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Asymptotics of the number
of the interior transmission eigenvalues
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Abstract. We prove Weyl asymptotics N(r) = cr? + O, (r¢=<*€), forall 0 < € < 1, for
the counting function N (r) = {4, € C\{0}:|A;| < r?},r > 1, of the interior transmission
eigenvalues (ITE), A ;. Here d > 2 denotes the space dimension and 0 < « < 1 is such that

K

there are no (ITE) in the region {1 € C:[ImA| > C(|ReA| + 1)! =2} for some C > 0.
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1. Introduction and statement of results

Let @ C R d > 2, be a bounded, connected domain with a C* smooth
boundary I' = d2. A complex number A € C, A # 0, will be called an interior
transmission eigenvalue (ITE) if the following problem has a non-trivial solution:

(Ver(x))V 4+ Ani(x)u; =0 in Q,
(Vea2(x)V + Ana(x))u, =0 in Q, (1.1

Uiy = Uy, clavul = cz8vu2 onl,

where v denotes the exterior Euclidean unit normal to T, ¢;,n; € C °°(§_2),
j = 1,2are strictly positive real-valued functions. The spectral problem for (ITE)
is related to a non self-adjoint operator A (see Section 3) and in the isotropic case
c1(x) = ca(x) = 1 the boundary problem (1.1) is not parameter-elliptic. For these
reasons many well-known techniques developed for self-adjoint operators or for
parameter-elliptic boundary problems are not applicable. The positive (ITE) are
related to the inverse scattering problems . More precisely, if A = k? is a real
(ITE), then the far-field operator F(A): L2($¢~') — L2($"!) with kernel the
scattering amplitude s(k, 6, ) is not injective and its range is not dense. This
is crucial for the so-called linear sampling method (see [5], [1]) which works
if we avoid the real (ITE). For this reason the problem of the existence and the
discreteness of (ITE) draw the attention of many authors (see the survey [3] for a
comprehensive review and a more complete list of references). Secondly, it was
proved that we can determine the (ITE) from the far-field operator. Finally, it was
established that in some cases the knowledge of all complex (ITE) determines
the index of refraction of the scattering obstacle (see [3], [6]). This explains the
increasing interest toward (ITE) and the fact that a lot of papers concerning the
existence and the spectral properties of (ITE) in relation with the inverse scattering
problems of reconstruction have been recently published.

On the other hand, the analysis of the (ITE) leads to some interesting and
difficult mathematical spectral problems for non self-adjoint operators. These
problems are connected with two major questions:

(A) describe the eigenvalue-free regions in the complex plane;
(B) find a Weyl asymptotic of the counting function of the eigenvalues.

In contrast to the case of self-adjoint operators these questions are much more
difficult and there are no general results. As far as the Weyl asymptotics are
concerned, one may study the leading term of the counting function and one can
search an optimal remainder. On the other hand, even in the case of boundary



Interior transmission eigenvalues 3

problems for non self-adjoint operators which are parameter-elliptic, the Weyl
asymptotics in the literature concern mainly the leading term (see [2] for some
results in this direction for non self-adjoint operators).

Question (A) has been investigated by the second author in [27] (see also [10]
for a weaker result) and the result in [27] plays an important role in our analysis.
In the present paper our purpose is to study question (B). Under some conditions
the (ITE) form a discrete set in C \ {0} and they have as an accumulation point
only infinity (see for instance [11], [24]). Introduce the counting function

N(r) :=t{A; € C\{0}: A; is ATE), |A;| <r?}, r>1,

where the eigenvalues are counted with their multiplicity (see Section 3 for the
precise definition of the multiplicity). Recently, many works concerning the Weyl
asymptotics of N(r) have been published both in the isotropic (c; = ¢, = 1) and
anisotropic cases (see [19], [8], [20], [13], [15], [16], [18], and [9]). In [18] the case
when Q@ = {x € R% |x| < 1}andc¢; = ¢, = 1, ny = 1,n, = const # 1 has
been investigated and for d = 1 an asymptotics of N(r) with remainder has been
established (see also [25]). In all other works only the leading term of N(r) was
obtained. We should mention that in [13] the anisotropic case has been studied
and the asymptotics of N(r) with a remainder is stated. However, the proof has a
gap and only the asymptotics with leading term seems to be correct. The isotropic
case is more difficult since the boundary problem is not parameter-elliptic and
the tools for elliptic boundary problems cannot be applied. In the isotropic case
when ny(x) = 1, na(x) > 1, forall x € Q, it has been recently established in [9]
and [20] the asymptotics

N@r) ~ (1 + )r?, r— +oo, (1.2)

where t; and 1, are defined below. It is important to remark that in [9] and [20]
the analysis is based on the study of some trace class operators leading to an
asymptotics

1
Z m = Olt_1+% + 0(t_1+%), t — +o0, (13)
: J
J

where p € N is sufficiently large. Combining this asymptotics with the Tauberian
theorem of Hardy and Littlewood, one obtains (1.2) and the remainder is given by
the principal part divided by a logarithmic factor. To obtain a sharper remainder
one could apply a finer Tauberain theorem (see [17]), but for this purpose it is
necessary to establish asymptotics like (1.3) with sharper remainder for ¢ lying on
certain parabola in C. This, however, seems to be a very difficult problem.
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In the present work we follow another approach inspired by the paper [4],
where asymptotics have been established for the number of the resonances as-
sociated to an exterior transmission boundary problem. The purpose is to study
the asymptotic behavior of N(r) under the condition

c1(xX)n1(x) # ca(x)na(x), forall x eT. (1.4)
Our main result is the following
Theorem 1.1. Assume (1.4) fulfilled. Assume also either the condition
c1(x) = ca(x), dycr(x) = dyea(x), forallx €T, (1.5)

or the condition
c1(x) # ca(x), forallx €T. (1.6)

Then, the (ITE) form a discrete set in C and we have the asymptotics

N(r) = (t1 + )r? + 0:(r4 %), r — 4o0, (1.7)
Jorevery 0 < e K 1, where

. dj/2
T = wdd / (n, (x)) dx,
2m)* Ja \ej(x)

wq being the volume of the unit ball in R?, and k = % if (1.5) holds, k = % if (1.6)
holds. Moreover, if in addition to (1.6) we assume either the condition

ni(x) na(x)

c1(x) c2(x)’

forall x €T, (1.8)

or the condition
ni(x) _ na(x)
c1(x) c2(x) ’

forall x €T, (1.9)

then (1.7) holds with k = %

To prove this theorem we use in an essential way the eigenvalue-free regions
obtained in [27]. In fact, we prove in the present paper a more general result saying
that if there are no interior transmission eigenvalues in a region of the form

