
J. Spectr. Theory 7 (2017), 659–697

DOI 10.4171/JST/174

Journal of Spectral Theory

© European Mathematical Society

Pseudospectra of the Schrödinger operator

with a discontinuous complex potential

Raphaël Henry and David Krejčiřík

Abstract. We study spectral properties of the Schrödinger operator with an imaginary

sign potential on the real line. By constructing the resolvent kernel, we show that the

pseudospectra of this operator are highly non-trivial, because of a blow-up of the resolvent

at in�nity. Furthermore, we derive estimates on the location of eigenvalues of the operator

perturbed by complex potentials. The overall analysis demonstrates striking di�erences

with respect to the weak-coupling behaviour of the Laplacian.

Mathematics Subject Classi�cation (2010). 34L15, 47A10, 47B44, 81Q12.

Keywords. Pseudospectra, non-self-adjointness, Schrödinger operators, discontinuous

potential, weak coupling, Birman–Schwinger principle.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 660

2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 661

3 The resolvent and spectrum . . . . . . . . . . . . . . . . . . . . . . . . 666

4 Pseudospectral estimates . . . . . . . . . . . . . . . . . . . . . . . . . . 670

5 General properties of the perturbed operator . . . . . . . . . . . . . . . 673

6 Eigenvalue estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 679

7 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 688

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 694



660 R. Henry and D. Krejčiřík

1. Introduction

Extensive work has been done recently in understanding the spectral properties

of non-self-adjoint operators through the concept of pseudospectrum. Referring

to by now classical monographs by Trefethen and Embree [33] and Davies [8],

we de�ne the pseudospectrum of an operator T in a Hilbert space H to be the

collection of sets

�".T / WD �.T / [ ¹z 2 CW k.T � z/�1k > "�1º; (1.1)

parametrised by " > 0, where k � k is the operator norm of H. If T is self-adjoint

(or more generally normal), then �".T / is just an "-tubular neighbourhood of

the spectrum �.T /. Universally, however, the pseudospectrum is a much more

reliable spectral description of T than the spectrum itself. For instance, it is

the pseudospectrum that measures the instability of the spectrum under small

perturbations by virtue of the formula

�".T / D
[

kU k�1

�.T C "U /: (1.2)

Leaving aside a lot of other interesting situations, let us recall the recent results

when T is a di�erential operator. As a starting point we take the harmonic-

oscillator Hamiltonian with complex frequency, which is also known as the rotated

or Davies’ oscillator (see [8, Section 14.5] for a review and references). Although

the complexi�cation has a little e�ect on the spectrum (the eigenvalues are just

rotated in the complex plane), a careful spectral analysis reveals drastic changes in

basis and other more delicate spectral properties of the operator, in particular, the

spectrum is highly unstable against small perturbations, as a consequence of the

pseudospectrum containing regions very far from the spectrum. Similar peculiar

spectral properties have been established for complex anharmonic oscillators (to

the references quoted in [8, Section 14.5], we add [15, 24] for the most recent

results), quadratic elliptic operators [27, 17, 34], complex cubic oscillators [30, 16,

21, 26], and other models (see the recent survey [21] and references therein).

A distinctive property of the complexi�ed harmonic oscillator is that the as-

sociated spectral problem is explicitly solvable in terms of special functions.

A powerful tool to study the pseudospectrum in the situations where explicit so-

lutions are not available is provided by microlocal analysis [7, 39, 11]. The weak

point of the semiclassical methods is the usual hypothesis that the coe�cients of

the di�erential operator are smooth enough (e.g. the potential of the Schrödinger

operator must be at least continuous), and it is indeed the case of all the models
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above. Another common feature of the di�erential operators whose pseudospec-

trum has been analysed so far is that their spectrum consists of discrete eigenvalues

only.

The objective of the present work is to enter an unexplored area of the pseu-

dospectral world by studying the pseudospectrum of a non-self-adjoint Schrö-

dinger operator whose potential is discontinuous and, at the same time, such that

the essential spectrum is not empty. Among various results described below, we

prove that the pseudospectrum is non-trivial, despite the boundedness of the po-

tential. Namely, we show that the norm of the resolvent can become arbitrarily

large outside a �xed neighbourhood of its spectrum. We hope that our results will

stimulate further analysis of non-self-adjoint di�erential operators with singular

coe�cients.

2. Main results

In this section we introduce our model and collect the main results of the paper.

The rest of the paper is primarily devoted to proofs, but additional results can be

found there, too.

2.1. The model. Motivated by the role of step-like potentials as toy models in

quantum mechanics, in this paper we consider the Schrödinger operator in L2.R/

de�ned by

H WD � d2

dx2
C i sgn.x/; Dom.H/ WD W 2;2.R/: (2.1)

In fact, H can be considered as an in�nite version of the PT-symmetric square

well introduced in [37] and further investigated in [38, 29].

Note thatH is obtained as a bounded perturbation of the (self-adjoint) Hamil-

tonian of a free particle in quantummechanics, which we shall simply denote here

by ��. Consequently,H is well de�ned (i.e. closed and densely de�ned). In fact,

H is m-sectorial with the numerical range (de�ned, as usual, by the set of all com-

plex numbers . ;H / such that  2 Dom.H/ and k k D 1) coinciding with the

closed half-strip

Num.H/ D xS; where S WD Œ0;C1/C i .�1; 1/: (2.2)

The adjoint of H , denoted here by H�, is simply obtained by changing Ci
to �i in (2.1). Consequently, H is neither self-adjoint nor normal. However, it

is T-self-adjoint (i.e. H� D THT), where T is the antilinear operator of complex
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conjugation (i.e. T WD N ). At the same time,H is P-self-adjoint, where P is the

parity operator de�ned by .P /.x/ WD  .�x/. Finally,H is PT-symmetric in the

sense of the validity of the commutation relation ŒH;PT� D 0.

Due to the analogy of the time-dependent Schrödinger equation for a quantum

particle subject to an external electromagnetic �eld and the paraxial approxima-

tion for a monochromatic light propagation in optical media [23], the dynamics

generated by (2.1) can experimentally be realised using optical systems. The phys-

ical signi�cance of PT-symmetry is a balance between gain and loss [5].

2.2. The spectrum. As a consequence of (2.2), the spectrum of H is contained

in xS. Moreover, the PT-symmetry implies that the spectrum is symmetric with

respect to the real axis. By constructing the resolvent ofH and employing suitable

singular sequences for H , we shall establish the following result.

Proposition 2.1. We have

�.H/ D �ess.H/ D Œ0;C1/C i ¹�1;C1º: (2.3)

The fact that the two rays Œ0;C1/ ˙ i form the essential spectrum of H

is expectable, because they coincide with the spectrum of the shifted Laplacian

��˙ i in L2.R/ and the essential spectrum of di�erential operators is known to

depend on the behaviour of their coe�cients at in�nity only (cf. [12, Section X]).

The absence of spectrum outside the rays is less obvious.

In fact, the spectrum in (2.3) is purely continuous, i.e. �.H/ D �c.H/, for it

can be easily checked that no point from the set on the right hand side of (2.3) can

be an eigenvalue ofH (as well asH�). An alternativeway how to a priori show the

absence of the residual spectrum ofH , �r.H/, is to employ the T-self-adjointness

of H (cf. [20, Section 5.2.5.4]).

2.3. The pseudospectrum. Before stating the main results of this paper, let us

recall that a closed operator T is said to have trivial pseudospectra if, for some

positive constant �, we have

�".T / � ¹zW dist.z; �.T // � � "º for all " > 0;

or equivalently,

k.T � z/�1k � �

dist.z; �.T //
for all z 2 C n �.T /: (2.4)

Normal operators have trivial pseudospectra, because for them the equality holds

in (2.4) with � D 1.
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In view of (2.2), in our case (2.4) holds with � D 1 if the resolvent set is

replaced by C n xS. However, the following statement implies that (2.4) cannot

hold inside the half-strip S.

Theorem 2.2. For all " > 0, there exists a positive constant r0 such that, for all

z 2 S with Re z � r0,

.1� "/
Re z

p

1� .Im z/2
� k.H � z/�1k � 4 .1C "/

Re z

1 � jIm zj : (2.5)

Although the estimates give a rather good description of the qualitative shape

of the pseudospectra, the constants and dependence on dist.z; �.H// D 1�jIm zj
for z 2 S are presumably not sharp.

