80, INE]
SIEC|E®
£, g0, < SIELIEI ol 730

1=8]QulllE®]
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Differentiating the equation 5P = 1 with respect to § yields

E*Q,ES E®Q,E’
355=—8539>555=—( @t @ ) 7.4
8 ( ) ) Ei QwEi EiQwEﬁ ( )
Integrating this relation from 0 to § yields
§ EO 2
(1 =811 QwllIIEIl)
SIQuIIESNIE®]
IES — ES|l < . (7.5b)
=TT (1 -48QulIED?
Since P? is invertible and of finite rank, we know that
195 Indet P° | = |tr(&295P%)).
Letting | - || denote the trace class norm, we get
IE®||| Qe s
ds Indet P*| = |tr(Q, E%)| < E¥|| < :
where || Qo lle < NV?|| 0y |lus. Integration from 0 to § yields
SIE°I Qo lr

| In|det&® —1In|det&°|| = | In|detP’| — In|detP°| | < .
1-810ul1E°]
(7.6)

Sharpening the assumption §|| Q||| E°| < 1 to

S1QullIE < 3. a7
we get
IES | < 2| E°]. (7.82)
IEL| < 21 B, (7.8b)
|, — E° | < 28| ESINIEC] | Qoll- (7.8¢)
By (7.4) we know that

ES, = —ESQ,ES.
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Therefore, using (7.3), (7.5), and (7.8) we get

05 E5 . + ELQuEY| < |ECQulllES — EQIl + | QuEL I EX — E2||

2| 50 0 0 (7.9)
< 128 QulI"IEZ NI ES I ET-
By integration from 0 to §, we conclude
ES, = E% —SE2QuES + 08 Qu I ELINEL I EC|. (7.10)

7.2. More specific estimates

a) The case where z is inside the ellipse 1. We adopt the non-degeneracy con-
dition (6.8): 0 < |b| < |a| and keep the assumption that z avoids a neighbourhood
of the focal points. In view of (6.9) and the fact that || Qy|lus < C1N (cf. (7.2))
we replace assumption (7.7) by the stronger and more explicit condition

SNFy(t-]) < 1. (7.11)

Notice that this is fulfilled for all z inside E;, if we make the even stronger
assumption
SN? < 1. (7.12)

(Recall that N > 1).
We conclude from the discussion above and (6.9), (6.10):

Proposition 7.1. Let 0 < § < 1 satisfy (7.11) and let Ps be as in (7.1), Ry be as
in (5.2) and assume that || Q »|lus < C1N (cf. (7.2)). Then,

_( R+ 0\, ~~ N
Tg—(PS_Z R_)'C xC— CxC¥,

is bijective with bounded inverse

ES ES
&s = (Ei_ Ef):CXCN —CVxC,

where
|ES — E°|| < O()SNFy(|-])?,
IEL — E|| < O()SNEx ([2-])*/2,

ES, = E°, —SE°Q,EQ + O()(SNFN(1Z-]))>.
Here EY, E°, E° | are as in (6.1), (6.2), and (5.10).
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Using (5.10), (6.2), and (6.3) we get with Q,, = (¢ x(w)),

5 £+1 §N+1 J1:’+1 J §N+1—j glfr _ é-k
= -6 -
T G =) Z GO T atr =) (.13)

J.k=1
+ O()ENFN (18-1))%.

From (7.6), we get
Proposition 7.2. Under the same assumptions as in Proposition 7.1, we have
| In|detPs| — In|det Po| | < O(1)SN>'2Fn (1C-]). (7.14)

Here we also used that | Qo lle < N'V2||Qullus < O(N3/2). Also recall that
detPy = aN+1,

b) The case when z belongs to a compact set outside Ey. We see from (6.18)
and the subsequent sentence that

(P -2 < oa)FN(l;_l_l).

