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On a coefficient in trace formulas for Wiener—Hopf operators

Alexander V. Sobolev
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Abstract. Let a = a(§).§ € R, be a smooth function quickly decreasing at infinity.
For the Wiener—Hopf operator W(a) with the symbol a, and a smooth function g: C — C,
H. Widom in 1982 established the following trace formula:

tr(g(W(a)) — W(g oa)) = B(a: g).

where B(a; g) is given explicitly in terms of the functions a and g. The paper analyses the
coefficient B(a; g) for a class of non-smooth functions g assuming that a is real-valued.
A representative example of one such function is g(z) = |¢|” with some y € (0, 1].
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1. Introduction

Let a: R — C be a function. On L>(R4), R+ = (0, 00), define the Wiener—Hopf
operator W(a) with symbol a by

W@ = 140)5- [ a0t ue 2Ry,

where x4 is the indicator of the half-line R.. If the limits are not specified, we
always assume that the integration is taken over the entire line. We are interested
in the operator

gW(a)) —W(goa), (1.1)

with a suitable function g: C — C. In [16], see also [18], H. Widom proved that
this operator is trace class if

la(&1) —61(52)|2

|§1_52|2 déldéz < 00, (1.2)

a € L (R), /
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and established the following remarkable trace formula for the operator in (1.1).
For any function g: C — C and any s1, s, € C denote

1
U(s1,52:8) = /0 g(d—1)s1 + ISZ)ZZI[(_lt; g(s1) + tg(SZ)]dz, (1.3)
and introduce
U , ;
Baie) = o [ T p e (1.4)

Both objects are well defined under the conditions of the next proposition:

Proposition 1.1. [see [16], Theorem Ka)] Suppose that (1.2) is satisfied, and let g
be analytic on a neighbourhood of the closed convex hull of the function a. Then
the operator (1.1) is trace class and

tr[g(W(a)) — W(g o a)] = B(a: g). (1.5)

If a is real-valued, then the analyticity assumptions on g can be replaced by
some finite smoothness, see [16], Theorem 1(b). In paper [10] the assumptions
on a and g are relaxed even further: the formula (1.5) is proved for real-valued a
under the assumptions that the integral in (1.2) is finite and g belongs to the Besov
class B, | (R).

The quantity B(a; g) is an object that one encounters very often in the theory
of Wiener—Hopf operators. It appears e.g. in [10], [11], [15], [16], [17], and [18]
as an asymptotic coefficient in various trace formulas for truncated Wiener—Hopf
and Toeplitz operators with smooth symbols. Moreover, the function U(sy, 52; &)
is present in a variety of trace formulas for the same operators with discontinuous
symbols, see e.g. [1], [14], [12], [13], and references therein. Although the inte-
gral (1.3) is well defined for rather a wide class of functions g, the coefficient (1.4)
itself has been considered so far for smooth functions g only. As observed in [16],
if g is twice differentiable, we can integrate by parts in (1.3) to obtain that

1
U(s1,52:8) = (51 — S2)2/ g" (1 —t)s1 + ts2)(tlogt + (1 —1)log(1 —1))dt.
0
Thus, assuming that g” is uniformly bounded, we obtain the estimate

la(&1) —61(52)|2
€1 — &2

with a universal constant C > 0, which guarantees the finiteness of B(a; g)
under the condition (1.2). However, in applications one often needs non-smooth

B(a: g)] < Cllg" Il / dt1de,
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functions, see e.g. [3], [5], [6], [7], [8], and references therein. The main
aim of this paper is to investigate the coefficient (1.4) for real-valued symbols
a and non-smooth functions g: R +— C, described in Condition 3.1 further on.
A representative example of one such function is g(¢) = |¢|” with some y € (0, 1].
Surprisingly, even finiteness of B(a; g) for such a function is far from trivial.
The main result (see Theorem 3.2) is a bound on the coeflicient B(a; g) that
explicitly depends on the symbol @ and function g. Formula (1.5) for non-smooth
functions g is proved in [8].

Henceforth by C and ¢ with or without indices we denote various positive
constants whose precise value is of no importance. The value of constants may
vary from line to line.

