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Dispersive estimates
for higher dimensional Schrodinger operators
with threshold eigenvalues
II: The even dimensional case

Michael Goldberg! and William R. Green?

Abstract. We investigate L' (R”) — L°°(R”) dispersive estimates for the Schrodinger
operator H = —A + V when there is an eigenvalue at zero energy in even dimensions
n > 6. In particular, we show that if there is an eigenvalue at zero energy then there is a
time dependent, rank one operator F, satisfying || Fy|[ 1700 < |t|*~2 for 1] > 1 such
that

le"™ Pue — Fyllpipoo S 172, for|e] > 1.

With stronger decay conditions on the potential it is possible to generate an operator-valued
expansion for the evolution, taking the form

e Py (H) = 1175 Ay + 1|3 Ay + |t]73 Ao,

with A_» and A_; mapping L!(R") to L>(R") while Ao maps weighted L! spaces to
weighted L°° spaces. The leading-order terms A_» and A_; are both finite rank, and
vanish when certain orthogonality conditions between the potential I and the zero energy
eigenfunctions are satisfied. We show that under the same orthogonality conditions, the
remaining ||~ 2 Ao term also exists as a map from L' (R”) to L°°(R"), hence e’ P,.(H)

satisfies the same dispersive bounds as the free evolution despite the eigenvalue at zero.
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1. Introduction
In this paper we examine dispersive properties of the operator ¢'*#, where H :=
—A + V with V areal-valued potential on R”. The spatial dimension may be any
even number n > 6, just as part I of this work, [13], considered odd dimensions
n > 5. This operator is the propagator of the Schrodinger equation

iu;, + Hu =0, u(x,0) = f(x), €))

as formally, one can write the solution to (1) as u(x, 1) = e'*H f(x).
When V = 0, one has the dispersive estimate [|¢/*" ||, 1_, ;00 < |t|~2. This
can be easily seen by the representation

1

—itA _
¢ = (4rit)s

[ e ) .

R

which one obtains through elementary properties of the Fourier transform. The
stability of dispersive estimates under perturbation by a short range potential, that
is for a Schrodinger operator of the form H = —A+V, where V is real-valued and
decays at spatial infinity, is a well-studied problem. Where possible, the estimate
is presented in the form

&/ Pac (HD| L1 gorys ooy S 1117772 2)

Projection onto the continuous spectrum is needed as the perturbed Schrodinger
operator H may possess pure point spectrum that experiences no decay at large
times. Under relatively mild assumptions on the potential one has an L? conser-
vation law for the operator ¢/’ . In addition, if |V (x)| < C(1 + |x|)~# for some
B > 1 and is real-valued, the spectrum of H is composed of a finite number of
non-positive eigenvalues and purely absolutely continuous spectrum on (0, c0),
see [25].
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The history of this problem is more thoroughly discussed in part I [13]. We
recall briefly that the first results in the direction of (2), Rauch [24], Jensen and
Kato [19], Jensen [17, 18], and Murata [23], studied mappings between weighted
L?(R") in place of L'(R") and L*°(IR"). Estimates precisely of the form in (2)
are studied in [22, 29, 26, 14, 27, 15, 4, 6, 3, 16] by a number of authors in various
dimensions, and with different characterizations of the potential 1/(x) respectively.
The first result on these global, L! — L, dispersive estimates was the work of
Journé, Soffer and Sogge [22]. Much of the more recent work has its roots in the
work of Rodnianski and Schlag [26]. For a more detailed history, see the survey
paper [28].

Our main concern is the effect of obstructions at zero energy on the time decay
of the evolution. Jensen and Kato [19] showed that in three dimensions, if there
is a resonance at zero energy then the propagator e/’ P,.(H) (as an operator
between polynomially weighted L?(IR3) spaces) has leading order decay of |¢|~'/2
instead of |¢|73/2. In general the same effect occurs if zero is an eigenvalue, even
though P,.(H) explicitly projects away from the associated eigenfunction. Global
L' — L% dispersive estimates are known in all lower dimensions when zero is not
a regular point of the spectrum, due to Yajima, Erdogan, Schlag and the authors
in various combinations, see [14, 10, 30, 9, 12, 7, 5]. The goal of this work is to
extend these studies to all higher dimension n > 3.

In dimensions five and higher resonances at zero do not occur. In [17] Jensen
obtained leading order decay at the rate |¢|2~5 as an operator on weighted L2(RR")
spaces if zero is an eigenvalue. For n > 5, the subsequent terms of the asymptotic
expansion have decay rates |¢|'~% and |1|~% and map between more heavily
weighted L2(IR") spaces. We are able to recover the same structure of time decay
with respect to mappings from L!(R") to L% (R"), with a finite-rank leading order
term and a remainder that belongs to weighted spaces. In fact, our results imply
Jensen’s results on weighted L?(IR") spaces with reduced weights. Perhaps the
most surprising result we prove is the full dispersive estimate (2) holds without
any spatial weights if the zero-energy eigenfunctions satisfy two orthogonality
conditions, see Theorem 1.2 part (3) below.

In addition we note that there has been much study of the wave operators,
which are defined by strong limits on L?(R"),

Wy = s-lim e*HeitA,
t—=+o0
The L? boundedness of the wave operators, see [31, 11, 21], relates to dispersive
estimates by way of the ‘intertwining property,” which allows us to translate certain
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mapping properties of the free propagator to the perturbed operator,
f(H)Pae = W:I:f(_A)W:E'

The identity is valid for Borel functions f. In dimensions n > 5, boundedness of
the wave operators on L? for -5 < p < 7 in the presence of an eigenvalue at
zero was established by Yajima [31] in odd dimensions, and Finco and Yajima [11]
in even dimensions. In particular, with p’ the conjugate exponent satisfying
% + % = 1, the boundedness of the wave operators imply the mapping estimate

i _n_n
le"H Pac(H)|lLr—sror S 11|27,

Roughly speaking, the range of p in the wave operator results yield a time decay
rate of |7|~2+2%. Similar results in lower dimensions can be found in [30, 21].

The main results in this paper mirror the ones obtained in odd dimensions [13]
and we will use the same notation and conventions where possible. Our work here
is mostly self-contained; we have omitted proofs that are proved verbatim, or those
that require only minor modifications of those in [13]. To state our main results,
define a smooth cut-off function y (A1) with y(1) = 1if A < A;/2 and (1) = 0 if
A > Ay, for a sufficiently small 0 < A; <« 1. Further define (x) := (1 4 |x|), then
we use the notation for weighted L? spaces

1A Lpo =11+ [xD7 £,

and the abbreviations a— := a — € and a+ := a + € for a small, but fixed, € > 0.
We prove the following low energy bounds.

Theorem 1.1. Assume that n > 6 is even, |V(x)| < (x)78, for some p > n and
that zero is not an eigenvalue of H = —A + V on R". Then,

ey (H) Pac(H)ll L1 00 < J2]72.

Theorem 1.2. Assume that n > 6 is even, |V(x)| < (x)™#, and that zero is an
eigenvalue of H = —A + V on R". The low energy Schrodinger propagator
e y(H)P,.(H) possesses the following structure.

(1) Suppose that there exists Y € Null H such that [, Vi dx # 0. Then there

n

is a rank-one time dependent operator ||Fy||p1 100 < |t|*~2 such that for
[t] > 1,

e y(H)Pye(H) — F, = &1(2).

Where, €11 p00 = o(t272) if B > nand ||E1] 100 = O([t]'2) if
B >n+4
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(2) Suppose that [, Vi dx = 0 for each € Null H but [p, x;Vyrdx # 0
for some Y and some j € [1,...,n]. Then there exists a finite-rank time
dependent operator G satisfying |G| g1 00 < |t|'=5 such that for |t| > 1,

" y(H)Poe(H) — Gy = &5(2).

Where, |[€allp1r00 = O(t]'™2) and €3] 1.0+ 1000 = o(t]'72) if
B>n+4dand ||Es 1151001 = O(t|72)if B >n+8.

(3) Suppose B > n + 8 and that [, V¥ dx = 0 and [, x; Vi dx = 0 for all
v eNullH andall j €[1,...,n]. Then

| Y (H) Pac(H) | 1 oo S 16172

We note that the assumption that [, V¢ dx = 0 for each ¥ € Null H is
equivalent to assuming that the operator P.,V'1 = 0 with P, the projection onto
the zero-energy eigenspace. Further, [, x;V{ dx = 0 foreach j = 1,2,...,n
is equivalent to assuming the operator P, Vx = 0.

These results are fashioned similarly to the asymptotic expansions in [17], with
particular emphasis on the behavior of the resolvent of H at low energy. If one
assumes greater decay of the potential, then it becomes possible to carry out the
resolvent expansion to a greater number of terms, which permits a more detailed
description of the time decay of ¥ y(H)P,.(H). We note that while F, and
G, above have a concise construction, expressions for higher order terms in the
expansion are unwieldy enough to discourage writing out an exact formula.

The extension to the main theorem is as follows.

Corollary 1.3. If |V(x)| < (x)™" %", and there is an eigenvalue of H at zero
energy, then we have the operator-valued expansion

My (HYPae(H) = c|t P 5 PVIVP, + 1|'" 3 Ay + 1] 3 40(1). ()

There exist uniform bounds for P,V1VP, : L' — L®, A_y : L' — L™, and
Ao(t) : LY2 — L2, The operator P,V1VP, is a rank one operator and A_y is
finite rank. Furthermore, if P,V1 = 0, then Aq(t) : L' — L~ If P,V1 =0
and P,Vx = 0 then A_y vanishes and Ay(t) : L' — L uniformly in t.

We note that this expansion could continue indefinitely in powers of ||~ %,
k € IN. The operators would be finite rank between successively more heavily
weighted spaces and it would require more decay on the potential V. We do not
pursue this issue.
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High energy dispersive bounds in dimension n > 4 require more assumptions
on the smoothness of the potential, which was shown in the counterexample
constructed by the first author and Visan in [15]. In contrast the present work
is concerned with the effect of zero energy eigenvalues, which is strictly a low
energy issue. Accordingly our theorems stated above use the low-energy cut-off
x(H) so that no differentiability on the potential is required.

As in odd dimensions, we note that the estimates we prove can be combined
with the large energy estimates in, for example, [31, 11] to prove analogous state-
ments for the full evolution e’*¥ P,.(H) without the low-energy cut-off. The work
cited above assumes that the polynomially weighted Fourier transform of V' satis-
fies

F((x)*V) e L™ (R") foro > L_n=2
ny n—1

Roughly speaking, this corresponds to having more than % + g derivatives
of Vin L2

The statements of our main results are identical to those given in the companion
paper, [13] for odd dimensions n > 5. The analysis for even dimensions in this
paper proceeds along similar lines, but is technically more challenging. One
reason for this is the appearance of the logarithms in the expansions and the
inability to write a closed-form expression for the resolvents, see (7) below.

The limiting resolvent operators are defined as

RE(A?) = 613(1)1+(—A +V —-(A%+ie) L.

