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Abstract. We consider a class of unbounded self-adjoint operators including the Hamil-

tonian of the Jaynes–Cummings model without the rotating-wave approximation (RWA).

The corresponding operators are de�ned by in�nite Jacobi matrices with discrete spectrum.

Our purpose is to give the asymptotic behavior of large eigenvalues.
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1. Introduction

1.1. Jaynes–Cummings model. We call “Jaynes–Cummings model” a self-
adjoint operator J de�ned in l2.N�/ by an in�nite real Jacobi matrix

J D

0

B

B

B

B

B

B

@

d.1/ a.1/ 0 0 : : :

a.1/ d.2/ a.2/ 0 : : :

0 a.2/ d.3/ a.3/ : : :

0 0 a.3/ d.4/ : : :
:::

:::
:::

:::
: : :

1

C

C

C

C

C

C

A

(1.1)

whose entries are of the form

d.k/ D k C .�1/k�; (1.2a)

a.k/ D a1k
1=2; (1.2b)

where � and a1 > 0 are real constants. The study of this kind of operators
is motivated by the Hamiltonian of the Jaynes–Cummings model without the
rotating-wave approximation (RWA) (see È. A. Tur [9]).

The self-adjoint operator J associated to the Jacobi matrix (1.1) acts on l2.N�/

by

.J x/.k/ D d.k/x.k/C a.k/x.k C 1/C a.k � 1/x.k � 1/ (1.3)

(x.0/ D a.0/ D 0). It is de�ned on

D WD
°

x 2 l2.N�/W
1

X

kD1

d.k/2jx.k/j2 < 1
±

:

According to (1.2) the diagonal entries d.k/ are dominant and tend to 1 with k.
The self-adjoint operator J is then bounded from below with compact resolvent
(see [6]), and we denote by

�1.J / � � � � � �n.J / � �nC1.J / � � � �

its eigenvalues, enumerated in non-decreasing order, counting multiplicities.
The aim of this paper is to describe the asymptotic behavior of �n.J / when
n ! 1.
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Theorem 1.1 (Jaynes–Cummings model). Let J be the self-adjoint operator de-

�ned by (1.3) with
8

<

:

d.k/ D k C .�1/k�;
a.k/ D a1k

1=2;

where � and a1 > 0 are real constants. We assume j�j < 1
2
. Then the n-th

eigenvalue �n.J / has the large n asymptotics

�n.J / D n � a21 C O.n�1=4 ln n/: (1.4)

In Section 1.2 we compare our results with other known results. In Section 1.3
we state Theorem 1.2 which is a generalization of Theorem 1.1 motivated by the
paper of A. Boutet de Monvel, S. Naboko, L. O. Silva [1]. Theorem 1.2 gives the
large n asymptotics of �n.J / for Jacobi matrices (1.1) whose entries are of the
form

d.k/ D k C v.k/; (1.5a)

a.k/ D a1k
 C a0

1k
�1 C O.k�2/; (1.5b)

where vWN� ! R is periodic and a1 > 0, a0
1, and 0 <  � 1

2
are real constants.

Section 1.4 gives the plan of the paper. Section 1.5 lists the main notations.

1.2. Modi�ed Jaynes-Cummings models. In this section we recall known re-
sults about the asymptotic behavior of large eigenvalues for “modi�ed Jaynes–
Cummings models,” i.e., for Jacobi matrices (1.1) with entries of the form

8

<

:

d.k/ D k˛ C v.k/;

a.k/ D a1k
 ;

(1.6)

where ˛ >  > 0, a1 > 0 are real constants, and vWN� ! R is periodic. It turns
out that the large n asymptotic behavior of �n.J / strongly depends on whether
˛ �  > 1 or not.

Asymptotics of large eigenvalues with persistent periodic oscillations. In the
easy case ˛� > 1 it is possible to apply approximation methods based on the idea
of successive diagonalizations which was �rst applied to the problem of eigenvalue
asymptotics of Jacobi matrices in the paper of J. Janas and S. Naboko [7]. The
name “modi�ed Jaynes-Cummings models” was then introduced in the paper of
A. Boutet de Monvel, S. Naboko, L. O. Silva [1] treating the case of entries of the



562 A. Boutet de Monvel and L. Zielinski

form (1.6) with ˛ D 2 and  D 1
2
. The asymptotic behavior obtained in [1] in that

case was
�n.J / D n2 C v.n/C O.n�1/:

More general results of M. Malejki [8] and A. Boutet de Monvel, L. Zielinski [3]
for the case of entries of the form (1.6) give as large n asymptotics

�n.J / D n˛ C v.n/C O.n�2� C n2�˛/

where � WD ˛ � 1 �  > 0. Moreover, under the additional conditions ˛ � 2 and
 < 2

3
.˛ � 1/ we have ˛ � 2 > 0 and 2� �  D 2.˛ � 1/ � 3 > 0, hence we

obtain the asymptotic behavior

�n.J / � n˛ D v.n/C o.1/ (1.7)

re�ecting the oscillations determined by the periodic nature of v.

Asymptotics of large eigenvalues without periodic oscillations. The case
˛ D 1 and 0 <  � 1

2
investigated in this paper exhibits a radical change in the

asymptotic behavior of �n.J /. The new phenomenon is the absence of periodic
oscillations of large eigenvalues. This phenomenon was already described in our
earlier paper [5] treating the case ˛ D 1 and 0 <  < 1

2
. In this paper we follow

the general framework of [5] but in order to address the case  D 1
2

we need to
improve the remainder estimates. To that end, we re�ne our approach constructing
suitable approximations by means of truncated Fourier series. After submission of
this paper we learned about [10] where (1.4) is proved, but with a weaker estimate.

1.3. Jaynes–Cummings type models. In this paper we consider “Jaynes–Cum-
mings type models”, i.e., Jacobi matrices (1.1) with entries of type

d.k/ D k C v.k/;

a.k/ � k ;

where vWN� ! R is periodic of period N � 1 and 0 <  � 1
2
. Let us denote by

hvi WD 1

N

X

1�k�N

v.k/

the “mean value” of v and by

�N D �N .v/ WD max
1�k�N

jv.k/ � hvij (1.8)

the maximum mean absolute deviation.
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Assumptions. (H1) v is “weakly dispersive,” in the sense that

�N <

8

ˆ

ˆ

<

ˆ

ˆ

:

1

2
if N D 2;

1

�
p
N

if N � 3:

(1.9)

(H2) a.k/ � k with C2 regularity, i.e.,

ck � a.k/ � Ck ; (1.10a)

jıa.k/j � C 0k�1; (1.10b)

jı2a.k/j � C 00k�2; (1.10c)

for some real constants C , C 0, C 00, c > 0. Here

ıa.k/ WD a.k C 1/ � a.k/ and ı2a.k/ WD a.k C 2/ � 2a.k C 1/C a.k/:

Remark. In particular, (H2) is satis�ed if the large k behavior of a.k/ is given
by (1.5b).

Theorem 1.2 (Jaynes–Cummings type model). Let J be the self-adjoint operator

de�ned in l2.N�/ by (1.3) where

(i) d.k/ D k C v.k/ with v real-valued, N -periodic, and satisfying (H1),
i.e., (1.9);

(ii) a.k/ � k satis�es (H2), i.e., (1.10) with 0 <  � 1
2
.

Then its n-th eigenvalue �n.J / has the large n asymptotics

�n.J / D nC hvi C a.n� 1/2 � a.n/2 C O.n�=2 ln n/: (1.11)

Remark. Let us notice that hypotheses (H2), precisely (1.10a) and (1.10b), imply

a.n�1/2�a.n/2 D �.a.n�1/Ca.n//ıa.n�1/D O.n2�1/ D O.1/ as n ! 1:

For the Jaynes–Cummings model, a.k/ D a1k
1=2, so we even have

a.n� 1/2 � a.n/2 D �a21 D const :

Proof of Theorem 1.2 H) Theorem 1.1. The Jaynes–Cummings model satis�es
assumption (H2) with  D 1

2
. It satis�es also (H1) with N D 2, hvi D 0 and

�2 D j�j. Moreover, as noted above, a.n � 1/2 � a.n/2 D �a21, thus the asymp-
totic formula (1.11) becomes (1.4). �
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1.4. Plan of the paper. In Section 2 we de�ne operators Jn which are eas-
ier to investigate than J and such that, by Proposition 12.1, the n-th eigenvalue
of J is well approximated by a suitable eigenvalue of Jn. Thus, to get Theo-
rem 1.2 it remains to prove the asymptotic formula for Jn stated in Theorem 2.1.
To summarize:

Proposition 12.1

Theorem 2.1

µ

H) Theorem 1.2 H) Theorem 1.1:

The proof of Theorem 2.1 is completed in Section 11 according to the schema

Proposition 3.1 H)Proposition 4.1

Proposition 5.2 & Proposition 11.1

µ

H) Theorem 2.1:

That corresponds to the following four steps.

Step 1. In Section 3 we prove Proposition 3.1 which is Theorem 2.1 in the case
without periodic modulation, i.e., when v � 0.

Step 2. In Section 4 we prove Proposition 4.1 which gives some preliminary
information about the spectrum of Jn obtained by the min-max principle.

Step 3. In Section 5 we replace the operators Jn by operators Ln obtained by
conjugation with suitable unitary operators eiBn . Proposition 5.2 states a trace
estimate for those operators Ln. Its proof is given in Sections 6-10.

Step 4. In Section 11 we prove Proposition 11.1 which is the �nal ingredient of the
proof of Theorem 2.1.

To end this section we give some details about the proof of the trace estimate
of Proposition 5.2 which is the central part of our approach. We start the proof
of Proposition 5.2 in Section 6 by proving three lemmas that allow us to replace
Proposition 5.2 by Proposition 6.4:

Lemmas 6.1–6.3

Proposition 6.4

µ

H) Proposition 5.2:

In Section 7 we introduce a class of operators de�ned by Fourier transform and
used in Section 8 to construct an approximation of eiBn . This construction is used
in Sections 9 & 10 to give approximations of terms �guring in Proposition 6.4 by
means of oscillatory integrals. This allows us to complete the proof of Proposi-
tion 6.4 by application of the stationary phase method.
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1.5. Notations. Let H be a Hilbert space.

� B.H/ is the algebra of bounded operators on H equipped with the operator
norm k� kB.H/,

� If Q 2 B.H/ we also simply denote its operator norm by kQk. Moreover,

ReQ WD 1

2
.QCQ�/

and

ImQ WD 1

2i
.Q �Q�/:

� B1.H/ � B.H/ is the ideal of trace class operators equipped with the norm

kQkB1.H/ WD tr
p

Q�Q:

Throughout the paper, we also use the following notations:

� N D ¹0; 1; : : : º is the set of nonnegative integers, N� D ¹1; 2; : : : º is the set
of positive integers.

� l2.Z/ is the Hilbert space of square-summable complex sequences

xWZ �! C

equipped with the scalar product

hx; yi WD
X

k2Z

x.k/y.k/

and the norm

kxkl2.Z/ WD
p

hx; xi:

� ¹enºn2Z denotes the canonical basis of l2.Z/, i.e., en.j / D ıj;n.

� H.j; k/ WD hej ; Heki, j; k 2 Z denote the matrix elements of an operatorH
acting on l2.Z/ and de�ned on its canonical basis.

� l2.N�/ is the Hilbert space of square-summable sequences

xWN� �! C

equipped with the scalar product

hx; yi WD
1

X

kD1

x.k/y.k/

and the norm

kxkl2.N�/ WD
p

hx; xi:
It is identi�ed with the closed subspace of l2.Z/ generated by ¹enºn2N� , i.e.,
with ¹x 2 l2.Z/W x.k/ D 0 for any k � 0º.
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We also de�ne operators acting on l2.Z/ or l2.N�/.

� The shift S 2 B.l2.Z// is de�ned by

.Sx/.k/ D x.k � 1/; k 2 Z:

In particular Sen D enC1.

� ƒ acts on l2.Z/ by

.ƒx/.k/ D kx.k/; k 2 Z;

for any x such that .kx.k//k2Z 2 l2.Z/.

� For any bWZ ! C we de�ne b.ƒ/ by functional calculus, i.e., b.ƒ/ is closed
in l2.Z/ and such that

b.ƒ/ek D b.k/ek; k 2 Z:

� SC and ƒC denote the respective restrictions of S and ƒ to l2.N�/.

� If L is a self-adjoint operator which is bounded from below with compact
resolvent we denote by

�1.L/ � � � � � �n.L/ � �nC1.L/ � � � �

its eigenvalues, enumerated in non-decreasing order, counting multiplicities.

Throughout the paper n 2 N
� is the large parameter involved in the asymp-

totics (1.4) or (1.11). All error estimates are considered with respect to n � 1

and some statements will be established only for n � n0, where n0 is some large
enough constant.

2. Operators Jn

2.1. Plan of Section 2. In Section 2.2 we de�ne auxiliary operators Jn, n � 1.
In Section 2.3 we state Theorem 2.1 which gives the asymptotic formula for the nth
eigenvalue of Jn. We �nally sketch a proof of Theorem 1.2 based on Theorem 2.1
and Proposition 12.1.

The operators Jn act on l2.Z/ by Jacobi matrices with entries ¹dn.k/ºk2Z,
¹an.k/ºk2Z that are obtained from ¹d.k/º1

kD1
, ¹a.k/º1

kD1
by cut-o�s and lineariza-

tions, see (2.2).
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2.2. De�nition of Jn. It depends on the choice of a cut-o� function �0 2 C1.R/

such that
8

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

:

�0.t / D 1 if jt j � 1

6
;

�0.t / D 0 if jt j � 1

5
;

0 � �0.t / � 1 otherwise:

(2.1a)

From now on we �x such a cut-o� function. Then, for � > 0 we denote

��;n.s/ WD �0

�s � n
�

�

(2.1b)

and de�ne

dn; anWZ �! R

by

dn.k/ WD k C v.k/�n;n.k/
2; (2.2a)

an.k/ WD .a.n/C .k � n/ıa.n//�2n;n.k/: (2.2b)

Let us notice that dn.n/ D d.n/, an.n/ D a.n/, and

dn.k/ D

8

ˆ

<

ˆ

:

d.k/ if jk � nj � n

6
;

k if jk � nj � n

5
;

(2.2c)

an.k/ D

8

ˆ

<

ˆ

:

a.n/C .k � n/ıa.n/ if jk � nj � n

3
;

0 if jk � nj � 2n

5
:

(2.2d)

These modi�cations allow important simpli�cations. They ensure the large n
estimates (12.1), i.e.,

sup
k2Z

jıman.k/j D O.n�m/; m D 0; 1; 2

which are useful to control errors with respect to the large parameter n. Moreover,
the replacement of a.k/ by its linearization atn for k close to n allows a very simple
composition formula in Lemma 7.4, which is essential in the analysis developed
in Sections 8–10.
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With these dn.k/’s and an.k/’s we consider the self-adjoint operator Jn acting
on l2.Z/ by

.Jnx/.k/ D dn.k/x.k/C an.k/x.k C 1/C an.k � 1/x.k � 1/; (2.3)

for x such that .kx.k//k2Z 2 l2.Z/. Its matrix in the canonical basis .ek/k2Z is
of the form

Jn D

0

B

B

B

B

B

B

B

B

B

B

@

: : :
:::

:::
:::

� � ��2 0 0

� � � 0 �1 0

� � � 0 0 0

0

0 JC
n

1

C

C

C

C

C

C

C

C

C

C

A

where the blocks 0 are identically zero and where the block

JC
n D

0

B

B

B

B

B

B

@

dn.1/ an.1/ 0 0 : : :

an.1/ dn.2/ an.2/ 0 : : :

0 an.2/ dn.3/ an.3/ : : :

0 0 an.3/ dn.4/ : : :
:::

:::
:::

:::
: : :

1

C

C

C

C

C

C

A

is its restriction to l2.N�/. The spectrum of Jn is clearly

�.Jn/ D �.JC
n / [ ¹k 2 ZW k � 0º:

Further on, we write �.Jn/ D ¹�k.Jn/ºk2Z with

�k.Jn/ D

8

<

:

�k.J
C
n / if k � 1;

k if k � 0;

where �1.JC
n / � � � � � �k.J

C
n / � �kC1.J

C
n / � � � � denote the eigenvalues of JC

n ,
enumerated in non-decreasing order, counting multiplicities.

2.3. Asymptotic behavior of �n.Jn/

Theorem 2.1. Let .d.k//k2Z and .a.k//k2Z be as in Theorem 1.2 with hvi D 0,

and Jn, ¹�k.Jn/ºk2Z as above. Then one has the large n estimate

�n.Jn/ D l.n/C O.n�=2 ln n/; (2.4a)

l.n/ WD nC an.n� 1/2 � an.n/2: (2.4b)

Proof. See Section 11. �
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Proof of Theorem 2.1 H) Theorem 1.2. (i) We have �n.J � hvi/ D �n.J / � hvi.
Thus, to prove Theorem 1.2 we can assume hvi D 0.

(ii) Proposition 12.1 states the estimate

�n.J / D �n.Jn/C O.n3�2/:

In other words the left-hand sides of (1.11) and (2.4a), i.e., �n.J / and �n.Jn/ are
the same modulo O.n3�2/, a fortiori modulo O.n�=2 lnn/ since  � 1

2
implies

3 � 2 < �
2
.

(iii) Lemma 12.4 for k D n � 1 gives the large n estimates

a.n � 1/ � a.n/ D O.n�1/

and

a.n� 1/ � an.n� 1/ D O.n�2/;

by (12.4a) and (12.4b), respectively. Since a.n/ D O.n / we have the same
estimate for a.n�1/ and an.n�1/. Thus, a.n�1/2�an.n�1/2 D O.n2�2/ and

an.n� 1/2 � an.n/2 D a.n � 1/2 � a.n/2 C O.n2�2/: (2.5)

Since  � 1
2

implies 2 � 2 < �
2

this relation holds a fortiori modulo
O.n�=2 ln n/. That proves that the right-hand sides of (1.11) and (2.4a) are the
same modulo O.n�=2 ln n/.

