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Eigenvalue bounds for Schrodinger operators
with complex potentials. 11

Rupert L. Frank and Barry Simon!

Abstract. Laptev and Safronov conjectured that any non-positive eigenvalue of a Schro-

dinger operator —A + V in L?(R") with complex potential has absolute value at most

a constant times ||V||§/V+"'v”/22)/ Y for 0 < y < v/2 in dimension v > 2. We prove this

conjecture for radial potentials if 0 < y < v/2 and we ‘almost disprove’ it for general
potentials if 1/2 < y < v/2. In addition, we prove various bounds that hold, in particular,
for positive eigenvalues.
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1. Introduction and main results

In this paper we are interested in eigenvalues of Schrodinger operators
—A+V inL?(R")

with (possibly) complex-valued potentials V. More precisely, we want to derive
bounds on the location of these eigenvalues assuming only that ' belongs to some
LP(R”) with p < oco. This assumption, for suitable p, will also guarantee that
—A 4+ V can be defined via the theory of m-sectorial forms. Also, p < oo
implies that eigenvalues outside of [0, co) are discrete and have finite algebraic
multiplicities.

If V is real-valued (so that discrete eigenvalues are negative), it is a straight-
forward consequence of Sobolev inequalities that

|E|)Y < cy,v/ V72 dx (1.1
]RU
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for every y > 1/2if v = 1 and every y > 0 if v > 2. Here C,,, is a constant
independent of V. For this bound, see [15, 19] and also [4] for optimal constants,
optimal potentials and stability results.

The question becomes much more difficult if V' is allowed to be complex-
valued. Laptev and Safronov [18] conjectured that for any v > 2and 0 <y < v/2
there is a Cy,,, such that (1.1) holds for all eigenvalues E € C \ [0, co). Prior to
their conjecture, Abramov, Aslanyan and Davies [1] (see also [5]) had shown this
forv = 1 and y = 1/2. In [8] the Laptev—Safronov conjecture was proved for
v>2and0 <y <1/2.

In this paper we accomplish the following.

(A) We almost disprove the Laptev—Safronov conjecture for v > 2 and 1/2 <
y < v/2 (Theorem 2.1).

(B) We prove the Laptev—Safronov conjecture for radial potentials for v > 2 and
1/2<y <v/2.

(C) We give a simple proof that for 0 < y < 1/2 the bound (1.1) holds also for
eigenvalues E € [0, 0o0). (We note that a deep result of Koch and Tataru [17]
shows that, in fact, there are no positive eigenvalues.)

(D) We prove an eigenvalue bound for V e LY'+Y/2(RY) + L2+V/2(R”) with
O<y1 <y <1/2ifv=2and0<y; <y, <1/2ifv > 3.

By ‘almost disprove’ in (A) we mean we construct a sequence of real-valued
potentials V, such that —A + V}, has eigenvalue 1 but ||V,||, — O for any
p > (1 + v)/2. If Laptev and Safronov had formulated their conjecture for any
eigenvalue E € C (and not only for E € C\[0, 00)), we would have disproved it. In
particular, this is interesting in view of (C), where we prove that for 0 <y < 1/2
the conjecture holds in fact also for eigenvalues in [0, c0). Note that if we were
able to show that the eigenvalue 1 of —A 4 V}, becomes a non-real eigenvalue of
—A + V,, + eW for some nice W (say with Im W > 0) and & small, we could also
disprove the conjecture.

Our construction of the potentials V,, in the proof of Theorem 2.1 is inspired
by a construction of Ionescu and Jerison [14]. Using ideas of Wigner and von
Neumann [35] (see also [27, Section XIII.13]) we are able to simplify their con-
struction.

We also prove (Theorem 2.2) that a bound of the form (1.1) cannot hold, even
for radial potentials, if y > v/2. Of course, Laptev and Safronov conjectured such
a bound only for y < v/2, but the fact that this is the correct upper bound is not
obvious. Our construction extends the Wigner—von Neumann construction [35]
(see also [27]) to arbitrary dimension v, which is interesting in its own right.
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Our counterexamples are constructed in Section 2. In passing we mention that
while the Wigner—von Neumann example has been studied extensively, we are not
aware of similar results about the Ionescu—Jerison example. It would be interesting
to extend the results of Naboko [22] and Simon [29] on dense embedded point
spectrum based on the Wigner—von Neumann example to the lonescu—Jerison
example.

Concerning (B), we recall that the proof in [8] of (1.1) for 0 < y < 1/2 relied
on uniform Sobolev bounds due to Kenig, Ruiz, and Sogge [16], namely,

I(=A =2 fllpy < Clz| 2P P £l (1.2a)
W/ w+2)<p<20+1)/(v+3), (1.2b)

with C independent of z and with p’ = p/(p — 1). (In [16] this bound is only
proved for v > 3, but the same argument works for v = 2 as well, see [8].) The
range of exponents 2v/(v +2) < p < 2(v + 1)/(v + 3) in (1.2) corresponds
to0 < y < 1/21in (1.1). Bounds of the form (1.2) cannot hold for exponents
2+ 1)/(v +3) < p < 2v/(v + 1) (corresponding to 1/2 < y < v/2).
However, as we shall show (Theorem 4.3), they do hold if one replaces the space
L?(R") by L?(Ry, r*~1dr; L2(8¥1)) and similarly for L?'(R). In fact, these
bounds prove (1.1) not only for radial potentials, but for general potentials in
LYt2(R, r'=Vdr; L°°($"~")) with the obvious replacement on the right side;
see Theorem 4.1. We also prove a Lorentz space result at the endpoint y = v/2;
see Theorem 4.2.