These operators are well-defined on certain weighted L2(R") spaces, see [2].
In fact, there is a zero energy eigenvalue precisely when this operator becomes
unbounded as A — 0. While the number of spatial dimensions does not appear
explicitly in the expression above, the behavior of resolvents for small A is strongly
shaped by whether n is odd or even. When odd dimensional resolvents are
expanded in powers of A, one has the operator-valued expansion

A B
R$(A2)=ﬁ+x+0(1), 0<A<A <1,
In even dimensions one has expansions in terms of A¥(logA)f. For instance,
in [7] it was shown that in R? if there is a zero energy eigenvalue that one has
the operator-valued expansion (for 0 < A < A1)

A B

RO = — 4 —— 12 (log 1)~2 ‘
v(9) )Lz—i_kz(alogk—i-z)_l_o( (logA)™), aeR\{0}, ze C\R
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If, in addition, one assumes that there are no zero-energy resonances (solutions to
Hy = 0 with ¢ ¢ L2(R?) but ¢ € L®(IR?)), one has the expansion

A
Rf(A%) = =t (alogA + z)B + O((logA)™h),

with different constants a, z and a different operator B. We give only results for
R} since Ry, (A%) = R (A2). In [5] it was shown that the resolvents in four-spatial
dimensions have similar, though not identical, expansions as those written above
for two dimensions. In these lower dimensions it is known that, whether zero is
an eigenvalue or not, time decay of the Schrodinger evolution is faster if there is
not a resonance at zero, see [23, 10, 30, 28, 7, 8, 5] for example.

As usual (cf. [26, 14, 27]), the dispersive estimates follow by considering the
operator e''H y(H) P,.(H) as an element of the functional calculus of H. Using
the Stone formula, and the standard change of variables A — A2, we have

A Pacl) f(0) = 5= [ W IRE 0% = REGALS ) A,

with the difference of resolvents RI%(AZ) providing the absolutely continuous
spectral measure. For A > 0 (and if also at A = 0 if zero is a regular point
of the spectrum) the resolvents are well-defined on certain weighted L? spaces.
The key issue when zero energy is not regular is to control the singularities in the
spectral measure as A — 0.

Here R?,E(Az) are operators whose integral kernel we write as R?,E()Lz)(x, V).
That is, the action of the operator is defined by

RED @) = [ REOA) w0 f0) dy.

The analysis in this paper focuses on bounding the oscillatory integral

/0 A NIRE(A2) = Ry (A)](x, y) dA “4)

in terms of x, y and 7. A uniform bound of the form sup, ,, [(4)[ < |/[7% would
give us an estimate on e!** P,.(H) as an operator from L' — L. We leave open
the option of dependence on x and y to allow for estimates between weighted L'
and weighted L% spaces. That is, an estimate of the form |(4)] < |¢|~%(x)% (y)®
implies an estimate for e’ tHp, .(H) as an operator from L to L0

The paper is organized as follows. We begin in Section 2 by developing
expansions for the free resolvent and develop necessary machinery to understand
the spectral measure E'(1) = 2—71” [R?,' (A%) — R;()F)]. In Section 3, we prove dis-
persive estimates for the finite Born series series (44), which is the portion of the
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low energy evolution that is unaffected by zero-energy eigenvalues. Each of these
terms experiences time decay of order |¢|~2, consistent with the generic disper-
sive estimate (2). Next, in Section 4 we prove dispersive estimates for the tail of
the Born series (45), which is the portion of the evolution that is sensitive to the
existence of zero-energy eigenvalues and to the eigenspace orthogonality condi-
tions specified in Theorem 1.2. Finally, in Section 5 we provide a characterization
of the spectral subspaces of L? related to the zero energy eigenspace and provide
technical integral estimates required to establish the dispersive bounds.

2. Resolvent Expansions

In this section we first develop expansions for the integral kernels of the free
resolvents R (12) := (—A — (A2 £i0))~! to understand the perturbed resolvent
operators Ri(A2) := (—A + V — (A2 £i0))~! with the aim of understanding the
spectral measure in (4).

In developing these expansions we employ the following notation used in [13]
when considering odd spatial dimensions. We write

) = 0(gR)

to indicate that
d’
Wf( ) = (ng)
If the relationship holds only for the first k derivatives, we use the notation
f(A) = Or(g(1)). With a slight abuse of notation, we may write f(1) = O(AK)
for an integer k, to indicate that d 7 f (A) = O(*7). This distinction is
particularly important for when k > O and j > k.
Writing the free resolvent in terms of the Hankel functions we have

1/2

Ro(2)(x.) = (#)7 HY V2 x - ). 5)

Here H élzl () is the Hankel function of the first kind. When n is even we have
the Hankel function of integer order, which cannot be expressed in closed form.
This stands in contrast to the odd dimensional free resolvents which possess a
closed form expansion composed of finitely many terms, see for example [17].

That difference, along with the appearance of the logarithm in the expansion (7)
often makes the even dimensional case more technically difficult.



Dispersive estimates for Schrodinger operators. Even dimensions 41

We note that
Hy) (2) = J31(2) + Y34 (2).
2

where Jyz_, and Y z_pare the Bessel functions of integer order. We note the small
|z| < 1 expansions for the Bessel functions (c.f. [1])

" —1
Iy = (5)° Zk'r("+k) ©
and
_ 3 1k —2)
Y4 =~ kZO( EEHEY 4 Zhog /24 000)
N (7)
7371 & (-1z?%)
_nz%_IZ{xp(k+1)+lﬁ( Tk + )}m

k=

In addition, one has the large |z| Z 1 expansion
J3-1(2) = €01(2) + € F0-(2). ws(z) = OET2). ®)

A similar expansion is valid for Y. ) (z) with different functions w4 (z) that satisfy
the same bounds. In fact, such an expansion is valid for any Bessel function of
integer or half-integer order for |z| = 1.

Recall that Ry (A%) = Rg' (A2). In particular, using the expansions of the
Bessel functions (6) and (7) in (5) with z = A|x — y|, we use the following explicit
representation for the kernel of the limiting resolvent operators ROi (A?) (see, e.g.,
[17]). In particular,

o) 1
READ)(x.y) =D Y A% (log HFGF, )

j=0k=0

which is valid when A|x — y| <« 1 for operators GJ’.‘ which are defined by

cjlx — yPr2rmn 0<j=3-2
G} = 1@ +ibj)|x =y jz3-1 (10)
+cjlx = y[PT2 " log |x — yl,
and
n
G! = Z e 0_5{155_2’ (a1
jlx —yFT Jz3-1L

where aj,bj,c; € R and b; # 0.
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It is worth noting that G = (—A)~!. To make the expansions more usable for
the purposes of this paper, when j > 7 — 1, we break the operators into real and
imaginary parts. We define

G} = ajlx =y 7" 4 ¢jlx — yP " log |x — (12)
G = bylx — y[Pt . (13)

We choose to use this representation since it allows us to separate operators by the
size of its A dependence as A — 0 and explicitly identify the imaginary parts of
the expansion.

In addition, the following functions of A occur naturally in the expansion.

g;“()t) = A”_z(al log A + z1),
g5 (A) = A" (azlog A + ),
g;L()L) = )L”+2(a3 log A + z3)

witha; € R\ {0} and z; € C\ R. In addition, we have that

g ) =g ),
and
g}L(l) — g7 (W) =23 j =123 (14)

It is worth noting that from the expansions of the Bessel functions, (7), we
have

gEMWGE_y + A"72Gl_y = A2 (AT + Az log(Alx — y))). (15)
g5 (WG + A"GlL = A" 2(Ax — y)?(Bif + Balog(Alx — y]))  (16)
T WGE y, +A"T2G] L, = A2 (Ax — yDH(CE + Calog(Ax — y]).,  (17)

for some constants AT, 4>, BE, B,, CE, C,. This follows from (5) and the expan-
sions (6), (7). In particular, we note that the logarithmic factors occur from the
log(z/2)J 2 (z) terms, which naturally factor to this form.

Define the function log™ (z) := —x,, < 1) log(z). Here we note that

[(1+log(Alx = yD) x(Alx = yDx (V)| S 1+ [logA| +1log™(lx —y).  (18)

This can be seen by considering the cases of [x—y| < 1 and |x—y| > 1 separately.
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Lemma 2.1. For A < Ay, we have the expansion(s) for the free resolvent,

Ry(A)(x.y) = Gg + A2GY + -+ A" 4Gy, + Eg (L),
where
Ey () = (1+1log™(Jx — y[))Og_; (A" (1 + log 1)).
Further, for 0 < £ <2,
Ey () = g WG, +A"2G_, + EF (M),

with
Ef(\) =|x- ylﬁ5g_1(k”‘2“)-
Further,
EF (M) = g7 (VG5 + A"G) + EX (V).
with
EF Q) = |x =y 0y (A",
Finally,
EY (V) = g5 MGy, + A" 26, + EX (V).
with

EF () =[x — y[*T 0y (A" H2H),

Proof. Using the expansion (9) when A|x — y| < 1, one has

n—4
s
RE(A?) =G§ + Y AV GV + gf(MGL_, + A" 2G)_, + g5 (VG5
Jj=1 19
+ AnG; + g3i(A)G;+2 + MHG;H (1%

+ O (Alx — y)®log(Alx — y])
This can, of course, be truncated earlier. For E3 (1) we note that for A|x —y| < 1,
Ey (0%) = =g (NG5, = A"2G, + 0" 2 (Alx — y)? log(Alx — y)
For the first two terms, using (15) and (18), we note that

N72Gh_y + g1 MGy = A2 (AT + Az log(A|x — y))
= (1 +1log™ |x — y) O3 (A"7>(1 + log 1)).
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The remaining error bounds for A|x — y| <« 1 are clear from (19), noting that
OM"2(Alx =y log(Alx — y) = O >(A|x — y)*))

forany 0 < ¢ < 2.
On the other hand, if A|x —y| = 1 then the asymptotic expansion of the Hankel
functions in (5), see (8) or [1], yield

T b
Ry(?) = e* MVl Z oy (Alx — y)) (20)
lx —y| 2

where wi(z) = 5(2_%). Here, differentiation in A in is comparable to either
n

division by A or multiplication by |x — y|. So that for 0 <k < 7 —1,

n—3

A2 _
5READ) (x, 9)] § ——— A + |x =3[9
|x —y| 2 1)

AT -y gk,

Where we used |[x — y|™! <A Ifk > 5, we note that multiplication by |x — y|

dominates division by A in (21), and we have

1—n

n—3 n—3 1
15 R (A (x, ) S A2 [x —y[ft 2" A2 |x —y2 Tk, (22)

The bound for E, 5'E (4) follows from the bounds here and the fact that

EEX(M) = RE(AYH) -G —22GY — ... — TGy .
For these terms, we note that for A|x — y| % 1 and j < 7 —2 we have

Azj—k|x_y|2—n—2j k <2j,

85227 G < <Ak, (23)

k>2j
For the other error terms, we note that
EF () = Ef (M) + g7 WGy, + A"72Gp .
Ey (M) = Ef Q) + g5 (WG + "G,
EX() = Ey Q) + 85 WGy + 27726,
For these terms, using (15), we note that when A|x — y| = 1,

MT2Gh gt WGy = A"THAT + Azlog(Alx — ) = [y —y[*TOQ" ).
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Similarly, using (16),
MGy + g5 (MGy, = A|x — y (BT + Balog(Alx — y]) = [x — yPTOQ"™),
and using (17)
ARG + 83 M)Grin = A2 x — y[H(CF + Colog(Ax — 1)
— |X _ y|4+ 5(An+2+)‘

Finally, we note that for A|x — y| = 1, it is acceptable to multiply upper bounds
by powers of A|x — y| . For Eji (A), j = 1,2, we note that for @ > 0 we have,

An—z—k k < % _
|95 RGP (e I < A =y, 1 24)
AT x —y2th k> 2
The bounds then follow from selecting different values of «. |

Corollary 2.2. We have the expansion
Ry (W)(x.y) = Gy + A2GY + -+ + A" Gy _, + 87 (MG, +A"72G,,
+lx — y[2+e Oy (A3t

f0r05a<%.