In view of Theorem 2.2, H represents another example of a PT-symmetric

operator with non-trivial pseudospectra. The present study can be thus considered

as a natural continuation of the recent works [30, 16, 21]. However, let us stress that

the complex perturbation in the present model is bounded. Moreover, comparing

the present setting with the situation when (2.1) is subject to an extra Dirichlet

condition at zero (cf. Section 7.3), the di�erence between these two realisations is

indeed seen on the pseudospectral level only.

Even though the step-like shape of the potential in (2.1) is a feature of the

present study, we stress that the discontinuity by itself is not the source of the

non-trivial pseudospectra, see Remark 4.1 below.

The pseudospectrum ofH computed numerically using Eigtool [36] by Mark

Embree is presented in Figure 1.

2.4. Weak coupling. Inspired by (1.2), we eventually consider the perturbed

operator

H" WD H u "V (2.6)

in the limit as " ! 0. Here V is the operator of multiplication by a function

V 2 L1.R/ that we denote by the same letter. Since V is not necessarily relatively

bounded with respect to H , the dotted sum in (2.6) is understood in the sense of

forms. We remark that the perturbation does not change the essential spectrum,

i.e., �ess.H"/ D �ess.H/, and recall Proposition 2.1.

IfH were the free Hamiltonian �� and V were real-valued, the problem (2.6)

with " ! 0 is known as the regime of weak coupling in quantum mechanics. In

that case, it is well known that (under some extra assumptions on V ) the perturbed

operator ��u "V possesses a unique discrete eigenvalue for all small positive "

if, and only if, the integral of V is non-positive (see [32] for the original work).
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Figure 1. The curves k.H � z/�1k D "�1 in the complex z-plane computed for several

values of "; the di�erent colours correspond to log10 ", while the thick black lines are the

essential spectrum of H . (Courtesy of Mark Embree.)

This robust existence of “weakly coupled bound states” is of course related to the

singularity of the resolvent kernel of the free Hamiltonian at the bottom of the

essential spectrum. Indeed, these bound states do not exist in three and higher

dimensions, which is in turn related to the validity of the Hardy inequality for the

free Hamiltonian (see, e.g., [35]).

Complex-valued perturbations of the free Hamiltonian have been intensively

studied in recent years [1, 14, 6, 22, 9, 13, 10]. In [4, 25] the authors consider

perturbations of an operator which is by itself non-self-adjoint. In all of these

papers, however, the results are inherited from properties of the resolvent of the

free Hamiltonian.

In the present setting, the unperturbed operator H is non-self-adjoint. More-

over, its resolvent kernel has no local singularity, but it blows up as jzj ! C1
when jIm zj < 1, see Section 3. Consequently, discrete eigenvalues ofH" can only

“emerge from the in�nity,” but not from any �nite point of (2.3). The statement is

made precise by virtue of the following result.
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Theorem 2.3. Let V 2 L1.R; .1 C x2/ dx/. There exists a positive constant C

(independent of V and ") such that, whenever

" k.1C j � j2/V kL1.R/ � 1

C
;

we have

�p.H"/ � xS \
°

Re z � C

"2 kV k2
L1.R/

±

: (2.7)

It is interesting to compare this estimate on the location of possible eigenvalues

of H" with the celebrated result of [1]

�p.��u "V / �
°

jzj �
"2 kV k2

L1.R/

4

±

: (2.8)

Our bound (2.7) can be indeed read as an inverse of (2.8). It demonstrates how

much the present situation di�ers from the study of weakly coupled eigenvalues

of the free Hamiltonian.

Under some additional assumptions on V , the claim of Theorem 2.3 can be

improved in the following way.

Theorem 2.4. Let n � 2 and V 2 L1.R; .1C x2n/ dx/ \ W 1;1.R/. There exist

positive constants "0 and C such that, for all " 2 .0; "0/, we have

�p.H"/ � xS \
°

Re z � C

"2n

±

: (2.9)

In particular, if for instance V belongs to the Schwartz space S.R/, then every

eigenvalue �."/ of H" must “escape to in�nity” faster than any power of "�1 as

" ! 0, namely j�."/j�1 D O."1/.

Remark 2.5. The reader will notice that statement (2.7) di�ers from (2.9) in

that the latter does not highlight the dependence of the right hand side on the

potential V but only on its amplitude ". The reason is that it is the behaviour

of H" on diminishing " that primarily interests us. Moreover, the proofs of the

theorems are di�erent and it would be cumbersome (but doable in principle) to

gather the dependence of the right hand side in (2.9) on (di�erent) norms of V .

2.5. The content of the paper. The organisation of this paper is as follows.

In Section 3, we �nd the integral kernel of the resolvent .H � z/�1, cf. Propo-

sition 3.1, and use it to prove Proposition 2.1.

In Section 4, the explicit formula of the resolvent kernel is further exploited in

order to prove Theorem 2.2.
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The de�nition of the perturbed operator (2.6) and its general properties are

established in Section 5. In particular, we locate its essential spectrum (Proposi-

tion 5.5) and prove the Birman–Schwinger principle (Theorem 5.3).

Section 6 is divided into two respective subsections, in which we prove Theo-

rems 2.3 and 2.4 with help of the Birman–Schwinger principle and, again, using

the explicit formula of the resolvent kernel.

Finally, in Section 7, we present two concrete examples of the perturbed

operator (2.6). Moreover, we make a comparison of the present study with a

decoupled model due to an extra Dirichlet condition.

3. The resolvent and spectrum

Our goal in this section is to obtain an integral representation of the resolvent

of H . Using that result, we give a proof of Proposition 2.1.

In the following, we set

kC.z/ WD
p
i � z and k�.z/ WD

p
�i � z;

where we choose the principal value of the square root, i.e., z 7! p
z is holomor-

phic on C n .�1; 0� and positive on .0;C1/.

Proposition 3.1. For all z … RC C i ¹�1; 1º , H � z is invertible and, for every

f 2 L2.R/ ,

Œ.H � z/�1f �.x/ D
Z

R

Rz.x; y/ f .y/ dy; (3.1)

where

Rz.x; y/ WD

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

1

kC.z/C k�.z/
e�k˙.z/jxj�k�.z/jyj; ˙x � 0; ˙y � 0;

1

2k˙.z/
e�k˙.z/jx�yj;

˙ kC.z/ � k�.z/
2k˙.z/.kC.z/C k�.z//

e�k˙.z/jxCyj; ˙x � 0; ˙y � 0:

(3.2)

Remark 3.2. The kernel Rz.x; y/ is clearly bounded for every .x; y/ 2 R
2 and

�xed z 6D ˙i . Moreover, using (4.1) below, it can be shown that it remains bounded

for z D ˙i as well. Hence, contrary to the case of the resolvent kernel of the free
Hamiltonian �� in one or two dimensions, the resolvent kernel ofH has no local



Pseudospectra of the Schrödinger operator 667

singularity. On the other hand, and again contrary to the case of the Laplacian,

for all �xed .x; y/ 2 R
2, jRz.x; y/j �! C1 as Re z ! C1, z 2 S. Hence,

the kernel exhibits a blow-up at in�nity. The absence of singularity will play

a fundamental role in the analysis of weakly coupled eigenvalues in Section 6.

Moreover, we shall see in Section 4 that the singular behaviour at in�nity is

responsible for the spectral instability of H .

Proof of Proposition 3.1. Let z … Œ0;1/C i¹�1; 1º and f 2 L2.R/. We look for

the solution of the resolvent equation .H � z/u D f .

The general solutions u˙ of the individual equations

� u00 C .˙i � z/u � f D 0 in R˙; (3.3)

where RC WD Œ0;C1/ and R� WD .�1; 0�, are given by

u˙.x/ D ˛˙.x/ ek˙.z/x C ˇ˙.x/ e�k˙.z/x ;

where ˛˙, ˇ˙ are functions to be yet determined. Variation of parameters leads

to the following system:
8

<

:

˛0
˙.x/e

k˙.z/x C ˇ0
˙.x/e

�k˙.z/x D 0;

k˙.z/˛0
˙.x/e

k˙.z/x � k˙.z/ˇ0
˙.x/e

�k˙.z/x D �f:
Hence, we can choose

˛˙.x/ D � 1

2k˙.z/

Z x

0

f .y/ e�k˙.z/ydy C A˙; ˙x > 0;

ˇ˙.x/ D 1

2k˙.z/

Z x

0

f .y/ ek˙.z/ydy C B˙; ˙x > 0;

where A˙; B˙ are arbitray complex constants. The desired general solutions

of (3.3) are then given by

u˙.x/ D �1
k˙.z/

Z x

0

f .y/ sinh.k˙.z/.x � y// dy C A˙ek˙.z/x C B˙e�k˙.z/x ;

(3.4)

with .AC; A�; BC; B�/ 2 C
4 .