Assume :
SNFN<|§ |) <1, (7.15)

which like (7.11) is a weaker condition than (7.12). Then,

18Qw(P —2)7! | < O()SNFN < 1
and Ps — z is bijective satisfying

-1
I(Ps =27 = O(1>FN(|§ )
I(Ps —2)7" = (P —2)7'| < OSN(Fy (1¢-|7))7,
In analogy with (7.6), we have
| In|det(Ps —2)| —In|det(P —2)|| < O(naannuFN('g )
leading to
1
| In | det(Ps — 2)| —In | det(P — 2)| | < (9(8)N3/2FN(|§ I) (7.16)

under the assumption || Qy|lgs < O(N). Recall that det(Py—z) is given by (5.13).
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¢) Estimation of the probability that E? + is small. 'We now return to the
situation in a), i.e. when z is inside the ellipse Eq, so that [{_] < 1. We
assume (7.11) (to be strengthened later on). We shall follow Section 13.5 in [17]
with only small changes. Write (7.13) as

N+1 _ ¢N+1 B
ES . = Z(ﬁ——&_—) —8(0w|Z) + O(1)(SNFx)?, (7.17)

Fn = Fn(|¢-]), where

N+1—j —j
I St i s

S a? a@+ —¢-)  a(ty - é—))lsj,ksN'

In the following we often write | - | for the Hilbert—-Schmidt norm (i.e. the /2-norm
of the matrix). Write

Z = (Fn41—j (4 /C) Fe (G /TN TR0 ken

and assume
z ¢ neigh([-2+~ab, 2+ ab], C)
so that .
_ 1——.
T
(In fact, using that {— = b/(al4), the assumption |[{_| = |{4]| leads to {4 =

Vb/ae®, for some 6 € R, s0 z = aly + b/{y = 2+/abcos @ belongs to the
focal segment.) Then |Fy 41— ({+/¢-)|, [ Fx(¢+/¢-)| < 1 and a straightforward
calculation shows that

1
mﬂv(lﬁ—l) = |Z] = O Fn(E-D. (7.18)

Working still under the assumption that |Q,,| < O(N), we get (cf. (6.10) and (7.8))
|EZ, — E%,| < O()SNFy (I5-)). (7.19)

From (7.17) and the Cauchy inequalities, we get
doES . =§|Z|(dQler) + O(N™Y)(SNFy)? (7.20)

in CV?, where
1 —
e = —Z.
|Z]
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Here the remainder is measured in the CV?-norm. It is obtained from letting do
act on the remainder in (7.17) (holomorphic in Q) and as usual we need a slight
shrinking of the ball in CVY ?. More precisely, we may assume that (7.17) holds for
|0| < CiN, where C is slightly larger than C; and we get (7.20) for |Q| < C;N.
Complete e; into an orthonormal basis eq, ez, ..., ey2 in CV? and write

N2
Q=0"+0Qier. Q=) Oer e (e
2
Then (7.17) and (7.20) read
ES = E_{(0) +8|Z]|Q1 + O(1)(SNFy)?, (7.21)
doES, =81Z|d01 + O(N")(NFy)?. (7.22)

As in [17, Chapter 13] we can extend Q — ES +(Q) to a smooth function
F:CN? > C such that

F(Q) = E_1(0) + 8|1 Z|Q1 + O(1)(SNFn)* =: F(0) + 8|Z| f(Q) (7.23)
doF(Q) =8|Z|dQ1 + O(N"")(SNFy)?

and such that the remainders vanish outside B.y2(0,2C; N), where B2 (0, C1N)
is the ball of validity for (7.21) and (7.22). The function f satisfies

f(Q) = 01+ O(BN?Fy)
dof =dQ1+ O(NFy).

From the assumption (7.11) it follows that the map C > Q; — f(Q1, Q') € Cis
bijective for every Q’ and has a smooth inverse g = g(¢, Q), satisfying

8. Q") =+ O@BN?Fy),
de,0g(¢. Q') = d¢ + ONFw). (7.24)

Let ;u(d¢) be the direct image under f of the measure 7~ 2e"Q|2L(d 0).
We study w in D(0, C) for any fixed C > 0. For ¢ € Cy(D(0, C)), we get

/ P(Ou(de) = / o(f(Q)a Ve 12 L(d0)
= f , 7TV eter ( / ”_le_'Q”Z@(f(Q))L(dQl))L(dQ/)
CN-—1 C

:/ 1N QP [/ n—le—|g<z,Q’)|2¢,(§)L(dzg)} Lo,
CN2-1 C
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where

(01, 01)

L(deg) = L(dQ,) = det( s

We get for ¢ € Co(D(0, C)),

/(p(é‘),u(dg') = /C(p(;)(/CNz_l o la—lg@0N12 L 1-N2 o~ 0P

a(le Q_l) /
det (XSL20) Lo ))L(dz),

)L(d;).

so that in D(0, C)

/"L(dé‘) = (/ ) j‘[_le_lg(§=Q/)|2”1—Nze_|Q/|2
CN-—1

a(le Q_l) /
det (W)L(dg ))L(d;).