(iv) By (ii) and (iii) (2.4a) H) (1.11), i.e., Theorem 2.1 H) Theorem 1.2 with
hvi D 0. �

3. Theorem 2.1 when v � 0

3.1. Plan of Section 3. The aim of this section is to prove Proposition 3.1 which
says that Theorem 2.1 holds when v � 0. Since the proof is based on the min-
max principle we consider operators acting on l2.N�/. In Section 3.2 we state
Proposition 3.1 and we explain the idea of the proof. In Section 3.3 we show a
useful property of

ln.k/ WD k C an.k � 1/2 � an.k/2; k � 1: (3.1)

Note that ln.n/ D l.n/where l.n/ is de�ned by (2.4b). The proof of Proposition 3.1
is completed in Section 3.4.
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3.2. Main result. We consider the operator JC
0;nWD ! l2.N�/ de�ned by

.JC
0;nx/.k/ D kx.k/C an.k/x.k C 1/C an.k � 1/x.k � 1/;

where an.k/ is given by (2.2b). Thus JC
0;n coincides with JC

n if v � 0 and
Theorem 2.1 in that case follows from Proposition 3.1.

Proposition 3.1. If ln.k/ is given by (3.1), then

sup
k2N�

j�k.JC
0;n/ � ln.k/j D O.n3�2/: (3.2)

Sketch of proof. A complete proof is given in Section 3.4. The proof is similar to
the �rst step of the successive diagonalization method [2]. We observe that

JC
0;n D ƒC C AC

n (3.3)

where AC
n is the �nite rank operator de�ned by the matrix

AC
n D

0

B

B

B

B

B

B

@

0 an.1/ 0 0 : : :

an.1/ 0 an.2/ 0 : : :

0 an.2/ 0 an.3/ : : :

0 0 an.3/ 0 : : :
:::

:::
:::

:::
: : :

1

C

C

C

C

C

C

A

(3.4)

In Section 3.4 we de�ne self-adjoint operators BC
n such that the di�erence

RC
n WD eiBC

n JC
0;ne

�iBC
n � ln.ƒC/ (3.5)

can be estimated by
kRC

n kB.l2.N�// D O.n3�2/: (3.6)

By the min-max principle,

j�k.ln.ƒC/CRC
n / � �k.ln.ƒ

C//j � kRC
n kB.l2.N�//;

hence the estimate (3.2) follows from (3.6) and from the relations

�k.ln.ƒ
C/CRC

n / D �k.J
C
0;n/;

�k.ln.ƒ
C// D ln.k/; for n � n1; (3.7)

where n1 is some large enough integer and k � 1. This equality (3.7) follows
from �.ln.ƒ

C// D ¹ln.k/º1
kD1

and from Lemma 3.2 below. By this lemma we
can indeed �nd n1 such that

n � n1 H) ln.k/ < ln.k C 1/ for all k 2 N
�: �
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3.3. The sequence .ln.k//
1

kD1
is increasing for large n

Lemma 3.2. Let .ln.k//
1
kD1

be de�ned by (3.1). For any " > 0 there exists n."/

such that

jln.k C 1/ � ln.k/ � 1j < " (3.8)

holds for any n � n."/ and all k 2 N
�.

Proof. We write

ln.k/ D k C a1;n.k/; (3.9a)

a1;n.k/ WD an.k � 1/2 � an.k/
2: (3.9b)

Thus,

a1;n.k/ D �.an.k � 1/C an.k//ıan.k � 1/;

ıa1;n.k/ D �.ıan.k � 1/C ıan.k//ıan.k/ � .an.k � 1/C an.k//ı
2an.k � 1/:

Under (H2), Lemma 12.2 states estimates (12.1), i.e.,

sup
k�1

jıman.k/j � zCn�m; for m D 0; 1; 2.

It follows that

sup
k�1

ja1;n.k/j � Cn2�1 and sup
k�1

jıa1;n.k/j � C0n
2�2

for some constants C , C0 > 0. Therefore,

sup
k�1

jln.k C 1/ � ln.k/ � 1j � C0n
2�2: (3.10)

We complete the proof choosing n."/ such that C0n."/2�2 < ". �

3.4. Proof of Proposition 3.1. We consider the operators

BC
n WD

0

B

B

B

B

B

B

@

0 ian.1/ 0 0 : : :

�ian.1/ 0 ian.2/ 0 : : :

0 �ian.2/ 0 ian.3/ : : :

0 0 �ian.3/ 0 : : :
:::

:::
:::

:::
: : :

1

C

C

C

C

C

C

A

(3.11)
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Step 1. We claim that i.ƒCBC
n �BC

n ƒ
C/ D ŒiƒC; BC

n � D AC
n where AC

n is given

by (3.4).

Proof. Writing AC
n D 2Re.SCan.ƒ

C// and BC
n D 2 Im.SCan.ƒ

C// we get

ŒiBC
n ; ƒ

C� D 2ReŒSCan.ƒ
C/; ƒC� D 2ReŒSC; ƒC�an.ƒ

C/:

Now it su�ces to observe that ŒSC; ƒC� D �SC. �

Step 2. We claim that ŒiBC
n ; A

C
n � D 2 a1;n.ƒ

C/ where a1;n is as in (3.9b).

Proof. We observe that ŒiBC
n ; A

C
n � D 2ReŒSCan.ƒ

C/; AC
n � and

ŒSCan.ƒ
C/; AC

n � D ŒSCan.ƒ
C/; SCan.ƒ

C/C an.ƒ
C/.SC/��

D SCan.ƒ
C/2.SC/� � an.ƒ

C/.SC/�SCan.ƒ
C/

D an.ƒ
C � I /2 � an.ƒC/2:

Step 3. As explained at the end of Section 3.2 it remains to prove (3.6).

Proof. Recall (3.6) is the estimate kRC
n kB.l2.N�// D O.n3�2/ where, according

to (3.5) and (3.3),

RC
n D eiBC

n JC
0;ne

�iBC
n � ln.ƒC/ with JC

0;n D ƒC C AC
n :

In order to prove (3.6) we denote

J0;n.t / WD ƒC C tAC
n ; for t 2 R,

and introduce

Gn.t / WD eitBC
n J0;n.t /e

�itBC
n :

Then we get

@tGn.t / D eitBC
n .d

B
C
n
J0;n.t //e

�itBC
n :

Using Steps 1 and 2 for the last equality below we �nd that

d
B

C
n
J0;n.t / WD @tJ0;n.t / C ŒiBC

n ; J0;n.t /�

D AC
n C ŒiBC

n ; ƒ
C�C t ŒiBC

n ; A
C
n �

D 2t a1;n.ƒ
C/:
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Hence we can write

@tGn.t / D 2t.a1;n.ƒ
C/CRn.t //

with

Rn.t / WD eitBC
n a1;n.ƒ

C/e�itBC
n � a1;n.ƒC/

D
Z 1

0

eistBC
n ŒiBC

n ; a1;n.ƒ
C/�e�istBC

n ds:

Since

kŒSC; a1;n.ƒ
C/�kB.l2.N�// D k.ıa1;n/.ƒC/�kB.l2.N�// D O.n2�2/;

it is clear that

kRn.t /kB.l2.N�// � kŒBC
n ; a1;n.ƒ

C/�kB.l2.N�// D O.n3�2/: (3.12)

Using (3.9a), i.e., ln.k/ D k C a1;n.k/, we �nd that

RC
n WD eiBC

n JC
0;ne

�itBC
n � ln.ƒ

C/

can be written

RC
n D eiBC

n JC
0;ne

�iBC
n �ƒC � a1;n.ƒC/

D Gn.1/ �Gn.0/ � a1;n.ƒC/

D
Z 1

0

2t.a1;n.ƒ
C/CRn.t //dt � a1;n.ƒC/

D
Z 1

0

2tRn.t /dt:

Hence (3.6) follows from (3.12).

4. Properties of the spectrum of Jn

4.1. Plan of Section 4. The purpose of this section is to prove two properties
of the spectrum of Jn given in Proposition 4.1 which is stated in Section 4.2.
The proof of the �rst property is given in Section 4.3 and the proof of the second
one is given in Section 4.4.
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4.2. Main result

Proposition 4.1 (estimates for eigenvalues of Jn). Assume that the operators Jn

are as in Theorem 2.1 and �N is given by (1.8) with hvi D 0, i.e.,

�N D max
1�k�N

jv.k/j: (4.1)

(a) If C0 is large enough, then

sup
k�1

j�k.Jn/ � ln.k/j � �N C C0n
3�2: (4.2)

(b) If n1 is large enough, then for n � n1 one has

sup
k�1

j�kCN .Jn/ � �k.Jn/ � N j D O.n�1/: (4.3)

Remarks. (i) We will deduce (4.2) from Proposition 3.1 by application of the
min-max principle.

(ii) Let k � 1. For C > 0 we de�ne the intervals

�Ck;n WD Œln.k/ � �N � Cn�1; ln.k/C �N C Cn�1�: (4.4)

Since the hypothesis �N < 1
2

allows us to use (3.8) from Lemma 3.2 with
0 < " < 1

2
� �N we �nd

ln.k C 1/ � ln.k/ � 2�N C "

for n � n."/. Therefore choosing nC large enough to ensure 2Cn�1
C < " we

obtain
n � nC H) �Ck;n \�CkC1;n D ¿:

Since 3�2 � �1, (4.2) implies that there existsC0 > 0 such that �k.Jn/ 2 �C0

k;n
,

hence
n � nC0

H) �.Jn/ \�C0

k;n
D ¹�k.Jn/º:

This localisation of �k.Jn/ is crucial for the proof of (4.3) given in Section 4.4.

4.3. Proof of Proposition 4.1 (a). Let us note that �k.Jn/ D �k.J
C
n / for k � 1.

Moreover, JC
n D JC

0;n C vn.ƒ
C/ with

vn.k/ WD v.k/�2n;n.k/: (4.5)

Then, by the min-max principle and (4.1) we get

j�k.JC
n / � �k.JC

0;n/j � kvn.ƒC/kB.l2.N�// � �N ;

and (4.2) follows using estimate (3.2) from Proposition 3.1.
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4.4. Proof of Proposition 4.1 (b)

Step 1. Let C 0 be large enough. Then there is nC 0 such that

n � nC 0 H) �k.Jn/CN 2 �C 0

kCN;n:

Proof. By de�nition (4.4) of �Cj;n it su�ces to show the estimate

j�k.Jn/CN � ln.k CN/j � C 0n�1 C �N : (4.6)

The left-hand side of (4.6) can be estimated by

j�k.Jn/ � ln.k/j C jln.k/CN � ln.k CN/j: (4.7)

It remains to observe that the �rst term of (4.7) can be estimated by �N CC0n
3�2

due to Proposition 4.1 (a) and the second term of (4.7) can be estimated byC 0
0n
2�2

due to (3.10).

Step 2. We claim that

kS�NJnS
N � Jn �Nk � C 00n�1:

Proof. Using S�Nan.ƒ/S
N D an.ƒC N/ we get

kS�Nan.ƒ/S
N � an.ƒ/k D O.n�1/

from jan.�CN/ � an.�/j � Cn�1, and using S�Nv.ƒ/SN D v.ƒ/ we get

kS�Nvn.ƒ/S
N � vn.ƒ/k D O.n�1/:

Step 3. We �nally check that

�kCN .Jn/ 2 �ı
k;n WD Œ�k.Jn/CN � C 00n�1; �k.Jn/CN C C 00n�1� (4.8)

holds for n � n0 if n0 and C 00 are large enough.

Proof. Let C 00 be as in Step 2. IfRn WD S�NJnS
N �Jn�N , then by the min-max

principle,

�.Jn/ D �.S�NJnS
N / D �.Jn CN C Rn/ �

[

j2Z

�ı
j;n:
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Let C 0 be as in Step 1 and yC > C 0 C C 00. Then

n � n yC
H) �ı

k;n � �
yC
kCN;n (4.9)

if n yC
is large enough. If moreover yC � C0 with C0 as in (4.2), then

n � n yC
H) .�j .Jn/ 2 � yC

j;n & �
yC
k;n \� yC

kC1;n D ¿/ (4.10)

for every j; k 2 Z. Using (4.10) with j D kCN and (4.9) we obtain (4.8) writing

�kCN .Jn/ 2 �.Jn/ \�
yC
kCN;n �

[

j2Z

�ı
j;n \� yC

kCN;n D �ı
k;n; for n � n yC

:

5. Operators Ln

5.1. Plan of Section 5. In Section 3 we obtained asymptotic estimates of eigen-
values when v � 0 by reducing the o�-diagonal entries through suitable conjuga-

tions with eiBC
n . We follow the same method to manage the general case.

In Section 5.2 we use eiBC
n from Section 3.4 to replace Jn byLn. In Section 5.3

we state properties of the spectrum of Ln. In Section 5.4 we state Proposition 5.2
which is the most important ingredient of the proof of Theorem 2.1. The proof of
Proposition 5.2 begins in Section 6 and ends in Section 10.

5.2. De�nition of Ln. We de�ne the operator Ln acting on l2.Z/ by

Ln WD ln.ƒ/C zVn

where

ln.k/ D

8

<

:

k C an.k � 1/2 � an.k/2 if k � 1;

k if k � 0;
(5.1)

with an.k/ de�ned in (2.2b) and

zVn WD eiBnvn.ƒ/e
�iBn ; (5.2)

Bn WD i.an.ƒ/S
�1 � San.ƒ// D

�

0 0

0 BC
n

�

: (5.3)
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The restriction BC
n to l2.N�/ was already de�ned by (3.11) in Section 3.4. Simi-

larly,

Ln D

0

B

B

B

B

B

B

B

B

B

B

@

: : :
:::

:::
:::

� � ��2 0 0

� � � 0 �1 0

� � � 0 0 0

0

0 LC
n

1

C

C

C

C

C

C

C

C

C

C

A

:

The restriction LC
n to l2.N�/ is given by

LC
n WD ln.ƒ

C/C zV C
n ; (5.4a)

zV C
n WD eiBC

n vn.ƒ
C/e�iBC

n : (5.4b)

The spectrum of Ln is clearly

�.Ln/ D �.LC
n / [ ¹k 2 ZW k � 0º:

Further on, we write �.Ln/ D ¹�k.Ln/ºk2Z with

�k.Ln/ D

8

<

:

�k.L
C
n / if k � 1;

k if k � 0:

5.3. Properties of the spectrum of Ln

Proposition 5.1 (estimates for �k.Ln/). Let Ln and ¹�k.Ln/ºk2Z be as in Sec-

tion 5.2.

(a) Estimate (2.4a) from Theorem 2.1 is equivalent to

�n.Ln/ D ln.n/C O.n�=2 ln n/: (5.5)

(b) If C is large enough, then

sup
k�1

j�k.Ln/ � ln.k/j � �N C Cn3�2: (5.6)

(c) If n1 is large enough, then for n � n1 one has

sup
k�1

j�kCN .Ln/ � �k.Ln/ � N j D O.n�1/: (5.7)
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Proof. This proposition translates estimates for Jn into estimates for Ln through
the key estimate

sup
k�1

j�k.Jn/ � �k.Ln/j D O.n3�2/: (5.8)

Apply (5.8) to translate each of the three estimates (2.4a), (4.2), and (4.3), the
�rst one from Theorem 2.1 and the other two from Proposition 4.1. Statements (b)
and (c) are thus corollaries of Proposition 4.1.

It remains to prove (5.8). Let k � 1. We have �k.Ln/ D �k.L
C
n / and

�k.Jn/ D �k.J
C
n / D �k.eiBC

n JC
n e�iBC

n /. Moreover, using JC
n D JC

0;n C vn.ƒ
C/

together with (3.5), (5.4b), and (5.4a) that de�ne RC
n , zV C

n , and LC
n we �nd

eiBC
n JC

n e�iBC
n D ln.ƒ

C/CRC
n C zV C

n D LC
n CRC

n :

Finally, by the min-max principle and estimate (3.6) of kRC
n kB.l2.N�//:

sup
k�1

j�k.Jn/ � �k.Ln/j D sup
k�1

j�k.LC
n CRC

n / � �k.LC
n /j

� kRC
n kB.l2.N�//

D O.n3�2/: �

5.4. A trace estimate. We denote L0;n WD ln.ƒ/ and we want to compare the
spectrum of

Ln WD L0;n C zVn (5.9)

with that of L0;n which is ¹ln.k/ºk2Z for n � n0. For this purpose we consider the
expression

G0n WD
X

k2Z

.�.�k.Ln/ � ln.n// � �.ln.k/ � ln.n///; (5.10a)

with � 2 S.R/, where S.R/ denotes the Schwartz class of rapidly decreasing
functions on R. Let us observe that G0n can be written as a trace:

G0n D tr.�.Ln � l.n// � �.L0;n � l.n///; (5.10b)

where, as already noted, l.n/ D ln.n/ D nC an.n � 1/2 � an.n/2.

Proposition 5.2 (trace estimate). Let � 2 S.R/ be such that its Fourier transform

O�.t/ WD
Z 1

�1

�.�/e�it� d�

2�
(5.11)

has compact support. If G0n is given by (5.10), then one has the large n estimate

G0n D O.n�=2 ln n/: (5.12)

Proof. See Section 10. �
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6. Reformulation of Proposition 5.2

6.1. Plan of Section 6. Let G0n be given by (5.10a). In this section we show
that the trace estimate G0n D O.n�=2 ln n/ in Proposition 5.2 is a consequence of
Proposition 6.4, whose proof will be given in Sections 7–10.

We explain now the idea of obtaining the trace estimate (5.12) from Proposi-
tion 6.4. To begin with, we observe that the trace formulation (5.10b) express G0n
as a function of Ln and L0;n, and such a function can be expressed by means of
the evolutions eitLn and eitL0;n (t 2 R) via the standard representation formula
based on the Fourier transform. Next we write

eitLn � eitL0;n D eitL0;n.Un.t / � I /

where

Un.t / WD e�itL0;neitLn ; t 2 R

and use the Neumann series to expressUn.t /�I . Then to obtain information about
traces it su�ces to consider estimates of the diagonal entries for every term in the
Neumann series. In Proposition 6.4 we state estimates which ensure the estimate
G0n D O.n�=2 ln n/. The same approach was used in our previous paper [5] where
we considered weaker remainder estimates and the stronger assumption  < 1

2
. In

the framework of [5] we show estimates similar to the estimates of Proposition 6.4
in a very short way as all involved operators are functions of S and their matrix
elements can be directly expressed by means of oscillatory integrals.