Our results for 1/2 < y < v/2 are based on arguments by Barcelo, Ruiz and
Vega [2] and, in particular, precise bounds on Bessel functions. This is further
discussed in Section 4 and in the appendix.

We prove (C) in Section 3. Our argument is based on (1.2), like that in [8],
but is more direct and avoids Birman—Schwinger operators. As we mentioned
above, the deep results of Koch and Tataru [17] imply that —A + V' has no
positive eigenvalues if V € LYT"/2(R”) with 0 < y < 1/2; see also [14] for
the case y = 0 in dimensions v > 3. (The fact that the results of [17] apply
also to complex-valued potentials is not emphasized there, but is clear from their
proof strategy via Carleman inequalities. Also, the fact that V e LY*"/2(RY)
satisfies Assumption A.2 in [17] for y as above can be easily verified using Sobolev
embedding theorems; see, for instance, the proof of Lemma 3.5 in [10].)

We include our proof of (C) since it is much simpler than the arguments in
[14, 17] and since the same reasoning will give the assertion in (B) for £ € [0, c0)
where the results of [17] are not applicable.
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The bounds mentioned in (D), see Theorem 3.4, are new, even for £ €
C\ [0, 00). They are also derived from (1.2). Somewhat related bound in v = 1
are contained in [5].

In this paper we have only discussed bounds on single eigenvalues. The
situation for sums of eigenvalues is less understood and we refer to [9, 18, 3, 6, 11]
and references therein for results and open questions in this direction. Also, we
emphasize that we work only under an L? condition on V. In contrast, results
under exponential decay assumptions are classical (see, e.g., [23, 20, 21] and also
[30, 31]) and extensions to sub-exponential decay were studied in a remarkable
series of papers of Pavlov [24, 25, 26]. For results in the discrete, one-dimensional
case we refer, for instance, to [7, 12].

Acknowledgemnts. The authors would like to thank L. Golinskii, H. Koch,
A. Laptev, O. Safronov, and D. Tataru for helpful corresondence.

2. Counterexamples

The following theorem shows, in particular, that the bound (1.1) cannot be valid
for positive eigenvalues of Schrodinger operators with real potentials if v > 2 and
y > (v + 1)/2. Our proof simplifies the construction of potentials that appeared
in [14] in a different, but related context.

Theorem 2.1. Foranyv > 2 there is a sequence of potentials V,: R’ — R, n € IN,
such that 1 is an eigenvalue of —A + V in L*(R") and

C

Vo) € ———
O S T e

x=(x,x)e RxR"!,

with C > 0 independent of n. In particular, for any p > (v + 1)/2,

IVallLe = 0 asn — oo.

Proof. We look for an eigenfunction of the form ¥ (x) = w(x) sinx;. Then
—AY =Y —2(0yw) cosx; — (Aw) sinxq,
so the eigenvalue equation will be satisfied if we set

0 A
V.= 21_w cotx; + —w.
w w
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We need to choose w in such a way that y € L? and that V satisfies the required
bounds. In particular, 9; w needs to vanish where sin x; does. In order to achieve
this, we set

X1
g(xy) = 4/ sin? y dy = 2x; — sin(2x;)
0

and
wa(x) = (n* + g(x1)* + x|

The potential V;, is defined with w, in place of w. The parameter n here is not
necessarily an integer, but we do require later that n > 1. Finally, the parameter «
will be chosen so that w € L2(R") (which implies ¥ € L?(R")). Note that

[e%¢) rv—2 dr

. 2d -9 Sv—z /Oo 2 2 —2a+(v—1)/2d / -
| P ar =282 [0+ g Y A

is finite provided o > v/4, which we assume in the following. We do not keep
track of the dependence of our estimates on «.
A quick computation shows that

4o doa(a+1
Vy = ——gg' cotx; + %(gz(g’)2 + 41x'|°)
My 2
200, " "2
——((g)" +gg +20v+ D|x]7)
my
with m,(x) := n? + g(x1)?> + |x’|*. Note that g’ cotx; = 4sinxjcosx; is

bounded. Moreover, |g|, |x'|? < my/? and |¢'|.|g"| < C, so

Vol < Cmy 2 +myh).

Usingn > 1, we find m;! < n='my"? < my; "2, s0 |V,| < Cmy "/?. This bound
is equivalent to the one stated in the theorem.
Finally, we note that by scaling

dx
Vv, pdx<C/
AN"' =€ e G Ml PP

_ n—P+(v+1)/2C/ dx '
re (1 |x1| + [¥']?)?

For p > (v + 1)/2, the right side tends to zero since (1 4 |x1| + |x/|>)™! € L? in
this case. This finishes the proof of the theorem. O
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We emphasize that the eigenfunctions corresponding to the eigenvalue 1 of
—A+V, can have arbitrarily fast or slow (consistent with being square-integrable)
algebraic decay in |x;| + |x’|?. We also note that (for fixed n) the potential V;, has
the asymptotic behavior

16ax; sin?(2x;)  16a(a + 1)|x'|°
x>+ X% (Gxa > + [x]*)?
dar(4x1 cos(2x1) + (v + D)|x'|?)
- 42+ [
+0((Ix] + 1x'1)72)

Vn(x) =

as |xi| + [x'|? = oo.

