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1. Introduction

The idea of a possible connection between the spectral phase transition for the
Anderson Hamiltonian on the lattices Z¢, d > 3 and percolation has always been
popular in the physical literature. In one direction it is definitely correct. Consider
on the lattice Z! the random Schrodinger operator

Hop(x) = Ap(x) + oV (x,w), Apx)=¢(x+1)+¢dp(x—1)

where o is a coupling constant and the potentials V' (x, w) are unbounded i.i.d.,
say, N(0,1) random variables. Then, P — a.s., for arbitrarily small o and for
arbitrarily large M there are infinitely many points x: |V (x,w)| > M, i.e. the
set {x:|V(x,w)| < M} contains only finite connected components, that is, the
components do not percolate, although their concentration can be arbitrarily close
to 1. More formally, let I" be an abstract graph and X (x, ), x € T" be the Bernoulli
field such that P{X(:) = 1} = ¢, P{X() = 0} = 1 —e. We call I" a non-
percolating graph if for arbitrary € > 0 the set {x: X(x) = 0} contains P — a.s.
only bounded connected components. The class of non-percolating graphs is very
rich. It includes, for instance, all nested fractal lattices, among them the Sierpiriski
lattice.
Let’s consider for such graphs the Anderson operators

Hp(x) =) ¢(x') +0oV(x,0)

x’ix~x'

where {x":x’ ~ x} is the set of nearest neighbours of x and the V(x,w) are
unbounded i.i.d. random variables. At the level of physical intuition we have
the following picture: the realization of oV (:) contains a sequence of higher and
higher “walls” and the quantum particle can’t avoid interaction with such walls in
its attempts to reach infinity. Since tunnelling through higher and higher walls has
a smaller and smaller probability, one can expect here some kind of localization
phenomena, say, the absence of the a.c. spectrum. In the case of the 1D lattice Z!
these a bit fuzzy arguments were transformed into a mathematical theorem in the
famous Simon—Spencer paper [6]. Let

Hp(x) =p(x + D)+ d(x — 1)+ V(x)p(x),x € Z".
If the potential V'(x) is unbounded near £oo, i.e.

limsup |V(x)| = limsup |V (x)| = +o0,

x—>+oo X—>—00

then Ea.C. - g.
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Of course, for random i.i.d. unbounded potentials this result provides the
absence of the a.c. spectrum P — a.s.. The Simon—-Spencer theorem can be
extended on a class of (non-random) potentials even in Ri.d > 2, see [19].
All results of this kind include very strong assumptions about the existence of
an infinite system of “rings” or “belts” around the origin, where the potential V' is
higher and higher (i.e. )rcréibn V(x) = h, — 400, n — 00). They also require an

additional condition on how fast the “heights” /,, need to increase. B. Simon [5]
constructed (for I' = Z?) such a Schrédinger operator, where V(x) > 0 contains
a system of higher and higher walls (i.e. the set {x: V(x) < M} doesn’t percolate
for any M), but the spectrum of H contains a.c. components.

Unfortunately the lattices Z¢, d > 1 “percolate.” There exist critical thresholds
her, ﬁcr depending on the distribution of V(x,w): if & > h., then the set
{x:V(x,w) > h} where the V(x, w) arei.i.d., unbounded random variables doesn’t
percolate, but for & < fzc, it contains an infinite connected component.

The goal of this paper is to give sufficient conditions for the absence of the
a.c.spectrum or the existence of the pure point (p.p.) spectrum for deterministic
or random Schrodinger operators on some classes of graphs. For the particular
situations of “non-percolating” graphs we will prove Simon—Spencer type results
and a localization theorem for Anderson Hamiltonians. Technical tools here
are extensions of the real-analytic methods presented for the 1D lattice Z! and
corresponding Schrodinger operators in [23]. The central moment is the cluster
expansion of the resolvent with respect to appropriate partitions of I.

The general theory can be illustrated by the following particular results.

Theorem (B). Consider the Quasi-1 Dimensional Tree T (see Figure 2) with
Laplacian Ay (x) = ) V(x'). Let H = A + V(x,w) be the Anderson
Hamiltonian and the V(x, w) be i.i.d. unbounded random variables with bounded
distribution density f(t). Then the spectrum of H is pure point with probability 1.

x/~x

Theorem (A). Consider the Sierpinski lattice S*°(see Figure 1) with Laplacian
AY(x) =) Y (xX'). Let H = A+ V(x, w) be the Anderson Hamiltonian and
the V(x, w) be i.i.d. unbounded random variables. Then P —a.s. H = H(w) has
no absolutely continuous spectrum.

This theorem is a particular case of a much more general result, see Corol-
lary 6.2.
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Figure 1. Sierpinski lattice S°°.

y
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Figure 2. Quasi-1 dimensional tree 7.
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Remark 1. For the physical interpretation of Theorems (A) and (B), we need the
information on the spectral properties of the underlying Laplacians. Let’s present
without proof several results in this direction.

The spectrum of A on £>(T) is the closed interval [— 2, 2], i.e. [|Alle, = 2.
The spectral measure pur(dA) = (E(dA)f, f) is pure absolutely continuous.
Here E(dA) is the operator-valued measure from the spectral decomposition
A = [AE(dA). The generalized eigenfunctions have different structures for
different energies A. If A € [—2, 2], then the eigenfunctions are sinusoidal waves
along the x-axis and each “vertical” line (x,y),y > 0. For A € (2,5/2] or
A € [-5/2,—2), the eigenfunctions are exponentially decreasing as functions of y
(for each fixed x) and have sinusoidal structure along the x-axis, i.e. they propagate
along the “boundary” y = 0 of T.The spectral dimension (as well as Hausdorff
dimension) of T equals 2.

The transition from the a.c. spectrum of A to the p.p. spectrum of H has the
same nature as 1-D Anderson localization (the destruction of resonances between
adjacent potential walls).

The spectrum of the operator A in £2(S®) is exotic. It is a Cantor-like closed
subset of interval [—1, 4] with (Lebesgue) measure zero. Specifically, it is the Julia
set of the mapping z — (z + 1)(z — 5) of the complex plane C. The spectral
measure ur(dA), f € £2(S*), contains both point and singular continuous
components (but not the a.c. ones). All eigenvalues have infinite multiplicity
(see [10]).

A fundamental corollary is the boundedness of the resolvent Ry = (AJ —A)~!
for a.e. real A. We will use this fact in future studies of the Anderson Hamiltonian
on £2(5%) for bounded r.v. oV (x, "), x € S®.

The P-a.s. absence of the a.c. spectrum for H = H(w) (Theorem (A)) is not
a direct corollary of the similar fact for A. Although the Sierpirski lattice S

In9

has the spectral dimension § = = > 1, the mechanism of the localization

(see Section 7) here has a 1-D nature related to the existence of the pairs (2"7, 2" @),

n>1where7 = (1,0) and & = (3, @), which separate S into disjoint parts.