In Section 6.2 we prove Lemma 6.1 which says that modulo O.n� / we
can modify the trace (5.10a) by using an auxiliary cut-o�. In Section 6.3 we
prove Lemma 6.2 which shows that the trace estimate (5.12) follows from con-
dition (6.12) on the evolution Un.t /. In Section 6.4 we prove Lemma 6.3 which
shows that this condition results from estimates (6.17) on the coe�cients of the
Neumann series for Un.t /. In Section 6.5 we state Proposition 6.4 which shows
that these estimates are valid.

6.2. An auxiliary cut-o�. The aim of this section is to check that the trace
estimate (5.12) in Proposition 5.2 is equivalent to the estimate

Gn D O.n�=2 ln n/ (6.1)

where
Gn WD tr.�n ;n.L0;n/.�.Ln � l.n// � �.L0;n � l.n////: (6.2)

The cut-o� �n ;n is de�ned by (2.1).
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Lemma 6.1. If G0n is given by (5.10a) and Gn by (6.2), then

Gn � G0n D O.n� /: (6.3)

Proof. First of all we observe that there is a constant C > 0 such that

k.I C .L0;n � l.n//2/�1kB1.l2.Z//
D

X

j2Z

1

1C .ln.j / � l.n//2
� C

and a similar estimate holds for Ln:

k.I C .Ln � l.n//2/�1kB1.l2.Z//
D

X

j2Z

1

1C .�j .Ln/ � l.n//2
� C: (6.4)

Next we claim that for every � > 0 we can estimate

k.I � �n ;n.Ln//�.Ln � l.n//kB1.l2.Z//
D O.n��/: (6.5)

Indeed, if �0.s/ WD .1C s2/�.s/ then for every � > 0 we have

sup
s2R

j.1 � �n ;n.s//�0.s � l.n//j D O.n��/:

Hence,
k.I � �n ;n.Ln//�0.Ln � l.n//k D O.n��/: (6.6)

Since the left-hand side of (6.5) can be estimated by

k.I � �n ;n.Ln//�0.Ln � l.n//k � k.1C .Ln � l.n//2/�1kB1.l2.Z//

we deduce (6.5) from (6.4) and (6.6). Reasoning similarly with L0;n instead of Ln
we obtain

k.I � �n ;n.L0;n//�.L0;n � l.n//kB1.l2.Z//
D O.n��/: (6.7)

If the operator T is self-adjoint, the operator R is bounded and � 2 C1
0 .R/, then

there exists a constant C D C.�/ such that

k�.T CR/ � �.T /k � CkRk: (6.8)

Thus, using (6.8) with T D n� .L0;n � n/ and R D n� zVn we can estimate

k�n ;n.Ln/ � �n ;n.L0;n/k � C0kn� zVnk D O.n� /

and combining this last estimate with (6.4) we obtain

k.�n ;n.Ln/ � �n ;n.L0;n//�.Ln � l.n//kB1.l2.Z//
D O.n� /: (6.9)

However, using (6.9) and (6.5) with � D  we obtain

k.I � �n ;n.L0;n//�.Ln � l.n//kB1.l2.Z//
D O.n� /: (6.10)

It is now clear that (6.3) follows from (6.10) and (6.7) with � D  . �
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6.3. Use of the Fourier transform. For t 2 R we denote

un;j .t / WD ŒUn.t /�.j; j / (6.11)

the diagonal entries of the evolution Un.t / D e�itL0;neitLn introduced in Sec-
tion 6.1.

Lemma 6.2. If for every t0 > 0 we have the estimate

sup
jt j�t0

jj�nj�n

j@tun;j .t /j D O.n�=2/; (6.12)

then we have the trace estimate (6.1), i.e., Gn D O.n�=2 ln n/.

Proof. Let � 2 S.R/ be such that supp O� � Œ�t0; t0� with O� as in (5.11). Hence,

�.�/ D
Z 1

�1

O�.t/ei�tdt D
Z t0

�t0

O�.t/ei�tdt:

Using Ln � l.n/ and L0;n � l.n/ in place of � we then obtain

�.Ln � l.n// � �.L0;n � l.n// D
Z t0

�t0

O�.t/e�itl.n/.eitLn � eitL0;n/dt;

hence

Gn D
Z t0

�t0

O�.t/e�itl.n/ tr.�n ;n.L0;n/e
itL0;n.Un.t / � I //dt:

However,

tr.�n ;n.L0;n/e
itL0;n.Un.t /� I // D

X

j2Z

he�itL0;n�n ;n.L0;n/ej ; .Un.t / � I /ej i

and
�n ;n.ln.j // ¤ 0 H) jj � nj � n : (6.13)

Then, for any j 2 Z,

e�itL0;n�n ;n.L0;n/ej D e�itln.j /�n ;n.ln.j //ej

and we can expand Gn as
Gn D

X

j2Z

Gn.j /

with

Gn.j / WD
Z t0

�t0

O�.t/ eit=2 eit.ln.j /�l.n/�1=2/�n ;n.ln.j //.un;j .t / � 1/ dt:
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Due to Lemma 3.2 we can �nd n0; c0 > 0 such that

n � n0 H)
ˇ

ˇ

ˇ

ˇ

ln.j / � l.n/ � 1

2

ˇ

ˇ

ˇ

ˇ

� c0.1C jj � nj/

and we can express

eit.ln.j /�l.n/�1=2/ D � i

ln.j / � l.n/ � 1

2

@te
it.ln.j /�l.n/�1=2/:

Hence, integrating by parts we obtain

Gn.j / D iG1;n.j /C iG2;n.j /

with

G1;n.j / D
Z t0

�t0

O�.t/ eit.ln.j /�l.n// �n ;n.ln.j //

ln.j / � l.n/ � 1

2

@tun;j .t / dt;

G2;n.j / D
Z t0

�t0

@t . O�.t/ eit=2/eit.ln.j /�l.n/�1=2/ �n ;n.ln.j //

ln.j / � l.n/ � 1

2

.un;j .t / � 1/ dt:

Since supp O� � Œ�t0; t0� we have the estimates

jG1;n.j /j � C
�n ;n.ln.j //

1C jj � nj sup
jt j�t0

j@tun;j .t /j;

jG2;n.j /j � C
�n ;n.ln.j //

1C jj � nj sup
jt j�t0

jun;j .t /� 1j:

Combining (6.13) with supjt j�t0
jun;j .t /� 1j � t0 supjt j�t0

j@tun;j .t /j we �nd that
the estimate

jGnj �
X

jj�nj�n

C0

1C jj � nj n
�=2

holds under assumption (6.12). To complete the proof we observe that

X

jkj�n

1

1C jkj � 1C 2 ln n: �

6.4. Expansion of Un.t/. Since �i @tUn.t / D e�itL0;n.Ln � L0;n/eitLn we can
write

�i @tUn.t / D Hn.t /Un.t /;
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with

Hn.t / WD e�itL0;n.Ln � L0;n/eitL0;n : (6.14)

Since Un.0/ D I we then have the following expansion formula:

Un.t / D ICi
Z t

0

Hn.t1/dt1C
1

X

�D2

i�
Z t

0

dt1� � �
Z t��1

0

Hn.t1/ : : :Hn.t�/ dt�: (6.15)

For ��1 and .t1; : : : ; t�/2R
� we denote the diagonal entries of i�Hn.t1/ : : :Hn.t�/

by

g�;n;j .t1; : : : ; t�/ D i�ŒHn.t1/ : : :Hn.t�/�.j; j /: (6.16)

Lemma 6.3. We make the following two assumptions:

(i) for any t0 > 0 we can �nd C > 0 such that

sup
jt1j�t0

jj�nj�n

jg1;n;j .t1/j � Cn�=2I (6.17a)

(ii) for some " > 0 and for any t0 > 0 we can �nd C > 0 such that the estimates

sup
jt1j;:::;jt��1j�t0

jj�nj�n

Z t0

�t0

jg�;n;j .t1; : : : ; t�/j dt� � Cn�=2 (6.17b)

hold for � � n".

Then assumption (6.12) of Lemma 6.2 is satis�ed, i.e., for any t0 > 0

sup
jt j�t0

jj�nj�n

j@tun;j .t /j D O.n�=2/:

Proof. g�;n;j .t1; : : : ; t�/ andun;j .t/ are the .j;j/ coe�cients of i�Hn.t1/ : : :Hn.t�/
and Un.t /, see (6.16) and (6.11). Thus, the expansion (6.15) of Un.t / gives for its
.j; j / coe�cient

un;j .t / D 1C
1

X

�D1

Z t

0

dt1� � �
Z t��1

0

g�;n;j .t1; : : : ; t�/ dt�;

and for its derivative

@tun;j .t / D g1;n;j .t /C
1

X

�D2

u�;n;j .t /;
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where the terms u�;n;j are de�ned by

u2;n;j .t / D
Z t

0

g2;n;j .t; t2/ dt2;

u�;n;j .t / D
Z t

0

dt2� � �
Z t��1

0

g�;n;j .t; t2; : : : ; t�/ dt�; � � 3:

In what follows, jt j � t0 and jj � nj � n . The term g1;n;j .t / is O.n�=2/

by (6.17a). The terms of index � � n" in the sum are estimated using (6.17b):

X

2���n"

ju�;n;j .t /j �
X

2���n"

C t��1
0 n�=2

.� � 1/Š
� C et0n�=2 D O.n�=2/:

To complete the proof it remains to observe that

X

�>n"

ju�;n;j .t /j �
X

�>n"

C t��1
0

.� � 1/Š � C et0

.bn"c � 1/Š ; (6.18)

where bsc WD max¹k 2 Z W k � sº. Since kŠ � .ke /
k it is clear that the right-hand

side of (6.18) is rapidly decreasing when n ! 1. �

6.5. Summary. Lemmas 6.1, 6.2, and 6.3 reduce Proposition 5.2 to the proof of
assumptions (6.17a) and (6.17b) of Lemma 6.3 for some " > 0.

Proposition 6.4. (i) For any t0 > 0 we can �nd C > 0 such that (6.17a) holds.

(ii) For any t0 > 0 and any 0 < " � =16 we can �nd C > 0 such that

estimates (6.17b) hold for � � n".

Proof. See Sections 9 and 10. �

Proof of Proposition 6.4 H) Proposition 5.2. By Proposition 6.4, both assump-
tions of Lemma 6.3 are satis�ed for 0 < " � =16. Hence Lemma 6.3 applies
and assumption (6.12) of Lemma 6.2 is satis�ed. Thus, Lemma 6.2 also applies
and estimate (6.1) holds. Finally, estimates (6.1) and (6.3) from Lemma 6.1 imply
estimate (5.12) in Proposition 5.2. �
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7. The class of operators q.ƒ;S/

7.1. Plan of Section 7. The aim of this section is to describe a class of operators
in l2.Z/ which are needed in Sections 8-10. These operators are denoted by
q.ƒ; S/ and de�ned in Section 7.3 by Fourier transform. In Section 7.3 we
prove Lemma 7.1 which computes q1.ƒ; S/q2.ƒ; S/�. In Section 7.4 we prove
Lemma 7.2 which computes the conjugate e�isƒq.ƒ; S/eisƒ. In Section 7.5 we
prove Lemma 7.4 which gives a speci�c composition formula. In Section 7.6 we
prove Lemma 7.5 which gives a norm estimate used in Sections 8–10. Finally,
in Section 7.7 we prove Lemma 7.6 which estimates the norm of the commutator
of q.ƒ; S/ with diagonal operators.

7.2. Notations. Further on, we denote

� T WD ¹z 2 C W jzj D 1º D R=2�Z the unit circle;

� L2.T/ the Hilbert space of classes of square integrable functions f WT ! C

equipped with the scalar product

hf; gi D
Z 2�

0

f .ei�/g.ei�/
d�

2�
I

� ¹fj ºj2Z the orthonormal basis de�ned by fj .ei�/ D eij� for � 2 R;

� F0W L2.T/ ! l2.Z/ the Fourier transform which is a unitary isomorphism
such that F0fn D en:

.F0f /.j / D hfj ; f iL2.T/ D
Z 2�

0

f .ei�/ e�ij� d�

2�
I

� kpkCm.T/ WD max0�i�m sup�2Rj@i
�
p.ei�/j the Cm-norm of p 2 C1.T/;

� �sWT ! T, s 2 R the translation ei� ! ei.��s/;

� Q�sWZ � T ! Z � T its extension .j; ei�/ ! .j; ei.��s//.

7.3. Operators p.S/ and q.ƒ;S/

7.3.1. Operatorsp.S/. If p 2 C1.T/we de�nep.S/ 2 B.l2.Z// by functional
calculus. Since F�1

0 SF0fn D fnC1 we have .F�1
0 SF0f /.ei�/ D ei�f .ei�/.

Thus, by Fourier transform p.S/ is the operator of multiplication by p, i.e.,
.F�1
0 p.S/F0f /.ei�/ D p.ei�/f .ei�/, so that

p.S/.j; k/ WD hej ; p.S/eki D hfj ; pfkiL2.T/ D
Z 2�

0

p.ei�/ ei.k�j /� d�

2�
: (7.1)
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Properties of p.S/. Let p; p1; p2 2 C1.T/.

1) p.S/� D Np.S/.
2) .p1p2/.S/ D p1.S/p2.S/.

7.3.2. Operators q.ƒ;S/. We consider two classes Q0, Q of functions

q0; qWZ � T �! C:

a) q0 2 Q0 if q0.j; � / 2 C1.T/ for each j 2 Z and q0.j; � / D 0 for large jj j.
b) q 2 Q if there exist p 2 C1.T/ and q0 2 Q0 such that

q.j; ei�/ D p.ei�/C q0.j; ei�/ D p.ei�/C pj .e
i�/; (7.2)

where pj .ei�/ WD q0.j; ei�/. Let us note that pj � 0 for large jj j. Moreover,
p, q0, and the pj ’s are uniquely determined by q since p.ei�/ D q.j; ei�/ for
jj j � 0.

Remark. If q.j; ei�/ D ei z .j;ei�/ with z 2 Q0, then q � 1 2 Q0 and q 2 Q.

De�nition of q.ƒ;S/. Let q0 2 Q0. Let also q 2 Q be as in (7.2).

(a) The operator q0.ƒ; S/ 2 B.l2.Z// is the �nite rank operator de�ned by

q0.ƒ; S/ D
X

j2Z

j̆pj .S/ (7.3)

where j̆ D hej ; � iej is the orthogonal projection on ej and

pj .e
i�/ WD q0.j; ei�/:

(b) The operator q.ƒ; S/ 2 B.l2.Z// is de�ned by

q.ƒ; S/ D p.S/C q0.ƒ; S/: (7.4)

Properties of q.ƒ;S/. We assume q 2 Q.

(i) It follows from (7.1) using (7.4) and (7.3) that the matrix elements of q.ƒ; S/
are given by

q.ƒ; S/.j; k/D
Z 2�

0

q.j; ei�/ ei.k�j /� d�

2�
: (7.5)
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(ii) If Qq.j; ei�/ D q.j; ei�/ Qp.ei�/ with Qp 2 C1.T/, then Qq.ƒ; S/ D q.ƒ; S/ Qp.S/.
Indeed, by (7.4) and (7.3),

Qq.ƒ; S/ D .p Qp/.S/C
X

j

j̆ .pj Qp/.S/

D
�

p.S/C
X

j

j̆pj .S/
�

Qp.S/

D q.ƒ; S/ Qp.S/:

(iii) Let � WZ ! C be of �nite support. If Qq.j; ei�/ D �.j /q.j; ei�/, then
Qq.ƒ; S/ D �.ƒ/q.ƒ; S/. In particular, if Qq.j; ei�/ D �.j /, then Qq.ƒ; S/ D
�.ƒ/. By (i) we indeed have

Qq.ƒ; S/.j; k/D �.j /

Z 2�

0

q.j; ei�/ ei.k�j /� d�

2�

D �.j /q.ƒ; S/.j; k/

D .�.ƒ/q.ƒ; S//.j; k/:

Lemma 7.1. If q1; q2 2 Q0, then the matrix elements of q1.ƒ; S/q2.ƒ; S/
� are

given by

.q1.ƒ; S/ q2.ƒ; S/
�/.j; k/ D

Z 2�

0

q1.j; e
i�/q2.k; ei�/ ei.k�j /� d�

2�
: (7.6)

Proof. Let pi;j WD qi .j; � /, i D 1; 2. By (7.3), qi .ƒ; S/ D
P

j2Z j̆pi;j .S/.
Hence

q1.ƒ; S/ q2.ƒ; S/
� D

X

l;m2Z

˘lp1;l.S/ Np2;m.S/˘m:

Using (7.1) at last line below we then have

.q1.ƒ; S/ q2.ƒ; S/
�/.j; k/ D

X

l;m2Z

h˘lej ; p1;l.S/ Np2;m.S/˘meki

D hej ; .p1;j Np2;k/.S/eki

D
Z 2�

0

p1;j .e
i�/p2;k.ei�/ ei.k�j /� d�

2�
: �
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7.4. Conjugation of q.ƒ;S/ by eisƒ. For s 2 R and p 2 C1.T/ we have the
formula

e�isƒp.S/eisƒ D .p ı �s/.S/:

Indeed, e�isƒSeisƒ D e�isS , hence e�isƒp.S/eisƒ D p.e�isS/ D .p ı �s/.S/.
More generally:

Lemma 7.2 (unitary conjugation). If q 2 Q then for any s 2 R,

e�isƒq.ƒ; S/eisƒ D .q ı Q�s/.ƒ; S/: (7.7)

Proof. It su�ces to check that both sides of (7.7) have the same matrix elements.
Using that eisƒem D eismem together with (7.5), we express the .j; k/ coe�cient
of the left-hand side as

eis.k�j /hej ; q.ƒ; S/eki D
Z 2�

0

ei.k�j /.�Cs/q.j; ei�/
d�

2�
: (7.8)

The change of variable � D � C s allows us to express the right-hand side of (7.8)

as
Z sC2�

s

ei.k�j /�q.j; ei.��s//
d�

2�
D

Z 2�

0

ei.k�j /�q.j; ei.��s//
d�

2�
;

where the right-hand side is now the .j; k/ coe�cient of the right-hand side
of (7.7) and where we used that the integral of a 2�-periodic function on Œs; sC2��
is the same as on Œ0; 2��. �

