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Superlevel sets and nodal extrema
of Laplace-Beltrami eigenfunctions

Guillaume Poliquin!

Abstract. We estimate the volume of superlevel sets of Laplace—Beltrami eigenfunctions
on a compact Riemannian manifold. The proof uses the Green’s function representation and
the Bathtub principle. As an application, we obtain upper bounds on the distribution of the
extrema of a Laplace—Beltrami eigenfunction over its nodal domains. Such bounds have
been previously proved by L. Polterovich and M. Sodin in the case of compact surfaces.
Our techniques allow to generalize these results to arbitrary dimensions. We also discuss
a different approach to the problem based on reverse Holder inequalities due to G. Chiti.
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1. Introduction and main results

1.1. Notation. Let(M", g) be acompact, connected n—dimensional Riemannian
manifold with or without boundary. Let Ag: C*°(M) — C*°(M) denote the

negative Laplace—Beltrami operator on M. In local coordinates {x; }”_,, we write
—y = ( et(g)gifi), (1.L1)
\/ det(g 0x; 0x;

where the matrix (g'/) is the inverse matrix of g = (g;;).

! Research supported by a NSERC scholarship.
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We consider the closed eigenvalue problem,
Aguy = duy, (1.1.2)
and when M has a boundary, we impose Dirichlet eigenvalue problem,

Agu =Au in M,
u=0 on oM.

(1.1.3)

In both settings, A, has a discrete spectrum,
0<AM(M,g) <A (M,g) <.../ +o0,

where A1(M, g) > 0if M # @. Let ||.||, be the usual |.||z»r) norm and let o
be the Riemannian volume form on M and let Vol, (M) denote the Riemannian
volume of M. We normalize u in such a way that |[u[|3 = 1. If M has no boundary,
we require that [, udo = 0.

1.2. Volume of superlevel sets. We define a nodal domain A of an eigenfunction
u) on M as a maximal connected open subset of {u; 7# 0}. We denote by A(u)
the collection of all its nodal domains.

Let us first consider the Euclidean case. It is known that nodal domains can
not be too small. For instance, this can be seen by the Faber—Krahn inequality,
stating that given 4; € A(u,),

Vol(A4;) > A1(B)"? Vol(B)A™"/2, (1.2.1)

where B denotes a n-dimensional ball. Denote by be = {x € A;:|lup(x)| >
8llupllLoo(a,)) the §-superlevel sets of the restriction of an eigenfunction to one of
its nodal domain. The next result can be seen as a refinement of that observation.
Indeed, each §-superlevel set of an eigenfunction can not be too small:

Lemma 1.2.2. Letn > 3. Forall § € (0, 1), we have that
Vol(V§) = (1 —8)"22(n — 2))"?a,A7"2, (1.2.3)
where o, stands for the volume of the n-dimensional unit ball.

The preceding lemma and its proof were suggested by F. Nazarov and M. Sodin,
see [16].
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Letting § — 0 in (1.2.3) yields that
Vol(V{) = Vol(4;) > C,A7"/2,

which is an inequality a la Faber—-Krahn comparable to (1.2.1). However, the
constant is not optimal when compared to Faber-Krahn inequality since C,, 5 tends
to C, = 2(n —2))"%a, as § — 0.

The proof of Lemma 1.2.2 is based on the maximum principle, applied to a
precise linear combination of the eigenfunction u, and of a certain function w.
The function w is defined as the solution of the following Poisson problem:

Aw = _)LXV(;' u,; inR",

where Xvi denotes the characteristic function associated to V‘ and u, ; denotes the
restriction of u 2 to A;. An upper bound on the function w is requlred to apply the
maximum principle. The bound is proved using decreasing rearrangement of func-
tions, as done in [26, p.185]. The next result is a generalization of Lemma 1.2.2,
adapted to manifolds of arbitrary dimension:

Theorem 1.2.4. Let § € (0,1) and n > 2. There exist Ao > 0 and kg3, > 0
such that for all A > Ay, we have that

Volg (Vi) > kg 50042, foralli. (1.2.5)

The proof of Theorem 1.2.4 for n > 3 is similar to the proof of its R”
counterpart. The key idea is to choose a specific linear combination involving
u, ; and the solution of the following Poisson problem,

Aw = —)LXVSL'MAJ' in M.

In order to apply the maximum principle, it is required to bound the function w
in terms of A and of the volume of be. The method used to do so differs from the
one used in R” since decreasing rearrangement of functions no longer works on
arbitrary manifolds. Instead, we use an upper bound for Green functions on M in
conjunction with a certain form of the bathtub principle (see [12, Theorem 1.14]),
that is an upper bound for the integral of a non-negative decreasing radial function:
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Lemma 1.2.6. Let xo € M. Let r(x) = dg(xo,x) the Riemannian distance
between x and xq. Let f(r) denote a non-negative strictly decreasing function.
Given fixed positive constant C > 0, then

sup /Qf(r)da = /Q* f(r)do,

QCM, Volg (Q)=C

where Q* is the geodesic ball centered at xo of radius R, where R is such that
Vol(2) = Vol(Q*).