2. Smooth functions g

Before embarking on the formulation of the main theorem we provide some useful
information on the smooth case. First we show how to extend formula (2.7) to
CL*_functions. Rewrite U(sy, s5: g) in a different way introducing the integral

Ye((1- I)Slltltsz) —g(s2) i

V(s1,52:8) =/0 (2.1)

This functional is well defined for any »-Holder continuous function g:C — C
with » € (0, 1], and

[V(s1,52;:8)| < Cxlglxls1 —s2|*, forallsy, sz € C, (2.2)

where we have denoted

[glx= sup ——F———.
z,weC,z#w |Z - w|

If g is boundedly differentiable, then, integrating by parts once, we obtain

1
V(s1.52:8) = (52 — sl)/o log(1 —1)g'((1 —1)sy + ts2)dt. (2.3)

Due to the elementary formula
g —=1t)s1 +152) = (1 —1)g(s1) —1g(s2)
t(1—1)

_ 8 =1)s1 +152) — g(s1) + g((1 —1)sy +152) — g(s2)
t 1—1t ’
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we have
U(s1,52:8) = V(s2,51;8) + V(s1,52: 8), (2.4)

so that in combination with (2.3) we obtain

U(s1,52:8)
1 (2.5
= (59 — sl)/o log(1 —1)[g'((1 —t)s2 +151) — &' (1 —1)s1 + ts3)]dt.

Lemma 2.1. Suppose that g’ is x-Holder continuous with some x € (0, 1]. Then

_ 142
B < Clele [[ B dna, .6)

with a universal constant C.

Proof. Since
18 (1 =1)sz +151) — g' (1 —t)s1 + ts2)| < |1 —=2¢[*[g]icls1 — s2/”,
< [&'ls1 — 52/, forallz €[0,1],

formula (2.5) gives

1
|U(s1,52:8)| < Clg'lls1 —s2|' %, C = —/ log(1 —t)dt.
0
This leads to the proclaimed bound. O

The double integral in (2.6) is the standard Gagliardo—Slobodetski seminorm
of a in WP (R) raised to power p, where p = 1 + x, and s = (1 + »x)7!, see
e.g. [9].

For the next theorem we rewrite the definition (1.4) of the coefficient B(a; g)
as the principal value integral:

Ua(§1).a(82); 8)

1
B(a:g) = lim Bs(asg). Be(a:g) = — d§d&.
@) = lmBelaig), Bulaip) = o3 [| ST Lande
|§1—2|>¢
(2.7)
Here and further we always assume that € > 0. In view of (2.4),
1 V(a(§1),a(52); 8)
Bela; g) = — d& dé;. 2.8
(a:g) = — // & — B2 §1d& (2.8)

|61—62|>¢
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This representation can be transformed into a different formula for the coefficient
B(a; g), known in the literature, see e.g. [17], Proposition 5.4 or [2], formula (1.5).
Foranym e Randn =0,1,2..., denote

lu] & = max sup(l + [E)™ T [u® ).
0<k<n £eR

f,%) < oo with some

Theorem 2.2. Suppose that g’, g" € L*°(R), and that |a||
m € (0, 1). Then the limit (2.7) exists and it is given by

s i, [ SR
|E1—&2|>¢

Moreover,
1 0
1Bla: @) < Cllig'lella’ 15 + 18" e (a1 )],
with a constant C > 0 independent of the functions a and g.

Before proving the above formula we point out some useful properties of the
Hilbert transform

I u(n)
e = - iy [ an, 2.10)
In—§[>¢

derived in [17], Lemmas 5.2 and 5.3.

1
m

Proposition 2.3. Suppose that |ul|;," < oo for some m € (0, 1). Then

(&) < Cllul$ (1 + ).

If; in addition, ||u||,(,Brl < oo and

[ wenan=o.
then
~ 1 —m—
@] < Clullyy (1 + 1ED™"
The constants in the above inequalities do not depend on u.

Proof of Theorem 2.2. First we check that the integral on the right-hand side
of (2.9) is finite. Observe that

8 1
u¢:6) = EV(CI(El),a(Ez);g) = a/(fl)/o g'((1—=1)a(&) + ta(&))dt

g(a(§1)) — g(a($2))

=T ) SaE

@2.11)
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so that

1 1 0
luG; eI, < Clg e la’ 1, + g e (a1 ),

uniformly in & € R. Moreover,

[ueeras —o
and consequently, by Proposition 2.3,

~ —m— 1 0
ji(; £2)] < C(L+ )™ (lg e a1, + " lee (la’ 194 ),

uniformly in &, € R, where 1 (7n; &;) denotes the Hilbert transform of the function
u(&1, &) in the variable &;. Since

1
Blaig) = o [ )dea

this leads to the required estimate.
Now we concentrate on the derivation of (2.9). To this end integrate (2.8) by
parts:

4B ) = - / ViaE + o). ale): ) + ViaE — o). a(): 9)ldE

L (2.12)
N / / g g @A) .

|E1—E21>¢

By (2.11), the double integral on the right-hand side of (2.12) coincides with the
one in (2.9). To handle the first integral on the right-hand side of (2.12), note that
by (2.2) with x = 1,

[V(a(§2 £¢).a(§2); 8)

