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Density of states for random contractions

Alain Joye

Abstract. We define a linear functional, the DOS functional, on spaces of holomorphic
functions on the unit disk which is associated with random ergodic contraction operators
on a Hilbert space, in analogy with the density of states functional for random self-adjoint
operators. The DOS functional is shown to enjoy natural integral representations on the
unit circle and on the unit disk. For random contractions with suitable finite volume
approximations, the DOS functional is proven to be the almost sure infinite volume limit of
the trace per unit volume of functions of the finite volume restrictions. Finally, in case the
normalised counting measure of the spectrum of the finite volume restrictions converges in
the infinite volume limit, the DOS functional is shown to admit an integral representation on
the disk in terms of the limiting measure, despite the discrepancy between the spectra of non
normal operators and their finite volume restrictions. Moreover, the integral representation
of the DOS functional on the unit circle is related to the Borel transform of the limiting
measure.
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1. Introduction

The density of states measure is an important mathematical notion in the study
of the spectral properties of random self-adjoint operators, with a well defined
physical significance, see e.g. the textbooks [3, 2, 12]. It is the measure associated
to a positive functional acting on compactly supported continuous functions on
the real axis, related to the random self-adjoint operator. Given a function, the
functional is defined as the expectation of a diagonal matrix element of the func-
tion of the random operator, and the Riesz representation theorem provides the
associated density of states measure. For operators defined on Z¢, a physically
appealing definition consists in considering the trace per unit volume of functions
of the random operator restricted to boxes A C Z? by suitable boundary condi-
tions, and in taking the limit A — Z¢. Under ergodicity assumptions, the limit
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exists almost surely and the two notions coincide. This procedure works equally
well for unitary operators, see e.g. [11].

We revisit these constructions in the framework of bounded random operators
that are not necessary normal, and study some of their properties, as described
below. By rescaling, we can restrict attention to contraction operators that we
assume are completely non unitary (cnu for short).

As there is no continuous functional calculus in this framework, we resort to
the holomorphic functional calculus for cnu contractions developed on a Hardy
space of the disk, as recalled in Section 2. This allows us to define a density
of states functional (DOS functional for short) on H°°(D) in analogy with that
defined for self-adjoint operators, see Definition 3.1. We show in Proposition 3.3
that the DOS functional possesses a natural integral representation on the unit
circle T by a function ¢ € L(T) \ H{ (D), and that when restricted to the disc
algebra A(D) = H>(D) N C(D), it further admits an integral representation on
the disk by a complex harmonic function m,,, as Proposition 3.6 shows.

Restrictions of random contractions to finite volume boxes A C Z¢ are
considered in Section 4, under suitable ergodicity assumptions. The infinite
volume limit of the trace per unit volume of functions of random contractions
is shown to coincide with the DOS functional defined via the full operator in
Propositions 4.3 and 4.4. We make use of this alternative construction of the
DOS functional on A(D) to show that a priori estimates on the spectral radius of
the finite volume restrictions imply more structure on the integral representations
on T and D by means of ¢ and m,: these functions are shown to be defined by
the complex conjugate of a function v that is holomorphic in a neighbourhood
of the unit disk, see Theorem 4.6 and Corollary 4.8. Then, we consider the
situation where the normalised counting measures on the spectra of finite volume
restrictions of the random contractions converge weakly , in the infinite volume
limit. Theorem 4.9 states that, despite the fact that finite volume restrictions of
non normal operators have spectra that generally differ significantly from the full
operator [4, 5, 8, 15], the limiting measure provides us with yet an alternative
integral representation of the DOS functional on the unit disk. Moreover, the
holomorphic function 1 is directly related to the Borel transform of the limiting
measure.

Some examples are worked out in Section 5 to illustrate the various features
of the DOS functional. We start with random contractions defined as multiples of
random unitary operators. Then we consider the non self-adjoint Anderson model
(NSA model), whose finite volume restrictions have eigenvalue distributions that
give rise to limiting measures, see e.g. [7, 8, 5]. Finally, the DOS functional
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computed for certain non unitary band matrices, whose spectral properties are
studied in [9], and whose finite volume restrictions display similar features as
those of the NSA model.

2. Functional calculus for CNU contractions

We recall from [14] the main properties of the functional calculus developed for
contractions.

Let T be a contraction on a separable Hilbert space J{. Consider the unique
decomposition

T=T0@T1 onﬂ{:ﬂ-(OEBﬂ-(l, (1)
where Ho = {y € H | [T"y[| = ¥ = [T*¢[l.n € N}, H; = H 6 Ho
and 7; =T |9cj, j = 0,1, such that Ty is unitary, and 7; is completely non

unitary (cnu) by definition. The analysis of random unitary operators is by now
well known, so we restrict attention to cnu contractions and therefore assume that
T = T in the following. We recall here some basic facts from harmonic analysis.
In the following, D denotes the open disk, its boundary is dD that we will also
identify with the torus T. The set of holomorphic functions on an open set S C C
is denoted by Hol(S).