The hypotheses of the lemma below are not optimal, but suffice for our pur-
poses.
Lemma 2.3. If |[V(x)| S (x)="2 ~, 0 > L and x > 253, then

n—3

I(RG Q2 (. ) Ro () 3.0 < (A) 2

uniformly in x.
Proof. We note the bound
P

+ n— bl
|x — y[n—2 |x—y|T1

|RF (A%)(x. y)| <

which follows from the asymptotic expansion (20) when A|x — y| = 1 and the
fact that |RE| < |GY| < |x — y[>7" for A|x — y| < 1. The proof follows as in
Lemma 2.2 in the odd dimensional case, [13], by repeated use of Lemma 5.10. O
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We use the symmetric resolvent identity, which is valid for J(4) > 0,
Ry (A%) = Ry (A%) — Ry WP)vM* (1) 'wR5 (1), (25)
with U the sign of V, v = |V|'/2, and w = Uv. We need to invert
M*() = U + vRE(A)v

as an operator on L2 (R").
Lemma 2.3 allows us to make sense of the symmetric resolvent identity,
provided |V (x)| < (x)_%_, by iterating the standard resolvent identity

RE(A?) = RE(?) — RF (A)VRE(A?) = RE(A?) — RF (A?)VRF (M%)

at least 22 times on both sides of M*(1)™! in (25) to get to a polynomially
weighted L? space, which multiplication by v then maps into L2.

In contrast to the odd dimensional case, [13], the expansions for the free
resolvent in Lemma 2.1 are useful for understanding the operators M*(1)~!, but
more care is required for the dispersive estimates. The logarithmic nature of the
resolvent causes certain technical difficulties, see Sections 3 and 4.

Our main tool used to invert M*(1) = U + vRF(A?)v for small A is the
following lemma (see Lemma 2.1 in [20]).

Lemma 2.4. Let A be a closed operator on a Hilbert space H and S a projection.
Suppose A+ S has a bounded inverse. Then A has a bounded inverse if and only if

B:=S—-SA+S)'s
has a bounded inverse in SH, and in this case
A=A+ )T+ A+ S)ISBISUA+85)7 L.
We use the following terminology.

Definition 2.5. We say an operator K : L?(R") — L?(R") with kernel K(-,-) is
absolutely bounded if the operator with kernel |K (-, -)| is bounded from L2(RR")
to L2(R").

We recall the definition of the Hilbert—Schmidt norm of an operator K with
integral kernel K(x, y) ,

IKlas = (//Zn |K(X,y)|2dxdy)2.

We note that Hilbert—Schmidt and finite rank operators are immediately absolutely
bounded.
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Lemma 2.6. Assuming that v(x) < (x)™P. If g > 5 + L forany 0 < { <2, then
we have
%
MEQ) = U +vGv + > A vGv + g (MG
j=1

+A"20G v 4+ MGE(),

(26)

Where the operators G?, G} and G; are absolutely bounded with real-valued
kernels. Further,

11
> sup AT MG (D) s S 1. 27
j=0 0<A<Aq

If>7%+2+¢ for0 <t <2, then

MER) = g5 (MvGiv + A"vGrv + MiE(M), (28)
with
% . .
SO osup AT MEM) lms S 1 (29)
=0 0<A<Ag

IfB>35+4+{ thenfor0 <l <2

MEQ) = g5 (MvGE 0 + A"T20Gh v + ME(L) (30)
with
% . .
SOI osup AT MFED) las S 1. 31)
=0 0<A<Ay

Proof. The proof follows from the definition of the operators M * (1) and the
expansion for the free resolvent in Lemma 2.1. The bound on the error terms
follows from the fact that if k > —7 then (x)7B|x — y|¥(1 +log|x — y|)(») A is
bounded in Hilbert—Schmidt norm. To see this we note that the kernel is bounded
by the sum (x)"#|x — y[F*(»)™ + (x)"#|x — y|F~(y)~# which are Hilbert—
Schmidt provided g > 5 + k. O

Remark 2.7. The error estimates here can be more compactly summarized as
MFEQ) = Oy ("0, MEQ) = Oy Y, ME (L) = Oy (724

as absolutely bounded operators on L2(R"), for 0 < A < A;.
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We note that U + vGJv is not invertible if there is an eigenvalue at zero, see
Lemma 5.1. Define S to be the Riesz projection onto the kernel of U + vGJv as
an operator on L2(IR"). Then the operator U + vGJv + S is invertible on L2,
and we may define

Do := (U +vGJv + S1)~ . (32)

We note that U + vGJv is a compact perturbation of the invertible operator U,
hence S, is finite rank by the Fredholm alternative. This operator can be seen
to be absolutely bounded exactly as in the odd dimensional case, see Lemma 2.7
in [13].

n+1

Lemma 2.8. Ifv(x) < (x)~ 2 —, then the operator Dy is absolutely bounded in
L%(R").

We will apply Lemma 2.4 with A = M*(1) and S = S|, the Riesz projection
onto the kernel of U + ngv. Thus, we need to show that M* (1) + S; has a
bounded inverse in L2(R") and

Bi(X) = S1 — Si(M* (1) + S1)7' Sy (33)

has a bounded inverse in S; L2(RR").

Lemma 2.9. Suppose that zero is not a regular point of the spectrum of H =
—A +V, and let S1 be the corresponding Riesz projection on the the zero energy
eigenspace. The for sufficiently small A; > 0, the operators M* (1) + S, are
invertible for all 0 < A < A1 as bounded operators on L*>(R"). Further, for any
0 <€ <2 if B> 3 + L then we have the following expansions:

n—4

2
(MEQ) + S1)™ = Do+ > A¥ Cyj — gE(M) DovGE_,vDo
j=1

+AT2Chy + M)

where Moi (A) satisfies the same bounds as Moi()t) and the operators Cy are
absolutely bounded on L* with real-valued kernels. Further, if > 5 +2+L then

MEQL) = —gF (L) DovGEvDy + A2gEW)C + A" C, + ME(L),

where C! = DovGE_,vDovGYvDg + DovGvDovGS_,vDyg, and Mli (L) satis-
fies the same bounds as M li (A). Finally, if B > 5 + 4 + £ then
MiF(4) = g5 (W DovGy 2vDo + 1785 WC,l4n + %87 (MC,
+ A2 Chin + MSE(M),
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n

and Mzi (L) satisfies the same bounds as szE (A).

with Cyyo, C} 42 C? ', absolutely bounded operators with real-valued kernels

Proof. We use a Neumann series expansion. We show the case of M T and omit
the superscript, the ‘—’ case follows similarly. Using (26) we have

[M(A) + S1]7!
n_54
_ [U +0Gou + 51+ Y A7 vG0 + g1 (MGE_yv
j=1

-1
+ A6l + Mo()L)]
n_—4

2
- Do[]l + > A vGYuDg + g1(MvGy_,vDo
j=1

+ A"29GT_uDg + MO(A)DO]_I
it
= Do — A>DovGvDo + Y A¥ Cyj — g1(MvGE_,vDe — A" 06y, _,vDo
Jj=2
— DoMy(A)Dg
+ A2 [DovGYvDy[g1 (M) GE_yv + A" 2vG)_, + Mo(A)] Dy
+ Dolg1(MvGE_v + A" 20G!_, + Mo(M)]DovGouDo] + My(M).

One can find explicitly the operators C in terms of Dq and the operators G2, but
this is not worth the effort. The operator C, = DovG?vDo is important due to its
relationship with the projection onto the zero energy eigenspace, see Lemma 5.3.

What is important in our analysis in Section 4 are the imaginary parts, that is
the terms that arise with the functions g(4), g2(A) or g3(4). The first of these
occurs from

Dolg1(MvGy_,v + A" 2vG)_,v + Mo(L)] Do.

This provides an most singular term of size A" =2 log A as A — 0. The next A" log A
term arises from the contribution of the DovMy(A)vDy term or the ‘x?’ term in
the Neumann series, that is the term with both GY and G¢_,. The error bounds
follow from the bounds in Lemma 2.6 and the Neumann series expansion above.

For the longer expansions, one needs to use more terms in the Neumann series
and take more care with ‘x?’ and ‘x3’ terms that arise. O
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Remark 2.10. We note here that is zero is regular the above Lemma suffices to
establish the dispersive estimates using the techniques in Sections 3 and 4. In this
case, S = 0, Dy = (U + vGov)~! is still absolutely bounded and we have the
expansion

n—4
2

M*M)7" = Do+ Y A7 Caj — g (W) DovGy_yuDo + A" >Cyz + M (L),
Jj=1

with C; real-valued, absolutely bounded operators.

Now we turn to the operators B4 (1) for use in Lemma 2.4. Recall that
BL(A) = Si — Si(M* (1) + S1)7'Sy,

and that S; D¢ = D¢S; = S;. Thus
nT—4
Bi(h) = Si — S [Do + Y A% Cyj — g (M) DovGE_,vDy
j=1
FAMT2C, + M (A)]Sl
u

2
==Y A S81Cy;81 + g (MS1vG_,vS) (34)
Jj=1 ~
—A"T281Cp 0 Sy — SIMEM)S)

n—4
n4
= —A2S10GuS1 — Y A% 81Co; 81 + g (MS1vGf_yvS)
j=2
— A"28,CraS1 — SIMGE (L) S

So that the invertibility of Bi(A) hinges upon the invertibility of the operator
S1vGYv Sy, which is established in Lemma 5.2 below. Accordingly, we define
Dy = (S1vG?YvS;)~! as an operator on Sy L?. Noting that D, = Sy DSy, it is
clear that D; is absolutely bounded.

Lemma 2.11. We have the following expansions, if B > 5 + L for 0 < £ < 2 then

n—4

_ Di &
BL(V)7! = —T; + Y ARy, +
j=2

+ A" B, + BE (M),

gEM)
a1
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where EgE (L) satisfies the same bounds as )F“MOi (A) and the operators By are
absolutely bounded on L* with real-valued kernels. Further, if B > 5 +2+L then

gEM)
12

~ =0 ~
BX(\) = gai )DlvG;le + Bl + A" 4B, + BE (L),

where

B! = D1vG:_,uDovG?vD, + D1vGOvDyvGE_,uD,
+ D1C4D()UG;_2UD1 + D10G2_2UD0C4D1,

and Eli (A) satisfies the same bounds as )F“Mli (A). Finally, if B > 5 + 4+ ¢

g3 (l) &0

A2

B = Byio+2o—Bl,+ g (MBy ,+ A" 2B}, + By (M),

with B,{ 4o absolutely bounded operators with real-valued kernels, and Egc L)
satisfies the same bounds as )F“M;-L (A).

Proof. Asusual we consider the ‘+’ case and omit subscripts, the ‘—’ case follows
similarly. We begin by noting that

n—4
2

BV ! = [-AZSIUG?USI — Y 28102581 — gEM)S1GE_yu )
j=2

~ -1
+ A28 Cua St — S1HFE(M)S1

n—4

D

A;[]HX;AZJ 28,05, 81 D1 — gE(V)S1vGE_L,vS Dy
J

~ -1
+)L”_251Cn_2SlD1 —)FleMoi()L)SlDl] R

where D := (S1vGYvS1)! is an absolutely bounded operator on Sy L2(R") by
Lemma 5.2 below.

We again only concern ourselves with explicitly finding the operators for
the first few occurrences of the functions g1(A), g2(A) and g3(A). The terms
that arise with only powers of the spectral parameter A come with only real-
valued, absolutely bounded operators which are easier to control. This again
follows by a careful analysis of the various terms that arise in the Neumann series
expansion. O
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Remark 2.12. The error estimates here can be more compactly summarized as
BE() = 03 (A", BEQ) = 05 W44, BE() = O3 (A" 721

as absolutely bounded operators on L2(R"), for 0 < A < A;. The leading A2
term in B4 (1), (34), causes an effective loss of four powers of A in the expansion
for B+(A)! and hence later for M*(1)™! and the perturbed resolvents Ri5(12).
Heuristically speaking, this corresponds to being able to integrate by parts only
5 — 2 times in (4) before the integral is too singular as A — 0, which is why a
generic eigenfunction at zero causes a two power loss of time decay. This loss in
the spectral parameter in the expansions, necessitates going out to size A" 2% in
the expansions for ROi (A2) to obtain the desired |¢|~2 time decay in Section 4.

