J. Spectr. Theory 7 (2017), 699-732 Journal of Spectral Theory
DOI 10.4171/JST/175 © European Mathematical Society

Resonances for 1d Stark operators

Evgeny L. Korotyaev

Dedicated to the memory of Professor Viktor Havin
(St. Petersburg, 1933-2015)

Abstract. We consider the Stark operator perturbed by a compactly supported potential
(of a certain class) on the real line. We prove the following results: (a) upper and lower
bounds on the number of resonances in complex discs with large radii, (b) the trace formula
in terms of resonances only, (c) all resonances determine the potential uniquely.
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1. Introduction and main results

1.1. Introduction. We consider the operator H = Hy + V acting on L2(R),
where the unperturbed operator Hj is the Stark operator given by

H() = —W + x.
Here x is an external electric field and the potential V' = V(x), x € R is real and
satisfies the following condition.

Condition V. The potential V € ereal(R) and supp V' C [0, y] for some y > 0.

Our main results devote to the asymptotics of the number of resonances in large
discs and an inverse problem in terms of resonances (all resonances determine the
potential uniquely). Under Condition V the operator V(Hy —i)~! is compact (see
Lemma 2.1). Then the operators Hy and H are self-adjoint on the same domain
and C§°(R) is a core for both Hy and H. The spectrum of both Hy and H is
purely absolutely continuous and covers the real line R (see Avron and Herbst [3]
and Herbst [16]).

The Stark effect is the shifting and splitting of spectral lines of atoms and
molecules due to presence of an external electric field. The effect is named
after Stark, who discovered it in 1913. The Stark effect has been of marginal
benefit in the analysis of atomic spectra, but has been a major tool for molecular
rotational spectra. The perturbation theory for the Stark effect has some problems.
In absence of an electric field, states of atoms and molecules are square-integrable.
In the presence of an electric field, states of atoms and molecules are not square-
integrable and they becomes resonances of finite width. For weak fields low
lying states can be regarded as bound, but for all other cases we need to calculate
resonances and the corresponding states, which are not square-integrable.

It is well known that the wave operators W for the pair Hy, H given by

Wy =5 —limeHe Ho a9t — +oo,
exist and are unitary (even under much less restrictive assumptions on the potential
than considered here, see [3] and [16]). Thus the scattering operator § = W} W_
is unitary. The operators Hy and S commute and thus are simultaneously diago-
nalizable:

@ @ @
LZ(IR)=/]R JdA, H0=/]R A dA, S=/]R S(L)dA:; (1.1)
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here I, is the identity in the fiber space #, = C and S(A) is the scattering
matrix (which is a scalar function in A € R for our case) for the pair Hy, H (see
Yajima [47]).

1.2. Determinants. The main objects studied in the present paper are the res-
onances of H and the scattering matrix S(A) = e 27¢<W ) ¢ R for the pair
Hy, H, where ¢s. (1) is the scattering phase (or the spectral shift function in the
terminology associated with the trace formula). In order to study resonances we
chose an approach where a central role is played by the Fredholm determinant.
More precisely, we set

1

V=|V[2Vi, V2=|V|2signV,
Ro(\) = (Ho— )7, Yo(h) = V|3 Ro(W) V2, AeCu.

Here C1 = {A € C: £ Im A > 0} denote the upper and lower half plane and A is a
spectral parameter. We shortly describe standard properties of the operator-valued
function Yy, which we will prove in Section 2. We shall show that each operator
Yo(X),Im A # 0, is trace class and thus we can define the determinant:

Di(A) =det(I + Yo(A)), A € Cx.

Moreover, we show that the function D (4), A € C4 is analytic in C+, continuous
up to the real line and Dy (1) # Oforall A € C . Furthermore, the function D4
satisfies

Di(AM)=14+01"% as|A|—>o0, AeCi,

for any fixed a € (0, %), uniformly with respect to argA € [0, x]. Thus
we can define the branch log D+ (1),A € Ci by logD+(A) = O(A7%) as
|A| = 00, A € C. For each A € R the following identities hold true:

S(A) — D+(A + lO) — D_(A’ B ZO) — e—2ni¢sc(}b)’ (12)
D+(A+l0) D+()L+ZO)
where ¢gc = %arg Di(A + i0) is the scattering phase. Thus the standard

arguments give that the function S(4), defined by (1.1), is continuous in A € R.
The basic properties of determinants (see below (2.3) and (2.1)) give the identity

Di(A) = det(I + Yo(A)*) = det(] + Yo(A)) = D_(A), forallA e Cy. (1.3)

Due to this identity it is enough to consider Dy or D_. Our first preliminary
theorem describes the Fredholm determinant D4 (1) and its asymptotics at high
energy.
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Condition C. The potential V' satisfies Condition V and the restriction of V' on
the interval (0, y) is absolutely continuous.

Theorem 1.1. Let V satisfy Condition C and and let t < 1. Then the function
log D4 (A) is analytic in C, continuous up to the real line and satisfies

iV o) —
logD+(A) = —= + as |A| — oo, A € Cy, 1.4
gDy = S+ S aslh + (14
where Vo = [ V(x)dx, uniformly with respect to arg A € [0, x]. In particular,
Vo O(1)
A) = + as A — +o00o, 1.5a
Bl = =+ (1.5a)
Psc(A) = O(1/17) as A — —oo. (1.5b)

Remark 1.2. Under our assumptions on V' the proof of the asymptotic expan-
sion (1.4) is a bit technical. If V' is, e.g. in the Schwartz class, then the expansion
becomes much easier and higher order terms can be derived as well (see [19]),
similar to the 3-dimensional case in [30].

1.3. Resonances. In order to describe resonances we recall the definition of
order and type.

Definition. The entire function f is of order g if

loglog M
hm Sup M —
r—00 log r

B.

where M(r) = sup|,—, | f(z)|. The function f of positive order > 0 is of type

a=0if
log M(r) _ 4

lim sup 3
.

r—>00

Under Condition V we will obtain an analytic continuation of D (1), A € C4

to the entire complex plane and information on its zeros and obtain upper bounds

on the number of resonances of the operator /. We denote by (4,)7° the sequence
of zeros in C_ of D4 (counting multiplicities), arranged such that

0 <M <A <A <0 (1.6)

By definition, a zero A, € C_ of D is called a resonance. The multiplicity of
the resonance is the multiplicity of the corresponding zero of D. In order to
obtain lower bounds on the number of resonances we assume that the potential V'
satisfies Condition C with V' # 0. More precisely
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Theorem 1.3. Let V satisfy Condition V. Then D1 (1), A € C+ has an analytic
extension into the whole complex plane and satisfies

3
IDL(V)] < Coe 32 forall A e C, (1.7)

for some constant Cy. Furthermore, by (1.2), the S-matrix S(A),A € R has
an analytic extension into the whole upper half plane C4+ and a meromorphic
extension into the whole lower half plane C_. The zeros of S(A), A € C4 coincide
with the zeros of D_ and the poles of S(1), A € C_ are precisely the zeros of D .
Let, in addition, V satisfy Condition C and V(0) # 0. Then Dy is an entire
function of order % and type %.