(A€ C:|ImA| = C([ReA|+ D'"%}), C>0,0<k <1, (1.10)

then the asymptotics (1.7) with remainder O, (r¢~%%€) is true. On the other hand,
it is proved in [27] that under the assumptions of Theorem 1.1, we have indeed
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an eigenvalue-free region (1.10) with « replaced by k — ¢, where « is given by
Theorem 1.1. Note that the parametrix construction and the results concerning the
Dirichlet—to—-Neumann map in [22], Section 11, suggest that for strictly concave
domains there are reasons to expect that (1.10) is true with ¥ = % It is also worth
noticing that if we have an eigenvalue-free region of the form (1.10) withx = 1—¢,
for all &, we get asymptotics with an almost optimal remainder term O, (r¢~17¢)
in (1.7). The existence of such an eigenvalue-free region with x = 1 — ¢ has
been established recently by the second author [28] for strictly concave domains
assuming (1.5) fulfilled. According to our result, the problem of bounding the
remainder in the Weyl formula for the (ITE) is reduced to that of getting an
eigenvalue-free region in C, and a larger eigenvalue-free region yields a sharper
bound for the remainder. To our best knowledge, it seems that our paper is the first
one where such a relationship is established.

For reader’s convenience, in what follows in this section we will discuss the
main steps in the proof of Theorem 1.1. The starting point of our argument is a
trace formula (see Section 3 and (3.5)) which allows us to relate the number of
the (ITE) with the number of the eigenvalues, v;, of two self-adjoint operators
for which the Weyl asymptotics are known to hold, together with a trace of an
operator given by an integral involving a meromorphic operator-valued function,
T(A), and its inverse T~ (1) (see formula (3.6)). The main problem to deal with
is to estimate the trace of this integral and it yields the bound O, (r¢=*%¢) of the
remainder. We apply this formula to obtain an asymptotics for the difference
N(r) — N(r/~/2), r — o0, and by a standard argument it is easy to see that
this is sufficient to prove (1.7).

Since it is more convenient to work in the semi-classical setting, we reduce our
problem to a semi-classical one by introducing a small parameter 4 = 4 r> 1.
Thus we are going to count the number of points {zx}, ;—’5 being an (ITE), in a
region of the form

{zeC:1—Ah ¢ <|Rez| <2+ Ah*¢, |Imz| < h*™¢}, A >0,

provided we have an eigenvalue-free region (1.10) with x — € in place of «
(see Proposition 3.7). This requires to make a change of variables A = z/h?
in the trace formula (3.6) and to study the behavior of the integral term when
0 < h < hg(e) and

zeZ={zeC:1/2<|Rez| <3,|Imz| < 1}.

Next we construct a meromorphic function gz (z) with poles among the points
{h?v;} and such that if an (ITE), ¢, does not belong to the set {v; }, then h?1y is a
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zero of gy (z) and the multiplicities of the corresponding zeros of g (z) and (ITE)
agree. It should be mentioned that the construction of the function gj(z) is not
trivial and it requires to build a semi-classical parametrix for the corresponding
Dirichlet—to—-Neumann map N(z, ) in the elliptic zone. This is carried out in
Section 2 by using the parametrix construction in [27].
The estimate of the remainder is reduced to that of the integral
L d log gn(z)dz, (1.11)
Y0 dz

where y9 C Z is a suitable closed contour chosen so that on yy we have neither
zeros nor poles of g;(z). The main property of the function g (z) is the estimate

log |gn(z)| < Cch'=47¢, forall 0 < e < 1,

provided the distance between z and the set {h?v;} is greater than AM, M > 0
being arbitrary (see Lemma 3.4). This estimate plays a crucial role in the estimate
of (1.11). Next in Lemma 3.5 we show that for z € Z, |Imz| > h*7¢, we also
have

< Ch'™ 7% forall0 <e < 1.

|h()|_

Moreover, the function log g5 (z) is holomorphic in z € Z, [Imz| > A" and

satisfies the bound
h 1—d—2e¢

C.
—1 - 1.12
- togan(a)| = < (1.12)
in the domain

2 5 1
W .= {z €eC:= <|Rez| <=, 2h* ¢ < |Imz| < —}.
3 2 2

The next step consists of choosing a closed contour yo = y; U y3 Uy, U y4, where
y3 C W, y4 C W are linear segments parallel to the real axis. For the integrals
over yj, j = 3,4, we apply (1.12) and one gets

<Ch'™73 j =34 (1.13)

d
‘ — log gn(z)dz
v; dz

We take y; = [w;, w;]U y; U [w+ wj+] J = 1,2 with suitable contours y;
(see Section 3 for the notation). The estimates of the imaginary parts of the
integrals over y;, j = 1,2, are more delicate since these contours cross the
positive real axis and we must avoid the points {#%vy }. Our argument is similar to
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the choice of the contour in [4] and the details are given in Section 3. The main
point is Lemma 3.8, where the contours y; are constructed so that

< Cchd+r=2¢ =12, (1.14)

d
‘Im — log gn(z)dz
v dz

Combining this with (1.13), we obtain the statement of Proposition 3.7 and by
scaling we get the asymptotics of N(r) — N(r/~/2).

Acknowledgment. Thanks are due to the referee for the comments and remarks
concerning the initial version of the paper.

2. Parametrix of the Dirichlet-to—Neumann map in the elliptic zone
Let f € HY(T') and consider the problem

(P(h)—z)u=0 in <,
u=f on T,

2.1

where
2

h
P(h) = —@VC(X)V,

0<h<lzeZ={zeCl<|Rez| <3,[Imz| <1}, c.n € C®(Q) being
strictly positive functions. The Dirichlet—-to—Neumann map is defined by

N(z,h) f := yDyu: H"T(I') — H™(T),

where m > 0, D, = —ihd, and y denotes the restriction on I'. Denote by
Gp the Dirichlet self-adjoint realization of the operator —n~!V¢V on the Hilbert
space H = L?(Q,n(x)dx). It is well-known that the spectrum of Gp consists
of a discrete set of positive eigenvalues which are also poles of the resolvent
(A — Gp)~L. Moreover, if vy € spec Gp, we have

Mk
)k—l)k

(A—Gp)~'=

modulo an operator-valued function holomorphic at vg, where Iy is a finite
rank projection. The multiplicity of v is defined as being the rank of IT;. Let
V(h) := {vx € spec Gp:h?v; € Z}. The following properties of the Dirichlet—
to—Neumann map are more or less well-known but we will give a proof for the
sake of completeness.
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Lemma 2.1. The Dirichlet—to—Neumann map N(z, h) is a meromorphic operator-
valued function in z € Z with poles at h?vi, vi € V(h). Moreover,

Mk (h)

NEI = ey,

(2.2)
modulo an operator-valued function holomorphic at h*vy, where Ty (h) is of rank
< mult(vg). If8(z, h) := min{1, dist{z, spec h>Gp}} > 0, then we have the bound

Ch
INCG, )| gm+1(0y— mm () < m (2.3)

where C > 0 is a constant which may depend on m.