2. Basic definitions and models

Let (I', A) be an undirected infinite graph with symmetric adjacency matrix
A() = A*() = [a(x,y)]. Ifa(x,y) = 1, we will call x and y nearest neigh-
bors, denoted by x ~ y. Suppose that for each x € I", the number v(x) of nearest
neighbors x’: x” ~ x is bounded: v(x) < K for some fixed K:2 < K < oo.
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For a homogeneous graph (with appropriate group of symmetries) v(x) = K. In
this case, K is called the branching index of the graph (I", A). Typical examples
of homogeneous graphs are: lattices Z¢ with branching index equal to 24, groups
with a finite number of generators, homogeneous trees, etc.

The path [y] of length [[y]| = n, from point x to point y on I', denoted by
[y]: x — y is defined to be the sequence of points

[v] = {xi}i=o

such that x; ~ x;_; fori = 1,2,...,nand xo = x, x, = y. Here xo = x is
called the start point of the path and x, = y is called the end point of the path.
All other points are called internal points of the path. We denote by (y):x — y
the internal part of [y]: x — y, that is,

(y) = {xl

with x; ~ xo = x and x,—1 ~ X, = y. Any non-empty set B C V with more
than one point is called connected if for all x, y € B there exist [y]: x — y and
[y] C B. The boundary of B is defined as

={y:y ¢ B, and y ~ x, for some x € B}.

In this paper, we assume that graph I' is connected.

A metric d(x, y) on I' and distances d(x, B), d(B;1, B) are defined in the
standard way. The volume of the ball, centered at point xo € I', can not increase
faster than an exponential:

|Br(xo)| = [{x:d(x,x0) < R}| < KR + 1.

Recall that K = max v(x).
xel

Let £,(I") be the Hilbert space of square-summable functions f(x):I' — C
with the inner product and norm

(fe) =Y fME@). I£1P =D 1/ @I

xel xel

for f,g € ().
The lattice Laplacian in the space £,(T") is given by the usual formula

Af(x) =) fx)
x":d(x,x)=1

As is easy to see,

A= sup [Af] <K,
filfl=1

i.e. the lattice Laplacian is bounded.
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The Schrodinger operator (Hamiltonian), by definition, has the form
H=A+V()

where V(x) is an arbitrary real-valued potential. In the most interesting case,
V(x) = of(x,w) and &(x, w) will be a family of i.i.d.r.v.’s with bounded con-
tinuous density pg(-). Here x € I', o € (2,7, P)(a basic probability space),
and o > 0 is the coupling constant (a measure of disorder). In this case, we will
call H the Anderson Hamiltonian on /?(I"). A fundamental and still unsolved
problem is to determine the spectral type of H for general graphs ( or at least for
lattices Z¢, d > 2). It is known ([14])that for an arbitrary graph I" and very general
symmetric bounded operators L, the spectral measure is pure point(p.p) for large
disorder, o > o¢, where ¢ can be effectively determined by the geometry of the
graph . If T' = Z! (or T' = Z! x A, Card(A4) < oo) the spectrum of H is p.p.
P-a.s. and the corresponding eigenfunctions are exponentially decaying for arbi-
trarily small coupling parameter o ( see details in [20]). The second case where
the spectral picture is well understood is the homogeneous tree 7%, see [13]. The
last case demonstrates an Anderson type phase transition from a p.p. spectrum for
large o to a mixed spectrum (a.c. component plus p.p. component) for small o.
For similar results on such transitions, see [4], [8], [15], [17], and [22].

3. Expansion theory of the resolvent kernel

The resolvent kernel of the operator H

Ri(x,y) = (H =AD" (x,y)

is well defined at least for complex A. We will use the following “exact” formula
for R) (x, y) (the so-called path expansion) see [23].

Proposition 3.1. Let V(x) be the potential of the Schrodinger operator on I with
Range(V) = {V(x):x € T'} C R. Then

()
Ry(x.y) = 7 yj()+2 (M=) ()

y zey

where §,(x) = 1 if x = y and 0 otherwise. This formula holds, at least for A’s
such that d(A,Range(V)) > K + 4§, for some § > 0.
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Proof. Since Hyr(x) — Ay (x) = 8,(x), we have
DY) + V)Y (x) — Ap(x) = 8y(x).
Thus,

8 /
Vo = 72 > )

For each x’, one can use the same formula and continue these iterations to

get (1).
The number of paths [y] with fixed start point x and length n is at most K" and
l_[ 1 1
- = I+
o A—=V(z) (K +9)
These facts lead to the convergence of the series (1). O

A similar construction works for the restriction of H on subsets B of T'.
Consider Hp = A + V(x) with the Dirichlet boundary condition:

Y(x)=0

forx e I' — B.

Proposition 3.2. Let RiB)(x, y) = (Hp — A1)~ Y(x, y) be the resolvent kernel of
Hp (which is well defined at least for |ImA| > K +6,8 > 0). Thenforx,y € B,

(B) N EY)
Ry == V()+Z (HA V(z))

l:x—y z€ly]
[y]CB

Note that for the bounded set B, the spectrum of Hp contains | B| real eigenval-
ues (which can be multiple), i.e. RiB)(x, y) is real and finite for all real A, except
for the finite set of eigenvalues of Hp.

Let us fix some point x¢ € I', called a reference point. The finite subset by C T’
is called a belt with respect to xy, if the difference I' — b, is the union of a sin-
gle bounded connected component B containing xo (we assume that xo ¢ bp)
and finitely many unbounded connected components BJ;., i =1,2,...,k1. We
assume that the set £, = B{ U by (called the enclosure of belt b;) is connected.
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We will call B = Uf;l Bl“;. the outer complement of by and B[ the inner
complement of by. The inner boundary of the belt by is defined to be the set
0by = 0b; N By and the outer boundary of the belt b; is defined to be the set
ab; = db — b~ C B}

The assumption of the existence of only one single bounded connected com-
ponent By in I' — by exclude the existence of such bounded components (lakes)
inside b. For instance, an 8-shaped subset is not considered to be an belt accord-

ing to our definition.

Remark 2. Graphs S° and T in Figures 1 and 2 show that B;' typically contains
several separate unbounded connected components.

To introduce the second belt b,, we select a reference point x; ; € 8b+ N Bf: ;
in each unbounded connected component B+ . Consider sub-graph B1 ; with
the reference point x; ;. A belt by ; 1s deﬁned in B1 ; with the same properties
as the belt by has in I". It divides B 1 ; into an inner part consisting of a single
bounded connected component B1Jf . and an outer part Bl’i consisting of several
unbounded connected outer components. We have Bf, = B U by; U B}
The second belt on I' is defined to be the set b, = Uf;l byi. Let B, =
0) U (Uf;l B{[) and Ep, = B5 U b,. Here Ey, is the enclosure of belt b.

One can apply the same algorithm to define b3, Ej,, By, BJ” and so on.

We can define now the following quantity (similar to the resolvent of b): for
x €0b™, y €db™, put

graen= > [l5 _V(Z)

yl:x—y ze()
(r)cb

(and a similar expression if x € db™, y € db™). Note that path (y) stays inside
belt b. In the future the potential V'(-) will be large on b, i.e. for A € I (1 is a fixed
interval) the quantity ﬂf (x, y) will be small. Physically it means that tunnelling
of the quantum particle through the belt is very unlikely.