Our next theorem shows, in particular, that the bound (1.1) cannot be valid for
positive eigenvalues of Schrodinger operators with real, radial potentials if v > 1
and y > 1/2. Our proof extends the Wigner—von Neumann construction [35] (see
also [27]) to arbitrary dimensions v > 1.

Theorem 2.2. Foranyv > 1 there is a sequence of radial potentials V;,;: R — R,
n € IN, such that 1 is an eigenvalue of —A + V in L>(R") and

Va(x)| = x € R,

n+ x|’
with C > 0 independent of n. In particular, for any p > v,

Villr — 0 asn — oc.

Proof. We first observe that we may assume v > 2. Indeed, for v = 1 we simply
extend V, from v = 3 to an even function on R. The proof below will show that
the corresponding eigenfunction v, is radial and we can extend rv, to an odd
function on R which will satisfy the correct equation.

Now let v > 2. We look for an eigenfunction of the form

v(x) =erwr), r=|x.

where ¢ is a radial function solving —A¢ = ¢ in RY (in particular, ¢ is reg-
ular at the origin). It is known that, up to a multiplicative constant, ¢(r) =
r_("_2)/2J(v_2)/2(r), where J(,—)/2 is a Bessel function. This follows from
Bessel’s equation

v—2

2
-1 -2
o2 =1 iy + ( 3 ) r " Je-22 = Jop-2)2,
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as well as
Jw—2y2(r) ~T(w/2)"1(r/2)"2/2 asr — 0. (2.1)

In the following we make use of the asymptotics

Jw—2y/2(r) = \/g sin(r —w(v —3)/4) + 0(r—3/?) asr — oo, (2.2)

which may also be differentiated with respect to r. (These asymptotics can be
proved using Jost solutions, without referring to the theory of Bessel functions.)
Using —Ag = ¢ we find

—AY =y —w'Q¢' + (v—Dr7lp) —puw”

with ()’ = d/0dr. Therefore, the eigenvalue equation for ¥ will be satisfied if we
set

20" -1 -1 "
poo W 2wty
w () w

As usual, we want that w’ vanishes where ¢ vanishes and therefore we define

r r
g) = [ 067 ds = [ )P ds
0 0
The asymptotics (2.2) show that
rli)rgo rlg(r)y =n! (2.3)

We now define
wn(r) = (n* + g(r)*)™®
and we define V;,, with w, in place of w. As in the previous construction, the
parameter n need not be an integer, but we will use later that n > 1. Finally, we
will choose a > v/4, which by (2.3) will guarantee that v € L?(R"). As before
we do not keep track of how our estimates depend on «.
A quick computation shows that

_dale+l) 5,0 20 20+ (v—1r7le

200
Vi > —(g” +g¢")——a¢g (2.4)
m2 My My
with m, (r) := n? + g(r)?. We claim that we can bound
Va| < Cm; V2 +m (2.5)

with C independent of n. Once this is shown we can use n > 1 to bound
m,! < n~tmp, /% < m;"? and obtain |V,| < Cmj'/? which, in view of (2.3),
is equivalent to the bound stated in the theorem. Clearly this bound will imply

||Vn||Lp —>Oifp > V.
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Thus, it remains to prove (2.5). Using (2.1) and (2.2) we obtain g < m,l,/ 2

and |g’|, |¢”] < C, which allows us to bound the first two terms on the right side
of (2.4) by C(my " + m; ). In order to bound the last term, we use g’ = ¢2r~1,
)

20"+ (v=Drly

g
%

Using again (2.1) and (2.2) we obtain |(r*~!¢?)’| < C, and therefore also the last
term on the right side of (2.4) is bounded by C m,?l/ > This completes the proof
of (2.5) and of the theorem. O

="y + (v - Dr ) = (" e?)

3. Bounds for 0 < y <1/2

In this section we review the proofs in [8] and show that these bounds are also
valid for positive eigenvalues. Moreover, we shall prove bounds for potentials
which belong to spaces of the form LY17v/2 4 [72+v/2,

Since we will use a similar argument later in Section 4 we formulate the general
principle in abstract terms.

Proposition 3.1. Let X be a separable complex Banach space of functions on RY
such that L>(R")N X is dense in X and such that the duality pairing X* x X — C
extends the inner product in L*>(R"). Assume that

I(=A = 2)xox* < N(z2), (3.1)

where N(z) is finite for z € C\ [0, 00) and continuous up to [0, 00) \ I for some
set I C [0, 00). Assume that multiplication by V: R — C is a bounded operator
from X to X*. Then, if E € C\ I is an eigenvalue of —A + V in L?>(R") with an
eigenfunction in X*, then

L < NE)|V]x*->x-

Proof. We give the proof only for E € [0,00) \ I, the case E € C \ [0, co) being
similar (and easier). We denote the eigenfunction by ¥ and observe that, since
Y € X* and since multiplication by V is bounded from X* to X,

IVellx < IV Ixs—x 1V llx-, (3.2)

so Vi € X. Since (—A — E —ig)~! is bounded from X to X* and since, by the
eigenvalue equation,

Vei=(-A—E—ie) {(~A—E)y = —(-A— E —ie) ' (Vy),
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we infer that ¥, € X™* and

[Wellx+ < N(E +ie) [Vllx.