The Hardy class H?(ID) consists in holomorphic functions on D such that

1 . 1/p
sup —/ lu(re'")|Pdt if0 < p < o0,
Jul, = §0<r=<1 27 Jr

sup |u(z)] if p = o0.

zeD
For all 0 < p < oo, functions in H? (D) admit radial limits lim,_, ;- u(re’’) =
u(e'?) on 9D for almost every ¢ € T and In |u(e??)| € L'(T). For0 < p < oo, u €
HP (D) further satisfies u(re’) — u(e’") in L?(T) norm. Moreover, introducing
Li(’ﬂ‘) as the set of functions in f € L?(T) whose negative Fourier coefficients
all vanish, the spaces H7”(ID) and Lﬂ’_(’JP) can be isometrically identified, for all
1 < p < oo. These function spaces are Banach spaces, and even Hilbert spaces
whenever p = 2. For later reference, we also introduce for all 0 < p < oo,
HI (D) = {g € H?(D) | g(0) = 0}. Finally, the disk algebra A(D) is defined
as the set of continuous functions on D that are holomorphic on D, i.e. A(D) =
H> (D) N C(D). Let~ denote the involution on holomorphic functions on D given
by f(z) = f(Z), and set, for any 0 < r < 1, u,(e'") = u(re'’). The following
statements, among other things, are proven in [14], Section III.2, Theorem 2.1.



410 A. Joye

Theorem 2.1. Assume T is a cnu contraction on a separable Hilbert space JH.
Then, foranyu € H*(D), suchthatu(z) =Y _,.ocnz" for z € D, u(T) is defined
by the strong limit

w(T) = s-lim u (T), whereu,(T) =Y cyr"T", )
r—1— 7>0

which exists. The map H>®(D) > u — u(T) € B(KH) is an algebra homomor-
phism which further satisfies
(a) the equation
I ifu(z)=1,
T ifu(z)=rz;

u(T) =

®) [[u(T) = llulloos
(¢c) for any sequence (Up)nen, Un € H(D) such that u, — u uniformly on D
[resp. boundedly a.e. on''T, resp. boundedly on D],

un(T) —> u(T)

in norm [resp. strong, resp. weak sense];
(d) u(T)* =u(T™).

Remarks 2.2. i) By the identification of H*(D) and LY (T), this functional
calculus can be viewed as a homomorphism LL(T) > f — f(T) € B(H),
with

I ) t)=1a.e.,
fay =t TS0 =tae LA < 11 f oo 3)
T if f(t) =€ ae.,

ii) Conditions a) and c) in the strong sense and (3) make this functional
calculus maximal and unique, see [14].

iii) If u € A(D), ||un(T) —u(T)| — 0, as n — oo.
ivYIfT = Ty & Th, as in (1), with unitary part Ty having purely absolutely

continuous spectrum, then Theorem 2.1 holds with c) in the strong sense. See [14],
Theorem 2.3.

3. DOS functional

We deal here with random contractions 7, defined on a separable Hilbert space
JH with ergodic properties we express as follows.
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We first assume some regularity assumptions. Let the probability space
(2., F, P), where Q is identified with {X%“}, X C R,d € N,and P = R .z d,
where du is a probability distribution on X and ¥ is the o-algebra generated by
the cylinders. We assume that Q > w +— T, € B(H) is measurable i.e.

Q 3w+ (y|T(w)y)is measurable, forall y, ¢ € H.

Ergodicity is expressed in the following framework. We consider H = [2(Z¢)
and consider for j € Z¢ the shift operator S; defined on Q by

Si(wi = wryj, ke Zd, where wj, € X,

so that the measure P is ergodic under the set of commuting translations {S; }; ez -
Let {))};eza denote the canonical basis of J{ and V; be the unitary operator
defined by

Vixk = xx—j, forallk e z9.

We further assume the existence of a periodic lattice I' C Z¢ spanned by
Witiet1,2,...d}» Vi € 74 and the corresponding primitive cell

d
B = {inyi,Ofxi < 1}mZd

i=1

so that for any j € Z?, there exist a unique » € B and a unique g € ' with
j=b+g.
The random contractions we consider are covariant:

Ts,w) = VeTuVy ', forallgeTl. %)

Definition 3.1. The DOS functional L: H* (D) — C is defined for all f €
H>(D) by
1

L) =

> Bl £ (Tw) ),
beB
where | B| denotes the cardinal of B and T,, is a measurable cnu random contrac-

tion.

Remark 3.2. The map w — f(T,) is measurable for f € H (D), thanks to (2).
Indeed, as 3 is separable, the contraction T} is measurable for any n € N as
a limit of measurable functions, as can be seen by inserting resolutions of the
identity between the factors. Then, see (2), for any 0 < r < 1 the same arguments
show that f,(Ty) is measurable so that, in turn, f,(T,) is measurable by taking
the limitr — 17,
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‘We first note that

Proposition 3.3. The map L: H*° (D) — C is bounded and admits the following
integral representation: there exists ¢ € L'(T)\Hy (D), such that for all f €
H>(D)

; o d
L = [ reneen s )

Remarks 3.4. 0) The set H| (D) should be understood here as the set of functions
defined on T by the boundary values of functions in H} (D).

i) The covariance assumption (4) plays no role here.

ii) Such functionals on H®° (D) are called weakly continuous, see e.g. [6],
Section V.

iii) The representation (5) says that for any G € H} (D)
it N ity ity 41 o
fE@) e+ G)e)s== | fle")p(e")5=, forall f € H(D),
T 2r T 2

see [6], Theorem 5.2. It shows that the relevant information is carried by the
negative Fourier coefficients only.

iv)In case ¢ € LP(T) c LY(T), with p > 1, we can actually represent
L by a unique ¢~ € LP obtained from ¢ by subtracting the contribution from
the sum over positive Fourier coefficients. We give conditions for this to hold in
Theorem 4.6 below.

v) Making the dependence on T of the functional L explicit in the notation, we
have for all f € H*°(D),

Lr(f) = Lr=(f).