To prove parts (2) and (3) of Theorem 1.2, we need the following corollary.

Corollary 2.13. Under the hypotheses of Lemma 211, if P,V1 = 0 then,

n—4
D CI
Bi(A)7 ' = _T; + > ATy + A"OB, 5 + Aﬁ )D1 G¢vD,
j=2
+ A"7*B, + BE(M).
If, in addition, P,Vx = 0 then
n—4
D
Bs()' = 1+Zw 4By + A" OBy + A" TB,
j=1
=0
+ & ( )Bl+2 +A"2BE, + BE(M).

24
Proof. We note that D1 = S1D1S51, along with the identities
S1 = —wGvS; = —S1vGJw. (35)
So that, using P. = GyvD1vG{ by (66),
Dy = 81D1S1 = wGvD1vGiw = wPew. (36)
As a consequence, we have

D1vGy_y = cpawP V1. (37)
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The first claim follows clearly from Lemma 2.11 since the coefficient of A*~6 is a
scalar multiple of the operator P, V1. Further,

c;lDlvG;le = wP,V[x? —2x -y + y?|VPow
= WP Vx?1VPow — 2wP.Vx - yVP,w + wP.V1y?VP,w.

We see that when P.V1 = 0 and P.Vx = 0, the operator D;vGsvD; = 0.
We also note that it is now clear that when P, V1, P,Vx = 0, one has

B! = D1vG¢_,vDovGvD; + D1vGYvDyvGE_,uD,
+ D1C4D0UG;_2UD1 + D1UG2_2UD0C4D1 =0

as well. O

Effectively, all terms that have the function gj #(1) become zero if P,V1 =0
and all terms with the function g5 +(1) become zero if P,Vx = 0 as well.

We are now ready to give a full expansion for the operators M* (1)~
We state several versions of the expansions for M*(1)~!. These different ex-
pansions allow us to account for cancellation properties of the eigenfunctions and
have finer control on the time decay rate of the error terms of the evolution given
in Theorem 1.2 at the cost of more decay on the potential.

Lemma 2.14. Assume |V(x)| < (x)78 for some B > n + 8, then

Vl

D, (A
M) ' =-—+ Z 22 My + &1 ( )M,,L_6 + A" My

Jj=0 At
g1i()“) L1 gz( ) 2 n—4
+ TM,,_4 + = o AT M,y (38)
+
g5 (1) g5 ()
+ 8T WML, + 22 M + 2 M

+ A" My + Oy (A7)

for sufficiently small A, with all operators My and M LI real-valued and absolutely
bounded.

Proof. This follows from the expansions in Lemmas 2.9 and 2.11, and the inversion
lemma, Lemma 2.4. O
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Later on it will be important to explicitly identify the form of the operator
ME .. We use Lemma 2.9 to see that
(M*=() + S1)™" = Do+ 0(4?).

Pairing this with the gi (1) term in Lemma 2.11, the smallest A contribution that
is not strictly real-valued is

+
g )
114 DoD1vG:_,vDy Dy.
Since D1 Dy = DgD, = D, we have
ME = D1vGS_uD) = wP,VIVP,w. (39)

The expansion (38) can be truncated to require less decay on the potential by
using less of the expansions in Lemmas 2.1 and 2.11. Specifically, stopping with
the error terms M (1) and Bif (1) respectively with £ = 0+.

Corollary 2.15. Assume |V (x)| < (x)™"7, then

n—=_8
_ D, - ; g e )
MEu)l=-—= A My + 2L A OM,
( ) )&2 +J§0 2] 14 6 + 6 (40)
+ Oy (A7),
IfIV(x)| S (x)7"*, then
+9—1 _ 2j gl( ) L n—6
MEQ) = - ZA My; + ME 4+ A"7M, ¢
41)
g1 (A) L1 &> (A) L2
+ Az Mn—4 + 14 Mn—4

+ A" Mg + O3 (M),
with the operators M»; and M2ij all real-valued and absolutely bounded.

The lemma can also be modified to better account for cancellation properties
of the projection onto the zero-energy eigenspace.

Corollary 2.16. Under the hypotheses of Lemma 2.14, if P,V1 = 0 and |V(x)| <
(x)™"4", then

n—8
MEy = 2Ly ZAZIM + A" My + SAQIVE
2 N ' )))

+ A" Mg+ O3 (M),
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IfIV(x)| < (x)™"7%7, then

n—S

_ D e (A
MEQ)™ = -2+ Z)LzJMz FATTOM, 6 + gaﬁ )MnL_24
j=0
3 3 (43)
+ATAM, 4 + gzk(z )M,,L_z gaﬂ )M,,L_32 + A2 M,y

+ 0y (A7),

If in addition, P,Vx = 0, and |V (x)| < (x)™"73, then

n—_8
2

D .
MEQ)™! = _1_21 + D A My + A My + AT M
j=0
+g3kg) 32+An 2Mn 2+On(ln 2+)

Proof. The proof follows as in the proof of Lemma 2.14 using Corollary 2.13 in
place of Lemma 2.11. O

3. The finite Born series terms

In this section we estimate the contribution of the finite Born series, (44) showing
that it can be bounded by |¢|~2 uniformly in x and y. These terms in the expansion
of the spectral measure contain only the free resolvent RF (12) and therefore are
not sensitive to the existence of zero energy eigenvalues or their cancellation
properties. In even dimensions the lack of a closed form representation for
ROi (A?) causes much more technical difficulties in these calculations as compared
to the corresponding section in [13]. Many of the techniques we develop here
to overcome these difficulties are vital in controlling the more singular terms
considered in Section 4.
Iterating the standard resolvent identity

RE(A?) = RE(A?) — REA?)VRE(A?) = RE(A?) — REAP)VRE(A?),
we form the identity

2m+1

RE(A?) = > (-DFRF(OA)[VRF (W) (44)
k=0

+ [REQHVI"REAHvMEQ) T wRFAD[VRF A2)]™.  (45)
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In light of Lemma 2.3 the identity holds for m + 1 > ? and |[V(x)] £ (x)_ngrl -
as an identity from L3+ L2=_%_, as in the limiting absorption principle.

Proposition 3.1. The contribution of (44) to (4) is bounded by |t|~ 2 uniformly in
x and y. That is,

00 2m+1

sup / e”“xm)[Z(—1)"{RJ(VRJ)"—Ra(VRa)k}](V)(x,y)dA‘
x,yER? 0 k=0

Slaes

We prove this claim with series of Lemmas. The following corollary to
Lemma 2.1 is useful.

Lemma 3.2. We have the expansion
(RF OV RGP (x,y) = Ko + MKy + -+ 2" Kya + Eg (W) (x. 7).

here the operators K; have real-valued kernels. Furthermore, the error term
EgE (L) satisfies

EFM)(x.y) = (1 +1log™ |x —| +log™ |- —y[) Oz, (A"727).
Furthermore, if one wishes to have % derivatives, the extended expansion
EF M) (x,y) = eT MKs_, + A" 2Ky, + EF () (x, p),

satisfies the bound

1

EEM)(x.y) = (x)2 ()2 0 (2"72).

Proof. This follows from the expansions for ROi (A?)in Lemma 2.1 for E()i D) (x,y)
or Corollary 2.2 for EF (1)(x, y).

For the iterated resolvents, the desired bounds come from simply multiplying
out the terms. It is easy to see that

Ko = (GAV)*GY
and
k . .
K, = Z(GgV)JG?(VGg)k_J
j=0

one can obtain similar expressions for the other operators, but they are not needed.
O



Dispersive estimates for Schrodinger operators. Even dimensions 57

Remark 3.3. The spatially weighted bound |92 E£(1)(x, y)| S (x)2A"2" is only
needed if all 5 derivatives act on the leading resolvent, RF(A?)(x,z1), in the
product. Similarly, the upper bound ( y)%)knﬁ_é is only needed if all derivatives
act on the lagging resolvent, R(jf (A?)(zk, y), in the product. All other expressions
that arise would be consistent with £ f—L (1) belonging to the class 5% (A"27).

The desired time decay follows from taking the difference and noting that
(R G2)V)*RF(22) = (Ry (A*)V)* Rg (A*)](x. )
= [¢f ) — T WIKT 5 + Ef M), ) = ET W) (x, )
= IA"2KE , + (1) 2 (1) 205 A"3),

The first term contributes |/|~% by Lemma 5.6 as an operator from L' — L%,
whereas the second term can be bounded by |¢|~2 (from Corollary 5.9), but maps
L% — L°~%. This method fails to obtain an unweighted L! — L only
when all the A derivatives act on either a leading or lagging free resolvent. In the
following Lemmas, we show how the unweighted bound can be achieved.

The following variation of stationary phase from [27] will be useful in the
analysis.

Lemma 3.4. Let ¢'(Ag) = 0and 1 < ¢" < C. Then,

U 1P Ma (1) dl‘ 5/ la()|da
—00 A

—Aol<|t] 2

A (A
+|l|_1/ 1 ( |Cl( )|2 + |a( )| )d)L
lai—hol>le12 \IA — Aol |A — Aol

Rather than use the expansions of Lemma 2.1, we need to utilize finer cancel-
lation properties of the free resolvents than can be captured in these expansions.
We note that by (5) and the definition of the Hankel functions, we have
+ i R A 5-1
(RS = R0 = 3 (5e—r) " JgaGle=oD. @6)

27 |x —

Noting (6), for A|x — y| < 1, we have
[Ry — RgJ(A?)(x. y)

LB A\ Aoy S 2%
—E(W) ( ) ) kX:;)Ck( lx —»]) 47)

= A"2G_, + OA"2(Alx —y))), 0<e<2.
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In particular, we note that there are no logarithms in this expansion. On the other
hand, if A|x — y| Z 1, using (8), we have

[Rg — Ry1(A?)(x. )
A2 ity —iAlx—y|
= m(é’ wr(Ax —y|) +e o—(Alx —y[)). (48)
Lemma 3.5. We have the expansion
[Ry — Ry1(A)(x. y) = Oz_;(A"™2)

Proof. This follows from (47) with e = 0, (48) and (21) in the proof of Lemma 2.1.
|

To best utilize certain cancellations between the difference of the iterated
resolvents, we note the following algebraic fact,

M M M -1 M
[T4r-TT4 =2 (TT40) s —an( I1 45)- @
k=0 k=0 =0 k=0 k=0+1

When applied to the summand in Proposition 3.1 it yields operators of the form
(RyV) (RF — Ry)(VRY)®, with j 4 € = k. We separate them further into cases
where the difference Ry — Ry occurs on the leading resolvent of the product (i.e.
j = 0), the lagging resolvent (£ = 0), or a generic position in the interior.

The first case of the difference occurring on a leading or lagging resolvent is
the most delicate. If the difference acts on an inner resolvent, we obtain an extra
A"~2 smallness from Lemma 3.5. This extra smallness, along with using some
recurrence relationships for the free resolvents in Lemma 3.7 allow us to avoid
using expansions for the leading and lagging resolvents to more easily obtain the
time decay. This is done in detail in Lemma 3.8 and follows quickly from the
arguments in the more delicate case considered in Lemma 3.6.