Since N(E + ie) — N(E) as ¢ — 0, we see that the 1, are uniformly bounded
in X* and so they have a limit point in the weak-* topology of X*. On the other
hand, by dominated convergence in Fourier space, one easily verifies that . —
strongly (and hence also weakly) in L2(R"). Since L?(R”) N X is dense in X and
since the duality pairing X* x X — C extends the inner product in L?(R"), we
infer that the limit point in the weak-* topology of X* is unique and given by .
Moreover, by lower semi-continuity of the norm,

[¥llxe < liminf [llx- < liminf N(E +ie) [V lx = NCE) [V lx
This, together with the bound (3.2), implies the bound in the proposition. |

Our first application of the abstract principle yields the following theorem,
which extends the bound of [8] to positive eigenvalues.

Theorem 3.2. Letv > 2,0 < y < 1/2and V € LYTY/2(RY). Then any
eigenvalue E of —A + V in L>(R”) satisfies

BV < Cpu [ VP2
RV
with C,,, independent of V. Moreover, if v > 3 and
/ V"2 dx < Cy,
]RU
then —A + V in L2(R”) has no eigenvalue.

Proof. We apply Proposition 3.1 with X = LP(R"), where p is defined by
p/(2— p) = y 4+ v/2, so that the assumptions on y become 2v/(v +2) < p <
2(v + 1)/(v 4+ 3). Since —A + V is defined via m-sectorial forms, we know a-
priori that an eigenfunction satisfies ¥ € H'(R") and so, by Sobolev embedding
theorems, ¥ € L? (R¥) = X*. Note also that, by Holder’s inequality,

IVix«sx = 1Vp/-p

According to the Kenig—Ruiz—Sogge bound (1.2) assumption (3.1) is satisfied with
N(z) = C|z|7/2t¥/P=V and I = {0}. Therefore the claimed bound follows from
Proposition 3.1. The second part of the theorem is proved similarly, taking y = 0,
I = @ and noting that for v > 3 the bound (1.2) holds also for p = 2v/(v + 2).
This completes the proof. |
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Remark 3.3. In a similar spirit we note that if v = 1 and V € L'(R) (possibly
complex-valued), then —d?/dx? + V(x) in L?*(R) has no positive eigenvalue.
Thus the restriction that the bound | E|'/2 < (1/2)| V|1 holds only for eigenvalues
E € C\ (0, 00), which appears frequently in the literature, is unnecessary. (The
absence of positive eigenvalues follows from standard Jost function techniques
which show that for k > 0 the equation —” + Vi = k21 has two solutions v/
and ¥_ with ¥+ (x) ~ e*** as x — 00, s0 no solution of this equation is square
integrable. These arguments go back at least to Titchmarsh [33].)

Proposition 3.4. Let V; € LY TV/2(RY), V, € LV2HY/2(RY), where 0 < y; <
y2 < 1/2ifv =2and0 < y1 < y» < 1/2if v > 3. Then any eigenvalue
E € C\ {0} of —A + Vi + V5 in L?(R") satisfies

[E|™" /]Rv Vi 2 dx + |E|72 /]RU V2t 2 dx = ¢y, yp0 > 0.

Proof. Again we prove this only for positive eigenvalues, the other case being
simpler. Let iy be the eigenfunction and let ¢ > 0 be a small parameter. We
denote S; := | — A —E —ig|/(-A—E —i¢e) Vand g, := | — A — E —ig|'/?y,
where ¥ is the eigenfunction. Since v € H!(RY), ¢, € L*(R"). We can write
the eigenvalue equation in the form

C L —-A—-F
Se| —A—E —ig|V2V| - A—E —is| 1/2¢g=—m%-
Therefore,
~A—E . -
Hi—A—E—ie(ps = ||ISe| = A — E —ie| V2V = A— E —ig|7V2g|

< (ISe] = A—E —ie|V2Vi| = A — E —ie|7V?|

+1Se] = A — E —ie| V2Vl — A — E —ie| V2|l @e].
(3.3)

Since the operator norm of A B equals that of BA, we have

ISel — A —E —ie| ™ 2V;| — A — E —ie|™'/?|
= | (sgn V)|V |2 (=A — E —ie) 7| V; 12

and, as in [8], the Kenig—Ruiz—Sogge bound (1.2) implies that

[sen VIV V2 (=a = E = i) V1] < CUER+e2/ @ 4o
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Inserting this into (3.3) we obtain

S

% = CUEP + &)™ Vil 0

(3.4)
+ (|E? + 377220 115, 1 0) e -

Finally, we observe that [|g.]| < [l¢]] < oo and that —x22E—¢, — ¢ in L2(R")
(by dominated convergence in Fourier space). Thus, as ¢ — 0, we obtain the
claimed bound in the theorem. |

4. Bounds for 1/2 <y < v/2

4.1. Eigenvalue bounds. In this section we show that (1.1) holds for 1/2 < y <
v/2 if V is radial and, more generally, if for every r > 0, V(rw) is replaced by
ess-sup,eqv—1 | V(rw)|. The precise statement is

Theorem 4.1. Letv >2and 1/2 <y <v/2. Then

o0
2 _
B = G [ IVEIEE

At the endpoint y = v/2 we have the following bound

Theorem 4.2. Letv > 2. Then

o0 Vv
|E|V/? < C,,(/ [{r > 0:ess-sup |V (rw)| > t}|}/” a’r) ,
0 wesv—1

where | - |,, denotes the measure || r*~1 dr on (0, 00)

Note that the integral on the right side in the theorem is the norm in the Lorentz
space LV (R4, r"~Vdr; L>®(S"71)).

