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Efficient Anderson localization bounds
for large multi-particle systems

Victor Chulaevsky and Yuri Suhov

Abstract. We study multi-particle interactive quantum disordered systems on a polynomi-
ally growing countable connected graph (Z, £). The main novelty is to give localization
bounds uniform in finite volumes (subgraphs) in 2% as well as for the whole of Z~. Such
bounds are proved here by means of a comprehensive fixed-energy multi-particle multi-
scale analysis. We consider — for the first time in the literature — a discrete N -particle model
with an infinite-range, sub-exponentially decaying interaction, and establish (1) exponen-
tial spectral localization, and (2) strong dynamical localization with sub-exponential rate
of decay of the eigenfunction correlators with respect to the natural symmetrized distance
in the multi-particle configuration space.
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1. Introduction. The model and results

Until recently, the rigorous Anderson localization theory focused on single-
particle models. (In the physical community, notable papers on multi-particle
systems with interaction appeared as early as in 2005-2006; see [25, 6].)

Initial rigorous results on multi-particle lattice localization for a finite-range
two-body interaction potential were presented in [16, 17, 18] and [4, 5]; contin-
uous models in the Euclidean space have been considered in [8, 15]. In these
papers, both Spectral Localization (SL) and Dynamical Localization (DL) have
been established. A considerable progress was made in [27, 28], with the help of
an adapted bootstrap variant of the Multi-Scale Analysis (MSA) developed in the
earlier works [23, 24]. The resulting bootstrap multi-particle MSA (MPMSA)
was applied in [27, 28] to multi-particle systems in the lattice and in the Eu-
clidean space, respectively. More recently, a very important step was made in
the paper [22] which extended the multi-particle Fractional-Moment Method
(MPFMM) from the lattice case [4, 5] to the continuous one, with an infinite-range
two-body interaction potential. As usual, (MP)FMM provides exponential! decay
bounds upon the eigenfunction correlators (EFCs), while the bootstrap MPMSA
achieves only a sub-exponential decay of the EFCs at large distances.

The main motivation for the present work comes from the fact that in all above-
mentioned mathematical works the decay bounds on the eigenfunctions and EFCs
were proved in the so-called Hausdor{f distance (HD) which is actually a pseudo-
distance in the multi-particle configuration space. In the context of the multi-
particle Anderson localization, the HD appears explicitly in [4, 5] (as well as in
[27,28]), while in [16, 17, 18] it was used implicitly, through the notion of separated
cubes. The point is that there are arbitrarily distant loci in the multi-particle space
which might support quantum tunneling between them, and the HD bounds do
not reflect this possibility. As a result, the SL and DL have been proved so far in
an infinitely extended physical configuration space, but some tunneling processes
could not be completely ruled out in arbitrarily large, yet bounded domains. The
existence of efficient multi-particle localization estimates — even for a bounded
number of particles N > 3 —remained a challenging open question. These aspects
of the rigorous multi-particle localization theory were analyzed by Aizenman and
Warzel in [4, 5]; a partial solution was given in [10, 13, 14]. The mathematical
core of the problem is an eigenvalue concentration (EVC) bound for two distant

UIn Ref. [22], exponential decay of the EFC is proved for the models in R¢ with exponential
decay of the interaction potential U(r); sub-exponential decay of U(r) results in sub-exponential
decay of the EFC.
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loci in the multi-particle space. In the current paper we employ a probabilistic
result from [14] and prove a suitable EVC bound (cf. Theorem 2.2) for a class
of sufficiently regular marginal probability distributions of IID external random
potentials. It has to be emphasized that the problem in question appears only for
the number of particles N > 3, and the proof of localization for two-particle
systems given in [17] operates with the (symmetrized) norm-distance in the two-
particle space. As a result, the two-particle localization holds also in finite (but
arbitrarily large) regions of the physical configuration space, under mild regularity
conditions upon the random potential; see [19].

In the present paper we focus on an interactive N-particle Anderson model,
on a countable connected graph (Z; £) with a polynomially growing size of a ball
when the radius increases to infinity. The main method used is a new variant of
the MPMSA. The results are summarized as follows.

e We prove uniform localization bounds, in terms of decay of eigenfunctions
(EFs) and eigenfunction correlators (EFCs) valid for finite or infinite sub-
graphs of ZV, including the whole 2. The uniform decay is established
with respect to the natural symmetrized max-distance in the multi-particle
configuration space, and this makes the new bounds suitable for applica-
tions to physical models where quantum particles evolve in a sample of disor-
dered media of finite size. Previously published results provided less efficient
bounds in finite volumes (for N > 3).

e As in [22], we treat systems with infinite-range interaction potentials (but
in a countable graph instead of R?). Specifically, we consider a two-body
potential decaying at a large distance r as e™" where { > 0. Surprisingly,
the SL holds here with an exponential rate (e="", m > 0) evenif 0 < { < 1.
Note that an exponential decay of EFs was proved in [11] under the assumption
of decay of the interaction with rate e™" ¢, but only for ¢ € (0; 1] sufficiently
close or equal to 1. Paper [22] treats the EFC decay (in continuous models)
in several cases, including the following:

— the interaction potential decays at an exponential rate e™¢"; in this case
the EFCs also decay exponentially fast;

— the interaction potential decays sub-exponentially, as e~ with l e
(0, 1); in this case the EFCs also decay sub-exponentially.

We present competing bounds for the EFCs (in the discrete model). As was
said, in contrast to Ref. [22], we also establish exponential decay of the EFs,
thanks to the logical independence of the (exponential) decay analysis of the EFs
from that of the EFCs.
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The rest of the paper is devoted to the proof of Theorem 1.1. In particular, in
Section 2 we establish the crucial ingredient of the proof: eigenvalue concentra-
tion (EVC) bounds. The bulk of the work is about the proof of assertion (A): it
is carried in Section 3. The main strategy here is the induction on the number of
particles N, initially developed in [17,18]. Eachstep N—1 » N, N =2,...,N*,
employs the multi-scale analysis of multi-particle Hamiltonians. Unlike Ref. [18],
in Section 3, we make use of a more efficient scaling technique, essentially going
back to the work [23] and recently adapted in Ref. [27] to multi-particle systems.
However, the scaling scheme used in Ref. [18] (and going back to [20]) is required
in Section 4 to prove exponential decay of the EFs.

At several points, our strategy deviates from the bootstrap MPMSA developed
in [27]. In particular, we avoid the actual energy-interval MSA stage of the boot-
strap and employ some general functional-analytic results to derive the energy-
interval bounds (more difficult to prove directly) from their simpler, fixed-energy
counterparts. Speaking informally, we carry out (independently) two separate
scaling analyses analogous (but not identical) to two of the four phases of the
bootstrap method. We do not perform, either, several geometrical optimizations
making the bootstrap possible. This results in a shorter proof of sub-exponential
decay of the EFCs, although we have to emphasize that the complete bootstrap
scheme would undoubtedly result in stronger probabilistic estimates. Note also
that the base of induction (N = 1) requires a proof of localization for single-
particle systems on graphs with a polynomial growth of the size of a ball with the
radius. The required estimates were proved in Ref. [12] following the techniques
from Ref. [23].

1.1. The multi-particle Hamiltonian. Consider a finite or locally finite, con-
nected, non-oriented graph (Z, £), with the vertex set Z and the edge set E.
(For brevity, we often refer to Z only.) We assume that € does not include cyclic
edges x <> x and denote by d(-, -) the graph distance on Z: d(x, y) equals the
length of the shortest path x <w> y over the edges. (By definition, d(x, x) = 0.)
We assume that graph (Z, €) belongs to a class &(d, Cy) for some d,Cy; > 0,
meaning that the size of a ball B(x, L) := {y:d(x,y) < L} is polynomially
bounded:
supfiB(x,L) < CzL¢, L >1. (1.1)
X€Z
Notice that the property (1.1) is inheritable by inclusion, so any connected sub-
graph of Z € &(d, Cy), finite or infinite, also belongs to the class &(d, Cy).
Physically, Z represents the configuration space of a single quantum particle.
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The configuration space of N distinguishable particles is the graph (ZV, €y),
where ZV is the Cartesian power, and the edge set € y is defined as follows. Given
two vertices, X = (x1,...,x8), ¥ = (V1...., yn) € 2V, the edge x < y exists if,
forsome j = 1,..., N, there exists an edge x; <> y; in & while fori # j we have
x; = y;. Werefer to x and y as N -particle configurations (briefly, configurations)
on Z and use the same notation d(x, y) for the graph distance on ZV.

Apart from the distance d(-, -) on Z¥, it will be convenient to use the max-
distance p and the symmetrized max-distance pg, defined as follows:

p(x,y) = max d(x;,y;); ps(x,y) = min p(x,7(y)). (1.2)
I<j<N TeSy

Here the symmetric group &y acts on Z by permutations of the coordinates.
In the case where Z = Z<, one obtains ZV =~ (ZH)N, p(X,y) = |X — ¥|oo =
max; d(x;, yi), d(x,y) = [x —yl1 = 3, [xi — yil.
Next, B™)(x, L) denotes the ball of radius L in ZV centered at x = (x;, ...,
xp) in the metric p (below often called an N -particle ball):

N
BM(x,L) :={y:p(x.y) < L} :j>:<1B(xj,L). (1.3)

It will be often convenient to omit the superscript N and use the boldface notation:
Z=2N,&=¢n,B(x,L) =BM(x, L), etc.
The graph Laplacian Ay on Z is given by

(A2 )X) =Y (fO) = f)) = —nz(x) fx) + Y f(). xeZ (1.4

{x,») {x,»)

here ng(x) = #f{y:d(x, y) = 1}, and (x, y) stands for a pair (x, y) € Z x Z with
d(x, y) = 1. Similarly, the Laplacian on % is defined by

Az N =Y AN

1<j<N

= Z(f(Y) - f(x) (1.5)
(x.y)

=-—nz(®)f®)+ Y f(¥). xeZ

(x,y)

Here A(Zj) denotes the Laplacian acting on the jth component of x, (x,y) stands
for a pair (x,y) € Z x Z withd(x,y) = 1, and n%(x) = § {y:d(x,y) = 1}.
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For A C Z, A C Z, the Laplacians A and A (with Dirichlet’s boundary
condition) are introduced as follows:

Ap =1a0214 } 2(A), Ax =1aAz1p |} E(A).
The N -particle Hamiltonian HiN ) — HEXN ) (w) in a domain A C Z acts as

HYW)(x) = (A X +g > V(X 0)¥(x)
I<j=<N

+ > Ul x)¥(X), X =(x1.....xy5) €A,

1<i<j<N

(1.6)

Here V represents an external potential given by a random field V:2Z x Q@ — R
relative to a probability space (2, B, P), and U a two-body interaction; see below.
The constant g € R is referred to as the coupling amplitude. Under the imposed
conditions, with probability one, the operator foN ) (w) is bounded and self-adjoint
in £2(A).

As usual, the complement of a subset A C A’, with A’ clearly identified from
the context, will be often denoted by AL,

1.2. The assumptions and results. Our goal is to prove that, for sufficiently
large values of the disorder amplitude |g|, the (random) eigenfunctions of H&N ) in
£,(A) feature strong decay properties, stated in appropriate terms. We stress that
we establish the threshold for |g| uniformly in A for a bounded range of values
of N. Formal statements are given in Theorem 1.1 below.

First, introduce the following condition for a probability measure p on R.

(V1) The probability measure . has bounded support, supp n© = [ay, by], and
admits smooth probability density p,, satisfying the following conditions:

0<p=<put)<p<oo, |p,0)=<Cp<oo, foralltce (ay,by).
(1.7)

Our condition upon V is the following one.

(V2) The random field V:Z x Q — R, relative to a probability space (2,8, P),
is 1ID, with marginal probability measure of the form p = 1 * o, where
supp u2 C R is bounded and vy fulfills the condition (V1).

A prototypical example is the uniform distribution in [0, 1]; here u; =
Unif ([0, 1]), u2 = 8p. One can also take the convolution powers u = puj”
of w1 = Unif([0,1]); for n > 2, the density of u vanishes at the edges:

p(t) =0@"™h), p(t) = O((n —1)"™H).
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Remark 1.1. Our methods apply also to the Gaussian distribution p; and its
convolutions ;. = 1%, with arbitrary probability measures pi5; in this particular
case, some auxiliary estimates become slightly simpler. The basis for such an
extension is the main result of Ref. [9]. On the other hand, the spectral reduction
presented in Sect. 3.3 requires some additional arguments in the case of unbounded
random potentials; this explains the condition of boundedness of supp w, in (V2).
We omit the adaptation to unbounded potentials only for the sake of brevity.2

The expectation relative to (€2, B, IP) is denoted by E[ - ].
We assume the following condition upon U.