Now assume that {b;:i > 1} is the sequence of belts that exist with respect
to the reference point x¢ and the corresponding sequence of the enclosures is

{Ep;}i2,. It is easy to see that Ep, C Ep, , forany i = 1,2,3,.... Let

S0, S1,... be subsets of I between successive belts(Sy contains xg). That is,

S; = Ep;—Ep;_,—bi—1fori =1,2,.... Wedefine the main blocks (0), (1), ... as
(0) = So U by, 3(0) = Bbf“,

(1) = by US1 Uby, d(1) = db] U b,

and so on. Note that (i — 1) N (i) = b; fori > 1. See Figure 3.
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We call db;” the inner boundary of b; and 8bi+ the outer boundary of b; for
i>1.

Now we will study the cluster expansion of R)(xo,x). Consider the path
expansion of H:

8x0(x)
Ri(xo.x) = 3= V(x0)+z (H i V(z))

[yl:xo—>x z€[y]

and introduce the procedure of the union of paths into special groups(clusters).

Consider a particle following some path [y]: xo — x (Figure 4) . It will stay
in the main block (0) for a certain amount of time. And then at some moment it
will reach BbfL. By definition, this is the moment of transition from main block
(0) to main block (1). The particle again can stay for a certain amount of time in
(0) U (1) doing transferring between (0) and (1) until at some moment it reaches
Bb;r , and this moment, by definition, is the transition from (1) to (2), etc.

Therefore, for any [y]: xo — x, one can define a sequence of the main blocks
with which [y] successively intersects. Let’s introduce the graph T' with the
vertices being the main blocks: (0), (1), ... and possible transitions (n) —
(n +1),n > 0and (0) — (1). For each path [j] on T, one can consider the
cluster of elementary paths [y] following [y] between the main blocks. If so, we
say that [y] € [y]. The class of all paths which stays in (0) forever corresponds to
the [y] = (0).

Put

R o) = 3 H( —V(z))

[vlel¥] zely]

Here the paths [y] under summation are from x, to x in the main block (k).
By definition, we have

Rj(x0,x) = w0 + ZR[V (x0.x).
A= Vixo )[V 1:(0)— (k)

Let’s provide a deeper analysis of an arbitrary path [y] € [y]. Assume that [y]
contains, say, transitions (0) — (1) — (2). Then at moment rl the path enters
some point z, on 8be for the first time ( the first entrance to (1) ). Let ;" be the
last moment before 71 when the path enters the belt b, through 0b] and stays in
by until moment 7;". After moment 7', the trajectory [y] moves inside (1) and at
moment r2 enters 8b+ ( the first entrance to (2) ). 7, is defined similarly to 7,
such that in time interval [z, r2+ ] it stays inside b,, etc.
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2 3)

Figure 3. Main blocks and belts.

Figure 4. The path [y].
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This classification leads to a simple combinatorial representation of R[f] (x0,x).
For instance, consider the special case when x = x¢. If [] = (0), R[f] (x0,x0) =
R (x0. Xo).

For other paths [y], say, [y] = (0) — (1) —» ... > (2) — (1) — (0), their
contribution to R (xo, xo) equals

y b
RV (0. x0) = Y R (x0. 20083 (z1. 22) R (22.) . ..
b
R (. 221-3) B3 (2213, 221-2) RS (2212, 221-1)
b
B, (z21-1. Zzl)R,(xo) (221, Xo)
where the summation is over z; € dby, zo € b,...,zy—3 € b,

Za1—p € 0by, Zp1—1 € Bbf“, Zp; € 0by with [ being the number of times the
path goes through the belts until it returns to x¢. For instance, consider the path

[71: (0) — (0):
0)—0O—00—=>0—0—=06—00—>0—(©0
. The corresponding contribution is

R (xo.x0) = Y R (0. 2005 (1. 22) R (22, 23) B2 (23, 24)
b b
Riz) (24, 25)13,12 (zs, Z6)R,(11)(26’ Z7),3,12 (z7,28)
Rf)(Zs, 29)/3§3 (29, ZlO)Rf,)(ZlOa 211),35{3 (z11,212)
R,(xz) (z12, 213)131;2 (213, 214)

b
R,(ll)(Zm, z15)B; (215, ZIG)RiO)(Zl& Xo)

where the summation is over z; € by, zo € by ,...,z16 € Ob] withl = 8

being the number of times the path goes through the belts until it returns to x.
In each factor ﬁi", the arguments z;, z; belong to different parts Bb;f of the

boundary db;. However, the arguments in R/(lk) (zi.zj) can be both on ab;", both

- +
on 8bk+1, or one on abk and the other on 8bk+1.

For each term R/(XO) (-, -), there are two possibilities:

R (xo.21).zi € db7: R (zj.x0). 27 € b7

Similar formulas exist for R m(xo, x), x € (k). For example,

P1=0) — 1) —-— (k+1)— (k)
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RV (xo.x) = D "R (x0. 21)B5' (z1. 22) R (22, 23) B (23. 24) R (za. )

k b k
RSL +1)(', 221—1),3,1kJrl (z21-15 Zzl)R,(x )(2217 x),

where the summation is over all z; € dby, z» € Bbf“,23 € by, z4 €
Bb;, ce., Z3j_1 € Bb,':ﬂ, zy1 € by, with [ being the number of times the
path goes through the belts until it reaches x.

For convenient reference, let’s formulate the main result of this section as

Theorem 3.3 (the cluster expansion theorem). Let xo be the reference point and
x € (k), then
Sxo (%)

[v]
T 2 R . @

[71:(0)— (k)

Rj(x9,x) =

Here
R xo.x) = Y R (0. 20087 (21 22)
RELI)(ZZ’ Z3)ﬁi2 (23’ Z4)R§l2) (24’ .) (3)
b
Rik:l:l)(" Za1-1) Bkt (221_1’221)13/(11()(221, X)

where the summations are as described above.

4. Technical lemmas based on Ehe resolvent kernel R; (xo, x)
where Im(A) =€ > 0

In this section we will formulate and prove several criteria for the absence of the
a.c. spectrum, localization, etc. All results here will be based on complex analysis.
For a real analytic approach, see Section 5.

Due to general theory,

H= AE(dD),
Sp(H)

where E(dA) is the operator-valued spectral measure. If f € [?(T'), then
nr(dA) = (E(dA) £, f) is the spectral measure of the element f and

[ wan= [ wan=1si
Sp(H) R!
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The resolvent Ry = (H—AI)~!isabounded operator for A ¢ Sp(H), for instance,
forA =A1+ie A e R,

d
(R;f,f)zf pr( f).

Sp(H) z—A

The function fo(x) € I?(T) is of the maximal spectral type if j s, (dX) > j1g(dA)
for any g € [?(I"). The dense set of functions fy € [?(I') are of the maximal
spectral type.

The measure 1y (dA) has a Lebesgue decomposition into an a.c. component
Ifa.c., a singular continuous component fiz; .., and finally a point component

Kfp-
The a.c. component is responsible for the transport of quantum particles (elec-

tric conductivity, scattering, etc). The point component is related to localization.
Theorem 4.1. The limit

1 Eli_r)no Im(Ry+ei fo f)

exists for a.e. A € R and equals pr(A). Here ps(A) is the density of the a.c. part
of the spectral measure iy (dA). See details in [5].