Remark. 1) From (1.7) we deduce that D (1) has the Hadamar factorization:
A A
— PA i _ 2\
D+(X) = D4 (0)e ’ETMMU (1 An)eA . Aec, (1.8)
n|<r

uniformly on any compact subset of C, where the constant p satisfies

_ DL
P=Dr0y

with ¢ (-) defined in (1.2).

2) By (1.8), the operator H has an infinite number of resonances.

Im p = 7¢..(0),

3) Due to (1.2) the resonances are the zeros A, € C_,n = 1 of D (and the
poles of S(1) with the same multiplicity) in C_ labeled according to (1.6). The
zeros of the S-matrix S(1) are the zeros of D_ in C_ givenby A, € C_,n = 1.

Denote by N(r, f) the number of zeros (counted according to multiplicity) of
f having modulus < r. The Lindel6f Theorem jointly with Theorem 1.3 applied
to the Fredholm determinant of the perturbed Stark operator gives

Corollary 1.4. Let V satisfy Condition V. Then the entire function Dy satisfies

3

N(r,Dy) < Cyr2 (1.9)

Jor r > 0 sufficiently large and for some positive constant C;.

Let in addition V satisfy Condition C and V(0) # 0. Then there is a sequence
of positive numbers rj, j € N, tending to oo and a positive constant Co > 0 such
that R

N(rj, D4) = Cor?,  forall j € N. (1.10)
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Remark. We emphasize that the Hadamard factorization of D4 (1) in (1.8) cru-
cially depends on determining its order and type (which are equal to the order and
type of the squared Airy function, which gives the generalized eigenfunctions for
the unperturbed Stark operator). In structure the Hadamard factorization looks
similar to the factorization for the Schrédinger operator —A + V in R3, see e.g.
[50], [45], and [4]. In fact, this is closely connected to counting the number of
resonances, by a result of Lindelof (see [35]), which is contained in Boas’s book,
see p. 25 in [5] and Section 5.

Thus we see that the perturbed Stark operator H on the real line has much
more resonances than the corresponding Schrodinger operator on the real line. In
fact, the number of resonances (i.e., N(r, D4) < Cr2 in the disc {IAn] € 1))
of the perturbed Stark operator H on the real line corresponds to the one for
the Schrodinger operator on R3. Recall that for the Schrddinger operator on
R3 the number N, of resonances A, in the disc {|A,| < p?} has the bound
N, < Cp® = Cr? atr = p?. This explains the similarity in the Hadamard
factorization.

Our next corollary concerns the trace formula in terms of resonances. So far,
trace formulas for one-dimensional Schrodinger operators in terms of resonances
have only been determined in [27]. Here we also follow the approach in [27].

Corollary 1.5. Let V satisfy Condition V and let R(A) = (H —A)~!,Im A # 0.
Then the following identity (the trace formula) holds true:

A

Tr (Ro(A) —R(A) =p+ Y O
>1'n n

(1.11)
where the series converges absolutely and uniformly on any compact set of
C\{Ap,n =1}

Remark. We discuss trace formulas in Section 5 and we will show the following
identity:

A 1
’ Y 2 :
¢SC(A) = ¢SC(0) + ; Im — m, forall A R, (1.12)

uniformly on any compact subset of R. Note that the identity (1.12) is a Breit-
Wigner type formula for resonances (see p. 53 of [39]).

We discuss now inverse resonance problems. We show that all resonances
determine the potential uniquely. It is a first result about inverse resonance
problems for perturbed Stark operators.
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Theorem 1.6. Let the perturbed Stark operators Hi = Ho + Vj, j = 1,2 act on
L?*(R) and let each potential V;, j = 1,2 satisfy Condition V. Assume that H,
and H> have the same resonances. Then Vi = V5.

Remark. In the case of Schrodinger operator with a compactly supported poten-
tial on the half-line all resonances determine the potential [27]. In the case of the
real line all resonances do not determine the potential [28].

1.4. Brief overview. Concerning previous results on resonances, we recall that
from a physicists point of view, they were first studied by Regge [41]. Since then,
properties of resonances have been the object of intense study and we refer to [45]
for the mathematical approach in the multi-dimensional case and references given
there.

A lot of papers are devoted to resonances of the one-dimensional Schrodinger
operator, see Froese [12], Korotyaev [27], Simon [43], Zworski [50], and refer-
ences therein. We recall that Zworski [50] obtained the first results about the as-
ymptotic distribution of resonances for the Schrodinger operator with compactly
supported potentials on the real line (this result is sharper than Corollary 1.4 in
the present paper). Inverse problems (characterization, recovering, uniqueness) in
terms of resonances were solved by Korotyaev for a Schrodinger operator with a
compactly supported potential on the real line [28] and the half-line [27], see also
Zworski [51], Brown, Knowles, and Weikard [6] concerning the uniqueness.

Next, we mention some results for one-dimensional perturbed Stark operators.
The one-dimensional scattering theory was considered by Rejto and Sinha [42],
Jensen [21], and Liu [37]. The one-dimensional inverse scattering problem is
studied by Calogero and Degasperis [7], Graffi and Harrell [14], Kachalov and
Kurylev [23], Kristensson [32], and Lin, Qian, and Zhang [36]. There are a lot
of results about the resonances of the one-dimensional perturbed Stark operator,
where the dilation analyticity techniques are used, see e.g., [17] and [22] and [8]
and references therein. Note that compactly supported potentials are not treated
in these papers.

We mention also interesting results about resonances for one-dimensional
Stark-Wannier operators —j—xzz + ex + V,, where the constant ¢ > 0 is the electric
field strength and V; is the real periodic potential: Agler and Froese [1], Grecchi
and Sacchetti [15], Herbst and Howland [18], and Jensen [20]. In the case ¢ = 0,
the resonances for one-dimensional operators —j—; + Vi + V, where V is a
compactly supported potential were considered by Firsova [11], Korotyaev [29],
and Korotyaev and Schmidt [31].
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1.5. Plan of the paper. In Section 2 we recall well known results on the spec-
tral representation of the Stark operator in a form useful for our approach and
obtain basic estimates on Y, (A), using Privalov’s Lemma. Section 3 contains the
stationary representation of the scattering matrix and the proof of Theorem 1.1.
Section 4 establishes the analytic continuation of D1 (4),A € C4 and the mero-
morphic continuation of S(A) and gives the crucial estimates on order and type
leading to Corollary 1.4. In Section 5 we prove Theorem 1.3 and Theorem 1.5. The
Appendix contains technical estimates needed in the proof of Lemma 2.4 which
is crucial to obtain the asymptotic expansion (1.4).