We will deduce Theorems 4.1 and 4.2 from the following two resolvent bounds.
The first one will imply Theorem 4.1.

Theorem 4.3. Letv > 2 and2(v + 1)/(v + 3) < p <2v/(v + 1). Then for all
feLPRy,r’tdr; L2(S" 1Y) and z € C\ [0, 00),

o 17//2 l/p/
(/ (/ [(—=A _Z)_lf)(ra))|2da)) o1 dr)
0 v—1
oo /2 y
< Cp,u|z|—v/2+u/p—1(/0 (/Sv_l |f(ra))|2da))p - dr) p‘
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As explained in the introduction, we think of Theorem 4.3 as the analogue of
the uniform Sobolev bounds by Kenig, Ruiz, and Sogge [16] which correspond to
the range 2v/(v + 2) < p <2(v + 1)/(v + 3), see (1.2). Since uniform resolvent
bounds imply Fourier restriction bounds (since

(A=A —ie) ' — (A=A +ie) ' — 27i8(—A— 1) ase— 0+)

the Knapp counterexample [32] shows that (1.2) cannot hold for larger values of p.
However, as we show, larger values of p can be achieved by considering mixed
norm spaces. The use of mixed norm spaces in the context of Fourier restriction
bounds seems to have first appeared in Vega [34], who proved the corresponding
restriction inequality in the range 2(v+1)/(v+3) < p < 2v/(v+1) in dimensions
v > 3; see also [I13] where v = 2 is included as well. Our resolvent bound
seems to be new, although our arguments follow closely those of Barcelo, Ruiz,
and Vega [2], and our assumption p < 2v/(v + 1) is optimal, since the results
of [13] show that the corresponding Fourier restriction bound does not hold for
p=>2v/(v+1).

The following bound will imply Theorem 4.2. As we will see, it is a rather
straightforward consequence of the main result of [2].

Theorem 4.4. Let v > 2 and let V be a non-negative, measurable function with
o0
IVl arzoeioiy = [ 1t > 0cesssup View)] > 11} d
0 weSV—

< OQ.

Then, forall f € L>(R¥,V~'dx) N L?(R") and z € C \ [0, o0),

/}RU (—A —2)7 f*V dx
S C|Z|_1||V||iv.l(]R+’rv—ldr;Loo(Sv—l)) AU |f|2V_l dx.

Theorem 4.1 follows from Theorem 4.3 by Proposition 3.1 with the choice
X = LP(Ry,r""1dr; L?(S¥7!)) in the same way as Theorem 3.2 was derived
from (1.2). Similarly, Theorem 4.2 follows from Theorem 4.4 by Proposition 3.1;
here we set X = L?(w™!) where w = max{|V |, G}, where G is a strictly positive
function in LY (R4, r"~1dr; L>(8"~1)) (for instance, a Gaussian) and § > 0 is
a small parameter. Having § > 0 implies that L2 N L?(w™!) is dense in L2(w™1).
Moreover, one easily verifies that

1V ||L2(w)—>L2(w—1) <1
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so Proposition 3.1 yields

1 = C|Z|_1 ” maX{|V|! SG}”iv,l(]R_i_,rv—l dr;LOO(SV_l))

and as § — 0 we obtain the claimed bound.
Thus, it remains to prove Theorems 4.3 and 4.4.

4.2. Proof of Theorem 4.3. It is well known that on spherical harmonics of
degree / € Ny the operator —A acts as

hy = =02 = (v —1Dr70, +1( +v-2)r 2

This operator, with an appropriate boundary condition at the origin (coming from
the decomposition into spherical harmonics), is self-adjoint in L2(R4, 7"~ dr).
It is well-known that the boundary values of the resolvent (h; — A —i0)~! exist in
suitably weighted spaces. The following proposition shows that these boundary
values are bounded operators from L? (R, r*~'dr) to L? (R4, r"~'dr). The
key observation is that their norms are bounded uniformly in / € INy.

Proposition 4.5. Foranyv >2and2v/(v +2) < p <2v/(v + 1),

sup [[(hr =1 =i0) " I oy v—1yo 10 Ry -1y < OO
lelNg

To prove this proposition we use the following simple criterion for the bound-
edness of an integral operator from L? to L?".