Among these solutions, we are interested in those which satisfy the regularity

conditions

uC.0/ D u�.0/; u0
C.0/ D u0

�.0/: (3.5)

These conditions are equivalent to the system
8

<

:

AC C BC D A� C B�;

kC.z/AC � kC.z/BC D k�.z/A� � k�.z/B�;
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whence we obtain the following relations:

8

<

:

2AC D .kC.z/C k�.z//A� C .kC.z/ � k�.z//B�;

2BC D .kC.z/ � k�.z//A� C .kC.z/C k�.z//B�:
(3.6)

Summing up, assuming (3.6), the function

u.x/ WD

8

<

:

uC.x/ if x � 0;

u�.x/ if x � 0;
(3.7)

belongs to W
2;2
loc .R/ and solves the di�erential equation (3.3) in the whole R. It

remains to check some decay conditions as x ! ˙1 in addition to (3.6). This

can be done by setting

AC WD 1

2kC.z/

Z C1

0

f .y/ e�kC.z/ydy; (3.8)

B� WD 1

2k�.z/

Z 0

�1
f .y/ ek�.z/ydy: (3.9)

Indeed, then

uC.x/ D � 1

2kC.z/
ekC.z/x

Z C1

x

f .y/ e�kC.z/ydy

Ce�kC.z/x
� 1

2kC.z/

Z x

0

f .y/ ekC.z/ydy C BC
�

goes to 0 as x ! C1, and similarly for u�.
By gathering relations (3.6), (3.8) and (3.9), we obtain the following values

for A� and BC:

A� D 1

kC.z/C k�.z/

Z C1

0

f .y/ e�kC.z/ydy

� kC.z/ � k�.z/
2k�.z/.kC.z/C k�.z//

Z 0

�1
f .y/ ek�.z/ydy;

(3.10)

BC D kC.z/ � k�.z/
2kC.z/.kC.z/C k�.z//

Z C1

0

f .y/ e�kC.z/ydy

C 1

kC.z/C k�.z/

Z 0

�1
f .y/ ek�.z/ydy:

(3.11)
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Replacing the constants AC; A�; BC; B� by their values (3.8), (3.10), (3.11),

and (3.9), respectively, expression (3.7) with (3.4) gives the desired integral rep-

resentation

u.x/ D
Z

R

Rz.x; y/ f .y/ dy (3.12)

for a decaying solution of the di�erential equation (3.3) in R.

To complete the proof, it remains to check that u given by (3.12) is indeed

in the operator domain Dom.H/ D W 2;2.R/. Using for instance the Schur test

(cf. (4.5) below), it is straightforward to check that u is in L2.R/ provided that

f 2 L2.R/. Therefore u00 D .i sign x � z/u� f 2 L2.R/ , whence u 2 W 2;2.R/

and u D .H � z/�1f . �

This representation of the resolvent will be used in Sections 5 and 6 to study

the location of weakly coupled eigenvalues. It will also enable us to prove the

existence of non-trivial pseudospectra in Section 4. In this section we use it to

prove Proposition 2.1.

Proof of Proposition 2.1. According to Proposition 3.1, we have

�.H/ � RC C i ¹�1;C1º:

It remains to prove the inverse inclusion. This can be achieved by a standard

singular sequence construction.

Let .aj /j �1 be a real increasing sequence such that, for all j � 1, aj C1 � aj >

2j C 1. Let �j 2 C1
0 .R/ be such that Supp �j � .aj � j; aj C j /, �j .x/ D 1 for

all x 2 Œaj � 1; aj C 1�, and

sup j� 0
j j � C

j
; sup j� 00

j j � C

j 2
;

for some C > 0 .

Then, for all r � 0, the sequence

u˙
j .x/ WD Cj �j .˙x/ eirx;

where Cj is chosen so that ku˙
j k D 1, is a singular sequence forH corresponding

to z D ˙i C r in the sense of [12, De�nition IX.1.2]. Hence, according to [12,

Theorem IX.1.3], we have

�.H/ � RC C i ¹�1;C1º:

This completes the proof of the proposition. �



670 R. Henry and D. Krejčiřík

4. Pseudospectral estimates

The main purpose of this section is to give a proof of Theorem 2.2.

Proof of Theorem 2.2. Let z D � C iı , where � > 0 and ı 2 .�1; 1/. Recall
our convention for the square root we �xed at the beginning of Section 3. The

following expansions hold

kC.z/ D
p

i.1� ı/� �

D i
p

� � i.1 � ı/

D i
p
� C 1 � ı

2
p
�

C O

� 1

j� j3=2

�

;

(4.1a)

k�.z/ D
p

i.�1� ı/ � �

D �i
p

� C i.1C ı/

D �ip� C 1C ı

2
p
�

C O

� 1

j� j3=2

�

;

(4.1b)

as � ! C1. As a consequence, we have the asymptotics

jkC.z/j � p
�; jk�.z/j � p

�; (4.2)

Re kC.z/ � 1 � ı
2
p
�
; Re k�.z/ � 1C ı

2
p
�
; (4.3)

jkC.z/C k�.z/j � 1p
�
;jkC.z/ � k�.z/j � 2

p
�; (4.4)

as � ! C1.

Let us prove the upper bound in (2.5) using the Schur test:

k.H � z/�1k2 � sup
x2R

Z

R

jRz.x; y/j dy � sup
y2R

Z

R

jRz.x; y/j dx: (4.5)

After noticing the symmetry relationRz.x; y/ D Rz.y; x/ valid for all .x; y/ 2 R
2

(which is a consequence of the T-self-adjointness of H ), we simply have

k.H � z/�1k � sup
x2R

Z

R

jRz.x; y/j dy: (4.6)
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By virtue of (3.2), for all x > 0,

Z

R

jRz.x; y/j dy � 1

jkC.z/C k�.z/j

Z 0

�1
e�RekC.z/ xCRek�.z/ y dy

C 1

2jkC.z/j

Z C1

0

e�RekCjx�yj dy

C jkC.z/ � k�.z/j
2jkC.z/jjkC.z/C k�.z/j

Z C1

0

e�RekC.z/.xCy/ dy

� 1

Re k�.z/jkC.z/C k�.z/j
C 1

2Re kC.z/jkC.z/j

C jkC.z/ � k�.z/j
2Re kC.z/jkC.z/jjkC.z/C k�.z/j

:

(4.7)

Similarly, if x < 0,

Z

R

jRz.x; y/j dy � 1

Re kC.z/jkC.z/C k�.z/j
C 1

2Re k�.z/jk�.z/j

C jkC.z/ � k�.z/j
2Re k�.z/jk�.z/jjkC.z/C k�.z/j

:

(4.8)

According to (4.2)–(4.4), the right hand sides in (4.7) and (4.8) are both equivalent

to

2�Œ.1C ı/�1 C .1 � ı/�1� � 4�

1� jıj ;

whence (4.6) yields the upper bound in (2.5).

In order to get the lower bound, we set

f0.x/ WD e�kC.z/ x�.0;1/.x/; (4.9)

where �† denotes the characteristic function of a set †. Then according to (3.2),

k.H � z/�1f0k2

�
Z 0

�1

ˇ

ˇ

ˇ

ˇ

1

kC.z/C k�.z/

Z C1

0

ek�.z/ x�2RekC.z/ y dy

ˇ

ˇ

ˇ

ˇ

2

dx

D 1

jkC.z/C k�.z/j2
Z 0

�1
e2Rek�.z/ x dx

� Z C1

0

e�2RekC.z/ y dy

�2

D 1

.2Re kC.z//2 2Re k�.z/ jkC.z/C k�.z/j2
:

(4.10)
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On the other hand, we have

kf0k2 D 1

2Re kC.z/
: (4.11)

Hence, using (4.3) and (4.4),

k.H � z/�1f0k
kf0k � 1

2
p

Re kC.z/Re k�.z/ jkC.z/C k�.z/j
� �p

1 � ı2

as � ! C1 , and the lower bound in (2.5) follows. �

Remark 4.1 (Irrelevance of discontinuity). Although the proof above relies on

the particular form of the potential i sgn.x/, it turns out that the discontinuity at

x D 0 is not responsible for the spectral instability highlighted by Theorem 2.2.

