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Rotations of eigenvectors under unbounded perturbations

Michael Gil’

Abstract. Let A be an unbounded selfadjoint positive definite operator with a discrete spec-
trum in a separable Hilbert space, and Abe a linear operator, such that || (4 — AA™V || <00
(0 < v < 1). It is assumed that A has a simple eigenvalue. Under certain conditions A also
has a simple eigenvalue. We derive an estimate for ||e(A4) — e(/T)||, where e(A) and e(/T)
are the normalized eigenvectors corresponding to these simple eigenvalues of 4 and A,
respectively. Besides, the perturbed operator A can be non-selfadjoint. To illustrate that
estimate we consider a non-selfadjoint differential operator. Our results can be applied in
the case when A is a normal operator.
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1. Introduction and statement of the main result

The literature devoted to perturbations and approximations of the eigenvectors of
various operators is rather rich. Mainly, the perturbations are assumed bounded,
and the given operator and perturbed one are selfadjoint or normal. In particu-
lar, in the paper [3] Davis and Kahan considered bounded perturbations of in-
variant projections and eigenvectors in the case when the given operator and per-
turbed one are selfadjoint. Besides the spectrum can be continuous and discrete.
The results from [3] were extended to normal operators (see [2] and references
therein). In the paper, [10] approximations of Schrodinger eigenfunctions are ex-
plored by canonical perturbation theory. In [5] the author investigates eigenvec-
tors of Toeplitz matrices under higher order three term recurrence and circulant
perturbations. The paper [8] deals with approximations of eigenfunctions of the
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periodic Schrodinger operators. The paper [14] introduces an algorithm to nu-
merically approximate eigenfunctions of Sturm-Liouville problems correspond-
ing to eigenvalues in a given region. In the papers [1, 11, 12, 13], the authors inves-
tigate stability and approximation properties of the eigenfunctions of Neumann
and Dirichlet Laplacians. In particular, the lowest nonzero eigenvalue and corre-
sponding eigenfunction is studied. The papers [6] and [7] deal with bounded and
unbounded operators of the form A = § + K, where K is a compact operator §
is a normal one, having a compact resolvent. Approximations of the eigenvectors
of A, corresponding to simple eigenvalues are considered. Certainly, we could not
survey the whole subject here and refer the reader to the above listed publications
and references given therein.

In the present paper we investigate rotations of eigenvectors of operators with
a discrete spectrum under unbounded perturbations. Besides, the perturbed oper-
ators can be non-selfadjoint.

Let H be a separable Hilbert space with a scalar product (.,.), the norm
.l = m and the unit operator /. For a linear unbounded operator B in H,
Dom(B) is the domain, o (B) denotes the spectrum of B, R;(B) = (B — I1)™!
(A € o(B)) is the resolvent; if B is bounded, then || B|| means its operator norm.
Denote also Q(c,r):={z€ C:lz—c| <r} (c € C,r >0).

Let A be a selfadjoint positive definite operator in H with a discrete spectrum,
and A be a linear operator with Dom(A4) = Dom(A), such that fora v € (0, 1], the
condition

gy = (A= DA™ < oo (1.1)

holds. Let Ax(A4) (k = 1,2,...) be the eigenvalues of A enumerated with their
multiplicities in the increasing order. Suppose that for some integer m > 1, ,,(A)
is a simple eigenvalue:

d = inf |2 (4) = dm(A)]/2> 0. (1.2)

That is,

di = A2(A4) — 11(A4))/2> 0
and

dm = %max{)th(A) = Am(A), Am(A) = A1 (A)} (m = 2).

Now we are in a position to formulate our main result.
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Theorem 1.1. For some integer m > 1, let conditions (1.1), (1.2), and
2qvAp, 41 (A) < dpm (1.3)

be satisfied. Then A has in QA (A), dy) a simple eigenvalue, say A(A). More-
over, the eigenvector e(A) of A corresponding to A, (A) and the eigenvector e(A)
of A, corresponding to A(A) with ||le(A)| = |le(A)| = 1 satisfy the inequality

2‘1v1¥n+1(14)
- ZQVA;Z_H (A4)

le(4) = e(D)] < -

This theorem is proved in the next two sections.

If A is a non positive definite selfadjoint operator, with —co < info(A) =
—cop < 0, then Theorem 1.1 can be applied to the operator A + ¢/ for any
¢ > co. If A is a normal operator, then Theorem 1.1 can be applied to the operator
AR = (A+ A*)/2, since Ag commutes with 4 and therefore A and A4 have joint
eigenvectors.

2. Preliminaries

Lemma 2.1. Let Ty be a normal invertible operator in H and T, be a linear
operator in H with Dom(T,) = Dom(T1), such that for av € (0, 1], the condition

Gv = I(T1 = T)Ty ") < o0 2.1)

holds. Assume, in addition, that for a A & o(T1), the inequality

Gl T Ru(Ty)|| < 1, (2.2)
is fulfilled. Then A & o(T>),
[ RA(T1) |l
RUD)| £ ——= (2.3)
|| /1( 2)” 1_qv||T1 RA(TI)”

and

QlITY Ry (T | RA(T) ||

R, (T3) — Ry (T =< =~
1R (T2) = Ra (Tl = =2 R

2.4)
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Proof. Indeed,
Ry(T1) — Ry(T2) = Ru(T2)(T2 — T1) Ra(Th)
= Ry(To)(T2 — T1)T; " Ty Ry (Ty).
Hence it follows that
IRA(T2) = Ra (Tl = |RA(T2)NIgu I Ty Ra(TD) I (2.5)

Now (2.2) implies (2.3). So A ¢ o(T,). Moreover, (2.5) and (2.3) imply (2.4), as
claimed. u

It is simple to show that the previous lemma is valid for operators in a Banach
space, provided T is a sectorial invertible operator.