(U) There exist {,C = Cy € (0, +00) such that
U(r)| <Ce™, r>1. (1.8)

The values ¢ > 1 do not give rise to a qualitatively faster decay of EFCs and EFs
than for { = 1. Indeed, one cannot achieve the decay of the EFCs faster than
exponential, established by Aizenman and Warzel [4] for compactly supported
interaction potentials.

Let B denote the set of all continuous functions f: R — C with || f|lcc < 1.
The results of this paper are presented in Theorem 1.1.

Theorem 1.1. Assume conditions (V2) and (U) and fix an integer N* > 2. There
exists k = k (¢, N*) € (0, 0) with the following property. For any v > 0, there is a
value go = go(N*,v) > O such that forall N = 1,...,N* and |g| > go(N*,v)
the following conditions are satisfied

(A) There exist a constant C = Cggc > 0 such that for all X,y € %,

E[sup |(1y | fFHL) | 14)]] < C e " s&) (1.9)
feB

(B) With probability one, H(ZN)(a)) has pure point spectrum,? and all its eigen-
functions ¥; (x; w) decay exponentially fast: there exists a nonrandom num-
ber m = my > 0 such that for all ¥; there exist a constant C; = C;(w)
and a site X; = X;j(w) € % (a localization center) such that

W (x, )| < Cj(w)e™PsEX) | x e 2, (1.10)

2 An example of such adaptation, in a slightly different situation, is given in our book [19,
Sect. 2.5.3], where we assumed a power-law decay of the the tail probabilities: P{|V(0; w)| > ¢}
<Ct %, a>0.

3 Naturally, this statement is trivial for a finite graph Z. The assertion (B) addresses essen-
tially the case of an infinite graph, albeit our probabilistic bounds on the EFs are useful for finite
graphs, too.
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The conventional form of strong dynamical localization follows from (1.9) by
taking the functions f = f;: A — e 4, t € R.

Compared with [4, 18, 27], the equations (1.9)—(1.10) show the decay in a more
suitable form involving the metric pg rather than the Hausdorff distance. In (1.10),
ps can be replaced by p, thanks to the random factor Cj(w). In (1.9), using p
instead of pg would result in a factor C = C(x). We stress that pg is a physically
natural distance in 2.

» Some comments are in order here. The bootstrap MPMSA developed by Klein
and Nguyen [27] allows one to prove the bound of the form
E[ sup |(ly | f(HD) |15)]] < € e @oc), (1.11)
feB
where ds. is the Hausdorff distance in ZN defined as follows: with x = (X1,
xn), Y= y1,...,yn), let IIx:= {x1,..., x5}, Iy := {y1,..., yn}, and

dgc(x,y) = max[max dist(x;, TTy), max dist(y;, ITx)].
1 1

In other words, this is the usual Hausdorft distance between the sets I1x and ITy in
the metric space (Z, d). For the finite-range interactions, Aizenman and Warzel [4]
proved even exponential decay bounds, also in the Hausdorff distance. But the
problem with this pseudo-distance can be seen in the formula

ds¢(x,y) > ps(X,y) — min[diam ITx, diam ITy],

which suggests that d4¢(x,y) could be small even for the points x,y with large
values of ps(x,y). Indeed, let N = 3,d = 1,x = (0,0,L) andy = (0, L, L).
Then ps(x,y) — +o0as L — oo, while d4¢(x,y) = 0. Furthermore, taking in this
example Z = 27 = [0, L] N Z!, we see that the localization bounds established
in terms of the Hausdorff distance cannot rule out the quantum particle transfer
processes between the points 0 and L in arbitrarily large but finite domains Z, in
the physical space. «

The rest of the paper is devoted to the proof of Theorem 1.1. In particular,
in Section 2 we establish an important ingredient of the proof: the eigenvalue
concentration (EVC) bounds. The bulk of the work is about the proof of asser-
tion (A): it is carried in Section 3. The main strategy here is the induction on the
number of particles N, initially developed in [17, 18]. Each step N —1 ~»> N,
N =2,...,N*, employs the multi-scale analysis of multi-particle Hamiltonians.
Unlike Ref. [18], we make use of a more efficient scaling technique, essentially
going back to the deep work by Germinet and Klein [23] and recently adapted by
Klein and Nguyen [27] to the multi-particle systems.
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As was already said, the base of induction (N = 1) requires a proof of
localization bounds for single-particle systems on graphs of polynomial growth
of balls, and we cannot simply refer to [27] where, formally speaking, only the
lattice systems (on 7%, d > 1) were studied (this is of course a pure formality).
The required estimates for the 1-particle Anderson models on graphs were proved
in Ref. [12], where it was emphasized that the main scaling technique was due to
Germinet and Klein [23]. In fact, our arguments also cover the case N = 1 (and
become simpler in this situation).

The proof of assertion (B) is contained in Section 4; it makes use of a number
of facts established in other sections. This proof is based on a modified version
of the MPMSA presented in [19]. In particular, the case of the two-body potential
U satisfying (U) is treated as a small perturbation of a finite range interaction
(obtained by a suitable truncation of U). Some technical proofs are presented
in the Appendix. Others repeat arguments published elsewhere (sometimes with
minor changes) and are omitted.

From here on, we fix a positive integer N* > 2 and consider N = 1,..., N*
without stressing it every time again. The dependence of various quantities upon
N* is not emphasized but of course is crucial throughout the whole construction.
The analysis (which we omit from our paper) of the formulae for the key exponents
mpy, vy and P(N) givenin (3.2) and (4.1) shows that in the strong disorder regime,
the disorder amplitude |g(/N)| required for the N -particle localization is to be of
order of e®®”" | with some a > 0,5 > 1.

2. Eigenvalue concentration bounds

2.1. The resolvent inequalities. Singular and resonant sets. The main tool in
the proof of Theorem 1.1 are the decay properties of the Green functions (GFs) of
the operator HE\N), (x,y) € A X A = GA(Xx,y; E), for a finite set A C Z and
E & E(HE\N)); here E(H&N )) is the spectrum of the finite-dimensional operator
H&N ). i.e., the collection of its eigenvalues (EVs) counting multiplicity. As usual,
G4 (x,y; E) denotes the matrix entry of the resolvent G, (E) = GEXN )(E ;w) in
the delta-basis:

Ga(x,y: E) = (I, Y — ED7'1),

(here I is the identity operator and (-, -) stands for the canonical scalar product
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in £2(A)), and the base for the argument is the Geometric Resolvent Inequality
(GRI): for any subset A’ C A and configurationsx € A,y € A \ A/,

GARY:E) < ) |Ga(XuE)|[GA(V,y; E)|. 2.1)
(u,v)edp A/

Here 05 A’ stands for the edge-boundary of A’ relative to A:
AN ={(u,v):uec A', ve A\ A, d(u,v) = 1}.

Note that for Z € ®&(d,Cy;), one has a crude upper bound ffIB™)(x, L) <
Ca.n LN with some C2.n depending upon d, Cz, N. The inner boundary 9~ A
is determined by

I A={ueA:p(,Z\A) =1}

The distance dist(-, -) below refers to the standard metric on the line R.

Definition 2.1. Given £ € R, 8 € (0,1),6 € (0, 1] and m > 0, an N-particle ball
BM(x, L) C Zis called

e (E, B)-resonant ((E, B)-R, in short), if

. _1B
dlst(E(Hglz,)(x,L)),E) <2e L7, (2.2)

and (E, B)-nonresonant ((E, 8)-NR), otherwise;
e (E, 8, m)-nonsingular ((E, §, m)-NS), if

G Vi E)| < (Con LV Tle ™, 23
yea_rl?l;{%%(x,L)| B(N)(X,L)(X y )| = ( Z,N ) c ( )

and (E, 6§, m)-singular ((E, 8, m)-S), otherwise.

Here and below, the implicit constant Cy n is used in the quantities like
Ca.n LN to avoid more cumbersome expressions of the form

sup HOB™M (x, L).

xezN

Typically, the properties (E, §, m)-NS and (E, §, m)-S will be used with m =
my where N — my varies in a certain specified manner (see (3.2) and (4.1)).

2.2. One- and two-volume EVC bounds. We start with a one-volume EVC
bound that is an analog of the well-known Wegner estimate [30], used in the proof
of Theorems 3.1 and 4.1:
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Theorem 2.1. Fix 8 € (0, 1). Under the assumption (V2), there exists a constant
C =C(B,V)suchthat forall E€ R, 1 <N < N* x € Z and integer L > 1,

sup P{B™M(x,L)is (E, B)-R} < Ce L7,

EcR

2.4)

The proof is omitted: it repeats the one given in [19, Theorem 3.4.1]. Note also
that under the assumption of existence and boundedness of the marginal prob-
ability density, the one-volume multi-particle EVC bound with optimal volume
dependence, as in the original Wegner bound, was proved by Kirsch [26]. Un-
der a more restrictive assumption of analyticity of the probability density, it was
established in our earlier works; cf. [19] and references therein. In [19, Theorem
3.4.1], the assertion of Theorem 2.1 is actually inferred from a much more general
EVC bound valid for arbitrary continuous (not necessarily absolutely continuous)
marginal probability distributions, but having a non-optimal volume dependence.

A suitable one-volume EVC estimate is sufficient for the proof of fast decay
of the Green functions which, owing to a result by Martinelli and Scoppola [29],
implies a.s. absence of a.c. spectrum.

A (new) two-volume EVC bound is the subject of Theorem 2.2 below; this is
the crucial statement making possible the efficient, uniform decay bounds on the
EF correlators with respect to the symmetrized max-distance.

Given an integer R > 0, we will say that two balls BV (x, L), BN (y, L) are
R-distant iff

ps(X,y) = R. (2.5)

Theorem 2.2. Under the assumption (V2), there exist some constants A =
A(N,d), C(V,N,d) € (0, 4+00) such that for all s > 0, integer L > 1 and any
pair of 4N L-distant balls BM) (x, L), BN (y, L), the spectra £y 1= E(Hg\&) L)),

N
Yy = E(H](s(y),L)) obey

P{dist(Zy, Ty) < s} < C LAs?/3, (2.6)

Remark 2.1. For the Gaussian distribution, the results of Ref. [10] imply a
stronger version of Theorem 2.2, with the RHS of (2.6) of the form C LAs, ie.,
with optimal s-dependence.

Remark 2.2. While the “one-volume” bound of the form (2.4) can indeed be
qualified as an eigenvalue concentration bound, extending the celebrated Weg-
ner estimate [30], its “two-volume” counterpart (2.6) is actually an eigenvalue
comparison bound, measuring the distance between the spectra of two possibly
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correlated random operators. The non-triviality of the bound (2.6) for the pairs of
balls By (x), BL(y), distant in pg but not in dg, resides in the fact that the respec-
tive operators Hg, (x) and Hp, (y) can be stochastically correlated in a very strong
way: every value of the random potential V' affecting Hg, (x) affects also Hg, (y),
and vice versa. For the pairs By, (x), By (y) sufficiently distant in the Hausdorff dis-
tance dg¢, one of the operators Hg, (x), Hg, (y) is not affected by some sub-sample
of the random potential, affecting the other one (cf. [17, 18], [27, 28]).

Klein and Nguyen [27, 28] proved both the one-volume and two-volume multi-
particle EVC bound with optimal volume dependence, but their analog of Theo-
rem 2.2 is established for the balls separated in Hausdorff distance and not just
in the symmetrized distance ps. This is why we need Theorem 2.2 replacing [17,
Theorem 2]. Both dg¢ and pg are pseudo-distances in the configuration space of
N > 1 distinguishable particles (considered in the present paper), but pg becomes
a bona fide metric in the physically more relevant case of indistinguishable quan-
tum particles. Notice that the notions of the Hausdorff and symmetrized distance
become equivalent in the particular case where N = 2. The crucial difference
between them appears only for N > 3, thus settings apart the class of two-particle
Anderson models.

Proof. The proof of Theorem 2.2 will be obtained by collecting the assertions
of Lemmas 2.1, 2.3, and 2.4 (in the latter, ' = " = 2/3 by Lemma 2.1) and
Corollary 2.2. O

Given a random field V(x; w), x € Z, and a finite subset Q C Z, consider the
sample mean &g and the fluctuations of V| relative to &q:

fo(@) = (17" ) V(x0), nx(@) =nxa@) = V(x;i0)—a(@), 27
x€Q

and the sigma-algebra o C B generated by the fluctuations {5, x € Q} and by

{(V(riow).y ¢ Q.
We use the following property reflecting regularity of the conditional mean.