Indeed, consider instead of the potential i sgn.x/ a smooth potential V.x/ such

that, for some a > 0, the di�erence

h.x/ WD i sgn.x/ � V.x/
is supported in the interval Œ�a; 0�. In order to get a lower bound for the norm

of the resolvent of the regularised operator zH WD � d2

dx2 C V.x/, we shall use the

pseudomode

g0 WD .H � z/�1f0;

where the function f0 is introduced in (4.9). Using again the asymptotic expan-

sions (4.1), one can check that, provided that Re z is large enough,

khg0k2 � C .Re z/2

for some C > 0 independent of z. Thus, in view of (4.11), we have

k. zH � z/g0k � kf0k C khg0k D O.Re z/

as Re z ! C1, z 2 S. On the other hand, (4.10) yields

kg0k2 � C 0 .Re z/5=2

for some C 0 > 0 independent of z. Consequently, g0 is a .Re z/
�1=4-pseudomode

for zH � z, or more speci�cally,
k. zH � z/�1k � c .Re z/1=4 (4.12)

with c > 0 independent of z, as Re z ! C1, z 2 S.

Summing up, despite of the fact that the lower bound in (4.12) is not as good as

that of Theorem 2.2, the presence of non-trivial pseudospectra for the operator zH
clearly indicates that the discontinuity of the potential i sgn.x/ does not really

play any essential role in the spectral instability of H .
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5. General properties of the perturbed operator

In this section, we state some basic properties about the perturbed operator H"

introduced in (2.6). Here " is not necessarily small and positive.

5.1. De�nition of the perturbed operator. The unperturbed operator H intro-

duced in (2.1) is associated (in the sense of the representation theorem [18, Theo-

rem VI.2.1]) with the sesquilinear form

h. ; �/ WD
Z

R

 0.x/ N�0.x/ dx C i

Z C1

0

 .x/ N�.x/ dx � i
Z 0

�1
 .x/ N�.x/ dx;

Dom.h/ WD W 1;2.R/:

In view of (2.2), h is sectorial with vertex �1 and semi-angle �=4. In fact, h is

obtained as a bounded perturbation of the non-negative form q associated with the

free Hamiltonian ��,

q. ; �/ WD
Z

R

 0.x/ N�0.x/ dx;

Dom.q/ WD W 1;2.R/:

Given any function V 2 L1.R/, let v be the sesquilinear form of the corre-

sponding multiplication operator (that we also denote by V ), i.e.,

v. ; �/ WD
Z

R

V.x/ .x/ N�.x/ dx;

Dom.v/ WD ¹ 2 L2.R/W jV j1=2 2 L2.R/º:

As usual, we denote by vŒ � WD v. ;  / the corresponding quadratic form.

Lemma 5.1. Let V 2 L1.R/. Then Dom.v/ � W 1;2.R/ and, for every  2
W 1;2.R/,

jvŒ �j � 2kV kL1.R/k 0kk k: (5.1)

Proof. Set

f .x/ WD
Z x

�1
V.�/d�:
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For every  2 C1
0 .R/, an integration by parts together with the Schwarz inequal-

ity yields

jvŒ �j D
ˇ

ˇ

ˇ

ˇ

Z

R

f 0.x/j .x/j2 dx
ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

Z

R

f .x/ 2Re . 0.x/ N .x// dx
ˇ

ˇ

ˇ

ˇ

� 2kV kL1.R/k 0kk k:

By density of C1
0 .R/ inW 1;2.R/, the inequality extends to all  2 W 1;2.R/ and,

in particular, jvŒ �j < 1 whenever  2 W 1;2.R/. �

It follows from the lemma that v is 1
2
-subordinated to q, which in particular

implies that v is relatively bounded with respect to q with the relative bound equal

to zero. Classical stability results (see, e.g., [20, Section 5.3.4]) then ensure that

the form q C v is sectorial and closed. Since h is a bounded perturbation of q,

we also know that h1 WD h C v is sectorial and closed. We de�ne H1 to be the

m-sectorial operator associated with the form h1. The representation theorem

yields

H1 D � 00 C i sgn C V ; (5.2a)

Dom.H1/ D ¹ 2 W 1;2.R/W there exists � 2 L2.R/;

for all � 2 W 1;2.R/; h1. ; �/ D .�; �/º
D ¹ 2 W 1;2.R/W � 00 C V 2 L2.R/º;

(5.2b)

where � 00 C V should be understood as a distribution. By the replacement

V 7! "V , we introduce in the same way as above the form h" WD hC "v and the

associated operatorH" for any " 2 R. Of course, we have H0 D H .

5.2. The Birman–Schwinger principle. As regards spectral theory, H" repre-

sents a singular perturbation of H , for we are perturbing an operator with purely

essential spectrum. An e�cient way to deal with such problems in self-adjoint

settings is the method of the Birman–Schwinger principle, due to which a study

of discrete eigenvalues of the di�erential operator H" is transferred to a spec-

tral analysis of an integral operator. We refer to [2, 28] for the original works

and to [31, 32, 3, 19] for an extensive development of the method for Schrödinger

operators. In recent years, the technique has been also applied to Schrödinger op-

erators with complex potentials (see, e.g., [1, 22, 13]). However, our setting di�ers
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from all the previous works in that the unperturbed operator H is already non-

self-adjoint and its resolvent kernel substantially di�ers from the resolvent of the

free Hamiltonian. The objective of this subsection is to carefully establish the

Birman–Schwinger principle in our unconventional situation.

In the following, given V 2 L1.R/, we denote

V1=2.x/ WD jV j1=2ei argV.x/;

so that V D jV j1=2V1=2.

We have introduced H as an unbounded operator with domain Dom.H/ D
W 2;2.R/ acting in the Hilbert space L2.R/. It can be regarded as a bounded op-

erator from W 2;2.R/ to L2.R/. More interestingly, using the variational formu-

lation, H can be also viewed as a bounded operator from W 1;2.R/ to W �1;2.R/,

by de�ningH for all  2 W 1;2.R/ by

�1hH ; �iC1 WD h. ; �/ for all � 2 W 1;2.R/;

where �1h�; �iC1 denotes the duality bracket between W
�1;2.R/ and W 1;2.R/.

Similarly, in addition to regarding the multiplication operators jV j1=2 and V1=2

as operators from W 1;2.R/ to L2.R/, we can view them as operators from L2.R/

toW �1;2.R/, due to the relative boundedness of v with respect to q (cf. Lemma 5.1

and the text below it).

Finally, let us notice that, for all z 2 C n �.H/, the resolvent .H � z/�1 can be

viewed as an operator from W �1;2.R/ to W 1;2.R/. Indeed, for all � 2 W �1;2.R/,

there exists a unique  2 W 1;2.R/ such that

�1h�; �iC1 D h. ; �/ � z. ; �/ for all � 2 W 1;2.R/; (5.3)

where .�; �/ denotes the inner product in L2.R/. Hence the operator

.H � z/WW 1;2.R/ �! W �1;2.R/

is bijective.

With the above identi�cations, for all z 2 C n �.H/, we introduce

Kz WD jV j1=2.H � z/�1V1=2 (5.4)

as a bounded operator on L2.R/ to L2.R/. Kz is an integral operator with kernel

Kz.x; y/ WD jV j1=2.x/Rz.x; y/ V1=2.y/; (5.5)

where Rz is the kernel of the resolvent .H � z/�1 written down explicitly in (3.2).

The following result shows that Kz is in fact compact.
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Lemma 5.2. Let V 2 L1.R/. For all z 2 C n �.H/, Kz is a Hilbert–Schmidt

operator.

Proof. By de�nition of the Hilbert–Schmidt norm,

kKzkHS D
Z

R2

jV.x/jjRz.x; y/j2jV.y/j dx dy

� kV k2
L1.R/

sup
.x;y/2R2

jRz.x; y/j2:
(5.6)

According to (3.2), we have

sup
.x;y/2R2

jRz.x; y/j2

� 1

jkC.z/C k�.z/j2
C

� 1

jkC.z/j2
C 1

jk�.z/j2
��

1C jkC.z/ � k�.z/j2
jkC.z/C k�.z/j2

�

;

where the right hand side is �nite for all z 2 C n �.H/. �

We are now in a position to state the Birman–Schwinger principle for our

operator H".

Theorem 5.3 (Birman–Schwinger principle). Let V 2 L1.R/ and " 2 R. For all

z 2 C n �.H/, we have

z 2 �p.H"/ () �1 2 �."Kz/:

Proof. Clearly, it is enough to establish the equivalence for " D 1.

