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Cauchy problem
of the non-self-adjoint Gauss-Laguerre semigroups
and uniform bounds for generalized Laguerre polynomials
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Abstract. We propose a new approach to construct the eigenvalue expansion in a weighted
Hilbert space of the solution to the Cauchy problem associated to Gauss—Laguerre invariant
Markov semigroups that we introduce. Their generators turn out to be natural non-self-
adjoint and non-local generalizations of the Laguerre differential operator. Our methods
rely on intertwining relations that we establish between these semigroups and the classical
Laguerre semigroup and combine with techniques based on non-harmonic analysis. As
a by-product we also provide regularity properties for the semigroups as well as for their
heat kernels. The biorthogonal sequences that appear in their eigenvalue expansion can
be expressed in terms of sequences of polynomials, and they generalize the Laguerre
polynomials. By means of a delicate saddle point method, we derive uniform asymptotic
bounds that allow us to get an upper bound for their norms in weighted Hilbert spaces.
We believe that this work opens a way to construct spectral expansions for more general
non-self-adjoint Markov semigroups.
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1. Introduction and main results

Forany @ € (0,1)and 8 € [1 — é oo), we define the Gauss—Laguerre operator as
the linear integro-differential operator which takes the form, for a smooth function
fonx >0,

sin(ar) !
L 100 = (g =) 00+ 0 [ engap iy, (L1)
where dy g = % and
r@)

1 1
gap(y) = yPrEt L, R @B+ D)+ La+ La(B+1)+2;y@), (1.2)

B+2+1
with , F; the Gauss hypergeometric function. The terminology is motivated by
the limit case « = 1 which will be proved to yield

Lgf(x) =Ligf(x) =xf"(x) + (B+1—x) f'(x),

that is the Laguerre differential operator of order . It is well known to be the gen-
erator of a self-adjoint contraction semigroup (Qgﬂ )) >0 in the weighted Hilbert
space L?(eg), where eg = e; g is the density of the unique invariant measure
and the later is defined in (1.3) below. This semigroup as well as its eigenfunc-
tions, the Laguerre polynomials, have been and are still intensively studied as they
play a central role in probability theory, functional analysis, representation theory,
quantum mechanics and mathematical physics, see e.g. [2], [22], [42], and the ref-
erences therein. The Gauss—Laguerre semigroup, whose infinitesimal generator
shares some similarities with the classical Caputo fractional derivative of order «,
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also appear in some recent applications in biology, see e.g. [13] and [41], and the
references therein. Similarly to the classical Laguerre semigroup, we shall now
prove the following fact where A stands for the algebra of polynomials.

Theorem 1.1. Forany o € (0,1) and B € [1 — é 00), Ly g is the generator with
core A of a non-self-adjoint contraction Markov semigroup P = (P;);>¢ in the
Hilbert space Lz(ea,ﬂ) endowed with the norm | f |le, s = fooo S (x)eq p(x)dx
where 1
xﬂ-l—é—le—xﬁ
—dx,
M +1)

is the unique invariant measure of P.

€q.p(x)dx = x>0, (1.3)

The aims of this paper are to provide (a) a spectral representation in the
weighted Hilbert space L2(eq g) of the semigroup (P;);>0, (b) regularity prop-
erties of P; f for f in various spaces, (c) an explicit representation and smooth-
ness properties of the heat kernel (or the (density of) transition probabilities of
the underlying Feller process). Note that this study allows to obtain an explicit
representation and smoothness properties of the solution to the following Cauchy
problem

Srur(x) = Log ur (%),
uo(x) = f(x) € D,

where D stands for the domain of L, g. There are several motivations under-
lying this work. On the one hand, although the spectral theory for linear self-
adjoint, or more generally normal, operators is well established, see e.g. [15], the
spectral properties of non-self-adjoint operators are fragmentally understood. We
refer for instance to the survey papers of Davies [10] and Sjostrand [35] for a
nice account of recent developments in this area. There are very few instances
in the literature where the spectral expansion of non-self adjoint linear operators
is available. Among the notable exceptions are the integral operators characteriz-
ing the formal inverses of Wilson divided difference operators, studied by Ismail
and Zhang [21], and, the harmonic oscillator, arising in quantum mechanics, and
acting on L?(R4 ), whose study has been initiated by Davies in [9] and further
developed by Davies and Kuijlaars [11]. In the framework of Markov semigroups,
the spectral expansion of one dimensional self-adjoint diffusion was developed
by McKean [25], and extended by Getoor [19], to some non local self-adjoint op-
erators. Although non-self-adjoint operators seem to be generic in the class of
Markov semigroups, we are not aware of any results concerning the spectral rep-
resentation in Hilbert space of a non-self-adjoint positive contraction semigroup.

(1.4)
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On the other hand, the Gauss—Laguerre semigroup turns out to play an essential
role in the recent work by the authors [29] concerning the spectral expansion of
a large class of non-self-adjoint invariant Markov semigroups. This class can be
either characterized in terms of the generator which takes the form of a linear com-
bination (with non negative coefficients) of Lg and L g, where for the later the
function g, g can be any positive convex functions satisfying a mild integrability
condition. Another characterization could be made through a bijection that we
established between this class of semigroups and the set of Bernstein functions,
which appears in the action of the generator on monomials, as in (4.1) below, with
the Bernstein function ®, g. In the aforementioned paper, the Gauss—Laguerre
semigroup serves as a reference semigroup, via an intertwining relation, with the
class of semigroups associated to regularly varying Bernstein functions. This con-
cept of reference semigroups allows for instance to obtain estimates for the norms
of the co-eigenfunctions of seemingly intractable operators.

Coming back to the present work, it aims at presenting a new methodology,
which contains some comprehensive idea, for developing the spectral expansion
of the Markov semigroup (P;);>o thus opening the possibility to understand better
the spectral expansions of more general Markov semigroups. Our first main idea is
to derive an intertwining relation, via a Markov operator, between the class of non-
self-adjoint Gauss—Laguerre semigroups and the classical Laguerre semigroup
of order 0. We say that a linear operator A, is a Markov operator if, for any
f € Bp(Ry), the set of bounded Borel functions on R,

As f(x) = /0 FGnA)dy. (1.5)

where A is the density of a probability measure, i.e. A > 0 and fooo A(y)dy = 1.
More specifically, defining the entire function A, g by

r l—a) & k
Aap(z) = M Z I'ak +a(l1 —B))sin(a(k +1— B)x) Z—,
T = k!
(1.6)
z € C, we have the following result, with the notation Ag g = A dagr € = €10

and where (Q;);>0 = (ng)) >0 stands for the Laguerre semigroup of order 0.