Corollary 4.2. For a given energy interval I C R, the a.c. part of the spectral
measure [Lfq.c.(dA) is equal to Oif

lim Im(Ry i f. ) = 0
ae.onA C 1.

Assume that p,c (dA) = 0 (operator H has no a.c. spectrum). How can p,
and w;... be separated? The following theorem (see [7]) gives a simple criterion
for the (p.p) spectrum.

Theorem 4.3 (Simon—Wolff). Assume that for real A and any x¢ € T,

. 2 2
eh_f)noz |Ratie(x0, V) = Y |Rayoi(x0, y)|> < o0.
yel yel

Then the operator H “typically” has a p.p. spectrum.

Remark 3. It is not difficult to prove the existence of the limit above.
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The last sentence ‘“typically” means that, in the subspace £,(8y,) =
Span(R;éx,), the perturbed operator H, = H + adx,(-), xo € I' (rank-one per-
turbation) has a p.p. spectrum for a.e. a € R. At the same time(in a wide class
of situations), the operator H, has a pure singular spectrum for some a from the
appropriate G set (with measure 0), see [1] and [3].

This result is especially convenient for random Schrodinger operators (Ander-
son Hamiltonians).

As we already mentioned, for large o (large disorder) the operator H(w) has a
p-p- spectrum P-a.s., see [14].

Let’s formulate and prove the result, closely related to the Simon—Spencer
approach to the theorems on the absence of the a.c. spectrum.

Theorem 4.4. Let ' be a graph with estimate v(x) < K, A be the Laplacian, and
H = A + V(x) be the Schrodinger operator with potential V(-). Assume that for
some sequence of points D = {x,:n =1,2,...}

il |
< Q.
,; |V (xn)]

Consider the new operator H = A + V(x) with boundary condition ¢ (x,) = 0,
n = 1,2,..., ie. the restriction of H on I' — D with the Dirichlet boundary
condition on D. Then

Sp,c.(H) = Spa.c.(ﬁ)
and for any f € L*(T"), the a.c. components of the spectral measures of f for H
and H are mutually a.c.. In particular, Sp, . (H) = 0 <= Sp, . (H) = 0.

Proof. The proof is based on the following criterion.

Lemma 4.5. Let A = [A(x. )], x,y € T be a linear operator acting on £?(T")
and Zx,yel" |A(x, y)| < co. Then A belongs to the trance-class B1({*(T)).

The proof of the Lemma is easy. In fact, the matrix A can be presented as a
sum: A = [A(x,y)] = >, ,erlozv(x, y)], where

A(z,v), ifx=2zy=nv,
Olz,vel‘(xy y) =

0, otherwise,
Note that o, is a rank-one operator, i.e. oz yll1 = lazvllzqy = [4(z, V)]
It gives
1Al < D Nzl = Y 4@z )] < oo.
z,vel z,vel

Here || |1 is the trace norm: the sum of the singular numbers of the corresponding
matrix.



748 S. Molchanov and L. Zheng

Let

A/l()(x’ y) = Rl()(xv y) - Rl()(xv y)

where

Ru(x,y) = (H—2ol) 7 (x,y) and  Ryy(x,y) = (H = Aol) 7' (x, ).

To prove Theorem 4.4, it is sufficient now to check that for some ¢

> 1As(x.y)] < o0
x,yel
It follows from the path expansion (Equation (1)) that
Anp(x,y) =Y Angz(x, )
zel

where

A)Lo,z(x’y)=z ( H]m)

[ylix—>z—>y vely

Here z is the entrance point for path [y] to the set D at some moment 7:0 < 7 <
oo(i.e. the path [y] never visits D before moment 7). After moment t, the path can
visit D (and y) infinitely many times before its final stop at y.

Let’s now estimate |A,, . (x, y)|, z € D. Put

1

1
Ao =IK(K +1 d = =
o =IKIKH D and k=m0

Consider three cases.
a)x =y =z € D. Then,
1 > 2
Apyr(z.2)) = ——(14+ Y K%*) < —— .
0291 = oy (1 LK) =
b) x = z,y # z. Then

2
A L 2)] € ————(KK)4@),
[A20,2(2.2)| < |A0—V(z)|( K)

¢) x # z. Then

1
A , < Kic)4&2)+d(z.y)
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Adding these estimates, we get

C(k) C(k)
A z ’ f E N D
x,yzer| s CAN =TTV E v T C
It gives
Cw)
xér | A (. 9)| < z%; T = G <o 0

Theorem 4.4 can be used both ways: to prove the existence of the a.c. spectrum
and to prove the absence of the a.c. spectrum. Let’s illustrate the first option.

Consider the Sierpinski lattice S*°. It is well known that the spectrum of
the corresponding Laplacian as a minimal closed set supporting the spectral
measure ur(d1), f € £*(s*) belongs to [—1, 4] and has Lebesgue measure zero.
The maximal spectral type contains infinitely many eigenvalues of the infinite
multiplicity and a singular continuous component. The eigenfunctions of the point
spectrum can be selected to be compactly supported.

Let’s perturb the operator —A by the potential V(x) supported on the system
of points {xx = (1,0) + (k — )@;k = 1,2,...}, where & = (1/2,+/3/2), see
Figure 5.

Figure 5. Sierpinski lattice S°°.
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Assume that Y 32, m < 0o. The set of points {xx:k = 1,2,...} separates
the 1-D semi-axis, the left boundary of §°°, from the rest. Due to Theorem 4.4,
we have

Corollary 4.6. The operator H = — A + V(x) introduced above has an a.c. spec-
trum supported on the interval [—2, 2], the spectrum of the I-D lattice Laplacian.

Corollary 4.7. Assume that for the Schréodinger operator H = A + V(x), one
canfindasetD = {x,;n = 1,2, ...} such that I' —D is the union of disjoint finite
sets ( in our terminology, D is the union of belts). Then under the assumption of
the above theorem () _, m < 00), H has no a.c. spectrum.

The idea of Corollary (4.7) goes to Simon and Spencer [6].
In the case of $°°, we have the following result.

Corollary 4.8. Consider the pairs of the points (2"1,2"®), n = 1,2,...,

with T = (1,0), separating the triangle with size 2" of S from the rest.

Let h, = min(|V(2"7)|,|V(2"®)|) and limsuph, = +oo. Then the operator
n—>oo

H = —A + V(x) on £2(S°) has no a.c. spectrum.

In fact, one can select a sub-sequence n’ such that ), 7~ < oc.
n
Corollary 4.8 contains Theorem (A) from the introduction. For more general
results of this type, see Section 6.

5. The real analytic approach to the absence of the a.c. spectrum
and localization

In all future constructions, the belts {b;, [ = 1,2, ...} will be selected based on
the assumption that for the fixed energy interval / on the A-axis:

max |V (z1.2) <8, 8§ =0, 1 > o0 )
Z1 Eabl_,zzeabl
forall A € 1.
There are different ways to guarantee that the ,821 (-, -) take small values. For
instance, assume that |V (x)| > h;, x € b; and h; is sufficiently large. Then, for

fixed energy interval I,
! Ael,zeb
5 1,/ -~ 9 Z ki
1—V(z) !