If z 2 �p.H1/, then there exists a non-trivial function  2 Dom.H1/ such that

H1 D z . In particular,  2 Dom.h1/ D W 1;2.R/ and

h1. ; �/ � h. ; �/C v. ; �/ D z. ; �/ (5.7)

holds for every � 2 W 1;2.R/. We set

g WD jV j1=2 2 L2.R/:

Given an arbitrary test function ' 2 L2.R/, we introduce an auxiliary function

� WD .H� � Nz/�1jV j1=2' 2 W 1;2.R/:
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(Note that �.H�/ D �.H/ and that the spectrum is symmetric with respect to the

real axis, so the resolvent .H� � Nz/�1 is well de�ned. Moreover, recall that H is

T-self-adjoint.) We have

.Kzg; '/ D v. ; �/

D �h. ; �/C z. ; �/

D �h�.�;  /C Nz.�;  /

D ��1hjV j1=2';  iC1

D �.'; jV j1=2 /

D �.g; '/:

Here the �rst equality uses the integral representation (5.5) of Kz, the second

equality is due to (5.7) and the equality on the third line is a version of (5.3)

for H�. Hence, g is an eigenfunction of Kz corresponding to the eigenvalue �1.
Conversely, if �1 2 �.Kz/, then �1 is an eigenvalue of Kz , because Kz is

compact (cf. Lemma 5.2). Hence, there exists a non-trivial g 2 L2.R/ such that

Kzg D �g. De�ning,  WD .H � z/�1V1=2 g 2 W 1;2.R/, we have

h1. ; �/ D h. ; �/� z. ; �/C z. ; �/C v. ; �/

D �1hV1=2 g;  iC1 C z. ; �/C �1hV ; �iC1

D �1hV1=2 g;  iC1 C z. ; �/C �1hV1=2Kzg; �iC1

D z. ; �/

for all � 2 W 1;2.R/, where the eigenvalue equation is used in the last equality.

It follows that  2 Dom.H/ (cf. (5.2)) andH D z . �

5.3. Stability of the essential spectrum. As the last result of this section,

we locate the essential spectrum of the perturbed operatorH".

Since there exist various de�nitions of the essential spectrum for non-self-

adjoint operators (cf. [12, Section IX] or [20, Section 5.4]), we note that we use

the widest (that due to Browder) in this paper. More speci�cally, given a closed

operator T in a Hilbert space H, we set �ess.T / WD �.T / n �disc.T /, where the
discrete spectrum is de�ned as the set of isolated eigenvalues � of T which have

�nite algebraic multiplicity and such that Ran.T � �/ is closed in H.
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Our stability result will follow from the following compactness property.

Lemma 5.4. Let V 2 L1.R/ and " 2 R. For all z 2 C n Œ�.H/ [ �.H"/�,

the resolvent di�erence .H" � z/�1 � .H � z/�1 is a compact operator in L2.R/.

Proof. It is straightforward to verify the resolvent equation

.H" � z/�1 � .H � z/�1 D �"A�B;

where

A WD xV1=2.H
�
" � Nz/�1 and B WD jV j1=2.H � z/�1

are bounded operators (recall that Dom.h"/ D W 1;2.R/ � Dom.v/). It is thus

enough to show thatB is compact. It is equivalent to proving thatBB� is compact.
However, BB� is an integral operator with kernel

jV j1=2.x/Nz.x; y/ jV j1=2.y/;

where

Nz.x; y/ WD
Z

R

Rz.x; �/Rz.y; �/ d�

is the integral kernel of .H � z/�1.H� � Nz/�1. Consequently,

kBB�kHS � kV kL1.R/ sup
.x;y/2R2

jNz.x; y/j: (5.8)

Using (3.2), it is straightforward to check that, for all z 2 C n �.H/, Rz 2
L1.RIL2.R//, and thus the supremum on the right-hand side of (5.8) is a �nite

(z-dependent) constant. Summing up, BB� is Hilbert–Schmidt, in particular it is

compact. �

Proposition 5.5. Let V 2 L1.R/. For all " 2 R, we have

�ess.H"/ D �ess.H/ D RC C i ¹�1;C1º: (5.9)

Proof. First of all, notice that, since H" is m-sectorial for all " 2 R, the intersec-

tion of the resolvent sets ofH" andH is not empty. By Lemma 5.4 and a classical

stability result about the invariance of the essential spectra under perturbations

(see, e.g., [12, Theorem IX.2.4]), we immediately obtain (5.9) for more restrictive

de�nitions of the essential spectrum. To deduce the result for our de�nition of the

essential spectrum, it is enough to notice that the exterior of �ess.H/ is connected

(cf. [20, Proposition 5.4.4]). �

Remark 5.6. In view of Proposition 5.5, the equivalence of Theorem 5.3 remains

to hold if �p.H"/ is replaced by �.H"/ or �disc.H"/.
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6. Eigenvalue estimates

In this section, we consecutively prove Theorems 2.3 and 2.4.

6.1. Proof of Theorem 2.3. Our strategy is based on Theorem 5.3 and on

estimating the norm of the Birman–Schwinger operatorKz by its Hilbert–Schmidt

norm. To get a better estimate than that of (5.6), we proceed as follows.

Let us partition the complex plane into several regions where z 7! Rz has a

di�erent behaviour. We set

DC WD ¹z 2 CW jz � i j � 3=2º n .RC C i/;

D� WD ¹z 2 CW jz C i j � 3=2º n .RC � i/;

U WD C n . NS [DC [D�/;

W WD S n .DC [D�/;

where S is de�ned in (2.2), see Figure 2. We have indeed

C n .RC C i¹�1; 1º/ D DC [D� [ U [W:

Figure 2. The subdomains DC, D�, U , and W .
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First, let us estimate sup
R2 jRzj for z 2 DC. As z ! i , we have kC.z/ ! 0

and k�.z/ !
p

�2i . Thus, there exist positive constants c0 , c1 and c2 such that,

for all z 2 DC,

jkC.z/C k�.z/j � 1

c0

; jkC.z/ � k�.z/j � c1; jk�.z/j � 1

c2

: (6.1)

According to (3.2), we then have, for all .x; y/ 2 R
2 such that xy � 0,

jRz.x; y/j � 1

jkC.z/C k�.z/j
� c0; (6.2)

and, for all .x; y/ 2 ¹x � 0; y � 0º,

jRz.x; y/j � 1

2jk�.z/j
�

1C jkC.z/ � k�.z/j
jkC.z/C k�.z/j

�

� c2

2
.1C c0c1/: (6.3)

It remains to check that there is no singularity as z ! i for x > 0 , y > 0 :

jRz.x; y/j D 1

2jkC.z/j
ˇ

ˇ

ˇ
e�kC.z/jx�yj C

�

� 1C 2kC.z/
kC.z/C k�.z/

�

e�kC.z/.jxjCjyj/
ˇ

ˇ

ˇ

� 1

2jkC.z/j
je�kC.z/jx�yj � e�kC.z/.jxjCjyj/j C 1

jkC.z/C k�.z/j

� c0 C 1

2jkC.z/j
j.e�kC.z/jx�yj � 1/ � .e�kC.z/.jxjCjyj/ � 1/j

� c0 C jx � yj C jxj C jyj
2

� c0 C jxj C jyj;
(6.4)

where we have used the inequality je�! � 1j � j!j for Re! � 0. Using (6.2),

(6.3) and (6.4), we then get, for all z 2 DC,

kKzk2
HS �

Z

R2

jV.x/j
�

3c2
0 C c2

2

4
.1C c0c1/

2 C 2.jxj C jyj/2
�

jV.y/j dx dy

� CC

� Z

R

.1C jxj2/jV.x/j dx
�2

;

(6.5)

with some CC > 0.

Similarly, one can check that there exists C� > 0 such that, for all z 2 D�,

kKzk2
HS � C�

� Z

R

.1C jxj2/jV.x/j dx
�2

: (6.6)
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Now let us consider the region U . Notice that, as jzj ! C1, z 2 U , we have

kC.z/ � k�.z/ �! 0 and kC.z/ � k�.z/ � p�z;

hence jkC C k�j�1, jkCj�1, jk�j�1 and jkC � k�j are uniformly bounded in U .

Thus, there exists C1 > 0 such that, for all z 2 U ,

kKzk2
HS � kV k2

L1.R/
sup

.x;y/2R2

jRz.x; y/j2 � C1kV k2
L1.R/

: (6.7)

Finally, for z 2 W , we use the asymptotic expansions (4.2) and (4.4).