Theorem 1.2. A, g: L%(e) > L2 (€q,) is a one-to-one bounded Markov operator
with a dense range, i.e. R—an(Aa,ﬂ) = L%(eq.p). Moreover, for any t > 0, the
intertwining relation

Pt Aa,ﬂ = Aa,ﬂ Qt (1'7)
holds on L (e).
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Remark 1.3. (1) Although, by means of the Marcinkiewicz multiplier theorem
for Mellin transform, see [31], it is an easy exercise to show, from the asymptotic
behavior of its Mellin multiplier, see (3.8) below, that a Markov operator is
bounded from L?(84), ¥4 (x) = x~*, x > 0, into itself, the continuity property on
a weighted Hilbert spaces is in general a difficult problem. One classical approach
is to consider weights which belong to the so-called class of Muchkenboupt,
conditions which are not satisfied by e. Instead, we identify a factorization
of Markov operators which allows to derive by a simple application of Jensen
inequality the contraction property.

(2) With the aim of developing the spectral expansion of the semigroup P,
we mention that the intertwining relation (1.7) goes beyond perturbation theory.
Indeed, clearly Ly g is by no means a perturbation of a self-adjoint operator
whereas the relation (1.7) relates it to a self-adjoint operator.

We shall exploit the intertwining relation to develop the spectral representation
of (P;);>0. Although the literature on intertwining relations between Markov
semigroups and its applications is very rich, see for instance Dynkin [16], Pitman
and Rogers [30] and Carmona et al. [4], it does not seem that it has served for
this purpose. On the other hand, this type of commutation relation between linear
operators have been also intensively studied in the context of differential operators.
This approach culminated in the work of Delsarte and Lions [12] who showed the
existence of a transmutation operator between differential operators of the same
order and acting on the space of entire functions. The transmutation operator,
which plays the role of the intertwining operator, is in fact an isomorphism on this
space. This property is very useful for the spectral reduction of these operators
since it allows to transfer the spectral objects. We mention that Delsarte and
Lions’s development has been intensively used in scattering theory and in the
theory of special functions, see e.g. Carroll and Gilbert [5]. We shall prove that
our intertwining operator is not bounded from below, a property which makes
the analysis of the spectral expansion more delicate than in the framework of
transmutation operators. To overcome this difficulty, we resort to the concept
of frames, a generalization of orthogonal sequences that has been introduced by
Duffin and Schaeffer [14] to study some deep problems in non-harmonic Fourier
series. Next, we recall that, by means of the spectral theory for self-adjoint
operators, one obtains, for any f € L2(eg) and 1 > 0, the classical spectral
expansion

0P f(x) = e (£.LP)e, B2 £P (x) inL2(ep), (1.8)

n=0
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where
g2 = Fn+DCB+1
" Fn+p+1) °
L S,‘B ) is the Laguerre polynomial of order 8 defined as

22 ~(B) _ . 1k (2) _ k (n) ok
B L} (x)—kgo( 1 (k;) F(ﬁ+1)Z( D rrrsnt 19

and, the sequence (Bnil,(f} ))nzo is an orthonormal sequence in L?(eg). Before
stating the next result, we proceed with some further notation. For any x > 0,
we set Po(x) = 1 and for any n > 1, we introduce the polynomials

K () &
fP,,(x)_I‘(a,B—i—l)Z( 1) Tkt BT (1.10)

Note that fora = 1,

n
Pa(e) = AP0 = T+ )3 f W
n(x) = Bt (x) = T(B )Z( Ty
is the classical Laguerre polynomial of order 8 > 0. Moreover, for any x > 0 and
n € N, we write

="

) =R st =
a,

(X"eqp ()™, (1.11)

where Ré’;) , is the weighted Rodrigues operator and f ™ = f;n f. From the
Rodrigues representation of the Laguerre polynomials, we also get that for @ = 1,
Rn(x) = Lf,ﬂ)(x). Finally, we define, for any 0 < y < « and ), > 0 fixed,

_ 1
&y palr) = xPHa—lelax” x5, (1.12)
where we recall that @ € (0, 1) and g € [1 — = oo) and set
=—-In2*-1).

We are now ready to state the main result of the paper.
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Theorem 1.4. (a) For any f € L?(eqp) (resp. f € Ran(Agp) U Lz(éy,ﬂ,a)) we
have

Pf(x) =D e (£ Rn)e, 5 Pu(2), (1.13)
n=0

where, for any t > T, (resp. t > 0), the identity holds in L*(eq,). P: is
holomorphic in t on C(r, 00 = {z € C; N(z) > Ty}

(b) For any f € L2(eqp) (resp. f € Ran(Agp) UL*(€y.5.0))
(1.%) — P, f(x) € C® ((Ty, 00) x Roy)

(resp. € C°°(IR )), and for any integers k, p,

dtk(sz)“’)(X) Z( W (S Raeq. s Pi ()

where, for any t > T, (resp. t > 0), the series converges locally uniformly on R 4.

(c) The heat kernel is absolutely continuous with a density
(t,x,y) —> Pi(x,y) € C¥(R3),
given for any t,y > 0, x > 0, and for any integers k, p, q, by

d*

TP y) = Z(—n)ke‘”’Wff)(y) PP (x), (1.14)

n=p

where the series is locally uniformly convergent on R, and, for n > 0,
Wi (y) = Ru(y)ea,p(y).

(d) (Pt)s>o0 is a strong Feller semigroup, i.e. for any t > 0 and f € Bp(R4),
P; f € Cp(R+), where Cp(R+) is the space of bounded continuous functions on
R+.

Remark 1.5. 1) The phenomenon that the expansion in the full Hilbert space
holds only for ¢ bigger than a constant has been observed in the framework of
Schrodinger operator, see [9] and is natural for operators non similar to normal
ones. Indeed, in such a case, the spectral projections P, f = (f, Rn)ey, s Pn
are not uniformly bounded as a sequence of operators. The projections are not
orthogonal anymore and the sequence of eigenfunctions does not form a basis of
the Hilbert space. These two facts illustrate a fundamental difference with self-
adjoint Markov semigroups, for which the spectral projections are orthogonal and
uniformly bounded.
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2) In order to provide the convergence of the expansion (1.13) in the Hilbert
space topology, we rely on the so-called synthesis operator as defined in (2.3)
below which requires to characterize those f and ¢ for which the sequence
(e (f. Rn)eq ) € (2(IN). This is a difficult problem in general. A natural ap-
proach to verify this property is to resort to the Cauchy—Schwarz inequality which
yields, thanks to the first bound stated in Proposition 2.3, to the description of 7,
the smallest ¢ for which the expansion holds. From this perspective, we also man-
age to identify the Hilbert space L2 (¢ v.8,«) for which the expansion is valid for all
t > 0, an approach which seems to be original in this context.