5 FEE)
hy
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ie.
bl-n 2_ tl—
g =C(50) =

with #; = d(db;, 8bl+), for some constant C.

In the following, to prove the localization theorem or the absence of the a.c.
spectrum, we will use cluster expansion Theorem 3.3 (formulas(2) and (3)). For
the contribution to the resolvent kernel RR?](xo, x) for a fixed path on the graph

T of the main blocks, we will use the following estimate, which is a combination
of (3) and (4):

RV o, x0)| = | 30 RO (0. 20085 (21, 22) R 2.)
RP (. 221-3) B (221-3. 221-2)

b
R,(xl)(zzl—za z21-1) B, (211, Zzl)Rgo)(Zzl, Xo)‘

< (Z |R§L0)(Xo,21)|)|,3§1 (21,22)|( > |R,(11)(22,Z3)|)

22,23

( Z |R/(12) (22n—4. Z2n-3) |) “31;2 (z2n-3, Z2n—2)|

Z2n—4;
Z21.—-3

( Z |Ri1)(22n—2,22n—1)|)|ﬂ§1(Zzn—l,Zzn)|

Z2n—2;
Z2n—1

(Z |R§O)(22n,xo)|>

Z2n

= (X IR o, 20181 (D 1RY (2. 29)1)

22,23

(X IRP Canms720-3)])

Z2n—4;
Z21.-3

52( Z |R/(11)(Z2n—2s Z2n—1)|>

22n—2;
Z2n—1

51( X2 IR Gon o))

Z2n

where the summations are over z; € by, z2 € b}, ..., 2213 € b, 212 €
dby, z21-1 € Bbfr, Zon € 0b] with L being the number of times the path goes
through the belts until it returns to x.
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The complicated multiple sum for R[f] (+,-) is now the product of the simple
local sums over Bbli and factors §;. The factors §; are small due to our assumption,
but the resolvent kernels of the main blocks R/(ll)(-, -) can be large. Lemma 5.1
shows that these kernels are not too large except, perhaps, for a set of small
measure on the energy axis (see the proof of this result in [23] in a convenient
form). This is the key for the proof of our main results.

Lemma 5.1 (Kolmogorov Lemma). Let M > 0, then

N
m(i:|F G| = ‘;Ai’h > M) < %

Traditionally this Lemma is attributed to Kolmogorov, but this fact was known
earlier [9] and [11].
The following proposition is the central point of our approach.

Proposition 5.2. Let Hp = A + V(x) with Dirichlet boundary condition:
¢(x) =0, x € T — B, where B C T. Consider (R\®) /. g), f.g € 1*(B), then in
the obvious notation,

(R,(XB)ﬁg) Z (f. fk)(wak)

[ ) /1S 2] [(g- ¥r) /118 ll2]
=1/ Llgl 3 Y. .
where Af,k = 1,2,...,|B| are the eigenvalues of Hg and {; are the corre-

sponding orthonormal eigenfunctions. Due to the Cauchy-Schwartz inequality
and Kolmogorov’s lemma, we have

4 fl2lgl2

m e R|(RP f.9)| > M) < =2

In particular, for f = §;,(-) and g = 8, ("),

4
mh € R:\RP(z1,22)| > M) < u
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Corollary 5.3. We have

410b;"|?
) 0] + 1
m(A € R max |R)"(z1,22)| > M]") < ———.
Z],Zzeabl Ml
Similarly,
4)9b;" | |0b
m( € R: max |R{ (z1.22)| > /M M}, ) < M,
z1€db}t, /M+Ml_+1
2268b1_+1
4|9b7, |
mAe R max_ |RV(z1,2) > M) < |+_+1|
zhzzeab;+1 A42+1
410b;"| |0b
m( € R: max |R{ (z1.22)| > /M M}, ) < M
21€3b1+1a IM+MI—
Zzeabf +1
where M , M, > 0 are constants.

I+1

The following theorem (again due to Simon and Wolff) gives a sufficient
condition for the square summability of R; 4 ;o(xo.-) fora.e. A € R! inreal analytic
terms.

Theorem 5.4. Assume that Q, 1 T is an increasing family of connected sets and
Ry a(x,y), n=1,2,... are the resolvents of the operators Hy: the restrictions of
H on Q, with Dirichlet boundary condition (Y = 0,x ¢ Q,). Assume also that
for any xo € T and for a.e. A € R!,

limsup Y (Ry(x0.))* < c(}) < oo.

n—soo yE Qn
Then

Jim Y Rigie(xo. P =D (Ratio(xo. ) < ¢c(A) < oo,

yel yel
i.e. one can apply Theorem 4.3 on localization (with appropriate randomization).
The future proof of the localization theorem will use the cluster expansion,

Lemma 5.1 in the form of Corollary 5.3, and the estimate for the £2-norm of the
resolvent of the main blocks:
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Lemma 5.5. Let

Ln = ()]0 + [0b;4, ) and  hPA) =Y > Ri(a.x) forn=>1.

acdb xe@)

4,/ ob;F
miA: () > MY < (161 _ 4vLy

M - M

Then

This Lemma is an extension of Lemma 2.8 in [23]. Note that in obvious
notation
[(n)]

(n) wn k(a)Wn k(x)
R 3 ’
3 (Ex) = Z T
i.e.
[(n)] wz () [(n)]
(n) 2 _ n.k 2 _
IRSVE =) G2 YoV =1
k=1 ’ k=1
Then,
[()] Enk
BP0 = 3 IRV E I = Z SR
(A —An k)
aeabn
Here
[()]
Dk = gyt
k=1
Also, {Vn i} {Ank}, k = 1,...,|(n)| are the eigenfunctions and eigenvalues of
the restriction of H to the main block (n).
Then
~ M
mA: (X)) > M) = m(A:hp(A) > ——).
O:HE0) = M) = m(iiha(h) > )
[(n)] B i Enk [()]
ha(A u n wi = 1.
2(A) = Z(A o Pe= Zﬂ k

Now one can apply Lemma 2.6 b) on page 283 in [23].
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Remark 4. The localization theorems (on the pure point spectrum of the Hamil-
tonian H) include as a central ingredient the square summability of the resolvent
kernel: ) cp [Rjtio(x, y)|? < oo for any xo € I and a.e. A € R'. One can ex-
pect that the absence of the a.c. spectrum requires weaker conditions on R (x, ).
Let’s formulate the real analytic result, which is based on the recent elegant result
by A. Gordon. His paper [2] was instantly accepted by Proceedings of the AMS
and will appear soon.

Theorem 5.6 (A.Gordon). Let u,,n > 1 be a family of discrete probability
measures on R' supported on the finite set {Ani,i = 1,2,..., Ny} with atoms
Oni, »_; 0ni = 1 for each n. Assume that py, = w (in C(RY)) and Z—’/{ = (1)
a.e. with [ w(A)dA > 0. The function 7 (1) is the density of the a.c. component
of the limiting measure p. Consider the Hilbert transforms hy,(A) = [ % =
Zan1 Af” . Then

lim sup A, () = 400

n—>-o0

a.e. on the set {A: (1) > 0}.