Lemma 1.2.6 can also be seen as a weaker form of decreasing rearrangement
that has the advantage of being applicable in a more general setting.

For compact surfaces, using a slight adaptation of the result proved in [14,
Section 3], it is possible to obtain a lower bound on the density of the §-superlevel
set V{ of an eigenfunction u:

Proposition 1.2.7. Let (M, g) be a Riemannian surface and let § € (0,1). For
any p such that u,(p) = my;, there exists a positive constant kg s such that the
ball By (kg sA~'/2) is included in V{. In particular, this implies that

pa(Vi) = kg sA™Y2 forall i,

where ,o;L(VS") denotes the inner radius of the §-superlevel set be of the eigenfunc-
tion uy,.

Proposition 1.2.7 implies Theorem 1.2.4 in the two dimensional case.

1.3. Nodal extrema on closed manifolds. The second objective of the paper is
to study the distribution of so called nodal extrema, defined as follows:

my, := max |uy(x)],
X€EA;

where A; € A(u,). Nodal extrema on compact surfaces were previously studied
in [22]. We consider the more general case of compact Riemannian manifolds of
arbitrary dimension. Since the proofs given in [22] rely on the classification of
surfaces and the existence of conformal coordinates, no direct generalization of
their results is possible.

Our first main result in that direction is the following:

Theorem 1.3.1. Let (M", g) be a compact closed manifold with n > 2. If A is
large enough, then there exists kg > 0 such that
[AQ)l .
Y omh <kgA3trI®), (1.3.2)

i=1
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holds for any p > 2. Here, §(p) corresponds to

’

—1/1 1 2 1
n ( ) 2SPSM

4 \2 p/l’ n—1

§(p) = (1.3.3)
z(l_l)_l 2+
227 )Ty Thor PET

Note that §(p) is C. Sogge’s classical L? bounds, |uf, =< CAS@ |y,
([17, Chapter 5]). The proof of Theorem 1.3.1 is an application of Theorem 1.2.4.

As an immediate corollary of Theorem 1.3.1, we have the following:

Corollary 1.3.4. Let (M", g) be a compact closed manifold. If A is large enough,
then there exists kg > 0 such that

[AQ)l
D ma; <kgA"2. (1.3.5)

i=1

Indeed, a consequence of Weyl’s law and Courant’s theorem is that the number
of nodal domains |A(uy)| is bounded by kg)L"/ 2 (see for instance [7, 3]). Using
the latter fact and then applying Cauchy-Schwartz inequality yield

A Ge)] A Q)] @D )y
< (Y 3 ) ke <
i=1 i=1 i=1

which is the desired result.

Remark 1.3.6. For p = 1, 2, it is easy to see that the inequalities are sharp on T"
([Tsin(nx;), A = n?). For p > 2(n + 1)/(n — 1), extremals are zonal spherical
harmonics. Otherwise, the extremals are highest weight spherical harmonics.

One can visualise inequalities expressed in Theorem 1.3.1 and in Corollary 1.3.4
by considering “fine” dust particles on a vibrating membrane. Indeed, where the
membrane’s velocity is high, Bernoulli’s equation tells us that the air pressure is
low. Since the dust particles are most influenced by air pressure, they are swept
by the pressure gradient near nodal extrema (see [6] for some figures illustrating
nodal extrema and for more information on such experiments).
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Remark 1.3.7. One can easily obtain bounds on m4, using the classical Horman-
der-Levitan—Avakumovic L bound (see for instance [17]). Indeed, it implies
that there exists a constant kg > 0 such that [[uy || Loc(4,) < kgA®~1/#. Therefore,
we have that

[AQa)l _
D luallioecay) < kglA@a)A®D/4 < kgd™5,

i=1

which is not optimal when compared to the sharp inequality given in Corol-
lary 1.3.4.

We also obtain a generalization of [22, Corollary 1.7]. The result is the follow-
ing:

Corollary 1.3.8. Given a> 0, consider nodal domains such that m4, >aA"=D/4,
If A is large enough, then there exists kg > 0 such that the number of such nodal
domains does not exceed kga_z(”“)/ #=V " In particular, for fixed a, it remains
bounded as A — oc.

Indeed, letting N, denote the number of such nodal domains, using (1.3.2)
with p = 2ntD) "we have that

n—1 >
Ny
N;L(ak(”_l)/4)2(”+l)/(”_l) < Zmignﬂ)/(n—l) < kg)t(”ﬂ)/z,

i=1

yielding the conclusion.