With respect to avoiding spatial weights Remark 3.3 explains that we need only
consider when the first 7 — 1 derivatives when integrating by parts act on a leading
(respectively lagging) resolvent. Instead of integrating by parts the final time, we
use a modification of stationary phase from Lemma 3.4 to attain the time decay
and avoid the spatial weights.

Lemma 3.6. If |V(x)| < (x)_%_, we have the bound

sup
x,yER”

/0 ARG = RGIAD (VRO W), y) dA| s |t 72,
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Proof. By Lemma 3.2, Remark 3.3 and the discussion following it, we need only
consider the contribution when, upon integrating by parts, all of the derivatives
act on the leading or lagging free resolvent. In the proof we consider when all
derivatives act on the leading difference of free resolvents, which we regard as the
most delicate case. As the remaining operator (VRS Yex(X) is left undisturbed,
it suffices to note that it has a bounded kernel, uniformly in A. The case where
all derivatives act on the lagging free resolvent is somewhat delicate as well; this
term fits best in the framework of Lemma 3.8 below.

For all other placement of derivatives, we note that if any derivatives act
on ‘inner resolvents’ or the cut-off, an error bound with polynomial weights
suffices as growth in these variables is controlled by the decay of the surrounding
potentials. Meanwhile, at most 7 — 1 derivatives would act on a leading or lagging
resolvent so that they too can be bounded without weights.

Unlike in the odd dimensional case, one must consider the small and large
Alx — z1| regimes separately. Using (47), the small A|x — z;| regime requires
bounding

‘/ A2 + x(Ax — i) — 21[FOA 2T dA| S 1|73, (50)
0

The contribution of the first term follows from Lemma 5.6. The second term is
bounded by using a slight modification of Lemma 5.7. In particular, we can safely
integrate by parts £ — 1 times without boundary terms to get

o
114 / eimz)((l))((Mx —z1)|x —z1 O ) dA.
0

1

The integral can be broken up into two pieces, on 0 < A < |¢|72 we take € = 0
. . 1 . .

and integrate to gain the extra power of |z[~!. On |f|72 < A, we wish to gain

another |¢|™1. First, if no derivatives act on the cut-off y(A|x — z;|) we see that

[y b= mbls =20

03

o |€q€

< |x —z1|A
2]

1
A=|t]” 2

1 [* . ~
+ e ey M)A x — ziD)lx — 21O dA.
t
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Integrating by parts again on the second term and taking € > 0 small enough
(say € = 1), we can bound with

|x —z1|€A€

]

|X _ Zl|e)k€_2

A=t~ 2 |t

A=|t|_%

1 [ ~ o

e /II_% A A lx = z1D)lx — 21 [<OAT) dA
t

1 (51)

A=~y 122

< |x —z1]°A€
]

b — 222

A=t 2 |t

< Jx —za|le] 7 4 e

< e

The last inequality follows from 1 > A|x — z;| > |t|_% |x — z1|, which implies
|x —z1] < |t|%. We also used that (1) is supported on A &~ 1, so the bound
¥’ (M)] < A7 true.

If, when integrating by parts, the derivative acts on the cut-off y(1|x —z;|) we
can bound by

|x —z1|€A€

1 o0
.+ —/ . lx — 21" T (A x — z1 DA€ d A
=2 L Ji2

+ —/ A€dr <t L
t A~ x—z1]~1

Here the boundary term is bounded by |¢|~! as before, and the support of
1 (A|x — z1|) implies that A ~ |x — z;|~!. A similar argument covers the case
when the derivative acts on y(A|x —z1]) in the second integration by parts in (51).

For the A|x — z;| Z 1 regime, we still consider only the most delicate term
arises when all the derivatives act on the leading difference of free resolvents.
Without loss of generality, we take ¢+ > 0. We note that the most difficult term
from the contribution of (48) occurs with the negative phase. Here, one has to
bound

1y

o0
/ eitAZ)LX(A)e_iMx_le
0

We note that the A smallness and the support of the cut-off y(1) allow us to
integrate by parts 5 — 1 times without boundary terms, noting the second to last

bound in (21) with &k = % — 1, we need to control
1

> |%_1w_(k|x—zl|)d)k.
-z

/0 TR () a() dA (52)

oI5
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where by (8),

Az 1
~ and V)] S —

x — z9]2 A3|x —zy|?

la(A)] < (53)

The stationary point of the phase occurs at g = % By Lemma 3.4, we need
to bound three integrals,

/ ; |a()t)|d)t+|t|‘1/ 1 ( |a(*)|2 (O] )dk
[A—Aol<t™ 2 [A=Ao|>t" 2 A — Aol A — Aol (54)

=A+t|"YB +0).

We begin by showing that A < |¢|~!. There are two cases to consider. First, if
1
Ao =t~ 2, we have A < A, so that

1
2
AS/ Ai()d)t
A

_1 1
—Aol<t™ 2 |X — Zl|2

_1. 1 _1
StT2AGx — 71|72

<t L

~

Here we used that A9 = |x — z1|/2¢ in the last inequality.
1 1
In the second case one has Ao <¢72,then A < ¢72, so that

2 A% _
4 s/o — 2 FQlx— i) dA

lx —z1]2
_3 _1
St x -z 2.

Here y = 1 — y is a cut-off away from zero which we employ to emphasize
the support condition that A|x — z;| = 1. For this integral to have a non-zero
contribution, one must have |x — z;|7! <A < =%, which then yields A <t 1 as
desired.

We now move to bounding B, the first integral supported on |A — A¢| = 3.
By Lemma 3.4, we need only show that B < 1. Again we consider two cases.
First, if Ao <« t_%, one sees that [ — Ag| ~ A. So that

ps [ L2,
R

v — 21|23

$|X—21|_£/ A3 dA
|

x—zy|~!

<1
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1 .
In the second case one has Ag = ¢~ 2. In this case, welets = A — A

1
Ao)2
B 5/ 1 uds
|s|>t~ 2 |x—21|7|s|2

1 _
S 1 5
|x —z1|2 |s|>t~2

1 1,4
14 1275

Nlw

1
+ )Lgs_z ds)

= |x—zl|% |x—zl|%

<.

The last inequality follows sincet =2 < Ag = |x—z1|/2¢ implies that¢? < |x—z1].

We now turn to the final term C, we need only show C < 1. The first case is
again when 1¢ < t_%, in which case |A — 19| & A, and

CS/MCMSL
R

3 1
A2|x —zq]2
1 . . 1 .
In the second case A¢ = ¢~ 2, which yields that |[x — z;| = ¢2. In this case,

c </ FOJx —z1)
~ ia—aglsi2 |x—zl|%k%|)t—)to|

dA ¥Y(Alx —
5|x—zll‘%(/ 1 g+/X( 'xgzll)dx)
M—Aol>t_§ |A, — A0|i R Ai

1 1
Stilx—zi72 +1

< 1.

~

We note that if the ‘+’ phase is encountered instead of the ‘—’, in place of (52),
after again integrating by parts 5 — 1 times, one needs to bound

1

157!

o0
/ eitAZ-HAlx_zll)(()L)a(A) d)\., (55)
0
in which case, one can simply use that

CZd_A(eit/12+il|x—Zl|) — (th)\. 4 l|x _ Zl|)eit/12+il|x—21|
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and integrate by parts. The bound on a (1) shows that the boundary terms are zero,
so that

[P AT2]x — 2y 2 F(Alx —
|(55)|S|z|1—z/ ‘ Sl I (Lt VY Y
0

2tA + |x — zq]
<l %/ XA x — Zl|)
]R)LZ|X—21|2
<z

The assumed decay rate on the potential is chosen so that all spatial integrals
are absolutely convergent. The analysis here is essentially the same as in the odd
dimensional case. We note that

100 READ) (x, p)| S [x =y 2 4 2" e =y 3", (56)

as developed in the proof of Lemma 2.1. The second term decays more slowly for
large x, y, so it dictates the decay requirements for the potential. In the iterated
resolvent, differentiated % times, we need to control integrals of the form

k
V(z))

/ 1
RE7 |x — 2] "2 @0 j=1lz — zj4]"2

dz,

where aj € Ng and )} "« = 5, zx41 = y and dZ = dzy dz; -+ dzi. (There is a
caveat that if «p = 5 then the last derivative is applied as in the stationary phase
argument (52) and does not yield a factor of |x — z; |% in the numerator. Similarly
if ap = %, the value of % — «ay should be treated as zero rather than —= )
Using arithmetic-geometric mean inequalities, any integral we need to control is
dominated by the sum

k
1 V(z)) n=1
[
R |x_Zl| 2 j=1 |Z/_ J 2 k—1
n n—1 >
+ Yl zenrl® + |z -y 7).
(=2

Choose a representative element from the summation over £. This negates a
. . . 1

factor of |zy — zg41|*™/2 in the product and replaces it with |z, — z¢4]2 <

(24)% (Z(_H)%. With [V(z;)| < (z;) 72, we have to control an integral of the form

)z

£-1

! (z;)* . k
/len m(g |Z]—(Z£) )( Zo41)2 1_[

=t |Z./ —zj +1| E
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n+2

with y = zg4;. Assuming that 8 > 5=,

iterating the single integral estimate

this is bounded uniformly in x, y by

1
\5—B
sup / Ld@ﬁl, 57

n—1
zj_1€R" JR" |Zj—1 —Zj| 2

starting with j = £ we can iterate the above bound and work outward the
integrating in zy4 to zx and z¢—; to z3.

To make certain that the local singularities of the resolvent are integrable
uniformly in x and y, cancellation in the first factor (Rg' (A%) — Ry (A?))(x, z1) is
crucial. By (46), this is a bounded function of the spatial variables. Differentiation
of resolvents with respect to A generally improves their local regularity, so for this
purpose the worst case is when all derivatives act on the cut-off function y(1)
instead. Then we are left to control an integral of the form

k-1 _ _
/ (l—[ (z;)7F ) (2 -
Rin N2 lzp = zaP T2z =y 2 ’

which is bounded so long as 8 > 2, using an estimate analogous to (57). We note
that the lack of the |x —z;|>™" singular terms is vital to this iterated integral being
bounded for any k = 1,2, .... If the ‘4+/—’ difference acts on an inner resolvent,
say on R (A?)(z¢, ze+1) — Ry (A2)(z¢, z¢+1) we are lead to bound

|n—2

k-1 _ _
/ 1 (H (z)" )(Zk) Plzg — zo4 iz
win |x =21 ["2 A0z =z |z — yI"~> ’

Here, one simply integrates d Z first in the z; variable and proceed outward through
the rest of the product. O

We still need to consider the case in which all derivatives act on the leading or
lagging free resolvent and the ‘+/—’ difference affects a different free resolvent,
that is we wish to control the contribution of

1 d\3-1 _ _ ; _
N(535)" REOD|VRTOAVY (R 02 = REOIDIRF D), (58)
for all j,£ > 0. Here if we simply integrate by part the final time, we have
polynomial weights in the spatial variables when the final derivative also acts on
the leading free resolvent. As noted in the discussion preceding Lemma 3.6, this is

somehow simpler than the previous case. In particular, the argument follows using
the techniques of the previous lemma, and the resulting calculation is streamlined
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using the following Lemma. We first define G, (1, |x — y|) to be the kernel of the
n-dimensional free resolvent operator Rg' (A?), and hence G, (—A, |x — y|) is the
kernel of Ry (A?), then

Lemma 3.7. For n > 2, the following recurrence relation holds.

1 d 1
(;ﬁ)gn(h r) = Zgn—ﬂly r).