Remark 5. Theorem 5.6 and its corollary Theorem II in Section 6 will not be
used below. For our applications in Section sec: main results, it is sufficient to
use the weaker Theorem 4.4. Theorem 5.6 is crucial in case of bounded random
potentials, which are not covered by Theorem 4.4.

Remark 6. As was pointed out in [2], the result of Theorem 5.6 was conjectured
by the first author of the present paper. The conjecture was based on the analysis
of the particular example which we present here as an illustration of Gordon’s
Theorem.

Consider Chebyshev’s polynomial 7,,(1) = cos(narccosi),A € [—1, 1] and
the function
T, (A) 1

Iy (A) =

“A— A

where A, ; = cos ”(1+2’) ,i=1,.

The function 4,, (A) is the Hllbert transform of the measure u,, which has atoms
Opi = % at the points A, ;. As n — oo, this measure converges weakly to the a.c.
measure 4 with density 1 «/11_? |A| < 1. The substitution A = cos¢, ¢ € [0, ]
gives

~ sinng tanng
hn(cos @) = hn(p) = =

singcosng  sing
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In the probability space (22 = [0, x], B([0, r]), d—f, let’s consider the events

~ M
By = {o e 0.7): i) > ——} = {: |tanng| > M},
sin ¢

The set T, has a very simple structure: it is the union of the intervals A, ; of
length %arctan ﬁ ~ %(M > 1). Consider a fast increasing subsequence n’,
sayn’ = 2"2, k =1,2,.... Then the events f,,/ will be almost independent in our
probability space. Since () ~ %, one can easily prove that for any M, a.e. ¢
on [0, ] belongs to infinitely many T, It yields that lim sup |/, (1)| = 0o, a.e. on
[—1,1]. A similar idea for the study of the lacunar and super lacunar functional
series goes to A. Kolmogorov, see [24] containing a martingale approach to
problems of this kind.

From Theorem 5.6, one can deduce the following result.

Theorem 5.7. If for any xo € I the cluster expansion for R)(xo, xo) converges
absolutely for a.e. A € R' (i.e. limy_ o0 RELN)(XO, X) is finite a.e., where RSLN)(-, )
is the resolvent of H on Dy = U,],v=0(n) with Dirichlet Boundary condition on
I' — Dy), then the spectrum of H is pure singular.

6. Theorems on the absence of an a.c. spectrum and localization

In this section, we will prove the major results of this paper. They will be illustrated
by examples in sections 6 and 7.

Theorem 1. Consider the graph T introduced in section 1 and the Hamiltonian
H = A + V(x). Assume that one can find a system of counters b,, n = 1,2, ...
(the belts of thickness 1) such that for h,, = mibn [V (x)],

x€by,

|bn|/hn—>0, n — o0.
Then pqac.(H, f) = 0.

This result is a trivial corollary of Theorem 4.4. In fact if h;l |bn| — 0, then
one can find a sequence {n’}:

D bt bw| < o0
n/
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but

! b
2 W =Ry <

ZEUbn/

The following example illustrates the above theorem.

Example 6.1. Let ' = S be the Sierpifiski lattice and H = A + V(x, ),
x € §%, where V(x,w) is a system of unbounded i.i.d. random variables. Then
P-a.s. wac.(H) =0.

Proof. Consider the following events
An ={|V(Q", 0)| > hy, V"W, w)| > hn},

where 7 = (1,0), w = (3, 4) Events A, are independent and P(A4,) =
P2(|V| > h,) > 0. For appropriate h, — oo, Y., P(A,) = oo. The second
Borel-Cantelli lemma provides the existence P-a.s. of infinitely many events A, .
One can apply now the above Theorem I to the counters containing only two

points: b, = {2"7,2"w}. O

In fact, we didn’t use here the specific structure of $°° and proved the following
result.

Corollary 6.2. Suppose for the general graph T with conditions v(x) < K, one
can find an infinite system of belts by, |b,| < Co < oo for appropriate Cy. Assume
that the i.i.d. potential V(x,w) is unbounded (P(|V| > A) = P(A) > 0 for
any A). Then the Anderson Hamiltonian H = A + V(x, w) has no a.c. spectrum,
P-a.s.

We will return to the spectral theory of self-similar fractal graphs (like the
Sierpiriski lattice or snow flake) in another paper to cover cases with bounded
random potentials, where again p,c (H) = 0.

The following result is more general than Theorem I. It is based on Theorem 5.6
(Gordon’s Theorem).

Theorem II. The condition
81|8bl+|2|8bl_|2 —0, | >

implies that Sp, . (H) = @. Here §; = max |,Bi’ (z1, 22)|-
zZ1€ 7 s

22631){"_
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Proof. One can assume without loss of generality that

> " 8p|ob;} [?|0bj; 1> < oo
l/

for a subsequence of belts {b;/}.
Let’s now apply the Borel-Cantelli lemma, which will show that the resolvent
kernels Rg)(', -) are not “too large.”

Put
b b
w1 1B
oy o

I=12,...,

where o; > 01is any sequence such that ) ; oy <oo (and asaresult, ) ; /o775 <
00). Then the formulas in Corollary 5.3 will have the form

m(A € Rimax || > ) < 4o

or
m(A e Rimax |-| > ) <4 /o1+105.

And the Borel-Cantelli lemma gives that for a.e. A € R,

) 067
max |R/l (21,22)| <—— [I>=Lo(}) (®)]
21,2263[),
Similarly,
- 2
; [0b7 |
max_ |RV(z1,20)] = —H (6)
Zl,ZzeabH_l ol4+1
ab;T| |0b;
max|Ril)(zl,zz)| < M; @)
z1€db}t, N1
2263b1_+1
ab:T| |0b7
max |R (z1, 25)| < M. (8)
Zleabl_+1, \/O”TH-I
22€db;"
In the case 3 5 Rﬁo) (x0.21) one can put
|97 |

max |R/(10)(x0,21)| <

Zleabl «/a
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First, assume Lg(A) = 0 and choose o; = 381|8b,_|2|3bl+|2. Then, due to
Theorem 3.3, using the fact that the number of of paths [y] of length n is no more
than 2",

|R§7](x0,x0)| = ‘ Z Rio)(xo, 21),321 (Zl,Zz)Ril)(Zz, )
b
R (. 221-3)B77 (221-3. 221-2)

b
Rﬁl)(zzl—z, 221—1)1311 (z21-1, Zzl)R,(xo) (z21, xo)‘

< (Z |1'?,(10)(Xo,Zl)|>|,35{1 (21,22)|( Z |Ri1)(22,23)|>

22,23

( Z |R,(12) (Z2n—4, Z2n-3) |) |,322 (z2n—3, Z2n-2)|

Z2n—4,
Z21.—-3
1 b
( Z |Ri )(Zzn—z, ZZn—l)|)|,Bkl (z2n—1, Z2n)|
Z2n—2,22n—1
0
(S IR Gon o)),
Z2n
)
where the summations are over z; € by, z2 € b}, ..., 2213 € b, 212 €