(RCM) There exist constants C',C", A', A", %', 9" € (0,+00) such that for
any finite subset Q C Z, the (random) continuity modulus sq(-) of the
conditional distribution function F¢ (- |Fo) of the sample mean £q, defined
by

so(s) := inf  sup(Fg(a + b |§o) — Fe(alTo)). (2.8)
beQb>s geq

satisfies for all s € (0, 1]
Piso(siw) = C'G Qs < " Q*"s”". (2.9)
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The property (RCM) is shaped to be used in the context of IID random fields V,
but it can be reformulated in terms of diam Q instead of |Q|. In any case, the
independence of values of V is not formally required, but, clearly, for an 1ID
random field V:Z x Q — R the condition (RCM) is simply a property of the
single-site marginal distribution. Bearing this in mind, below we sometimes refer
to (RCM) as a property of, or a condition for, a probability measure on R. It is
fulfilled — deterministically, i.e., with C” = 0 — for an IID Gaussian field, e.g.,
with zero mean and a unit variance; in this case the sample mean is independent
of the fluctuations 7, and has a normal distribution with variance 02 = (1 Q)~!.

The form of the property (RCM) actually used in the key Lemma 2.4 stated
below is as follows; it does not refer directly to the conditional continuity modu-
lus sq.

Let be given n > 1 1ID rv. Xy,..., X,; introduce |as before] the sample
mean §, the fluctuations n; = X; — &, and the sigma-algebra §, generated by
the fluctuations [the direct analog of Fo when X are labeled by the points of
a finite set Q, |Q| = n]. Then for any s € (0, 1] there is a measurable subset
Ss C Q with P{gs} < C"n"s%" such that for any §,-measurable real-valued r.v.
¢, setting I(s; w) = [{(w), {(w) + 5] C R, one has

P{lgwersio Igng, | S0} < C'n?'s?, (2.10)
and consequently,
P{t(w) € I(s:w)} < C'n's? + C"'n"s?". @2.11)

Lemma 2.1 ([14, Theorem 4)). If the marginal probability measure p of an 11D
random field V:Z x Q — R obeys (1), then V fulfills property (RCM) with
¥ =9"=2/3.

The values of the constants A’, A”, C’, C” figuring in (RCM) are of minor, if
any, importance for our proofs. For the reader’s convenience, we summarize in
Appendix D the proof of Lemma 2.1.

Corollary 2.2. Letthe probability measure P of an 11D random field V: ZxQ2 — R
have the single-site marginal measure |1 = (L1 * (L, Where |1 satisfies (V1). Then
P fulfills the condition (RCM).

Proof. First, notice that adding a non-random background potential, V(x; @) >
V(x;w) + W(x), preserves the property (RCM). Further, the representation u =
W1 * (o implies that V' is the sum of two independent, IID random fields V;,
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i = 1,2, where the marginal measure of V; is u;. Conditioning on V, renders
the latter non-random. Therefore, the required probability bound is obtained by
conditioning on V5, since V; satisfies (RCM). O

Before we move further, let us introduce some notation. In (2.12) we define
the support (or projection) TIx of the configuration X = (x1,...,xy) € ZV, the
support ITB of the ball B = B™)(x, L), and — given a subset J C {1, N} — the
partial supports (projections) I15x and I14B:

Mx=| Jx}cz TB=|JB(.L)C2, (2.12a)
1<i<N 1<j<N
Myx = Jix;) c 2. IyB=|JB(y.L)C2, (2.12b)
J€d j€g

with I1gx = @ (for J = @).

Definition 2.2. A ball BN (x, L) is called weakly separated from BN (y, L) if
there exists a bounded subset Q C Z of the single-particle configuration space,
with diam Q < 2NL, and subsets J;,J> C {l,..., N} such that #J; > #J>
(possibly, with g, = @) and

(Mg, BM(x, L) U T15,BM(y, L)) C Q, (2.13a)
My BN (x, L) U Tz BN (y, L)) € 2\ Q. (2.13b)

A pair of balls BM (x, L), BV (y, L) is called weakly separated if at least one of
the balls is weakly separated from the other.

To stress the role of the set Q, we will say, where appropriate, that BY) (x, L)
and BN (y, L) are weakly Q-separated.

» The notion of weak separation and its role can be explained as follows.
If BM(x, L) is weakly Q-separated from B‘N)(y, L), then there are more par-
ticles in Q from the configurations z € BY)(x, L) than from z € B™)(y, L), and
this makes the EVs of Hgw) 1) more sensitive to the fluctuations of the ran-
dom potential in Q than the EVs of Hgv)(y 7). However, even a weakly separated
pair of balls can have [TIB™)(x, L) = IB™)(y, L) (for N > 3), and then every
V(u; ) affecting Hgv) 1) affects also Hgv) y, 1y, and vice versa. (This is why
we qualify the above form of separation” as “weak.”) <

Lemma 2.3 ([13, Lemma 8)]). Any pair of 4NL-distant balls B™)(x, L),
B™N)(y, L) is weakly separated.
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Lemma 2.4. Let V:Z x Q — R be a random field satisfying the condition (RCM).
Assume that the balls B™M) (x, L), BN (y, L) are weakly separated. Then for
any s > 0 the following bound holds for the spectra Yx = E(H(N) ) and

B(x,L)
._ N) .
Yy 1= E(HB(y,L)).

P{dist(Zy, By) < s} < C L9s" + "L s"" (2.14)
for some a’,a”, 6/, C" and the same ¥, 9" € (0, 00) as in (2.9).

Proof. Let Q be a set satisfying the conditions (2.13) for some J1,d> C {1,..., N}
with f J1 = n1 > ny = §J». Introduce the sample mean ¢ = &g of V over Q, and
the conditional continuity modulus sq(-) as in (2.8). We have #Q < C;(2NL)? <

~/

const L4, thus with ¢’ = a’(A’,N,d), a” = a"(A”,N,d) and some (7/,C ,
we have (cf. (2.9) and (1.1))

tBM(x, L) C' (494 < €LY, (2.152)
ﬂB(N) (y’ L)C//(ﬂQ)A” S éﬂLaN‘ (2.15b)

It follows from V(x:w) = £a(@) + nx(@) (cf. (2.7)) that HY)) () and

(N) . .
HB(y, L (w) admit the representations

H) 1) (@) = mE@) 1+ A' (@), (2.16a)
Hiy) 1) (@) = n2£(@) 1+ A”(0), (2.16b)

where the operators A’ (w) and A” (w) are Fo-measurable. Let Xy = {A1,..., g/}
and Xy = {u1,..., ukr}, be the spectra of H]%z L) and H](;\(’y) Ly’ counting multi-
plicity, with K’ = # B(x, L) and K" = #{B(y, L).

Owing to (2.16), we have A;(0) = ni&(@) + A 2(), (@) = nt(w) +
”50) (w), where the random variables A§°) (w) and u}o) (w) are Fo-measurable.
Therefore,

(@) = pj (@) = (1 —n2)E@) + A2 () — 1 (),

with n; —n, > 1, owing to our assumption. Further, we can write

P{dist(Zx, Zy) <sh < D Y E[P{A — ] <5 [Fo}l.

1<i<K’' 1<j<K”
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Note that for all i and j we have (cf. (2.8))

P{Ai — ] < 5180} = P{l(n1 —n2)E + A — ui”| < 5|Fa}
< s02ln; —na2|" s | Fa)
<5025 [§0).

Set
Dy = {w:sup |Fe(t + s |F) — Fe(t|30)| = € L5},
teR

By (RCM) (cf. also (2.15)), P{D,} < C"L¥"s*"}. Thus,

P{dist(Zx, Xy) < s} < E[lg\p, P{dist(Zx, Xy) < 5 [Fo}] + P{Dr}
~/ Y ~1 Y% (2'17)
<CL%sY +C L% sV,

as claimed in (2.14). This finishes the proof of Lemma 2.4. O

» By (vV2), Lemma 2.1 and Corollary 2.2, (RCM) is fulfilled with ¢/ = ¢ = 2/3,
thus the RHS in (2.17) is bounded by CL4s?/3 (cf. Lemma 2.4), for any pair
of 4N L-distant balls of radius L (cf. Lemma 2.3). This completes the proof of
Theorem 2.2. «

Theorem 2.2 is crucial in the proof of Lemma 3.7. Namely, it allows us to in-
fer from the fixed-energy decay bounds (simpler to establish) their energy-interval
counterparts, required for the proof of spectral and dynamical localization, with-
out an additional energy-interval scaling analysis employed in the bootstrap multi-
scale approach (cf. [27] and [23]).

2.3. Weakly interactive balls. In presence of a decaying interaction, the balls
in the N -particle configuration space can be classified in terms of their distance to
the sites where the interaction potential takes the largest values. For our purposes,
the following simple classification suffices.

Definition 2.3. An N-particle ball B™) (u, L), with N > 2, u = (uy,...,upn),
is called weakly interactive (WI) if

diam(ITua) := made(ui,uj) > 3NL, (2.18)

1<i<j<
and strongly interactive (SI), otherwise.
The meaning of Definition 2.3 is that a particle system in a WI ball can be

decomposed into distant subsystems that interact “weakly” with each other, while
for an SI ball such a decomposition may be impossible. See Lemma 2.5.
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Lemma 2.5. For any W1 ball B™) (u, L) there exists a decomposition {1, ..., N}
=Ju HE, such that,

d(MyB™ (u, L), ;BN (u, L)) > L. (2.19)

Proof. Suppose that diam(ITu) > 3NL; we have to show that the projection
I1B(u, 3L/2) is a disconnected subset of Z.

Assume otherwise; then every nontrivial partial projection I[Izu, @ C J C
{1,..., N}, is at distance < 2 - % = 3L from IT,cu. Then a straightforward
induction in N > 2 shows that diam ITu < (N —1)-3L < 3NL, contrary to our
hypothesis.

Now, as I1B(u,3L/2) is disconnected, there is a nontrivial decomposition
{1,...,N} = g u g for which

d(I1gB(u,3L/2), Hg[;B(u, 3L/2))>0
1 1
= d([I4B(u, L), Hg[;B(ll, L)) > EL + EL =L,
as asserted in (2.19). O

The decomposition (g, HC) figuring in Lemma 2.5 may be not unique. We will
assume that such a decomposition (referred to as the canonical one) is associated in
some unique way with every N -particle WI ball. Accordingly, we fix the notation
N =4J, N = ﬂHC = N — N’, and further, for x = (x1,...,xy) € B(u, L),

Xg = (xil, .. .,xiN,), Xg[: = (le, . "’xjN”) (2.20)

where J = {i1,...,in’} and3D={j1,...,jN~}, with 1 <i; <---< iy <N and
1 <ji <---< jy» < N. This gives rise to the Cartesian product representation

BM(u,L)=B xB’, (2.21)

with B = B¥)(uy, L) and B” = BV (u,,
factorization. Consequently, the operator Hgv ) ina WI ball B = B(u, L) can be
represented in the following way:

L), which we call the canonical

HY = B @ 1V + 1) @ HYY" + Up g/ (2.22)

Here the summand Up/ g~ takes into account only the interaction between subsys-
tems in the balls B’ and B” and has a small norm for L large.



286 V. Chulaevsky and Y. Suhov

Lemma 2.6. Let BN (x, L), BN (y, L) be a pair of S balls with p(x,y) > SNL.
Then

nBWY) (x, L) nTIBM(y, L) = @ (2.23)

and, therefore, the random operators Hgw) x 1)(®) and Hgw) y, 1) (@) are inde-
pendent.

Proof. By definition, for any SI balls BV (x, L), B (y, L) we have

max d(x;, x;) <3NL, maxd(y;,y;) <3NL,
i,] 129)

and it follows from the assumption p(x,y) > 8 NL that for somei’, j' € {1,..., N}
d(x;s, yjr) > 8NL, thus forany i, j € {l,..., N}

d(x;. ;) = d(xir, y7) — d(xir, xi) —d(vyr. y;) > 8NL — 6NL = 2NL.
Respectively, for the balls By (x), Bz (y) of radius L we have, with N > 1,
dist(TIBz (x), TIBL(y)) > 2(N — 1)L > 0,

so MIB™(x, L) N IBW)(y, L) = @. Hence the samples of the random potential
in Hgv) (x,1,) (@) and Hgwv) y 1) (@) are independent. d

Throughout the paper we consider a sequence of integers Ly > 1 (length
scales) of one of the two forms:

(@) Lg:=LoY*, k=0,1,..., (2.24a)

or

() Lig1 =[L%). k=0.1,... (2.24b)

with given initial integer values Lo > 1,Y > 1 and a scaling exponent o > 1.