Proof. Linearity and the bound |L(f)| < || f|lco Stem directly from the proper-
ties of the functional calculus recalled above. Then one makes use of the follow-
ing equivalence, see [6], Theorem 5.3: L is a weakly continuous functional on
H> (D) if and only if L is continuous under bounded pointwise convergence;
e if f, € H®D), |falloo < M and f,(z) — f(z), for all z € D, then
L(f,) — L(f). For such a sequence f,, we have by point ¢) of Theorem 2.1
that (x| fu(T)xk) = (Xi|f(Tw) x) for all k € Z4, and |(xi| fo(Tw) x6)| < M,
uniformly in n, k, . Hence by Lebesgue dominated convergence, we also have
E((xslfa(To)xs))  — E(xp|f(Tw)xs)), for any b € B, which yields
L(fn) — L(f), for | B| finite. |
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Remarks 3.5. i) The bound |L(f)| < || f lloo is saturated: L(1) = 1.
ii) For any j € NN, the function z +— z/ € H®(D) and, denoting the Fourier
coefficients of ¢ by {¢(k)}kez,

. |
L) = /T (e )5 = (=]), with §0) = 1.

Then we observe that for functions in A(D) C H*°(ID), we get an alternative
representation of L(-) on the disk.

Let us denote by P[g](re'’) = P[p](x, y) the harmonic function in D given
by the Poisson integral of ¢ € L!(T), with the usual abuse of notation. Due to the
fact that lim,_,,— P[¢](re'*) = ¢(e'!) almost everywhere and in L' (T) norm, we
can approximate L( f) by an integral over smooth functions: for any f € A(D),
andany 0 < r < 1,

; o d
LU = [ FEPID S+ 1),

where
1L = 1/ loolleC) = Plol(r )Ly — 0 asr —17.
Since A(ID) consists in uniformly continuous functions, we can further approxi-
mate f(e'*) by f(re'’) = f,(e'’) to get
. o dt
L) = [ Fre Pl 35+ 10, (60)
T

where

()] < 1 f loollp() =Pl M L1emy +I1f = frlmell@liLiry — 0 asr —17.

(6b)

The latter approximation allows us to provide L( f) with a smooth integral
representation over the disk.

Proposition 3.6. Let ¢ € L' (T) be the integral representation of L(f) and P[¢)
its Poisson integral on D. Then there exists a harmonic function my, on D such
that for all f € A(D),

L(f) = /}D £+ iy)my (. y)dxdy,

where .
Mme(x,y) = E(ax + 19y){(x —iy) Pe](x, y)}.



414 A. Joye

Proof. Consider the approximation (6). By Stokes theorem applied to the function
f(2)Plpl(z) € C=(D),

/ Fré") Plg)(re’) / ) Plgle)
- —_{f(z)P[w](z)z}dizAf
dxdy

/f(z)—{P 102

Thanks to (6), we can take the limit r — 1~ which yields

0
mo(2) =~ (Plgl)E) = (Pl + (52 PIRI(2))2).
Using the fact that P [¢] is harmonic, one finally gets
0 10 02
Em(p(z) = ;gP[cp](z) and @mw(z) = 0. O

Remark 3.7. In keeping with the fact that ¢ — ¢ + G, where G € H}(T) does
not change the representation, one checks that

My (z2) = my(z) + G(z)/m, where / f(z)G(2)dxdy = 0.
D

The integral representations of L(:) discussed so far are intrinsic in the sense
they stem from ¢. There are of course many alternative integral representations
in the disk: since A(D) c C(D), we can extend L to L: C(D) — C, by means
of Hahn-Banach Theorem, with ||L|| = ||L||. Given L, since D is compact, the
Riesz Representation Theorem asserts the existence of a unique complex Borel
measure dy on D such that L(f) = [p f(x,y)du(x, y) forall f e C(D) and
IL|| = |w|(DD). Thus,

Lemma 3.8. Let T,, be a measurable random contraction. There exists a complex
Borel measure du on D such that |u|(D) = 1 and

L(f)= /]]_)f(x +iy)du(x,y), forall f e A(D).

Remark 3.9. The measure du is uniquely determined by the extension L of L to
C(D). The example discussed in Section 5.4 illustrates the fact that there may be
infinitely many such integral representations of L.
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4. Finite volume approximations

Let A C Z¢ be given by (2 4 1)¢ symmetric translates of B along I of the form

d
A=J B+Y nvi= |J B+am ®)
i=1

n; €7 m=1,...,2n+1)4
—n=<n;<n

with |A| = 2n + 1)?|B|. Let
Ha =span{y;, j € A}, Hpc =H 6 H,,

together with the corresponding orthogonal projections onto these subspaces
PA, PAC.