We conclude that for |¢g|, r < O(1), the probability that |Q| < C1N and f(Q) €
D(¢&y, r) is bounded from above by

/ / 7 e 8GO L (d gy N eI L(d Q). (7.25)
CN2=1 JeeD(¢o.r)
From (7.24) we infer that

{8(6.0"): ¢ € Do, 1)} € D(g(%0. Q). 7). 7= (1+O@BNFN))r

and the last integral is
5/ / 7 e P L(dw)x "N e 12 L(d Q).
CN?=1 JD(g(80.0").7)

Here the inner integral is
1 .
< / “ePLdw) =1 -,

D(0.7) 7

Indeed, by rotation symmetry, we may assume that g(&o, Q') = ¢ > 0 and by
Fubini’s theorem, we are reduced to show that F(¢) < F(0), where

t+7 5
F(t) = / e ds.
t

—F
It then suffices to observe that F'(¢) < 0.
Thus the integral in (7.25) is bounded by

l—e <14+ O(FySN))(1 —e™).

In terms of ES +» we get under the assumption (7.11):
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Lemma 7.3. We recall (7.23). For 0 < t, |Eg+| < CS§Fn(|L-]), the probability
that |Q| < CiN and |ES | <tis

< (1+0(FyN8) (1 —exp[ - (ﬁ)z])
In view of (7.2) it follows that

P(|Q| < CiN and |ES | > 1)
=P(|Q| < Ci1N) —P(|Q| < C1N and |E% || < 1)

SN (14 O(FNNS))(l —exp [ - (ﬁ)z])
From the bound
Q| < C1N,

that we adopt from now on, and the Cauchy-Schwartz inequality for the singular
values of Q, we know that
1Qlle < C1 N2,

8. Counting eigenvalues

8.1. Estimates on det(Ps — z) inside E;. In this section we assume (7.12),
implying (7.11) when |[{_| < 1. We identify the eigenvalues of Ps with the zeros
of the function

Ds(z) = det(Ps — z).

We sum up the various estimates and identities for this function:
When § = 0, we have (5.13)
gNHL N+
det(Py —z) = (—a)N EF—>—
0y — -

and for the Grushin problem (5.3) we have (5.12)

= ()Nt Fy i (8+/8-),

det Py(z) = a¥ 1! (8.1)

and (5.10)
N+1_ pN+1 N

E% (2) = Z(g——@_) = = Fn (84 /80). (8.2)
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For z in the interior of £y, by (7.11), SNFy(|{—|) < 1 and the assumption that
|Qllus < C1 N we have (7.14)

In|detPs| = In | det Po| + O(1)SN2Fy ([¢_)). (8.3)
We also have the general identity (cf. (5.11))
det(Ps —z) = (~)N E? _ (z) det Ps(z). (8.4)
From (7.19) and (8.2), we infer that

N
1< S ey @ s omanEv (e ). 85)

We will also assume that z ¢ neigh([—2+/ab, 2+/ab], C) so that

S+ = (1 =1/0(1))[¢-|.

Then (8.5) implies that
[ESL| < 0),

and (8.1),(8.3), and (8.4) give
In|det(Ps — z)| < (N + D) Inla| + O(1)(1 + SN2 Fy(|¢_]). (8.6)

Still under the assumption that z is in the interior of £, we give a probabilistic
lower bound on In | det(Ps — z)|, starting from

In|det(Ps — z)| = In|detPs| + In|E® |
> In|detPo| +In|E2, | — O(1)SN>?Fy (|¢-]) (8.7)
= (N + DlInla| +In|ES .| — O1)SN>2 Fy(1C-]).

In order to apply Lemma 7.3, we analyze the condition
|E2,(2)] < C8Fn (15-1),
which by (8.2) amounts to
SV Fn 1§+ /6-)| < CSF (I5-]).