In particular, there exist c3 > 0, c4 > 0 and c5 > 0 such that, for all z 2 W ,

2jk˙.z/j �
p
Re z

c3

; jk�.z/�kC.z/j � c4

p
Re z; jkC.z/Ck�.z/j � 1

c5

p
Re z

:

Thus, according to (3.2), we have

sup
.x;y/2R2

jRz.x; y/j � c3p
Re z

C c3c4c5

p
Re z �

p

C2Re z

for some C2 > 0, hence

kKzk2
HS � C2 Re z kV k2

L1.R/
: (6.8)

Gathering (6.5), (6.6), (6.7), and (6.8), for all z 2 C n .RC C i¹�1;C1º/
we obtain

kKzk2
HS � max.max.CC; C�; C1/k.1C j � j2/V k2

L1.R/
; C2 Re z kV k2

L1.R/
/; (6.9)

and more precisely when z … S,

kKzk2
HS � max.CC; C�; C1/k.1C j � j2/V k2

L1.R/
:

In particular, if k.1 C j � j2/V k2
L1.R/

< max.CC; C�; C1/
�1 and either z … S or

Re z < .C2 kV k2
L1.R/

/�1, then kKzkHS < 1 and �1 cannot be in the spectrum

of Kz . After the replacement V 7! "V , we therefore get Theorem 2.3 as a

consequence of Theorem 5.3. �

6.2. Proof of Theorem 2.4. Let V satisfy the assumptions of Theorem 2.4 with

n � 2 and " > 0. The present proof is again based on Theorem 5.3, but we use

a more sophisticated estimate of the norm of Kz for which the extra regularity

hypotheses are needed.
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The �rst step in our proof is to isolate the singular part of the kernel Kz . The

idea comes back to [32], where the singularity of the free resolvent .��� z/�1 at

z D 0 is singled out. In the present setting, however, the resolvent .H � z/�1 is

rather singular as Re z ! C1. In other words, we want to �nd a decomposition

of the form

Kz D Lz CMz ; (6.10)

where kLzk ! C1 as Re z ! C1, while Mz stays uniformly bounded with

respect to z. The integral kernels of Lz and Mz will be denoted by Lz and Mz ,

respectively.

Notice that it is enough to consider z 2 S since, according to Theorem 2.3,

every eigenvalue ofH" belongs to the half-strip S provided that " is small enough.

In this paper, motivated by the asymptotic expansions (4.1), we use the decom-

position (6.10) with the singular part Lz given by the integral kernel

Lz.x; y/ WD
p
Re z jV j1=2.x/ e�i

p
Re z .xCy/ V1=2.y/: (6.11)

Properties ofMz are then stated in the following lemma.

Lemma 6.1. For all z 2 S and .x; y/ 2 R
2, the integral kernel of the operatorMz

de�ned by (6.10) with (6.11) satis�es

Mz.x; y/D
1

2
jV j1=2.x/e�i

p
Re z .xCy/ŒIm z .xCy/�.jxjCjyj/�V1=2.y/Cmz.x; y/;

(6.12)

where for some k > 0 , the function mz satis�es, for all z 2 S such that Re z � 1 ,

jmz.x; y/j � kp
Re z

jV j1=2.x/ .1C x2 C y2/ jV j1=2.y/: (6.13)

If V 2 L1.R; .1 C x4/ dx/, then kMzkHS is uniformly bounded with respect to

z 2 S.

Proof. In the following computations we assume Re z � 1 .

First, let x � 0 and y � 0. Then, according to (3.2) and the asymptotic

behaviour of kC.z/ and k�.z/ given in (4.1),

Rz.x; y/ D 1

kC.z/C k�.z/
e�kC.z/ xCk�.z/ y

D e�kC.z/ xCk�.z/ y.
p
Re z C ı1.z//;

where ı1.z/ does not depend on .x; y/ and ı1.z/ D O.1=
p
Re z/. Thus,

Mz.x; y/ D
p
Re z jV j1=2.x/ e�i

p
Re z .xCy/.eƒz.x;y/ � 1/V1=2.y/

C ı1.z/ jV j1=2.x/ e�kC.z/ xCk�.z/ y V1=2.y/; (6.14)
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where

ƒz.x; y/ WD .�kC.z/C i
p
Re z/x C .k�.z/C i

p
Re z/y:

Writing a Taylor expansion for the two real-valued functions

Œ0; 1� 3 t 7�! Re etƒz.x;y/ and Œ0; 1� 3 t 7�! Im etƒz.x;y/;

we obtain that, for some t1; t2 2 Œ0; 1�,

eƒz.x;y/�1Dƒz.x; y/C
1

2
ŒRe .ƒz.x; y/

2et1ƒz.x;y//Ci Im .ƒz.x; y/
2et2ƒz.x;y//�:

(6.15)

Notice that, for all z 2 S, x � 0 and y � 0, Reƒz.x; y/ � 0, hence

1

2
jRe .ƒz.x; y/

2et1ƒz.x;y//C i Im .ƒz.x; y/
2et2ƒz.x;y//j � jƒz.x; y/j2: (6.16)

Moreover, due to (4.1), we have

ƒz.x; y/ D .Im z � 1/ x C .Im z C 1/ y

2
p
Re z

C ˇz x C z y

.Re z/3=2
;

for some complex constants ˇz and z independent of .x; y/ and uniformly

bounded with respect to z. As a consequence, (6.15) and (6.16) yield

eƒz.x;y/ � 1 D 1p
Re z

� .Im z � 1/ x C .Im z C 1/ y

2
C ı2.zI x; y/

�

;

where, for all z 2 S, x � 0 and y � 0,

jı2.zI x; y/j � C0

1C x2 C y2

p
Re z

;

with some C0 > 0. Summing up, (6.14) reads

Mz.x; y/ D jV j1=2.x/. zM0
z.x; y/C rz.x; y//V1=2.y/; (6.17)

where (x � 0, y � 0)

zM0
z.x; y/ WD 1

2
e�i

p
Re z .xCy/ Œ.Im z � 1/ x C .Im z C 1/ y�

D 1

2
e�i

p
Re z .xCy/ ŒIm z .x C y/ � .jxj C jyj/�

(6.18)
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and

rz.x; y/ WD e�i
p
Re z .xCy/ ı2.zI x; y/C e�kC.z/ xCk�.z/ y ı1.z/ (6.19)

satis�es, with some positive constant C ,

jrz.x; y/j � Cp
Re z

.1C x2 C y2/ for all z 2 S; x � 0; y � 0: (6.20)

By a similar analysis, we get the decomposition of the form (6.17) for x � 0

and y � 0 as well, where (x � 0, y � 0)

zM0
z.x; y/ WD 1

2
e�i

p
Re z .xCy/Œ.Im z C 1/ x C .Im z � 1/ y�

D 1

2
e�i

p
Re z .xCy/ŒIm z .x C y/ � .jxj C jyj/�

(6.21)

and the bound (6.20) holds also for x � 0, y � 0.

The case xy � 0 can also be treated alike, by noticing that in this case the �rst

term on the right-hand side of (3.2) satis�es

ˇ

ˇ

ˇ

ˇ

1

2k˙.z/
e�k˙.z/jx�yj

ˇ

ˇ

ˇ

ˇ

� C 0
p
Re z

with some C 0 > 0. Moreover, using (4.1),

˙ kC.z/ � k�.z/
2k˙.z/.kC.z/C k�.z//

e�k˙.z/.jxjCjyj/ �
p
Re z e�i

p
Rez .xCy/

D 1

2
e�i

p
Re z .xCy/ ŒIm z .x C y/ � .jxj C jyj/�C �z.x; y/;

where �z.x; y/ satis�es the bound (6.20). The decomposition (6.12) with (6.13)

is therefore proved.

To complete the proof of the lemma, it remains to prove the uniform bound-

edness of Mz . This can be deduced from (6.12) and (6.13). Indeed, with some

C1 > 0, we have, for Re z � 1,

kMzk2
HS � C1

Z

R2

jV.x/j .1C x2 C y2/2 jV.y/j dx dy;

where the right hand side is �nite if V 2 L1.R; .1 C x4/ dx/ and actually in-

dependent of z. If Re z � 1, then according to (6.9) and the expression (6.11)



Pseudospectra of the Schrödinger operator 685

of the kernel Lz , we have

kMzkHS � kKzkHS C kLzkHS

� C2

s

Z

R2

jV.x/j .1C jxj C jyj/2 jV.y/j dx dy

with some C2 > 0, hence the norm kMzkHS is uniformly bounded for Re z � 1 as

well. �

Remark 6.2. Using a �rst-order expansion in (6.15) instead of the second-order

expansion, we would obtain the uniform boundedness of Mz under the weaker

assumption V 2 L1.R; .1 C x2/ dx/. However, the second-order expansion

in (6.15) is required in order to get the exact expression (6.18) of the principal

term zM0
z.x; y/ in (6.17).