Proof. Clearly, there exists an extension operator E,,: H™T1(I') — H™3/2(Q)
such that yE,, f = f and E,, f is supported near I". If f ¢ H™+!(T") and z/ h?
does not belong to spec Gp, it is easy to see that the solution u of (2.1) can be
expressed by the formula

u=Enf —hGp—2)""(P(h)—z)En .
Hence
Nz, h) f =yDyEmf —yDy(h*Gp — 2)" (P(h) — 2) En f. (2.4)

It follows from (2.4) that N(z, &) is a meromorphic operator-valued function in
z € Z with poles among the poles of (12Gp — z)~! and that (2.2) holds with

Mg (h) = y Dy Tk (P (h) — h?v) Epm.
This implies rank ﬁk (h) < rank I1 as desired. By (2.4) we also have

INGz. B) f |y

< Chll fllgm+1r
+ Chl(B*Gp — 2) | gm+3/2(@)— mrm+3r2() | Em f | prm-+3/2g)

+ Ch||[(R*Gp — 2) ™ gm=1/2Q) rm+3/2() |l P(h) Em f | grm=1/2(g2)-

Clearly, we have

1 Em f | pm+3r2¢2) < C S lm+1ry

1P (h)Em [l zm—1/2) < CH*| Em fllgpm+3r2y < CR2 | f | ggme+1 (ry.-
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On the other hand, the coercive estimate
||U ”H‘H'z(ﬂ) < C || GDU ||HY(Q) + C ||U ||HY(Q) y forall v e D(GD) n HS(Q)

implies the bounds

I(F*Gp — 2)™ | gm+3/2(@)> mm+3/2(g)

< CIl(F*Gp — 2) MlL2@)>12(2)
C
< —7
~ 8(z,h)
| (hZGD - Z)_l ||Hm_1/2(Q)_)Hm+3/2(Q)
= C ”(GD - l)(thD - Z)_l ||H’”+3/2(S2)—>Hm+3/2(52)
X |(Gp —i)~™! | rm—1/2(Q)— Hm+3/2(g)

~

C
<
= h28(z, h)

Therefore, (2.3) follows from the above estimates and the proof is complete. [

Let (x/, &') be coordinates on 7*I" and denote by ro(x’, £’) the principal symbol
of the Laplace-Beltrami operator, —Ar, on I' equipped with the Riemannian
metric induced by the Euclidean one in R¢. It is well-known that r¢ is a polynomial
function in &', homogeneous of order 2, and C|§'|? > ro(x’, &) > C1]€'|? with
constants C, > C; > 0. Set m(x) = ”(x) .Letp € C*®(R), ¢(0) = 1for |o| <1,

¢(0) = 0 for |o| > 2, and set

x(x' &) = ¢(Soro(x".£)),

where 0 < §o < 1. For (x’, &) € supp (1 — y), introduce the function

P E.2) = Vol B~y = i a1 -2 )

Since |
12172 < 5. forallz e Z, (v'.§) € supp (1 - ).

the functions p and p~! are holomorphic in z € Z and

Imp(x',&',2) > C/ro(x', &)

with some constant C > 0. In what follows in this section we will construct a
parametrix for the operator N(z, #)Op; (1 — x), where Op;, (1 — x) denotes the
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h — WDO with symbol 1 — y. In fact, this construction is carried out in [27]
and here we will only recall the main points. First, notice that it suffices to make
the construction locally and then to glue up all pieces by using a partition of the
unity on I'. Given an arbitrary point x° € T, there exists a small neighborhood
0(x°) ¢ Q of x° and local normal coordinates (x;,x’) € O(x°) such that

= (0,0), I' N O(x?) is defined by x; = 0, x’ being coordinates in I' N O(x?),
x1 > 0in Q N O(x?), and in these coordinates the operator

h? n(x)

CP(Z,]’I) —ﬁVC(X)V—Zﬂ

can be written in the form
P(z.h) = D3, + r(x.Dy) — zm(x) + hq(x, Dx) + h*G(x).

Here we have set Dy, = —ihdy,, Dy = —ihdy, r(x,&) = (R(x)&, E),
R = (R;;) being a symmetric (d —1) x (d —1) matrix-valued function with smooth
real-valued entries, ¢(x, &) = (q(x),§), ¢(x) and §(x) being smooth functions.
Moreover, we have r(0, x", £') = ro(x’, '), ro(x’, &) being the principal symbol
of —Ar written in the coordinates (x', £'). Let ¥(x’) € C(I' N O(x%), v =1
in a neighborhood of x°. In [27], it was constructed a parametrix, Uy, of (2.1)
satisfying the condition ity |x, =0 = Opy (1 — x)¥f and having the form

iy () = @iy [ [[ehoe €09 (S a2 £ )y

where ¢ is as above and §; > 0 is a small constant independent of x, £, k, z.
The phase ¢ is a complex-valued function such that

(p|x1:0 = _<x/ _y/7é/>1 8xlfp|x1=0 - ,0, Im(p Z XIImp/z,

and the amplitude a satisfies a|x,—o = Y (x')(1 — y(x',£’)). More generally,
the functions ¢ and a are of the form

¢ =—("—y.§) lewk(x —(x' =y E)+ 6

N—-1N-

,_.

X3 kpi ak](x ', 2),
=0

x~

=0

~.