3) Moreover, it is worth pointing out that the intertwining approach enables to
identify Ran(A g) as another linear space for which the corresponding sequence
is in ¢2(IN) for all # > 0, a property which follows directly without using any
bounds. In fact, we shall have the stronger statement that for any f € Ran(A4 ),
fF=Y0f Rndeq 5 Pn- Finally, as we shall prove that A C Ran(A4, ) whereas
forany n > 0, P, ¢ Lz(éy,ﬁ,a), we are lead to think that either our optimal
Hilbert space may be improved or the Cauchy—Schwarz inequality provides a weak
estimate in our scenario. However, from the biorthogonality property (2.1), we
believe that the latter explanation is in force in this context.

4) Finally, we shall prove in Lemma 4.1 that there exists (K;);>0 a 1-selfsimilar
Feller semigroup on R+, i.e. for any ¢ > 0, K¢ f(cx) = K;f o d.(x) with
de f(x) = f(cx), suchthat, forany r > 0, P; f(x) = K,i_; f od,—:(x). Note that
(K¢):>0 belongs to the class of semigroups introduced by Lamperti [24] which
play a central role in limit theorems of stochastic processes, see [23]. In particular,
one obtains from (1.14) that (K;);>0 has an absolutely continuous kernel, K;(x, y)
given, forany ¢,y > 0, x > 0, by

o
_ —n—1 Y
Kix,) = 3040 Wa (157 Pu@).

The remaining part of the paper is organized as follows. In the next Section,
we state several substantial results regarding properties of the sequence of (co)-
eigenfunctions which some of them may have independent interests. Section 3
gathered some useful preliminaries results and sections 4 to 7 contain the proof of
the main results. Note that Section 6 which includes the proof of Proposition 2.3
below presents several uniform asymptotic estimates of |[W,, (x)| which might also
be of independent interest.
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2. Substantial auxiliary results

We start by stating several interesting properties that the sequences (P,) and
(R,) satisty. For this purpose, we introduce some concepts borrowed from non-
harmonic analysis which are nicely exposed in the monographs [40] and [7].
Two sequences (P,) and (R,) are said to be biorthogonal in L?(eq,g) if for any
n,meN,

(P Rm)e, 5 = Snm. 2.1

Moreover, a sequence that admits a biorthogonal sequence will be called minimal
and a sequence that is both minimal and complete, in the sense that its linear
span is dense in L? (e, g), will be called exact. It is easy to show that a sequence
(P,) is minimal if and only if none of its elements can be approximated by linear
combinations of the others. If this is the case, then a biorthogonal sequence will
be uniquely determined if and only if (P,) is complete. We also say that (P,) is a
Riesz basis in L?(eq ) if there exists an isomorphism A from L?(e) onto L? (e, )
such that AL, = P, for all n.

Proposition 2.1. 1) Foranyn € N, P, € L2(ea,ﬁ) and R, € L2(ea,ﬁ).
2) The sequences (Pp) and (R,) are biorthogonal and exact in L (eq p).

3) Finally the sequence (P,) is not a Riesz basis but it satisfies the following
Bessel inequality

DL Pa)ey o P S lley. forall f €L?(eqp). (2.2)

n=0

An interesting consequence of Proposition 2.13) is the fact that the synthesis
operator S defined by
SUn) =) Inn (2.3)
n>0
is bounded from £2(IN) into L?(ey ) with ||S(l,,)||§a~3 < Y 0!z, and, for such
a sequence, the series converges unconditionally. Although this information is
very helpful for our purpose, one still needs estimates for large n of Ry ||e, 45
|Rn(x)| and | P, (x)]| in order to derive the convergence properties of the eigenvalue
expansions in the appropriate topology. We state the following bounds for the two
latter quantities.
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Proposition 2.2. (1) Writing t4, = (@ + 1)05_«#1, we have for any x € R, any
integer p, and, n large

1
PP (x)] = 0P T3l TH) 2.4)
i} 1
(2) Writing t, = ta(“TH + 6) o+l for some small € > 0, we have, for any
0<x< e‘z‘”(a"‘?)an“, any integer q, and large n

- _1
WD (x) | = O(xﬂ+§—qnIﬁ+é—1—ql+2eta(nx)0‘+1 ). (2.5)

Next, we recall that when « = 1, i.e. R, is simply the sequence of Laguerre
polynomials, one uses the following simple observation to compute their norms,
see e.g. [37],

1 o0 B
1Pz, = mfo (LB (x))2xP e dx

:_(_nl!) /0 £B) () (" ep () Pdx

1 o
= m/0 x"ep(x)dx

'n+p6+1)
ICES

Unfortunately, it is easy to check that for « € (0, 1), this integration by parts
device does not apply. Instead, we must develop a two-steps optimization analysis
to derive the estimates of the norms. First, we carry out delicate saddle point
approximations to obtain several uniform bounds for |R,(x)| depending on the
range of xn~%, and, refer to Proposition 6.1 for their statements. In this vein,
we mention that the study of uniform asymptotic expansions of the Laguerre
polynomials has quite a long history, see e.g. [18], [27] and also [37] and [38] for a
complete description of this study. Then, combining these bounds with additional
estimates, we must implement a suboptimal procedure in order to get an explicit
representation of the bound of their L?(e, g)-norm. Moreover, although for most
of the ranges one may obtain bounds of the form O (e€") for any € > 0, for larger
Hilbert spaces than Lz(éy,ﬂ,a), it turns out that on the range x € (en®, Cun®)
for some constant C, defined in Proposition 6.1, L (& v.8,«) is the optimal Hilbert
space. From our analysis, we obtain the following estimates.
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Proposition 2.3. We have for large n,
I1Rnlle, » = Oe™™™), (2.6)
and

_1
— O(n!HB+ataptan@ily (2.7)
éy,ﬁ,a

e
oot
€y.8.0

3. Some preliminary results

3.1. Some useful facts around the gamma function. Let us write, for any
a€(0.1]and B >1—1 and N(s) > —p—1,

IF'as+af +1)

C(as +af +1—a) G-D

cba,ﬂ (s) =

In the following we collect some basic results which will be useful throughout the
rest of the paper.