0by, z21-1 € Bbf, Zon € 0b] with L being the number of times the path goes
through the belts until it returns to xo. Let ”1+ be the number of times the path
goes through belt ; in the direction away from xo and n; be the number of
times the path goes through belt b; in the direction toward xo. Then we have
nl+ = n; = ny, since the path starts from xo and ends at xo. For each time the
path goes through belt b; in the direction away from x,, the contribution to the
left part of the inequality (9) is bounded by
—2 +12 —12195+12
|0b; | 81|8bl | _ |0b,"||0b;" | 5, (10)
VTN 7

Similarly, for each time the path goes through the belt b; in the direction toward
X, the contribution to the left part of the inequality 9 is bounded by

|3bl+|2 |3bl_|2 _ |3bl_|2|3bl+|2
8 8

= (11)
NN o
Therefore, since nl+ =n; =n;, we have the following
L —12195+2
(7] |9b [719b,"|° N2t _ 1\ 2n
R ool < T (2, =8) 7 = (3) (12)

=1

where ) ;2n; =2nand oj = 381|3bl_|2|8bl+|2.
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The number of such paths can be estimated as 2”. The same estimates are
applicable to RELN )(-, ).

Therefore
o0

| R (x0,X0)| < Z

n=0
Let Sy = {A € R:Lo(X) = k}, k > 0. We proved that on the set Sy where
Lo(A) =0

2n

— =3.
3n

Ri(xo.x0) = 1im R} (x0. x0)

and A. Gordon’s Theorem 5.5 states that the a.c. component of the spectral mea-
sure pr(dA), f = 8x,(x), equals 0 on Sp.

Assume that Lo(A) > 0. If Lo(A) = k > 1 (i.e. inequalities (5)-(8) hold for
I > Lo(A) = k)), we introduce the new operator

Hy=A+V

where
V(x) ifxe(():l >k,

Apg ifxe(l):l <k.

V=
We select constants Ay large enough that
b7 2106, 1781 1
—_— < —_—
oy 3
onbelts b;: 1 <k .
Then for the resolvent kernel

Ry i (x, x0) = (Hi — A1) "85 (x), 8x0),

we can repeat for any k > 1 the previous consideration, which gives that on the
set Sg{A € R: Lo(A) = k}, there is no a.c. spectrum of H for f = 8xo(x). Due
to the Kato—Birman theorem [25], the same is true for H (the transition from H
to Hy, is a finite rank perturbation of H). This proves the theorem. O

The last theorem in this section gives sufficient conditions for localization.

Let’s stress that Theorems I and II about the absence of an a.c. spectrum don’t
contain information about the volumes of the main blocks. This information is
crucial for localization. It is clear that in the 1-D case(graph Z1!) for the potentials
presented as a sum of very sparse bumps, where the heights are increasing not
very fast, the spectral measure is pure singular continuous.
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Theorem IIl. Assume that for some sequence A, > 3,n = 1,2, ..., we have
|(n)]
—_— <X (13)
; 22 A2
and
o0
> Anbn|db?(0b;, 1> < 0. (14)
n=1

Then for any xo € T, the resolvent kernel Rj_y¢i(xo,-) belongs to £>(T) for a.e.
A € RL

Corollary 6.3. Consider the random Schrédinger operator H = A+V (x, w). The
potential V(x, w) is a system of i.i.d.r.v.’s with bounded distribution density p(v).
If P-a.s. one can find a system of belts {b,,n > 1} satisfying the conditions (13)
and (14) in Theorem 111, then the operator H has a pure point spectrum (P-a.s.).

Corollary 6.3 is a standard application of Simon—Wolff theorem 4.3.

Corollary 6.4 (delocalization). In the situation of Corollary 6.3, the spectrum of
H(as a closed subset of A-axis) is a union of disjoint intervals. In this case the well-
known result in [3] and [21] states that there exists a subset A of the Gg-class such
that the spectral measure of H is pure singular continuous, i.e. the delocalization
is generic topologically. Of course, m(A) = 0.

Proof of the Theorem 111. The future calculations will be formal. We will work
with the resolvent kernel R (xo, x) which is not defined for real A. Of course, we
have to start from the resolvent of the operator Hy on Uff:l (n) = Qn and passto
the limit N — oo. For brevity, we will not use this additional index N but assume
its existence.

Let’s introduce the following partition of the resolvent kernel R) (x¢, x):

o0
Ri(x0.x) = ) Rin(xo, )

n=0
where
Ryn(x0.x) =Y RY (x0, %).
7:(0)—(n)

Note that R;_,(xo,x) = 0, x ¢ (n). It gives

Y Ri(x0.x) <2) " > R}, (x0.X)
r

n=0x€e(n)

(each x belongs to at most two main blocks).
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Let’s analyze the function ﬁ/l,n (-,+) and its £>-norm. To compensate for the
possibly fast growth of |(n)], in the inequalities (5)-(8), we will put

= A,8,|ab,‘|2|8bl+|2, A>3
and assume that ) ; o; < co. Also in Lemma 5.5, we will put

+ —
< LD 5

One can take 8, = n% Due to the Borel-Cantelli lemma

Yo Y RPE P = My 0= o). (15)

g€db, Udb, | xe(n)

Let Lo(A) be the set of A € R! such that inequalities (5)—(8) and (15) are true for
any n > 0.
Then one can repeat with small changes the proof of the Theorem II.
Consider the particular term

R n(x0.x) = ZR,(\?)(XOJC)-
7:(0)0— ()

The path y can enter (n) from (n — 1) or (n 4+ 1). Consider the first possibility.
The shortest path [)7],(,_) in this class has length n and is of the form:

0 —1)—---—n-—-1) — (n).

515
Its contribution R/(l[y]” )(xo, x) can be estimated (as in Theorem II) by the expres-
sion

|0by [78110b)" > 3b,_ [*8n—119b,; |

o1 Op—1
B 3 e
SALI' 1 |ab+|2\/|8b+|égbj R (&, x)2
= A4, : |8b+|3/z 2 IR EnP

Eeab;,
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Summation over all paths [7]: (0) — --- — (n — 1) — (n) that enter (n) from
(n — 1) can be estimated by the expression:

1 oy, ) on+2 on+4
R ,x)|2( 1
A1A2...An|8b,fl3/2\/§+| 1 (. x) ( + 7 + 3 + )
§€dby,
co y Tecons IR E 0P
<
T A145.. Ay |8b;;"|3/2

(where C is a constant) due to the facts that the number of paths with length n + k
is bounded by 2" and
|0b; 121067128, 1
—_— < -
o 3
Similar estimates exist for the y: (0) — (1) - --- — (n + 1) — (n) but with
the last term being

\/deab;+l IR (.02
|0by 4 1P/

Taking squares of the two estimations above and considering summation over
x € (n), we get

(n) 2
X R0 < prrt (S B
o T A2AZ.. A2 0B, |3

x€(x)

Zseabﬂl’xem(Rin)(g’ X))z) (16)
|9b, 11 P

4" |(n)|n*
AT, A2

where Cy is a constant. Since we can modify A4, by any constant factor ¢ > 3
preserving the convergence of the series (14), we can neglect the factors 2" and n*
in (16).