Since Fy+1(¢+/¢-) = O(1) (by the assumption that z avoids a neighborhood of
the focal segment), this would follow from

1E_|1V < CSFx(IC)). (8.8)
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Recall that
1
Fy(|¢_|) < min (N, ——).
w(ig-1) = min (N, )

We know by (7.12) that § Fy (|¢—|) < N1 so if (8.8) holds, we necessarily have

1
N —
|5~ <y

i.e.
In(N"H - (> 1)
N b

Inff_| <
where (>> 1) indicates a sufficiently large constant and hence

InN + (> 1)

1—|c_| >
ez =

In this region Fx(|(-]) = 1 = (1 —|¢{_]), and to understand (8.8) amounts to

understanding for which s (= [¢_]) in ]ﬁ 1— %] we have

m(s) < C4,
where
m@s)=s¥(1—s5), 0<s<l.

This function increases from s = 0to s = smax = N/(N +1) =1—1/(N + 1),
and then decreases. We have

1 )N 1 14+0(y)

—(1- —
m(Smax) ( N+1) N+1 eN

while § « ﬁ The solution s = 55 < Smax Of

m(s) =C§ (8.9)
satisfies
sN ! §sN(1—s):C8§sN,
N +1
o)
(CHYN < 55 < (C(N + 1SV, (8.10)

We now apply Lemma 7.3 to (8.7) and get with the help of (7.18).
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Proposition 8.1. Restrict z to a region inside Eq, where SNFy(|{-]) < 1,
[C_| < s5 asin (8.9) and (8.10). Then for each such z and fort < C3Fy(|¢—|), we
have |Q| < C1N and

In|det(Ps —z)| > (N + 1) Inla| + Inzr — O(1)SN>?Fy (|¢_]) (8.11)

with probability
>1-(1+ O(SNFN))<1 — exp ( _ [ﬁ]z)) o
> 1 2 e—N2

O FN(L-?

8.2. Estimates for det(Ps —z) in the exterior of E1. We justrecall (7.16): with
probability > 1 —e™V?, we have

N+1
|§++ _é‘l—v—Hl

= L O@)NYEEN (-] (8.12)
10+ — |

In|det(Ps—z)| = Nln|a| +1n

for all z satistying (7.15):
1
INFy|— ) K 1, (8.13)
<|§—|)
which is guaranteed for all z in the exterior region by (7.12). Here we also used
the formula (5.13):
N+ _ ¢N+1
det(P —z) = (—a)N F———
{+ — -

If SN? <« 1, then (8.13) is satisfied in the whole exterior region. For larger values
of §, (8.13) says that
oN <1
L=1/le-|

which means that [{_| — 1 > SN.
8.3. Choice of parameters. We chose
=< N* «>-=, (8.14)

as in Theorem 1.1. Then (7.12) holds and by (8.6) we have with probability
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> 1—e N the upper bound
In|det(Ps — z)| < N(In|a| + O(N 1)), (8.15)

for all z in the interior of E;, away from any fixed neighborhood of the focal
segment.
Proposition 8.1 is applicable for |{_| < (CJ)

1 1/N K K
- —k _ 4 (nN+O(1)
el = (0(1)) Nom=e

/N and hence for each ¢_ with

or equivalently
-] < 1—%(lnN+O(1)), (8.16)

we have (8.11)
In|det(Ps —z)| > Nln|a| —O(1) + In¢

with probability
> 11— O()N*2 —eN?

fort < C"1'N—*. Choose t = e=N% for a small fixed 8o > 0. Then, for each {_
satisfying (8.16), we have

In|det(Ps — z)| > N(In|a| —2N%~1), (8.17)

with probability
> 1— O(1)N2ke 2N (8.18)
As for the exterior region we write

N+1
g =g

184+ — ¢

1= (@G4/5)N

in -, /0]

=NIn|(_|+1In

= Nn|¢_| + O(1).