&

< Cly| 18 £~ a0

< Cllg = llalli (1 + 1E) ™"

uniformly in ¢ € (0, 1], and that

tim YOCZACEE _ )0/ (a(ea)) = £ gaea).
&—> & dEz

Clearly, the integral of the right-hand side equals zero. Thus by the Dominated
Convergence Theorem the first term on the right-hand side of (2.12) tends to zero
as ¢ — 0, and the formula (2.9) is proved. O



Trace formulas 1027

3. Non-smooth functions

3.1. Main result. We concentrate on the very special non-smooth case, which
is nonetheless interesting for applications. To distinguish from smooth functions,
we change the notation from g to f and assume that f satisfies the following
condition:

Condition 3.1. For some integer n > 1, some y € (0, 1] and some xo € R, the
Sfunction f € C*(R\ {xo}) N C(R) satisfies the bound

| £1» = max sup | £®(x)]]x — xo| 7 * < o0. (3.1)
Ofk—”xaéxo

The constants in all subsequent estimates may depend on 7, y, but not on xg.
For a function f satisfying the above condition the bound holds:

17O x| < |f|n|x—xo|”_k,k=O,1,...,n, X # Xo. (3.2)

If n > 1, then the above condition implies that f is y-Holder continuous, and in
particular,

| f(x1) — f(x2)| <2 f|ilx1 —x2|¥, forall x1,x; € R. (3.3)

For a function u denote

§_ 1

NG WPy = [ max ( |u@%§npds)”]8,
’é 0<k<N /

(n,n+1)
where § € (0, 00], p € (0, 00]. Now we can state the main result.
Theorem 3.2. Suppose that the function f:R — C satisfies Condition 3.1 with
n = 2, and some y € (0,1], xo € R. Let a be a real-valued function such that

a € WP (R) with some p € (1, 00] and some N such that N > y~! + p~L. Then
the limit (2.7) exists and it satisfies the bound

_ Y
IBw;ﬂlfcﬂfh‘/ E%gjgﬁng&d&
bl >1 (3.4)

+Cy| £ L2ING@ s w2y

where the constant C, is independent of the functions f, a, and the parameter x.
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Note that the value of the right-hand side of (3.4) is preserved under the shift
a — a + ao with an arbitrary constant aq. If we assume that a —ag € LY (R) with
some constant ag, then the first integral in (3.4) can be estimated as follows:

/ la(61) —a(62)|” la(§1) — aol”

d&1déy <2 /
PR PR
|&1—&2]>1 |&1—&2|>1

s;/mg)—%Vda

dé1dé>

3.2. Function f. Here we prove some elementary properties of the function f
satisfying Condition 3.1 with n = 2.

Lemma 3.3. If y € (0, 1], then for any t; # xo,t2 # Xo, and any § € [0, 1],
we have

/@) = @) =21 f a(min J = xo)” ™ Pl =6’ (35

Proof. Suppose that either t; > x¢,f < Xxg, Or t; < Xxg,f > Xo. According
to (3.2), for any § > 0 we have

L)l < | fliltn — xo)” ™!
= |/l — xo" 1 — xo[? (3.6)

< |f|1(jn_1iln2 It — xo)” 8|1y — 12

Estimating f’(») in the same way we get the claimed bound.
Suppose now that #, > #; > x¢ or f, < f; < xo. Then

|f/(t1) = f@) < | f7(O)llts — 12|, with some 6 € (11, 12),
and hence, by (3.2),
|f/(t1) = f')| < | f2ltn = xo0" 72|01 — 2.
Together with (3.6), this gives
() = ()] < 1f 122" 1 = 20| YD |1y — x| Y7y — 1o

for any 6 € [0, 1]. This leads to (3.5), as claimed.
The cases t1 > t, > xg ort; < tp < xo are handled by exchanging the roles of
t; and ¢5,. O
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3.3. Functional V. Let us derive some useful estimates for the functional V'
defined in (2.1). As before, we assume that f:R — C in the definition (2.7)
satisfies Condition 3.1 with some y € (0, 1],n = 2 and x¢ € R.

First we make some straightforward observations. In view of (3.3) and (2.2),

Vst 52; ) < Cy| flilst =527 (3.7
Furthermore, by definition (2.1) and by (3.3), for any u € (0, 1), we have

[V(s1.52; f) = V(r1,r2; )l < C|f |1l log ml(Isy — r|” + [s2 — r2]?)