1.4. Elliptic operators on Euclidean domains. We obtain analogous results to

Theorem 1.3.1. More precisely, we obtain bounds on the distribution of nodal

extrema of eigenfunctions associated to the Dirichlet problem of general second

order elliptic operators in the divergence form on an Euclidean bounded domain 2.
Consider the following Dirichlet eigenvalue problem:

L(u) =Au in €,
(1.4.1)
u=20 on 92,

where we consider a general elliptic operator L defined as

L(u) :=— Z aim(aij;—;‘) + cu.

i,j=1
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Here, the coefficients a;;(x) are real measurable functions such that a;; = a;;,
forall 1 < i,j < n. We assume that c(x) is a bounded measurable function
such that c¢(x) > 0. Note that the non negativity of ¢ can be assumed without
loss of generality (see [9, Remark 1.1.3, p. 3]). For convenience, we normalize
the coeflicients in such a way that 1 is the lower ellipticity constant. Thus, the
assumption reads

n

> ik > |gl?. forall§ e R”. (14.2)

ij=1

We are ready to state the result:

Theorem 1.4.3. Consider u) an eigenvalue of (1.4.1) associated to the eigen-
value A, then

[A@a)l
> ma; < Kuy Vol(Q)'/2272, (1.4.4)
i=1
and
[AQa)l
> mj, < KZ A2 (1.4.5)

i=1
The constant K, , depends on n and on p and is given by

21—n/2 —1/p
Knp = (nom) (14.6)

n Jnj2=1 B 1/p’
1"(5)(/ r? np/2+n l‘lnp/z_l(r)dr)
0

The main tool to prove Theorem 1.4.3 is Chiti’s reverse Holder inequality
satisfied by any elliptic operator in divergence form with Dirichlet boundary
conditions.

Remark 1.4.7. Since Theorem 1.4.3 can be applied to general elliptic operators
such as the Laplace—Beltrami operator in local coordinates as defined in (1.1.1),
it can also be used with a Laplacian eigenfunction on compact Riemannian man-
ifolds provided that all its nodal domains can always be included in a single chart
of M.

Remark 1.4.8. A notable feature of [22, Theorem 1.3] is that the bounds on the
distribution of the nodal extrema hold for a larger class of functions defined on
compact surfaces, including eigenfunctions associated to the bi-laplacian clamped
plate problem. Both approaches can not be extended to the bi-laplacian case since
they rely on the maximum principle, which is known not to hold for such operators.
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1.5. Neumann boundary conditions in the planar case. Let Q2 be a bounded
planar domain with piecewise analytic boundary. We consider the Neumann
eigenvalue problem on €2, namely

Au = pu in €2,

(1.5.1)
B_u =0 on 092.
on

Using an argument of [23] based on a result of [27], it is possible to bound the
number of nodal domains touching the boundary of 2 by Cq ,/it. By doing so, it
is an easy matter to obtain the following:

Theorem 1.5.2. Let Q be a bounded planar domain with piecewise analytic
boundary, then there exists Cq > 0 and Kg > 0 such that

[AQuey)l
> ma; < Cop. (1.5.3)
i=1
and
|A(“u)|
> mj, < Kap. (1.5.4)

i=1

1.6. Manifolds with Dirichlet boundary conditions. In order to obtain similar
results for manifolds with boundary conditions, one has to use Sogge-Smith’s
adapted bounds for such setting (see [18]). For the sake of clarity, we recall these
results here.

Let (M", g) be a compact Riemannian manifold with boundary. Let u) denote
a Dirichlet eigenfunction associated to A, then there exists k; > 0 such that

lually < kg™ /27122714, (1.6.1)

for p > 4ifn > 4, and p > 5if n = 3. One can easily adapt the proof of
Theorem 1.3.1 using Sogge-Smith results to get:

Theorem 1.6.2. Let (M", g) be a compact Riemannian manifold with boundary.
If A is large enough, there exists kg > 0 such that

[A Q@)
> ma, <kgA"?, (1.6.3)
i=1
and
[A Q)
> mi, < kA" (1.6.4)

i=1
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Moreover, we have the following

[Auy)l
Z mi < kgln/2+np(l/2—l/p)/2—p/4’ (1.6.5)

i=1

forany p >4ifn>4 and p > 5ifn = 3.

In [18], it is conjectured that the following bound holds:

lully < CA*Pull2,

where

2 n—2\r1 1 6n+4

- D K 2< =< )

(3+ 2 )(4 2p) =P =733

a(p) = (1.6.6)

n(l 1) 1 61’1—1—4< -4

) < p < +4o0.

2\27 ) % m—4-7

Hence, a version of Theorem 1.6.2 without the restrictions could be obtained
if one showed these latter bounds:

Conjecture 1.6.7. Let (M", g) be a manifold with boundary. If A is large enough,
then there exists kg > 0 such that

[A Q)]
D omh < ka2, (1.6.8)

i=1
forany p > 2.

We also obtain a generalization of [22, Corollary 1.7] in the case of manifolds

with boundary. Using (1.6.5) with p = $24£2 we get the following:

Corollary 1.6.9. Given a > 0, consider nodal domains such that my, >
al=V/4 If ) is large enough, then there exists kg > 0 such that the number of
such nodal domains does not exceed kga_(6”+4)/ Gn=9_ In particular, for fixed a,
it remains bounded as A — oo.