Since kMzk is uniformly boundedwith respect to z 2 S, the operator .1C"Mz/

is boundedly invertible for all " small enough. Consequently, in view of the

identity

"Kz C 1 D ".Lz CMz/C 1 D .1C "Mz/Œ".1C "Mz/
�1Lz C 1�

and Theorem 5.3, we have (for all z 2 S)

z 2 �p.H"/ () �1 2 �.".1C "Mz/
�1Lz/: (6.22)

From the de�nition (6.11) we see that Lz is a rank-one operator. Consequently,

".1C "Mz/
�1Lz is of rank one too. Indeed, for all f 2 L2.R/, we have

".1C "Mz/
�1Lzf D "

p
Re z .f; N z/ .1C "Mz/

�1�z;

where

�z.x/ WD e�i
p
Re z x jV j1=2.x/ and  z.x/ WD e�i

p
Re z x V1=2.x/:

It follows that ".1C "Mz/
�1Lz has the unique non-zero eigenvalue

"
p
Re z ..1C "Mz/

�1�z; N z/:

Equivalence (6.22) thus reads

z 2 �p.H"/ () �1 D "
p
Re z ..1C "Mz/

�1�z; N z/: (6.23)

Note that the right hand side represents an implicit equation for z.
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Writing

.1C "Mz/
�1 D

n�1
X

j D0

.�1/j "jM j
z C .�1/n"nM n

z .1C "Mz/
�1;

the condition on the right hand side of (6.23) reads

1p
Re z

D
n

X

j D1

.�1/j .M j �1
z �z; N z/"

j C .�1/nC1.M n
z .1C "Mz/

�1�z; N z/"
nC1:

(6.24)

In the following we estimate each term on the right hand side of (6.24).

For j D 1; : : : ; n , denoting

V ˝j .x1; : : : ; xj / WD V.x1/ : : : V .xj /;

and using the decomposition (6.14) with (6.21), we have

.M j �1
z �z; N z/ D

Z

Rj

Mz.x1; x2/ : : :Mz.xj �1; xj / �z.xj /  z.x1/ dx1 : : : dxj

D
Z

Rj

.

j �1
Y

`D1

jV j1=2.x`/Œ zM0
z.x`; x`C1/C rz.x`; x`C1/�V1=2.x`C1//

jV j1=2.xj / e
�i

p
Re z .x1Cxj / V1=2.x1/ dx1 : : : dxj

D
Z

Rj

e�i
p
Re z .x1Cxj / V ˝j .x1; : : : ; xj /

j �1
Y

`D1

Œ zM0
z.x`; x`C1/C rz.x`; x`C1/�dx1 : : : dxj

D Ij �1.z/CRj �1.z/;

(6.25)

where

Ij �1.z/ WD 1

2j �1

Z

Rj

e�2i
p
Re z

Pj

`D1
x` V ˝j .x1; : : : ; xj /

j �1
Y

`D1

ŒIm z .x` C x`C1/ � .jx`j C jx`C1j/�dx1 : : : dxj

(6.26)

and Rj �1.z/ WD .M
j �1
z �z; N z/� Ij �1.z/ contains all the integral terms involving

at least one factor of the form rz.x`; x`C1/. Using (6.20), one can easily check

that

Rj �1.z/ D O

� 1p
Re z

�

(6.27)

whenever V 2 L1.R; .1C x2n/ dx/.
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On the other hand, we have

j �1
Y

`D1

ŒIm z .x` C x`C1/ � .jx`j C jx`C1j/� D
X

È2Jj �1

j �1
Y

mD1

.Im z x`m
� jx`m

j/;

for a subset Jj �1 � ¹1; : : : ; j ºj �1 such that, for all È 2 Jj �1, each coordinate

in È is repeated at most twice. Consequently, separating the variables in (6.26),

we get, for some positive integerMj ,

Ij �1.z/ D 1

2j �1

Mj
X

kD1

I
.k/

j �1.z/; (6.28)

where each term I
.k/

j �1.z/ has the form

I
.k/

j �1.z/ D
� Z

R

e�2i
p
Re z x V.x/ dx

�ak;j

� Z

R

e�2i
p
Re z x.Im z x � jxj/ V .x/ dx

�bk;j

� Z

R

e�2i
p
Rez x .Im z x � jxj/2V.x/ dx

�ck;j

;

with ak;j ; bk;j ; ck;j such that

8

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

:

ak;j > 0; bk;j � 0; ck;j � 0;

ak;j C bk;j C ck;j D j;

bk;j C 2ck;j D j � 1:

Thus, if FŒf �.�/ denotes the Fourier transform of f at point �, we have

I
.k/

j �1.z/ D .FŒV �.2
p
Re z//ak;j

.FŒ.Im z x � jxj/V .x/�.2
p
Re z//bk;j

.FŒ.Im z x � jxj/2V.x/�.2
p
Re z//ck;j :

(6.29)
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Now, since for s D 1; 2 the function x 7! .Im z x�jxj/sV.x/ belongs toL1.R/

by assumption, its Fourier transform is inL1.R/ and it is continuous. Hence there
existsM1 > 0 such that, for all z 2 S and s D 1; 2,

jFŒ.Im z x � jxj/sV.x/�.2
p
Re z/j � M1:

Similarly, since V 2 W 1;1.R/, the function � 7! � FŒV �.�/ belongs to L1.R/ and
it is continuous. Hence there existsM2 > 0 such that, for all z 2 S,

jFŒV �.2
p
Re z/j � M2p

Re z
:

Thus (6.28) and (6.29) give

Ij �1.z/ D O

� 1p
Re z

�

: (6.30)

Finally, (6.25), (6.27) and (6.30) yield

.M j �1
z �z; N z/ D O

� 1p
Re z

�

for all j D 1; : : : ; n. Thus, according to (6.24),

1p
Re z

.1 � O."// D .�1/nC1.M n
z .1C "Mz/

�1�z; N z/"
nC1;

uniformly with respect to z as " ! 0. We then notice that the right hand side in

the above identity has the form O."nC1/, uniformly with respect to z, as " ! 0.

Therefore, we have
1p
Re z

D O."nC1/;

which concludes the proof of Theorem 2.4. �

7. Examples

7.1. Dirac interaction. In order to test our results on an explicitly solvable

model, let us consider the operator formally given by the expression

H˛ D � d2

dx2
C i sgn.x/C ˛ ı.x/; ˛ 2 C;

where ı is the Dirac delta function. In fact,H˛ can be rigorously de�ned (cf. [20,

Ex. 5.27]) as the m-sectorial operator in L2.R/ associated with the form sum

hC ˛v, where

v. ; �/ WD  .0/ N�.0/; Dom.v/ WD W 1;2.R/:
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We have

.H˛ /.x/ D � 00.x/C i sgn.x/  .x/ for a.e. x 2 R;

Dom.H˛/ D ¹ 2 W 1;2.R/\W 2;2.R n ¹0º/W 0.0C/ �  0.0�/ D ˛  .0/º:
It is also possible to show that H˛ is T-self-adjoint.

Using for instance [12, Corol. IX.4.2], we have the stability result

�ess.H˛/ D �ess.H/ D Œ0;C1/C i ¹�1;C1º
for all ˛ 2 C. Since H˛ is T-self-adjoint, the residual spectrum of H˛ is empty

(cf. [20, Section 5.2.5.4]). Finally, the eigenvalue problem for H˛ can be solved

explicitly and we �nd that H˛ possesses a unique (discrete) eigenvalue given by

�.˛/ WD 1

˛2
� ˛2

4
(7.1)

if, and only if,

�.˛/ 62 Œ0;C1/C i ¹�1;C1º: (7.2)

In particular, the eigenvalue exists for all ˛ 2 R n ¹0º and in this case it is real.

It is interesting that the rate at which �.˛/ tends to in�nity as ˛ ! 0 coincides

with the bound of Theorem 2.3, even if this theorem does not apply to the present

singular potential and even for non-real ˛.

Now, in order to state the condition (7.2) more explicitly in terms of ˛, let us

set, for all � D .�1; �2; �3/ 2 ¹�1;C1º3,

�� WD ¹�1

q

�2.r C i�2/C 2�3

p

r.r C 2i�2/W r 2 Œ0;C1/º:
Notice that, for all r 2 Œ0;C1/, the square roots in the expression above are well

de�ned. Then the condition (7.2) is equivalent to ˛ … �, where
� WD

[

�2¹�1;C1º3

�� : (7.3)

The curve � is represented in Figure 3.