3. Fixed-energy and energy-interval estimates

The aim in this section is to prove the assertion (A) of Theorem 1.1. Until
subsection 3.3 we work with much simpler fixed-energy estimates, preparing the
grounds for the passage to the variable-energy (energy-interval) ones.
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Throughout the section we use the conditions, listed in the table (3.2), imposed
upon the key parameters of the inductive scheme involved. A few comments are
in order:

(i) Y and L are positive integers determining the length scales Ly = Ly Yk,
(i) « € (0, ¢) measures the rate of sub-exponential decay of the EFCs;
(iii) B € (0, 1) is a resonance/nonresonance threshold value, emerging in (2.2);

(iv) m* > 1and § € (0, 1) are the parameters figuring in (2.3) and measuring the
rate of sub-exponential decay of the GFs; we also use a sequence

my 1=m* (1 + 3Ly ANV, 3.1)
(v) v* = 1, used in (3.4) through the scaled value vy, plays a role similar to that
of m*, but controls the EFC (not GF) decay.
Recall that N ranges in {1,..., N*}.

m*, v* > 1 L = LoYk, Y > 5IN*
) In12 lv1—§
0<p<$ 8<m1n(l—m,§),henceZY1 >3

(3.2)

B 1n§) uy = v* QYN

0 < x < min (ﬁ,— .
2 Y my =m* (14 3Ly  PPyN*-N

We assume (3.2) to be satisfied throughout the whole Section 3; this will not
be reminded every time again. (Some technical statements remain valid under
broader restrictions than those from (3.2).)

3.1. Scaling the GFs. Property S(V, k). Before we start the scaling procedure,
we would like to stress that we consider from the beginning an underlying con-
nected graph Z € &(d, C;), with some d,C; € (0, +00), which can be finite
or infinite. Observe that the growth property &(d, C,) is inheritable by inclu-
sion, and as we shall see, all our bounds ultimately depend upon the graph Z only
through the parameters d and C,. Naturally, for a finite graph Z, the induction in
the length scales Ly is to be stopped as soon as L > diam Z. With this observa-
tion in mind, below we proceed, formally, as if Z were infinite.

Definition 3.1. Let be given a real number £ € R, positive real numbers §,6 €
(0,1), m* > 1, and an integer k > 0. An N-particle ball B = B™)(u, L) is
called (E, my)-good if it contains no pair of 8 NLj-distant (£, §, my)-S balls of
radius L.
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The notion defined in the next definition appears in the formulation of
Lemma 3.1 and in an important ingredient of its proof, Lemma C.2 (see the proof
of Lemma C.2 in Appendix C).

Definition 3.2. Given £ € Rand B € (0,1), aball BN)(x, L), k > 1, is called
(E, B)-completely non-resonant ((E, B)-CNR) if for all Ly_; < £ < L} one has

dist(S BN (x, £)), E) > 2e~ L%

The following statement will be used in the proof of Lemma 3.4 and 3.1.
To keep clear the main flow of argument, we prove separately (in Appendix C) two
key ingredients of its proof, Lemma C.I and Lemma C.2. Another pre-requisite
for the proof of Lemma 3.1 is Definition C.1.

Lemma 3.1. Suppose that a ball B™) (u, L) is (E, B)-CNR and (E,my)-
good. If Ly is large enough, then B™) (u, Ly 41) is also (E, 8, my)-NS.

Proof. Let A = B™ (u, L), B =B™ (u, Ly — 1) (cf. Definition C.1), and
fix any pointy € 0~ A, so that y & B. To prove the claim, we have to assess the
Green functions GEXN) (x,y; E) = Gglﬂ(m (x,y; E) forx € B.

By hypothesis, either A contains no (E, §, my)-S ball of radius Lg, or there is a
ball B™ (w, L) C B such that any ball BN (v, L) with v e B\B®)(w, 8NLy)
is (E, 8, my)-NS. Bearing in mind Lemma C.2, with L = Ly, — 1, denote by 8
the union of all spherical layers £, (u) such that £, (u) "NB™) (w,8NLy) # @. It
follows from the relation 8 < § (cf. (3.2)) that, for Ly or my large enough,

my —2L;°LP

_ 3
P =my(l—2mp L Py F) > Jmn >0 (33)

By Lemma C.2, for any with a fixedy € 0~ A (thus y ¢ B), the function f:x €
B— |GEXN) (x,y; E)| is (L, ¢, S)-dominated in B, in the sense of Definition C.1,
with ¢ < e~ 3~ L,

Owing to Lemma C.1, we can write, with the convention —In0 = 400, that

3
—In f(x) > —In {eL1€+1 exp [— —Li

(Lgx1—1)—Q2-8NLy + 1)Ly — Lk]}
Ly +1 '
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thus by virtue of the conditions in the table (3.2) (viz. Lo > 3, %Y -5 > 3
my >1,8<4,Y >51N* > 51N), one obtains

3 s(Y—1IN)Ly
_lnf(x) > ZmNLkT — Lk+1

3 s (Y-1IN I
z ZmNLkH (T(l — L) - §Lk+1)

31,
szL,iHZ(ng 1)
1
>myLL,, (ZYI—“ -1)

> 2my Ly,

>myLS, +In(Con LY,
provided Ly is large enough. |

Given Ly, Y, §,k, m*, v*, consider the following property S(N, k) depending
upon N and k (S stands for “singularity”):

S(N,k) forall E € R, 1 <n < N and configurationu € %

P{B®™(u, Ly) is (E, 8, my)-S} < e "Lk, (3.4)

Recall (cf. (3.2)) that v, = v*QY*)N “~n_ The MPMSA inductive scheme
consists in checking S(N, k) forall N € {1,..., N*} and k > 0. The initial length
scale bound S(N,0), forall 1 < N < N* with a fixed N* > 2, follows directly
from Lemma 3.2.

Lemma 3.2. Suppose a positive integer M and an M x M Hermitian matrix A are
given, as well as real-valued random variables (not assumed to be independent)
Wi, ..., Wum, with continuous distribution functions Fw,, 1 <i < M. Let W(w)
be the diagonal random matrix diag(W1(w), ..., Wy (w)). For any s > 0 and
€ € (0, 1), there exists g* < oo such that if |g| > g* then

sup P{(A+gW —ED7}| > s} <e.
EeR
Consequently, for all § € (0,1), k € (0,¢) and m*,v* > 1, there exists
go € (0,00) such that for all 1 < N < N™ and positive integer Ly, property
S(N, 0) holds true for |g| > go.
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The proof is omitted; it is based on a well-known argument employed in
a number of papers on the MSA (cf., e.g., [20, Proposition A.1.2]) and is not
contingent upon the single- or multi-particle structure of the random diagonal
entries of the matrix A.

3.2. The GFs in WI balls. The MPMSA induction

Lemma 3.3. Fix 8,6 € (0,1), m* > 1 and E € R. Suppose that a W1 ball
B (u, Ly) is (E, B)-NR and satisfies the two following conditions:

forall X' € SHY)B” is (E — A, 8, myn») — NS, 3.5)
forall \" € SHY )B is (E — A", 8, myr) — NS. (3.6)

If Ly is large enough then BY) (u, Ly) is (E, 8, my)-NS.
Proof. See Appendix A. O

Lemma 3.3 is used in the proof of Lemma 3.4.

Lemma 3.4. Assume property S(N — 1,k) for some given Lo, Y > 1,8 € (0, 1),
Kk € (0,8) andm*,v* > 1 (see eq. (3.4)). If Lg is large enough then for any E € R
and W1 ball B&) (u, Ly),

3

P{BM (u, L) is (E, 8, my)-S} < e 2"Nlky1, (3.7)
Consequently, for Lg large enough, for all x € Z,

P{BMN)(x, Ly1) contains a WI (E, 8, my)-S ball B™ (u, Li)}

3.8)
N y Nd —3yNLE 1 —v LE ( :
< CZ Lk-l—l .e 2 k+1 < Ze k+1,

Proof. Denote by § the event in the LHS of (3.7). Let B = BW)(u, L), with
the canonical factorization B = B’ x B’, and denote H' = Hgy ), H' = Hgy )
(cf. (2.21), (2.22)). We have

P{S} < P{Bisnot E-NR} + P{Bis E-NRand (E,§,my)-S }. (3.9

B/2
The first term in the RHS is assessed in Theorem 2.1 and bounded by e bt <
%e_%”"’]‘hl, since k < /2 (cf. (3.2)), so we focus on the second summand.
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Introduce the events
8 := {w: (3.5) is wrong},
8" := {w: (3.6) is wrong}.
Then, with m’ := mpy, by virtue of Lemma 3.3,
P{8'} = E[P{there exists A" € Z(H"): B’ is (E —1",8,m")-S|§"}].

where the sigma-algebra §” is generated by the sample of the random potential
V in TIB”. Conditioning by §” renders X (H”) nonrandom. By definition of the
canonical decomposition, TTB’ N TTB” = @&, and since the random field V is TID,
we have
esssupP{B'is (E —1",8,m")-S|F"} < sup P{B'is (E",§,m')-S}.
E"eR
Further, by the assumed property S(N — 1,k), for N' < N — 1,

P{B is (E",8,m')-S} < e "N-1Lk = ¢~V Lk (3.10)
(cf. the definition of vy in (3.2)). Thus we obtain that

P{8'} <t B” sup P{B'is (E”,§,m’)-S}
EVeR
| 3 (3.11)
< CéVLIICVd exp{—2vNLi+1} =< 3 CXP{— EVNLZ_H};

here the last inequality holds for L large enough. Similarly, with m” := mpy»,
1 3
P{8"y < sexp{ = SuvLip, |- (3.12)

Collecting (2.4), (3.9), (3.11) and (3.12), the assertion (3.7) follows.

To prove (3.8), notice that the number of WI balls of radius Lj inside
B (x, Li4,) is bounded by B (x, Li1), and the probability for a WI ball
to be (E, 8, my)-S satisfies (3.7), so the last inequality in (3.8) follows, again for

Lo large enough. |
Now, given k = 0, 1,.. ., consider the following probabilities:
Pr = sup P{ BM™ (u, Ly) is (E., 8, my)-S}.
ue
Qi+1 = sup P{B™Y) (w, L) is not (E, B)-CNR},
uez
Sk41 = sup P{BY)(x, Li4,) contains a WI (E, 8, my)-S ball BN (u, Ly)}.
xezN
Note that

for N =1, Sg4+1 = 0 (1-particle balls cannot be WI). (3.13)
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Theorem 3.1. Suppose that, for some given Y > 2, § € (0,1), k € (0,¢) and
m*,v* > 1, the property S(N, 0) holds true with Lq large enough. Then S(N, k)
holds true for all k > 0 with the same Ly, Y, §,k, m* and v*.

Consequently, by the second assertion of Lemma 3.2, S(N, k) holds true for
arbitrarily large m* and v*, provided that |g| > go(m™, v*) with go(m*, v*) large
enough.

Proof. Tt suffices to derive S(N,k + 1) from S(N, k), so assume the latter.
By virtue of Lemma 3.1, if a ball B (x, Li44) is (E, §, my)-S, then it is either
not (E, B)-CNR(with probability < Qg41) or (£, my)-bad.

By (3.8), the probability of having at least one weakly interacting (£, my)-S
ball BM (u, L) € BM(x, Ly 1) obeys: Sgrq < e VL,

Note that this is the only point where the inductive hypothesis S(N — 1, k) is
actually required, for N > 2, while Sg4; = 0 for N = 1, because of (3.13).

Therefore, it remains to assess the probability of having at least 2 balls of
radius Ly inside B™)(u, Li,,) which are SI, (E,§,my)-S and 8NL-distant.

The number of such pairs is < C2V L2V4, thus, owing to Lemma 2.6, we have*

1
Pri1 < EcéNLijﬁP/% + Sk41 + Qk41-

Nd+1_—L52 .
It follows from Theorem 2.1 that Qg4 < C L[ e “k+1, B/2 > k, so with Lo

large enough, Qx < 1e™"V Li+1 for any k > 0. Finally,
1 1 K 1 K
Prig < EcgN LNip? 4 Ze—“NLk + Ze—”NLk. (3.14)
The assertion of the theorem will follow if we show that, for L, large enough,
Pri1 <e "Nk je., C2NL2NIp2 < e "N Lk+1 | The last fact follows from (3.2).

k+1
Indeed, for any finite C, 4 and L large enough, with « < Y ~'1In(4/3) (cf. (3.2)),

—In(CL{ P} > 2unLE —C'InLiyy

2 C/ln Lk+1
= VNLi_l—l(W_inLi )
3 C/ln Lk+1
= vNLi-Fl(E - VNLz )
> VL.
This completes the proof of Theorem 3.1. O

Theorem 3.1 allows us to complete the MPMSA inductive scheme.