Dropping @ from the notation for now, let us assume that the cnu contraction
T can be written as

T =72 ¢ TA + FA, )

where T2 and TA€ are defined on % Aand Hpc and F A is a trace class operator
on K, and furthermore T2 is a cnu contraction. Such decompositions can be
obtained for example by setting

T2 =Ty .+ boundary conditions,

T AC T |%AC + boundary conditions,

for suitable boundary conditions at dA, see below. For any f € H®(D), the
operators f(T), f(T?) are well defined by functional calculus and we consider
two random functionals on H *°(ID) given by

La(f) = ﬁtr(f(TA)), La(f) = ﬁtr(PAf(T)PA).

From the bound || 4]|; < rank(A) || A]|| on the trace norm || - ||;, we deduce that for
all f € H®(D)

ILAOT < [ flloos IZACH < 1f oo

so that all arguments of the proof of Proposition 3.3 apply. Hence L and L  can
be written in the form (5) with corresponding random L!(T) functions @ (e’")
and @ (e'"). More precisely we have:
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Lemma 4.1. Let Aj, j = 1, ..., |A|, be the eigenvalues of the cnu contraction T,
repeated according to their algebraic multiplicities. Then

La(f) = 5= /T Feoa@)dt forall f € H®(D),

where
|A] 1

<pA(”)—|A|Zl_M (10)

Proof. The finite dimensional contraction T A being cnu, 0 (7T4) C D. Hence, for
any f € H*(D), and any p < 1 large enough

|A|

LA(S) = T 2 Zf( J)

|A|
ACR
|A| Z 2im /pg]D Z—A

|A|

fp(eit)
—.d.
|A|Z2n b p— et

For each j, since f € H° (D), Lebesgue dominated convergence implies that the
limit p — 1 exists, which yields the result. |

Remarks 4.2. i) An application of Stokes theorem shows that
|Al

f(2)
La(f) = IAIZ /}D(l_w)zdxdy,

an expression of the fact that ;(1 — AjZ)72 is the Bergman reproducing kernel.
ii) Introducing the normalised counting measure of o (T™), dm™ on the closed
unit disc D by
1Al
dm™(x,y) = Tl D 8(x = RANS(y = IA)),  Aj €o(TH), (11)
j=1

where the eigenvalues are repeated according to their algebraic multiplicities,
we can extend L 5 to C(D) by

ﬁA(f)Z/ﬂ_)f(x,y)dmA(x,y), forall f € C(D).

However, L (f) does not make sense for f € C(D).
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4.1. Infinite Volume Limit. Restoring the variable w in the notation for a mo-
ment, we show that the random functionals L ,(f) and L Aw(f) converge
almost surely to the deterministic DOS functional L(f) as A — Z<, when
f € AD) ¢ H®(D). By A — Z% or |A| — oo, we mean n — oo in defini-
tion (8). This is done along the same lines as in the unitary case under ergodicity
assumption, see [11], for example.

We start by a deterministic statement:

Proposition 4.3. Assume T and T? given by (9) are cnu contractions.
If|PA(T - T & TAC)||1 = o(|A]) as |A| = oo, then, for all f € A(D),

|A|hin>oo LA(f)—La(f) =0.

Proof. We need to show that

1 A —
Am m{tr(f(T ) —tr(Pa f(T)Pp)} = 0.

As f(T2) = Pp f(T™) Py, cyclicity of the trace yields
tr(f(T™) — P f(T)Pa) = tr((f(TY) = f(T))Pa) = tr(PA(f(T*) = f(T))).

On the other hand, since A(DD) consists in uniformly continuous functions on D,

N
f() =) a;z/ + Ry(2),

j=0
where
sup |Ry(z)| = [|RNlleo —> 0 as N — oo.
zeD
Hence, together with the bound || A||; < rank(A) || A||, we get the uniform estimate
1 rank(Pp
Ry () = Pa Ry (1) P)] = 2R g7y — Ry (1)
A |A (12)
= 2| RN lloo-

Therefore, we can focus on f(z) = z/, j € N. With
(T7 —(T* & TA)) Py
j-1
C C_;
=Y TRT-T* e T )T @ T )/ * 1P,
k=0

Jj—1
=Y THT — T & TAY)PA(T™ @ 0) !
k=0
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we get for all j < N, using 7 and T are contractions and cyclicity of the trace,

1 ; c.; j c
mnr(PA(Tf—(TA@TA )J))|§m||PA(T—TA@TA )i

This estimate, the assumption || Pa (T — T2 & TA)|l; = o(JA]) and (12) end the
proof. O

We finally turn to the infinite volume limit of L Ao (f), for f € A(D), under
the ergodicity assumption (4) on the way randomness enters the contraction Ty,.

Proposition 4.4. Assume T, is covariant in the sense of (4). For all f € A(D),

IA}im ZA,(,) (f) = L(f) almost surely.