N > 1 being an arbitrary integer. The phase ¢ satisfies the eikonal equation mod
O(x{v ):
(3, 0)* + 7 (x, Vwrg) = m(x)z = x{ Wy (x.§.2) 2.5)
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and a satisfies the equation
e HP(z, hei®a = xN Ay (x. £ .z, h) + hV By (x.&.2.h),  (2.6)

where Wy, Ay and By are smooth functions. It was shown in Section 4 of [27]
thatag; € S/, j >0,k > 1,95 Ay € 2, 0% By € SN,k > 0, uniformly
inz e Zand 0 < x; < 8;. Recall that S* are the spaces of all functions

a € C°(T*T) satisfying the estimates

0%, 08a(x', &) < Cap (€)1, (€)= (1 + |1

for all multi-indices o and B. Moreover, the functions ai_;, Ay, By are polyno-
mials in p, p~! and z, and therefore they are holomorphic in z € Z. As in [27],
it is easy to see that

P(z, h)iiy = Opy(py) f,
where the function

py = FE P ). o (55) [ hE e a 1P () (el A 4+ By

is holomorphic in z and satisfies the bounds

h \N—t—lof
0% py | < (@/)) for ja| < N — ¢ 2.7)

with some ¢ independent of N and «. The parametrix, J:fi/, (z, h), of the operator
N(z, h)Op, (1 — x)¥ is defined by

Dty =0 = Ny (2, 1) f = Op,(ny) f,

where
dg da =
=a— —ih— = 1-— —ih hWapj,
Ny 0x1 x1=0 dx1 o v ( e ; 1,j
i 1 ,
aio = _Eq(()’x/’ 17 f//P)W - %<R(O,x/)§: ’ Vx’l”(x/))-
Since

1_ 1 _M—I/Z_ 1 n—3
S imm) = O™,
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we deduce that mod S 2 the function ai o is given by the expression

alo———q(o x,l,é/«/_)lﬂJr— (R(0,x")E", Vi (x))

Vee@.x) ¢ aﬁ ) 238)
I VxCc(U, X lxlc ,X .y
:< 2¢(0,x7) \/ﬁ>w + 2¢(0, x') ¥+ qo(x',§)

with some function ¢o € S° independent of the functions ¢ and n.
Let {y; }jJ=1 be a partition of the unity on I". Set

J J J
P=D_ Py M=) e 0= iy
j=1 J=1 j=1
The operator

J
NGz, h) =) Ny, (z,h) = Op,(n)
j=1
is an 7 — WDO on I" with a principal symbol p(1 — x), holomorphicin z € Z. Let
uy, be the solution of (2.1) with uy|r = Opj,(1 — )¥f. Thenu = Y7_ uy,
is the solution of (2.1) with u|r = Op, (1 — x) f. Moreover, it is easy to see that,
if z/ h? does not belong to spec Gp, we have

w =i — (h2Gp — z)_lg?(z, hyii
which yields the identity
NG.hOpy(1 = 0)f = NG f —yDu(h2Gp =2 =0py(p) . (29)
It follows from (2.7) that if N is taken large enough, the operator
F(z,h) := N(z,h) = N(z, h) = N(z, h)Opy (x) — yDu(W*Gp — Z)_lgoph(p)

is meromorphic with values in the space of trace class operators on L2(T).
Let wu;(F) be the characteristic values of F. Recall that u;(F) are defined as
being the eigenvalues of the self-adjoint operator (F* F)!/2.

Lemma 2.2. If z/ h? does not belong to spec Gp, then for every integer 0 < m <
N/4 we have the bound

C
(F -1/(d—1)\—2m . 2.1
lu“]( (Z’h)) S S(Z’h) (h.] ) ) fbr all]’ ( 0)

where the constant C > 0 depends on m and N but is independent of z, h, j, and
8(z, h) is defined in Lemma 2.1
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Proof. We will use the well-known fact that the characteristic values of the
Laplace-Beltrami operator on a compact Riemannian manifold without boundary
(in our case I', dim ' = d — 1) satisfy

Wi (1= Ap)™™) < Cppj 2™ @D forall j, (2.11)

for every integer m > 0. On the other hand, by using the trace theorem and
Lemma 2.1, we obtain

£z, m)L2ry— m2m(r)
< NG, W) g2m+1 @)= m#2m @) |0PL GOl L2(1y— 52+ 1 (1)
+ Ch|(h*Gp — 2)™ N gem+3/2(0)— mr2m+3/2@) |IOPR (P | L2y H2m+3/2 ()
< 510D a1 6y + 5 VOB 20y 2y
Since the function y is compactly supported, we have the bound
10p, (Ol L2y Hr2m+1 () < Cnh 2" (2.12)
In view of (2.7) we also have
0P (Pl L2(r)— Hr2m+3/2(q) < Cm,NhN_M_e‘ (2.13)

with some £; independent of m and N, provided 0 < m < N/4 and N being large
enough. By (2.12) and (2.13) we conclude

Cm h—2m
I F(z, WlL2@)—m2m(1) < e (2.14)
Clearly, (2.10) follows from (2.11) and (2.14) and the proof is complete. O

3. Analysis of the transmission eigenvalues

For A € C\ {0} define the operator R(A)v = u, where u = (u;,u,) and
v = (v, v2) solve the problem

1
- Ve (x)V — 2 = in 2,
( o, c1(x) )u1 v; in

(— ! ch(x)V—)L)u2=v2 in 2, G.D
na(x)

Ui = Uy, c18vu1 = Czavuz onlT.
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Denote by G(’ ). j = 1,2, the Dirichlet self-adjoint realization of the operator
—n;'Ve;Voon the Hilbert space H; = L*(Q2,n;(x)dx). Set X = H; & H» and
define also the operators K;(A) f = u, where u is the solution of the problem

( e )Vc,(x)V )L)u =0 inQ, 32)

u=f onT.
Differentiating this equation with respect to A, one obtains easily the identity

dK; ()
dx

=GP —)7T'K;i (). (3.3)
Introduce the operator
T(X) := c1y0,K1(A) — c2y 0, K2(R).

Proposition 3.1. If T(A)™! is a meromorphic operator-valued function with
residue of finite rank, the same is true for R(1) and we have the formula

RO = (Rn(l)’ R12(A)):

R21 (1), Rx(R)

H— K, (3.4)

where
Riu() = (G =)™ = KiW)TW) " erydn (G — 17,
Rn() = (G5 =)™ + K2(MWTW) erydn (GF — )71,
Rix(M) = Kx W) TW) erydu(GY — 17,
Roi(A) = —K2(M)T(R) ' eayd,(GS) — 1)

Moreover, if yo C C is a simple closed positively oriented curve which avoids the
eigenvalues of GY ), j = 1,2, as well as the poles of T(A)™!, then we have the
identity

Yo

2
— trg¢ (2711')_1/ RMdA+ Y ey, @ei)™ | (GY —1)7'dA
=1 Yo (3.5)
dT(\)

= try 2 (27ri)_1/ T(A) 1 —2dA.
T) vo A
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Proof. Clearly, if (u;, v;) satisfies (3.1) and A does not belong to
spec G(Dl) U spec G?,
we have
uj = (G5 =7 + K f.
where f = yu; = yu,. The boundary condition in (3.1) implies the identity