4 A statement like Lemma 2.6 is not required for N = 1, if the random potential is IID, since
disjoint 1-particle balls give rise to independent Hamiltonians.
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Indeed, owing to Lemma 3.2, for any given Lg, §, «, m* and v*, the property
S(N, 0) holds true for sufficiently large |g| and all N = 1,..., N*. The scale
induction step k ~> k + 1 is provided by Lemmas 3.1, 3.3 and 3.4 and Theorem 3.1.
By induction in k, this proves S(N, k) for | < N < N* and all k > 0, provided
that S(N — 1, k) is proved for all k > 0. The base of induction in N is obtained in
a similar (in fact, simpler) manner.

3.3. From fixed-energy to energy-interval estimates. The core of the technical
argument in this section relies upon the two-volume EVC bound (Theorem 2.2).
Given a positive integer L and u € Z, define the quantity Fy(E) = FleL) (E):

Fu(E) = LNd () - E)|. 1
w(E) = Cz N zear—n]?()l(l,L)lGB(u’L)(u’z’ )| (3.15)

For brevity, we denote by X, the spectrum of the operator Hg\(’l: L) Owing to
assumption (V2), for N < N*, the norms of the operators H](;X 1) are uniformly
bounded, and so are their spectra. Therefore, the spectral analysis of these oper-
ators can be restricted, without loss of generality, to some finite interval / C R
independent of k > 0.

Lemma 3.5 (as well as Lemma 3.6) encapsulates a probabilistic estimate es-
sentially going back to the work [21] by Elgart et al. Here we follow closely the

book [19].

Lemma 3.5 ([19, Theorems 2.5.1 and 4.3.11]). Let be given an integer L > 1, balls
BM(L,x), BM(L.,y), an interval I C R of length |I| < oo and real numbers
ar,br,cr,qr > 0 satisfying

by < min{M tarc}, cL}. (3.16)
with M := max[{B™) (L, x), BN (L, y)]. Suppose in addition that
max[P{Fx(E) > ar}, P{Fy(E) > ar}] <qr. (3.17)
Assume also that for some A,C,> 0and 6 € (0, 1], forall e > 0
P {dist(Zx, By) < €} < CLAE. (3.18)
Then one has, with A’ = A + 2Nd and some C' < oo,

2|1 gL

b +C'LYE. (3.19)

P{there exists E € I:min[Fx(E),Fy(E)] > ar} <
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The proof of Lemma 3.5 relies upon a more general result, Lemma 3.6.
A similar assertion was proved earlier for the balls in 74 (cf. [19, Theorem 2.5.1])
and adapted to more general graphs (cf. [12, Theorem 2]). The single- or multi-
particle nature of the random potential is irrelevant here. Below we state it for a
ball B(u, L), mainly to set up a framework for the proof of Lemma 3.5.

Lemma 3.6 ([12, Theorem 2]). Given a positive integer L and a ball B =
BM(u, L), set M = #B and consider a random operator Hg = Hgv)(a)) of
the form

HpV)(x) = (—AYV)(x) + W(x;0)¥(x), x € B, (3.20)

where (X, w) — W(X;®) € R is a given random function. (No a priori condition
is imposed upon the distribution of W(x;w).) Let E; = Ej(w), 1 < j < M, be
the (random) eigenvalues of Hp listed in some measurable way. Take a bounded
interval I C R and let the numbers ay, by, cr,qr > 0 satisfy

by <min{M tarc?, cr} (3.21)
and forall E € 1
P{Fu(E) > ar} < qr. (3.22)

where Fy(E) is as in (3.15). Then there is an event By of probability P{By} <
|11b7'qr such that for all ® & By

€u(2ar) :={E € I:Fy(E) = 2ar} C UM, I;, (3.23)

where I; == (Ej —2c, Ej + 2cL).

Proof of Lemma 3.5. Let By and By be the events introduced in Lemma 3.6 for
the balls B™ (L, x) and BV (L,y), and let B = Byx U By. As in Lemma 3.6,
denote by €x(2ar), Ey(2ar) the energy sets related to BY)(L,x), BN (L, y),
and introduce the event 8y = {w: Ex(2ar) N Ey(2ar) # T}. Then we have

IP{Sx,y} < P{B} + IP{‘Sx,y \ B} < 2bZICIL|I| + IP{‘Sx,y \ B}. (3.24)

For any o ¢ B, each of the energy subsets Ex(2a), Ey(2a) is covered by intervals
of length 4cy, centered at the respective EVs of H](SA(’X) L) and H](;zy) L)
Recall that we have assumed? the two-volume EVC estimate (3.18) (with

an exponent § > 0) for the pair BN (x, L), B™(y, L). Thus, with Iy :=

5 In the application of Lemma 3.5 to the proof of Lemma 3.7, we rely on Theorem 2.2 actually
proving (3.18) with & = 2/3.
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E(H](;ZX),L)), Yy = E(H](g)?,L))’ and some C’, A" € (0, +00),

P{Sxy \ B} < P{dist(Xx, Xy) < 4c}

} (3.25)
< CLA(4cp)? <C'L¢.

Collecting (3.24) and (3.25), the assertion of Lemma 3.5 follows. O

We use Lemma 3.5 in the proof of Lemma 3.7, with g1, = e VLK [ = Ly.

Lemma 3.7. Assuming Lo large enough, for any k > 0 and any pair of ANLy -
distant balls BN (x, L), BN (y, Ly), the following bound holds true:
N

P{there exists E € R:min[Fy(E), Fy(E)] > e" 3Lk} <e Lk, (326)

where vy > v* can be made arbitrarily large for |g| large enough.

Proof. As was noted, the spectrum Xy is contained in a fixed bounded interval
I C R. For k > 0, we have, by S(V, k), that, with a = e~ LK 5 eI
(recall: k < B/2 < 6/2)
P{Fx(E) > a}, P{Fy(E) > a} < e "NLk,
The LHS of (3.18) can be assessed with the help of Theorem 2.2:
P{dist(Zx, Tx) < €} < CLA?/3.

A direct inspection shows that the quantities

ajp = C_UTNLK, by = 6_2‘)3N LK, cL = e_“é\f LK, qr = e_VNLK’ (3.27)
satisfy the conditions (3.21)—(3.22), hence Lemma 3.5 applies, with L = Ly, and

we obtain that, with some A < +o00 and L large enough,

P{sup min[Fy(E), Fy(E)] > e~ 3 Lk} < 2|I]e 3 Lk + ¢'LAe™ 37 Lk
Eel
< e_vlilyl’%

as asserted. O
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Lemma 3.7 is an important ingredient of the proof of Theorem 3.2.

3.4. Strong dynamical localization. Now we are going to complete the proof
of the assertion (A) of Theorem 1.1. The staple here is Lemma 3.8 presenting a
more general result®, under the key assumption (3.30).

Given a finite subset A C 2%, we deal with a finite-dimensional random
Hamiltonian Hy = H{" (0) in £2(A):

Ha /) (x) = (A ) () + W(xi0) f(X), Xx€A. (3.28)

Here (x,w) — W(x,w) is a bounded real-valued random field on A. (As in
Lemma 3.6, no assumption is made about the distribution of W(x, ®).) At the
same time, we consider Hamiltonians Hg\(]g 1) in the balls BM(u, L) € A. As

in (3.15), let

Fu(E) = Cz yL¢  max |Gpg,r)(u.z E)|. (3.29)
z€d—B(u,L)

Like before, denote by B;(R) the set of continuous functions ¢: R — C with
[#lloo < 1.

Lemma 3.8 ([9, Lemma 9]). Given a positive integer L, assume that the following
bound holds true for a pair of balls B(x, L), B(y, L) C Z with p(X,y) > L + 2
and some positive functions u, h:

P{there exists E € R: min[Fx(E), Fy(E)] > u(L)} < h(L). (3.30)
Then for any finite connected subset A D B(x, L + 1) UB(y, L + 1) one has

E[ sup [{1x|¢p(Ha)[1y)[] < 4u(L) + h(L). (3.31)
$€B1(R)

Proof. The proof repeats verbatim that of Lemma 9 in [9], except for the quantity
u(L) replacing an explicit expression e L. |

6 We emphasize that the main idea of the simplified derivation of the strong dynamical
localization from the energy-interval MSA bounds is due to Germinet and Klein [23].



Efficient localization bounds for large multi-particle systems 297

For a finite A, Assertion (A) of Theorem 1.1 now follows from

Theorem 3.2. Given v > 0, there exist g«(v), C«(v) € (0,00) such that, for
lgl = g«(v), and 1 < N < N*, forall X,y € Z and a finite A C Z with A 3 Xx,y,

Txy:=E[ sup |(Ix|p(Ha)|ly)|] < Cu(v)e™ s (3.32)
9€B1(R)

Proof. Without loss of generality, it suffices to prove the assertion for the pairs
of points with pg(x,y) > 4NL,. Indeed, the EFC correlator is always bounded
by 1, so for pairs x,y with ps(X,y) < 4NLj the bound in (3.32) can be attained
by taking a sufficiently large constant C.

Thus, fix points X,y € Z with R := ps(x,y) > 4NLy. There exists k > 0
such that R € (4NLy,4NLj,1]. Arguing as above, it suffices to consider a finite
A C Zsuchthat BM(x, Ly + ) UBM(y, Ly +1) C A.

Since R < 4NLy41 = 4NYLg, we have Ly > R/(4NY). Combining
Theorem 3.1 and Lemmas 3.7 (cf. (3.26)) and 3.8, we obtain, with « < §,

___ VYN RK _UiNRK
Tyy < 4e 3@NTFT 4 e  TIANTF & (3.33)

Furthermore, by the second assertion of Theorem 3.1 (cf. also Lemma 3.2), given
an arbitrary v > 0, we can choose a sufficiently large” |g|, so that the initial scale
estimate S(N, 0) in (3.4) is fulfilled with vy > 44N Yv. Then we obtain

Tyy < 56 VRY _ gav(es(xy)*
This completes the proof of Theorem 3.2. O

The case of an infinite A C 2 requires an additional limiting procedure
(making use of Fatou’s lemma applied to the EF correlators), developed earlier
by Aizenman et. al.; cf., e.g., [1], [2, Appendix A], [3, Sect. 2]. As the argument
can be repeated here without any significant change, we omit it from the paper.

4. Exponential decay of eigenfunctions

The aim of this section is to prove the assertion (B) of Theorem 1.1. This is achieved
along a scheme developed in [16, 17, 18, 19] and modified to include the case of a
graph Z € &(d, C;) and an infinite-range interaction potential U'.

7 One can also take a slightly smaller k > 0 and consider only R > L with k large enough.
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The following table summarises the relations between various parameters,
assumed throughout the entire Section 4:

r>max(§“1,1> N>a>2t (hencew > 2)
(1 7
0<pB<min|=, ¢ — N>K+1>2x
2 8a @.1)
my =m* (1 +43Ly PHN"=N m* > 1
P(N) = P*2u)N" =N P* > 12N*da

Observe that
foral N =1,...,.N* P(N)> P* > max(24Nd,2Nda). 4.2)

Compared to the scheme used in Section 3, the main distinction is that here we
adopt a super-exponential scaling scheme where

Ly = |L¢ ]~ (Lo)*", (4.3)

with the exponent « satisfying the conditions (4.1); it depends upon the value of ¢
in condition (U) (cf. eq. (1.8)). (The smaller ¢ > 0, the larger is «.) This scheme,
going back to Ref. [20], provides weaker (power-law) probabilistic bounds than
in Section 3, but allows one to establish exponential decay of the GFs, resulting in
exponential decay of the EFs, instead of the sub-exponential one, stemming from
the analysis of the EFCs in Section 3.

The property S(N, k) will be replaced in this section by its counterpart,
Sexe(V, k), presented in (4.9), adapted to the exponential decay bounds.

The base of induction on N, Sgxp(1, k), was established in Ref. [12] where one-
particle disordered systems on a graph of the class &(d, C;) were studied in the
strong disorder regime. Like in Section 3, it also follows from our scaling analysis.

4.1. The analytic step: scaling the GFs. The following definitions are modifi-
cations of Definitions 2.1 and 3.1.

Definition 4.1. Given E € R and m* > 1, an N-particle ball B = B™)(u, L) is
called (E, my)-nonsingular ((E,my)-NS), if for ally € 07B,

Con LV |GY (x,y; E)| < eV -DL, (4.4)
where
y(my.L) :=my(1+ L7V®), (4.5)

Otherwise, B is called (E, my)-singular ((E, mp)-S).
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As was said in Section 2.1 (see the paragraph after Definition 2.1), the constant
Cz,n is chosen so as to guarantee sup .~ §0B™)(x, L) < Cz yLN? for all
L>1.