7.5. A composition formula. To state the composition formula we �rst describe
preliminary constructions.

7.5.1. Framework. It involves a sequence of functions z n 2 Q0, n � 1 with the
following properties:

z n.j; ei�/ D  n.e
i�/C .j � n/'n.ei�/ for jj � nj � n=3 (7.9a)

with  n, 'n 2 C1.T/ real-valued and such that

k'nkCm.T/ D O.n�1/ (7.9b)

for every integer m � 0. In particular, for some n0 depending on ¹'nº we have

sup
n�n0

k'nkC1.T/
� 1

2
: (7.9c)
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To such data we attach auxiliary functions �n, �n, Q�n, pn, #n, and Q#n. We de�ne
�nWR ! R by

�n.�/ WD � � 'n.ei�/: (7.10)

Then �n.� C 2�/ D �n.�/C 2� and due to property (7.9c) its derivative satis�es

@��n.�/ D 1� @�'n.e
i�/ � 1

2
for n � n0:

Therefore �nWR ! R is bijective for n � n0. Let �nWR ! R denote its inverse.
It satis�es

�n.�/ � 'n.ei�n.�// D �: (7.11)

Since � ! �n.�/ � � is 2�-periodic, we can then de�ne Q�nWT ! R by

Q�n.ei�/ D �n.�/ � � D 'n.e
i�n.�//:

By derivation we also introduce pnWT ! R de�ned by

pn.e
i�/ WD 1C @� Q�n.ei�/ D @��n.�/: (7.12)

Finally, we consider #nWT ! T and its extension Q#n WD idZ �#nWZ�T ! Z�T

de�ned by

#n.e
i�/ WD ei�eiQ�n.ei�/ D ei�n.�/; (7.13a)

Q#n.j; ei�/ WD .j; #n.e
i�//: (7.13b)

Lemma 7.3. Under assumption (7.9b) we have the estimate

k Q�nkCm.T/ D O.n�1/ (7.14)

for any integer m � 0. Moreover,

kpn � 1kC0.T/
D O.n�1/: (7.15)

Proof. For m D 0 (7.14) follows from the relation Q�n.ei�/ D 'n.ei�n.�//,
using (7.9b) for m D 0. Let '.m/n .ei�/ WD @m� 'n.e

i�/ and �.m/n .�/ WD @m� �n.�/.
For m D 1, di�erentiating (7.11) we obtain

�.1/n .�/.1� '.1/n .ei�n.�/// D 1: (7.16)

Using (7.9b) for m D 1 we get (7.15):

sup
�2R

j�.1/n .�/ � 1j D sup
�2R

ˇ

ˇ

ˇ

ˇ

ˇ

'
.1/
n .ei�n.�//

1� '
.1/
n .ei�n.�//

ˇ

ˇ

ˇ

ˇ

ˇ

D O.n�1/:
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Form � 2, the proof of (7.14) is by induction onm. By successive di�erentiations
of (7.16) we can express �.m/n .�/.1 � '

.1/
n .ei�n.�/// as a linear combination of

products of factors of the form �
.m0/
n , m0 < m with some factor '.m

00/
n , m00 � m,

and we get (7.14), again using (7.9b). �

7.5.2. Composition formula

Lemma 7.4 (composition formula). Let z 0n , z n 2 Q0. We assume z n satis-

�es (7.9) for some n0. Let also �0n ; �n 2 C1
0 .R/ be real-valued, vanishing outside

the interval Œ2n=3; 4n=3�.

If Q0
n D .�0nei z 0

n/.ƒ; S/ and Qn D
�

�nei z n
�

.ƒ; S/, then for n � n0,

Q0
nQ

�
n D .�0nei. z 0

n� z n/ı Q#n/.ƒ; S/ pn.S/ z‚n; (7.17)

where Q#n is given by (7.13), pn by (7.12), and z‚n WD �n.ƒ/.

Proof. We have Q0
n D q0n.ƒ; S/ with q0n.j; e

i�/ D �0n .j /e
i z 0

n.j;e
i� /, and similarly

Qn D qn.ƒ; S/ with qn.j; ei�/ D �n.j /ei z n.j;ei�/. Hence Q0
n; Qn 2 B.l2.Z//

since q0n; qn 2 Q0. To prove (7.17) it su�ces to prove that both sides have the
same .j; k/ coe�cient. If Kn WD Q0

nQ
�
n, then Lemma 7.1 gives

Kn.j; k/ D �0n .j /�n.k/

Z 2�

0

ei z 0
n.j;e

i�/�i z n.k;ei� /Ci.k�j /� d�

2�
:

Thus Kn.j; k/ D 0 either if jj � nj > n=3 or if jk � nj > n=3. Assume now that
jj � nj � n=3 and jk � nj � n=3. By assumption (7.9a), z n.j; ei�/� z n.k; ei�/ D
.j � k/'n.ei�/ and we �nd

Kn.j; k/ D �0n .j /�n.k/

Z 2�

0

ei. z 0
n� z n/.j;ei� /Ci.k�j /.��'n.ei� // d�

2�
:

As above, let �nWR ! R denote the inverse of �n for n � n0 with �n de�ned
by (7.10), i.e., �n.�/ D � � 'n.ei�/. Due to (7.11) and

�n.Œ0; 2��/ D Œ�n.0/; �n.0/C 2��;

the change of variable � D �n.�/ gives

Kn.j; k/ D �0n .j /�n.k/

Z �n.0/C2�

�n.0/

ei. z 0
n� z n/.j;ei�n.�//Ci.k�j /� @��n.�/

d�

2�
:

Using (7.12), i.e., @��n.�/ DW pn.ei�/ and .j; ei�n.�// D Q#n.j; ei�/ we get

Kn.j; k/ D �0n .j /�n.k/

Z �n.0/C2�

�n.0/

ei. z 0
n� z n/ı Q#n.j;ei�/ pn.e

i�/ ei.k�j /� d�

2�
:
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The function we integrate is 2�-periodic, hence its integral above is the same as
over Œ0; 2��. Thus,

Kn.j; k/ D �n.k/

Z 2�

0

Qqn.j; ei�/ ei.k�j /� d�

2�
D �n.k/ Qqn.ƒ; S/.j; k/;

where Qqn.j; ei�/ WD Qq0n.j; ei�/pn.ei�/ with Qq0n.j; ei�/ WD �0n .j /e
i. z 0

n� z n/ı Q#n.j;ei�/.
Let us observe that Qqn.ƒ; S/ D Qq0n.ƒ; S/ pn.S/ by property (ii). Moreover,

�n.k/ Qqn.ƒ; S/.j; k/D . Qqn.ƒ; S/ �n.ƒ//.j; k/:

Thus,Kn and Qq0n.ƒ; S/ pn.S/ z‚n have the same .j; k/ coe�cient if jj � nj � n=3

and jk�nj � n=3. Otherwise, the .j; k/ coe�cients of both sides of (7.17) vanish
as multiples of �0n .j /�n.k/. �

7.6. A norm estimate

Lemma 7.5. Let zQn WD Qqn.ƒ; S/ be de�ned by Qqn WD �nei z nqn with the following

assumptions:

(i) �n 2 C1
0 .R/ is real-valued, 0 � �n � 1, and �n.s/ D 0 for js � nj > n=3;

(ii) z nWZ � T ! R is of the form z n.j; ei�/ D  n.ei�/ C .j � n/'n.ei�/ for

jj � nj � n=3, with  n; 'n 2 C1.T/ real-valued; moreover, for some n0:

sup
n�n0

k'nkC2.T/
� 1

2
I (7.18)

(iii) qn 2 Q.

Then, for n � n0,

k zQnk � 4
p

ln n sup
jj�nj�n=3

kqn.j; � /kC1.T/
: (7.19)

Remark. This lemma will be applied for �n D �n;n or �3n=2;n de�ned according
to (2.1).

Proof. Further on, we assume n � n0. By assumption (i), Qqn 2 Q0, hence zQn 2
B.l2.Z//. By the Schur test of boundedness in l2.Z/ applied to Kn WD zQn

zQ�
n we

get

k zQnk2 D kKnk � sup
j2Z

X

k2Z

jKn.j; k/j: (7.20)
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We �rst observe that Kn.j; k/ D 0 if jj � nj > n=3, and also if jk � nj > n=3.
It is a consequence of (7.6) since Qqn.j; ei�/ D 0 for jj � nj > n=3. Thus we can
assume jj � nj � n=3 and jk � nj � n=3. Let �n.�/ D � � 'n.ei�/ be as in (7.10).
Using z n.j; ei�/ � z n.k; ei�/ D .j � k/'n.ei�/, Lemma 7.1 gives

Kn.j; k/ D
Z 2�

0

ei.k�j /�n.�/�n.j /qn.j; e
i�/ qn.k; ei�/ �n.k/

d�

2�
:

Moreover,

jKn.j; j /j � kqn.j; � /k2
C1.T/

: (7.21)

Since j@�'n.ei�/j � 1
2

by (7.18), then j@��n.�/j D j1� @�'n.ei�/j � 1
2
, and we can

introduce

bn.j; e
i�; k/ WD �n.j /qn.j; ei�/ qn.k; ei�/ �n.k/

@��n.�/
:

Thus, for k ¤ j ,

Kn.j; k/ D � i

k � j

Z 2�

0

@�.e
i.k�j /�n.�//bn.j; e

i�; k/
d�

2�
;

then by integration by parts

Kn.j; k/ D i

k � j

Z 2�

0

ei.k�j /�n.�/@�bn.j; e
i� ; k/

d�

2�
;

which gives the estimate

jKn.j; k/j �
kbn.j; � ; k/kC1.T/

jk � j j : (7.22)

Let us note that bn.j; � ; k/ ¤ 0 implies jj �nj � n=3 and jk�nj � n=3. We then
denote

M WD sup
jj�nj�n=3

kqn.j; � /kC1.T/
:

By assumption (7.18) we have

j@��n.�/j � 1

2

and

j@2��n.�/j D j@2�'n.ei�//j � 1

2
;
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hence we get

sup
j;k2Z

kbn.j; � ; k/kC1.T/
D sup

jj�nj�n=3
jk�nj�n=3

kbn.j; � ; k/kC1.T/

� 2M 2 C 2M 2 C 4M 2 � 1

2

D 6M 2:

Thus, using (7.21) and (7.22),

sup
j2Z

X

k2Z

jKn.j; k/j D sup
jj�nj�n=3

�

jKn.j; j /j C
X

jk�nj�n=3
k¤j

jKn.j; k/j
�

�
�

1C 12
X

1�m�n=3

1

m

�

M 2

� 16M 2 ln n;

with n > 1 for the last inequality. The proof is completed due to (7.20). �

Remark. The norm estimate of Lemma 7.5 is not optimal. The logarithmic
factor in the right-hand side of (7.19) can be replaced by a suitable estimate of
qn.j C 1; � / � qn.j; � /. Since the presence of logarithmic factors makes no
di�erence for the remainder estimates we consider, our choice is to use the simplest
assumptions and a non-optimal norm estimate.

7.7. A commutator estimate. Further on, ‚n is the operator de�ned by

‚n WD �n;n.ƒ/ D �0

�1

n
ƒ� I

�

(7.23)

where �n;n and �0 are as in (2.1).

Lemma 7.6. LetQn WD qn.ƒ; S/ be de�ned by qn WD �n;nei z n with the following

assumptions:

(i) z n.j; ei�/ D  n.ei�/C.j �n/'n.ei�/ for jj�nj � n=3, with n; 'n 2 C1.T/

real-valued;

(ii) supn�n0
k'nkC2.T/

� 1
2
.

We then have the estimate

kŒ‚n; Qn�k � C

p
ln n

n
sup

jj�nj�n=3

k z n.j; � /kC2.T/
(7.24)

where C is some positive constant.
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Proof. The inverse Fourier formula allows us to express

‚n D
Z 1

�1

O�0.t /e�iteitƒ=ndt;

where O�0 2 S.R/. Introducing P sn WD eisƒQne�isƒ we observe that P 0n D Qn.
Then we can write

Œ‚n; Qn� D
Z 1

�1

O�0.t /e�it.P t=nn � P 0n /eitƒ=ndt: (7.25)

To estimate the norm of this commutator we use the estimate

kP t=nn � P 0n k � jt j
n

sup
s2R

k@sP snk (7.26)

and now estimate k@sP snk. By (7.7) from Lemma 7.2 applied to Qn D qn.ƒ; S/

with qn D �n;nei z n we get P sn D .qn ı Q��s/.ƒ; S/ D .�n;nei z nıQ��s /.ƒ; S/, hence

@sP
s
n D qsn.ƒ; S/

with
qsn.j; e

i�/ WD i �n;n.j /e
i z nıQ��s@� z n.j; ei.�Cs//:

By assumptions (i) and (ii), Lemma 7.5 applies to qsn.ƒ; S/. By estimate (7.19)

we get
sup
s2R

k@sP snk � 4
p

ln n sup
jj�nj�n=3

k z n.j; � /kC2.T/
: (7.27)

It su�ces now to apply estimates (7.26) and (7.27) in the integral representa-
tion (7.25). �

8. Approximation of eiBn

8.1. Plan of Section 8. Proposition 8.1 shows one can construct a good approx-
imation of eiBn‚n by an operator of the form qn.ƒ; S/. This proposition is stated
in Section 8.2. Its proof is given in Section 8.4 and uses an auxiliary computation
developed in Section 8.3.

8.2. Main result. Let n � 1. Recall that Bn D i.an.ƒ/S�1 � San.ƒ// 2
B.l2.Z//, see (5.3) and (3.11). ‚n WD �n;n.ƒ/ is still as in (7.23). Then we
introduce Qn 2 B.l2.Z// and z n 2 Q0 de�ned by

Qn WD .�n;ne
i z n/.ƒ; S/ D ‚n ei z n.ƒ; S/; (8.1a)

z n.j; ei�/ WD 2an.j / sin �.1 � ıa.n/ cos �/: (8.1b)
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The operators Qn are of �nite rank. Moreover, by (2.2d),

an.j / D a.n/C .j � n/ıa.n/ (8.2)

for jj � nj � n=3. Then we can write

z n.j; ei�/ WD  n.e
i�/C .j � n/'n.ei�/ for jj � nj � n

3
(8.3a)

with
8

<

:

 n.ei�/ WD 2a.n/ sin �.1 � ıa.n/ cos �/;

'n.ei�/ WD 2ıa.n/ sin �.1 � ıa.n/ cos �/:
(8.3b)

By (H2), a.n/ D O.n / and ıa.n/ D O.n�1/ with 0 <  � 1
2
. Thus, for any

m 2 N we have

k nkCm.T/ D O.n /; (8.4a)

k'nkCm.T/ D O.n�1/; (8.4b)

sup
jj�nj�n=3

k z n.j; � /kCm.T/ D O.n /: (8.4c)

Let us note that these z n satisfy properties (7.9) from Section 7.5.1: see in-
deed (8.3) and (8.4b).

Proposition 8.1 (approximation of eiBn‚n by Qn). Let Bn be given by (5.3) and

let Qn be de�ned by (8.1). Then the di�erence Rn WD eiBn‚n �Qn satis�es

kRnk D O.n�1
p

ln n/:

Proof. See Section 8.4. �

8.3. An auxiliary computation. For 0 � t � 1 we de�ne z tn by

z tn.j; ei�/ WD 2an.j /t sin �.1 � tıa.n/ cos �/: (8.5a)

By (8.2), for jj � nj � n
3
, we can also write

z tn.j; ei�/ D  tn.e
i�/C .j � n/'tn.ei�/ (8.5b)

with

 tn.e
i�/ WD 2t a.n/ sin � .1� tıa.n/ cos �/; (8.5c)

'tn.e
i�/ WD 2t ıa.n/ sin � .1� tıa.n/ cos �/: (8.5d)
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Thus, if j; j C 1 2 Œ2n=3; 4n=3� we have the relation

'tn.e
i�/ D z tn.j C 1; ei�/ � z tn.j; ei�/: (8.6)

Using a.n/ D O.n / and ıa.n/ D O.n�1/ we �nd that for m 2 N there exists
Cm > 0 such that

sup
0�t�1

k tnkCm.T/ � Cmn
 ; (8.7a)

sup
0�t�1

k'tnkCm.T/ � Cmn
�1: (8.7b)

Lemma 8.2. Let z tn and 'tn be as in (8.5) for 0 � t � 1. Then we can write

an.j / Im.2ei't
n.e

i� /�i�/C @t z tn.j; ei�/ D an.j / r
t
n.e

i�/ (8.8)

with r tnWT ! R satisfying sup0�t�1kr tnkC0.T/
D O.n2.�1//.