0= c18vu1 — Czavuz

=TS +c1yd(GY =) o1 —c290,(GP — 1) Mv,.
Hence

uj =(GY’ — 1)y
— K;(W)TR)  (e170,(GS) = )Moy — e278, (G — 1) 'wy)

which clearly implies (3.4). Moreover, if T(1)~! is meromorphic, so are the
operators R;;j(A), and by (3.4) the operator R(A) is meromorphic, too. Using (3.3)
and the cyclicity of the trace (see Lemma 2.2 of [23]), we get

trog (2m)—1/ R(A)dA

Yo

= tryg, (2mi)™! /

Yo

Riy(Md A + trgg, Qi)™ / Rax(M)d A

Yo

= trg, Qi)™ [ (GG =)V + ey, Qi) [ (GD —2)7ldA

Yo Yo
—trg, Qi)™ [ Ki(WT W) erydn(GY — 1) 1da
Yo
+trg, Qi)™ | Ka(W)T(A) 2y dn(GS) — 1)1 A
Yo

= trg, Qi)™ [ (GG =)V + ey, Qi) [ (GD —2)7ldA
Yo Yo

—trp2 (2711')_1/ T ey (G — 1) K1 (L)dA

Yo

+troa (2711')_1/ TA) " ey0, (G2 — )" K2 (M)d A
Yo
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= trg, (2mi)~! /

Yo

(GY = 1)V dA + trg, Qri)~! / (G2 —1)~ldA

Yo

dyd, K1 (A
— trpa(r (2711')_1/ T(A)_lcly‘;l—kl()dk
Yo

dydy K (A
+ 2 (2711')_1/ T(A)_lczy‘;li;()dk
Yo

which implies (3.5). O
If R(1) is a meromorphic operator-valued function with residue of finite rank,

we define the multiplicity of a pole A; € C of R(1) by

mult (Ax) = rank (27ri)™" / R(M)dA, 0<e<I.
A—Agl=s

Let the curve y, be as in Proposition 3.1 and denote by M,,, and M,% ) j =1,2 the
number (counted with the multiplicity) of the poles of R(4) and the eigenvalues
of G(DJ), respectively, in the interior of yg. Proposition 3.1 implies the following

Corollary 3.2. We have the identity

- 1dT(R)
My, = MY + MP + trpo 0y Qi)™ /y T —=da. (3.6)
0

Proof. ltis easy to see that R(1) = (A —A)~!, where the operator A is defined by

1
—TVCI(X)VMI
u ni(x
A( 1) =1
Uz ————Ve(x)Vuy
na(x)
with domain

D(A) = {(u1,u2) € H: Ver (x)Vuy € L2(Q), Vea(x)Vus € L*(Q),

YU = yuz, c1yoyur = c2ydvus}.

Hence the finite-rank operator
—(2711')_1/ RAN)dA = (2;11')—1/ A—=—A)tdr
|A—Ax|=¢ A—dxl=e¢

is in fact a projection (e.g. see [12]), and therefore the rank coincides with the
trace. Thus, (3.6) follows from (3.5). O



Interior transmission eigenvalues 17

Let z and & be as in the previous section and denote by N, ﬁfj, Fj,j =1,2,the
operators defined by replacing in the definition of N, N, F introduced in Section 2

the pair (c,n) by (¢;,n;). Clearly, we have the relationship
hT(z)h?) = ciN1(z, h) — caNa(z, h) 3.7
= c1F1(z,h) — c2 Fa(z, h) + e1N1(z, h) — caNa (2, h). '

In what follows H;; will denote the Sobolev space H*(I") equipped with the semi-
classical norm.

Lemma 3.3. There exist an invertible, bounded operator

E(z,h): H — H™ = 0(1),
with an inverse

E(z,h)™ " H{ — H}™ = 0(1),

for all s € R, and trace class operators L;(z, h) and L,(z, h) such that

E(z,h)(c1N1(z, h) — caNa(z, h)) = I + L;(z, h), (3.8)
(c1N1(z,h) = c2Na(z, h))E(z,h) = I + L,(z, h), (3.9)
where k = —1 if (1.5) holds, k = 1 if (1.6) holds. Moreover, the operators

E,E~Y, L;, L, are holomorphic with respect to z for z € Z.

Proof. Set mj = Z—j, pj = iTo—zymj, j = 1,2, and let the real-valued
function y, 0 < y < 1 be as in Section 2, with a sufficiently large support.
It follows from the parametrix construction in Section 2 that clffl — czifz =
Opy (b) with a symbol b = Y"I_ h/ b;, where b; € S'~/ are holomorphic in
z € Z,and
bo = (c1p1 — c2p2)(1 — x).
Let yo € C*(T*TI') be a real-valued compactly supported function such that
0 < yo < land yo = 1 onsuppy. It suffices to show that the operator Op;, (xo+b)
is invertible. Indeed, this would imply (3.8) and (3.9) with E = (Op;,(xo + b))~ !
and L; = EOp,(x0), Lr = Op,(x0)E.
An easy computation shows that

¢(x)(co(xX)ro(x",§) — 2)

bo = (1= x(x'". &),
c1p1 + €202
where ¢ and c¢q are the restrictions on I" of the functions
2 -2

Cinp —Canyp and _—,
Ciny —Cnyp
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respectively. Let us see that
C1 €V < |10+ bol < Co(E)* (3.10)

with some constants C;,C, > 0, where k = —1 if ¢o(x’) = O and k = 1 if
co(x") # 0, for all x’ € T. Since

¢(coro — z)

by = 00— 2)
*Tila + c2)4/To

we have with some positive constants C , 51, 52,

(1= 01+ 0™,

2|)(0 +b0| > |)(0 +Reb0| + |Imb0|
> Xo— |Reb0| + |Il’l’1b0|

S %woro 2l — (1 - 0(EY ™)
> yo + C2{EVF(1 = y)

> C(&)*

which yields the lower bound in (3.10). The upper bound is obvious.

It follows from (3.10) that (xo + bo)~' € S~*. Moreover, when ¢; = c»,
dy,c1 = d,cp on I, by (2.8) one concludes that »; € S~2. Hence the operator
Op;,(xo + b) is invertible with an inverse which is an 7 — WDO with a symbol
belonging to the class S~%. In particular, we have

(Op,(xo + b)) " HY — HITF = 0(1),
Op,(xo +b): Hi — H™% = 0(1),
forall s € R. O

Set
Vi(h) :={vx € specGl(')i):h2vk ez}, j=12.

Define the operator X as follows:
K(z,h) = E(z,h)(c1F1(z,h) —c2 Fa(z,h)) + Li(z,h) itk =—1,
Kz, h) =(c1Fi(z,h) —caF2(z, h)E(z,h) + L, (z,h) ifk =1.
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We obtain easily that
E(ClNl—CzNz):I-i-jC ifk =—1,
(ClNl—CzNz)E=I+j< ifk = 1.