Proof. By construction of A, see (8), for any H: 74 - C,

2n+1)4 d
Y H(k)y=)_ > Hb+gn). wheregy =Y nyi el
keA beB m=1 i=1

Thus, by the covariance assumption,

Law(f) = ﬁ S (el £ (T 26)

keA

2n+1)4

1
- WZ Y Otttem Ve £ (T4 ) Vem Abgm)
beB m=1

2n+1)4

=ﬁz Z (ol f(Ts,,, @) Xb)

beB m=1

= ﬁ Z Z <Xb|f(TS,’,’11...S;'j(w))Xb)-

beB |nj|<n

Thanks to Birkhoff Theorem, we have on a set Q¢ C Q2 of measure one, and for
all b € B,

D ol f (T sma ) xs) =B ]/ (To) 26)-

n;il<n

1
Iim —
n—o0 (1 + 2n)4 |
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Since A(D) is separable, the statement above is true for a dense countable set
of functions { fi}mew 0N NpenS2y,, = o C 2, a set of measure one. Since
|B| < oo, we infer

Al A| Z Xl FT)ae) = EE( 16l f(To) xp)) as.

A
| |_> beB

which proves the statement. O

Remarks 4.5. i) We consider A(D) only, a separable space, since H° (D) is not.

ii) As |IAI |A| Xkl f(Tw) xi)| < 1f oo, Lebesgue dominated convergence
implies that

[Al

lim E(Lao(f) = Z Bl f(To) xx) = LOS).

A IAI

iii) Under the assumptions of Propositions 4.3 and 4.4

IAIlim Law(f) = L(f) almost surely. (13)

iv) The result also holds if T = Ty @ T with purely absolutely continuous
unitary part Ty.

4.2. Spr(T%) < 1. We show that if an a priori uniform estimate on the spectral
radius of T holds, we deduce anti-analyticity of the integral representation ¢ of

L(f).

Let us drop the dependence on w € 2 in the notation and denote by Spr(7’)
the spectral radius of a bounded linear operator 7. The form L 4 is represented by
integration against ¢ (e'?), see (10), which can be written with z = e'’ as

|A|

S 1 1
ea(2) = VaG).  where ya(2) = 7 ) .
j=1= "

As Ty is cnu, ¥, is holomorphic in D and we have the absolutely converging
power series

i (TFk
Ua(z) = Z r(|A1|\ )zk, forall z € D.
k=0
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Theorem 4.6. Let T, satisfy the hypotheses of Propositions 4.3 and 4.4. Assume
there exists r < 1 such that

Spr(Ta) <r, forallA € 7%, v € Q. (14)

Then, there exists ¥ € Hol(D/r) such that Proposition 3.3 holds with ¢(e'') =
Y (e'):

L ——d
L(f) = /T FETEN

Remarks 4.7. i) We can satisfy the hypothesis by properly rescaling the operator
Ty.

ii) The property Spr(Tp) < r < 1 for all A does not imply Spr(T) < 1. Indeed,
finite volume approximations of non normal operators typically miss large parts
of o(T), see Section 5.3 and (23) in particular.

Proof. If (14) holds, ¥ is holomorphic in the larger disc D/r for all A € 74,
w € Q and

1
[¥a(2)] < , forallz e D/r.
1—rlz|

In particular, the family {5 }a of holomorphic functions on D/r is uniformly
bounded on each compact subset of D/r. Hence, by Montel Theorem, see e.g. [13],
Theorem 14.6, {1/} is a normal family. Therefore, for each fixed w € Q, the
set of measure one on which Proposition 4.4 holds, there exists a subsequence
{¥ A, }kew Which converges uniformly on each compact subset of D/ r to a function
¥ (z) which is holomorphic on D/r. In particular, for all f € A(D),

Jim Lo () = tim [ peya @y = [ feniens

where ¥ (z) is analytic in a neighbourhood of D. By Remark 4.5 iii), we get that
@ € L'(T) whichrepresents L( f)is givenby ¢(t) = ¥ (e?), and v is independent
of w. |

Consequently,

Corollary 4.8. With =), _,b,z" € Hol(D/r),

L(f) = <w|f)L3_(T) Heay = anan

Jor all
f(2) =) anz" € AD).

n=0
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The integral representation (7) reads
19 ——
m(2) = my(2) = — (V).

4.3. Representations of L via finite volume approximations. Let us consider
now the random counting measure d mg (11) and assume that it admits a weak
limit, almost surely: for all w € Q¢ with P(Q2¢) = 1, and for all f € Cc (D),

tim [ feeambn) = [ fendma )
Al—o0 JD D

lim L =
A|£n>oo A,w(f)

Then, for any w € ¢, dmy, > 0 provides another representation of L on A(D),
since, specialising to f € A(D), we get from (13)

L(f) = /}D Fx + iy)dme (5. ). (15)

Theorem 4.9. Ler T, satisfy the assumptions of Propositions 4.3 and 4.4 and
dmb in (11) converge weakly to dm, almost surely. Then L admits the following
representation

L(f) =/ﬂ_)f(x—|—iy)dn_1(x,y), forall f e A(D),

where dm > 0 is given by E(dm,,).
Further assume Spr(T2) < r < 1, for all o € Q and A. Then, Theorem 4.6
holds with

W(z):/ _dmx.y) iz e Dy, (16)
pl—z(x—iy)
and Proposition 3.6 holds with
e (2) = 1 / dm(x,y)
VT a5 (1= Z(x 4+ iy))?’