Lemma 3.1. (1) Foranya € (0,1]and B > 1 — é and k > 1, we have

sin(

1

am —

- Sk 1) / Y 8ap(0)dy = ko p(k) —k dop.  (3.2)
0

(2) For any N(s) > —f — % the functional equation

F(as+o¢/3+1)_q> MNas+aof +1—0a)
N S A v P

holds.

(3) Finally, we have, for large |b| and |arg(a + ib)| < 7, the following well-
known classical asymptotic estimates

IT(a + ib)| = Ce 9eamlatibly=barg@+ib)|y 4 ipi=3(1 4 o(1)),  (3.3)

IT(a +ib)| ~ Calb|o™ 23101, (3.4)

where C,C, > 0.
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Proof. First, observe, from the binomial formula, that, forany 0 < y < 1,

y o Bty
/ ——dr
0 (l_ra)(x-f-l

_ Z Tktat+ D) (7 priik
F(Ol + l)k' 0

St

 aeim Ttk+a+1) vk
=y Z G taB+ D+ DI@t ) & (3-5)

ﬂ+ HZF(k+a(,3+1)+1)F(k+a+1)ya
Fr'k+aB+D+2)Ta+1) k!

_ yﬂ+a+1
B+1+1

Then, by integration by parts and using the reflection formula of the gamma
function, we get

SFi@(B+1) + La+ La(+1)+2 ).

sin(ar)

1
k1) /0 V205 () dy

(3.6)
yB+%

1 1
- - 1— k—1 A
F(l—a)/o 1=y )(1_yé)a+1 Y

Next, from the integral representation of the Beta function, we get, for any o €
(0,1)and u > 0,

Flou +a)
I'(eu) I

1 ! LU _ Llay—a—1
— [ a—yma—yeetay.

By shifting u tou + 8 + %, we get, after some easy algebra, that

Pleu+af+D+1D) T@B+D+1)
Flau +af +1) Fp+1)

- y’”]
——d
1"(1_ )/( 1/0{)05-}—1 Y-

Thus choosing u = k — 1, with k > 1, in this latter identity, from (3.6), we deduce
that

- i _ Dak+ap+1)  T@B+D+1
FU—aLAy 2g‘"’ﬂ(y)dy'_1“(ozk+ozﬁ+1—oz) T(af + 1)
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which completes the proof of the first statement. The second one is obvious
from (3.1). The last estimates are readily deduced from the Stirling’s formula,
see e.g. [28, (2.1.8)],

()| = Cle™| |27 12[72 (1 + o(1))

which is valid for large |z| and | arg(z)| < «. O

3.2. The Markov operator Ay g. We recall, from (1.5), that a linear operator
A is a Markov operator if it admits the representation, for any f € Bp(Ry),
Af(x) = f0°° f(xy)A(y)dy,x > 0, with A the density of a probability measure.
We say that M, = M, is a Markov multiplier if for N (s) = 0,

o0
M) = [ A0y,
0
that is, the shifted Mellin transform of the density A.

Proposition 3.2. Let o € (0,1) and B € [1 — 1, 00) and define for any R(s) = 0,

o
log Moy s (s)
(e — 1)~ — B+ (=7 — 1)1

|y

dy.
3.7)

0
=—V¢(1—a)S+/_(esy—l—sy)

Then the following holds.

(1) My, 4 is a Markov multiplier which is analytical on C(—1 cc)- Aa,p € L*(R4)
and extends to an entire function which admits the representation (1.6).

(2) e¥Aq,pg(e”) is the density of a real-valued infinitely divisible random variable.

(3) Ag.p is a contraction from L*(e) into L?(eq g) with Ran(Aq g) = L?(eq p)-
Proof. Writing
() = (€™ = 1) =@ (=& — 1)<,

one easily checks that #(y) > 0 on R_ with f_ooo(l A yz)@dy < 00, that is
@dy is a Lévy measure and the right-hand side of (3.7) is the Lévy—Khintchine
exponent of an infinitely divisible random variable on the real line, see e.g. [32].
After performing a change of variables and with the absolute continuity of its
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distribution which will be proved below, the second statement follows. Next, since
from [17, 1.9(1) p. 21], we have, for any % (s) > 0,

(e -1

dy
|y

0
logT(s + 1) = —ygs + / (e —1—ysy)
—0o0

we get, after some easy manipulations, that

C(s + B+ 2)) ° ety — 1!
= —ay, s+/(esy—1—sy) dy.
T(af + 1) LA B N
The last two expressions easily lead to
I's+ DI'(eB + 1
Mo, (s) = FO+ DI@B + D a8

Tas+B+21)

Hence since by assumption 8 + % > 1, we have that s = M, ,(s) is analytical on
C(~1,00)- Moreover, for any € > 0 and |b| large and a > —1, we deduce from (3.4),
that

M, (@ +ib)] < Cae™ 1773,

with C; > 0. Thus, on the one hand, since | My, ,(— 3 + ib)| € L*(R4), we
deduce from the discussion above combined with the Parseval identity for Mellin
transform that M, , ,(s — 1) is the Mellin transform of a positive random variable
whose law is absolutely continuous with a density in L?(RR.+). On the other hand,
by Mellin inversion, we get that, for any | arg(z)| < (1 —a)Z,

aticc T(s)['(@B + 1)

—s

T teB-DrD®

1
Aa,p(z) = gy
1 zk

T(—ak +a(B—1)+ 1) k!’