1.7. Bounds for the p-Laplacian. For | < p < oo, the p—Laplacian of a
function f on an open bounded Euclidean domain €2 is defined by

Apf = div([VfIPT2V f).



120 G. Poliquin

We consider the following eigenvalue problem:
Apu + AulP"u = 0in Q, (1.7.1)

where we impose the Dirichlet boundary conditions. We say that A is an eigen-
value of —A,, if (1.7.1) has a nontrivial weak solution u , € Wol’p(SZ). That is,
for any v € C5°(R2),

/|Vu,1|p_2Vu,1-Vv—A/ lua|?2u v = 0. (1.7.2)
Q Q

The function u, is then called an eigenfunction of —A, associated to the eigen-
value A. The function u, is then called an eigenfunction of —A, associated to A.
Note that if p = 2, the p-Laplacian corresponds to the usual Laplacian and is
linear. Otherwise, we say that the p-Laplacian is “half-linear” in the sense that it
is (p — 1)-homogeneous but not additive.

It is known that the first eigenvalue of the Dirichlet eigenvalue problem of the
p-Laplace operator, denoted by A, ,, is characterized as

/ |[Vul|?dx
Al,p = min CLT S

1.7.3)
0#ueCS (Q) / u|? dx
Q

The infimum is attained for a function u;,, € Wol’p (£2). In addition, A, is simple
and isolated. Moreover, the eigenfunction u; associated to A;,, does not change
sign, and it is the only such eigenfunction.

Via, for instance, the Lyusternick—Schnirelmann maximum principle, it is
possible to construct Ag , for k& > 2 and hence obtain an increasing sequence
of so-called variational eigenvalues of (1.7.1) tending to 4+oco. There exist other
variational characterizations of these eigenvalues. However, no matter which
variational characterization one chooses, it always remains to show that all the
eigenvalues obtained that way exhaust the whole spectrum of A,,.

Less is known about nodal geometry of eigenfunctions for the p-Laplace op-
erator. For instance, it is not clear if the the interior of the set {x € Q:u, (x) =0}
is empty or not for p-Laplacian eigenfunctions. For more details on nodal geom-
etry of the p-Laplace operator, see for instance [11, 20, 21].

Nevertheless, using a L°° bound obtained in [13, Lemma 4.1], one can still
obtain an extension of (1.4.4) for the p-Laplace operator.
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Theorem 1.7.4. Let Q be a smooth bounded open set in R". Consider u, ; an
eigenfunction of the Dirichlet p-Laplacian eigenvalue problem associated to the
eigenvalue A. Let ||up ;|lp,.o = 1, then we have the following:

[Au)l
> my, <4"Vol(Q)!TVPAP (1.7.5)

i=1

Notice that if p = 2, this result corresponds to what we expect in the case of
the usual Laplace operator.

The Courant nodal theorem combined with the Weyl Law yield that the num-
ber of nodal domains of a Dirichlet eigenfunction associated to an elliptic opera-
tor L does not exceed C A”/2. For the p-Laplacian case, the number of nodal do-
mains N, associated to an arbitrary eigenfunction is known to be bounded, see [8].
It is also shown in [8] that the number of nodal domains of an eigenfunction
uy associated to a variational eigenvalue is bounded by 2k — 2. Moreover,
it is known that there exists two positive constants depending on € such that
ckr/n < Ak,p < CkP/" (see [2]). Combining both results yields that N < canlp
if A is a variational eigenvalue. We show that a similar result holds even for non-
variational eigenvalue:

Corollary 1.7.6. For any eigenfunction of (1.7.1) and any a > 0, there exists a
positive constant C > 0 such that the number of nodal domains A € A(f) with
my > a does not exceed Ca=1 /P,

Indeed, letting N, denote the number of such nodal domains, using (1.7.5),

we have that
Ny,

Nya <) my < CAMP,
i=1

yielding the conclusion.

1.8. Structure of the paper. In Section 2, we prove the main results, namely
we start with Lemma 1.2.2 in R” and then we prove Theorem 1.2.4 for arbitrary
compact Riemannian manifolds. This leads to the proof of Theorem 1.3.1 which
is an application of Theorem 1.2.4. In Section 3, we prove Theorems 1.4.3, 1.5.2
and 1.7.4.
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2. Proofs of main results

2.1. Proof of Lemma 1.2.2. Before proving Theorem 1.2.4 that holds for com-
pact Riemannian manifolds, we give a proof of such result in the Euclidean case
to give the intuition behind the proof more clearly.

In order to prove Lemma 1.2.2, we need a technical result concerning Poisson
equation. Let @ C R",n > 3, denote a bounded domain of R” and consider the
following problem:

Aw = fye inR", (2.1.1)

where ygq is the characteristic function of Q and || f(x)||z~@@) = 1. Itis well
known that the solution of such problem is given by w(x) = (fyq * ®)(x), where

1
1) _ - - _ 2—n
(x—») "= 2a, [x =yl

is the fundamental solution of the Laplace operator.

Proposition 2.1.2. Let Q@ C R",n > 3 and || f(x)||L~@) = 1. Then, we have
that

[wllzoo@) < Vol(2)?/".