2. Unperturbed Stark operators

2.1. The well-known facts. We denote by C various possibly different constants
whose values are immaterial in our constructions. By B and B, we denote the
classes of bounded and compact operators, respectively. Let B; and B, be the
trace and the Hilbert—Schmidt class equipped with the norm || - |3, and || - || 5,,
respectively. We recall some well known facts. Let A, B € B and AB, BA € B;.
Then

Tr AB = Tr BA,

det(I + AB) = det(I + BA), (2.1)

the mapping X — det(/ 4+ X) is continuous on By, (2.2)
|det(] + X)| < elXlz1,

det(l + X) = det({ + X™), (2.3)

|det( + X) —det(/ +Y)| < || X — Y|p, e TIXN2+IVlz, (2.4)

for all X,Y € By, see e.g., Section 3 in the book [44]. Let the operator-valued
function Q: D — B be analytic for some domain D C C and (I + Q(z))"! € B
for any z € D. Then the function F(z) = det({ + €2(z)) satisfies

F'(z) = F2)Tr(I + Q(2))"'Q/(z), z e D.

Recall that the kernels of the operators (—A — 1)~! and ¢?*2 on L2(R) have the
form

(—A =), y) = ;Weiﬁ'x—y', AeC\Ry, VAeCy,

e—in/4

(e”A)(x,y) — ﬁei|x—y|2/4t’ t # O,
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x,y € R!'. We need the identities for the Stark operator Hy = —5722 + x from [3]
given by

_; ity i a2 _;t3
eTitHo — pmitx It A, —i01% =iy forallt € R,

where 0 = —ij—x, A= j—;z. The free resolvent Ro(1) = (Ho—A)~! and its kernel
Ro(x, y, A) satisfy

oo Ho—a oo 902 it A ith—ild
Ro(M) =i/ e i1H=A) gy =i/ eTIx TN GItAGIAIT 1y (D 5g)
0 0

el . P22 i3 dt
Ro(x,y,A) = 7 ), et ATy, ‘TJ”MIIT, (2.5b)

for x,y € R and A € C4. We introduce the resolvent R(A) for H and operators
Y,J by 1 1
R =(H-M)" YQ)=|VZRAWV?Z,
JA)=1-YR), Jo(A) =1+ Yo(d),
for A € C4 and recall that Yp(A) = |V|%R0(A)V%. Below we will use the
identities
R=Ro—RoyVR, JA)Jo(A) =1, ALeCy. (2.6)

2.2. The spectral representation for Hy. We will need some facts concerning
the spectral decomposition of the Stark operator Hy, which we denote by

I, A=0,

Eo(A) = y(A— Hpy), A€, where y(1) =
o(d) = x( 0) x(A) {0, 2 <0,

Now we recall formulae for Eo(4) due to [3]. Let ¢ be the multiplication operator
by the function ¢(k) = ¢k*/3 k € R. Then

2

d
g T =007 (x)e(@). 3=

Ho =
0 dx

LetU: f — f be the unitary transformation on L?(RR), which can be defined on
L'(R) N L%(R) by the explicit formula

- 1 ‘
f(p) = WUf)(p) = G /]RAI(X —p)f(x)dx, (2.7)

where Ai(-) is the Airy function:

1 (o] 3
Ai(z) = ;/0 cos (? + tz)dt, forall z € R.
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The unitary transformation (2.7) carries Hy over into multiplication by p in
L?(R, dp):
(UHoU* f)(p) = pf(p). [ €D(p).

Thus, for any f € L?(RR), the quadratic form of Eq(A) can be presented as

(Eo(A) f. f) = / F(p)Pdp. forall A € R,

p<A
where (-, ) is the scalar product in L?(IR). Differentiation with respect to A gives

d
T (Bo(M S f) = G fIP. feL'(®)NLAR),

where G(A): L'(R) N L?(R) — C is given by
1
GAf=UNf = —/ Ai(x —A) f(x)dx, forall A € R. (2.8)
Ve
The Airy function Ai(z), z € Cis entire and satisfies (see (4.01)—(4.05) in [38]):
Ai”’(z) = z Ai(2),

Ai(=z) = e"PAi(ze'™3) 4+ e 773 Ai(ze 773,

and it obeys the following asymptotics, as |z| — oo uniformly in argz for any
fixed ¢ > 0:

1 3
Ai(z) = 5z—zlre—%zz (1+0(z"%)), if|argz| <7 —e, (2.92)

Ai(—z) = 2 3[sin® + O(z"2e/M?)] if |arez| <& O =

[SSRINS)

23 4 % (2.9b)

Introduce the space L?(R), p = 1, equipped with the norm

171, = (/R|f(x>|f’dx)’l’ > 0.

For the scalar product (f, f) in L>(R) and we have (f, f) = [|f]* = [|f3
Define the linear functional ¥(1): L2(R) — C, by

1
YA f = (£,GA)|V]2) = —/ Ai(x — D)|V(x)|2 f(x)dx, forall A € R,
NE)
(2.10)
which is bounded, since Ai(-) € L°°(R) by (2.9) and |V|% € L?*(R) under
Condition V.
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Lemma 2.1. Let the potential V satisfy Condition V and let t €[0,1], A, u € R,

A —pul <L
i) The linear functional ¥(1): L>(R) — C, defined by (2.10) is bounded and
satisfies
C
Y| € ———, (2.11)
(I+[AD=
CIA—pul*
Jw) - v < A=A 2.12)
(1+AD3~2
ii) Moreover, Q(A) = W(A)*W(A),A € R is a rank one operator on L*(R)
satisfying
C
12 s, < ———.
(I+1[AD2
CIA—ul*
120) — Qwls, < |71|_ (2.13)
(I+ A"z

Here the constant C in (2.11)-(2.13) depends on V only.

iii) Letq, q1 be multiplication operators by functions q, q; € L*(R) respectively.
Then for all Im z # 0 the following holds true:

qRo(z), qR(z) € B2, and qRo(z)q1, qR(z)q1 € By, (2.14)
and in particular, VR (z) € B,.