(3.8)
+ Clf i (Is1 = s2|” + |r1 —r2|")|,

for any real s, 71, 52, r2. This bound follows from (2.1) by splitting V' into two
integrals: over (0, 1 — ) and over (1 — u, 1).
Now introduce

1
Y(s1.52: f) = s, Visro5: ) = /0 Fl—0) +son)di, (39)

X(s1.82: ) = Y(s1,52: ) — f'(s1), 51 # Xo. (3.10)

Lemma 3.4. Let f satisfy Condition 3.1 with y € (0,1], n = 2 and x¢ € R, and
let § € [0, y) be some number. Then for all real s, # x¢ and all real s,,

1X(s1,82; ) < 4@y =87 fals1 — s2l8]s1 — xo[7 7172, (3.11)

Proof. Represent X in the form
1
XGouszi /)= [ (=051 4 t52) = £ Guld,
0

First suppose that either 51 > x¢, 52 > xg, Or 51 < X0, 52 < xo. Then, by (3.5),

| f/((1=1)s1 +t52)— f'(51)]

<2| fla(1 =) 588 |51 — x0T 8 sy — 520,
for any § € [0, 1]. Consequently,
1
X (51,52 ) < 2] flalst = 52/ —X0|y_1_8/ (=0 "%,
0

The integral is bounded by (y — §)~! for § € [0, y), which leads to (3.11).
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Now suppose that either s; > x¢,52 < Xp, Or 51 < Xg,82 > Xo. According
to (3.5),

|f/((L=1)s1 4+ ts2) — f'(s1)]

<21 £ ol = 1)s1 + 152 — 0”818 |5y — s, °
y—1-§

S1— X S1— X
:21_8|f|2|31—sz|y_1_5l—u Olsy—soff, 1 22
S1 — 82 51— 952
Since y < 1 and |s1 — 52| > |s1 — X0/, We estimate
Is1 — s2] 7178 < |5y — xo |71
Furthermore,
1
2
/ It —z|" "B < ——
0 y—94
uniformly in z € [0, 1]. This implies (3.11). O

4. Two lemmas on integrals of polynomials

In this section we prepare two elementary results involving real-valued polynomial
functions a.

For aclosed interval / C R we denote by |/ | its length (the Lebesgue measure).
For a smooth function a on / we denote by ||a||_» its L”-norm on the interval /.

Lemmad.l. Let I € R be aclosed interval, and let a be a real-valued polynomial.
Suppose that 1 contains at least N — 1 distinct critical points of the function a,
with some N = 1,2, .... Let p € [1, 00| be arbitrary. Then for any y € (0, 1] and
any two points 11, 12 € I the bound holds

_1
la()l” —lam2)| < [a™ |V, 117N =2). 4.1)

If I contains exactly N — 1 distinct critical points of a, then the total variation
Var[|a|?; I] of the function |a|¥ on the interval I satisfies the bound

1
Varla]?; I] < (N + 1D?[la®™ )7, |17V 7). 4.2)
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Proof. Assume without loss of generality that ||a")||_» < 1. Since the interval /
contains at least N — 1 distinct zeros of @', by an elementary argument, the interval
I also contains at least N — 2 distinct zeros of a”, N — 3 distinct zeros of @, and
eventually, at least one point &y, such that a®-b (,0) = 0. This means that

3
@) < / @™ @ldn < ¢ |1]'7 <1777, forallg e 1.
€0

From this bound we obtain consecutively that

a¥ D@ < 1P7r, 1@V D@l 1
and, in general,
a®@) < IN* 5, k=1,2,....N—1.
In particular, |a’(§)| < |I|N_1_%, so that for any 7y, 7, € I we have
-1 _1

a(m) —amz) = wip,n2), w2l < V77— < [1]V77.

Thus |
[laG)l” = la()"| < w2 < (11777,
as claimed.

In order to prove (4.2), note that the polynomial a has at most N distinct roots
on /, and hence there are at most N + 1 intervals where the polynomial a is sign-
definite. Using the additivity of total variation, it suffices to prove that on each
of these intervals the total variation does not exceed (N + 1)|a™) ||’L'p Vs ).

Assume for simplicity that a(§) > O for all £ € /. Partition / into intervals {/;}
on which the function a is monotone. Thus by (4.1),

Var(lal”: ;] < a1, 7707,
As the number of intervals /; does not exceed N, we immediately obtain the

required bound. U

Lemma 4.2. Let I € R be a closed interval, such that |1| < r with some number
r > 0, and let a be a real-valued polynomial. Let y € (0,1], p € [1,00] and
N >y~ ' + p~. Then the total variation Var||a|"; I] of the function |a|¥ on the

interval 1 satisfies the bound
Var[la]": 1] = Cy(N + 12l -, 1117777, “3)

WN—I.p

and hence,
[l @la@P g < G + 12 a o, 11O )

with a constant C,, = C,(r) independent of a and N.
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Proof. Let Iy, k = 1,2, K, be non-empty closed intervals with disjoint interiors
such that I = | J; Ik, and satisfying the following requirements:

e ecach I,k =1,2,..., K — 1, contains exactly N — 1 critical points of a,

e the interval /g contains no more than N — 1 critical points of a.