2(n — 2)a2/™
Moreover, equality holds if f = 1 and if Q is a ball.

Before we give a proof, we give a quick overview of classical rearrangements
of functions. Let u be a measurable function defined on an open set 2. We can
form the distribution function of u, denoted by 1.(¢), the decreasing rearrangement
of u, u*(s) into [0, +00] and the spherically symmetric rearrangement of u, u*.
The distribution function of u

w(t) = meas{x € Q: |u(x)| > t},

is a right-continuous function of ¢, decreasing from w(0) = |supp(u)| to
n(+00) = 0 as ¢ increases. The decreasing rearrangement of u, a positive, left
continuous function into [0, +o¢], is defined as

u*(s) = inf{r > 0: u(t) < s}.

The spherically symmetric rearrangement of u is a function u* from R” into
[0, +00] whose level sets {x € R"”:u*(x) > t} are concentric balls with the same
measure as the level sets {x € Q:|u(x)| > ¢}. More precisely, u* is defined as

u*(x) = u*(ay|x|") = inf{t > 0: u(t) < ap|x|"}.



Superlevel sets and nodal extrema of Laplace eigenfunctions 123

Note that ||u||co = u*(0) = u*(0). We refer to [25] for more details on rearrange-
ments of functions.

Proof of Proposition 2.1.2. Let us consider first the case where f = 1 and if Q is
a ball centered at x of radius R. Straightforward computation shows that

1
[ raree -y =t [ e yray

1 R
:( 2)/ P2y
n— 0

! R?
2(n—2)

1
= ———— Vol(Br)*/".
2(n —2)a;"

Now, for the general case, notice that
el = | [ foramen - o)

1
< m/]}{ | fDxe)|x —y*"dy

- _ 2—nd .
<o | ale =y

The following is a classical result of Hardy and Littlewood that can be found
in [10]:

/u(x)v(x)dxf/ u* (x)v*(x)dx.
R” R”

Therefore, since ® = ®*, we get that
W)= [ (o0 =)y

5/ xax(¥)®*(x — y)dy
]Rn

1
/ I =y dy,

- nn—2u, Jo

where Q* denotes a ball centered at x of same volume of 2. By the previous case,
one gets the desired result. |
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Remark 2.1.3. The last step of the proof of Proposition 2.1.2 is to show that

/ d(x — y)dy < / d(x — y)dy. 2.1.4)
Q Q*
A generalization of (2.1.4) is given by Lemma 1.2.6.

That being done, we can start the main proof of this section.

Proof of Lemma 1.2.2. Renormalize u) such that ||u, ||cc = 1. Consider § € (0, 1).
We want to show that there exists a constant C,, s > 0 such that

Vol(V§) > Cp 5272,

Let g = u — 8. We have that Ag = Auy; = Auy; in Vg. By Proposition 2.1.2,
there exists w(x) satisfying (2.1.1) with f = —Au; ; and Q = be such that

1

A Vol(Vi)2/m,
2)05,3/"

[wlloo <

Consider the function g + w on be. On the boundary, we have that

g+ w< A Vol(Vi)2/m,

2(n — 2)0{,3/"
Consider xo in V§ such that u; ; (xo) = 1 = ||u]lsc. Thus, we have that

1

(g +w)(x0) = (1-8) - A VoIV
2)atp

2(n —

Moreover, since A(g + w) = Auy; — Auy,; = 0, we can use the maximum
principle on g + w. This implies that

(1-8)— A Vol(Vi)?/m < A Vol(V])2/n

2(n — 2)05,3/" (n— 2)05,3/"

; 1 A -1
Vol(Viy2m > (1 =) —=
< Vol(V5)™" > 2( 5)(2(’1_2)“3/”) s

yielding that Vol(V}) > (1 — §)"/2(2(n — 2))"2a, A7"/2. O



Superlevel sets and nodal extrema of Laplace eigenfunctions 125

2.2. Proof of Theorem 1.2.4. The proof of Theorem 1.2.4 for manifolds of
dimension n > 3 is in the same spirit as the proof for R”. The main difference
is that we can not use Proposition 2.1.2 which relies on the fundamental solution
of the Laplace operator on R”. We consider instead the Green’s representation of
the solution to the Poisson problem on M.

Let Q be a compact smooth domain of (M”, g) where n > 3. It is known that
there exists a Green’s function (see for instance [19]), namely a smooth function
G defined on 2 x Q \ {(x, x): x € Q} such that

e G(x,y)=G(y,x),forall x # y;
e for fixed y, AxG(x,y) =0, for all x # y;
e G(x,y) > 0 and G vanishes on the boundary of €;

e asx — y for fixed y, G(x, y) < p(x,y)> (1 + o(1)),n > 3, where p(x, y)
is the geodesic distance between x and y (see [19, p. 81]).