Proof. The proof follows from the recurrence relations of the Hankel functions,

found in [1] and the representation of the kernel given in (5). O

This tells us that the action of %j—k takes an n-dimensional free resolvent to an
n — 2 dimensional free resolvent. With this, we are now ready to prove

Lemma 3.8. If|V(x)| < (x)_%_ and j,t > 0, we have the bound

sup /000‘”"“Axu)[Ra(xz)V(Raw)V)f

x,yER”

[R§ = RGIA) (VR () )(x. y) dA| < 1t 72,

Proof. As in the proof of Lemma 3.6, we need only consider the case when all
the derivatives act on the leading resolvent. The other cases are less delicate and
can be treated identically.

At this point, by using Lemma 3.7 a total of 5 — 1 times the leading free
resolvent is a constant multiple of the two-dimensional free resolvent. Thus, we
can we can reduce the contribution of (58) to

(1= /Ooo eimz)(()k)l(l'-fo()ﬂx — )+ Yo(Alx =)V O (A""2) dA.

The Bessel functions of order zero appear as the kernel of a two-dimensional
resolvent. The O;(A"2) expression is much smaller than necessary (O (A°T)
would be adequate), so it can absorb singularities of the Bessel functions with
respect to A.

Expansions for these Bessel functions, see [1], [27], or [7], show that for
Alx —z1| < 1,

liJo(A1x = z1]) + Yo(Alx — z1))| = 1 +log(Alx — z1]) + Or((A|x — 21))*"),

102 [i Jo(Ax — z1]) + Yo(hx — ziD]l = 27" + O1((lx — 21 '),
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Recall that
[(1 +log(Alx —z1)x(Alx — z1)x (M) £ 1+ [log A| +log™ |x — z1].

The logA = 0:1(A%7) singularity is easily negated by 01(A"~2) as mentioned
above. The log™ |x — z;| singularity is integrable, and is managed by the estimate

sup / log™ |x — z1{z1) P dz; <1
xeR? JR?
for any B > n.

For A|x — y| Z 1, one has the description

iJo(Alx — z1]) + Yo(Alx — z1])

— e"’”"_zlla)Jr(Mx _ Zl|) + e—i/1|x—21|w_(k|x — Zl|)

similar in form to (8) but with different functions w (z). Differentiating directly
with respect to A is not advised, as the resulting |x —z;|w+ (A|x — z1]) term grows
like A~2 (x)% for large x.

However this issue was encountered once before while evaluating (52).
The same argument from Lemma 3.6 applies here as well and yields the desired
unweighted bound, again with more than enough A smallness to ensure the argu-
ment runs through. O

This provides all we need for the proof of the main proposition in this section.

Proof of Proposition 3.1. The proposition follows from Lemma 3.6, the discus-
sion following this Lemma and finally from Lemma 3.8. |

4. Dispersive estimates: the leading terms

In this section we prove dispersive bounds for the most singular A terms of the
expansion for RIJ; (A%) — R};(A?). These terms are sensitive to the existence of zero
energy eigenvalues and are the slowest decaying in time. This behavior arises in
the last term involving the operator M *(1)~! in (45).
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From the ‘+/—’ cancellation, we need to control the contribution of
(Rg A2)V)" Ry (A2)vM ™ (1)~ Ry (A*)(VRy (A%)™ 59)
— (Ry (V)" Ry (W) vM~ (1)~ wRg (A)(VR5 (A1)

to the Stone formula, (4). Thanks to the algebraic fact (49), we need to consider
three cases. The difference of ‘+° and ‘— terms may act on the operators
M*(1)~! or on the free resolvents. As in the treatment of the finite Born series
terms in Section 3, if the difference acts on free resolvents we need to distinguish
if they are ‘inner’ resolvents which require less care than the case of ‘leading’ or
‘lagging’ resolvents.

4.1. No cancellation. We first consider the case in which there are no cancella-
tion properties to take advantage of, that is when P, V1 # 0.

Lemma 4.1. If P,V1 # 0and |V(x)| < (x)™"7, then
(59) = A" PVIVP, + Oy _1(A"7°F)

which contributes c|t|>~3 P.,V1VP, + O(|t|>57%) 10 (4).
If P,V1 # 0and |V(x)| < (x)™"*, then

+012\y _ p—(312
(59) = A6 P, V1VP, 4 K0 AZR" Wyp,

+012y _ p—(12
RSO K 0D g

which contributes c|t|>~3 P,V1VP, + O(|t|'"%) 10 (4).

+ PV

Here we cannot write the final error term E(A) accurately as Or(1%), as there
are too many fine properties of this error term that this notation fails to capture
if one hopes to attain the faster |¢|'~% decay rate. One can explicitly reconstruct
&(A) from our proof, though we do not think it worthwhile to do so.

We note that the terms
R§(A%) — Ry (3?) R§ (3*) — Ry (3?)
A2 A2
appear in the expansion in all cases, see the statements of Lemmas 4.1, 4.2,
and 4.3. The different cancellation assumptions on P, V'1 and P,V x allow us some
flexibility on how to control their contribution to (4). To avoid presenting three

proofs of how to bound these terms, which would have a certain amount of overlap,
we control these terms separately in Lemma 4.4 and Corollary 4.6 below.

VP, + P,V
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Proof. The first statement is a straightforward application of Lemma 2.1 and
Corollary 2.15 in the context of applying (49) to (59). Lemmas 5.6 and 5.7 then
control the respective integrals in (4) due to the leading term and the remainder.

More precisely, the leading term appears if the ‘4 /—’ difference in (49) falls
on M*(1)~L. In that case Corollary 2.15 indicates that

Fa A
Mr) Myt = LW Wy, )Mgl( LME ¢+ By (7%
= 23(z)A" M g + Oy (A7),

where we used (14) in the last line. Meanwhile R¥(1%) = G + 5%_1()&‘”).
Together with the fact that V' is integrable, this establishes the remainder as
5%_1(1”_“). The operator in the leading term is seen, using identities (35),
(37), and (39), to be

GIVY"GIvME wGAVGH™ = (GAVY"GIvD1vGE_,uD1vGI(VGI)™
= P, VI1VP,.
If the +/- difference acts on any one of the resolvents in (59), we see that
Ry (A%) = Ry (W) = 031 (A" 7).
Ry (A)(zj.zj41) = (1 +1og™ |z — 2 41)) O _; (1)
and MT*(1)~! = 5%_1()&_2). Recall that the notation 5%_1(1) indicates that
differentiation in A is comparable to division by A. That more than suffices to
place all of these terms in the remainder.

Now assume that |V (x)| < (x)™"~*". Carrying out the power series expansion
further in Corollary 2.15, one obtains

MEQ)T M)
s M- W
T
M) —g M)
8r ( 8r
A4
= 23(z)A ML 4 23 )ATAEME, £ 23 () A M2,
+ 0y (A7),

g —gr (b
AZ

M2, + Oy (")

L L
M —6 + Mn_14

+

Similarly, we have

Ry(W*)(x,y) = GJ +2%G) + (1 +log™ [x — y)) 051 (1Y)
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Thus the term featuring M T (1)~! — M~ (1)~! has the form
(GVY" GO M (W)™ — M~ ()T G(VGH™
+ [PPTi+(1+log™ [x =N Oz AHIMFT Q) =M~ (D) wGI(VGY)™
+ (GoV)"GYu[M+ (W) =M~ (AT AT+ (1+log™ [x — ) 031 (A%)]
+ ATy + (1 +log™ |x —- DOy AHIMT Q)™ =M~ (V)]
[A°T1 + (1 +log™ |- =y Oy (A%)]

= A"OPVIVP, + A" 4Ky + O3 (A"*H)Ko,
(60)

with Ky, K, operators that map L' — L,
If the +/- difference falls on a free resolvent in the interior of the product,
we have

(R§ (M) = RGO (zj. zj11) = A" 2Giy + |z — 211 [*T Oy (A" 72F)

and M*(A)~! = -A72D; + 5%_1 (1). The resulting term of (59) takes the form
APTAK S 4+ 5%_1(1”_‘““), with K3 another operator from L' to L.

We note that the extra power of |z; —z;41|°" that appears in the remainder term
is acted on by Ry (A2)V on the left and VR (A?) on the right, so that the decay
of the potentials ensures that the product remains bounded between unweighted
spaces.

The terms in which the ‘4 /—’ difference acts on the first (or last) free resolvent
are trickier because one cannot differentiate too many times, or go too far into
the power series expansion of RS’ (A%) — Ry (A?) without introducing weights.
Suppose the difference acts on the leading resolvent; the other case is identical up
to symmetry. Once again we can use the expansions for M*(1)~! and ROi (A?)
along with Lemma 3.5 to express this term as

(RS 02) — Ry G2NVGY™o ( — T4 Yo(GyVY"GY + By (3"~2)

_ RFO?) - RG(AY)
22

One can quickly show using Lemma 5.7 that the remainder contributes at most
|t]'~% to the Stone formula. In fact this contribution is of the order |¢|~Z, seen
by adopting the methods of Lemma 3.6. The contribution of A=2(Ry (A?) —
Ry (A?))V P, to (4) is rather intricate, and is discussed fully as Lemma 4.4. For the
purpose of this Lemma, we note that 1 ~2(R{ (A2) — Ry (12))VP, is bounded by
|t|'~% as an operator from L' — L by Lemma 4.4, which finishes the proof. [

VPe + Oy3_(A"72).
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The remaining terms in the Born series are smaller than these for large |¢| by
Proposition 3.1. In fact using the identities for S; and Lemma 5.3, at this point we
can write

e Poe(H) = clt|”"2 PVIVP, + O(t]'2), 61)

where the operator P,V 1V P, is rank one, and the error term is understood as
mapping L' to L. The weaker claim, with error term of size o(|t|>~2) follows
by using the first statement of Lemma 4.2.

4.2. The case of P, V1 = 0. Here we consider when the operator P,V'1 = 0.
This cancellation makes the initial term in Lemma 4.1 vanish, clearing the way
for time decay at the faster rate of |¢|'~3. Here we provide more detail on the
behavior of the next term in the evolution.

Lemma 4.2. If P,V1 = 0and |V (x)| < (x)™"%, then

R (A2) — Ry (A?)
)L2

Rf (M%) — Ry (A?)

VP, + PV =

(59) = A" 7Ty +
+ A" + E(A),

where
Iy, Ty LY — L.

The error term belongs to the class (x) 3 (y) 3 5% (A"72%), however its contribution

to (4) is O(|t|~2) without spatial weights. Assuming the result of Lemma 4.4, the
total contribution to (4) of all terms is |t|*=% + (x)(y)O(|t|~%).

We note that the error term E(A) here is distinct from the error term in
Lemma 4.1.

Proof. The structure of the argument is the same as in the preceding lemma. The
extra decay permits us to evaluate more terms of each power series, or better
control the remainder. The fact that P,V'1 = 0 causes some of the leading order
expressions to vanish.

When the ‘+/—" cancellation in (49) acts on M * (1)1, the first nonzero term
has size A**. In detail, we note that by Corollary 2.16, specifically (43) we have

AR A PPN ARy 10
D
= A" M, + A TP M2, + Oy (AP,

M) —M~ (L) = M2 + Oy (A"7)
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1 1

Writing the resolvents as RE(A2)(x,y) = G + 22G? + (x)2(y)20
suggested by Corollary 2.2, we can see that

% (A%, as

[Ry APV R (A*)w[MF () — M~ (M)]vRG (W) [VRG (A)]™ (x, y)
= AHGIVYGIvME2 vGI (VG 4+ A2 K,
+ <X>7<y>70g(k"‘2+)-

Here K, is a finite rank operator made out GJ’s and vM,E% v along with all
the combinations consisting of GJ’s, vM,E2v and exactly one instance of GY.
Lemma 5.6 shows that the first term contributes |¢|'~3 to (4) and the second term
contributes |¢|”2. Lemma 5 8 shows that the last term generates a map from Lb3

to L°~% with norm |t|~2. The half-power weights only arise if one allows 7
derivatives to fall on the first or the last free resolvent in the product. The argument
in Lemma 3.8 of using the stationary phase bound of Lemma 3.4 in place of the
last integration by parts shows how that situation can be prevented, so that all the

expressions with time decay |¢|~3 are bounded operators from L! to L.