[e.¢]

=T@pB-D+1))_

k=0

where the last line follows from a classical application of the Cauchy residue

theorem and we refer to [28] for more details on Mellin-Barnes integrals. An

application of the reflection formula provides the expression of A, g, i.e. (1.6),

whereas the Stirling approximation gives that the series is absolutely convergent
on C. Next, observe that for any %i(z) > 0, we have

F's+ D+ 1D T(as+af+1)
I'(as +aof + 1) L' +1)
which, by Mellin inversion, translates into the following factorization of Markov

operators

Mg 5 (5)Me, 4 (5) = = Me(s), (3.9)

A(X,ﬂ Aea’ﬁ = Ae.
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This together with an application of the Jensen inequality yields, for any f €
L?(e), that

o0
Rap F1Ey, = [ N2pf(ens(ordx
< / Aap F2(6)e0p (x)dx
0

= /oofz(x)e(x)dx
0
= /1le,

which proves the contraction property. Finally, with p,(x) = x",n € N,
observing that

'n+ DB + 1)
Man +af +1)

Aap Pn(xX) =M, () pu(x) = Pn(x), (3.10)
the completeness of the range of A, g follows from Lemma 3.5 since the polyno-
mials are dense in L?(eqg). O

3.3. Several analytical extensions of R,,. Our next result provides several rep-
resentations of the functions &,, which we recall to be defined, for any n € N,
and x > 0, by

( n”

e )(x €ap(x)™. (3.11)

Rn(x) =

Proposition 3.3. For any n € N, the following analytical extensions of the co-
eigenfunctions R, holds.

(1) Foranyz € C, = {z € C; |arg(z)| < 7},

“ F'k+DC(n+p+1) K
Rn(2) = ) j(” o) k)2, (3.12)
Pt k) T(k+p+1)

where

= ZBk,( I R GRS B}

- (=2 (=3

and the B,/(" ;s are the Bell polynomials.
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(2) Forany z € Cy,

where

1 1 0o 1(k 1\ _k
ont+p+o—1 L, +n+p+
(P ) - f e b
a Btz I( 2 K
is the Wright hypergeometric function.
(3) Foranyz € Cy,

1) 1 [ .
Rn(z)=(n') eZ“/O e T p(e T (r) @) Bt gy, (3.14)

where
0 k

ja,,B (Z) Z Z_

+ﬁ+ ) K!

is an entire function.

(4) Finally, for any z € Ceg, and, anya > 1—p — 1

1 (_l)n /a—l—ic;o_s F(S)

Ru(z) = _—
@ €qp(2)2min! Jo—ice TI'(s—n)

I'(as —a+ap +1)ds.
(3.15)

Remark 3.4. (1) It is worth mentioning that each of the representation above
plays a substantial role in the proof of the results. Indeed, for instance, the
polynomial type representation (3.12) allows to derive easily that for each n € IN,
Ry € L?(eq,p) as well as the completeness property of this sequence. The other
representations are used to derive different uniform asymptotic bounds of the norm
1 Rnlleq,s-

(2) It is also interesting to note that the several representations of R, (z%) lead
to a polynomial.

Proof. Let us denote, for any n € IN and x > 0,

—1)n 1
Wi () = R () g (x) = M(Wﬂae—”)(n% (3.16)

where we have set 8, = B + é — 1. On the one hand, we have

n+Bo y—x¥\(n) _ Ba P+ Ba+ 1) k- \t0)
(e = ,;()T(kJrﬁaJrl) )
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Next, we recall that the Bell polynomials By ; are defined by

By j(ay,az,....ax—j+1)

. Z k! (al)'l(az)jz ( Ak—j41 ).ik—j+1
Juljale e Je—j ! N 20/ 7 Nk —j + D! ’

T =k;
Iy =1

where [, = Zf { i and [ = Zf:{ +1 .. Then an application of Faa di
Bruno’s formula yields

k 1_1 L_2

1
(e—xa)(k) — —xa Z( 1)kBk/(— ((X—l) .
1 .
= F(k—] +1—$)x3z+f—k_1)
r(-3z)
k 1 1
k_k —xéz k rl-3) re-y)
=xo "e (=1 Bk,j(— Iy RERRE
= F(-3) T(-2a)
: 1
o T ),
r(-3)
which provides the first representation as the analytical extension is obvious in
this case. On the other hand, by expanding the exponential function in (3.16) and

differentiating term by term, which is allowed as the series defines an analytical
function on the right-half plane, we obtain

(—nf*

__ = 1B ,—x % (1)

Wa () = n!C(af + 1) (" Pe ™)
B ( 1)n Z(_ )k + n -+ /3“ -+ 1) +Ba (317)
~ nT@B+1) (E4Ba+1) K

from where we easily get the third representation. From the latter expression we
get, by an application of Fubini’s theorem for analytical function, see [39, p.44],

_ (_1)nxﬂa * —r~ im L n+Ba

Wn(X) = m . e Ja’ﬂ(e (VX)O‘)V dr. (318)
Finally, the Mellin-Barnes integral representation (3.15) is obtained from the ex-
pression (4.7), by the Mellin inversion theorem which is justified, together with the
analytical domain, from the estimates [Myy, (@ +ib — 1)| < C,|b|*~ n—3e=a% bl
valid for any n € IN, a > —f4, and b large, see [28] for more details. O
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We end this part with the useful lemma.
Lemma 3.5. The set of polynomials is dense in L! (eq.p), L?(eq.p) and L2 (e).

Proof. Sinceforanya € (0,1], > 1—1 and0 < a < 1, [;° e® eq g(x)dx < oo,
we deduce that ey g is moment determinate and hence by the Hahn-Banach the-
orem, one gets the first assertion. The last ones follow also by the moment deter-
minacy of the measures combined with the so-called Nevanlinna parametrization,
see [1]. O

4. Proof of Theorems 1.1, 1.2 and Proposition 2.1

The proof of these theorems will be split into several intermediate results. We
start with the following, where Co(R+), the space of continuous function on R+
vanishing at infinity is endowed with the uniform topology |.]leo and CZ(R.)
stands for the space of twice continuously differentiable functions on R4 with
compact supports.