Proof. In order to prove the lemma we need a following simple estimate:

VElds oy ) 1
— < |V||,—————, forall(a,A 0,-]xC.
/]}{(1+|X—A|)a || ||2 or a (a )G[ 2])(

(1+%a

(2.15)

We have

[V(x)|dx U dx
/R(1+|x—x|)a S WVlJ@). 74 _/0 TR

We will estimate J(A): firstly, if |A| < 2y, then J2(L) < y; secondly, if [A| = 2y,
then

¥ dx y 2y
J(1)? $/ = < ,
0 |A]\2a [A[\2e T (14 [A])%e
(+5) (+3)

which gives (2.15).
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i) Let f € L?(R). The asymptotics (2.9) and the estimate (2.15) imply
2

WO = %‘ | it = nIveolt s
R

V)2 | f(0)]dx \?
<C
S (/]R (1+ |x — A3 )

[V(x)|dx
<l [
R (14 [x—A])2
2
< Cill Sl _
(1 +1A])2
for some constants C, Cy. This yields (2.11). Next, we show (2.12). Asymp-
totics (2.9) entails
ClA—ul

T

|AI(d) —Ai(W)| € ————
(L4 [Ap)a~2

forall A\, u e R, A —pu| < 1. (2.16)

Then similar arguments as above give (with 1 = % -2

W) £ — W) f] = %‘ /}R (Ai(x — ) — AiGx — i) [V@)|* f(x)dx

o [ V@I f(x)ldx

SC0|A_M| 1_z
R (1+ |x —A])3~%
Co|A —ul*
< ——==———|fl
(14 A3

(2.17)
for some constants C, Cy. This yields (2.12). The results of ii) follow from i).
iii) For Imz # 0 and ¢ € L?(R) due to (2.9) we obtain

AP’ (x — p)lg(x)[?

1
IR 2 q13, =/ dxdp
R2 w|p —z|
</ Clq(x)*dxdp (2.18)
B2 [p—z|(1+|p—x|)2

< 00,

which yields gRy(z), VRo(z) € B, and the equality of the domains D(Hy) =
D(H). From (2.18) we deduce that

qRo(2)q1 = (q|Ro(2)2)(Ro(2)2q1) € By

Combining these results with the identity R = Ro— RoVR we arrive at (2.14). O
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2.3. Estimates on Yy. In order to estimate the operator-valued functions
Y(}), Yo(A), A € Cx in terms of the trace class norm B; we need some additional
definitions.

Let H be a Banach space equipped with the norm | - ||5¢. Forany & > 0,7 €
(0, 1) we introduce the Banach space Xy .(R) = Xp (R, H) of the functions
f:R — H equipped with the norm

h) —
I fllxy.@® = sup (1+ |l|)’9(||f(t)||% n | f(t+ h) f(f)||f}f) o

t€R, |hl<1 |h|*

and the Banach space Xy (C+) = Xy (C+, H) of the functions F:C1 — H
equipped with the norm

IFG) — F@llcy _

2
IFlzy e = sup (1+A] (||F(A)||gc+ PR

ApeCy A—ul<1

We recall Privalov’s Lemma. Privalov actually proved his lemma for a certain
contour and for scalar functions. Faddeev (see Lemma 3.1 in [10]) proved a version
for Hilbert space valued functions, where the contour is the real line, see also [2]
about the Hilbert transformation.

Lemma 2.2 (Privalov). Assume that f:R — H belongs to the Banach space
Xy, (R, X) for some ¥ > 0,7 € (0, 1) and for some Banach space H. Then the
function F given by

Foy= [ 2P -ecc,.
R!—Z

is analytic in C4 and continuous up to the real line. Moreover, it is bounded as a
map [ — F from Xy (R, H) into Xy, (Cx, H), for any %1 < ¥, and satisfies

1 F s, €190 S Clflxy w0, Sorall 9y <9,

where the constant C = C(V1, ¥, T) depends on 1, V' and t only.

We apply Privalov’s Lemma 2.2 to study the sandwiched resolvents Yy(-)
and Y (-).
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Lemma 2.3. Let the potential V satisfy Condition V and let % < 1%’ 0<t<l

i) The operator-valued functions I + Yo and (I + Yo)~! are uniformly Holder
on C4 and
(I +YoA) Y eB, foralleCy,

Moreover, let F = Yo or F = Y. Then the operator-valued function F
is analytic on Cx and continuous up to the real line in the B1—norm and
satisfies

[ Fllxy .y 1) <00 (2.19)
ii) Moreover, the function D is analytic in C+ and satisfies

Dy —1eXy.(Cq). (2.20)

Proof. 1) Introduce the Hilbert space S,,a = 0 of Hilbert—Schmidt operators X
equipped with the norm
IX1%, = n*or,

n=1

where the non-negative numbers 01 = 0, = 03... are eigenvalues of the operator
(X*X)% > 0. Note that | X |, < G| X||e, foralla > %, where the constant is
givenby C2 =", n"2%
In the free case the operator Yy(A) has the form
Yo(A) = / wdr, AeCy,
Q@) =V(@)*W(r)Vs, Vs =signV.

Here, due to Lemma 2.1, the function Q(¢),¢ € R is a rank one operator-valued
function and, in particular, Q(¢) € &1,f € R. Thus Lemma 2.1 shows that
Q e Xy (R, &) for any ¥ = 1%’ 0 < t < 1. Then Privalov’s Lemma 2.2
yields (2.19) for Y.

The operator I + Yo(A) is invertible for all A € Cy4., since Hy is self-adjoint
and satisfies (2.14). Moreover, it is standard fact that the operator I + Yo (A £i0) is
invertible for all A € R. In fact, this follows from (2.11), (2.12). These remarks and
the properties of Y imply that the operator-valued functions 7 + Yo and (1 + Y,) ™!
are analytic in C, continuous up to the real line and uniformly Holder continuous
in @4_.