By (4.2),forany k = 1,2,..., K — 1 we have

_1
Var(la]?; It] < (N + D2la®™ |7, [ 1"V~

(N—L)—l 2 (N) ¥ (4.5)
= r"TETN 4 D [la N el
where we have used that y(N — p~!) > 1. Furthermore, by (4.2) again,
1
Var[la|”; Ix] < (L + D?[|aD )7, |1|E~ 7
- (4.6)

- -1
= rETN + D2 I TP

where L — 1 < N — 1 is the number of critical points on /. By the additivity,
the inequalities (4.5) and (4.6) lead to (4.3). The left-hand side of (4.3) coincides
with that of (4.4) (up to a positive multiplicative constant). This completes the
proof. O

5. Proof of Theorem 3.2

We begin the proof of Theorem 3.2 with estimating B; (a; f), which will produce
the integral term on the right-hand side of (3.4). The function f is assumed
to satisfy Condition 3.1. As before, all constants in the estimates below are
independent of the symbol a, function f, parameter xo, but may depend on
y € (0, 1] and other relevant parameters unless otherwise stated.

Lemma 5.1. Assume that f is as specified above. Then

_ Y
Ba@ NI =6 [ =S g,
€1 — &2
|&1—62]>1
Proof. The required bound immediately follows from (2.8) and (3.7). O

The remaining part of the coefficient B(a; f) is studied with the help of a
suitable partition of unity on R. For a function { € C§°(R) and numbers R > 0,
¢ € (0, R), define

NN Vi), a); )
Der@it )= [ v = e, G

e<|§1—&2|<R
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In all the subsequent bounds the constants are independent of the cut-off ¢, and of
the parameters ¢, R.

Theorem 5.2. Let { € Ch(—1,1), and let a € WN-P (=2, 2) with some p € (1, 00]
and N > y~' + p~1. Then

_1
1De.r(@: )] < Cpsliella | £ 2R Ay p(a)”. (5.2)
for any § € (0, y), uniformly in R € (0,1] and ¢ € (0, R]. Here
AN,p(@) = ||a'[lyn-1.p. (5.3)

where the norm is taken on the interval (<2, 2).
Furthermore, the limit of D¢ g(a; ¢, f) as € — 0, exists.

Note the following straightforward estimate:

() — a2l < ALp@lE — 577, E.6 € (-2.2). (5.4)
Integrating (5.1) by parts we get

Der(a:l, f) = Dx(a:t. f) + Dx(a: &, f) + DL (a: ¢, ) — DR(as . f)

(5.5)
with
0 1 ()
Dt =1 [ Fobge Ve @) Ndade,
e<|§1—62|<R
V.o ) 3
D@t =g [[ T eaade,
e<|§1—£2|<R
and
DO@E 1) = o [[E+ V@ +e).a(6): 1)
(5.6)

+ (€ —e)V(a¢ —e).a6): ))ldE,
Below we estimate each term separately.
Lemma 5.3. Suppose that ¢ € C3°(—1, 1) and that a € WP (=2,2), p € (1, 00].

Then
D2 (@:¢, )] < Cy| £ ]y max [¢'|RI Ay y(a)”, (5.7)

uniformly in R € (0, 1] and ¢ € (0, R].
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Proof. By (3.7) and (5.4) we have
V(). a): )] < Clfl1Ar @) 6 — E] 77,

so that (5.7) follows immediately. O

For the next group of results we need to assume that a is a real-valued polyno-
mial.

Lemma 5.4. Suppose that { € C3°(—1, 1), and that a is a real-valued polynomial.
Then

_1
DD (@: ¢, ) < Cyslitller | £ 126477 Aw (@),

forany 8§ € [0,y), p € [l,00] and any N > y~' + p~1, uniformly in ¢ € (0, 1].
The constant C,, s may depend on the parameter N.