Lemma 4.1. There exists Do a dense subset of Co(R+) such that Cg (R+) € Dy
and (Lg,g, Do) is the generator of a Feller semigroup which is also denoted by

(PZ)ZZO'

Proof. First, note, from (3.5), that for any f € C2(R+), we have

. 1
L ) = Wag =050+ 00 [ ey)g p 01y

:(F(a,B+o¢+1)_

T(af + 1) x)f/(x)

pe [ [ty
rd—-w) o 0 (1—rz)et]
Then, since the mapping
) rB+E
r— gap(r) = m

is positive and non-increasing on (0, 1) and satisfies

1
/ (IA[logr|)ga,p(r)dr < oo,
0
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since

(1= (1—ya)y et Lo ty=e 1 and  Jog(l—y) 2 -y,

according to [3], there exists (K;);>o0 a 1-selfsimilar Feller semigroup on R+,
i.e. for any ¢ > O,_Kc,f(cx) = K, f od.(x) with d; f(x) = f(cx), such that
(Lg,g f. Do), with Ly g f(x) = Lg g f(x) + xf’(x), is its infinitesimal generator.
Next, let us define, for any ¢t > 0, P; f(x) = Ko _1f o d.—:(x), then for each
t > 0, P; is plainly linear, with P,Co(R+) € Co(RR+). Moreover, since by self-
similarity K,r_; f o d,—t(x) = K _o— f(e'x), we getthat | P; f ||oo < || f |lco and
lim; o P; f = f. Next, forany ¢, s > 0,
PPy f(x) = Ky Kes—1 f 0 de—s (xe")
= Kes—e—t f 0 de—s (xet)

= Ket+s_1 f 0de—a+9(x)

= Piis f(x).
Thus (P;)s>0 is also a Feller semigroup. Next, for f a smooth function, we have

o £f (X) J(x)

t—>0
_ lim Kl—e—t J) = f(x) + Kyt fe7'x) — Ky f(x)
t—0 1—e?
= Log /(x) = xf'(x) = Log (%),
which completes the proof. O

Denoting by P, the set of polynomials of order n, we have the following.

Lemma 4.2. Foranyn € N, Ly g : P, — P,. Moreover, eqg(x)dx,x > 0,
is an invariant measure for the Feller semigroup (Py);>o. Consequently, (Pt)¢>o
extends to a contraction semigroup in L? (ey ), 1 < p < oo.

Proof. First, observe that for any k > 1 (the case k = 0 is obvious), writing
pir(x) = x*, we have

Log pr(x) = (dg,p — X)k pr—1(x)
+ O 1) a0 / 2gus)dy @D

= k®q,p (k) pre—1(x) — kpic(x),
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where we used the relation (3.2). By linearity, this proves the first claim. As, for
alln > 0,P, C Ll(ea,ﬂ), we get, from Lemma 3.5, that L, g may be extended
to a linear operator acting on Span(P,), a dense subset of L.! (eq,p). Next, for any
k > 1 (the case k = 0 is again obvious), we deduce, from (4.1), the following

o0
[ Lo pic(x)eq s (x)dx
0

— kP p(k) /0 Dot (¥)eq 5 (X)dx — k /0 P()eq 5 (X)dx

MNatk—1) +af+1) _kF(ak+a,B+ 1)
T +1) F'B+1)
_ kI‘(ak +af+1) _kF(ozk +aB+1)
(e +1) Ff+1)

= k®y g(k)

=0.

Then, by linearity and the discussion above, we get that
o0
/ L‘Y,,B f(x)e(x,ﬂ (X)dx =0,
0

for any f € Span(P,) a dense subset of L! (€q,p), Which completes the statement
about the existence of an invariant measure. A classical argument shows that
the Feller semigroup (P;);>o extends to a contraction semigroup in Ll(ea,ﬂ)
and L®(eq ), and, by Marcinkiewickz’s interpolation Theorem to L?(eq ),
1 <p < o0, see [36]. O

Lemma 4.3. Letn € N. Then, P, € L?(eq,p) and for any x > 0 we have
Log Pu(x) = —nPp(x). (4.2)
Consequently, for any n € IN and x > 0, we have
Aa,p Ln(x) = Pn(x), (4.3)

and, the intertwining relation (1.7) holds.

Remark 4.4. We note that when « = 1, then P, (x) = L,(f} )(x) yielding easily to
the characterization of Lg = L g as the Laguerre differential operator.
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Proof. The first statement is obvious. Next observe, from (4.1), that forany n € IN,
writing I'(ef + 1)P,(x) = P, (x), with P, defined in (1.10),

3 (x) = e W
Laos ?n(x>—kZO(—) Tk & af 1) Lep PE)

B )+ DOk +1)
= (- Z(_) Tak +DtaB+1)

k (e)k K
_;(_1) Tk +af+ 1) )

n—1 n n
_ —n k (k+1)(k +1) + (Pk k
T T+ 1) +(_Z(_1) Tk +af+1)
(=1)"n n
CT(an+af + 1)x )

k=1

=—nP, (x),

where we used (3.1) for the third equality, and, for the last one the identity
(1)K + 1) + ({)k = n(}). This proves (4.2). The identity (4.3) follows
easily from the definition of the polynomials and the relation (3.10). We deduce
from (4.2) and the Cauchy problem (1.4), that, for all # > 0,

PiPp(x) = e ™MP,(x). 4.4)
Then, for any n € IN and ¢ > 0, we get, from (4.4), that
Ag g QiLn(x) =e Ay g Ln(x) = PiAgg Ln(x).

Since the operators are linear, we get that Ay, g O, f(x) = P/Agp f(x), for all
f € Span(£,). By continuity of the involved operators in the appropriate Hilbert
spaces, we get that the identity holds on Span(£,) and hence from Lemma 3.5 on
L%(e). O

As a consequence of the intertwining relation, we derive the following.

Lemma 4.5. e, g(x)dx,x > 0, is the unique invariant measure of the Feller
semigroup (Pt);>o.

Proof. Since Co(R+) C L2(e), (1.7) holds also on Co(R4). Next assume that
there exists a measure v(dx) # eqpg(x)dx such that for all f € Co(Ry),
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vP, f = vf = fooo f(x)v(dx). Since by dominated convergence, one has for
any f € Co(R+), A, f € Co(Ry), we get from the intertwining relation, that

VAqgQ:f =VvAgpf,

thatis v(x)dx = fooo Aa,B (x/y)@dx is an invariant measure for (Q;);>0, and,
thus by uniqueness of its invariant measure, we must have v(x) = e™*, for all
x > 0. This completes the proof by an appeal to a contradiction argument since
from (3.9) and the multiplier M, , in (3.8) being zero free on C(-; ), we get
Me,, 5 = M, and thus v(dx) = eq p(x)dx. O

We say now that, for n € IN, R, is a co-eigenfunction for P; associated to the
eigenvalues e " if R, € L?(e,4 ) and for any f € L?(eq ),

(Ptﬁ Rn)ea_ﬁ = e_nt<f7 Rn)ea,ﬁ-

We denote by Aj 4 the adjoint of Ag,g in L%(eq.p), i-e. forany f € L2(eq ) and
g €L?(e), (A} 5 f18)e = ([ Aap eay-

Lemma 4.6. Forany f € L?(eq ), we have for a.e. x > 0,

()AL, £(x) = /0 S p (69 (1)
Moreover, Ker(A;’ﬁ) = {@} and for any n € N, the equation
Al fu(X) = La(x) (4.5)

has an unique solution in L*(eq,g) given by

__=n”
Rnl0) = n'eq g(x)

Moreover, for all n,t > 0, R, is a co-eigenfunction of P, associated to the
*

eigenvalue e and (P;);>¢ is non-self-adjoint. Finally, R—an(Aa,B) =L2(e).