If we have our estimates for Lo(A) = k > 1, we can consider a new Hamilton-
ian A which has “very large potentials” inside the first Lo(1) = k main blocks
and our initial potential V' (x, @) inside blocks (/) with [ > Lqy(A).

The operator H is a finite rank perturbation of H, which preserves the square
integrability of the resolvent, see [5]. But for H we have desirable estimations for
all / > 0. This completes the proof of Theorem III. |
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The idea of a transition using a finite rank perturbation from a general L¢(1)
to Lo(A) = 0 is the same as in the proof of the absence of an a.c. spectrum
(Theorems I and II).

Corollary 6.5. Assume that one can find a sequence of belts {b;;l > 1} with
|b| < M for some constant M and the corresponding main blocks (n) satisfy
|(n)| < C7 for some constant C; > 1. Then the condition ), §; < oo is sufficient
for the square integrability of Rj(xo,-) for a.e. A € R

Corollary 6.5 implies the 1-D localization theorem in [23].

7. Examples

We will illustrate Theorem III with several examples. In all of those examples, the
belts will be “relatively short.” The belt factors in these examples will be balanced
by large values of the potential on the belts.

Example 7.1 (Localization on Sierpinski lattice $°°). Let’s start from the fractal
(nested) lattice and consider as a typical example the Sierpifiski Lattice S°°. Let

S” be the part of §$°° with vertices 0, 27, and 2"w. The volume of S" is given as
3n+1 3
57 = ===,
2

See Figure 1.

Consider the Anderson Hamiltonian H = A + V(X,w), where X € S* and
V (-, w) are unbounded i.i.d. random variables with bounded density function f(x)
on R. Consider for fixed A4 the sequence of independent events

Ban =1{|V(", 0)| > A, V"0, w)| > A},
where 7 = (1,0) and @ = (1/2, +/3/2). Then

P(Ban) = p*(A) = ( /|

x|>A

2
f(x)dx) .

Let 74 be the moment of the first occurrence of B4, in the sequence B,
B4,1,.... Then t4 has a geometric distribution

P(ta =k) = (1— p*(A) ' p>(4) fork =1.2....,

with
Ety =

p2A)
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It is easy to see that
1
P2(A)t4 —> Exp(1) as A — co.

Consider the increasing sequence {4, = n}:n — oo and the moments t,.
Since

P(p2(n)ta > (1 + €)Inn) < D o
Z Z 1+e

n

for some constant ¢y and any € > 0, we have (due to the Borel-Cantelli lemma)

P-a.s. |
- (14+¢€)Inn

Tn = )
p*(n)
The successive belts b,,,n > 1 contain the pairs of points {277, 2%n 1w}, Of
course, we have

forn > no(w).

In
|(n)| <c13™ <y exp((l +¢€)In3 2 )> o0

and for fixed energy interval /,

C2(1)
n

B

where ¢y, ¢, are some constants.
Assume that P{|V ()| > A} = p(A) > <% for any A > 0, where c3 is
a constant. Then Corollary 6.5 provides the P—a s. localization with certainty if
6 <1 ie.
|(n)] < exp((1 + €)n?? Inn)

for some € > 0.
Theorem 7.2. Condition

1
P{V()| > A} = p(4) > % b<3.

is sufficient for P-a.s. localization on S*°.

The same proof works for all nested fractal lattices.

Let’s stress that we didn’t use here the fundamental properties of self-similarity
of §°°. The spectral analysis of the Laplacian on S° can provide much better
localization results and cover the case when V (-, w) has “light” tails. We will
return to this subject in other publications and prove localization for cases when
(A) > % for any 6 > 0.



766 S. Molchanov and L. Zheng

Example 7.3. Consider the Quasi-1 dimensional tree as shown in Figure 2,
denoted by 7. The set of vertices is

{X = (x1,x2): x1, X2 are nonnegative integers} U {(—1, 0)}.

Consider the Anderson Hamiltonian H = A + V(X, ) on T, where the V(-, ®)
are i.i.d. random variables with density f(x) such that

P(V(FEw) > A) = /OO f(x)dx = p(4) >0 forall A4 € R.
A

For a fixed energy interval /, let’s select a constant A such that ‘%‘ < % rel
and introduce the following points on the x — axis and on the vertical lines
{(x, y): ¥y > 0} for positive integers x. Put

71 = min{x; > 0:|V(x1,0,w)| > A4},
7o = min{x1: |V (x1,0,w)| > A, |[V(x1 + 1,0, w)| > A},

T, = min{x; > t,—1:|V(x1,0,w)| > A,...,|V(x1 + n —1,0,0)| > A},

Similarly, for fixed x, on the vertical line {(x, y): y > 0}, we define

Ty1 = min{y > 0: |V (x, y,w)| > A},
T2 =min{y > 71 [V(x,y,0)| > A4, |V(x,y + 1,w)| > A},

Ten = Min{y > Ty p1: |[V(x, y,0)| > A,...,|[V(x,y +n—1,0)| > A},

The random variables
T1, 72 = Tlse o5 Tn — Tp—1s -+ +»

Tx,lyfx,Z_ Tx,lv---’fx,n _‘Ex,n—ly"" X = 0’ 1’2""

are independent. As is easy to see, T, — T,—1 Of Ty, — Tx,n—1 are majorated by the
random variable n6, or nfy ,, where 0,7 and 07, are geometrically distributed

with parameter p”(A4). As in the previous example p"(A4)6; — Exp(1l). The
Borel-Cantelli lemma gives P-a.s.

(1+e€)lnn
pr(A4)

or < n > no(w)
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i.e.
(1+€e)nlnn
< - >
Ty — Tno1 < ) n > no(w)
The same calculations show that p” (A)Q;"n < (1+¢)(Inn+1n x) except for finitely
many pairs (x, n), i.e.

(1+¢)In(nx)

Tx,n <—
p"(4)

The belt b, consists of the points {(x1,0),7, < x; < 1, + n — 1} on the x-axis
and for any fixed x the points {(x, y), txn <y < txn + 1 — 1}. As aresult,

x+n>ni(w).

() < (teminn (1+ nin (n- S5
pm(4) )
< M
p*(4)

< c(A)n® Inne?@n

for some c¢(A4), ¥ (A) > 0. Also we have
1\n
B = (3)

. bk 2 —9n?
k=1

and

for some ¢ > 0.
Applying the general result of Theorem III, we get the following result.

Theorem 7.4. Consider the Anderson Hamiltonian on the graph T (see Figure 2),
where the V(X,w) are i.i.d. random variables with bounded distribution density
f(v) such that

f(w)ydv = p(A) >0 forany A > 0.
lv|>A4

The spectrum of H is pure point with probability 1

Remark 7. One can prove that the spectrum of the pure Laplacian A on the graph
T is a.c.

Remark 8. The Hausdorff dimension of the graph 7" equals 2: it is simply the
lattice Z? after removing some edges.
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