Proof. By di�erentiation of (8.5a) we get

@t z tn.j; ei�/ D 2an.j / sin � .1� 2tıa.n/ cos �/

for j 2 Z and � 2 R. So we can actually write

an.j / Im.2ei't
n.e

i� /�i�/C @t z tn.j; ei�/ D an.j /r
t
n.e

i�/

with
r tn.e

i�/ WD Im.2ei't
n.e

i� /e�i�/C 2 sin �.1 � 2tıa.n/ cos �/: (8.9)

It remains to estimate kr tnkC0.T/
. Using (8.7b) for m D 0, we have

jei't
n.e

i� / � 1� i'tn.e
i�/j � 2j'tn.ei�/j2 D O.n2.�1//;

uniformly in t 2 Œ0; 1� and � 2 R. Hence,

ei't
n.e

i� /e�i� D .1C i'tn.e
i�//e�i� C O.n2.�1//:

By (8.5d) and assumption ıa.n/ D O.n�1/ from (H2) we have

'tn.e
i�/ D 2tıa.n/ sin � C O.n2.�1//;

hence ei't
n.e

i� /e�i� D .1C 2itıa.n/ sin �/e�i� C O.n2.�1//. Thus,

Im.2ei't
n.e

i� /e�i�/ D �2 sin �.1 � 2tıa.n/ cos �/C O.n2.�1//;

i.e., r tn.e
i�/ D O.n2.�1//. �
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8.4. Proof of Proposition 8.1. We consider the operators Qt
n 2 B.l2.Z// de-

�ned by

Qt
n WD qtn.ƒ; S/;

where qtn.j; e
i�/ WD �n;n.j /ei z t

n.j;e
i� / with z tn as in (8.5a). The matrix coe�cients

of Qt
n are given by

Qt
n.j; k/ D �n;n.j /

Z 2�

0

xt;�n .j / eik� d�

2�

with

xt;�n .j / WD ei z t
n.j;e

i�/�ij� : (8.10)

By (8.5) and (8.7b) for m D 2, Lemma 7.5 applies and gives

sup
0�t�1

kQt
nk D O.

p
ln n/: (8.11)

Since Q0
n D ‚n, we can express

Q1
n � eiBn‚n D

Z 1

0

@t .e
i.1�t/BnQt

n/dt D
Z 1

0

ei.1�t/Bn .@t � iBn/Q
t
n dt;

and it remains to prove

sup
0�t�1

k.@t � iBn/Q
t
nk D O.n�1

p
ln n/: (8.12)

To prove (8.12) we �rst show that

Bn WD i.an.ƒ/S
�1 � San.ƒ//

can be replaced by

B 0
n WD i an.ƒ/.S

�1 � S/ D Bn C iŒS; an.ƒ/�:

For this purpose we observe that the estimates

kŒS; an.ƒ/�k D kıan.ƒ/k D O.n�1/;

kŒS˙1; ‚n�an.ƒ/k D O.n�1/

imply

kBn‚n �‚nB 0
nk D O.n�1/: (8.13)
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We introduce the operators yQt
n 2 B.l2.Z// de�ned by

yQt
n D Oqtn.ƒ; S/

with Oqtn.j; ei�/ WD �3n=2;n.j / ei O t
n.j;e

i� /. The matrix coe�cients of yQt
n are given

by

yQt
n.j; k/ D �3n=2;n.j /

Z 2�

0

xt;�n .j / eik� d�

2�
;

with xt;�n .j / still given by (8.10). If �n;n.j / ¤ 0 then �3n=2;n.j / D 1, and thus
�n;n�3n=2;n D �n;n, henceQt

n D ‚n yQt
n and

BnQ
t
n �‚nB 0

n
yQt
n D .Bn‚n �‚nB 0

n/
yQt
n:

Lemma 7.5 applies and gives

sup
0�t�1

k yQt
nk D O.

p
ln n/:

Using this estimate and (8.13) we get

sup
0�t�1

kBnQt
n �‚nB 0

n
yQt
nk D O.n�1

p
ln n/:

Let us denote P tn WD ‚nB
0
n

yQt
n. Thus, instead of (8.12) it su�ces to show the

estimate

sup
0�t�1

k@tQt
n � iP tnk D O.n�1

p
ln n/: (8.14)

Since P tn D bn.ƒ/.S
�1 � S/ yQt

n with bn.j / WD i �n;n.j /an.j /, we have

P tn.j; k/ D bn.j /. yQt
n.j C 1; k/ � yQt

n.j � 1; k//

D i �n;n.j /an.j /
Z 2�

0

.�3n=2;n.j C 1/xt;�n .j C 1/

� �3n=2;n.j � 1/xt;�n .j � 1//eik� d�

2�
:

Further on, we assume n � 20. We then have n
4

�1 � n
5
, hence �3n=2;n.j ˙1/ D 1

if �n;n.j / ¤ 0. Thus, �n;n.j /�3n=2;n.j ˙ 1/ D �n;n.j / and we can write

P tn.j; k/ D i �n;n.j /an.j /
Z 2�

0

.xt;�n .j C 1/ � xt;�n .j � 1//eik� d�

2�
: (8.15)
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For jj � nj � n
5

we have jj ˙ 1� nj � n
3
, and (8.6) applies,

xt;�n .j ˙ 1/ D xt;�n .j / e˙i't
n.e

i� /�i�

and

xt;�n .j C 1/ � xt;�n .j � 1/ D i xt;�n .j / Im.2ei't
n.e

i� /�i�/:

Thus, for jj � nj � n=5, using (8.15) we can express

.@tQ
t
n � iP tn/.j; k/ D �n;n.j /

Z 2�

0

yt;�n .j / eik� d�

2�
(8.16)

with

yt;�n .j / WD @tx
t;�
n .j /C i an.j /x

t;�
n .j / Im.2ei't

n.e
i� /�i�/:

Using (8.8) from Lemma 8.2 and

@tx
t;�
n .j / D i xt;�n .j / @t z tn.j; ei�/

we obtain

yt;�n .j / D i xt;�n .j /an.j /r
t
n.e

i�/

with r tn given by (8.9). Let us note that both sides of (8.16) vanish for jj �nj � n
5
.

Thus, (8.16) is valid for any j; k and can be written

.@tQ
t
n � iP tn/.j; k/ D �n;n.j /

Z 2�

0

i xt;�n .j /an.j / r
t
n.e

i�/ eik� d�

2�

D i an.j /
Z 2�

0

qtn.j; e
i�/ r tn.e

i�/ ei.k�j /� d�

2�
:

By properties (ii) and (iii) from Section 7.3 these relations mean that

@tQ
t
n � iP tn D i an.ƒ/Q

t
n r

t
n.S/: (8.17)

Since Lemma 8.2 ensures kr tn.S/k D O.n2.�1//, uniformly in t , using (8.11)

and kan.ƒ/k D O.n / we conclude that the norm of (8.17) is O.n3�2
p

ln n/,
uniformly in t . We thus get (8.14) since  � 1

2
implies 3 � 2 �  � 1. The proof

of Proposition 8.1 is completed.
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9. Proof of Proposition 6.4 (i)

9.1. Plan of Section 9. To prove the estimate Hn.t /.j; j / D O.n�=2/, uni-
formly for jt j � t0 and jj � nj � n we �rst decompose Hn.t / into a sum of
components H!;t

n and prove Lemma 9.1 allowing us to replace them by simpler
operatorsQ!;t

n . Then each diagonal entryQ!;t
n .j; j / can be expressed by an oscil-

latory integral (9.6) whose phase z !;tn is investigated in Section 9.3. In Section 9.4
we estimate this integral through a suitable version of the method of stationary
phase. The proof of Proposition 6.4 (i) is completed in Section 9.5.

9.2. Approximation of Hn.t/

9.2.1. Decomposition of Hn.t/ into components H
!;t
n . Since v is periodic of

period N we have
v.k/ D

X

!2�

c!ei!k

where c! 2 C are constants,� D 1
N
2�Z=2�Z D ¹2�j=N W j D 0; 1; : : : ; N �1º.

Since hvi D 0 implies c0 D 0 we have the decomposition

v.ƒ/ D
X

!2��

c!ei!ƒ

where �� D � n ¹0º. Let us note that e2�iƒ D I . Let vn D v �2n;n be as
in (4.5). Thus, vn.ƒ/ D .�2n;nv/.ƒ/ D ‚2n v.ƒ/. Recall that by (6.14) we have
Hn.t / WD e�itL0;n.Ln � L0;n/eitL0;n . By (5.9) and (5.2),

Ln � L0;n D zVn D eiBnvn.ƒ/e
�iBn;

so we can write and expandHn.t / as follows:

Hn.t / D e�itL0;neiBn ‚2nv.ƒ/ e�iBneitL0;n D
X

!2��

c!H
!;t
n

with
H!;t
n WD e�itL0;neiBn ‚2ne

i!ƒ e�iBneitL0;n : (9.1)

9.2.2. Approximants Q
!;t
n . We approximate H!;t

n for large n by

Q!;t
n WD ei!ƒ.�2n;ne

i z !;t
n /.ƒ; S/; (9.2a)

where the phase z !;tn 2 Q0 is chosen as follows:

z !;tn WD . z n ı Q�! � z n/ ı Q#n ı Q�t (9.2b)



Asymptotic behavior of large eigenvalues 601

with z n as in (8.1b). We noticed in Section 8.2 that these z n satisfy (7.9). Thus,
all constructions and results of Section 7.5.1 apply. In particular Q#n is de�ned
by (7.13b) for n � n0 D n0.¹'nº/.

9.2.3. Approximation of H
!;t
n

Lemma 9.1 (approximation ofH!;t
n by Q!;t

n ). LetH
!;t
n be as in (9.1). If Q

!;t
n is

de�ned for large n by (9.2), then the di�erence R
!;t
n WD H

!;t
n �Q!;t

n satis�es

sup
jt j�t0

kR!;tn k D O.n�1 lnn/:

Proof. We �rst treat the case t D 0 in Steps 1–3. The general case is treated in
Step 4.

Step 1. Estimate of R
!;0
n;1 WD H

!;0
n �Qnei!ƒQ�

n .

Let Qn D .�n;nei z n/.ƒ; S/ and eiBn‚n D Qn C Rn be as in Proposition 8.1.
By (9.1),

H!;0
n D eiBn‚ne

i!ƒ‚ne
�iBn

D eiBn‚ne
i!ƒ.Q�

n CR�
n/

D .Qn CRn/e
i!ƒQ�

n C eiBn‚ne
i!ƒR�

n:

Thus the di�erence R!;0n;1 WD H
!;0
n �Qnei!ƒQ�

n can be written

R
!;0
n;1 D Rne

i!ƒQ�
n C eiBn‚ne

i!ƒR�
n:

Using estimates kRnk D O.n�1
p

ln n/ from Proposition 8.1, kQnk D O.
p

ln n/
from Lemma 7.5, and k‚nk � 1, we �nally get

kR!;0n;1 k � kRnk .kQnk C 1/ D O.n�1 lnn/:

Step 2. Estimate of the di�erence

R
!;0
n;2 WD Qne

i!ƒQ�
n � zQ!;0

n

where zQ!;0
n WD ei!ƒ.�n;nei z !;0

n /.ƒ; S/‚n.
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By Lemma 7.2,

e�i!ƒQne
i!ƒ D e�i!ƒ.�n;ne

i z n/.ƒ; S/ ei!ƒ D .�n;ne
i z nıQ�! /.ƒ; S/:

Hence,

Qne
i!ƒQ�

n D ei!ƒ.�n;ne
i z nıQ�! /.ƒ; S/..�n;ne

i z n/.ƒ; S//�:

Then the composition formula (7.17) from Lemma 7.4 gives

Qne
i!ƒQ�

n D ei!ƒ.�n;ne
i z !;0

n /.ƒ; S/ pn.S/‚n (9.3)

with pn as in (7.12) and z !;0n D . z n ı Q�! � z n/ ı Q#n. Using (9.3) we �nd that

R
!;0
n;2 WD Qne

i!ƒQ�
n � zQ!;0

n D ei!ƒ.�n;ne
i z !;0

n /.ƒ; S/.pn.S/� I /‚n:

Lemma 7.5 gives the estimate k.�n;nei z !;0
n /.ƒ; S/k D O.

p
ln n/. Moreover,

pn � 1 D O.n�1/ by (7.15). Using also k‚nk � 1, we �nally get

kR!;0n;2 k D O.n�1
p

ln n/:

Step 3. Estimate of R
!;0
n;3 WD zQ!;0

n �Q!;0
n . End of proof of Lemma 9.1 for t D 0.

We haveR!;0n D R
!;0
n;1 CR!;0n;2 CR!;0n;3 . To prove Lemma 9.1 for t D 0 it remains

to estimate

R
!;0
n;3 WD zQ!;0

n �Q!;0
n D ei!ƒŒ.�n;ne

i z !;0
n /.ƒ; S/; ‚n�:

To estimate the commutator we can apply Lemma 7.6 since

sup
jj�nj�n=3

k z !;0n .j; � /kC2.T/
D O.n /:

Hence, estimate (7.24) gives kR!;0n;3 kDkŒ
�

�n;nei z !;0
n /.ƒ; S/; ‚n

�

kDO.n�1 ln n/.

Step 4. End of proof of Lemma 9.1 for arbitrary t .

For this purpose we introduce for s; t 2 R

zH!;t
n .s/ WD e�itƒe�ista1;n.ƒ/H!;0

n eista1;n.ƒ/eitƒ:

SinceH!;t
n D e�itL0;nH

!;0
n eitL0;n with L0;n D ln.ƒ/ D ƒC a1;n.ƒ/ we �nd that

H!;t
n D zH!;t

n .1/ D zH!;t
n .0/C zR!;tn :

We �rst claim that the remainder zR!;tn satis�es

sup
jt j�t0

k zR!;tn k D O.n3�2/: (9.4)
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Indeed, since

@s zH!;t
n .s/ D e�itƒe�ista1;n.ƒ/ŒiH!;0

n ; ta1;n.ƒ/� e
ista1;n.ƒ/eitƒ;

it su�ces to show

kŒH!;0
n ; a1;n.ƒ/�k D O.n3�2/:

However, kŒS; a1;n.ƒ/�k D O.n2�2/ implies kŒBn; a1;n.ƒ/�k D O.n3�2/,
hence the norm of

ŒeiBn ; a1;n.ƒ/� D
Z 1

0

eitBn ŒiBn; a1;n.ƒ/� e
i.1�t/Bn dt

is O.n3�2/ and (9.4) follows. To complete the proof we express

zH!;t
n .0/ D e�itƒQ!;0

n e�itƒ C zR!;t0;n D e�itƒei!ƒ.�2n;n ei z !;0
n /.ƒ; S/ e�itƒ C zR!;t0;n

where the norm of zR!;t0;n WD e�itƒR
!;0
n eitƒ is O.n�1 ln n/ by Steps 1–3. It su�ces

to note that

e�itƒ ei z !;0
n .ƒ; S/ eitƒ D ei z !;0

n ıQ�t .ƒ; S/

by Lemma 7.2 and that z !;0n ı Q�t D z !;tn in view of the de�nition (9.2b). �

9.3. Decomposition of the phase z 
!;t
n . If jj �nj � n=3 then combining (9.2b)

with (8.3a) we can write

z !;tn .j; ei�/ D  !;tn .ei�/C .j � n/'!;tn .ei�/ (9.5a)

with

 !;tn WD . n ı �! �  n/ ı #n ı �t D  !;0n ı �t ; (9.5b)

'!;tn WD .'n ı �! � 'n/ ı #n ı �t D '!;0n ı �t (9.5c)

where  n and 'n are given by (8.3b). In order to estimate more easily the terms

Q!;t
n .j; j / D ei!j�n;n.j /

2

Z 2�

0

ei z !;t
n .j;ei�/ d�

2�
(9.6)

we consider a special decomposition  !;tn D  
!;t
n;1 C  

!;t
n;2 whose description is

given below.
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9.3.1. Decomposition of z n. Further on n and 'n are given by (8.3b). We have

 n D  n;1 C  n;2; (9.7a)

 n;1.e
i�/ WD 2a.n/ sin �; (9.7b)

 n;2.e
i�/ WD �2a.n/ıa.n/ sin � cos �: (9.7c)

This decomposition allows us to write (8.3a) as

z n.j; ei�/ D  n;1.e
i�/C  n;2.e

i�/C .j � n/'n.e
i�/ for jj � nj � n

3
: (9.8)

Let us note that z n reduces to n;1 if ıa.n/ D 0. Hence we call n;1 the “principal
part” of z n. Moreover, assumptions a.n/ D O.n / and ıa.n/ D O.n�1/ imply
that for every m 2 N we have

k n;1kCm.T/ D O.n /; (9.9a)

k n;2kCm.T/ D O.n2�1/: (9.9b)

9.3.2. Decomposition of 
!;t
n . We de�ne the “principal part”  !;tn;1 of the phase

z !;tn by
 
!;t
n;1 WD . n;1 ı �! �  n;1/ ı �t : (9.10a)

Using (9.10a) with (9.7b) we �nd

 
!;t
n;1 .e

i�/ D 2a.n/.sin.� � t � !/ � sin.� � t //

D �4a.n/ sin
!

2
cos

�

� � t � !

2

�

:
(9.10b)

If ıa.n/ D 0 then Q# D idZ�T and z !;tn reduces to its principal part  !;tn;1 .

To estimate more easily  !;tn;2 D  
!;t
n �  !;tn;1 we write  !;tn;1 D  

!;0
n;1 ı �t with

 
!;0
n;1 WD  n;1 ı �! �  n;1:

Thus we can decompose  !;0n as

 !;0n D  
!;0
n;1 C  

!;0
n;2 (9.11)

where the remaining part is

 
!;0
n;2 D  

!;0
n;1 ı #n �  

!;0
n;1 C . n;2 ı �! �  n;2/ ı #n: (9.12)
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This decomposition (9.11) combined with (9.5b) allows us to decompose !;tn for
arbitrary t :

 !;tn D . 
!;0
n;1 C  

!;0
n;2 / ı �t D  

!;t
n;1 C  

!;t
n;2 : (9.13)

The principal part  !;tn;1 is given by (9.10) and  !;tn;2 WD  
!;0
n;2 ı �t with  !;0n;2 as

in (9.12). By (9.5a) and (9.13) we �nally get the decomposition

z !;tn .j; ei�/ D  
!;t
n;1 .e

i�/C  
!;t
n;2 .e

i�/C .j � n/'!;tn .ei�/: (9.14)

9.3.3. Estimates of  
!;t

n;1
,  

!;t

n;2
, and '

!;t
n

Lemma 9.2. (a) For every integer m � 1 there exists a constant C 0
m such that

kf ı #n � f kCm�1.T/
� C 0

mn
�1kf kCm.T/ (9.15)

holds for any f 2 Cm.T/.