Moreover, if we consider the following problem,

Asw = in 2,
sw=1J (2.2.1)
w=0 on 092,

its unique solution is given by
w() = [ 6.0 1o

Proposition 2.2.2. Letn > 3, |u)lloo = 1 and § € (0, 1). Let A; denote a nodal
domain of u) and Vsi = {x € A;:|lux(x)| = Smy, }. There exist Ao and kg 3, > 0
such that for all A > Ay and for any x¢ € V;, we have that

lw(xo)| < kg.aor Volg (Vi)™

where w is the solution of problem (2.2.1) with Q = Vgi and [ = —luy.

We want to prove an analogous result to Proposition 2.1.2. To do so, we treat
split the argument into two cases depending on if the volume of be is “large”
or “small.” We define “small Vy” in such a way that we can apply normal
coordinates. This becomes handy since Green functions on M behaves roughly
like the fundamental solution of the Laplace operator on R”. Using Lemma 1.2.6,
it is then possible to bound w like claimed.
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Proof of Proposition 2.2.2. Let A; a nodal domain of u) and let x¢ be any point
such that u (xo) = my,.

Let By, (r) := exp,, (Bo(r)) denote the geodesic ball of radius r centered at x.
It is known that for » small enough, we have that

B scalg (xop))

Vol (Bey (1)) = r" Vol(Bo(1) (1 i)

r? 4+ o(rz)),

where scal, (xo) denotes the scalar curvature at xo. Therefore, there exists € € (0, 1)
such that for all 0 < r < € < injrad(M, g), there exist Ag > 0 and B, > 0 such
that

Agr"™ < Volg(Byx,(r)) < Bgr". (2.2.3)

Renormalize u ) such that ||u; || = 1. Fix a nodal domain A; and x¢ € A;.

Let Ag = B;z/"€_2. Notice that if 1 > 4 and if Volg (V{) > Volg (Bx,(€)),
the result holds with k; = Az /B,.

On the other hand, if A > Ao, but Volg(Vg) < Volg(Bx,(€)), it is always
possible to pick R such that Volg (V) = Volg (Br(xo)) and R < € hold.

Let us now work to get an upper bound on |w(xg)|. We have that

[w(xo)| = ‘A |, GG xoawdo

< A/ ~G(x, xp)do.
Vs

Using upper bounds on the Green function (see bounds proved in [24]), we have
that there exists C; > 0 such that

G(x,x0) < Cgp(x,xo)z_", for all x # xo,
implying that

|w(xo)| < Cg)k/j o(x,x0)* do.
V8

As it was done in R”, we need to integrate on a ball to obtain a straightforward
computable integral. To do so, we use Lemma 1.2.6 whose proof can be found in
Section 2.4. Applying Lemma 1.2.6, we get the following:

CgA/ p(x,x0)?™do < CeA | p*"do,
v/ Vi)*

where (V{)* = By, (R) = exp,,(Bo(R)).
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Using Gauss’s Lemma, we now have that

1
lw(xe)| < C A/ P> 1— nglxkxl + O(|x| ))dx dx?...dx"

nwy, Scalg (xo) R*
6 4

< CgA";”” R2(1 750"116()‘0) R2

< Cg By Ega Volg(Byy (R))*"

< ch(”;”” R — + 0(R5))

+ O(R3))

= kg ao) Volg (V])2/", O

The last step to prove Theorem 1.2.4 is very similar to the last step in the proof
of Lemma 1.2.2.

Proof of Theorem 1.2.4. Renormalize u suchthat |1, |lcoc = 1. Letg = u—38+w.
On the boundary of V/, we have that g = §—§ = 0. Consider any x¢ in Vgi such
that u, ; (xo) = 1. By Proposition 2.2.2, we have that

g(x0) = (1 —8) — Cy 20 Vol(V§)/".

Moreover, since Ag = Au, ; + Aw = Auy; —Auy,; = 0in be, we can use
the maximum principle on g. This implies that

(1=8) = CeapA Volg (V)" <0 = Volg(Vf) 2 kg0 (1-8)"2A7"2. O

We now prove Proposition 1.2.7 which implies Theorem 1.2.4 in the two di-
mensional case.

Proof of Proposition 1.2.71. The proof essentially follows [14, Section 3]. It is
shown in [14] that given a nodal domain A;, there exists a ball B, (kzA~'/2) C 4;
centered at any point p such that u; (p) = my,. This implies that

pa(Ai) = kgA12,

The proof of this fact uses harmonic measure techniques to get a bound on
the distance from a point of a set, namely the point p where u;(p) = my;,, to its
boundary. Instead of working on a nodal set A; of a given eigenfunction u,, one
can run the argument on a connected component of the §-superlevel set containing
p- Such a modification will only influence the constants in the estimates obtained
in [14, Section 3]. Thus, arguing in a similar way, one obtains

pa(VE) = ki, sA71/2,

which completes the proof of the proposition. |
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2.3. Proof of Theorem 1.3.1. Letd € (0, 1) and A be large enough. Recall that
Au) = {Ai}l.i(l"*)l is the collection of the nodal domains of u;. Consider

MA@ {u,l if x € A,

up= Y up; whereu; = (2.3.1)

= 0  elsewhere.