Remark 4.10. If the weak limit of the normalised counting measure of the finite
volume spectrum exists, see e.g. [8] for such cases, it provides another represen-
tation of the DOS functional. In that sense, the spectrum of the finite volume re-
strictions acquire a global meaning, in spite of the fact that it can be very different
from the spectrum of the infinite volume operator. In particular, the support of the
limiting measure can be disjoint from the spectrum of the operator, see Section 5.4
for such an example.
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Proof. The first statement is a consequence of (15) and Fubini’s Theorem. The
assumption on Spr(7;2) implies supp dii C {|z| < r}. Then, Corollary 4.8
applied to f(z) = z* yields the coefficients of the power expansion of the
holomorphic function

Y(z) = Zbkzk, zeD/r.

k>0
We have
by = /_(x —iy)*dm(x,y), with |bg| <r¥, k e N.
D

Thus, exchanging integration and summation, we get expression (16) forz € D/r.
The last statement follows from Corollary 4.8. |

Remark 4.11. Thanks to Remarks 2.2 iv), and 4.5 iv), all results of Section 4 hold
if T writesas T = Ty ® Ty, see (1), with a unitary part Ty that is purely absolutely
continuous.

5. Special cases

We take a closer look at various particular cases allowing us to get further infor-
mation on the integral representation ¢.

5.1. The normal case. A first special case of interest occurs when 7, is normal,
i.e., when there exists orthogonal projection valued measures

{dEw(x + 1Y)} (x+iy)eo(Tw)
such that in the weak sense,
Ty :/ (x +iy)dEy(x +iy).
o(Tw)

In such a case, we have a continuous functional calculus: for any f € C(D)

F(Tw) = / o T IE G i)

Hence, assuming that T, is normal for any v € €2, the extension of Definition 3.1
to C(ID) gives rise to a positive functional on C(D), so that by Riesz—Markov
Theorem

L(f) = /_ f(x,y)dm(x,y), where dm is a non-negative Borel measure on D.
D

In this favourable framework, we have
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Lemma 5.1. Let T,,, T2 be contractions such that | PA(T — T2 & Taf\c)||1 =
o(|A|), uniformly in o € Q. Further assume T and T2 are normal and the
covariance assumption (4) holds. Then, as A — o0,

dm® —s dm a.s., in the weak-* sense.

Proof. The same arguments using Stone Weierstrass and Birkhoff theorems to-
gether with the separability of C (ID) prove the result as in the previous section. [

Applying Propositions 3.3 and 3.6 to the normal case, we get for any f € A(D)

/_ £+ iy)mg(x. y)dxdy = / Fx+ iy)dm(x. y).
D D

where dm(x,y) is the non negative usual density of states, and my(x,y) is
harmonic and in general complex valued. This special case makes explicit the
lack of uniqueness in the representation of analytic functionals.

Remark 5.2. If, moreover, there exists 0 < r < 1 such that for all ® € 2,
Spr(T2) < r and T, is cnu, then Theorem 4.9 holds with din = dm, the density
of states. In particular,

_ fzydm(x,y) dZndz
L(f)_/]]—)/ﬂ‘)(l—é(x+iy))2 i Jorallz e D/r.

5.2. Multiple of Unitary Operators . Consider now a special normal case
where the statement above allows us to make the link between the DOS functional
and the density of states measure of a random unitary operator U, more explicit.
Let 0 < r < 1 and U, be a random unitary operator defined on /%(Z), with
o € T%, which is measurable and covariant. Next-nearest-neighbour unitary
models of this type are studied in [1, 11]. The details do not matter for our purpose
here. We consider the random normal cnu contraction

Ty, =rU,.

We assume that there exist finite volume approximations such that U2 is a finite
dimensional unitary matrix; see e.g. [11] for examples of this situation with A =
{—n + 1,n}. Consequently, we have the trivial bounds Spr(T2) = Spr(7,) = r,
r < 1. Stressing the r dependence in the notation, the DOS functional L)(-) on
A(D) is represented by

LD =/1ﬂ(’)(e”)f(e”)£, where ¥ (z) € Hol(D/r). (17)
T 21
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For the covariant next-nearest-neighbours unitary models considered in [11], the
density of states measure d k is a normalised positive regular Borel measure on T
characterised as in Section 5.1 by Definition 3.1 with f continuous on the circle
via Riesz—Markov Theorem:

2
3 LBl Ware) = [ £k, forall £ € COD). (13)
b=1

The explicit link is provided by

Proposition 5.3. Let T, = rU,, with 0 < r < 1. With the notations and
assumptions above, for all |z| < 1/r,

dk(’
e = [ (19)
r1—zre
In particular,
- 1 1 1+ rei@=1)
) ity — - /
vt = 273 /T [1 — rett=t) ]dk([ ) (20)

and

. 1 1 .
Ry (') — 5 = 5 Pldk](re") = 0,

where P[dk](z) denotes the Poisson integral in D of the non negative measure dk
on T.