Clearly, the operator X is trace class and meromorphic in z € Z with poles
{wi}, we/h? € Vi(h) UV, (h), and residue of finite rank, so we can define the
meromorphic function

gn(z) :==det(d +XK(z,h)).
Lemma 3.4. Forall z € Z such that
8”(2, h) := min{1, dist{z, specth(Dl) U specth(Dz)}} >0
we have the bound

log |gn(2)] < Ceh' ™84z, h)™®, forall0 <& < 1. (3.11)

Proof. It follows from Lemma 2.2 and the properties of the characteristic values
that u; (X) satisfy the bound (2.10) with a new constant C > 0 and § replaced by
8%, In fact, for k = —1 we have

iy +jo—1(K) < wjy ((E(z, h)(c1 Fi(z, h) — caFa(z, h))) + wjp (L (2, h)).

Since the operator E(x, h) is bounded, for the first term on the right hand side
we apply Lemma 2.2. On the other hand, w;, (EOpp(x0)) < Cuj,(Opr(xo0)) and
for 1j,(Opn(xo)) we obtain easily (2.10) with §(z, h) = 1 since yo has compact
support. Next, if j = j; + j»—1, then we have j; > (j +1)/2o0r j, > (j +1)/2.
The case k = 1 is similar.

Therefore, we have

log [g4(2)] = log(1 + 1, (%))

Jj=1

o
= Zlog(l + C8F(z, h)~1p~2m j72m/d=1))

Jj=1

o0 (3.12)
< / 10g(1 + CSﬂ(z, h)—lh—th—Zm/(d—l))d[
0

= th_d+1(8#(z,h))_dz:r11/ log(l + t_zm/(d_l))dl
0

< Cuh™ 458z )~ T

Now, givenany 0 < ¢ < 1, we cantake m ~ % and N > 4m, and (3.11) follows
from (3.12). O
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The next lemma is an almost direct consequence of the results of [27].

Lemma 3.5. Let « be as in Theorem 1.1. Then, given any 0 < € < 1, the operator
I + K(z,h) is invertible on L*(T') for z € Z, |Imz| > h*~¢, and its inverse
satisfies in this region the bound

11 + Kz, 1) | p2p2 < Ch™ (3.13)

with some constants C,{ > 0. For these values of z we also have

<Csh'™ %, forall0<e < 1. (3.14)

lo <
8l

Moreover, the function log g, (z) is holomorphic in z € Z, |Imz| > h*™¢ and
satisfies the bound

d Ce hl—d —2€

—1 < — 3.15
e oggn(z)| = m 2] (3.15)
inW:={zeC2<|Rez| <3, 20 <[Imz| < 1}.

Proof. Itfollows from the analysis in Section 5 of [27] that, under the assumptions
of Theorem 1.1, the operator ¢;Nj(z,h) — caNa(z, h) is invertible for z € Z,
[Imz| > A*~¢ and

leN1(z ) = eNo(z ) gy o = CHT0 ik = -1,
| (ciN1(z, h) — CzNg(Z,h))_lan_)H}l <Ch™* ifk=1.
Now (3.13) follows from these bounds and Lemma 3.3 because
(I+5K) = (N1 —caNo)LE™Y ifk = —1,
(I+X)'=E YNy —eaNo) b ifk = 1.

The bound (3.14) can be obtained in precisely the same way as (3.11) by us-
ing (3.13) and the formula

L detr — (1 + Kz ) Kz ).
gn(z)

Note that the norm ||(I + X(z, h))™!|| will add a factor h="5=" which for suffi-

ciently large m yields a factor O(h™¢).
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Clearly, it follows from the Fredholm theorem that, under the assumptions
of Theorem 1.1, the operator-valued function (I + K(z,h))~': L3(I") — L?*(T)
is meromorphic in Z with finite rank residue and holomorphic with respect
to z € Z for Imz| > h*"¢. Therefore the functions g;(z) and ﬁ are
holomorphic in z € Z, |Imz| > h*"¢, and hence so is loggp(z). Fix an
arbitrary w € W. Then the function f(z) = log 5:((5))) is holomorphic in z € Z,
Imz| > A*~€ and f(w) = 0. It follows from the bounds (3.11) and (3.14) that
Re f(z) < Oc(h'=972¢) for z € Z, [Imz| > h*~€ In particular, the later estimate
holds on the circle C, = {z € C:|z —w| = M} since for every z € C,, we
have |Imz| > ”m—zwl Applying the Caratheodory theorem (e.g. see 5.5 in [26]),

we get

I
)] = 02 Imw[™" for |z — w| < M
3

This implies (3.15) because f’(z) = j—z log gn(2). O

Let yo C Z be a simple closed positively oriented curve which avoids the
eigenvalues of th(Dj), j = 1,2, as well as the poles of T'(z/h?)~!. Denote by
M, (h) the number of the poles, {Ax}, of R(L) such that h2); are in the interior
of the domain wqy with boundary y,. Similarly, we denote by M% ) (h) the number
of the eigenvalues, {vy}, of G(Dj) such that h%vy are in wgy. Corollary 3.2 implies
the following

Lemma 3.6. We have the identity

1 d
My (h) = M (h) + M2 (h) + o / — log gn(2)dz. (3.16)
i Jy, dz

Proof. We apply (3.6) and use the identities
hT(z/h*) = E7Y(z, h)(I + K(z, h)),
(hT(z/h*)™' = (I +XK(z,h)) " E(z, h)
combined with the analyticity of E(z,/) in z and the following well-known

formula

dX(z.h) d

-1
tr (7 + Kz, ) ™ == -

logdet(! + X(z, h)).