Let P be a projection in H. Denote by e(P) the eigenvector of P with
le(P)|| = 1. We need the following result.

Lemma 2.2. Let Py, P> be two projections in H satisfying
| P1— P2l <8 withé < 1. (2.6)

In addition, let P, be one-dimensional. Then P, is also one-dimensional (due to
[9, p. 156, Problem II1.2.1]). Moreover,

26
le(P2) —e(P)Il = —.
1-6
Proof. For simplicity put e(Pr) = ex (k = 1,2). Due to (2.6) and the equality
le(P1)|| = 1 we can write Pe; # 0, since Pie; = e;. Thanks to the relation
Prey = Py(Pey), Preq is an eigenvector of P,. Put n = | Per||. Then

e = %Pzel is a normalized eigenvector of P,. So

1 1 1
e1 —ey = Piey — —Prey = ey — —ey + —(P1 — Pa)ey.
n n n

But
n = |[Prer]| = [[(P1 — P2)er]| = 1 —36.

Hence 1 < (1—6)" and
1 1
ller — ezl = (‘ - 1)||€1|| + —[1P1 = Pa||lexll
n n
<=8 =1+ (1-87"8
=28(1-6)"1,

as claimed. O
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3. Proof of Theorem 1.1
For simplicity put Ax(A) = Ax. Denote
C:=0QAm,dm) ={z2€C:|z—Ap| =dn},
and

1 - 1 -
P(A) := —E/CRA(A)LM and P(A) = —E/CR,\(A)LM.

That is, P(A) and P(A) are the Riesz projections onto the eigenspaces of A
and A, respectively, corresponding to the points of the spectra, which belong to
Q(Am,dm). We have

PG = P = 5 [ IR(D) = Ra(Idz] = d sup | R= (D) = Re()],

zeC

Since A is selfadjoint, one has
IR (A = p~ (A4, 2), 3.1)

where p(A4,1) = infseo(a)|A — 5| - the distance between A € C and o(A).
Inequality (2.5) implies

I1P(A4) = P(D| < quim sup IRz (A)[[|A” Rz (A)]| < dmgvloby, (3.2)
ze

where

lo = sup [|R-(A)||. by = sup A" R (A)| = sup [|A"R;,, 1 q,,cit (A)].
zeC zeC t€[0,27]

Since A is selfadjoint, we have

AY AY
by = sup sup / — < sup / .
U ieoan) i A = Am = dme| T T A = Am| — dm]

Recall that [Aj — A,,| > 2d,, (j # m). Put
A ‘
[1Aj = Am| = dm|

Sj =

So s = A}, /dm. Let j <m — 1. Then

AY AV
J < m—1 < Sm.
Am—Aj—dm ~ Am— Am—t —dm —

Sj =
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Now let j > m + 1. Then

A}“’ —(Am + dm))tj_”
1
= 1—v —v
AT = (A + dm) A
1
= 1—v -V
At — Am + dm)A05
AV

— m+1
Am+1 - Am - dm
_ M
— dm .
So
mt1
b, < ="
v = Sm+1 d,
Furthermore, condition (1.3) implies
AV
Gosmar = LomEL | (33)

dm
and therefore,

VAL
qmmmmmfifﬂ<1aeo.

m

Consequently, by Lemma 2.1 and (3.1),

| RA(A)]
1 —qvby
1
S _—
dm(1 — qvsm+1)
1 3.4)

(25

IRA(AD] <

1
=——— (Ae).
dm = qvAyq ( )
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Due to (3.2) we thus have proved:

Lemma 3.1. Under the hypothesis of Theorem 1.1 one has

-~ oAyt
PA —-PA| < ——— < 1.
I1P(4) = PR = 20— <

The assertion of Theorem 1.1 follows from Lemmas 2.2 and 3.1.

4. Example

Consider in L2(0, 1) the problem
—u"(x) +a(x)u'(x) = Au(x) A € C; 0 < x < 1); u(0) =u(l) =0,
where a(x) (0 < x < 1) is a bounded complex valued function. Take
d2
A= ———
dx?
with
Dom(A4) = {v € L*(0,1):v" € L?(0, 1), v(0) = v(1) = 0},
and v = 1/2. Define A by
(Au)(x) = =" (x) + a(0)u'(x) 4.1)
with Dom(A4) = Dom(A).
Obviously, A;(A) = 22 (j = 1,2,...) and

q1/2 = (A— A)A™/?| = sup|a(x)| sup (A2 £l
x f€Dom(A),|l fll=1

But for f € Dom(4),

A1/2 — c- ! . - l S l . ,
(A7 f)(x) ]; Ve (- erer(x) = ~ ,; 7 (fenen)
where e (x) = +/2sin 7 (kx). Thus
d d & 1
A2 ) = Ekz T e
=17
= V2 (f.ex)cosm(kx).

k=1
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Hence,

oo

AT EY > =D (e = 11

k=1

Therefore, g1/2 = supg<,<; la(x)|. In particular, for m = 1 we have d; = 3n2/2.
Condition (1.3) takes the form

Or

26]1/2)té/2(14) =44/ < 3n%)2.

8¢1/2 = 8supla(x)| < 3. 4.2)
X

Under this condition, by Theorem 1.1, the operator A defined by (4.1) has in the
disc |z — w%| < 372/2 a simple eigenvalue and the corresponding normalized
eigenvector satisfies the inequality

8q1/2

||e(g)— V2 sin ()| £ —————,
37'[—86]1/2

provided (4.2) holds.
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