(x"eq,p ()™,

Proof. Note that, for any f, g € L?(eq.p), f. g > 0, we have that

(Aap & flen s = /0 /0 () hap () f(¥)eq s (x)dx

_ (e [ dx
= [ 55 [ restrios@enp0Sewr

[ eglr) [ dy
- /0 = /0 F0)eap () hap(1/9) L e(rrdr

= (A% £ 8)e.
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Since if f € L?(eq.p), | f| € L?(eq,p), the first statement follows. Next, as, from

Proposition 3.2, Ay, has a dense range in L2(ea,ﬂ), from a classical result on

linear operators, Ker(A, ﬁ) = {@} from where we deduce that there exists at most

one solution of the equation (4.5) in L?(e4,g). Then, with the notation

(=D"
!

R™e(x) = n—(x"e(x))“” = e(x)Ln(x)

and writing
Rapf(x) = /0 Fhap (1/y)dy]y = /0 FC/ 9V hap (2],

we see that if, for any n > 0, f:, is solution to the equation
e(X)AL g fu(x) = Ao p fu(x) = R™e(x) (4.6)

and f, = eﬁ—”ﬁ € L?(eqp) then, for a.e. x > 0, f,(x) is solution to (4.5).
Invoking the theory of Mellin convolution in the distributional sense, as described
in [26, Chap. 11], since from the Proposition 3.2, we have that A, g defines clearly
a distribution, then the equation (4.6) can be written, with the notation of [26,
Chap. 11.11], as

for/rap(x) = RMe(x).

Taking the Mellin transform on both sides of this latter equation, one gets

(=" T'(s)
an(s - 1)3\/[)&0‘_3(5 -1 = n mr(s),

where we have used for the Mellin transform of R(”)e(x) the formula 11.7.7 in [26].
That is, from (3.8),
_ =D T(s)

My s —1D=— r(s—n)r(“H“ﬂ“_“) (4.7)

with the mapping s — an (s — 1) analytical in C, _5_1 ). By means of (3.4),
we have that for any € > 0, [M; (ib —1)| < Cpe~ @931l with C, = C(n) > 0.
Thus, we deduce, from [26, Theorem 11.10.1] that the Mellin convolution (4.6)
admits an unique solution in the sense of distribution, given, using the formula

aforementioned, by

—1)
n!

£ = Req5(0) = T2 (17e 5 (0@,
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Since the function e, g € C*°(R+), we have fn € C*®°(R+). Moreover,

L) (=D

€q,8(X) T n leg,p(x)

(x"eqp(x)™ =RY e, 5(x) = Ry (),

€u.8

Ja(x) =

and, by (3.12), f,(x%) = ei”/f’(‘jo)l) is a polynomial and hence f, € L?(ey ) N
C®(R4). Thus, for all x > 0, R,(x) is the unique solution in L?(e, g) of the
equation (4.5), which completes the proof of the statement. Next, we deduce from
the previous identity and the fact that Span(£,) = L?(e), see Lemma 3.5, that
A;’ﬁ has dense range in Lz(ea,ﬁ). Then, to prove that for eachn € IN, R, is a
co-eigenfunction, as the bounded operator A4 g has a dense range in L?(eq,p),

it is enough to show that, for all f € L?(e),
(P,Aa,ﬂ f’:Rn>ea!B = e_nt(/\a,ﬂ f’:Rn>ea!B'

Finally, by means of the intertwining relation (1.7) and the fact that Q; is self-
adjoint in L?(eg) with the Laguerre polynomials (Ln)y>o as eigenfunctions,
we get that
(PiAapg [ Rndeqs = (Aap Qi f Rudeqs
= (01 £ AL g Ra)e
= e "(f Ln)e
=e (Aa,p /- Rn)ea!,g,

which completes the proof, since for all n > 0, R, # P,. O

Proof of Proposition 2.1. The facts that P,,R, € L%(eqp) for all n > 0 and
Span(P,) = L2(ea,ﬂ) follow easily from lemmas 4.3, 4.6, and 3.5. Next, for
any f € L?(eq p), a simple change of variables yields that

,  _ al(eBy + @) ’
1 0es = gy I Palls,
with
,B~a =ofy +a—1
and

fopalx) = f(x%) € L*(eg, ).



Cauchy problem 821

Thus, the two Hilbert spaces are isomorphic. Since the polynomials are dense in
L%(e Ea) and R, o py(x) = PZ(x) is a polynomial of order n, we deduce from a
standard result, see e.g. [20, Chap. 2.6], that %(32,,) =12 (€q,p). Next, using
successively (4.3) and (4.5), observe that for any n,m € IN,

((Pna:Rm>eaﬂ = (ALna:Rm)eaﬂ = (Ln,A*iRm% = (Ln75m>e = Snm,

which shows that the sequences are both biorthogonal and minimal. Next, by
means of (4.3) and the Parseval identity of the Laguerre polynomials, we get,
forany f € L?(eq.p),

Z (f Padeq s = Zl L filn)el = 1A% g flle < 1 lleq s

which provides the Bessel property of (). It remains to show that (?,) is not a
Riesz basis. By the open mapping theorem and Ay gL, = Py, n > 0, itis enough
to show that A, g is not bounded from below. Observing, from (3.10), that

[Aa,p Pn”ea,ﬁ _ '+ DH'@B+1) ||Pn||ea,ﬁ
| pnlle Clan+af+1)  |palle

T+ D2 Qan +af + 1)
T(an+af + D220+ 1)

and by Stirling approximation

I'n + 1)F2(2a” +af +1) % (1= a)logz
T(an+af + DT2Q2n + 1)

we get that

A
o MAap pallews _

n=>00 || palle

which completes the proof. O

Proof of Theorems 1.1 and 1.2. The proof of Theorem 1.1 (resp. 1.2) follows readily
from lemmas 4.2 and 4.3 and an application of the Hille—Yosida theorem, com-
bined with lemmas 4.5 and 4.6 (resp. Proposition 3.2 and lemmas 4.3and 4.6). O



822 P. Patie and M. Savov

5. Proof of Proposition 2.2
5.1. The bound (2.4). We start with the following observation.

Lemma 5.1. The sequence of polynomials (P,) are the Jensen polynomials asso-
ciated to the generalized modified Bessel function

1 x"

T(an +af + 1) n!’

o0
Jap(¥) =T@B+1)Y_
n=0
i.e. for any x,t € R, we have
oo [I’l
t P J— —
Ty p(xt) = 2(:)?,,( x)—. (5.1)
n=

In particular, the sequence (Py,) is not orthogonal in any weighted L* space.