Observe that A = A,(A4;) since u, ; does not vanish in A4; (see [3] or [9]). Apply
Theorem 1.2.4 in order to get the following:

/ luyilPdo > l_ 81’m£id0 = 81’m£i Volg(VSi) > kg,g,komﬁik_"m.
A; Vi

If we sum over all nodal domains, we get that

[Auy)l [AQ)

/M|u,1|pdcr= > /A uril?do = kgsagh™? Y mi.  (232)
i=1 i i=1

To obtain (1.3.2), simply use Sogge’s L? bounds [u; |, < ASP|u; |-,
in (2.3.2).
Notice that one can read off (1.3.5) using the latter argument. Indeed, since

1/2
/ luj |do fVolg(M)1/2(/ |uk|2d0) = Vol, (M)"/2,
M M

if we take p = 1in (2.3.2), we get

[Aun)
Volg(M)l/zzf |uk|d02kg,g,,10)t_”/2 Z my;
M

i=1

yielding (1.3.5).

2.4. Proof of Lemma 1.2.6. The proof of Lemma 1.2.6 is an application of the
bathtub principle [12, Theorem 1.14]:

Theorem 2.4.1 (bathtub principle). Let f be a real-valued, measurable function
on a sigma finite measure space (X, X, u) such that u({x: f(x) < t}) is finite
forallt € R. Fix G > 0 and consider the class of measurable functions on X

defined by
G:{Ofgfl:/gd,u:G}.
X

Then, the minimization problem

I=nf /X F()g(0)du ()
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is solved by g = x{r<sy(x) + cspu({x: f(x) = s}), where s is such that
s = Sljp{u({XZ flx) <1t}) = Gj,
and c is such that

cpu(x: f(x) = 5}) = G — pu({x: f(x) <s}).

The minimizer is unique if I is finite and if
G =p(x: f(x) <sp) or G=pulx:f(x)=s}).

Under the assumptions of Lemma 1.2.6, f is a smooth, non negative, strictly
decreasing real valued radial function. We prove an equivalent version of
Lemma 1.2.6 for strictly increasing functions. In order to obtain the statement
for strictly decreasing functions as stated in Lemma 1.2.6, it suffices to replace f
by —f.

Recall that r(x) = dg(x, x¢) is the Riemannian distance between x and some
fixed point xo € M. In that setting, notice that u({x: f(r(x)) < t}) is finite for
all + € R. Moreover, the function t — Volg ({x: f(r(x)) < t}) is continuous
and strictly increasing on [0, co). In particular, for all positive constants G, there
exists t > 0 such that Vol ({x: f(r(x)) < t}) = G. Therefore, the solution of
the minimization problem stated in the bathtub principle under these assumptions
is given by ¢ = x(r<gry. wWhere R is such that Volg(Q) = [ x(r¢@x)<rido.
Notice that y r(-(x))<ry is the characteristic function of the ball Bg(x¢) of radius
R centered at x( that has the same Riemannian volume as 2. Thus,

1= int [ frepseodo = [ e

yielding the desired result.

3. Proof of Theorems 1.4.3,1.5.1, and 1.7.4
3.1. Proof of Theorem 1.4.3. We present the background required to obtain
Theorem 1.4.3. For any fixed positive A, we consider the n—ball,
B} = {x € R":[x| < juj2-127"?}, (3.1.1)

where j,/,—; is the first positive zero of the Bessel function J,/,_;. It is easy to
see that the following problem,

Az = pz in B},

z=0 on dBY,
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has its first eigenvalue equal to A, and that the corresponding eigenfunction is
given by
2(x) =[x Ty a2 (3.1.2)

We use the following result, due to G. Chiti (see [4, 5]), in the proof:

Proposition 3.1.3 ([4, Theorem 2]). Let u be a function satisfying (1.4.1) and
consider z, the eigenfunction to the Dirichlet eigenvalue problem on BY defined
above. Then, for any p > 1,

—1/p -1/p
el [ 17) ([ 7)) (.14

with equality if and only if Q is a ball, ¢ = 0, aj;j = §;j, A is equal to the
first eigenvalue of the equality in (1.4.1) and |2| = |B}|, where |E| denotes the
Lebesgue measure of the set E.

Remark that we can compute the right hand side of (3.1.4) to obtain the
following isoperimetric inequality,

ulloo < Kn, pA™ CP|[ul|,, (3.1.5)

where K, , is the constant defined in (1.4.6). Indeed, start by computing ||z||co.
The fact that r"/2=1J,, /,_; (r) attains its maximum at r = 0 follows from Poisson’s
integral (see [28, Section 3.3]). Thus, we have that

I o Al/z An/4—1/2
-0 = 1im D2t (D |
|x|—0 |)C|n/2_l 2”/2—1I‘(%)

(3.1.6)

Since z is a radial function, we get that

—-1/p Jn/2—1 —-1/p
( /B zp) = (nc,,)—l/l’xl/2—"/4+"/<2p>( / r”_”l’/2+"—1J’52_1(r)dr) :
n 0

(3.1.7)
Combine (3.1.6) and (3.1.7), and plug them into (3.1.4) to get (3.1.5).