2

and from (8.12) and (8.13) we get with probability > 1 — e N7,

In|det(Ps — z)] = N(In|a| + In|¢_| + O(N 1)) (8.19)
for all z in any fixed bounded region with [¢_| > 1. (Recall that (7.12) and
hence (8.13) hold here by the choice of § in (8.14).) Put

¢(z) = In|a| + max(In |¢—|,0) + % (8.20)
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for C > 0 large enough. Then by (8.15) and (8.19) we have with probability
>1—e N that
In|det(Ps — z)| < No(z),

for all z in any fixed compact subset of C which does not intersect the focal
segment.
Moreover,
In | det(Ps —2)| = N(p(z) —O(N ™))

in the exterior region. For each z with [{_| < 1— & (In N 4 O(1)), we have (8.17)
with probability as in (8.18):
2N

In| det(Ps —2)| = Np() —e), &= —

(8.21)

Let y be a segment of £; and C1+N <r < 1,put
I'(r,y) ={z € C; dist(z, E1) <r, (z) € y}

where I1(z) € E; is the point in £ with |TI(z) — z)| = dist(z, E1). We want
to estimate the number of eigenvalues of Ps in T'. (With probability > 1 —e™ 2
we know that Ps has no eigenvalues in the exterior region to E£; and we are free
to modify I' there. However, there seems to be no point to do so in the present
situation.)

Choose z} € 9T, r; = max (%dist(z}’,y),4C(lnN)/N), j =1,...,M such
that

o O C UM D(20,1i/2),

o dist(z},y) > C(InN)/N forall j,

o #j;r; =4C(InN)/N} = 0(1),

1 r
M <0O(- OMIn(——

° M= (r) +0() n(C(lnN)/N>
For any choice of z; € D(z;’, ri/8), {—(z;) satisfies (8.16) (for N large enough)
and (8.21) holds for z = z, .. ., z) with probability

1
>1—O(1)MN*e2N > | _ 0(1)(— +1n N)Nzke—mo. (8.22)
r

Applying Theorem 1.2 in [19], we get

N
‘#(O(Pg) nr)— T /F ApL(dz)

< O(N)(Zs—i— > / AwL(dz)),

0.
J D&Y rpynE £ PE)




Large bidiagonal matrices and random perturbations 1017

where (z;) = 2N is given in (8.21). Here we also used that ¢ is harmonic away

from E;. In view of (8.24) and (8.25) below, we have

In N
/ ApL(dz) = 0(1)n—
D(z r])ﬁEﬁéQJ D(Z i)

and the number of points z? for which D(z?,r;) N E; # @ is O(1), so finally, with
probability as in (8.22),

N
‘#(U(Pg) nr)— T /F ApL(dz)

<o(N)(( FInN)NB! 4 lnTN) (8.23)

< (9(1)N50(; + lnN).

The measure A,¢(z)L(dz) is invariant under holomorphic changes of coordi-
nates and in particular, we can replace z by {_:

Azp(z)L(dz) = A¢_@L(dl-). (8.24)

Here we recall that ¢ is given by (8.20) and compute the right hand side of (8.24).
Let ¢ € C5°(C\ {0}) be a test function. Then in the sense of distributions,

/ ¥ (E)Ap(C )LL)
- / AV (e )LL)
- / AV (E)p(E) LML) + / AV (e )LL),
D(0,1) C\D(0,1)
and by Green’s formula, this is equal to

/Sl Y (8-) (On@ext(8-) — On@ini($-)) [d L],
where n denotes the exterior unit normal to the unit disc,

¢int = In|a| + C/N,
@Yext = Inla| +1In|l_| + C/N.
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Since 9, @int((=) = 0, 0, @ext((—) = 1 on S, we get

/ VAP L(E) = / vEolde).
Sl
i.e.
A@(L_)L(d¢-) = Lgi(ds), the length measure on S*. (8.25)

Recall that ' N E; = y. Letting y also denote the corresponding arc in S} ,
depending on the context, we see that

[ soLiaz) - /y Lsi(dt)

i.e. the length of y with respect to the {_-coordinates. To make the connection
with Weyl’s formula, we write {_ = e’¢, so that S;_ corresponds to £ € R/2xZ.

Then y C S! can be identified with {§ € R/27Z; ¢! € y}. Viewing again y as a
segmentin £, we get

/ ApL(dz) = length ({& € R/2nZ: Pi(§) € y}).
T

where the right hand side does not change if we replace y by I and where P is
the symbol given in (1.2). Equivalently,

/ ApL(dz) = VOngl PI_I(F).
r

If we view Py as a function on ]0, N], X SEI, where |0, N]={x e R; 0 < x < N},
then

N/ ApL(dz) = VOI]O,N]xslPI_l(F)
r

Using this in (8.23), we get Theorem 1.1.
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