Remarks 5.4. i) The representation (19) shows that ¥ ") (z) coincides with the
Borel (or Cauchy) transform of the measure dk on T, taken at point rz € D. The
function ¥ may admit analytic extensions outside D/r, depending on dk.

ii) While Ty, = rU,, is cnu, the boundary values as r — 1~ of the real part of
the integral representation of L( f) yield the absolutely continuous component of
the density of states measure of Uy,. Indeed, if dk(t) = g(e”)% + dus(t) is the
Lebesgue decomposition of dk,

lim1 2Ry (e’ —1 = g(e'*) a.e. on T,
r—1-—

see [13], Theorem 11.24.
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Proof. Let f € A(D). From (17) and (18), we get
—_— . dt :
[ voEnsens = [ seenaro.
T 2w T
The coeflicients of the expansion
v(2) = anz”, forzeD/r,
nelN
are given by
b, =r*k(n), neN,
where
k(n) = / dk(t)e ™,
T
Hence, with sign(0) = 0,

20y (i) -1 = Z rME (et
. ~ . nez
lﬂ(r)(e”) = rkn)e™ = | ) |
ngl;\l 23y D (e') = —i Y sign(m)r™lk(n)e'™".

nez

The last two series coincide with the real and imaginary parts of

dk * (P () +iQ-())(e™),
where P, (t) and Q,(¢), are the Poisson and conjugate Poisson kernels given by

1+re'  1—r24i2rsin(r)

Pr®) +i0:() = 1—reit  14r2—2rcos(t)’ O<r<l

Replacing e’’ in (20) by z € D/r yields (19). O

5.3. Non Self-Adjoint Anderson Model. The non self-adjoint Anderson model
(NSA model for short), provides an example in which the finite volume and
infinite volume versions of the random operator have quite different spectra that
can be computed explicitly. See [5] and [8] for more general non self-adjoint
random operators with similar properties. After suitable rescaling, the NSA model
provides us with an illustration of our results.

The NSA model H,(g), is a one parameter deformation of the one dimensional
random Anderson model of solid state physics defined as follows in the canonical
basis of [2(Z):

Ho(@)xj =e$yj—1+efxjt1+wjy, forall j eZ.
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We assume that g > 0 and {wj}jez are i.i.d. real valued random variables
distributed according to a measure du supported on a compact interval [—B, B].
Let E, be the ellipse

E; = {8 4+ e=@+i9 | g ¢ [0, 277]},

which coincides with the spectrum of Hy(g), the NSA model in absence of random
potential. It is proven in [5] that, provided B > e& + 78,

0(Hy(g)) = Eg + [-B, B] almost surely. Q1)

Moreover, consider H, (f} (g) the finite volume restriction of H,(g) to [2(A), where
A = {—n,n} with Dirichlet boundary conditions. Then, for g > 0, the matrix
H2(g) is similar to H2(0) with similarity transform given by Wy = e*& yy,
so that its spectrum is real. The matrix H2 (0) is the finite volume restriction of
the Anderson model H,,(0), with

0(H,(0)) = E¢ + [—B, B] almost surely. (22)
To cast these considerations in our framework, we assume B > e8 + ¢~ 8 and set
Tu(g) = Hu(2)/(e¥ +¢78 + B), rtesp. T, (g) = Hy(g)/(e¥ + ¢ + B),

on [%(Z), resp. [?(A) with Dirichlet boundary conditions. By construction, both
operators are contractions. Moreover

Lemma 5.5. The matrix T2(g) is cnu for |A| large enough, and all » € L,
whereas the operator T, (g) is cnu almost surely. Also, for g > 0,

2+ B

— <1, (23
eg+e—g+B< @3)

Spr(Tu(g) = las. and  lim Spr(T2(g) =
forall w € Q.

Proof. Statements (23) are consequences of (21), (22), and properties of finite
volume approximations of self adjoint operators. Thus T,2 (g) is cnu for |A| large
enough. Given (21), T,,(g) is cnu if +1 are not eigenvalues of 7, (g). Suppose
¥+ € 1%(Z) are normalized and satisfy T}, (g) y+ = % +. Then, using the fact that
T (g) is a contraction, and Cauchy-Schwarz inequality, we get 7,5 (g) y+ = £ .
Hence £1 are eigenvalues with eigenvectors y 1 for the self-adjoint Anderson type
operator (T, (g) + T, (g))/2. But this is known to happen with zero probability
only. O
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Stressing the g dependence in the notation, we denote the DOS functional on
A(D) by L®(.). The foregoing and Theorem 4.9 immediately show that

Lemma 5.6. Let dm?(g) be the normalised counting measure of o(T2(g))).
Then, for any g > 0,

dmg (g) — dkg a.s., in the weak sense,

where dkg > 0 is the density of states of the rescaled self-adjoint Anderson model

Hp(0)
ey
Hence, for any f € A(D), and any g > 0,
x+1iy
L) = [ (o Nak.
[-2+B.2+B] ‘€8 +e ¥+ B

where dk > 0 is the density of states of H2 (0).
Remark 5.7. The support of dkg is a subset of the almost sure spectrum of T, (g).

The estimates provided in Lemma 5.5 show that L) (-) admits an integral
representation on T in term of a holomorphic function (&) (z), see Theorem 4.6.
Moreover,

Lemma 5.8. Set s(g) = e% + e~8 + B. The function ¥'® is real analytic and
admits a converging power series in {|z| < s(g)/(2 + B)}. Moreover, &) admits
an analytic continuation on C\ {[s(g)/(2+ B), co[U] — o0, —s(g)/(2+ B)]} given

by
@ () — dk(x)
e = [

(2+B),2+B] 1 - Zx/s(g)'

Remark 5.9. With the Borel transform Fy of dk given by

Fk(z)=/ dk(x)’ forallz e C\ [-2+ B,2+ B],
[-2+B,2+B] X —Z
we have for z # 0,

Y (2) = —Fe (s(2)/2) s(8)/=.