The above formula for log det(/ +X(z, h)) is classical for finite rank perturbations
of the identity. For trace class ones this formula follows by an approximation with
finite rank operators (see for example, Section 5 in [21]). O
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It follows from (3.16) that zy € Z \ spec(thl()l)) U spec(h2G(Dz)) is a zero
of gx(z) if and only if zq is a pole of R(z/h?) (and hence zo/h? is an interior
transmission eigenvalue) and the multiplicities coincide. Similarly, one can see
that if Zy is a pole of gz(z) with multiplicity 729, then Zy € spec(th(Dl)) U
spec(th(Dz)) and Mo < My + Mo, where m; is the multiplicity of Zo/h? as an
eigenvalue of G(Dj). In what follows we will use the formula (3.16) to prove the
following

Proposition 3.7. For every 0 < € < 1 and A > 0, independent of h, we have the
asymptotics

I(h) := #{zx, zk/h? is ATE): 1 — Ah* "¢ < |Rezx| <2+ Ah“¢ |Imz;| < h*=¢}
= Q2 —1)(t1 + 0)h ™ + O g (W4F73€) 0 < h < hy(e, A).
(3.17)

Proof. We will consider only the case Rez;y > 0, since the case Rez; < 0
is similar (and even simpler since the function g(z) does not have poles in
Rez < 0). Consider the points wa =1—Ah* ¢ & %, wgc =2+ Ah¥—€ + L
wi =1—Ah*"¢ £i3h*7¢, w; =2+ Ah*7€ £ i3h* € and set

O;={z€C:1-2(A+ 1A ¢ <Rez <1+ h""¢, [Imz| < 4h*¢},
O, ={z€C:2—-h"" <Rez<2+2(4A+ DA ¢, [Imz| < 4h“"¢}.

The following lemma will be proved later on.

Lemma 3.8. There exist positively oriented piecewise smooth curves y; C ©
and y, C ©,, where yy connects the point W] with IDfL, while y, connects the
point W, with @5, such that

d
‘Im ] Eloggh(z)dz < Chd+r=2¢ i =12, (3.18)

Vi

Now we apply Lemma 3.6 with a contour yo = y1 UysUy,Uys, where y3 C W
is the segment [wf' , w;' ] on the line passing through the points wf’ and w;' , and
ya C W is the segment [w, , wi]| on the line passing through the points w; and
wy. Next, y; = [w],®7] U 71 U@, w], y2 = [w), @] U 72 U [@5, w;]
(see Figure 1).
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V3
wy

1/3

-1/3 (b w;
Y4
Figure 1. Contour yp.
Since y; C W, |yj| = O(1), j = 3,4, by (3.15) we have
d
[ Swoeaieiz| < [ | 1oe o)
V] 14 z
< Ceh_d+l_2e |dZ| (319)
Yj
S Ceh—d-‘rl—ZG’ J — 3’ 4
Applying (3.15) once more, we have
1/2 d
U 4 oggn(z)dz| < Coh=d+1- 26/ a9
:I: i] dz hk—e O (3.20)
< Ceh_d+1_3€, ,] — 1’2
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On the other hand, since the counting function of the eigenvalues of Gl()j) satisfies

the Weyl law, we deduce
MO (h) < fvg € spec G 1 —2(A + 1A < h?v <2+ 2(A + 1)h*™)

2 A4 DRTNG2 1 2A4 DR
:Tj(ﬁ+—h2 ) _tj(ﬁ_—}ﬂ ) +Oe(h )

= U2~ Dgih ™ 4 O g (h™9)
and similarly
Mjfg)(h) > f{vx € spec G(Dj): 1+ K¢ < h?vp <2 — K¢}
= 42 = Drh™? — O (h™9H*7e),
Consequently,
M () = 247 — Dr;h™ 4+ O a(h™47+7¢). (3.21)

Taking together (3.16), (3.18), (3.19), (3.20), and (3.21), we obtain

My, (h) = %2 = 1)(t1 + ©)h™¢ + Oc a(h=4F473), (3.22)

Thus, to establish (3.17), it remains to show that the counting function /(h)
satisfies
[1(h) — My, (h)| < Ce qh™@H73¢, (3.23)

Given a parameter 6 > 0, independent of /, introduce
BF(0) ={z € C:|z — W}"| < Oh*}.

Clearly, there exists 6y > 0 such that ®; C B].Jr 6) U B]._(G), for all 6 > 6,
j =12 Let {z,:f’j } be the zeros (repeated with their multiplicities) of g (z) in
Bji (26p) and let { y;t’j } be the poles (repeated with their multiplicities) of gj(z)
in B:(46). Therefore the function

5@ =a@ [ -yeh
k

is holomorphic in the interior of BjjE (46p). Obviously, {y,ﬁc’j } are among the

eigenvalues of the operators G,(jl) and G(Dz) in an interval of the form

[1= O ), 1+ O] U 2 = 00,2 + 0 )]
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Hence, by the Weyl law for the counting function of these eigenvalues, as in the
proof of (3.21), we get

By} < Ceah™@t7s, j=1,2, (3.24)
By (3.14) and (3.24), we have
log | £/ ()| = log |gn(@F)| + Y log | — y&/|
k

; 1
> —Ch™ 17— () Clog (329

> —2C€’Al’l_d+K—2e.

On the other hand, applying (3.11) and (3.24), for z € BjjE (0),60 < 0 < 46y,
z—yE7| = kM, M > 1, we obtain

log | ;57 (2)] = loggn(2)] + Y _log|z — y&/|
k

; 1
< Cm 1= gy M log 1 (320

< 2C€’Ah_d+K_26.

We claim that there exists 36y < 1 < 46, such that the distance between { yki o }
and the circle BB].i(,ul) is greater than WM, provided M > d. Indeed, if we
suppose the contrary, this would imply that the length of the interval

JE = RN (B (46p) \ B (360))

is upper bounded by #{y;’ € JEMM = O(hM~?), which is impossible if
M is taken large enough. This proves the claim. Thus, by (3.26) we have the
estimate log |fhi’j (2)] = O (h=21%2¢) on BBJ.i(Ml), which in turn implies
log |fhi’j (2)] = Oc(h™3+*=2¢) on BjjE (36p). Combining this with (3.25) and the
Jensen theorem (see for example 3.6 in [26]), yields for the zeros z;c J in B ji (26p)
the following bound

iz iz € BE(200)) < Ceah™ 72, (3.27)

Since the left-hand side of (3.23) is upper bounded by the number of the zeros
and the poles of the function g, (z) in B} (6p) U By (69) U B (60) U B5 (6p), the
estimate (3.23) follows from (3.24) and (3.27). O
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Remark 3.9. The bound (3.27) of the number of the zeros z;c Jof gn(z) in
Bji(200) does not depend on the statement of Lemma 3.8 but only on the
application of the Jensen theorem based on (3.25) and (3.26). We will use (3.27)
in the proof of Lemma 3.8 below.

Proof of Lemma 3.8. We will consider only the case j = 1, since the case j =2
is similar. Introduce the function

(@) =g [ c—w™" [ c-w.
weM;y weMy
where M; = {z;7'} U{z; "} is the set of all zeros of g, (z) in By (260) U Bi(26,)
and M, = {y;"} U {y""} is the set of all poles of g4 (z) in B (46p) U B} (46o).
Since ¢5(z) does not have zeros and poles in B} (20p) U Bfr (26y), the function
log {5 (z) is holomorphic in By (26p) U B 1+ (260). We need the following

Lemma 3.10. The function {5, (z) satisfies the bound
log [¢5(2)| < Cch™@F172¢ forall z € By (6) U Bf (6), (3.28)
for every 0 < 0 < 26y independent of h.