Now suppose the ‘+/—’ difference acts on a free resolvent in the interior of
the product. We may write

[R§ (%) = Ry A)(zj, 2j4+1) = A"72Gr_y + A" Gy + |z = zj41 7T O3 A7),

Nl—=

1
RE(2) (2 2741) = G+ 22GY + (z)3 (211)2 Oy 32),

M*Q)™" = =272Dy + Mo + O3 (A°F).

Note that P,V1 = 0 causes the leading term (A"~* K3 in the previous lemma) to
vanish because (VGg)m_fDl = VP.w and G,._,(zj,zj+1) = cp—21 is a constant
function. Thus G¢_,(VG3)™~/ Dy = 0.

Expressions with 1”2 occur by replacing the leading term in exactly one of
the above power series by its successor. That is when A" G occurs in place of
A"2GE_,, A2GY in place of G or My in place of —A?D;. The operator G¢ has
spatial growth of |z; — z;4+1|? but it is controlled by the decay of the potentials as
it is multiplied on both sides by V(z;) and V(z;4+1).

Remainders in the class 5% (A"~2%) are mostly bounded from L! to L* as

well, except that once again weights of (x)% or ( y)% arise if all 5 derivatives fall
on the first or the last free resolvent. Following the calculations in Lemma 3.8,
one can see that the contribution of these remainder terms to (4) has time decay
|t|~% as a map between unweighted L' and L°°.
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Now suppose the difference of free resolvents occurs at the leading resolvent of
the product (59). The expression where one approximates all other free resolvents
by G, and M+ (1)~! by —A72 Dy, is considered separately in Lemma 4.4. Under
the assumption P, V1 = 0, its contribution to (4) is an operator with kernel
bounded by (x)|¢|~%. The analogous expression when the +/- difference is applied
to the very last resolvent in the product yields a bound of (y)|¢|~Z. Put together,
these operators form a map from L%! to L°~! with time decay |¢|~%.

Finally there is an assortment of remainder terms found by applying (49) to

(R (A% — Ry (A%)) [(VRJW)V)va+(A)—1vRJ(ﬁ)(VRJ(ﬁ))m
D
- (VGg)mv( - A—21)vG(‘,’(VG(‘;)'"].
Each one is headed by (R{ (12) — Ry (A2)), concludes with either Ry (12) or GJ,

and is of order A" 2. Following the calculations in Lemma 3.6 one can show that
they contribute |¢|~2 to (4). O

Hence we have if P,V1 =0,
e Poe(H) = [t]'73T + 0(|1] %),

where T is a finite rank operator mapping L' to L, which we do not make
explicit and the error term is understood as an operator between weighted spaces.
Combining this with the analysis for when P, V1 # 0, we have the expansion

e Py (H) = c|t|?"2 PVIVP, + (|30, + O(|t] %),
with I'>: L! — L afinite rank operators, which is valid whether or not P, V1 = 0.

4.3. The case of P, V1 = 0 and P, Vx = 0. Finally we consider the evolution
when we have both cancellation conditions on the zero-energy eigenfunctions.

Lemma4.3. If P,V1 =0, P,Vx = 0and |V(x)| < (x)™" 8, then

RGO =Ry (D) o REG2) — RE02)

n—2
2 E + A" + E(R),

(59 =

where T3 : LY — L. The error term contributes O(|t|~2) as an operator from
L' — L. Assuming the result of Lemma 4.4, the total contribution to (4) of all
terms is O(|t|”%).

Again the error term E(A) is distinct from the previous lemmas.
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Proof. As in the proofs of Lemmas 4.1 and 4.2 we have to consider when the
‘4 /- difference in (49) acts on either a resolvent of M*(1)~!. In the latter case,
the same argument as above goes through, though we note (from Corollary 2.16)
that the operator M2, = 0, so that

gr () — g3 (M)
)L4
— Cz)kn_2ML_32 + 5% ()kn_2+).

MY —M~() = M2+ 0y (A" 72H)

n

This easily gives us the bound of |¢|~Z when combined with the previous sections
as an operator from L! to L™,

When the ‘+/—" difference acts on free resolvents, we can control the contri-
bution by ||~% as an operator from L' — L if the difference acts on an ‘inner’
resolvent as before. For the remaining two terms, when the ‘4 /—" acts on a lead-
ing or lagging free resolvent, we use the following estimates of Lemma 4.4. [

Lemma 4.4. The operator

RS (A%) — Ry (A2
S0P Ry (02,
22
contributes |t|'~% to (4) as an operator from L' to L. If P,V1 = 0, then it
contributes |t|~2 as an operator from L' to L=, If in addition P,Vx = 0, then
the contribution still has size |t|~%, but acts as an operator from L' to L.

Here we need to be careful with the spatial variables to see that the orthogo-
nality conditions allow us to move the dependence on x or y into an inner spatial
variable, which can be controlled by the decay of the potential. To make this clear,
we note that we wish to bound the integral

1
/0eimz){u)rl(R0+(A2)—Rg(AZ))(x,zl)V(zl)Pe(m,y)dA (62)

in terms of 7, x and y.
To prove this lemma, we first need to following oscillatory integral estimate,
whose proof is in Section 5.

Lemma 4.5. Let m be any positive integer. Suppose |Q% (z)| < (z)l_Tm_k for
eachk > 0. Then

o0
/ QA2 A m1 AT QA y (M) dA < |17 (63)
0

with a constant that does not depend on the value of r > 0.
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We note that m in this lemma is an arbitrary integer, not that value chosen
in (45) that ensures the iterated resolvents are locally L2.

Proof of Lemma 4.4. According to (46), the integral kernel of Rg’ (A%) — Ry (A?)
can be expressed (modulo constants) as

(Ax —z1])27!
— An—Z(ei/llx—ZﬂQ_i_(Mx — Zl|) + e_Mlx_Z”Q_(MX — Zl|)),

KO Jx —z1]) = A"

where the functions Q4 and their derivatives satisfy |Q$)(z)| < (z)lﬁ_ﬂ_k.
Derivatives with respect to the spatial variable r = |x — z;| are obtained by

differentiating (6) and (8) according to whether Ar is small or large. Since the
expansion of 173 J 1y (z) in (6) has only even powers of z, its first derivative is
bounded by |z| rather than a constant. Thus we can write

KA, r) = A"r(e™Qy y(Ar) + e Qy _(Ar)), (64a)
PKA, ) =A™ (Ar) + e Qy _(Ar)), (64b)

where |2%) (2)] < (z) 2"~/ for j = 1.2 and all k > 0.

Roughly speaking, the bound on d, K(4, r) gains two powers of A at the cost
of one power of r = |x — z1|. This gains us an extra power of time decay in the
contribution to the Stone formula, (4), at the cost of one power spatial weight.
The bound on 92K (A, r) allows us to gain the desired time decay with no spatial
weights.

As an immediate consequence we can apply Lemma 4.5 withm = n — 2 to
obtain

o0
[ e inin, Gl - 2 xy di 5 '
0
and therefore

/oo e’“z)t_l)(()t)(Rar()Lz) — Ry (A*)VP.dA
0

maps L! to L° with norm decay of |¢|'~2.

When P.V1 = 0, we can extract a leading-order term by replacing
KA, |x—z1]) by K(A, |x —z1]|) — K(4, |x|) each place that it occurs. From an op-
erator perspective this amounts to approximating RS’ (A%) — Ry (A%) by K(A|x])1.
This term vanishes from the Schrodinger evolution precisely when P, V1 = 0.
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The remainder can be written using the expression

(=z1) - (x —s21)

ds.
|x —sz1]

1
KO lx— 21l — KO [x]) = / 8, K(A. |x — s21])
0

Based on the decomposition in (64) and Lemma 4.5 with m = n, we have the
bound

(—=z1) - (x —s21)

dA| < |t172 |x — sz1|z1]
|x —sz1]

| / 2 (N3 KO, 1 — s21])
0

for each s. If s € [0, 1] we also have |x — sz1| < |x| + |z1] < {x){(z1). It follows
that [ e"** 271y (1) (R (A2) — Ry (A%) — K(A, |x|)1) VP, d A maps L' to Lo
provided V has enough decay so that the range of VP, belongs to L!2, which
follows from the fact that P, : L' — L, see Corollary 5.5, and the decay of V.

Now if in addition P Vx = 0 we can gain more by going to the second order
expression

K@, |x —z1]) =

Z1
x|
1+ (x —s21))?

/(1—s)[321<(x |x — 521 |) | =

+ 8, KO -z (2D G )Ry

|x —sz1] |x — 5213

Thanks to the bounds in (64) and Lemma 4.5 with m = n, there is a uniform
estimate

(z1- (x = SZI))2

lx —sz1]?

‘/ ztlzk X(A)azK(A |x —s21]) d)&‘ N |t|_%(21)2,

and similarly for each of the terms with d, K(A, |x — sz1|) using (64) repeatedly.
Plugging this back into the original operator integral yields

H / N AT Y (RE(A) — Ry (A?) — K (A, |x])1
0

_n
< tl™=,
L'—L%

+ 9, K(A, |x|)|§—| -z1)VP, dA

provided VP, has range in L!-2, which is ensured by Corollary 5.5 and the decay
of I. O
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Corollary 4.6. The operator

RF(A?) — Ry (A?)

PV =

contributes |t|'~2 to (4) as an operator from L to L. If P,V1 = 0, it contributes
|73 to (4) as an operator from LV' to L. If in addition P,Vx = 0 the
contribution is as an operator from L' to L.

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. We note that the Theorem is proven by bounding the oscil-
latory integral in the Stone formula (4),

‘ /0 A MRE () — Ry(3)](x, ) dA| Sy 117 (65)

We begin by proving part (1), where there is no x, y dependence. The proof
follows by expanding R?(Az) into the Born series expansion, (44) and (45). The
contribution of (44) is bounded by |¢|~% by Proposition 3.1, while the contribution
of (45) is bounded by |¢|>~2 P,V1VP, + O(|t|'~2) by Lemma 4.1.

To prove part (2), one uses Lemma 4.2 in the place of Lemma 4.1 in the proof
of part (1). Finally, part (3) is proven by using Lemma 4.3. |

We note that the proof of Theorem 1.1 is actually simpler. If zero is regular, the
expansion of M * (1)~ is of the same form with respect to the spectral variable A
as (M*(A) + S;)~! given in Lemma 2.9 with different operators that are still
absolutely bounded and real-valued, see Remark 2.10. The dispersive bounds
follow as in the analysis when zero is not regular without the most singular terms
that arise from —D{/A2.

We note that we need one further estimate on the operator

RY(A%) — R;(\2
0 ( )Az o( )VPe

that is not contained in Lemma 4.4 to prove the Corollary 1.3 in the case that
P, V1 # 0. To establish that the operator with the | 1-3 decay rate is indeed finite
rank, and to see why the operator A¢(¢) must map L2 to L2 if P,V1 # 0, we
need the following lemma:
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Lemma 4.7. The operator

RY(A%) — R-(\2
0 ( )AZ o ( )VPe

n

contributes c|t|'"21VP, + O(|t|2) to (4), where the error term is an operator
from L' to L2,

Proof. The desired bound follows using (46) as in Lemma 3.6. We first concern
ourselves with when A|x —z1| < 1, in this case we note that using (47) out to one
further term, we have

[Ry (A%) = Ry (2] (x, z1)
= A"2GE_, + A"GE + OA"2(AMx — 21))?T€), 0<e<2.
Recalling that G¢(x, z1) = cu|x — z1|?, we can now write (for A|x — z1| < 1)

Rf — Ry(A%)(x,z1)
12
= Cn2 A"V (z21) Pe(z1, y) + A" 2|x — 21 *V(z1) Pe(21, y)
+ O *(Ax = 21 )*T)V(21) Pe (1. y).