(b) For every m � 0 there is a constant Cm such that

k !;tn;1kCm.T/ D k !;0n;1 kCm.T/ � Cmn
 ; (9.16a)

k !;tn;2kCm.T/ D k !;0n;2 kCm.T/ � Cmn
2�1 � Cm; (9.16b)

k'!;tn kCm.T/ D k'!;0n kCm.T/ � Cmn
�1: (9.16c)

Proof. (a) For s 2 R we de�ne #sn.e
i�/ WD ei�eis Q�n.ei�/, so that f ı #n � f D

f ı #1n � f ı #0n . If m � 1, there exists a constant zCm such that, for every
g 2 Cm�1.T/,

sup
0�s�1

kg ı #snkCm�1.T/
� zCmkgkCm�1.T/

: (9.17)

Using the chain rule we easily get (9.17) by induction with respect to m. Next we
introduce g.ei�/ WD @�f .ei�/ and observe that

@sf .e
i�eis Q�n.ei�// D Q�n.ei�/g.ei�eis Q�n.ei�/

�

: (9.18)

The k� kCm�1.T/
-norm of (9.18) can be estimated by C 00

mk Q�nkCm�1.T/
kgkCm�1.T/

,

as follows from (9.17). The proof is completed using the estimate k Q�nkCm�1.T/
D

O.n�1/, which is proven in Lemma 7.3 under assumption (7.9b).
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(b) It is clear that (9.16a) follows from the estimate (9.9a) of  n;1 and (9.16c)

follows from estimates (8.4b) and (9.17). Then using a.n/ıa.n/ D O.n2�1/ and
the de�nition of  n;2 we obtain k n;2kCm.T/ D O.n2�1/ and (9.17) ensures

k. n;2 ı �! �  n;2/ ı #nkCm.T/ � C 0
mn

2�1: (9.19)

Moreover, estimate (9.15) from Lemma 9.2 (a) gives

k !;0n;1 ı #n �  !;0n;1 kCm�1.T/
� C 0

mn
�1k !;0n;1 kCm.T/: (9.20)

Hence, to complete the proof of (9.16b) it remains to use (9.19) and to observe
that the right-hand side of (9.20) can be estimated by C 00

mn
2�1 due to (9.16a). �

9.4. A stationary phase estimate

Lemma 9.3. For b 2 C2.T/ and � 2 R, � ¤ 0 denote

J.b; �/ WD
Z �

��

ei� cos�b.ei�/ d�:

Then there is a constant C0 such that

jJ.b; �/j � C0

j�j1=2
�

kbkC0.T/
C 1

j�j1=2 kbkC2.T/

�

:

Proof. Let �C 2 C1.R/ be real-valued with �C � 1 on Œ��=2; �=2� and
supp�C � .�3�=4; 3�=4/. Let �� 2 C1.R/ be such that ��.�/ D 1��C.���/
if 0 � ˙� � � and 0 otherwise, so that supp�� � .��=2; �=2/. Let b˙.�/ WD
b.˙ei�/. Thus,

J.b; �/ D
Z �

��

ei� cos�bC.�/�C.�/ d�C
Z �

��

ei� cos�bC.�/Œ1� �C.�/� d�

D
Z �

��

ei� cos�bC.�/�C.�/ d�C
Z �

��

e�i� cos �b�.�/��.�/ d�;

where we perform the change of variable � D � ˙ � for 0 � ˙� � � to get the
last integral. We are thus reduced to the estimate

ˇ

ˇ

ˇ

ˇ

Z 1

�1

b˙.�/e
˙i�cos ��˙.�/d�

ˇ

ˇ

ˇ

ˇ

� C

j�j1=2 kb˙kC0.R/
C C

j�j kb˙kC2.R/

with b˙ 2 C2.R/. If j�j � 3�=4 then we can write

b˙.�/ D b˙.0/C q˙.�/� D b˙.0/C Qq˙.�/ sin �
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with Qq˙.�/ WD q˙.�/�= sin �. However the standard stationary phase method
ensures

ˇ

ˇ

ˇ

ˇ

b˙.0/

Z 1

�1

e˙i� cos ��˙.�/ d�

ˇ

ˇ

ˇ

ˇ

� jb˙.0/jC0j�j�1=2:

Writing e˙i� cos � sin � D ˙ i
�
@�e˙i� cos � , integration by parts gives

Z 1

�1

Qq˙.�/ sin �e˙i� cos ��˙.�/ d� D ˙ i

�

Z 1

�1

e˙i� cos �@�. Qq˙�˙/.�/ d�: (9.21)

We �nally observe that the R.H.S. of (9.21) can be estimated by C1

j�j
kb˙kC2.R/

. �

9.5. End of proof of Proposition 6.4 (i). We observe that Lemma 9.1 ensures

g1;n;j .t / D i
X

!2��

c!H
!;t
n .j; j / D i

X

!2��

c!Q
!;t
n .j; j /C O.n�1 ln n/;

with Q!;t
n .j; j / given by (9.6). It remains to show

sup
jt j�t0

jj�nj�n

jQ!;t
n .j; j /j � Cn�=2:

Using the decomposition (9.14) of Q !;tn .j; ei�/ and the value (9.10b) of  !;tn;1 .e
i�/

we can write

Q!;t
n .j; j / D eij!

Z 2�

0

ei�!
n cos.��t�!=2/b!;tn .j; ei�/

d�

2�

with �!n WD �4a.n/ sin !
2

and b!;tn .j; ei�/ WD �n;n.j /
2 ei !;t

n;2 .e
i�/Ci.j�n/'!;t

n .ei�/.
By (9.16c) we have

sup
jj�nj�n

k.j � n/'!;tn kC2.T/
� C2n

2�1 � C2: (9.22)

Combining (9.22) with (9.16b) we obtain

sup
jj�nj�n

kb!;tn .j; � /kC2.T/
� C 0:

Performing the change of variable � D �� t �!=2 and using Lemma 9.3 we �nd

Q!;t
n .j; j / D J.b!;tn ı Q�tC!=2.j; � /; �!n / D O.j�!n j�1=2/;

uniformly with respect to j 2 Œn�n ; nCn �. To complete the proof we observe
that, using the assumption a.n/ � cn , c > 0 from (1.10a) we can �nd c0 > 0

such that
j�!n j � c0 n
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holds for any ! 2 ��. Hence j�!n j�1=2 D O.n�=2/ and

Q!;t
n .j; j / D O.n�=2/;

uniformly with respect to t 2 Œ�t0; t0� and j 2 Œn � n ; nC n �.

10. Proof of Proposition 6.4 (ii)

10.1. Plan of Section 10. We denote

Hn. N
t / WD Hn.t1/ : : :Hn.t�/;

where
N
t D .t1; : : : ; t�/ 2 R

� . To prove the estimate

Z t0

�t0

jHn. N
t /.j; j /j dt� D O.n�=2/;

uniformly for jt1j; : : : ; jt��1j � t0 and jj � nj � n we proceed as in Section 9. In
Section 10.2 we �rst decompose Hn. N

t / into a sum of components H x
!;

N
t

n , where

x
! D .!1; : : : ; !�/ 2 .��/� , then we consider an approximation of Hn. N

t / by
operators Qn. N

t / whose diagonal entries Qn. N
t /.j; j / can be expressed by means

of oscillatory integrals. Their phase functions are constructed in Section 10.3
by induction on the number � of factors. In Section 10.4 we prove that we
thus obtain good approximants Qn. N

t / of Hn. N
t /. Finally we complete the proof

of Proposition 6.4 (ii) in Section 10.5 estimating Qx
!;

N
t

n .j; j / by the method of
stationary phase.

10.2. Approximation of Hn.
N
t/

10.2.1. Decomposition ofHn.
N
t/ into componentsH x

!;
N
t

n . For � � 1 and
N
t 2 R

�

we can write

Hn. N
t / D

X

x
!2.��/�

c!1
: : : c!�H x

!;
N
t

n

with

H x
!;

N
t

n WD H!1;t1
n : : :H!� ;t�

n :
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10.2.2. Approximants Qx
!;

N
t

n . In Section 10.3 we approximate H x
!;

N
t

n for large n
by

Qx
!;

N
t

n WD eij
x
!j1ƒ.�2�n;n ei z x

!;
N
t

n /.ƒ; S/; (10.1)

where j
x
!j1 WD !1 C � � � C !� . The phase z x

!;
N
t

n will be de�ned below. Let us note
that it su�ces to know its values for jj � nj � n=3.

We prove Lemma 10.3 which gives the estimate kH x
!;

N
t

n �Qx
!;

N
t

n k � � n�1C3"

for 0 < " � 1=8, � � n" and n � On. Then it remains to prove that for � � n" one
has

sup
jt1j;:::;jt��1j�t0

jj�nj�n

Z t0

�t0

jQx
!;

N
t

n .j; j /j dt� � Cn�=2 (10.2)

where

Qx
!;

N
t

n .j; j / D eij j
x
!j1�n;n.j /

2�

Z 2�

0

ei z x
!;

N
t

n .j;ei�/ d�

2�
:

As in Section 9 we obtain (10.2) using a stationary phase estimate.

10.2.3. Construction of Qx
!;

N
t

n by induction on �. For � D 1 the operators
Q
!;t
n are de�ned for large n by (9.2) as in Lemma 9.1, with z !;tn given by (9.2b).

For � � 2, writing

x
! D .

x
!0; !/ 2 .��/��1 ���;

N
t D .

N
t 0; t / 2 R

��1 � R; (10.3a)

we have the corresponding factorization

H x
!;

N
t

n D H x
!0;

N
t 0

n .H�!;t
n /�; (10.3b)

where H�!;t
n D H

2��!;t
n .

By (10.8b) from Lemma 10.1 below we have k'�!;t
n kC1.T/

D O.n�1/.

Section 7.5.1 then applies with ¹'�!;t
n º in place of ¹'nº. We denote �

!;t
n ,

�
!;t
n , Q�!;tn , p!;tn , #!;tn , and Q#!;tn the corresponding auxiliary functions. We have
'

�!;t
n D '

�!;0
n ı �t . Then it is easy to see that Q�!;tn D Q�!;0n ı �t , p!;tn D p

!;0
n ı �t ,

and #!;tn D eit#
!;0
n ı�t . With #!;tn in place of #n estimate (9.15) from Lemma 9.2

reads as

kf ı #!;tn � f kCm�1.T/
� C 0

mn
�1kf kCm.T/ (10.4)

for any m � 1, f 2 Cm.T/, and with C 0
m � C 0

mC1.
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The phase z x
!;

N
t

n is chosen in Q0 and such that for jj � nj � n=3,

z x
!;

N
t

n .j; ei�/ D  x
!;

N
t

n .ei�/C .j � n/'x
!;

N
t

n .ei�/; (10.5a)

each component  x
!;

N
t

n and 'x
!;

N
t

n being the sum of two parts

 x
!;

N
t

n D  x
!;

N
t

n;1 C  x
!;

N
t

n;2 ; (10.5b)

'x
!;

N
t

n D 'x
!;

N
t

n;1 C 'x
!;

N
t

n;2 : (10.5c)

 x
!;

N
t

n;1 and 'x
!;

N
t

n;1 are the “principal parts”. They are de�ned in Section 10.3 by
induction on �.

10.3. Construction of  x
!;

N
t

n and 'x
!;

N
t

n

10.3.1. The case � D 1. For � D 1, the principal part  !;tn;1 is de�ned by (9.10a)

and we choose '!;tn;1 WD '
!;t
n which is de�ned by (9.5c), so that

 !;tn D . n ı �! �  n/ ı #n ı �t ; '!;tn D .'n ı �! � 'n/ ı #n ı �t ;

 
!;t
n;1 D . n;1 ı �! �  n;1/ ı �t ; '

!;t
n;1 D '!;tn ;

 
!;t
n;2 D  !;tn �  !;tn;1 ; '

!;t
n;2 D 0;

with  n and 'n given by (8.3b), and  n;1.ei�/ D 2a.n/ sin �.

10.3.2. Principal parts  x
!;

N
t

n;1
and 'x

!;
N
t

n;1
for � � 2. The relation (10.3b) and the

composition formula (7.17) from Lemma 7.4 suggest the induction formulas

 x
!;

N
t

n;1 WD  x
!;

N
t

0;n;1 ı �! with  x
!;

N
t

0;n;1 WD  x
!0;

N
t 0

n;1 �  �!;t
n;1 ; (10.6a)

'x
!;

N
t

n;1 WD 'x
!;

N
t

0;n;1 ı �! with 'x
!;

N
t

0;n;1 WD 'x
!0;

N
t 0

n;1 � '
�!;t
n;1 : (10.6b)

Using (9.10b) we �nd that

� �!;t
n;1 .ei.��!// D 4a.n/ sin

�

� !

2

�

cos
�

� � ! � t C !

2

�

:

Hence � �!;t
n;1 ı �! D  

!;t
n;1 and we can also write

 x
!;

N
t

n;1 D  x
!0;

N
t 0

n;1 ı �! C  
!;t
n;1 : (10.7)
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Lemma 10.1. Let � � 1 be �xed. Let  x
!;

N
t

n;1 and 'x
!;

N
t

n;1 be de�ned by (10.6).

(a) For every m 2 N and any t0 > 0 there exists a constant Cm (independent of

x
!;

N
t; n) such that

k x
!;

N
t

n;1kCm.T/ � Cm� n
 ; (10.8a)

k'x
!;

N
t

n;1kCm.T/ � Cm� n
�1 (10.8b)

hold for
x
!2 .��/� ,

N
t 2 Œ�t0; t0�� . Moreover, we can assume that Cm�CmC1

for any m 2 N.

(b) For every
x
! 2 .��/� ,

N
t 2 R

� there exists ‰
x
!;

N
t 2 C1.T/ such that

 x
!;

N
t

n;1 .e
i�/ D 2a.n/ Im‰

x
!;

N
t .e

i�/; (10.9a)

‰
x
!;

N
t .e

i�/ D ‰
x
!;

N
t .1/e

i� : (10.9b)

(c) If � � 2 there exist real-valued Lebesgue measurable functions
N
t 0 ! �

x
!;

N
t 0

de�ned on R
��1 and such that for

N
t D .

N
t 0; t / 2 R

��1 � R one has

j‰
x
!;

N
t .1/j � 2

�
sin

�

N
� jt � �

x
!;

N
t 0 j2� ;

where jsj2� D dist.s; 2�Z/. Moreover, for � D 1

j‰!;t .1/j � 2 sin
�

N
:

Proof. (a) Estimates (10.8) hold clearly for � D 1, see Section 9. Let us make the
induction assumption that

k x
!0;

N
t 0

n;1 kCm.T/ � Cm.� � 1/n ;

k'x
!0;

N
t 0

n;1 kCm.T/ � Cm.� � 1/n�1

hold for a certain � � 2. Then estimates (10.8) follow from

k x
!;

N
t

n;1kCm.T/ � k x
!0;

N
t 0

n;1 kCm.T/ C k �!;t
n;1 kCm.T/;

k'x
!;

N
t

n;1kCm.T/ � k'x
!0;

N
t 0

n;1 kCm.T/ C k'�!;t
n;1 kCm.T/:
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(b) For � D 1, if ! 2 �, t 2 R, then  !;tn;1 .e
i�/ D 2an.j / Im‰!;t .ei�/ holds

with
‰!;t .e

i�/ WD .e�i! � 1/ei.��t/:

Let now � � 2. By induction with respect to �, we assume that for any

x
!0 2 .��/��1 and

N
t 0 2 R

��1 there exists ‰
x
!0;

N
t 0 2 C1.T/ such that

 x
!0;

N
t 0

n;1 .e
i�/ D 2a.n/ Im‰

x
!0;

N
t 0.e

i�/; (10.10a)

‰
x
!0;

N
t 0.e

i�/ D ‰
x
!0;

N
t 0.1/e

i� : (10.10b)

If
x
! D .

x
!0; !/ 2 .��/��1 ��� and

N
t D .

N
t 0; t / 2 R

��1 � R, then (10.7) ensures

 x
!;

N
t

n;1 .e
i�/ D  x

!0;
N
t 0

n;1 .e
i.��!//C  

!;t
n;1 .e

i�/;

and it is clear that relations (10.9) follow from (10.10) if we de�ne ‰
x
!;

N
t by

‰
x
!;

N
t .e

i�/ D ‰
x
!0;

N
t 0.e

i.��!//C‰!;t .e
i�/: (10.11)

(c) Let ! 2 �� and z! WD 1�e�i! ¤ 0. Then jz!j D 2 sin !
2

. For � D 1, using
‰!;t .1/ D �z!e�it and ! 2 ��, we have the lower bound

j‰!;t .1/j D 2 sin
�!

2

�

� 2 sin
� �

N

�

:

For � � 2, if
x
! D .

x
!0; !/ 2 .��/��1��� and

N
t D .

N
t 0; t / 2 R

��1�R, then (10.11)

ensures
‰

x
!;

N
t .1/ D ‰

x
!0;

N
t 0.1/e

�i! � z!e�it :

Let �
x
!;

N
t 0 WD j‰

x
!0;

N
t 0.1/j1=2jz!j�1=2 and �

x
!;

N
t 0 2 Œ0; 2�/ be such that

z�1
! ‰

x
!0;

N
t 0.1/e

�i! D �2

x
!;

N
t 0e

i�
x
!;

N
t 0
:

Using ‰
x
!;

N
t .1/ D z!.�

2

x
!;

N
t 0e

i�
x
!;

N
t 0 � e�it / and jz!j D 2 sin !

2
we can express

j‰
x
!;

N
t .1/j D 2 sin

�!

2

�

� j�2
x
!;

N
t 0 � e�i.t��

x
!;

N
t 0/j:

Since sin !
2

� sin �
N

for ! 2 ��, it remains to prove that

j�2 � ei� j � 1

�
j� j2�

holds for any �; � 2 R. We distinguish two cases. If cos � � 0, then j�2 � ei� j �
1 � j� j2�=� . If cos � � 0, then j�2 � ei� j � jsin � j � 2 j� j2�=� . �
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10.3.3. Remaining parts. To de�ne the remaining parts  x
!;

N
t

n;2 and 'x
!;

N
t

n;2 we pro-
ceed by induction on � as in Section 10.2.

1) For � D 1 we already de�ned  !;tn;2 WD  
!;t
n �  !;tn;1 and '!;tn;2 WD 0.

2) For � � 2 we still write
x
! D .

x
!0; !/ 2 .��/��1���,

N
t D .

N
t 0; t / 2 R

��1�R,
and de�ne  x

!;
N
t

n;i ; 'x
!;

N
t

n;i , i D 1; 2 through  x
!;

N
t

0;n;i ; 'x
!;

N
t

0;n;i , according to the rules

 x
!;

N
t

n;i WD  x
!;

N
t

0;n;i ı �! ; (10.12a0)

'x
!;

N
t

n;i WD 'x
!;

N
t

0;n;i ı �! : (10.12a00)

We de�ne the principal parts  x
!;

N
t

n;1 , 'x
!;

N
t

n;1 using (10.12a) with i D 1 and

 x
!;

N
t

0;n;1 WD  x
!0;

N
t 0

n;1 �  
�!;t
n;1 ; (10.12b0)

'x
!;

N
t

0;n;1 WD 'x
!0;

N
t 0

n;1 � '
�!;t
n;1 : (10.12b00)

We de�ne the remaining parts  x
!;

N
t

n;2 , 'x
!;

N
t

n;2 using (10.12a) with i D 2 and

 x
!;

N
t

0;n;2 WD . x
!;

N
t

0;n;1 ı #!;tn �  x
!;

N
t

0;n;1/C . x
!0;

N
t 0

n;2 �  �!;t
n;2 /; (10.12c0)

'x
!;

N
t

0;n;2 WD .'x
!;

N
t

0;n;1 ı #!;tn � 'x
!;

N
t

0;n;1/C 'x
!0;

N
t 0

n;2 : (10.12c00)

The phase z x
!;

N
t

n .j; ei�/ is now de�ned for jj � nj � n=3, according to (10.5).
For those values of j ,

z x
!;

N
t

n .j; ei�/ WD  x
!;

N
t

n .ei�/C .j � n/'x
!;

N
t

n .ei�/

with  x
!;

N
t

n WD  x
!;

N
t

n;1 C  x
!;

N
t

n;2 and 'x
!;

N
t

n WD 'x
!;

N
t

n;1 C 'x
!;

N
t

n;2 .