Consider the case FF = Y. Using the identity (I + Y)Y = Y, and the
properties of Yy and I + Y, described above we obtain the proof of i).
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ii) Due to (2.19) the function Dy (A) = det(/ + Yo(A)) is well-defined and
analytic in C4.. Moreover, using (2.4) we have

|det( + Yo(1)) — 1] < ||YO(A)||'3161+“YO(A)”BI
and adding (2.19), we obtain (2.20). 0

Lemma 2.4. Let V satisfy Condition V and let Tt < % Then

| Tr Yo (V)] < [IYg M) ls, < foralln =1,

C
M |nr ’
where A € Cy,|A| > 1 and C = C(z, V) depending on t, V. Let, in addition, V
satisfy Condition C. Then

i o)
TrYo(A) = —Vo + —— (2.21)
0(A) Wi 0 1
as |A| = oo, A € Cy, where Vy = Jg V(x)dx uniformly in arg A € [0, ].
Proof. For A € C., due to (2.19) we have
C
TV DI I Dlls, < VoM, < Fr

where the constant C = C(g, V) does not depend on A. We show (2.21) in
Lemma 6.1. U

3. Determinants and S-matrix

3.1. The Determinants. We discuss the determinant Dy (1), € C4, when the
potential V satisfies Condition V. In this case we have (2.14) and this gives the
identity

D! (1)

Di (1)
which is well-known for large class of operators. Due to (2.19) the operator-valued
function Yo (A) attains value in B; and belongs to the class Xy (C+, B) for any
U< 1—;’ and 0 < 7 < 1. Recall that we define log D1 (A), by log D+ (1) = o(1)
as [A| - oo, A € C4, since D+ (A) #Oforall A € C4 and ||[Yo(A)||5, = o(1) as
|A| — oo and there exists ro > 0 such that

= Tr Ro(AM)VR(A) = Tr(Ro(A) — R(A)), A e Cx, 3.1)

1
sip YoMz, < 5. (32)
A€@+,|A|2r0
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Then using (2.2)—(2.4) and (2.19) we obtain
1—
logD4 € Xp.(Cy), forall ¥ < TT 0<t<l. (3.3)

It is well-known (see [39]) that, under condition (3.2), the function log D (1)

satisfies
oo

~log Da(l) = 3 = TH(-Yo(h))" (3.4)

n=1

for any A € C+, |A| > ro, where the series converges absolutely and uniformly.
Then using (3.4) and (3.2) for some ro > 0 and any 7 < % we obtain

N+1
IWIN" ¢

Nl < Ml(NH)T, forall N = 0,

N
[log D)+ Y~ Tr(-Yo()"| <
n=1

(3.5)

3.2. The scattering matrix. Recall that the S-matrix S(A) is a scalar function
of A € R, acting as multiplication in the fiber spaces C = #,. Thus |[S(A)| = 1
for all A € R we have

S(A) = e 2o ) e R. (3.6)

The stationary representation for the scattering matrix has the form (see e.g. [47]):

S =1 —27iAA), AeR, (3.7a)
A=Ay —Aj, (3.7b)
Ao(l) = TMVsW*(A), A1(A) = WAW)VsY(A +i0)W*(),  (3.7¢)
WA) = GM)|V|2, Vs =signV, (3.7d)

where G is given by (2.8). Note that due to (2.19) the operator Y (A & i0) is
continuous in A € R. We shall represent S(4) in terms of Dy (1).

Lemma 3.1. Let V satisfy Condition V. Then the scattering amplitude A(]) is a
continuous scalar function of A € R and satisfies

Ao(A) = /]RAi(x —V)?V(x)dx, forall A € R, (3.8)

Ao() € X1z (R, ©), (3.9)
A1() € X (R,C), foralle <1—1, (3.10)
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for any t € (0, 1). Moreover, the functions S(1), ¢sc(A) are continuous in A € R
and satisfy asymptotics

SA) —1=0("2), ¢e(d) = O0("2) ash— Foo, G3.11)
Bull) = Targ Dy (), e Ty, (3.12)

and the identities (1.2) which uniquely defines ¢s. by (3.6), continuity and the
asymptotics (3.11).

Proof. The definitions of Ay and W (see (3.7)) give (3.8). Relation (3.9) follows
from Lemma 2.1. Relation (3.10) follows from Lemma 2.1 and (2.19), since
Y(-) € X9,:(Cx,By), forany & < 155, 7 € (0, 1) due to (2.19).

Next, we show (1.2). Recall that S(1) satisfies (3.7) and that we have the
standard identity

Yo(A +i0) — Yo(A —i0) =27i W A)*¥(L)Vs, Ae€R.
Then (3.7) and (2.1) give

det S(A) = det(I — 2mi W(A)VsJ(A + i0)P(1)*)
= det(I — 27i U(M)*T(AV)VsJ(A +i0))
= det J(A + i0) det(Jo(A + i0) — 27i W(A)* W(X)Vs)
= det J(A + 0) det(Jo(A + i0) — Yo(A + i0) + Yo(A — i0))
= det J(A + i0) det Jo(A — i0),

which together with (2.6) yields (1.2) since

det S(1) = det J(A + i0) det Jo(A — i0)
det Jo(A — i0)
~ detJo(X +i0)
_ D_(A—i0)
T Dy(A+i0)
_ Dy(A+i0)
- Dy(A+i0)

This yields (3.12) and adding the relation (3.3) we obtain ¢s.(1) = O(|A|7¢) as

A — xoo forany a < % Substituting estimates (2.19) and (2.11) into (3.7) we

obtain S(A)—1 = O(A_%) as A — £o00. As both ¢ (1) and S(A) are continuous
in A, formula (3.6) determines ¢sc (1) by ¢sc (1) = 2’—7[ log S(A) and the asymptotics
Psc(A) = O()L_%) as A — too. All together this proves Lemma 3.1. O
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Proof of Theorem 1.1. Due to Lemma 2.3 the function D+ is analytic in Cg,
continuous up to the real line. Asymptotics (3.5) and (2.21) yield (1.4), which
gives (L.5). O

Proposition 3.2. Let V satisfy Condition C. Then the following trace formulas

hold true:
2 log D+ (A +i0)
V(x)dx = —/Re—dl, 3.13
/]R &) T JR VA 400 ( )
" logDy(A+i
lim [ 1m 08P AFI0 (3.14)

r>co J_, VA Fi0

Proof. Define a contour: I', = ¢, U (—r,r), where ¢, = {|A| = r} N C4 for large
r — +o0. The function f(1) = i% is analytic in the upper-half-plane and

continuous up to the real line without zero. This gives

0= / fMdA =1 +1F, It = / fdn. 1= Foyaa.
Ty Cr —-r

: _ iVot0(~9)
Due to asymptotics (1.4) f(A) = =22

[0, ] for some & > 0, we obtain

as |A| — oo uniformly in argA €

I+ :[ FOydA = %/ P o) =¥ +o) (3.15)

and
,

L=[ fodr= %Vo +o(1)

—-r

as r — 0o, and here

Re f(A+i0) € L'(R), Im f(A+i0) = ;—z+0(x—8—1) as £1 — oo. (3.16)

Combining all relations (3.15)—(3.16) we obtain (3.13)—(3.14). O

Remark. We recall that trace formulas are important to study non linear equa-
tions, inverse problems, spectral theory, etc. see [9], [48], [24], [34] and refer-
ences therein. The complete asymptotic expansion of the scattering phase (the
spectral shift function) ¢ at high energies and a sequence of trace formulas for
3-dim perturbed Stark operators were determined by Korotyaev-Pushnitski [30].
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4. Analyticity of Ay

4.1. Estimates on Airy functions. In this section we assume that the potential
V satisfies Condition V. Recall that by (3.7), the functional ¥(1): L?(R) — C and
its adjoint ¥*(1): C — L?(R) for A € R are given by

W) f = /}R AlGx=)[V)|2 F(x)dx, T*(A)e = Aix=2)|[V(x)|2e, A eR,

4.1
where (f.¢) € L?(R)x C. Assuming that VV has compact support, these mappings
are bounded on the real line and have analytic extensions from R onto the whole
complex plane. We remark that supp V' being bounded from below suffices to
render W(A) analytic. To prove our estimates supp V' being compact is, however,
helpful. Thus W* (1) can be identified with the function Ai(-—A)| V() |% in L2(R),
which is analyticin A € C.