Let us summarise the spectral properties into the following proposition.

Proposition 7.1. For any ˛ 2 C, we have

�r.H˛/ D ¿;

�c.H˛/ D Œ0;C1/C i ¹�1;C1º;

�p.H˛/ D
´

¿ if ˛ 2 �;
¹�.˛/º if ˛ 62 �;

where �.˛/ is given by (7.1) and � is the domain de�ned in (7.3).
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Figure 3. The curve � in the complex plane representing values of ˛ for which the eigen-

value of H˛ does not exist.

7.2. Step-like potential. To have a de�nitive support for the existence of discrete

spectra for the operators of the type (2.6), here we consider " D 1 and the following

step-like pro�le for the perturbing potential:

Va;b.x/ WD .�i sgn.x/ � b/�Œ�a;a�.x/;

where a > 0 and b 2 C. We set Ha;b WD H C Va;b . By Proposition 5.5,

�ess.Ha;b/ D Œ0;C1/C i ¹�1;C1º (7.4)

for all a > 0 and b 2 C.

The di�erential equation of the eigenvalue problem Ha;b D � can be

solved in terms of sines and cosines in each of the intervals .�1;�a/, .�a; a/
and .a;C1/. Choosing integrable solutions in the in�nite intervals and gluing

the respective solutions at ˙a by requiring the W 2;2-regularity, we arrive at the

following equation

Œ
p

�2 C 1� � � b�sin.2a
p
�C b/p

�C b
� i.

p

�C i �
p
� � i/ cos.2a

p

�C b/ D 0

(7.5)

for eigenvalues � satisfying jIm�j < 1 and � C b 62 .�1; 0/. The equation for

the case � D �b is recovered after taking the limit � ! �b in the above equation.
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For eigenvalues � satisfying jIm�j < 1 and �C b 2 .�1; 0/, we �nd

Œ
p

�2 C 1���b�sinh.2a
p

j�C bj/
p

j�C bj
�i.

p

�C i�
p
� � i/ cosh.2a

p

j�C bj/ D 0:

In the same manner, it is possible to derive equations for eigenvalues � satisfying

jIm �j � 1. However, we shall not present these formulae, for below we are

particularly interested in real eigenvalues. We only mention that it is easy to verify

that no point in the essential spectrum (7.4) can be an eigenvalue.

Henceforth, we investigate the existence of real eigenvalues. Moreover, we

restrict to real b and look for eigenvalues � > �b, so that it is enough to work

with (7.5). First of all, notice that, for any � > �b satisfying (7.5), sin.2a
p
�C b/

never vanishes. At the same time, Im
p
�C i is non-zero for real �. We can thus

rewrite (7.5) as follows

cot.2a
p

�C b/ D �
p
�2 C 1 � .�C b/

2
p
�C b Im

p
�C i

� b as � ! C1:

Since there is a periodic function with range R on the left hand side, it follows

from the asymptotics that Ha;b possesses in�nitely many eigenvalues for every

real b. Let us highlight this result by the following proposition.

Proposition 7.2. For any a > 0 and b 2 R,Ha;b possesses in�nitely many distinct

real discrete eigenvalues.

Several real eigenvalues of Ha;b as functions of b 2 R are represented in

Figure 4.

7.3. Dirichlet realisation. Since the spectrum ofH is the union of the two half-

lines RC C i and RC � i , one might have expected the operator H to behave as

some sort of decoupling of two operators � d2

dx2 C i in L2.RC/ and � d2

dx2 � i in

L2.R�/. The existence of non-trivial pseudospectra (cf. Theorem 2.2) actually

indicates that this is not the case. Indeed, the situation strongly depends on the

way the operator is de�ned, emphasising the importance of the choice of domain

in the pseudospectral behaviour of an operator.

For comparison, let HD be the operator in L2.R/ that acts as H in R
�
C WD

.0;C1/ and R
�
� WD .�1; 0/, but satis�es an extra Dirichlet condition at zero,

i.e.,

Dom.HD/ WD .W 2;2 \W 1;2
0 /.R n ¹0º/:

Considering this operator instead of H means that the previous matching condi-

tions at x D 0, u.0�/ D u.0C/ and u0.0�/ D u0.0C/ for u 2 Dom.H/, are replaced

by the conditions u.0�/ D 0 D u.0C/ for u 2 Dom.HD/.
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Figure 4. Dependence of real eigenvalues of Ha;b on b for a D 1.

We can write HD as a direct sum

HD D HD
� ˚HD

C ; (7.6)

where HD
˙ are operators in L2.R�

˙/ de�ned by

HD
˙ WD � d2

dx2
˙ i; Dom.HD

˙ / WD .W 2;2 \W 1;2
0 /.R�

˙/: (7.7)

Since the spectra of HD
˙ are trivially found, we therefore have (see [12, Sec-

tion IX.5])

�.HD/ D �.HD
� / [ �.HD

C / D RC C i ¹�1;C1º:

Hence HD andH have the same spectrum (cf. Proposition 2.1).

We can also decompose the resolvent of HD as follows

.HD � z/�1 D .HD
� � z/�1 ˚ .HD

C � z/�1

for every z 62 RCCi ¹�1;C1º. SinceHD
˙ are obtained from self-adjoint operators

shifted by a constant, they both have trivial pseudospectra. Consequently,HD has
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trivial pseudospectra as well. In other words, althoughHD andH have the same

spectrum, that of H is far more unstable (cf. Theorem 2.2).

To be more speci�c, let us write down the integral kernel RD
z of .HD � z/�1.

For f 2 L2.R/, the function .HD �z/�1f has the form (3.4), where the constants

AC; A�; BC; B� are uniquely determined by the Dirichlet condition at 0 together

with the condition .HD � z/�1f .x/ ! 0 as x ! ˙1. The former yields

BC D �AC and B� D �A�, while the latter gives the following values for AC
and A�:

AC D 1

2kC.z/

Z C1

0

f .y/ e�kC.z/y dy; A� D � 1

2k�.z/

Z 0

�1
f .y/ ekC.z/y dy:

Eventually, we obtain the following expression for the integral kernel:

RD
z .x; y/ D 1

2k˙.z/
.e�k˙.z/jx�yj � e�k˙.z/.jxjCjyj//�R˙

.y/; ˙x > 0:

Now, as in Section 5.1, we can consider the perturbed operator

HD
" WD HD u "V

for any V 2 L1.R/. We claim that, under the additional assumption V 2
L1.R; .1Cx2/ dx/, the Hilbert–Schmidt norm of the Birman–Schwinger operator

KD
z WD jV j1=2 .HD � z/�1 V1=2

is uniformly bounded with respect to z … R
C C i¹�1; 1º. To see it, let us �rst

assume x > 0. If jz � i j � c0 for some positive c0, then

jRD
z .x; y/j � 1

2jkC.z/j
.je�kC.z/jx�yj � 1j C je�kC.z/.jxjCjyj/ � 1j/

� jx � yj C jxj C jyj
2

;

where we have used the inequality je�!�1j � j!j for Re! � 0. On the other hand,

if jz � i j > c0, then jkC.z/j is uniformly bounded from below, hence RD
z .x; y/ is

uniformly bounded with respect to x � 0, y 2 R and z such that jz � i j > c0. The

same analysis can be performed for x < 0, thus there exists C > 0 such that, for

all .x; y/ 2 R
2 and z … Œ0;C1/C i¹�1; 1º,

jRD
z .x; y/j � C.1C jxj C jyj/:

Consequently, the computation of the Hilbert–Schmidt norm of KD
z yields

kKD
z kHS � C

Z

R

.1C x2/jV.x/j dx: (7.8)
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After noticing that �ess.H
D
" / D �ess.H

D/ for all " 2 R (by the same arguments

as in the proof of Proposition 5.5), the Birman–Schwinger principle (i.e. a version

of Theorem 5.3 for HD
" ) leads to the following statement.

Proposition 7.3. Let V 2 L1.R; .1 C x2/ dx/. There exists a positive constant

"0 > 0 such that, for all " 2 .0; "0/, we have

�.HD
" / D �.HD/ D RC C i ¹�1; 1º:

In other words, in the simpler situation of the operatorHD , we are able to prove

the absence of weakly coupled eigenvalues. Proposition 7.3 can be considered

as some sort of “Hardy inequality” or “absence of virtual bound state” for the

non-self-adjoint operator HD . Let us also notice that a similar result has been

established by Frank [13] in the case of Schrödinger operators with complex

potentials in three and higher dimensions.
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