Proof. Without loss of generality assume that ||{[.1 = 1. Represent

/ £ + O)V(alE + 6).a(e): f)dE

- i//o (€€ + v)V(a(E £ v).a(e): /)
- L(E £ )a (£ )Y (a(E £ v).a(®): ,)ldvdE

- / [ weve®.ae =i
L OO Y @E).alE F v); fldvdE,

see (3.9) for the definition of the function Y. Let us simplify the formula for D?),
introducing the integrals

S& = / £(&) / V(a(®).a( T v): f)dvde,

S = / £®) / o (€)X (@ (). alt F v): f)dvdE,
see (3.10) for the definition of X . Therefore

42D (a: g, f) = STV — 57 + 557 — 58,
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By (3.7) and (5.4),

A

C &
51 11 [ 1£© [ la@ —ae - v ava

IA

¢ a5
_IfllAl,p(a)y/ VeV dy
€ 0
= lellAl,p(a)ye(l_%)y-
To estimate SZ(i) use (3.11) with § € [0, y) and (5.4) again:
1 X(a(€).a Fv): O < C| flala®) —aE F v)PlaE) — xo” '
< C flaArp@° |07 a(e) — xo 10,
Therefore
+ C & 1 !
591 = S, @17 [ 00D [ 1 @)lae) - ol s
0 ~1
By virtue of (4.4),
_1 _
15591 < CA1p@° | f |2 77 4w p (@)
Since A1,p(a) < An,p(a), the required bound follows. O

Lemma 5.5. Suppose that { € Cg°(—1, 1) and that a is a real-valued polynomial.
Then

_1
D% (@8, )] = Cps| f |2 max (RO Ay (@), (5.8)

forany § € [0,y), p € (1,00l and any N > y~! + p~', uniformly in R € (0, 1]
and ¢ € (0, R].

Proof. Without loss of generality assume that max [{| = 1. Since
1
// ﬁ§(fl)a/(fl)g/(a(él))déldéz =0,
e<|&1—&2<R
the integral DSI)Q can be rewritten as

// %z(sl)a’(sl)na(sl),a(sz);f)dsldsz,
1—&

e<|§1—&2|<R

see (3.10) for the definition of the function X.
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By virtue of (3.11) and (5.4), for any § € [0, y) the integrand is bounded from
above by

la(&1) —0(52)|8
&1 — &

< Cysl flaArp @l — &7 N/ G la(Er) — xol 71,

Cysl /12 @' (&1)|a(E1) — xol 710

for all £; where a(&1) # xo. Assuming that § > 0, and using (4.4), we obtain that

_1 _
D% (@8, )] < Cysl S [2RYTPP 44 (@) Ay, p(a) .
As Ay1,p < An,p, the bound (5.8) follows. O

Proof of Theorem 5.2. Collecting the bounds established in Lemmas 5.3-5.5, and
using the representation (5.5), we arrive at the bound (5.2) for a polynomial a.

For an arbitrary function a € WY-?(=2,2), p € (1, c0], and a number ¢ < p,
1 < g < oo, find a polynomial @ = d, such that

la —allyva < Arp@R” ¥ (5.9)
This implies that
Ang(@) < Ang(a) + A1 p(a) < An.p(a)(d777 + 1). (5.10)

For subsequent calculations we assume without loss of generality that | /], = 1
and [|¢[|c1 = 1. In view of (3.8), for any u € (0, 1) we have

[V(a(§1). a(§2): /) — V(a(§r).a(62): /)l
< Cllog p|(la(§1) —aEDI" + la(§2) —a(§2)[")
Ol (A1g@ 11 = &40+ ALy @) 51— &),
where we have also used (5.4). Consequently,
¢
&2

De.r(@:8. ) = De,r(@: ¢, ) = S lllogpllla —alls + 1" Arp(@) R]

C
< SRAL@)( log ple* + u?),

where we have used (5.9). Take o = &3, so that

|De,r(@:8, ) = De,r(@: 8, )l < CRAyp(a)”e. (5.11)
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Let § be given by
-1

—

-p
l—g¢q

§=24§ —
where 6 € (0,y). By picking a suitable g one ensures that § < y as well.
Now use Theorem 5.2 for the polynomial @ with the parameter § instead of 4,
remembering (5.10):

1De.r(@: ¢, f)] < CRO“D% Ay @) < CRODP Ay ,(a)?.

Combining this bound with (5.11) we obtain (5.2).
Finally, the existence of the limit

lin})Ds,R(a; é‘7 f)

follows from the fact that the right-hand side of (5.2) tends to zero as R — 0,
g — 0. O

Proof of Theorem 3.2. Let {; € C3°(R), k € Z, be a family of functions consti-
tuting a partition of unity subordinate to the covering of the real axis by intervals
(k—1,k+1),k € Z. We may assume that the norms [|{ || .1 are bounded uniformly
in k € Z. Represent B.(a; f) as

Be(a; ) = Bi(a; f)+ Y Deala: b f).

kez

The first term on the right-hand side is estimated by Lemma 5.1. Due to the
bound (5.2) the second term is bounded by C | f|2N(a’; IV (WN~1:7))Y. Further-
more, since the N-(quasi)-norm is finite, the sum has a limit as ¢ — 0. This
completes the proof. |