Lemma 10.2. Let  x
!;

N
t

n;i and 'x
!;

N
t

n;i , i D 1; 2 be de�ned by (10.12) and let 0 < " �
1=8 be �xed. Then there exist constants yC and On (independent of

x
!;

N
t; n) such that

the estimates

k x
!;

N
t

n;2kC3.T/
� yC� n"; (10.13a)

k'x
!;

N
t

n;2kC3.T/
� yC� n2.�1/C" (10.13b)

hold for n � max.�1="; On/.
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Proof. The proof is by induction on �.

1) For � D 1, the �rst estimate (10.13a) follows from (9.16b) in Lemma 9.2.
The second (10.13b) is straightforward since '!;tn;2 D 0.

2) Let now � � 2 and
x
! D .

x
!0; !/ 2 .��/��1 � ��,

N
t D .

N
t 0; t / 2 R

��1 � R.
By induction assumption,

k x
!0;

N
t 0

n;2 kC3.T/
� yC.� � 1/n";

k'x
!0;

N
t 0

n;2 kC3.T/
� yC.� � 1/n2.�1/C":

(10.14)

By (10.8a) we have the estimate

k x
!;

N
t

0;n;1kCm.T/ D k x
!;

N
t

n;1kCm.T/ � Cm� n
 : (10.15)

Further on, we assume yC � 2C3. Therefore

k �!;t
n;2 kC3.T/

� C3 � 1

2
yC � 1

2
yC n"

and combining the last estimate with induction assumption (10.14) we get

k x
!0;t 0

n;2 �  �!;t
n;2 kC3.T/

� yC
�

� � 1

2

�

n":

However, using (10.4), (10.15), and � � n", we obtain

k x
!;

N
t

0;n;1 ı #!;tn �  x
!;

N
t

0;n;1kC3.T/
� C 0

4n
�1k x

!;
N
t

0;n;1kC4.T/

� C 0
4C4� n

2�1

� C 0
4C4n

"

� 1

2
yCn"

provided that yC � 2C 0
4C4. Thus yC � 2C 0

4C4 ensures

k x
!;

N
t

0;n;2kC3.T/
� yC� n":

We proceed similarly to obtain the estimates

k'x
!;

N
t

0;n;1kCm.T/ � Cm� n
�1;

k'x
!;

N
t

0;n;2kC3.T/
� yC� n"C2.�1/: �
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In Steps 2 and 3 of the proof of Lemma 10.3 below we need to use the following
phase functions

z x
!;

N
t

0;n WD . z x
!0;

N
t 0

n � z �!;t
n / ı Q#!;tn ;

 x
!;

N
t

0;n WD . x
!0;

N
t 0

n �  �!;t
n / ı #!;tn ;

'x
!;

N
t

0;n WD .'x
!0;

N
t 0

n � '�!;t
n / ı #!;tn :

For jj � nj � n=3, we clearly have by induction

z x
!;

N
t

0;n .j; e
i�/ D  x

!;
N
t

0;n .e
i�/C .j � n/'x

!;
N
t

0;n .e
i�/:

To compare z x
!;

N
t

n with z x
!;

N
t

0;n ı Q�! we de�ne extra terms

 x
!;

N
t

0;n;3 WD . x
!0;

N
t 0

n;2 �  
�!;t
n;2 / ı #!;tn � . x

!0;
N
t 0

n;2 �  �!;t
n;2 /; (10.16a)

'x
!;

N
t

0;n;3 WD 'x
!0;

N
t 0

n;2 ı #!;tn � 'x
!0;

N
t 0

n;2 : (10.16b)

From this de�nition it is clear that (10.4) and (10.13) ensure

k x
!;

N
t

0;n;3kC2.T/
� C 0

3
yC� n"C�1; (10.17a)

k'x
!;

N
t

0;n;3kC2.T/
� C 0

3
yC� n"C3.�1/: (10.17b)

Bringing together the expressions (10.12b), (10.12c) and (10.16), and using
the relations

 x
!0;

N
t 0

n D  x
!0;

N
t 0

n;1 C  x
!0;

N
t 0

n;2 ;

 �!;t
n D  

�!;t
n;1 C  

�!;t
n;2 ;

'x
!0;

N
t 0

n D 'x
!0;

N
t 0

n;1 C 'x
!0;

N
t 0

n;2 ;

we get

 x
!;

N
t

0;n D  x
!;

N
t

0;n;1 C  x
!;

N
t

0;n;2 C  x
!;

N
t

0;n;3;

'x
!;

N
t

0;n D 'x
!;

N
t

0;n;1 C 'x
!;

N
t

0;n;2 C 'x
!;

N
t

0;n;3:

Thus, if z x
!;

N
t

n;3 WD z x
!;

N
t

0;n;3 ı Q�! with z x
!;

N
t

0;n;3.j; e
i�/ WD  x

!;
N
t

0;n;3.e
i�/C .j �n/'x

!;
N
t

0;n;3.e
i�/,

then
z x
!;

N
t

0;n ı Q�! D z x
!;

N
t

n C z x
!;

N
t

n;3 : (10.18)
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10.4. Estimate of H x
!;

N
t

n �Qx
!;

N
t

n

Lemma 10.3 (estimate ofH x
!;

N
t

n �Qx
!;

N
t

n ). LetQx
!;

N
t

n be the operator de�ned by (10.1)

for some � � 1, with z x
!;

N
t

n de�ned by (10.5) and (10.12). Let 0 < " � 1=8 be �xed.

The di�erence Rx
!;

N
t

n WD H x
!;

N
t

n �Qx
!;

N
t

n satis�es the estimate

kRx
!;

N
t

n k � � n�1C3" (10.19)

for n � max.�1="; On/.

Proof. The proof is by induction on �.

1) For � D 1, Lemma 9.1 ensures

kR!;tn k D O.n�1 ln n/: (10.20)

Moreover, Lemma 7.5 ensures kQ!;t
n k D O.

p
ln n/.

2) Let now � � 2 and
x
! D .

x
!0; !/ 2 .��/��1 � ��,

N
t D .

N
t 0; t / 2 R

��1 � R.

By induction assumption, the di�erence Rx
!0;

N
t 0

n WD H x
!0;

N
t 0

n �Qx
!0;

N
t 0

n satis�es the
estimate

kRx
!0;

N
t 0

n k � .� � 1/n�1C3": (10.21)

By (10.1),

Qx
!0;

N
t 0

n D eij
x
!0j1ƒ.�2.��1/

n;n ei z x
!0;

N
t 0

n /.ƒ; S/; (10.22)

where z x
!0;

N
t 0

n .j; ei�/ D . x
!0;

N
t 0

n;1 C x
!0;

N
t 0

n;2 /.e
i�/C .j � n/.'x

!0;
N
t 0

n;1 C 'x
!0;

N
t 0

n;2 /.e
i�/ for

jj � nj � n=3. Then using � � n" and  � 1C 2" � �1=4 we can estimate

k'x
!0;

N
t 0

n;1 kC3.T/
C k'x

!0;
N
t 0

n;2 kC3.T/
� .C3 C yC/n�1C2" � 1

2

for n � On so that Lemma 7.5 applies:

kQx
!0;

N
t 0

n k � 4
p

ln n: (10.23)

We will estimate the di�erenceH x
!;

N
t

n �Qx
!;

N
t

n assuming � � n" and n � On:

� We �rst compare H x
!;

N
t

n D H x
!0;

N
t 0

n .H
�!;t
n /� with Qx

!0;
N
t 0

n .Q
�!;t
n /�.

� Then we compare Qx
!0;

N
t 0

n .Q
�!;t
n /� with Qx

!;
N
t

n .

Step 1. The di�erence Rx
!;

N
t

n;1 WD H x
!;

N
t

n �Qx
!0;

N
t 0

n .Q
�!;t
n /� satis�es

kRx
!;

N
t

n;1k � kRx
!0;

N
t 0

n k C zC1n�1 ln3=2n; (10.24)

where zC1 is a constant independent of
x
!,

N
t , and n.
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Using the factorization (10.3b) and the de�nitions ofRx
!0;

N
t 0

n andR�!;t
n we �nd

that
Rx
!;

N
t

n;1 D Rx
!0;

N
t 0

n .H�!;t
n /� CQx

!0;
N
t 0

n .R�!;t
n /�:

Hence, using (10.23) and kH�!;t
n k D 1 we get the estimate

kRx
!;

N
t

n;1k � kRx
!0;

N
t 0

n k C 4
p

lnn kR�!;t
n k:

It is clear that (10.24) follows since kR�!;t
n k D O.n�1 ln n/ by Lemma 9.1.

Step 2. Computation of Qx
!0;

N
t 0

n .Q
�!;t
n /�. We claim that

Qx
!0;

N
t 0

n .Q�!;t
n /� D eij

x
!j1ƒP x

!;
N
t

n ‚2n;

P x
!;

N
t

n WD .�2.��1/
n;n ei z x

!;
N
t

0;n ıQ�! /.ƒ; S/ p!;tn .S/:

Here, z x
!;

N
t

0;n WD . z x
!0;

N
t 0

n � z �!;t
n / ı Q#!;tn as above, p

!;t
n WD p

!;t
0;n ı �! and

p
!;t
0;n.e

i�/ WD 1C @� Q�!;tn .ei�/.

Using (10.22), Lemma 7.4 at line two below, and Lemma 7.2 at line three,
we indeed have

Qx
!0;

N
t 0

n .Q�!;t
n /� D eij

x
!0j1ƒ.�2.��1/

n;n ei z x
!0;

N
t 0

n /.ƒ; S/..�2n;n ei z �!;t
n /.ƒ; S//� ei!ƒ

D eij
x
!0j1ƒ.�2.��1/

n;n ei z x
!;

N
t

0;n /.ƒ; S/ p
!;t
0;n.S/ ei!ƒ‚2n

D eij
x
!j1ƒ.�2.��1/

n;n ei z x
!;

N
t

0;n ıQ�! /.ƒ; S/ p!;tn .S/‚2n:

Let us note that r!;t0;n WD p
!;t
0;n � 1 satis�es

jr!;t0;n.ei�/j � zC0n�1: (10.25)

Step 3. Approximation of P x
!;

N
t

n by zP x
!;

N
t

n WD .�
2.��1/
n;n ei z x

!;
N
t

n /.ƒ; S/. Estimate

of Rx
!;

N
t

n;3 WD P x
!;

N
t

n � zP x
!;

N
t

n .

Denote rx
!;

N
t

n;3 WD ei z x
!;

N
t

n;3 � 1 and r
!;t
n WD p

!;t
n � 1 D r

!;t
0;n ı �! . Using

z x
!;

N
t

0;n ı Q�! D z x
!;

N
t

n C z x
!;

N
t

n;3 (see (10.18)), we get

ei z x
!;

N
t

0;n ıQ�! D ei z x
!;

N
t

n C ei z x
!;

N
t

n rx
!;

N
t

n;3 :
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Thus,

P x
!;

N
t

n WD .�2.��1/
n;n ei z x

!;
N
t

0;n ıQ�! /.ƒ; S/ p!;tn .S/

D . zP x
!;

N
t

n C zRx
!;

N
t

n /.I C r
!;t
n .S//

with

zRx
!;

N
t

n WD .�2.��1/
n;n ei z x

!;
N
t

n rx
!;

N
t

n;3 /.ƒ; S/:

However, using estimates (10.17) of k x
!;

N
t

0;n;3kC2.T/
and k'x

!;
N
t

0;n;3kC2.T/
in

z x
!;

N
t

n;3 .j; � / D  x
!;

N
t

0;n;3 ı �! C .j � n/'x
!;

N
t

0;n;3 ı �!

we get

krx
!;

N
t

n;3 .j; � /kC1.T/
� k z x

!;
N
t

n;3 .j; � /kC1.T/
� 2C 0

3
yC� n"C�1

for any j 2 Z such that jj � nj � n=3. Hence

k zRx
!;

N
t

n k � 8
p

ln nC 0
3

yC� n"C�1:

Using moreover k zP x
!;

N
t

n k � 4
p

ln n and jr!;tn .ei�/j � zC0n�1, we obtain

P x
!;

N
t

n D zP x
!;

N
t

n CRx
!;

N
t

n;3

with

kRx
!;

N
t

n;3k � 4
p

lnnn�1. zC0 C 2C 0
3

yC.1C zC0/n2"/:

Step 4. Estimate of Rx
!;

N
t

n;4 WD H x
!;

N
t

n � eij
x
!j1ƒ zP x

!;
N
t

n ‚2n.

Using Step 2 and de�nitions we have Rx
!;

N
t

n;4 D Rx
!;

N
t

n;1 C eij
x
!j1ƒRx

!;
N
t

n;3‚
2
n.

By Steps 1 and 3 we get

kRx
!;

N
t

n;4k � kRx
!;

N
t

n;1k C kRx
!;

N
t

n;3k

� kRx
!0;

N
t 0

n;1 k C zC2
p

ln nn�1.ln nC n2"/

where the constant zC2 depends on the constants zC0 in (10.25), zC1 in (10.24),
C4, C 0

4 and yC . Recall that Cm � CmC1 and C 0
m � C 0

mC1 for all m � 0.
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Step 5. End of proof of Lemma 10.3.

We have

Rx
!;

N
t

n D H x
!;

N
t

n �Qx
!;

N
t

n

D Rx
!;

N
t

n;4 C eij
x
!j1ƒ zP x

!;
N
t

n ‚2n � eij
x
!j1ƒ‚2n

zP x
!;

N
t

n

D Rx
!;

N
t

n;4 C eij
x
!j1ƒŒ zP x

!;
N
t

n ; ‚2n�;

then
kRx

!;
N
t

n k � kRx
!;

N
t

n;4k C kŒ zP x
!;

N
t

n ; ‚2n�k:
Applying Lemma 7.6 we obtain

kŒ zP x
!;

N
t

n ; ‚2n�k � zC3
p

ln nn�1C2"

with zC3 depending only on C2 and yC . We can choose On depending on zC2,
zC3, and " so that

n � On H) kRx
!;

N
t

n k � kRx
!0;

N
t 0

n k C n3"C�1: (10.26)

We complete the proof of (10.19) using (10.26) and the induction assump-
tion (10.21). �

10.5. End of proof of Proposition 6.4 (ii). Using Lemma 10.1 and taking �
x
!;

N
t 2

Œ0; 2�/ such that
‰

x
!;

N
t .1/ D j‰

x
!;

N
t .1/j ei�

x
!;

N
t

we can write
 x
!;

N
t

n;1 .j; e
i�/ D 2a.n/j‰

x
!;

N
t .1/j sin.�C �

x
!;

N
t /:

Then the change of variable � D �C �=2� �
x
!;

N
t gives

Z 2�

0

ei z x
!;

N
t

n .j;ei�/ d� D J.bx
!;

N
t

n .j; � /; �x
!;

N
t

n /

where J is as in Lemma 9.3 with

bx
!;

N
t

n WD .ei x
!;

N
t

n;2 Ci Q'x
!;

N
t

n / ı Q��
x
!;

N
t ��=2;

�x
!;

N
t

n WD 2a.n/ j‰
x
!;

N
t.1/j;

where Q'x
!;

N
t

n .j; � / WD .j � n/'x
!;

N
t

n . � /. However Lemma 10.2 ensures

sup
jj�nj�n

kbx
!;

N
t

n .j; � /kC2.T/
� C 0n4"
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and due to Lemma 10.1 there exists c0 > 0 such that

�x
!;

N
t

n � c0n
 jt � �

x
!;

N
t 0 j2� :

Further on, we abbreviate Jx
!;

N
t

n;j WD J.bx
!;

N
t

n .j; � /; �x
!;

N
t

n /. Since jJx
!;

N
t

n;j j � 2� we get
ˇ

ˇ

ˇ

ˇ

ˇ

Z 2k�C�
x
!;

N
t 0Cn�=2

2k�C�
x
!;

N
t 0 �n�=2

Jx
!;

N
t

n;j dt

ˇ

ˇ

ˇ

ˇ

ˇ

� 4�n�=2

and it remains to integrate Jx
!;

N
t

n;j over

�n WD Œ�t0; t0� n
[

k2Z

Œ2k� C �
x
!;

N
t 0 � n�=2; 2k� C �

x
!;

N
t 0 C n�=2�:

However combining Lemma 9.2 and Lemma 10.1 we �nd the estimate

sup
jj�nj�n

jJx
!;

N
t

n;j j � C

n=2jt � �
x
!;

N
t 0 j1=22�

�

1C C 0n4"

n=2jt � �
x
!;

N
t 0 j1=22�

�

and due to 4" � =4 we can estimate

t 2 �n H) n4"

n=2jt � �
x
!;

N
t 0 j1=22�

� n4"�=4 � 1:

Since t ! jt j�1=2 is locally integrable on R we complete the proof writing

sup
jj�nj�n

Z

�n

jJx
!;

N
t

n;j j dt � C.1C C 0/

n=2

Z t0

�t0

dt

jt � �
x
!;

N
t 0 j1=22�

� C 00

n=2
:

11. Proof of Theorem 2.1

11.1. Plan of Section 11. In Section 5 we introduced operators Ln and explained
that Proposition 4.1 implies Proposition 5.1 (b) & (c) whereas property (a) is still
unproven.

In Section 11.2 we will prove Proposition 11.1 which is the basic tool to deduce
the asymptotic estimate of Theorem 2.1 from the trace estimate of Proposition 5.2.
More precisely, Proposition 11.1 allows us to deduce (5.5) from (5.6), (5.7) and
from the trace estimate (5.12).