Lemma 4.6. Let X and Y be measure spaces and k € L? (X x Y) for some
1 < p <2 Then (kf)(y) = [y k(x,y)f(x)dx defines a bounded operator from
L?(X) to LP'(Y) with

||k||Lp(X)—>Lp’(Y) = ”k”LP’(XxY)'

Proof of Lemma 4.6. By Minkowski’s and Holder’s inequality

4 p/
sty = |, ‘ | ke seax)

(L (e dy)l/pllﬂxn d)
([ [weowaar)( [ lf(x>|1’dx)"/ .

which yields the claimed inequality. |

Modulo a technical result about Bessel functions (Proposition A.1), which we
prove in the appendix, we now give the proof of Proposition 4.5.
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Proof of Proposition 4.5. According to Sturm—Liouville theory (h; —1—i0)"!is
an integral operator with integral kernel

(hy —1—=i0)"'(r. 7)) = (rr)" 7272, (min{r, "D H® (max{r, r'}),

where J,, and H ;(Ll,) are Bessel and Hankel functions, respectively, and where
w; =1+ (v—2)/2. Thus, by Lemma 4.6,

‘=117
10 =1 =10l g, vty rr @y o)

o0 o0
52/ / |y (P H oy )P () =2/ ©0=2200=1 g gy,
0 r

The fact that the right side is finite and uniformly bounded in / follows from
Proposition A.l in the appendix with ¢ = p’. This completes the proof of the
proposition. u

In order to deduce Theorem 4.3 from Proposition 4.5 we need the following
general result.

Lemma 4.7. Let X and Y be measure spaces and 1 < p < 2. Let (K;) be a
sequence of bounded operators from L?(X) to L?'(Y). Let H be a separable
Hilbert space with an orthonormal basis (e;) and define a linear operator K by

K(f®ej)=(Kjf)®e;j forall f e LP(X)andallj.

Then K is bounded from L? (X, ) to LP' (Y, H) with

||K||L”(XJC)—>L"’(Y,JC) = Sup 1K ||Lp(x)_,Lp’(y)-
J

Proof of Lemma 4.7. Since

IK(f ®ellpr vy = 1K fllLr )
and

| f ®eillLrr,so =1 lLrox

we have || K| > sup || K} || (with obvious indices). To prove the opposite bound we
write F =) f; ® e;, so that

4 //
IKEL 0 = [ (1K 5)002)" " ay,
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Since p’ > 2 we can bound this from above using Minkowski’s inequality by

(Z (/Y (K £) ()P dy)z/P’)p/m’

which in turn is bounded from above by

2/p\ P'/2
(leKjllz(/Xlﬁ(x)lpdx) )
’ 2/p P//z
S(SUP”K/'H)p(Z(/lej(x)lpdx) ) _

Once again by Minkowski’s inequality, using the fact that p < 2,
2/p

2/p /
S ([inwra) < ([ (Zmwr) ) = 1F R0

This proves that || KF ||,y 50y < (sup | K[| F || L»(x,50), as claimed. O
We are finally in position to give the

Proof of Theorem 4.3. Letv >2and2(v+1)/(v+3) < p <2v/(v+1). (In fact,
the proof works also for 2v/(v +2) < p <2(v+1)/(v + 3), but the inequality we
obtain in that case is weaker than (1.2).) We begin with a well-known argument
reducing the proof to the case z = 1. For f, g € C°(R"),

7 > Zv/2—v/p+l(g’ (—A _ Z)—lf)
is an analytic function in {Im z > 0}, continuous up to the boundary, and satisfying

|22 P (g, (A = 2)7 )] < Cralz ¥ F Il gl

for every 2v/(v +2) < r < 2(v + 1)/(v + 3) and a certain « depending on r.
This follows from the Kenig—Ruiz—Sogge bound (1.2). Thus, by the Phragmén—
Lindelof principle,

sup [z PH (g, (A —2)7 )

Imz>0

= sup [A|"/27V/ P (g, (A — A —i0)"1 f)].
AR

If we can show that the right side is bounded by Cp v || f | Lo (22) €l Lr(12) (With the
abbreviation L?P(L?) = LP(Ry,r"'dr;L?(S"7!))), then, by density,
the bound will be valid for any f, g € L?(L?). Moreover, since

(g. (A=) ) =(A-27"g f) = (£ (-A -2)71g),
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we will have shown the bound claimed in the theorem.
By scaling it suffices to prove the bound

AP (g (A =2 =i0) T N = Cooll fllLraayllglioaey 4D

for A = #£1 only. We begin with A = —1. Since (—A + 1)~! is convolution with
a function in L? for any ¢ < v/(v — 2), Young’s inequality yields

l(g.(~A=2—i0)' ) =< C) I fllLrlgler

for any p > 2v/(v + 2). Since

1f e < 1SU"HEP22 | £l (2

for p < 2, this bound for A = —1 is stronger than what we shall prove for A = 1.
Therefore we have reduced the proof to showing (4.1) for 2(v + 1)/(v + 3) <
p <2v/(v + 1) and A = 1. This is the same as

I=A =1 =10 fllL w2y < Coull o2y

To do so, we expand f with respect to spherical harmonics (Y7 ,,), with [ € INp
and m running through a certain index set of cardinality depending on /,

@) =" frm(XD)Yim(x/|x]).
I,m

so that

/0°° (/Sv_l | f(rew)|? dw)”/2 g = /OOO (%; |fl,m(}")|2)p/2rv—1 "

Separation of variables shows that

(A =1=i0)7 f) ) =D ((hr = 1=i0)7" fim) (1x]) Yo (x/ |x]).