6. A special case

In the previous Section, in the proof of Theorem 3.2, we use the covering of the
real axis by intervals (k—1, k + 1), k € Z that obviously all have length 2. Now we
derive an estimate for B(a; f) using a covering by intervals whose size is sensitive
to the rate of change of the function a. Let us describe in more precise terms the
conditions on a. Let 7: R — R be a positive function satisfying the condition

() =t = v|§ —nl. forall§.neR, (6.1)
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with some v € (0, 1). It is straightforward to check that

(10 < Ei;s(l )7l forall g € J(E) = (& — 1(®).E + 7(E). (62)

We call t the scale function. Let v: R — R be another continuous positive function
such that
v(n)

Ci= g =0 for all 5 € J(£), (6.3)

with some positive constants Cy, C, independent of & and n. We call v the
amplitude function. Since v < 1, one can construct a covering of R by open
intervals J(&;) centered at some points &, j € Z, which satisfies the finite
intersection property, i.e. the number of intersecting intervals is bounded from
above by a constant depending only on the parameter v, see [4], Chapter 1.
Moreover, there exists a partition of unity ¢; € Cg°(R) subordinate to the above
covering such that

@) < CGr® ™, k=0.1...., (6.4)

with some constants Cj independent of j € Z.
It is convenient for us to use a covering with finite intersection property,
constructed with the help of the function t/2 instead of r itself. Let

Tj Tj .
1 —(m 2m;+§), 5 =1t().J €Z,

be intervals forming such a covering, and let ¢; € C3°(R), j € Z, be a subordinate
partition of unity satisfying (6.4).
Consider a symbol a € CV (R), satisfying the bounds

la(§) —ao| < Cv(®), 1a® @) < Cer®*vE), k=1,2,....N, (6.5)

with some functions t and v described above, and with some constant ag.
In all the bounds below the constants are independent of the functions f, t,
and v, but may depend on the parameter v and the constants in (6.3) and (6.5).

Theorem 6.1. Suppose that [ satisfies Condition 3.1 withn = 2 and y € (0, 1].
Let t, v, a satisfy (6.1), (6.3), and let a satisfy (6.5) with some N > y~!. Then

v®”
(E)

|B(a: )l < Cy|f]2 / (6.6)
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A similar bound holds also for functions f with higher smoothness.

Theorem 6.2. Suppose that f:C — C is a function such that ' is x-Hélder con-
tinuous with some x € (0, 1]. Let t, v, a satisfy (6.1), (6.3), and let a satisfy (6.5)
with N = 1. Then

v(é)l—l—x

Bla; )| < Cell f’ O.x/ d§. (6.7)
| | x || ||C T(i‘_) g
First we give a detailed proof of Theorem 6.1.
Represent B(a; f) as follows:
Be(a: ) =) Deoola: ¢, f), (6.8)

JEZ

see (5.1) for the definition of D, g(---). Split each summand into two components:
T:
Da,oo(a; ¢]’ f) = Da,Rj (a,d)], f) + DRj,OO(a;(pj’ f)’ R] = EJ

Lemma 6.3. Suppose that the scaling function t satisfies (6.1) with some v €
(0,1). If f satisfies the conditions of Theorem 6.1, then

|la(§) —aol”
" (D, ola: gy, )l < clfh/T)"ds. (6.9)
JEZ t
Proof. Assume without loss of generality that | /|1 = 1 and ap = 0. For all
& € I; we get from (6.1) that

24 v
t(§1) < S

Thus for all & such that |&; — & | > 7;/2 we have
t(€1) < 2+ )& — &,
t(&2) <vl§1 —&| +t(61) < 2(0v + D& — &,

which leads to

(e +7(E) 16—l v = g

Therefore

V(a(¢1),a(&2); f)
€1 — &2

D, oola: by )] < / ¢ (E) dtdes.

[€1—621>cv (x(ED)+7(62))
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By (3.7), the right-hand side does not exceed

a6l a@)l”
¢ [[eeng g|2dadsz+<{ﬁf¢ﬂfo o dade,
[E1—E21>cvT(§1) |E1—E2]>cvT(€2)

Thus the sum over j is bounded from above by

laGD)|” la(&2)]”
cff gtgpenanrc|l T pdnde
[E1—E2]>cvT(§1) [E1—E21>cvT(§2)

la@®)]”
- )

as claimed. O

ds,

Lemma 6.4. Let a satisfy (6.5) with some functions t = ©(§) and v = v(§)
satisfying (6.1) and (6.3). Suppose also that N > y~' and R < R;. Then for any
8 € [0, y) the bound holds

IDS,R(a;qu,f)lfcglflzR“/L L) dE, (6.10)

L T(E)1FS
uniformly in ¢ € (0, R].