In order to estimate W, U*, we need the asymptotics of the Airy function
from (2.9). Furthermore we have
_yh = e =
G A)3 ( Az (1+0(|1M ) . largA| = e, (4.2)
(x =23 = (=13 + 3x(=1)? + O(A|73),
and

largA| <e,  (4.3)

(A—x)"% = A75(1 + O(IAIY).
(A—x)% =23 —3xA2 + O(A[2),

locally uniformly in x € R, as |A| — oco. We will use these estimates in order to
determine asymptotics of Airy functions. Asymptotics (4.2), (2.9) withz = x— 24
and straightforward calculation give the following symptotics (4.4), (4.5):

i) Let |argA| = e and let { = ~/—A, |arg¢| < 5%, Then as |A| — oo one has

. 1 _(4s3 o(1)
Ai(x —1)2 = —e GEF2D (1 4 2 4.4
i(v =2 = e (1+=F). (44)
and, in particular,
. 1 _Recdes o)
Ai(x — A)|? = ——e ReGE+2D (1 4 : (4.5)
| ( )| 4|)k|% ( |A|1/2)

Moreover, for the case |argA| < ¢ using (4.3), we set X = %()L - x)% and
obtain after short calculation

4
X=SA%—zxA%+0(|A|_%)=n+0(|k|_%) as [A| - oo, |argh| <e.
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where n = §§3 2x¢. Substituting this into (2.9) for | arg A| < &, we obtain the
following asymptotics and the estimate:

ii) Let |argA| < e, ¢ = /A, |argl| < £ S and let |A| be sufficiently large. Then

1 4+ sin O(e!mnl
n . ( )

. 2
Ai(x —1)? = % —

where n = %é‘ 3 — 2x¢, and in particular, the following slightly weaker
estimate holds true:

0(1)). (4.6)

]2
Note that all estimates (4.4)-(4.6) are locally uniform in x on bounded

e
| Aix — M) < o reltml (14

intervals.

4.2. Estimates on the Born term Ay. Now we are ready to study the Born
term Ag.

Lemma 4.1. Let V satisfy Condition V and let ¢ > 0. Then the Born term
Ao(A), A € R given by (3.8) has an analytic extension from the real line into
the whole complex plane and satisfies as |A| — oo.

i) Let|argA| = e and let —i§ = ~/—A, |arg{ — 5| < &. Then

i _ L o(1)
i 43 i2x¢
Ao(A) = é_e 4 /0 e V(x)(l L ) X, @.7)
and
[Ao()] < Iég|e%Ref V210, (4.8)
for some absolute constants C.
ii) Let|argA| < eandlett = /A, |argt| < e. Then
1 r? O (e!mnl)
1) = — 1 +si B 4.9
Ao(L) 2§/0 V(x)[ +sinn + z ]dx, 4.9)
where n = %{3 —2x¢ and
1 *° O(e!mnl)
Ao(D)| < —/ V(x)||1+ |sinn| + ———— |dx, (4.10)
Aol < 5z [ IVOoI[1 o [sinal + =]
Let, in addition, |{| = 1 + y and |arg{| < %. Then
$1Ime3) ey
e3 o(l)
o] < / vl (1+ S92 Ydx. (“.11)
’ 21E1 Jo ( H )
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Proof. i) Substituting (4.2) and (4.4) in (3.8) we obtain (4.7) and (4.8).

ii) Using (4.5) we obtain (4.9), which yields (4.10). Let ¢ = re'?, where
|¢| = 1+ y and |¢| < %. Then we have

2 2 2
| Im 7| =‘Im (§§3 —xg‘)‘ =r §r2s1n3¢—xsin¢ < §r3 sin 3|¢|.

Substituting the last estimate into (4.9) we obtain (4.11). O

5. Resonances and S-matrix

5.1. Analyticity of S-matrix. We discuss a meromorphic continuation of the
S-matrix S(4) from the real line onto the whole complex plane.

Lemma 5.1. Let V satisfy Condition V and let ¢ > 0.

i) The functionals W(1): L2(R) — C given by (4.1), and the mapping W* (1) =
U*(Q), for all A € R have analytic extensions from the real line into the
whole complex plane and satisfy

_ Y
M = e )P = / Al - DPVldy. 6D
P < —S ot 5.2)
1+ A3

for all A € C and for some constant C = C(V).

ii) The scattering amplitude A(X) = Ag(A) — A1 (), defined in (3.7) for A € R,
has an analytic extension from the real line into the whole upper half-plane
satisfying

Ca _
ALA)] < muxm)u% forall x € Cy., (5.3)

forany a € (0, %) and some constant C = C, depending on a.

Proof. i) Since the Airy function is entire, the functional ¥(1): L?(R) — C given
by (4.1), and the mapping W(1)*, for all A € R have analytic extensions from the
real line into the whole complex plane. The identities in (5.1) are obvious from
the definitions of W, W*. The proof of (5.2) is a repeatition of the proof of (4.11)
and (4.7). In fact, substituting (4.5), (4.6) into (5.1) we obtain (5.2).
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ii) The operators W, W; have analytic extensions from the real line into the
whole complex plane and operator-valued function Y(A + i0) also has an an-
alytic extension from the real line into the upper-half plane. Then A;(A) =
W(A)VsY(A + i0))¥*(A) has an analytic extension from the real line into the
upper-half plane and thus A has so. Moreover, (2.19) gives

ML) < PQIPIYQ)] < CA+ADTw@)|?, forall A € Cy,
where C = C(V) is some constant. |

Lemma 5.2. Let V satisfy Condition C with V(0) # 0 and let A = t2e'3,
¢ =e'$tast — +oo. Then

in+4t3
'AO(A) _ e'3T3 /ye(_1+i«/§)txv(x)(1 + @)
24[ 0 t (5.4)
et%-ﬁ-%ﬁ
= T(V(O) +0(1)),
4.3C
w)|? < e3’ t_2”V”’ (5.5)
2L +4e3
A = T(V(O) +o(1)). (5.6)

Proof. Leto =1 —i~/3 =2¢7'5 andlet¢ = e'¢1 ast — ~+oo. From (4.7) we
have

_ieTE 4y _ (7 onx oMy,
Ao(A) = IN), I = /0 e V(x)(1+ )
=J1(A) + J2(4),

() = /0 P14 2)ax
1,(1) = /y oot V(x)(l n L)
Y1

= e M V]00).