Definition 4.2. An N-particle ball BN (u, L), with N > 2, u = (uy,...,un), is
called weakly interactive (W1) if

diam(ITu) > 3NL", (4.6)
and strongly interactive (SI), otherwise.

The two following statements, Lemma 4.1 and 4.2, are analogous to Lem-
mas 2.5 and 2.6, and so are their proofs which will be omitted.

Lemma 4.1. For any W1 ball B™N) (u, L) there exists a decomposition {1, ..., N}
=Ju HD, such that,

d(MzBM (u, L), ,cB™ (u, L)) > L*. 4.7)

Lemma4.2. Let BN (x, L), BN)(y, L) be a pair of S1 balls with p(x,y) > SNLT.
Then
NBM(x, LynTIBM(y,L) = @ (4.8)

and, therefore, the random operators HB(N)(X, L)(a)) and HB(N)(y’ L) (w) are inde-
pendent.

Definition 4.3. Given E € R, t > 0, m* > 1 and integers k, K > 0, we say that
aball BM(u, L) is (E,my, K, 7)-good if it contains no collection of K + 1
(or more) pairwise 8N L -distant (E, my)-S balls of radius Ly.

Notice that if BN (u, L) is not (E, my, K, 7)-good, then it contains
e cither at least one (E, my)-S WI ball of radius Ly,
e or at least K + 1 pairwise 8N L,’(-distant, SI, (E, my)-S balls of radius L.

A pre-requisite for the proof of the following statement is Appendix C. This is
a standard result of the MSA with length scales Lj ~ L"‘k, a > 1(cf, e.g., [20]).

Lemma 4.3 (Lemma 3.1). If B™(u, Li4,) is (E, B)-CNRand (E,mn, K, 7)-
good and Ly is large enough, then BN) (u, Ly1;) is (E, my)-NS.

Proof. Set A = BM@, Lyy), B = BM W, Li,; — 1) and fix y € 97B,
soy € A\ B (the latter is required for the application of Lemma C.2, with
L =Lgy—1). Let

fyiz— |G (@, y: E)|.
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By assumption, there is a (possibly empty) collection of balls B(u;, L;) C A, 1 <
j < K’,with K’ < K, such that any ball B(v, L) withv € B\U]I-i1 B(u;,8NLy)
is (E, my)-NS. Fix such a collection. As in Definition C.1, item (2), denote by
L, (u) the spherical layer {z € Z: p(z,u) = r}, r > 0, and set

K/
= {X € Bry—Li—1(W): Lan ) N Bezr (w) # Q}

Jj=1

(here § stands for “singular”). Then any ball B(v, L) C B withv € B\ Sis
(E,mp)-NS, and 8 is covered by a family of < K annuli with center u and total
width < K(2-8NL; +1) < 17NKL;, with Lo large enough. By Lemma C.2 fy
is (Lg, g, 8)-dominated in B; here (cf. (C.8) with § = 1)

~Ing =my(1+ L)L — LF, | —In(C L)

> myLi + (my L)* —2L5F)
> Ligmy(1+ %L,ZI/S),

where the last inequality follows from the assumptions o < 7/8 and my >m™* > 1
listed in (4.1). By virtue of Lemma C.1 (cf. eq. (C.5), with L = Li4; — 1),

(Lg41—D—1INKLE—1 Lg41—18NKLY

fy(w) =gq Tk M(fy.B) =g "5 M(fy.B).

One can see that, witha > 27, 8 < 1/2, my > 1,

L —18NKLT
—In fy(u) = —ln{(e_mN(H%L;l/S)Lk)k+11+7kaeLk+l}
_1+L
Lgy1(1—18NKL; ) P
- Lk+1
1+ Ly
> my L {(1+ L0 - L2 - LV

k+1 k+1
> Lgyimy (1 + 2L]:_}_/18)

> y(my, Lit1) L1 + In(Con L)),

=mpy(l+ %L;l/s)Lk

assuming L is large enough. This leads to the assertion of Lemma 4.3. |



Efficient localization bounds for large multi-particle systems 301

4.2. Localization in WI balls. The main result of Section 4.2 is Lemma 4.5.
We begin with an analog of Lemma 3.3, proved in Appendix B.

Lemma4.4. Fix E € Rand considera W1 ballB = B™N) (u, Ly) with a canonical
factorization B = B’ x B” and the respective reduced Hamiltonians H' = H](;,V )

and H' = H](;X”). Assume B is (E, B)-NR. Suppose in addition that for all
A" € X (H") the N'-particle ball B' is (E — A", my+)-NS and for all )’ € X (H')
the N"-particle ball B" is (E — ', mpn»~)-NS. Then the ball B is (E, my)-NS.

Consider the following property (replacing S(N, k); cf. eq. (3.4)).

Sexe(N, k) Forall E€R, 1 <n <N andu € Z", with P(n) as in (4.1),
P{B™ (u, Ly) is (E,my)-S} < L;7™. (4.9)

Lemma 4.5. Suppose that the property Sgxp(N — 1, k) holds for any E € R and
some given Lg,a, B,t and m*, P* > 1 and P(n) as in (4.1). Take L¢ large
enough. Then for any E € R and any WI ball B™) (u, Ly),

_3
P{BM (u, Ly) is (E,my)-S} < L2 ) (4.10)
Consequently, if Ly is large enough then for any E € R and any u € %,
P{B™ (u, Ly 1) contains a W1 (E, my)-S ball of radius Ly}
3
N Nd —5P(N)
=Cp Lt Ly, 4.11)
1 _—2pwv)

= Zka—l

Proof. First, we prove the bound (4.10). As in the proof of Lemma 3.4, set
B = B (u, L) and consider the canonical factorization B = B’ x B”, with the
reduced Hamiltonians H' and H”. Given E € R, introduce the event S = S(E, N):

8 ={w:Bis Wland (E, my)-S}.
We assess its probability with the help of the inequality
P{S} < P{Bisnot E-NR} + P{ B is E-NRand (E, my)-S }. 4.12)
As earlier, the first term in the RHS of (4.12) can be assessed with the help of

lL_%P(N)

Ly , so we focus on the second summand.

Theorem 2.1 and is bounded by
According to Lemma 4.4,

P{Bis E-NRand (E,my)-S} < P{8'} + P{8"}, (4.13)
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where
8" = {there exists A" € X (H") the ball B'is (E — A", my+)-S},
§8” = {there exists A’ € Z(H') the ball B” is (E — 1, my~)-S}.
Further, we have
P{8'} = E[P{there exists A" € T (H"):B" is (E — A", mn)-S | F"}],

where the sigma-algebra §” is generated by the sample of the random potential
V in TIB”. Conditioning by §” renders X (H”) nonrandom. By definition of the
canonical decomposition, ITB’ N TT B” = @, and since the random field V is TID,
we have

esssup P{ B is (E — A", my/)-S|F"} < sup P{Bis (E",mn)-S},

E’eR

and by the assumed property S(N — 1, k),
P{Bis (E",my)-Sy < L PNV, (4.14)

Therefore,
P{st <t B” sup P{B'is (E",my)-S} < CY LN L7V, (4.15)
as

after the substitution P(N — 1) = 2aP(N) (cf. (4.1)), the RHS can be made
< iL,;%_f (N), provided P(N) > 2Nda (and L is large enough). The latter

inequality follows from a bound in (4.1).
Summarising this calculation, we obtain

1 _-3pwv)
P{8'} < Zijl (4.16)
Similarly,
1 _3pwv)
P{8"} < Zijl 4.17)

Collecting (2.4), (4.12), (4.13), (4.16), and (4.17), the assertion (4.10) follows.

To prove (4.11), notice that the number of WI balls of radius Ly inside
B™)(x, Li4) is bounded by the cardinality #B®™) (x, Lx;), and the probabil-
ity that a given Wl ball is (E, my)-S satisfies (4.10). Therefore, the probability in
the LHS of (4.11) is upper-bounded, for L large enough, by

3 5 1 5
N, Nd »—3P(N) —SP(N) N, —iPW)+Na 1 —SPW)
Cy Lk+1Lki1 = Lk—il -Gy Lkil = ZLk—il

since P(N) > P(N*) > 4Nd, by virtue of (4.1) (cf. also (4.2)). O
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4.3. The probabilistic scaling step. As in Section 3.2, we introduce the proba-
bilities Pg, Qg+1 and Sg41:

P = sup P{BWY)(u, Ly) is (E, my)-S},

ueL

Qi+1 = sup P{B™) (w, L) is not (E, B)-CNR},

ueL

Sk+1 = sup P{BM(u, Li,,) contains a WI (E, my)-S ball BNV (x, Ly)}.

uezN

Theorem 4.1 is an analog of Theorem 3.1.

Theorem 4.1. Suppose that, for some given a, t, B, m*, P* as in (4.1), the
property Sexp(N, 0) is satisfied with Lg large enough. Then Sgxp (N, k) holds true
Jor all k > 0 with the same parameters.

Proof. It suffices to derive Sgxp(V, k + 1) from Sgxp(N, k), so assume the latter.
By virtue of Lemma 4.3, if a ball B(u, Lg1) is (E, my)-S, then

(a) either B(u, Li41) is not (E, B)-CNR(with probability < Q+1),
(b) or it contains

(bl) either at least one WI (E, my)-NS ball of radius Ly,

(b2) (b2) or K’ > K + 1 pairwise 8 NL}-distant, SI, (E,my)-S balls of
radius L.

By (4.11), the probability of the event (bl) is bounded by Si+; < % L,:ffN).
Therefore, it remains to assess the probability of the event (b2).

By Lemma 4.2, since the Lg-balls from this singular collection, say, Bz, (v;),
I <i < K+1, are pairwise 8 N L} -distant and SI, the Hamiltonians Hg, _(v;)(®),
1 < i < K + 1, are independent. The number of such collections is

< CKFON [ (KEDNA

k+1

I _(k+1)N ; (K+1)Nd
Prt1 = ECQ = L,(H_Jlrl) P;f+l+sk+1+Qk+1'

Nd+1 .—L52
It follows from Theorem 2.1 that Qx4+, < C Ly e mkat where 8 > 0, thus for

—P(N)

Pl for all k¥ > 0. Therefore, we can write

1
Ly large enough, Oy < ZL

1 1 1
Pryr < 50,%%&?’“135“ + ZkafN) + Zij_’fN’, (4.18)
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and the RHS can be made < L;f I(N ), whenever

(K + 1)P(N) — (K + 1)Nda > aP(N),

e.g., with K + 1 > 2« and Nda < %P(N), provided L is large enough. Again,
the conditions K + 1 > 2« and P(N) > 2Ndu follow from (4.1) and (4.2). O

4.4. Conclusion: exponential decay of eigenfunctions. In this section, as be-
fore, the condition (V2), as well as the property (RCM) stemming from it (cf.
Lemma 2.1), is always assumed, so we do not repeat it in the formulations of
Lemmas 4.6 and 4.7.

Recall that under the assumption (V2), the spectrum of the Hamiltonian H(w)
is a.s. bounded by a value O(|g|, N, d), and so are the spectra of its restrictions
to arbitrary finite balls, hence we can restrict our analysis to a compact energy
interval I; = I;(N,d) C R of length [/;|. Below we assume that such an
interval is fixed.

An analog of Lemma 3.5 is the following

Lemma 4.6. Suppose we are given two 4N L-distant balls By (x), B (y), and
numbers ay,, qr > 0 such that

;u% max[P{Fx(E) > ar}, P{Fy(E) > ar}] < qr.

with Fy, Fy defined as in (3.15). Then for any b > 0, one has

P{there exists E € I;:min(Fx(E),Fy(E)) > ar}
4.19)
< 2|1;|b_ICIL + C///L4Ndb2/3.

The reason why we need a separate bound (4.19) is that the derivation of the
variable-energy estimates based on Lemma 3.5 gives rise to exponential decay
of eigenfunctions only if the probabilistic bounds obtained by the fixed-energy
analysis in the balls of size L are also exponential in L (which is never the case in
the MSA); this can be seen in the condition (3.16).

In the proof given below, we will use the following auxiliary result, which,
unlike Lemma 3.5, is better adapted to the proof of exponential decay of the EFs
in a situation where the variable-energy MSA bounds (on the GFs) at the scale L
decay slower than exponentially in L.