Proof. 1t is a special case of Theorem 4.9 where the coefficients of the power
expansion of (&) are given by

x"dk(x)
/[—2+B,2+B] (2+ B)"

1t T B |bn|§W, foralln e N. O

by = by, =
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5.4. Non Unitary Band Matrices. We further illustrate both the discrepancy
between limiting measure and spectrum of the full operator, and the multiplicity
of representations of the DOS functional by measures on D by considering random
contractions with a band matrix representation.

Let T, be defined on [?(Z) by its matrix representation in the canonical basis
given as

eiwzj—ly el®2j-1§

0 0
0 0 e'O2+1y  e'®2j+1§
T(D - eia)zj+2a eia)zj+2ﬁ 0 0 ’ (24)

0 0

el®2j+ag  el®2j+4f

where {w; }jez are T-valued iid random variables. The deterministic coefficients
a, B, v, 6 are assumed to give rise to a non unitary matrix

Co = (‘;‘ /;) such that | Col|¢2 < 1. 25)
Actually, 7, = D,T, where D, is a diagonal unitary random operator with

elements e'®/, and T is a deterministic operator whose representation has the
form (24), where all w;’s are equal to zero. Such random covariant operators
arise in the analysis of certain random quantum walks and some of their spectral
properties are analysed in [9]. In particular, it is shown there that T, is a cnu
contraction on /%(Z) if and only if

|detCy| < 1,]a| <1 and |[§] < 1. (26)

Moreover, ||Ty|| = 1, and Spr(7,) may take the value 1, depending on the
parameters.
We first note the following simple general result:

Lemma 5.10. Let T,, defined by (24) with (25), and (26), and assume the random
phases e'®i are uniformly distributed. Then

L(f) = f(0), fordll f e A(D). 27)
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Proof. One first observes that for any n € N*, any k € Z, (xx|T)xx) =
eim®or 1 ((k)), where t(d(k)) is a random variable independent of wy, and
m(k) € IN*. This is a consequence of the fact that no cancellation of the random
phases can occur due to the shape (24) of the matrix representation of 7;,. Hence,
E((xx|T} xx)) = 0,forallk € Z andn € IN*. Thus, approximating any f € A(D)
by a polynomial, we get the result. |

Remark 5.11. We get from (27) that the integral representations of L(-) on T and
D are given by ¢ = 1 and my, = % respectively.

The DOS functional (27) can be extended to C(D) as integration against a
Dirac measure at the origin, but not only. For example, using in polar coordinates,
defining forany 0 < p < 1

n 1
B0 = /}D £ cos(8). r sin(6))8,(r)d6 = /}D FOe9)du® (x. y),

we get a one parameter family of extensions of L corresponding to integration
against positive measures on D, du® with support of the circle of radius p,
centered at the origin, such that L@(f)y = f)if f € A(D). The support
of dju® may or may not belong to the spectrum of 7,: the examples treated
in [9] show that for det Cp = 0 and uniform i.i.d. phases w;, the spectrum T, is
given by the origin and rings centered at the origin whose radiuses depend on the
parameters. Note finally that any radial probability measure with smooth density
w(r) provides us with an extension L(-) on C(D) of the form

L(f) = /ﬂ_) £ (r cos(0), r sin(0)) wu(r)rdrdb,

which agrees with L(-) on A(D), thanks to the mean value property of harmonic
functions.

We now specify the values of the parameters to Cy = ((1, g), 0<g<l,
see (25), and look at finite volume restriction generated by finite rank perturba-
tions. Note that in this case, 7, is not cnu since

To ~S D gS,

where ~ denotes unitary equivalence and S is the standard shift on [2(Z).
Remark 4.11 shows we can nevertheless apply our results to this case.
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Setting A = {1,2,...,2n}, we define TA = DC{}TA, with Daj)‘ unitary and
diagonal and

0 0 g
100
0 0

T = 10 0 g

0 0

0 0 g

1 00

This yields a finite volume restriction of 7, that is a cnu contraction with eigen-
values {4,}72,

Aj(w) = @eﬁziilwkei(j_l)”/”, j=1,...,2n.

The factor 5- S 2" wy tends to 0 as n — oo almost surely, by our assumption on
the distribution of the phases, and we get for any f € C(D),

2n
i 1 N N B i do
LN ; SO (@) 32 (@) = /[ sy | (VECOS(O) VE SO
by a Riemann sum argument. In other words, the normalised counting mea-
sure on o(T2) converges weakly to dm = § ﬁ(r)%, in polar coordinates.
As Spr(TA) = V& < 1, we compute from Theorem 4.9,

1 do
= — — =1, forall h that 1 ,
v (z) > /[0,2]r] e or all z such that |z| < 1/./g

so that we recover ¢(e’’) = 1, in keeping with Remark 5.11

Remark 5.12. The support of the limiting measure dm is disjoint from o (Ty) in
this case:
suppdm No(T,) = /gdDN{gdDUID} = 0.
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