V(z1)Pe(z1, y)

n

The first A”™* term can be seen to contribute ¢|t|'~2 to (4) by Lemma 5.6.
Similarly the second term with A2 is seen to contribute (x)2|1|~% to (4) by
Lemma 5.6. The final error term is controlled identically to how one bounds (50)
in Lemma 3.6 (with an additional factor of |x — z;|?), from which one again has
a contribution of size (x)2|¢|~% to (4).

On the other hand, if A|x — z;1| = 1, we can write

[R§ = Rg)(2?)(x. 21)
— ei’llx_zlla(k"_2()t|x _ Zl|%+a)) + e_i’llx_zllé()&"_2(k|x _ Zl|%+(x))-

As usual, the most delicate term is the ‘—’ phase. We need to control the contri-
bution of

(o.¢]
/ AT M) G2 Ay — z1])2 ) d A
0

Upon integrating by parts 5 — 1 times against the imaginary Gaussian, we are left
to bound an integral of the form

1)
. 2 .
|t|1—g/ ezt)L —lA|X—21|a(A) dx.
0
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where
-1 b ta ] 3 2 A2
e S AT A = 2P S 3 -z 5 v - P (——),
lx —z1]2
where we took o = 1 in the second to last line. Similarly,
/ 2 1
@M S 1% =21 (——).
Azlx —z1]2

Now, one can employ Lemma 3.4 as in the proof of Lemma 3.6 (with an extra

factor of |x — z;|?) to see that this term contributes at most (x)2|¢|~% to (4). The

‘+’ phase again follows more simply from another integration by parts, this time
; it A2 +id|x—z1]

against e'’ i O

Corollary 4.8. The operator

R (M%) — Ry (A?)
AZ

PV

contributes c|t|'~2 P, V1 + O(|t|~2) to (4), where the error term is an operator
from LY2 to L°.

The proof of the corollary is identical in form to the proof of Lemma 4.7 with
the spatial variables x and y trading places.

5. Spectral characterization and integral estimates

We provide a characterization of the spectral subspaces of L2(IR") that are related
to the invertibility of certain operators in our expansions. This characterization
and its proofs are identical to those given in [13], as such we provide the statements
and omit the proofs. As in the odd case, the lack of resonances in dimensions n > 4
simplifies these characterizations. In addition, we state several oscillatory integral
estimates from [13] and provide proofs for new integral estimates that are required
in this paper.

Lemma 5.1. Assume that |V (x)| < (x)728 for some B > 2, f € S{L2(R") \ {0}
forn > 5iff f =wgforg e L?\ {0} such that —Ag + Vg =0in §'.

Lemma 5.2. The kernel of S;vG%v S, is trivial in S L*(R") for n > 5.
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We note that the proof in the odd dimensional case involves the operator G,
in place of the operator GY{. This is a notational discrepancy only, both of these
operators have integral kernel which is a scalar multiple of |x — y|+~".

Lemma 5.3. The projection onto the eigenspace at zero is
GJvS1[S1vGYv S S1vGy.
That is,
P, = GYvDvG). (66)

Lemma 5.4. Assume that |V(x)| < (x)™8 for some B > 2, If g € L? is a solution
of (—A+V)g =0theng e L.

Corollary 5.5. P, is bounded operator from L' to L*.

In addition we have the following oscillatory integral bounds which prove
useful in the preceding analysis. Some of these Lemmas along with their proofs
appear in Section 6 of [13], accordingly we state them without proof.

Lemma 5.6. Ifk € Ny, we have the bound

oo
/ eith? y (M)A dx‘ <.
0

Lemma 5.7. For a fixed @ > —1, let f(A) = 5k+1()k°‘) be supported on the
interval [0, A1] for some 0 < A1 < 1. Then, if k satisfies —1 < o —2k < 1 we have

<l

/ i F)dr
0

The following two bounds take advantage of the fact that n is even and hence
5 is an integer.

Lemma 58.8. Ifa >n—3and f(A) = 5%_1 (A%) supported on the interval [0, 1]
for some 0 < Ay < 1. Then,
<l'E

/ it F) dA

0
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Proof. The powers of A allow us to integrate by parts 7 —1 times with no boundary
terms, we are left to bound

o0
|t|1—%/ OO dA
0

By the assumption that the integral is supported on [0, A;] the integral is bounded.
O

Corollary 5.9. If o > n—1and f(L) = 5% (A%) supported on the interval [0, 1]
fJor some 0 < Ay < 1. Then,

~

_n
S ez

/ i FR)dA
0

The following proof completes the dispersive bounds proven in Section 4.

Proof of Lemma 4.5. Assume that ¢t > 0. The proof for t < 0 is identical with
the + signs reversed. Suppose the phase angle ¢?*” carries a positive sign. In this
case there is no stationary phase point of e’ A2+2r in the domain of integration.
One can estimate trivially that

—1/2
m

[ e EnmiaGn 0 aa] <
0

and repeated integration by parts against e’? (A2+27) (% times if m is even, ’”+1

if m is odd) gives the result. It is convenient to note that |(7 A)k QAr)| <
max(r, A~1)¥ (Ar)l_Tm, so differentiating this expression has a similar effect as
when derivatives act on the monomial A”~! and is better behaved when Ar is
small.

All boundary terms of the repeated integration by parts can be controlled
using the crude bound |A + 57| > |A|. Most of the integral terms are controlled
this way as well, but if m is even this creates a few apparent terms of the form
[Z12 [AT1Q(Ar) x(A) | dA if all derivatives fall on powers of A or (A + £). In
fact no such terms occur, due to cancellation in the derivative jT( T f ) =

m. That leads instead to integrals of the form

1

-2 r e
|(A+r/2t) Q(Ar)X(A)|d)L Zt/ deg

21
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Now consider the phase angle e 7**”, which causes ¢*¢ A2=Ar) to have a station-
ary point A9 = % If r < 44/t,then 0 < Ay < 21_%, and the integral can be
estimated in the same manner as above, splitting the domain into the two pieces
(0, 41_%) and (4t_% ,00). On the first interval, the bound is clear. On the second
interval, the comparison |A — A¢| & |A| controls all boundary terms and most of
the integral terms as before. For the exceptional integrals, the last bound comes
from estimating

o0

1

r
—di < 1.
(A —r/21)? ~

o0
Z (A= r/2072Q(Ar) x(V)| dA < i/
2t Jas—1/2 2t r

If r > 44/1, then A9 > 2¢~%. Here we apply stationary phase estimates to the
interval (A9 — =3 ,Ao + t_%). On this interval one can approximate A ~ A4, and
consequently (A" "1Q(Ar)| &~ |ART1Q(Aor)| < t*3". So this integral over the
interval |A — Ao| < ~'/2 contributes no more than r /2 as desired.

Noting that 9, e'/*#=20% = 2j1(X — X¢)e'!*~20)* integration by parts on the
interval [Ao + 1~ 1/2, +-00) is relatively straightforward. Since A > A — Ao > 172,
the worst behavior occurs when all derivatives act on powers of (A — 4¢). For all
boundary terms arising in this manner it suffices to observe that A — 1o = ¢~!/2
and [A"1Q(Ar)| < 2" at the left endpoint. The integral terms is controlled by
the estimate

[e%¢) )Lm_IQ A
z‘k/ AT R0 4y
do+i—1/2 (A —Ao)%

<t—k/2lo wdk_i_t—k/oo |2(Ar)| di.
- Ao+t—172 (A — Xo)?k 220 A2k+1-—m

We note that we still have AT 1Q(Aor)| < '3, thus by a simple change of

variables we can bound the first integral by
1—m © m
12k / sk ds <177,
2

provided 2k > 1. For the second integral, we have that |[Q(Ar)| < (Ar)l_Tm, and
2Ao = r/t, so we need to bound

o) mEl sk

1-m _ m—1_ 1-m _; (T 2 _ _m+l1 _m

r2ok AT dekertk(?) N A A S
r/t

provided 2k > max(l, ’”TH). Here we used that 7 > 44/7 in the last inequality.
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Integration by parts on the interval [0, 1o — £ ~'/2) is only slightly more com-
plicated. For all m > 2 there are no boundary terms at A = 0, and if m = 1 the
boundary term has size (Aot)~! ~ r~! < =% since r > 4/7. The boundary

_1 S 1. .
terms at Ao — ¢~ 2 are handled identically to the ones at Ao + ¢~ 2 in the previous
case.

When m is even, after integrating by parts 7 times, the main integral consists
of expressions with the form

m

1
Ao—t" 2 . .
172 / AT (= ) T QO (Ar)| d A (67)
0

with j + £ < 7. There are three regimes to consider: A € (0, }), A€ (}, %0), and
Ae (%0, Ao—t_%). In the first regime we use that | 2© (Ar)| < 1and [A—2Xo| ~ Ao,
to see that this integral contributes at most =% (rLz)m—j -t < =% to the (67). On
the second regime, we again have | X — Ao| &~ Ao but now |2© (Ar)| < (Ar)*F*—¢.
The contribution of this regime to the integral is now bounded by

1—m

Ao
m i — 1—m m—1_ :_ _m 1l—m
EFYAARUA / AT L 575
0

-1
-5 (X" <
r
Since mT_l — j —£ > —1, we safely extended the lower limit of integration to zero.
On the last regime we note that A &~ Ay, so that if we use s = A¢p — A we can
bound the contribution by

m 1 Ao :
72207 QO Ar)rt /—5 sIHm ds,
t
We first consider the case in which j + £ — m < —1, then we can bound this
integral by

1
—m m=l_i_g [ . 2\ Jj+e
T s < (D) s,
172 r
The one exception is if m = 2 and j + £ = 1, then we cannot extend the region
of integration off to infinity, but instead note that

Ao/2 ) Ao/2 A
sIHm s = s~V ds = log (22-).

_1 _1 _1

72 72 2t72

So that in this case the third region instead contributes 1 ~2 (*/7;) |log(47“/;)| which
is still uniformly bounded by =% since /7/r < i.
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When m is odd the representative expressions are

m1 /lo—t

2 AT (= A0) T QO (Ar) | d A
0

Nl—

with j + £ < ’”TH After breaking the integral into the same three regimes, one
can similarly show that the contribution of each one is bounded by 1 =2 as above.
There is again a logarithmic issue in the second regime if j +£ = mT“ and in third
regime if m = 1and j +£ = 1. Both are resolved by the fact that (4)’” |log(47“/;)|
is uniformly bounded over r > 4/. O

Finally we note the non-oscillatory integral estimate which is proven in [7].

Lemma 5.10. Fix uy,u, € R* andlet0 < k,{ <n, B >0, k+4L+ 8 >n,
k + £ # n. We have

1 max(0,k+{—n)
( ) lup —us| <1,

~p- [
/ (z) ds < lur — us|
R

nlz—urklz —uplt ( 1 )min(k,z,k+z+ﬂ—n)

|M1 —u2| > 1.
lup —us|

Furthermore,

—B— 1 o
[ < ()
R |Z2 —uq|®|z — us| [uq — us|

where one can take « = max(0,k + ¥ —n) ora = min(k, ¢,k + £ + B —n).
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