Im

where h; was defined at the beginning of this subsection. By Lemma 4.7 we have

||(—A — 1 - iO)_IHLp(LZ)—)Lp/(Lz) - lSllp ||(hl - 1 + io)_IHLP_)LP/-
€lNg

The right hand side is finite by Proposition 4.3. This completes the proof of the
theorem. O
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4.3. Proof of Theorem 4.4. We shall deduce Theorem 4.4 from the following
theorem of Barcelo, Ruiz, and Vega [2]. They introduce the following norm,

/°° ess-sup,cqv—1 |V (rw)| r

- (2 — R2)172 dr < oo

IVImr = sup
R>0

Theorem 4.8. Let v > 2 and let V be a non-negative, measurable function with
|Vilsr < oo. Then, forall f € L> (R, V~'dx) N L?(R"”) and z € C \ [0, o),

/ |(—A—z>—1f|2de§C|z|—1||V||%n/ 2V dx,
RY RY

Barcelo, Ruiz and Vega call ||V |y < oo the “radial Mizohata—Takeuchi”
condition, thus the subscript ‘MT’. They show that for radial 1 this condition is,
in fact, also necessary to have a bound of the form

lull 20y < ClzIT2(=A = 2)ull 2,
Proof of Theorem 4.4. By Theorem 4.8 it suffices to show that for any v > 2,
IVimMr = CollVlpva@y o1, L00v—1))- 4.2)

Let pr(r) := r"*2(r2— R%)~Y2 y(, . gy. Then, by Holder’s inequality in Lorentz
spaces, with v(r) := ess-sup, cqv—1 |V (ro)l,

/‘X’ €SS-Sup, eqv—1 |V (ro)|r
dr
R (,,2 _ R2)1/2

o0
— [ owerrrtar
0
< Clollgoa ey vy 1Rl oD .oo s o)
R L4 T TS Y [t —
where we used the fact that, by scaling,
lor ||Lv/(u—1).oo(]R+’rv—1) = |lp1 ||Lv/(u—l).oo(]R+’rv—1).

One easily checks that p; € LY/ ®“~1D:%(R, , r'~1), which, after taking the supre-
mum over R > 0, yields (4.2). O

The next corollary contains further eigenvalue bounds which are consequences
of Theorem 4.8.
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Corollary 4.9. Let E € C be an eigenvalue of —A + V in L*>(R"). Then
[EIY? < C IV Imr. 4.3)

Moreover, for any p € (2, ],

2J+1

|E['/? fcp,vZ(/z.

. J
JEZ

. 1/p
IV gy dr) L @

Clearly, (4.4) for p = oo means

EI"><¢, ) sup  [x[[V(x))D.

JEZ 27/ <|x|<2j‘"1

Since Y ez (Supss <jxj<ai+1 [X[(1 + |x[)717%) < oo for & > 0, this bound implies,
in particular,

|E|Y? < €, sess-sup(l + [x)!TE|V(x)|, &> 0.

x€RY

which is the main result of [28].

Proof. Bound (4.3) follows from Theorem 4.8 by Proposition 3.1 using the argu-
ments after Theorem 4.4. Having proved this, for (4.4) it suffices to prove that

2J+1

IVl < cp,vz(/,
2J

1/p
||V(r-)||§°o(s,.u_1)r1’—ldr) @)
JEZ

This bound is stated in [2] without proof, so we include it for the sake of com-
pleteness. We abbreviate

v(r) = [V )l Leor—1)-

Since p > 2,

/2R v(r)r
———dr
R (r2 _ R2)1/2

< (/:Qv(r)"’r"’_1 dr)l/p(/:R( /_rzr_ Rz)plg)l/p/

2R 1/p
=cp(/ v(r)?rp! dr) .
R
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On the other hand, for r > 2R, r/~/r?2 — R?2 < 2/+/3, and therefore
o0
/ v(r)r dr
2k (2= R

7 2J/+1R
< — / v(r)dr

5 X (IR CONYPL R g\
<— v(r)?PrP= " dr / —)

3 Z (/21’12 ") ) ( 2/ R r

2 L& 2/+1R 1/p
= %(an)l/p Z (/ v(r)Pr?1 dr) .

o1 \J2/R

Picking k € Z such that 2¥ < R < 2k*1 we easily deduce (4.5). O

A. Bounds on Bessel functions

The key ingredient in our proof of Proposition 4.5 was the following result about
integrals of Bessel and Hankel functions.

Proposition A.1. Letv >2and2v/(v —1) < q < 2v/(v —2). Then

o0 o0
sup / / [T (M2 H®D ()9 (rr')~10=D25 =g dr < oo,
nw=>0J0 r

We emphasize that in this result v is not required to be integer and p is not
required to be a half-integer (although they will be in our application later on).

In this appendix we prove Proposition A.l using the techniques of [2]. Using
WKB analysis, Barcelo, Ruiz and Vega prove the following uniform bounds on
Bessel functions. We state their complete result although we will not use its full
strength.

Proposition A.2. There is a constant C > 0 and a constant oy € (0, 1/2) such
that the following holds for all u > 1/2.
(1) ForO<r <1,

()
(r/2)*

(r/2)*

5001 = CRE

|HP () < C
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(2) For1 <r < usechay,

|JM(V)|SCW, |H, (r)]| = C P
(3) For usechag <r < pu — pu'/3,
e Heulr) eheu(r)

|Ju(M)] = C |HP ()] < C

pt 4 — )/ 4 — )/

(4) Forp—p'® <r <p+pu'3,

1 1
| Ju(r)] < Cm, |H,51)(V)| < Cm-

(5) Forr >+ u'’3,

1

1
| Ju(r)] = CW,

(1 _
|Hu (r)| = Cr1/4(r _ M)1/4‘

Here, the function ¢, is defined by ¢, (1 secha) = o — tanha.