We observe that writing k D nC j in (5.10a) we �nd

G0n D
X

j2Z

.�.�nCj .Ln/ � l.n// � �.ln.nC j / � l.n/// (11.1)

with l.n/ WD ln.n/ and in Section 11.2 we consider expressions of the form (11.1)

with �nCj .Ln/ replaced by ln.nC j /C rn.j /.
The proof of Theorem 2.1 is completed in Section 11.3.
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11.2. Comparison of two sequences. In this section we consider two sequences
.ln.nC j //j2Z and .ln.nC j /C rn.j //j2Z where ln is de�ned in (5.1) and where
rnWZ ! R has the following two properties:

sup
j2Z

jrn.j CN/ � rn.j /j � Cn�1 (11.2a)

and
sup
j2Z

jrn.j /j � �0
N (11.2b)

with

�0
2 <

1

2
; (11.2c0)

�0
N <

1

�
p
N

when N � 3: (11.2c00)

For � 2 S.R/ we denote

G�n WD
X

j2Z

.�.ln.nC j /C rn.j / � l.n// � �.ln.nC j / � l.n/// (11.3)

where l.n/ D ln.n/.

Proposition 11.1. Assume that rnWZ ! R satis�es (11.2) and that

G�n D O.n�=2 lnn/ (11.4)

holds for any � 2 S.R/ whose Fourier transform has compact support. Then

rn.0/ D O.n�=2 ln n/:

Proof. Further on, i D 0; 1 and we denote

r in.k/ D
´

rn.k/ if i D 1;

0 if i D 0:

For m 2 Z and k D 0; : : : ; N � 1 we denote

�
m;k
n;i WD ln.nC k CmN/C r in.k CmN/

and observe that writing Z D ¹k C mN W k D 0; : : : ; N � 1; m 2 Zº we can
express

G�n D G
�
n;1 � G

�
n;0
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with

G
�
n;i WD

N�1
X

kD0

X

m2Z

�.�
m;k
n;i � l.n//:

Next we denote

zG�n;i WD
N�1
X

kD0

X

m2Z

�. Q�m;kn;i � l.n//

with

Q�m;kn;i WD l.n/C k CmN C r in.k/

and claim that for any " > 0 one can estimate

G
�
n;i � zG�n;i D O.n�1C"/: (11.5)

Indeed, we observe that using (3.10) and (11.2a) we obtain

jln.nC k CmN/ � ln.n/ � k �mN j � Cn�1jk CmN j

and

jr in.k CmN/ � r in.k/j � Cn�1jmj

with

�
m;k
n;i � Q�m;kn;i D .ln.nC k CmN/ � ln.n/ � k �mN/C .r in.k CmN/ � r in.k//

we obtain the estimate

sup
jmj�n"=2

j Q�m;kn;i � �
m;k
n;i j D O.n�1C"=2/: (11.6)

Since �m;kn;i � l.n/ � mN as jmj ! 1, the fast decay of � implies

X

jmj�n"=2

�.�
m;k
n;i � l.n// D O.n�1/; (11.7)

X

jmj�n"=2

�. Q�m;kn;i � l.n// D O.n�1/ (11.8)

and it is clear that (11.5) follows from (11.6), (11.7), and (11.8).
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For j D 0; : : : ; N �1 let �j 2 S.R/ be a function whose Fourier transform has
compact support and satis�es

O�j
�2�m

N

�

D Nım;j for m 2 Z: (11.9)

Then we can express

zG�j

n;i D
N�1
X

kD0

X

m2Z

�
j;k
n;i .m/

with �j;kn;i .�/ WD �j .�N C k C r in.k// and the Poisson summation formula gives

zG�j

n;i D 2�

N�1
X

kD0

X

m2Z

O�j;kn;i .2�m/

with

O�j;kn;i .t / D .2�/�1
Z

R

e�it� �
j;k
n;i .�/ d� D

ei.kCr i
n.k//t=N O�j

� t

N

�

N
: (11.10)

Due to (11.10) and (11.9) we have
X

0�k�N�1

X

m2Z

. O�j;kn;1.2�m/ � O�j;kn;0.2�m// D
X

0�k�N�1

.zkC1.n/
j �wj

kC1
/ (11.11)

with zkC1.n/ WD e2�i.kCr1
n.k//=N (where r1n.k/ D rn.k/) and wkC1 WD e2�ik=N .

We observe that (11.2b) ensures

jzkC1.n/ �wkC1j � 2�

N
jrn.k/j � 2�

N
�0
N : (11.12)

Next we introduce Fj WCN ! C de�ned by Fj .z/ WD .z
j
1 C � � � C z

j
N /=j where

z D .z1; : : : ; zN / 2 C
N and j D 1; : : : ; N . If z.n/ WD .z1.n/; : : : ; zN .n// and

w WD .w1; : : : ; wN /, combining (11.11) and (11.5) with assumption (11.4) we
obtain (for " small enough)

2�j.Fj .z.n// � Fj .w// D zG�j

n;1 � zG�j

n;0 D G
�j
n C O.n"C�1/ D O.n�=2 ln n/:

(11.13)

If F.z/ WD .F1.z/; : : : ; FN .z// 2 C
N then F 0.z/ D .z

j�1
l

/N
j;lD1

. Introducing

G.z/ WD
Z 1

0

.F 0.w C t .z �w//�M/dt

with M WD F 0.w/ we �nd F.z/ � F.w/ �M.z �w/ D G.z/.z �w/ and

z.n/ �w D M�1.F.z.n// � F.w// �M�1G.z.n//.z.n/ �w/:
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We denote z.n; t / WD w C t .z.n/�w/ and we want to estimate

F 0.z.n; t //�M D .zl.n; t /
j�1 �wj�1

l
/Nj;lD1 .0 � t � 1/:

However (11.12) ensures

jzl.n; t /j�1 �wj�1
l

j � N jzl .n; t /� wl j � Nt jzl .n/ �wl j � 2��0
N t

and
kF 0.z.n; t //�Mk � 2�N�0

N t:

Thus kG.z.n//k � �N�0
N and

jz.n/ �wj � jM�1.F.z.n// � F.w//j C �N jz.n/ �wj

holds with �N WD �N�0
NkM�1k. Since M�M D NI we �nd kM�k D

p
N and

M�1 D M�=N , i.e., kM�1k D 1=
p
N and �N D �

p
N�0

N . Therefore we can
estimate

.1� �N /jz.n/ �wj � jM�1.F.z.n// � F.w//j � C jF.z.n// � F.w/j (11.14)

and our choice of �0
N ensures �N < 1 if N � 3. Hence, for k D 0; : : : ; N � 1 we

have zkC1.n/�wkC1 D e2�i.kCrn.k//=N �e2�ik=N D O.jF.z.n//�F.w/j/, hence
also

rn.k/ D O.jF.z.n// � F.w/j/: (11.15)

Thus (11.15) and (11.13) complete the proof when N � 3.
If N D 2 then .w1; w2/ D .1;�1/,

M D
�

1 1

1 �1

�

; G.z/ D
�

0 0

.z1 � 1/=2 .z2 C 1/=2

�

;

and

max¹jrn.0/j; jrn.1/jº <
1

2

H) kG.z.n//k D 1

2
.jz1.n/ � 1j2 C jz2.n/C 1j2/1=2

D 1

2
.jei�rn.0/ � 1j2 C jei�rn.1/ � 1j2/1=2 < 1

ensures kM�1G.z.n//k < kM�1k D 1=
p
2, i.e., (11.14) still holds for N D 2

with �2 < 1. �
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11.3. End of the proof of Theorem 2.1. It remains to check that Proposition 11.1
allows us to deduce (5.5) from (5.6) and (5.7). More precisely it su�ces to check
that Proposition 11.1 applies with

rn.j / WD �nCj .Ln/ � ln.nC j /: (11.16)

The assumption on �N allows us to choose �0
N > �N satisfying (11.2c) and (5.6)

implies

sup
j2Z

jrn.j /j � �N C Cn3�2;

hence (11.2b) holds for n � n0 if n0 is chosen such that Cn3�2
0 < �0

N � �N

and (5.7) together with (3.10) ensures the estimate (11.2a). It remains to observe
that in Sections 9 and 10 we proved Proposition 6.4 which implies Proposition 5.2,
hence (11.4) holds if rn.j / is given by (11.16) and the Fourier transform of � has
compact support.

12. Proof of Theorem 1.2

12.1. Plan of Section 12. In Section 2.3 we gave an uncompleted proof that
Theorem 1.2 follows from Theorem 2.1. It remains to complete parts (ii) and (iii)
of this proof. In Section 12.2 we prove Lemma 12.4 that states estimates for an.k/
and an.k/ � a.k/ we used in part (iii) to get estimate (2.5):

an.n� 1/2 � an.n/2 D a.n � 1/2 � a.n/2 C O.n2�2/:

Part (ii) of the proof given in Section 2.3 is based on

Proposition 12.1 (estimate of �n.J / � �n.Jn/). Let J be as in Theorem 1.2 with

hvi D 0 and Jn as in Theorem 2.1. Then one has the large n estimate

�n.J / D �n.Jn/C O.n3�2/:

Its proof is given in the last three sections. Section 12.3 introduces auxiliary
operators zJC

n . Section 12.4 states a simple form of the approximation result
([4], Theorem 2.3). The proof is completed in Section 12.5.

12.2. Estimates. We prove large n estimates of an.k/ and a.k/ for k D k.n/,
e.g., k D n � 1.
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Lemma 12.2. Under assumptions (H2) on ¹a.k/º1
kD1

there exists a constant
zC > 0 such that

sup
k2Z

jıman.k/j � zCn�m; m D 0; 1; 2: (12.1)

Proof. By de�nition (2.2b) we can write an.k/ D a1n.k/�2n;n.k/ with

a1n.k/ WD a.n/C .k � n/ıa.n/:

Since an.k/ D 0 for jk � nj � 2n=5 we can replace supk2Z by supjk�nj�n=2.
By assumptions (H2), more precisely, by ja.k/j � Ck from (1.10a) and
by (1.10b), we get, for jk � nj � n=2,

jan.k/j � ja1n.k/j

� ja.n/j C jk � njjıa.n/j

� Cn C nC 0n�1=2

D
�

C C C 0

2

�

n :

That proves (12.1) for m D 0. For m D 1; 2 we �rst observe that, for # 2 C2.R/
we have

ı#.s/ WD #.s C 1/ � #.s/ D
Z 1

0

# 0.s C s1/ds1; (12.2a)

ı2#.s/ WD ı#.s C 1/ � ı#.s/ D
Z 1

0

Z 1

0

# 00.s C s1 C s2/ds1ds2: (12.2b)

For #.s/ D �2n;n.s/ D �0.
s
2n

� 1
2
/ we have #.m/.s/ D .2n/�m�

.m/
0 . s

2n
� 1

2
/.

Thus (12.2) imply
jım�2n;n.k/j � Cmn

�m

for m D 1; 2, with Cm WD 2�mk� .m/0 k1. By using ıa1n.k/ D ıa.n/ we get

jıan.k/j � jıa.n/j C ja1n.k/j jı�2n;n.k/j

� C 0n�1 C .C C C 0=2/n yC 0n�1

D .C 0 C yC 0.C C C 0=2//n�1:

Using ı2a1n.k/ D 0 we get

jı2an.k/j � j2ıa.n/j jı�2n;n.k C 1/j C ja1n.k/j jı2�2n;n.k/j

� 2C 0n�1 yC 0n�1 C .C C C 0=2/n yC 00n�2

D .2C 0 yC 0 C yC 00.C C C 0=2//n�2: �
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Lemma 12.3. Under assumptions (H2) we have the estimates

sup
jj j�n=2

jıa.nC j /j D O.n�1/; (12.3a)

sup
jj j�n=2

jı2a.nC j /j D O.n�2/: (12.3b)

Proof. Let j 2 Z be such that jj j � n=2. By using (1.10b) and (1.10c), i.e.,
jıa.k/j � C 0k�1 and jı2a.k/j � C 00k�2, respectively, we get

jıa.nC j /j � C 0.nC j /�1

� C 0.n � n=2/�1

D C 0n�1

2�1

D zC 0n�1

and

jı2a.nC j /j � C 00.nC j /�2

� C 00.n � n=2/�2

D C 00n�2

2�2

D zC 00n�2: �

Lemma 12.4. Under assumptions (H2) we have the estimates

jk � nj � n=2 H) ja.k/ � a.n/j � zC jk � njn�1; (12.4a)

jk � nj � n=3 H) ja.k/ � an.k/j � zC jk � nj2n�2: (12.4b)

Proof. It uses Lemma 12.3 together with the following two estimates:

ja.k/ � a.n/j � jk � nj sup
jj j�jk�nj

jıa.nC j /j; (12.5a)

ja.k/ � a1n.k/j � jk � nj2 sup
jj j�jk�nj

jı2a.nC j /j: (12.5b)

We get (12.4a) by using (12.3a) in (12.5a) for jk � nj � n=2:

ja.k/ � a.n/j � jk � nj sup
jj j�jk�nj

jıa.nC j /j

� jk � nj sup
jj j�n=2

jıa.nC j /j

� zC jk � njn�1:
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We get (12.4b) similarly, using (12.3b) in (12.5b) for jk�nj � n=3. We then have
�2n;n.k/ D 1, hence an.k/ D a1n.k/, and

ja.k/ � an.k/j D ja.k/ � a1n.k/j

� jk � nj2 sup
jj j�jk�nj

jı2a.nC j /j

� jk � nj2 sup
jj j�n=2

jı2a.nC j /j

� zC jk � nj2n�2: �

12.3. Operators zJC
n . These auxiliary operators act on l2.N�/ by

. zJC
n x/.k/ D dn.k/x.k/C Qan.k/x.k C 1/C Qan.k � 1/x.k � 1/

for x 2 D and k � 1 with o�-diagonal entries

Qan.k/ WD

8

<

:

a.k/ if n� C1n
 � k � nC C1n

 ;

an.k/ otherwise,
(12.6)

where C1 is �xed large enough. We claim that

k zJC
n � JC

n kB.l2.N�// D O.n3�2/: (12.7)

Indeed, jj j � n=3 ensures an.nCj / D a.n/Cıa.n/j and jı2a.nCj /j � zCn�2,
hence we can estimate

sup
k2N�

j Qan.k/ � an.k/j D sup
jj j�C1n

ja.nC j / � a.n/ � ıa.n/j j

� sup
jj j�C1n

j 2 zCn�2 D O.n3�2/:

However, (12.7) and the min-max principle give

sup
k2N�

j�k. zJC
n / � �k.JC

n /j D O.n3�2/: (12.8)

12.4. An approximation result of the spectrum of Jacobi matrices. In the
next section we apply Theorem 2.3 from [4] which is an approximation result of
the spectrum of the operator J de�ned by (1.3) with real entries ¹d.k/º1

kD1
and

¹a.k/º1
kD1

such that

d.k/ D ck˛ C O.kˇ /; c > 0; (12.9a)

a.k/ D O.kˇ /; 0 � ˇ < ˛ < 1C ˇ: (12.9b)
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For simplicity we state this result assuming that conditions (12.9) hold with c D 1,
˛ D 1, and ˇ D  , with 0 <  � 1

2
. These conditions are satis�ed by the operator

J from Theorem 1.2.
For � � 1 and �0 � � we denote

N.�0; �; J / D card¹n 2 N
�W�0 < �n.J / � �º D card.�.J / \ .�0; ��/

and we consider Jacobi operators J�0;� de�ned like J by

.J�0;�x/.k/ D d.k/x.k/C a�0;�.k/x.k C 1/C a�0;�.k � 1/x.k � 1/ (12.10)

for x 2 D, k � 1, with real o�-diagonal entries .a�0;�.k//
1
kD1

satisfying
ja�0;�.k/j � ja.k/j. Then Theorem 2.3 from [4] takes the form:

Proposition 12.5 ([4], Theorem 2.3). Let J be given by (1.3). Its entries are

assumed to satisfy (12.9) with c D 1, ˛ D 1, and ˇ D  . Let C0 > 0 be large

enough. For � � 1 and �0 � � we denote

�.�/ WD �C C0�
 ;

�.�0; �/ WD �0 � C0� ;

and J�0;� an operator as in (12.10) with a�0;�.k/ D a.k/ if �.�0; �/ � k � �.�/.

Then for any � > 0 there exists �.�/ > 0 such that

N.�0 C ��� ; � � ��� ; J�0;�/ � N.�0; �; J / � N.�0 � ��� ; �C ��� ; J�0;�/

for any � � �.�/ and any �0 such that .C0 C 1/� � �0 � �.

12.5. Proof of Proposition 12.1. Due to (12.8) it su�ces to show that

�n.J / D �n. zJC
n /C O.n��/

holds for any � > 0 provided that C1 is chosen large enough in (12.6).
Let ¹�nº1

nD1 be a real sequence satisfying �n D nCO.n /. If �.�/ and �.�0; �/

are as in Proposition 12.5 then choosing C1 large enough in (12.6) we get that

�.�n; �n � ���
n / � k � �.�n/ H) J ek D zJC

n ek

for n � n0. Proposition 12.5 applied with � D �n, �0 D �n � ���
n , J�;�0 D zJC

n :

card.�.J /\ .�n � ���
n ; �n�/ � card.�. zJC

n / \ .�n � 2���
n ; �n C ���

n �/ (12.11)

for n � n0. However, �n. zJC
n / D �n.J

C
n /C O.n3�2/ implies

n � n0 H) j�n. zJC
n / � l.n/j � �0; (12.12)
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where �0 2 .�N ;
1
2
/, hence the cardinal in the right-hand side of (12.11) is at

most 1. If now �n D �n.J / then both cardinals are equal to 1 and there is an
eigenvalue �k.n/. zJC

n / such that

�k.n/. zJC
n / 2 .�n.J / � 2�n.J /�� ; �n.J /C �n.J /

���: (12.13)

It remains to check that k.n/ D n. Due to (12.12) and (12.13) it su�ces to know
that

n � n0 H) �n.J / 2 .l.n/ � �00; l.n/C �00/ (12.14)

for some �00 < 1
2
. However, the operator J 0 WD ƒC C 2Re.SCa.ƒC// was

investigated in [2] where we proved the large n asymptotic formula

�n.J
0/ D l.n/C O.n3�2/: (12.15)

Since (12.14) follows from (12.15) and j�n.J / � �n.J
0/j � �N , the proof of

Proposition 12.1 is complete.
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