An integration by parts yields

14 1 Y
/ e TV (x)dx = ——e TV (x)
0 ot

1 7
+ —/ e 7Y (x)dx
ot 0

0
= % (V(O) —e Y (y) + /Oy e o V/(x)dx)

V(0) —o(1)
ot ’
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since since V' is absolutely continuous, its derivative is in L!(RR) and for u <
L1'(0, 0o) the following asymptotics hold true

/y e u(x)dx =o(l) ast — oo. (5.7)
0

Moreover, (5.7) gives foy e 9"V (x)dx = o(1). Combining all these estimates we
obtain (5.4).

We consider ||¥(1)||? and we show (5.5). Let { = re'S as 1 — ~+oo.
From (4.7) we have

4 1 4,3 7
w2 = /0 Al = DPIV()ldx = e /0 V@I + o(1)dx,
and

y y1 y
/ e |V (x)|dx :/ e |V (x)|dx +/ e |V(x)|dx
0 0 y

1

Y1 14
< ||V||LOO(O,VI)/0 e_’xdx+e_”’1/ 1V (x)|dx
14

1

< WVlloo + MV,
which yields (5.5). By (3.7), the S-matrix has the form
SA)=1-27iAR), A=Ao—A;.
Using (5.3),(5.5) we obtain

127w 4 4.3
elT-f—ft

A) = Ao () = (2) = T

[(V(0) +o(1)) + O],
which permits to get (5.6). |

We are now ready to prove the main theorems.

Proof of Theorem 1.3. It follows from Lemma 5.1 and 4.1 that S(1), A € R has an
analytic extension from R into the upper half-plane C and satisfies

3 _
ISV)| < Cse* | forall A e Cy,

for some constant Cg. Invoking the identity (1.2) we obtain D_(A — i0) =
SA)D4+(A 4+ i0), A € R. Thus it follows from Lemma 5.1, 4.1 and 2.3 that
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D_()), A € C_ has an analytic extension from C_ into the whole complex plane
C and satisfies

3 _
ID_(M)| < ISM)||D+M)| < Cse3H? sup [Dy (1), forall A e Ty,
A€C+

sup |[Di(A)| < oo,
reCp

which together with (1.3) yields (1.7). Then, by (1.2), the S-matrix S(1),A € R
has an analytic extension into the whole upper half plane C+ and a meromorphic
extension into the whole lower half plane C_ satisfying

D_(V)

S(A) = m,

forall A € C,
where the functions D+ do not vanish in C. The zeros of S(1), A € C coincide
with the zeros of D_ and the poles of S(1), A € C_ are precisely the zeros of D .

Let, in addition, V satisfy Condition C with 17(0) # 0. Then asymptotics (5.6),
(1.4) give

e'z_ﬂ+it3
D_(t%¢'%) = T(V(O) +0(1)) ast — +oo.
Thus D4 is an entire functions of order % and type %. |

Now we discuss the remarks after Theorem 1.3. By Theorem 1.3, the deter-
minants Dy (A),A € Ci extend to entire functions of order % and type %. It is
well known that in this case D+ has the Hadamard factorization (1.8) and (5.8) for
some p, see p. 22 in [5]. Moreover, we have

(A)
Z T (x e (5.8)

D/
where the constant p = D+Eg; and the series converges absolutely and uniformly

on any compact set of C\ {A n,n = 1}. Recall that if an entire function F has order
m > 0 and has zeros z,,n = 1, then (see p.17 in [5])

E |zo|”™ < 00, forallmy > m.
Zn #0021
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Using (1.8), (5.8) and differentiating

_ e—27ri¢sc(l)’ A eR,

Dy() +i0))

S = (D+(A +i0)

we obtain

Di(A+i0) D, (A + iO))

_ as A e R,
Dy(A+i0) Dy(A+i0)

SO (=2migl() = =S

which yields

1 1
— = = , foralll e R,
An(A=An)  Ap(A— An))

2rigle ) =p—p+ry (
nz=1
and then 27i¢{.(0) = p — p. Thus we obtain (1.12).
Finally, we prove Corollary 1.4 and 1.5.

Proof of Corollary 1.4. Under Condition V, Theorem 1.3 gives that the determi-
nant D4 (1), A € C; extends to an entire function and satisfies (1.7), which yields
the standard upper bound (1.9) (see page 16 in [5]).

Let V' satisfy Condition C and V' (0) # 0. Then by Theorem 1.3, determinant
D4 (1), A € Cy is an entire function of order 3 and type 5. Since the order of
D is not integer, (1.9) follows from the Lindel6f Theorem [35]. We recall this
theorem.

Theorem (Lindelof, 1903). Let f be an entire function of order B, which is not
an integer. Then

i) f is of zero type if and only if N(r, ) = o(rﬂ);
ii) f is of finite type if and only if N(r, f) = O(rP).

Moreover, since the type of D is different from zero, N(r, D) is not o(r3/2).
This is (1.10). O
Proof of Corollary 1.5. Due to (3.1) we have

D', (%)

Tr(R(A) — Ro(A)) = D)
+

for each A € C4 and adding (5.8) we obtain (1.11). O
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Proposition 5.3. Let V satisfy Condition V. Then for any f € Cg°(R) the
Jollowing identity

T/ () - f(Ho) = [ £ (900 + 2 MQ:AU— ). 59)

holds true, furthermore,

P (0) = Z im (5.10)

where the first series converges absolutely and umformly on any compact set of
C\{Ap,n =1}

Proof. Due to (2.14) we obtain R(1) — Ro(A) € B; for each Im A # 0. Then the
Krein formula [33] for the operators H, Hy and for any f € C5°(R) gives

HUHU—ﬂMM=—Af@%NMt (5.11)

and substituting (1.12) into (5.11) we obtain (5.9).
Due to (1.12) we have the identity

1
ph— E)’ forall A € C,

(V) = %@+—m2(

uniformly on any compact subset of C \ {11, A2, A3, ...}. Differentiating ¢/.(1)
we then arrive at (5.10). O

Proof of Theorem 1.6. There are results about inverse problems for perturbed
Stark operators H = Hg+ V on L?(R). For example, Kachalov and Kurylev [23]
consider inverse scattering problem, when the potential V' satisfies

/(1 + |xD*V(x)|dx < oo. (5.12)
R

They prove the recovering problem using the Gelfand-Levitan equation: for given
S-matrix S(A) to determine a potential V', which satisfies (5.12) (Theorem 1 and 2
in [23]).