Efficient localization bounds for large multi-particle systems 305

Lemma 4.7 ([12, Theorem 4]). Let be given a ball By (x), a bounded interval
I C R and numbers ay,, qr, > 0 such that

sup P{Fx(E) > ar} < qr. (4.20)
Eel

Set K = t B (X). Then the following properties (A), (B) hold true.

(A) Forany b > qr there exists an event 8 with P{8} < b~ '|I|qr and such
that for any w & Sy, the set of energies

Exl(ar) = Ex(aL;w) ;= {Fx(E) = ar}

is covered by K' < 3K? intervals Jx; = [Eg
Zi |Jx,i| <b.

(B) Consider the parametric operator family A(t) = Hpy +t1, t € R. The
endpoints E;fi (¢) for the operators A(t) (replacing Hg, (x))) have the form

EJ;], of total length

X,i°

Ef()=Ef +1. t€R.

Proof of Lemma 4.7. (A) Set for brevity B = By (x). We have that

Fx = max |Fyy|, where Fyxy := G (X,y; E).
yed—B

Fix y; the derivative of the rational function

K

K
1y 1
Fxy: E Z Ek £ Z [Ve) ‘”"' y) 4.21)

E _
k= k=1 k

is a ratio of two real polynomials (we choose the EFs real):

d

TpPr(E) = =D ck(Be — E)72 = P(E)/QUE),
k

with deg? < 2K — 2. Hence, it has < 2K — 2 zeros and < K poles, so Fxy has
< 3K intervals of monotonicity. Then the total number of monotonicity intervals
for all functions Fyy is upper-bounded by (9" B.(u)) - 3K < 3K?. Admitting
the value +oo for the functions |Fy y|, we can write

3K?

U{E: [Fxy(E)| > a} C U Ixis  Ixi = [Exgs E;:i] cl.
y i=1
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Introduce the event 8 x = {w:mes{E € I:Fx(E) > a} > b}. By the Chebychev
inequality and the Fubini theorem, we have

P{8Spx} < b_lE[/I Lp,(E)>a} dE]

=p! / E[l | dE
 Ele )=o) (4.22)

=p! / P{Fx(E) > a} dE
I
<b7'IlqL.
So, forall & 8px, Y ; |Jx,i| <mes{E € I:Fx > a} < b. This yields (A).

(B) The operators A(¢) share common eigenvectors; the latter determine the
coefficients cx in (4.21), so we can choose the eigenfunctions ¥ (¢) constant in
¢t and obtain cx(t) = cx(0). The eigenvalues of A(¢) have the form Ex;(¢) =
Exi+1t.Thus Fy y(E:1) = Fxy(E —1:0),and Jx; (1) = [Eg; + 1. Ef; +1]. O

Proposition 4.7 operates with an arbitrary interval / C R; we proved the fixed-
energy bounds on the GFs for all £ € R, so we are entitled to apply below the
assertion of Proposiiton 4.7 with / = I containing the spectrum of H(w).

Proof of Lemma 4.6. Fix b > 0 and let 8 , = {w:mes{E:F,(E) > a} > b} for
z € {X,y}, 8p = 8px U 8py. Let 8 be the event figuring in the LHS of (4.19).
Using the bounds of the form (4.22) on P{8;, x} and P{S; y}, we have

P{8) < P{Sp) + P{S N 8%} < 217|b~ g + P{S N 8L}

It remains to asses P{S N S,E}.

By Lemma 2.3, the 4N L-distant balls By (x), By (y) are weakly Q-separated
for some Q C Z. As in the definition of weak separation, we associate with these
balls the integers (‘“occupation numbers”) n; > n, > 0. Consider the random
variables £ = & = (V(5w))a, n:(w) = V(z;0) — E(w), z € Q, and let Fq
be the sigma-algebra generated by {n;,z € Q;V(u;-),u ¢ Q}. Introduce the
continuity modulus sq(-|§o) of the conditional probability distribution function
Fe(t|§o) = P{& < t|Fo}; it satisfies the condition (RCM) with 8’ = 0" =
2/3, C' =1, A’ =0, A” = 2. The representation V(z;w) = £(w) + n:(w)
for z € Qimplies Hgx,z) = n1§(w) + A1(w), Hp(y,z) = n26(w) + Az(w), where
A1, A, are §o-measurable.
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For any w ¢ §p, the energies E where Fx(E) > a are covered by a union of
intervals Jyx; with |Jx ;| =: € < ZJ- €x,j < 2b. By assertion (B) of Lemma 4.7,
we have

Jxi(@) = [Eg; + i), Ef; + nig()],

where EZ; are §o-measurable.
Similarly, introduce the intervals Jy,; with |Jy ;| =: €y,;, >, €y,; < 2b, and

Jy,j(@) = [Ey; + n2£(@), EJ; + nat(@)], na <n.
It is readily seen that
{w:Jxi N Jyj # @Y NSE C{w:|Exi — Ey j| < exi + €y} NSY
C{w:[(n1 —n2)§ — pi,j(w)| < 40},

with some §q-measurable y; ;. Let s = 4b and recall that n; — n, > 1. For any
given pair of indices (i, j),

P{|(n1 —n2)§ — i j| = s} < B[P{|(n1 —n2)§ — i j| = 5| Fa}] (4.23)

For any  such that s¢ (s |§o) < C'(#0)4's?" = s2/3, the internal conditional
probability in the RHS of (4.23) is obviously bounded by the latter value, s2/3 ,
for each pair (i, j), while the probability of the complementary event (which is
the same for all pairs (i, j)) is bounded by C”(#0)% s%/3. Taking the sum over
all pairs (7, j) and using (1.1) to bound the cardinality of the set Q of diameter
< 2NL, we obtain, with s = 4b,

P{S N8} < 523 + B(x, L) 1B(y, L)C"(1Q)%s*/?
< C///L4Ndb2/3

yielding the asserted bound. O

Setting L = Lg, k > 0, and
ap, = eI g =L p =y = L2, (4.24)

we come to the following result, marking the end of the proof of our main theorem.
The assertion on the p.p. spectrum becomes trivial for finite graphs Z, but the
bound (4.25) is useful in this case, too.
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Corollary 4.8. For k > 0 and any pair of 4N Ly -distant balls By, (), Br, (y) the
Jollowing bound holds true:

_1
P{there exists E € R: By, (x) and By, (y) are (E,my)-S} < CL; 5" (4.25)

Consequently, for |g| large enough, with probability one, the operator H™ (w)
has pure point spectrum, and all its eigenfunctions obey (1.10).

Proof. The first assertion follows from Lemma 4.6, with az, . g1, .b = by, given
in (4.24):

2|I;|C]L my4Nd 12/3

_ 1 —2.1
< ClLkP(N)+2P(N) + CzLiNde 55 P(N)

_1

< C3Lk 3P(N)+4Nd
1

=< C3Lk KP(N)

< C3L]:4Nd;
in the last line we used that P(N) > Px > 24Nd (cf. (4.1)).

The second assertion is a well-known result going back to [20]. In fact, the
proof of Lemma 3.1 from [20] can be adapted to the pairs of balls B, (x), Bz, (y) C
ZN at distance > C Ly, with C € (0, +00). The key point is that structure of the
random potential (single- or multi-particle) becomes irrelevant to the proof of [20,
Lemma 3.1], once the “double singularity” bound of the form (4.25) is proved, with
P(N) large enough. |

Appendices
A. Proof of Lemma 3.3
Step 1. Approximate decoupling. Consider a WI ball B = B(u, L;) with
the canonical factorization B = B’ x B”, where B = BW) ', L;) and

B’ = BN (", Ly), withu = (W, u’), v = uy, v’ = uc, J C{lL....N},
cf. (2.20)—(2.21). We have the representation (2.22)

HY = HY + Up pr, (A.la)

= 1Y) @1V 4 1V g HYY. (A.1b)
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The interaction energy Up/ p~ has the following form:

UB’,B” (X) = Z U(d(xi R Xj)). (A.2)
ied,jedt
By Lemma 2.5, for any configuration x € B the graph distance between the pro-

jected sub-configurations (in 2) satisfies d(T1sx, IT,cX) > Ly, thus by assump-
tion (U), the norm of the multiplication operator Up’ p obeys

|Ug o]l < C N’ N” e b < CN2e7Lk, (A3)

with C = Cy asin (1.8).

The eigenvalues of Hﬁi are the sums E,;, = Az + up, where A, form the
spectrum X/ := E(H](;,V /)) and u; the spectrum X7 := E(ng//)). The EFs of
Hﬁi can be chosen in the form ¢, ® ¥, where {¢,} are EFs of Hgy/) and {¢¥p}

(N")
of Hy, “.

Step 2. Nonresonance properties. By the min-max principle, the assumed
(E, B)-NR property of B (with regard to GéN ) (E) = (Hl(sN ) _E I)~1) implies
a slightly weaker property for G"(E) = (Hﬁi — ED L

dist(S(HY), E) > dist( SH"), E) — |Up: g |
> 2Lk — Ce Lk (A4)
> e L%,

provided that 8 < ¢ (which is one of conditions (3.2)) and L is large enough. In
terms of the resolvents G](SN ) (E) and Ggi(E ) we then have

1 .
GGV (B = 3eH <M. agE)] <. (A5)

Step 3. Analytic perturbation estimates. We begin with the following identities
for the GF G} (u,y; E):

Gy E) =) ¢a)pa(y) Gy " y" E — Xo) (A.6)
Aq€Y’

=3 ) (y) Gy WY E — ). (A7)

upex”
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By assumptions of the lemma,
o for all up € 7, the ball B’ is (E — up, 8, my+)-NS, (A.8a)
eforall A, € X', the ball B” is (E — A4, 8, mp~)-NS. (A.8b)

For any y € B, either )™V (w',y) = Ly or p™) (", y”) = Ly. In the first
case we infer from (A.7), combined with (E — i3, 8, mn/)-NS property of ball B’,
that

Gh(u.y: E)| < B e v ER+2LE, (A.9)

Similarly, in the second case we obtain with the help of (A.6) that
Gh(u.y: )| < B e LRH2LE, (A.10)

By 3.1), my/,my» > my—1 = mpy(1 + 3L0_8+‘6 ); in either case, the LHS is
bounded by

— ] B _ §_gB _ 8
Cé)VLI](Vde mpy—1 Ly +2L; <e mpy Ly —Lj < %e mNLk’ (All)

provided that L is large enough.
To assess G](SN ) (u,y; E), we use the second resolvent equation and write

IGEV(E) — GR(E)| < IGR(E)| [Up n/ ]| 1GS (E)|

B_r¢
< CeZLk—Lk

A.12
< e_%Li ( )
< 1e_mNL2 ,
-2
provided that 8 < § < ¢ and L large enough.
Collecting (A.6), (A.7), (A.11), and (A.12), we get
1 § 1 § s
G(N) V:E)| < = —mpy L% SemNLY —mNLk‘ ‘
yr‘?aa_xB| g Wy E)| < 26 + 26 e (A.13)

Thus the ball B is (E, §, my)-NS.

B. Proof of Lemma 4.4

Step 1. Approximate decoupling. We start as in the proof of Lemma 3.3, but have
to achieve an exponential bound upon the GFs. The definitions of the operators Hﬁi
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and Up/ p~ (see (A.1) (A.2)) remain in force. The bound on the interaction (A.3)
is to be modified: since p (ITyB, [MgeB) > L} and t{ > 1 (cf. (4.1)), we have

T ~
|Up pr|| < CuNZe bk <e ™k (B.1)

where m > 0 can be chosen arbitrarily large, provided L is large enough.
Specifically, we require that ;1 > 2my, hence m > 2my for 1 < N < N*,
cf. (4.1).

Step 2. Nonresonance properties. A direct analog of (A.4) is
dist[S (HY), E] > 2e Lk — e~Lk > =Lk, (B.2)

it implies, as before, that

1 .
GG (B) = 3eH <M. Gy <. B.3)

Step 3. Analytic perturbation estimates. We can use again the general iden-
tities (A.6)—(A.7) and the assumed properties (A.8) (this time, with § = 1).
The estimates (A.9)—(A.9) are to be modified as follows.