Proof of Theorem 1.4.3. We start by obtaining (1.4.5). Let us decompose u, the
following way,

[Aun)l u if .
a2 if x € Aj,
w, = Y u; whereu; = ’ (3.1.8)
=1 0  elsewhere.
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Since supp(u;) N supp(u;) = @ fori # j, we note that

[AQa)l [AQa)l [A@a)l

1=||zu||iz(M)=/Q dout= > /A_u,?: 3 ilZas, (319
i=1 i=1 i i=1

Recall that each u; corresponds to an eigenfunction of the Dirichlet problem
on these nodal domains. Indeed, since u; does not vanish in A;, it corresponds to
the first eigenfunction on A; and A1 (A;) = A by a corollary of Courant’s theorem
(see [9)]).

Thus, we can apply (3.1.5) with p =2 to each u; so that for all 1 <i <|A(u,)|,
we obtain that

luillLoocay) < Kn oA *uill2ga,-
Therefore, we get that
ma, = sup [u;(x)| < Kn2A™*|u; lz2a;)-
XEA;
Squaring each side and summing over all nodal domains yield that

[ Al [A Q)
Z mili SKr%,ZAn/Z Z ”uiHZZ(Ai)v

i=1 i=1

and we obtain (1.4.5) by applying (3.1.9) to the latter equation. In order to
get (1.4.4), we use (3.1.5) with p = 1, to get

luillLooca;) < Kna A" uillica,)-

If we sum over all nodal domains and keep in mind that supp(u;) N supp(u;) = &
fori # j , we then get

[A )l [Auy)l

> ma; < Knad X2 fuillpiga,

i=1 i=1
= Kn 1 A" ?|lup )l g
< Kn,l)k"/2||ux||L2(Q) Vol()'/2.

The last line follows from Cauchy-Schwartz inequality. Since [luz|z2) = 1
the proof is completed. t

3.2. Proof of Theorem 1.5.1. Let /; denote the family of indexes of nodal
domains touching the boundary of @ and let I, = |A(u,)| \ I;. Let us start
by obtaining (1.5.4)
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Notice that nodal domains whose index is in I, are such that the eigenfunc-
tion u restricted to them corresponds to the first eigenfunction of the Dirichlet
eigenvalue problem on such A;, so that u = A1(A4;). Therefore, it is possible to
use (3.1.5) with p = 2 as done in the proof of Theorem 1.4.3 in order to get that

2
ZmAi = Cu.
iel,

As for nodal domains whose index is in /;, since by the Hormander-Levitan-
Avakumovic L* bound, we have that m4, < Cp'/4, we get that

Y md, < Y- = cp,
i€l
yielding (1.5.4).
The same reasoning can be applied to obtain (1.5.3), namely

ZmA,- +ZmA,- <Cyp-pu'*+Cp=Cyp,

i€l iel>

yielding (1.5.3).
3.3. Proof of Theorem 1.7.4. The proof is based on the following result:

Lemma 3.3.1 (Lemma 4.1 in [13]). Let u,, denote the first eigenfunction of
the Dirichlet p-Laplacian eigenvalue problem on a bounded Euclidean domain
Q C R”, then

lup1llLoo(@y < 44 P |lup.1llL1 ()

Note that the constant term 4" is not sharp.

Remark 3.3.2. One difference between Chiti-type inequalities and the preceding
lemma is that Chiti-type inequalities apply to any eigenfunction of the Dirichlet
eigenvalue problem rather than only to the first one. However, the generalization
of Chiti’s results to the p-Laplace operator (see [1]) is of the form

||u||r S K(r’q7 p’n’A)”uHQ’

where u is any eigenfunction associated to eigenvalue 4,0 < g < r < 4o0. Itis
important to notice that the constant K(r, ¢, p, n, A) is not explicit (since we can
not compute the eigenfunctions of the ball explicitly). Thus, we cannot use it as it
was done for the Laplace operator.

We are ready to prove Theorem 1.7.4.
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Proof. Let |up |, = 1. Consider 4; C Q a nodal domain of u, ;. Let us
decompose u,, ; the following way,

IAGu)| w i ,
A Hxe Ai,

upp = Y uj whereu; = P ’ (3.3.3)
i=1 0 elsewhere.

Since u; corresponds to the first eigenfunction of the Dirichlet p-Laplacian eigen-
value problem on A4;, Lemma 3.3.1 yields that

[tti ]l co,a; < 4" AP |lu;

1,4;, foralll <i <|[A(uy)l.

Therefore, after summing over all nodal domains, we get that

|AG)] 1A Q@)
> il = Y- ma,
i=1 i=1
[Aa)l
<427 N il
i=1
<42 upaliie
< 4" NVol(Q)'" VPP uy 5 Lo o)

= 4" Vol(Q)'~V/Ppn/P. O
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