We split the proof of Proposition A.l into two parts. The first part (which is
analogous to Lemma 6 in [2]) is

Lemma A.3. Let g > 0 and p > —1 such that

q q
= > I, ==>
TPt g=ed

W | =

Then

sup (/ | T (r)9rP dr +/ |H P (r)[r? dr) < oo.
0 w 1/3

n=1/2 —H

Arguing slightly more carefully, we can replace the lower bound p > —1 by
1+ p+1> 0. More generally, it can be improved to f1og + p+ 1 > 0 if we restrict
the supremum to @ > wo > 1/2. This is only needed to ensure the integrability
of [J,(r)|9rP near r = 0.
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Proof of Lemma A.3. We are going to use the upper bounds from Proposition A.2.
Since they coincide for J,, and H, A(LI) in the range r > p — /3, we only prove the
lemma for J,,. We write fooo |Ju()|9rPdr = 11 + Ip + I3 + 14 + Is + 16, where
the different terms correspond to the following regions of integration:

Ii: O0<r<1,
I: 1 <r < usechay,

Is: psechog <r < ,u—/ﬂ/3,

/3<r§,u+,u1/3,

Iy p—p!
Is: ,LL+/L1/3<F§2,LL,

Is: 1 >2u.

In each of the regions we use the bounds from Proposition A.2 and we only make a
few remarks about the straightforward computations. The finiteness of /; requires
gmn + p + 1 > 0, which follows from p > —1. To bound I, we use the fact
that |J,(r)] < Cu~! for 0 < r < psechag, which is an easy consequence of
Proposition A.2. To bound /5 we split the region of integration into intervals
(=27 /3, =27 3 and use @ (r) > @ (n—27p'/3) = C~'pu=12%72 in
each such interval. This yields /3 < Cp~9/3+°+1/3 which is uniformly bounded
in u by assumption. We obtain the same bound on /4 and, if ¢ > 4, on /5. Finally,
if /2 — p—1 > 0 then I, is finite and satisfies /g < Cpu~9/2TP*1, The same
bound holds for /5 if ¢ < 4 and, with a factor of In u, if ¢ = 4. This concludes
the sketch of the proof. O

The second part in the proof of Proposition A.1 (which is analogous to equation
(2.28) in [2]) is

Lemma A4. Let g > 0 and p > —1 such that

q q
= > 1’ =
2 Pt 3

W =

>p+

Then

R VERR VE
Sup / / |Ju(r)|q|Hl51)(r/)|q(rr/)p dr'dr < oo.
w>1/2J0 r

Proof of Lemma A.4. We decompose the double integral as /1 + I, correspond-
ing to the following regions of integration:

Ii: 0<r <pusechag, r <r <p—pu'’3,

L: psechag <r <pu—pu? r<r <pu—pu'3.
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To bound /; we use the fact that r|H I(Ll)(r)l2 is a decreasing function of r [36,
p.446] and obtain for ¢/2 > p + 1,

n—pt/3 00
[ mPeeeyar <Pk [Ceraa
r r

rp+1

— (€)) q
A, O

The bounds from Proposition A.2 show that |JM(r)||Hi(Ll)(r)| < C?*u! for
0 < r < usechay, and therefore
20— _,1/3
I < C24y~1 /M W F20+1 g, EC/M—q—I—Zp—G—Z‘
q/2—p—1Jo

This is uniformly bounded since g /2 > p + 1.
To bound 7, we argue similarly, but we estimate slightly differently

p—pl/3 I
[ mpererar < mraOee e
r r
< rP(u—nr)HP @)
Proposition A.2 yields |JM(r)||H;(L1)(r)| < C2u~V2(u —r)~Y2 for psechay <
r < — p'/3, and therefore

u—p'/3

I, < C2q,u_‘1/2/ (u—r)'"92p20 gr
wsech aq
u—ul/3
< Cquzp—q/2/ (1 — r)l—q/2 dr.
wsech ag

We conclude that

/’sz_2Q/3+2/3 ifg > 4,
I <Cyx {pu*2Inp ifg =4,
u2p—at2 if g < 4.

Under our assumptions on ¢ and p, this is uniformly bounded, as claimed. O

Finally, we give the proof of Proposition A.l.
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Proof of Proposition A.l. Let p = —q(v — 2)/2 + v — 1. The conditions g <
2v/(v —2)and ¢ > 2v/(v — 1) imply p > —1 and ¢/2 > p + 1, respectively.
Finally, the condition ¢/3 > p 4+ 1/3 follows from ¢ > 2v/(v — 1) and v > 2.
Therefore we can apply Lemmas A.3 and A.4 and find that

oo o0
[ [ 10 oty ar
0 r
M—//«l/3 //«—Ml/3
:/ / |Ju(r)|q|H/gl)(r)|q(rr/)—q(v—2)/2+v—1dr dr
0 r

(o) o0
o ) HD ()9 )90/ g g
0 }

max{r,u—ul/3

is uniformly bounded in u > 1/2. The fact that the integrals are uniformly
bounded for 0 < pu < 1/2 follows immediately from standard results about Bessel
functions. This concludes the proof of the proposition. |
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