Given y € 0~ B, we have two possibilities.

i) pW) W', y) = Lg, in which case we deduce from (A.7), combined with
(E — up, mpy+)-NS property of the ball B’ (for all EV's ), that

IG™(u, y: E)| < §B" e~ Le+2L{ (B.4)

(i) p® (", y") = Li. Then we obtain a similar bound, using the assumed
exponential bounds on the GF in the ball B”:

G (u,y: E)| < § B e " bi 2L, (B.5)
In either case, my/,my» > my—1 = my(1 + 3L0_1+ﬂ), so that we have
my—1Ly =my(1+3Ly" "P)Ly > my Ly +3L7,
thus for L large enough, we obtain from (A.6)—-(A.7)
|G§i(u, V:E)| < C,{VL,](Vde_mN—lLk“Lf
< e—mNLk—3Lf+sz (B.6)

< e mNLi—LE,
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Next, by virtue of the second resolvent identity and (B.1), we have

IGY(E) — GE(E)| < IGE(E)|| IUs 3]l |G (E)|| ©

3
—smyL
<e 2"NEK

since m > 2mpy, Lo > 1, B < 1/2. Collecting the bounds (B.6)—(B.7),
we obtain

B 3
hoB G (uy; E)| < enEi—Lic 4 emamn L
co—
< (CZ’NLI](Vd)—le—mNLk’

for L large enough. Therefore, the ball B is (E, my)-NS.

C. Dominated decay of functions on Z

In this section we establish Lemmas C.1 and C.2 applicable to finite connected
subgraphs of arbitrary locally finite, connected graphs, including % = 2V, N > 2.
These lemmas are used in the proofs of Lemmas 3.1 and 4.3. The argument here is
nothing more than a variant of the one used in the proof of [20, Lemma 4.2] and
in a number of subsequent papers; in the case where 2 = Z¢, it was presented in
[19, Sect. 2.6].

Definition C.1 ([19, Definition 2.6.1]). Let be given a finite connected subgraph
A C Z, anon-negative function f: A — [0, c0), anumber g € (0, 1), two integers
L>{¢>1,andaball Bu,L) € A.

(1) A pointx € B(u, L —¥¢) is called (£, q)-regular for the function f, if

J&X) = gM(f.B(x.£+1)). (C.DH

Here and below, we set M(f, W) := sup[f(y):y € W], W C A. The set
of all (¢, g)-regular points x € B(u, L) for f is denoted by Rr(u).

(2) A spherical layer £,(u) = {y:d(u,y) = r} is called regular if £,(u) C
fRf (ll)
(3) Forx € B(u, L —¥¢), set
min[r > d(u,x): £, (u) C Rr(u)],
F(X) = if a regular layer £, (u) exists, with r > d(u, x),

+o00, if no such layer £, (u) exists,
(C.2)
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and
r(x)+4£¢, X< +4oo,
Ry(x) = { . (C3)
~+00, otherwise.
(4) Given asetS C A, the function f is called (¢, g, 8)-dominated in B(L, u)
if B(L,u)\ 8 C Rr(u), and for any x € B(u, L — {) with R¢(x) < 400, one
has

J(X) = gM(f.B(u.Ry(x))). C4

Lemma C.1 ([19, Theorem 2.6.1]). Let a function f:A — Ry be (£,q,8)-
dominated in an N -particle ball B(u, L), where L > £ > 0. Assume that the
set 8 is covered by a union U of concentric annuli B(u, b;) \ B(u,a; — 1), with
total width w(W) := 3 _;(bj —a; + 1) < L — L. Then

L—¢—w(W)

f) <qg =T M(f,Bu,L+1)). (C.5)

The proof of Lemma C.1 repeats almost verbatim that of Theorem 2.6.1in [19],
and we omit it from the paper. The following result is a minor modification of
[19, Theorem 2.6.2], adapted to the sub-exponential decay bounds. It explains the
relevance of Lemma C.1 in the context of the MSA.

Lemma C.2. Fix0 < 8,6 < 1, m > 0and E € R. Suppose that, for some
integer L > 1 andu € ZN, the N-particle ball B(u, L) is (E, B)-CNR. Take a
finite connected subgraph A C ZV such that A D B(u, L) andy € A \ B(u, L),
and consider the function f = fy:x € A — Ry given by

fix— GV x,y: E). (C.6)

Givent =0,...,L—1,letS = S(E) C B(u,L — £ — 1) be a (possibly empty)
subset such that any ball B(x, £) withx € B(u, L — € — 1) \ S is (E, 8, m)-NS. If

m® >2LF > LB +In(CoLNY), (C.7)
then for ally € 0"B(u, L), the function f is (£, q, S)-dominated in B(u, L), with
q= e herem' :=m — 2075 LB. (C.9)
Proof. First, note that for any x € B(u, L — £) \ § we have
f00 < e M(£B(x.0)) < gM(f. B(x. 0)).

since ball B(x, £) must be (E, §, m)-NS, by definition of the set S.
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Further, define the functions x — 7(X) , X > Ry (X) in the same way as in
(C.2)—(C.3). Suppose that x € 8 and Ry (x) < 00, i.e., each pointy € L) (u) is
regular. Applying the GRI (2.1) to the ball B(u, 7(x) — 1), we get, by the assumed
(E, B)-CNRproperty of the ball B(u, L),

S0 = C2 (MG (Bl max Ga (z.y: E)|
< C2 LNl M(f, L5 ().
Next, applying the GRI to each ball B(z, £) with z € £;(u), we obtain
F(x) < Co LN’ e M(£ B, 7 + £)) < e ™ M(£. B Ry (x))).

with m’ given by (C.8), provided that the condition (C.7) is fulfilled. Thus f is
indeed (¢, ¢, 8)-dominated in B(u, L), with g given by (C.8). |

Remark C.1. Lemma C.2 is used in the proof of Lemmas 3.1 and 4.3. In the
scaling procedure with Lyi; = Y Ly, the condition upon the key exponents in
(C.7) becomes (with £ = Ly, L = YL;) p < 8, which is assumed in (3.2).
In the case where (as in Section 4) Lgy; ~ Lf and § = 1, it is required that
B < 8/a = 1/a, which follows from the assumption 8 < 7/(8«) specified in the
table (4.1).

D. Proof of Lemma 2.1

1. First, we establish the property (RCM) for the uniform marginal distribution
Unif ([0, £]), £ > 0, which is the prototypical example. It will be extended to the
case of smooth positive density by simple approximation arguments.

Let be given an integer n > 1 and IID random variables (r.v.) Xi,..., X,
uniformly distributed in [0, £]. For brevity, below we use notation X for the real
vector (Xi,..., Xy), uniformly distributed in the cube C; = Cé") = [0, £]".
Recall: n corresponds in (RCM) to the cardinality |Q| of a finite set Q.

Next, make an orthogonal change of variables in R”, taking as the first co-
ordinate £ := /n & (the factor /7 is required for the Euclidean normalization)
and choosing in some way (irrelevant for further considerations) complementary
coordinates Yi,...,Y,—1;denote Y = (Yq,..., Y,—1). When X varies in the cube
Cy, the range Y of Y is a polyhedron (obtained by projecting C, onto the subspace
orthogonal to (1,...,1)). The Euclidean space R” is stratified into affine lines
L(y) parallelto (1, ..., 1) labeled by their projections y onto the latter hyperplane.
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We set Jy := L£(y) N C;. The uniform probability distribution on C, induces
marginal distributions for the r.v. & (resp., ) and Y. The distribution of £
conditional on Y = y is a uniform distribution on the interval Jy, of length
[(y) := |Jy|, with constant density |Jy|~' — except, of course, for a finite number
of projection points y where |Jy| = 0; these points can be safely ignored.

Due to the Euclidean normalization § = /n & varies in some interval of length
s+/n when & varies in an interval of length s. For the original form of (RCM)
(cf. (2.9)), we have to assess the conditional measure of arbitrary sub-intervals
X(y) C Jy of length s/n; for the modified form suitable for the proof of
Lemma 2.4, we fix first a measurable family of sub-intervals X(y) = X;(y) =
[Z(y), ¢(y) + s+/n] with §,-measurable ¢; they play the role of /(s; w)) figuring
in (2.10). The rest of the argument is essentially analytic and applies to both
settings; for definiteness, we will assess the probability of a set A; = {§(w) €
I(5:0)) = {£(x) € XY}, with [X(¥)| = sy, s > 0.

Using the Fubini theorem for integration in variables (£,Y), we obtain

P{As} :/depY(Y) CHy) [X(y)| = B[ (y) (X)) (D.1)
Further, since |X(y)| < [(y), we have for any § > 0

XM _ X)) sv/n
—<—=1 1 —1 1 ,
[(y) = [(y) [>8./n + [<8/n = Sﬁ [>8/n + [<8./n

hence, denoting 85 := {l < §./n},
P{As} < 587" + E[lis sz] = 67" + P{Ss}. (D.2)

It remains to assess the probability P{Ss} (with a specific choice § = s'/3 made
below, this is the analog of the exceptional set Ss figuring in (2.10)).

Let X = min{Xy,..., Xy}, X = max{Xi, ..., X,}. It is straightforward that
|X(Y)| = /n(X + (1 — X)), thus S5 is equivalently determined by the condition
X +(—X)<8/n//n =8, and we have

S5 | JA4ij(6). 45 ={X:0=<X; + (L - X;) <8}
i)
For any 6 < £/2, A;;(§) = @, while for i # j, by independence of (X;), we have
a crude estimate P{4;;(8)} < (§/¢)* (a more accurate calculation improves it by
the factor 1/2, irrelevant for our purposes), hence, counting the pairs (i, j), we
get
2 282

)
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Collecting (D.2)—(D.3) and setting § = s1/3, we come to the asserted bound, with
¥ = 19" = 2/3, in the case of a uniform marginal distribution Unif ([0, £]), £ = c.

2. The next step is mainly a preparation for the final one, but it can also be used
alone to extend the above result to a larger class of probability distributions.

Consider a probability distribution supported by a finite of infinite number of
intervals {J,k € K}, X € Z, with probability density constant on each interval
Je: p(x) = Y keq ckly, . Given an integer n > 1, the sample space of n IID r.v.
X; with density p is a union of parallelepipeds

Q= U Jk. Jk:i>=<1t]k,-y k = (ki,...,kn),

keK=X"

and the restriction of the joint density of the r.v. X1, ..., X, on each parallelepiped
Jk is constant. Obviously, for any measurable subset A C €,

P{A} = E[P{A |Fk}] = sup P{A [ i}
keK

Since the conditional distribution on Jx has constant density, one can easily
adapt the results of the first step to the product of intervals of different lengths.
Below we consider a probability measure with support [0, ¢], as in (V1), and
partition [0, c] into n sub-intervals of identical length, J; = [kc/n, (k + 1)c/n],
k € X ={0,...,n—1}. Interms of the estimates obtained at the step 1, one has the
length £ = cn™!, resulting in factors polynomially bounded in n, thus contributing
only to the pre-factor C|Q|4 in (RCM), without changing the s-dependence of the
regularity bound (2.9).

3. Whenever the density p is non-constant, hence takes at least two values
0 < p1 < pa, we cannot reduce the analysis to that performed for the uniform
distribution, by formally using the fact that the product measure with density
p®" is absolutely continuous with respect to the normalized Lebesgue measure.
Indeed, p®" takes at least two values with ratio (p/p1)" exponentially large
in n, and this would ruin all applications to the EVC estimation we are aiming
at. However, dividing the interval [0, ¢] into sub-intervals J; = [kc/n, (k +
1)c/n], we infer from the uniform boundedness of the logarithmic derivative of p
(stemming directly from (V1)) that the restriction of the joint density p®” to any
sub-cube Jy of [0, c]”* of side length O(n~') admits the representation

PP =CJJ0a+0@™")=C-e"®, (D.4)
j=1
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where |a(X)] < ¢; < +ooand 0 < C < 4oo. Indeed, let Ji, = x_ilai,a;i +
cn~',a = (ay,...,ay,], then for any point x, y in a cube of side length ¢/n
n
a(x) = Z|lnp(xi) —1Inp(a;)| <nC’'max|x; —a;| < C'en/n=C",
l
i=1

where C’ is determined by the upper bound on p’(x)/p(x) stemming from (V1).
In fact, all we need from (V1) is uniform boundedness of the logarithmic derivative
p’(x)/ p(x) on the segment supporting the marginal measure (except for the neg-
ligible endpoints of the segment). Hence we get (D.4) with C := p(ay)--- p(an).
The factor C is eliminated by normalization of the conditional distribution on the
sub-cube Ji:

Rn a(x)
) = = Px) e — o) I,
J

oo = k™!
L PE(y)dy Tk~ Jy, e4® dy

thus the conditional measure on the sub-cube Jx has bounded Radon-Nikodym
derivative with respect to the normalized Lebesgue measure on Jx. Hence for any
measurable subset A C J, one has

/ 1,4(x) pe(x) dx < Const [Ji|7' | 14(x)dx,
Jk Jx

where the RHS can be assessed with the help of the bounds from step 1. Now the
asserted general bound follows by combining the results of steps 1 and 2.
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