Proof. SetU = Jyeniiz € C:|z—w| < hM}, where M > d and M = M; UM,.
Clearly, U = |J, U,, where every U, is a domain with a piecewise smooth
boundary and U, N U, = @ if v # . Moreover, we have

> measure(U,) < 2h™ f{w € M}y < ChM 4,

Let 6 < 6; < 20y be independent of 4. Let {va} be the set of all U, such that
U, NB:(01) # 0. We now construct a closed curve, B () as follows: we keep
all arcs on 8B;—L(91) having no common points with {Uv“f} and replace the arc
BT (61) N U;E with arcs on dU,; connecting the corresponding end points. Thus
we can guarantee that ,8;:(01) belongs to an O(h™~?) neighborhood of 8Bl“—L(01)
and, moreover, the distance between ,3?(61) and the set M is greater than WM.
In the same way, as in the proof of (3.25) and (3.26) above, by using (3.11), (3.14),
(3.24), and (3.27), we get

log |¢4(2)] < Cch™@F172¢ forall z € BE(6)). (3.29)

Since Bif(6) is in the interior of the domain bounded by BE(6;), the esti-
mate (3.29) implies (3.28). A
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We will now construct the curve y;. Let {U,, } be the set of all U, such that
U, N [@7, D] # 8. We keep all segments on [#;, ;] having no common
points with {U,, } and replace the segments on [, W, ] N U,, with arcs on U,
connecting the corresponding end points. Thus we get a piecewise smooth curve
71 belonging to an O(h™~%) neighborhood of [, W] and the distance between
71 and the set M is greater than 2™ . Hence 7; C ©,. Now we can write

j log gu(z)dz = / log G()dz + Y | (z—w)ldz

[y w+ d w
L S (3.30)
— Z (z—w) ldz.
wEeM»o 71
We will show that
d
- log ¢y (z)| < Cch™4+17%=¢ forallz € ©, (3.31)
‘Im (z—w) 'dz| <3n for all w € M. (3.32)
71

Since the length of the interval |, @] is 6h“~¢, the estimate (3.31) implies
that the absolute value of the first integral on the right-hand side of (3.30) is
Oc(h=2+172€) " Thus, (3.18) would follow from (3.30), (3.31), (3.32), and the
bounds (3.24) and (3.27).

To prove (3.31), we apply the Caratheodory theorem (see 5.5 in [26]) for
the derivative of the function fi(z) = log Z” (Z) . Note that log |y, (w )| can

be bounded from below in the same way as 1n (3 25) above. Therefore, apply-
ing (3.28), we get for the real part of fi(z) the estimate

Re fi(z) = log|Z,(2)| — log |eh(TE)| < Ch™4H172¢ forallz € azzf(%eo).

Since fi (w1 ) = 0, we conclude by the Caratheodory theorem that | f (z)| =
Oc (h~3+17%=€) in the disc Bi(GO) which clearly implies (3.31).

To establish (3.32), observe that if w does not lie on the line connecting the
points @] and @, and if o9 > 0 denotes the distance from w to this line, after a
suitable change of variables, we have

nh b 00
- / Qodo / A0 a6
a 05 +0 ol +o

‘Im/w (z—w) ldz

w
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Since the integral in the left-hand side of (3.32) differs from the integral in the left-
hand side of (3.33) either by 0 or 2z, the estimate (3.33) implies (3.32) in this
case. If w lies on the line connecting the points @; and @;", then the integral on
the left-hand side of (3.32) is a limit of integrals of the first kind, and hence (3.32)
will be true in this case, too. This completes the proof of Lemma 3.8. O

Proof of Theorem 1.1. Let « be as described in Theorem 1.1. Let A; and A,
be arbitrary real numbers, independent of 4, and let A > max{|A4|, |A42|} be
independent of /. It follows from the proof of Proposition 3.7 (see (3.27)) that

#{zx, zx/h? is ATE): 1 — Ah* ™€ < |Rezg| < 1 + Ah“™¢, [Imz;| < O(h* ™€)}
= Oc q(h=dFe=26),
#{zk, zx/ h%is ITE):2 — Ah* ™€ < |Re zx| < 2 + Ah*™¢, [Imz;| < O(h*~€)}
— O a(h~d+e2e),
Therefore, by (3.17) we get for every 0 < € < 1

#{zk, zi/h*is ATE): 1 — A1 h* ™€ < |[Rezx| < 2 + A,h* ¢, [Imz¢| < O(h* ™€)}
= Q2 = Dt + )™ + Ocn, 4, (W43 0 < h < hi(Ay, Ay €).

Choose h = ﬁ, r > 1. The above asymptotics yields

r

2
{A € C: A is (ITE), % — AirT T < Re A <72 4 Apr? ¢ te |ImA| < rz—:<+e}

= (1 =27 (1) + ©)r? + Oc 4,4, r973€), 1 > r1(41, Ay, €).

Recall that according to the results in [27], there are no (ITE) in the region
2
{A eC:m <A =% |Im2| = r2—K+f}

for every 0 < € < 1, provided r > ro(e) > 1. On the other hand, it is clear that

the region
2

rec:T =i =2 may < 2t

is contained in the region

2
{rec: S —r et < iRea =17 i) < 2
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and contains the region

2
[he et <Real 77 = 7, fm < 27

Thus we get the asymptotics
N(r) = N@/vV2) = (1 =27 (t1 + o)r? + 0,077 %) r = ro(e), (3.34)

for every 0 < ¢ < 1. Here we replace 3¢ by €, which is not important since our
argument works for every 0 < € < 1. The asymptotics (3.34) yields

N(r/2%/%) — N(r/2*+D/2)
(3.35)
— (2—kd/2 _ 2—(k+1)d/2)(_[1 + rz)rd + 2—kd/208(rd—lc+6‘)

for every integer k > 0 such that 727%/2 > ry(e). Let ko(r) € IN be the smallest
integer such that r27%0()/2 < 4 (¢). Tt is clear that we have

N(r/2%0FD/2) < N(ro(€)) = Ro(€) (3.36)
with a constant Ry (¢) > 0 independent of r. Moreover,
(@ *oOFD2T < (ro(€))? = Ri(e)

with Rj(e) > O independent of r. Summing up the asymptotics (3.35) and
using (3.36), we get (1.7). Thus the proof of Theorem 1.1 is complete. O
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