Let V satisfy Condition V. Then due to Theorem (1.2) and (1.8) the S-matrix
S(4) is given by

- Y
SA)=S0)S1(1), S1(A)=e 24O jip ]‘[( ")eﬂ‘ﬂ, red,

r—>-+00
[Anl<r

— A
A
(5.13)
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uniformly on any compact subset of C, where S(0) = giég; = 7200,
Asymptotics (3.11) implies S(A) — 1 as A — £oo. Then we deduce that there
exists a following limit:

S0) =SA)S1(}) = ) Er_noo S1(A). (5.14)

Thus due to (5.13) and (5.14) the S-matrix is expressed in terms of resonances only.

Now we consider two perturbed Stark operators H; = Ho + V;,j = 1,2 on
L?(R), where the potential V; satisfies Condition V. We denote the S-matrix for
Hy, Hj by S;(1). Assume that H; and H> have the same resonances. Then by the
above results, the S-matrices for H; and H, coincide, i.e., S; = S,. After this the
Kachalov and Kurylev results [23] give V; = V5. O

6. Appendix
Introduce the Fourier transformation

¢ 1 —ixt
f(l)=E/]Rf(x)e dx, teR.

Lemma 6.1. Let V satisfy the conditions in Theorem 1.1 and A € Cy. Then the
Jollowing identity and asymptotics

_ i o113 /12 it (A=x) dt
TrY()()&) = W/]RV(X)(J’X/O ! : x t1/2

o J 6.1)
_ e's [ itk—ll—'2t3f}t t
ﬁfo e 0575
. Vo o)
TrYo(A) =i + —= as|A| = oo, 6.2
o) =it aslh 62)

hold true, uniformly with respect to arg A € [0, ].

Proof. We show (6.1). In view of (2 19) we have Yo(A) € B forall A € C,.
Identity (2.5) for A € C4 with ¢ : f gives

TrYO(A)=/ V(x)Ro(x,x,A)dx

= o= [ Ve " ooy 4t
3

= c/ ”A—W”V(z)—.
0
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We characterize the properties of V' in terms of its Fourier transform Vv

V.(VY. (V)" € L*@R) N L*(R), (6.3a)
s V() —e TV (y) LA
re = itv2m * it@/o ¢ Vi) (6.3b)
= @ as t — +oo.

Let us show (6.2). Define cut-off functions wg, w; € C*°(R+) by

1 re]0,1],
wo(t)={0 [>[2 ] w; =1 —wp.

Thus (6.1) yields the decomposition for A € C:

o0
TrYo(A) = c/ pitd=13* P () 4L 7 = clo) +eh(@). e =
0

where
1].:/0 w(t)e’¢(’)V(t)t1/2, j=0.1,

3

t
1) =tA— —.
#(0) >
Let us first consider /y. Recall that 17(1) and has the decomposition:
2P (1) = V(0) + 1B(t) as 1 — O,

where 7 (0) = J_ and the function f is entire. Substituting this asymptotics into
Iy we obtain

2
Iy =/ w (l‘)elm_ﬁt V(Z) 1/2 = lo1 + o2, (6.4a)
0
% 2 itA dt
Iy = V(O)/0 wo(t)e PER (6.4b)

The stationary phase method gives

ia dt Yy w0 _ Vo 0

Iy = wo(t)e = -+ — + , (6.5
OIr/ AT~ TRV A B
and an integration by parts further implies
2 o
102=/ woe'™* (e~ 12" V(t)—V(O)) 1/2 = %
0
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Thus, if we assume that /; = O(1/1), then (6.4) and (6.5) yield (6.2). Hence,
it remains to show that /; = O(1/1). To this end we distinguish three cases.

e First,let A = u +iv,v = K|u| for some K > 0 and let v — co. We have
© iy o [ W

|1 ] S/ e "V (t)|dt] < ||V||oo/ e Vdt = ——e™". (6.6)
1 v

e Second, let ReA — —oco. We put f = wy(1)V(¢)/¢'/? and here ¢’ (1) =

A— %. Then due to (6.3) we have
h::/ e £(1)dt
1

” —.f/(tt) de'?®
— id)(t) dt
I/I ‘ <¢/(r))
o)
)
since (6.3) yields f/, f = O(t~3/?), t — oo and we have the following
estimate
(&) < ¢ 5, forallz =1,
Al 22

i —5)

for some constant C
e Third, let A = Ktiv ¢ (I_]+, k — 400 and Kk? > v. Define the cut-off

functions go., g1 € C§°(R) by
1 se(=1/2,1/2),
g(S)= g zl—g(t—k).
{0 seRA\ (L1, ©
Then we have
oo i3
I =/ M f(dt = 1hy + Iha,
1°° . i3
In = / e g (¢ — ) f(1)dt,
1
~ {
f=Vmwa
(2
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Let F(¢t) = g1(¢) f(¢z). Similar to (6.7) we obtain
ha= [ €O F@)
12 /1 e (¢)dt
_ [T EO s
/1 50
_ [T s FO Y
_ /1 () e (6.8)
__ [T s ( L (FONY
== G () )@
00
Al

since due to (6.3) we have

L FO\y
‘(¢/(z>(¢/(tz>)) s

Ale>

, forallr>1.

. . 24
Let us now consider the main term /;;. We have for A = ’ﬂ# andt = k+s:

1A — 1%? = %(3(1( +5) (K2 +iv) — (k +5)%)

1
= Bk + )k + 300 = (k +5)°)

1
= E(2k3 +i3tv — 352k — 5%)

k3+.vk+s+ k2 53
= -_— 1l —_—— _—
6 4 4 12

'S3 v
Define ¥ (s, 1) = e ‘12e"2*k+9)g(s) f(k + s5) and note that f(k + s5) =
O(k_%) as k — oo, uniformly in s € [—1,1]. Due to (6.3) the stationary
phase method gives

k1
I = /k g k) f oy
. 1 .
=eék3/ e_%kszlp(s,)t)ds
-1
0(1)
o)
A

(6.9)

Combining (6.6)—(6.9) we obtain /; = O(1/1) and (6.2). O
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