Proof. Without loss of generality assume | f]» = 1. Let

a(n) = a(n; + R;n), ¢;(n) =& (nj + Rjn).

Thus by (6.4), ||¢; 1 < C, supp ¢; C (=1, 1) uniformly in j, and in view of (6.3)
and (6.5),
@™ (n)| < Cyu(n;), for all y such that || < 2,

foralln =1,..., N,sothat Ay, (@) < Cv(n;), see (5.3) for the definition. Thus
by Theorem 5.2 with p = oo, and arbitrary § € [0, y),
| De,r; (a:¢;, )] = |DSR71,RR;1(57<Z’j7f)| < C(RR; ) o(n;)".

The right-hand side is trivially estimated by

CRS/ ()Y 7 0 dE.

I;
By virtue of (6.1) and (6.3), this is bounded by the right-hand side of (6.10). This
completes the proof. |
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Corollary 6.5. Suppose that v, = inf t(§) > 0, and that R < t,/2. Then for
any § € [0, y) the bound holds:

v(é)”

1De.r(a: 1. )] < Cs| f R N

d§, (6.11)
uniformly in ¢ € (0, R].

Proof of Corollary 6.5 and Theorem 6.1. Since the covering {I;} possesses the
finite intersection property, the bound (6.11) follows from the bound (6.10) by
summing over all j’s.

Using the bound (6.10) with R = R; we obtain that

v@”
(S)

1De.r, (a: ;. /) <C|f]2 /

uniformly in ¢ € (0, 1]. In view of the finite intersection property of the covering
{1}, we get

v(E)
De, LI =C

In view of the representation (6.8) this bound together with (6.9) lead to (6.6). O

For Theorem 6.2 we give only a sketch of the proof. The details are either the
same as in the preceding proof, or they can be easily filled in.

Sketch of the proof of Theorem 6.2. By (2.6), the proof reduces to estimating the

integral
jatér) — a(&)[*
// 1|§1 - 522|2 dG1dee

As in Lemma 6.3 one can show that

Ia(él) a(§)|'+* - a(§) — aol'*
> //45,(5) dgldg2_c/ B de

r - &|?
|E1—&2|>R;
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Furthermore, if |§; — & | < R;, & € [}, then by (6.5), (6.1), and (6.3),
la(§1) —a(&)] < Co(n)z; & — &l

so that

o laE) —a&)|'
|&1—62|<R;

< Cv(’lj)foj_l_x/ / 61 — & dbrd
I; JI§1—62|<R;
< Cu(n)'**

= [ vt ae

I;

Now, as in the proof of Lemma 6.4, the last integral is bounded by [v!**~1d¢.
This completes the proof of Theorem 6.2. |

We illustrate the usefulness of the bound (6.6) with the example of the symbol

1
a§) =ar) = ———p4_. (6.12)
1+ exp =

where T' € (0, To], To > Oand & € R are some parameters. This symbol is nothing
but the Fermi symbol for non-interacting Fermions at positive temperature 7 and
chemical potential u, see e.g. [7]. We are interested in the small 7" behaviour,
whereas the value u is kept fixed. Assume for simplicity that © = 1. It is clear
that in a neighbourhood of the points § = +1 the derivatives of @ grow as T — 0.
It is straightforward to check that

la™ (&) < Caa(®)(1 —aE)A + [E)"T™™, n=12,..., (6.13)

and
£2 — 1|
T

Thus Theorem 3.2 with any p € (1, o] leads to the estimate

a@®)(1—a@) sexp( - >——). £k (6.14)

1B(a: /) < C|f |1+ C|fl.T V5. (6.15)

The right-hand side is greater than CT~!, since N > y~! 4+ p~L.
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Let us now estimate B(ar; f) in a different way, by applying Theorem 6.1.
Since

2 _
(14 1el) T exp (T

in view of (6.13) and (6.14), we have

) < GulllEl =11+ D)™ Co = Ca(To),

2_
€ |), n=1.2 ...

@] = Calllg] = 1+ 1) " exp (- =52

This shows that a satisfies (6.5) with

ap =0, f(é)Z%(IIEI—lHT), v(E) = v (&) = (1 + [E) 7,

with an arbitrary 8 > 0. Consequently, by Theorem 6.1,
[B(a: f)| < C|f|z/(l|§| — 1+ 1)1+ )P

<C|lfl(logT| + 1).

This bound is clearly sharper than (6.15), and its precision (as 7 — 0) is confirmed
by the asymptotic formula for B(ar; f), T — 0, announced in [7] and proved
in [8].

Acknowledgement. The author is grateful to W. Spitzer for the careful reading
of the manuscript, and for useful remarks.
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