Proof. First, from [8, Proposition 2.1(ii)], easy algebra yields the identity (5.1).
From an elegant result of Chihara [6] stating that the Laguerre polynomials are
the only sequence of orthogonal polynomials generating the so-called Brenke type
function of the form (5.1), we complete the proof. O

Then, on the one hand, since, for any p = 0,...,n — 1, and x € R, where we
modify here slightly the notation to emphasize the dependency on the parameter
B in (1.10),

b _ N~ Tk+D (&) -
(P (=x))'? —kg;)r(k_erl)F(akJraﬂJrl)x ’
n—p

_ L1+ 1) Z (") N
Fn—p+Dlep+ap +1) = Tk +aB+p)+1)

_ Fn+1) B+p(_
" Tn—p+ Dl(ap +ap + I)T”_g( x)-

(5.2)

Next, from (5.1), we get, after performing a change of variables, that, for all
n,x >0,

n! dz
Pp(—x) = ﬁx”¢ e *Ty p (@) ot (5.3)
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where the contour is a circle centered at 0 with radius nx > 0. Since the series
representation of J, g defines an entire function, one obtains from the Stirling
approximation, that, for any f > 1 — 1. its order is

— kink 1
lim =
k—oo In('(ak + y 4+ 1k!) a+1

and its type is

1 .
g = 2F Tim k(Cak +y + Dk = (@ + Da~at1,
e —>00

Thus, a classical bound from its maximum modulus yields that for all x > 0 and
1

large 7, Max|;|=px |Jo.p(2)| < e @91 Since plainly, for all x > 0 and n € N,

|Pn(x)] < Pn(—x), see (1.10), we deduce, from (5.3), that

1

nletemx) @+t ;. dz
[P ()] < 7.)6"95 lex|——0r7
2mi nx

|Z|n+1
1 —nlnn 2w
— eto[(nx)ﬂf-"1 nle enc036d0
2 0
1
1 1
< Cn2ete®x)®Th

where for the last inequality we used the bound n! < e!="n"=% and the inequality
f02” e"costJg <« e, Finally, from Jﬁ—% X np , we prove (2.4), for any
non-negative integer p, from (5.2).

5.2. The bound (2.5). From (3.17), we get, by differentiating term by term, that,
for any g € IN,

o0

_ =Dt _ kF(§+”q+,3(z+1)x§+ﬂg
F(aﬁ+1)z( D rE+pd+1) nlk!

WP () =
k=0

where we have denoted for brevity

1
g:ﬂa—q=ﬁ+a—1—q and ng=n-—gq.
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Note that for any m € IN and 0 < r < m with 7 = [r] + 1, we have the immediate
inequality

Fm+r+1)

Letn > 2max(q, —aB¢) = 2q and put

a+1+|ﬁ3|+1'

q _—
Koz,n - o n

Then an application of the inequality above with the choice of n gives

n k q kga
(WD (x)] < m( > F%(Z’f;ﬁf ;; ! xn;j
k=0 @ o
+ i (g t”q+ﬂ3+1)x5+ﬁg‘)
&gy
WP (KRG m)PH2 Oy (KE anx) &
Pp+1) (& +BL+ 1)k
eaﬂa+0(1)(1 1 ydgyn+l o pn+l x§+ﬂ&’
a1 (af + 1) = n! k!

54

+

LRGP 2 & (KE )
Ff+1) o T(E+ B+ 1)k!
eBi+o() (] 4 ydgyn+l 2 fn+l x5 +B

T T @) A Al kL

where

1 1
{=——=1+0(-).

Next, since the first series in the last inequality defines an entire function (at the

argument z%), as in the proof of Lemma 5.1, we compute easily its order to be ;35
and its type to be t, = (o + 1)0{‘#1, to obtain that for large n,

k
(K anx)e

2 r(5+BL+1)k!

k=0

_ 0(eta(KEane) T
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For the second term on the right-hand side of (5.4), we have, from the Stirling
approximation and recalling that x < (kn)%, with ¥ < aLHe_z, that
n—aﬂg(l + V;lla)n—l—l X jntl x§+ﬂg

antl h n! k!
=n

St k"+ll’lk Kk

< (1+y—’?)n+lz R

o

k=n

IA

yq n 2, 3 k
(1 + —n) Jne" Z k2 e=k=mInG (g )k
o k=n

IA

qd. p+1 p2n,.n
3 (14 2E)T
o 1—ex

oM,

where we used the bound n! > Cn"2¢~" and noted that e(”_k)ln(g) < 1,
for k > n. This together with the fact that

1
lim K%, = Ko = —%

n—o00 > o

completes the proof.

6. Uniform bounds for |W,(x)]| via saddle points methods
and proof of Proposition 2.3

In this section we consider uniform bounds in x and n for |R, (x)|. We shall use
two of its representations as given in Proposition 3.3 in order to obtain the best
asymptotic bound for [ Ry |le, 4. It will be more convenient to state our estimates
in term of the function

Wn (x) = Rn (x)etx,ﬂ (x)
Note that according to our assumptions
Bu =Py =af—a+1>0.

The next result collects all bounds we appeal to in our proofs.
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Proposition 6.1. We write, for any « € (0, 1),

_ atl (z _ cse (52— _
Co— e (59) Ba:a“#, A=+, ©1)
sin (7“) sin (m)

with Cy < B, < Agy. Then, we have the following bounds.

(1) For any a > —By and any fixed x > 0, we have, for any 0 < € < a and n
large,

Wi ()] = O(n esc ((@ - e)%)nx_”). 6.2)
(2) Let x = kqo(6:)n*, 64 € (0, %) where

sin (1 + a)é*))(sin (1 + a)G*))“
sin(6x) sin (a0x)

Oy —> Ko (0s) = oz"‘( (6.3)

is a decreasing function for each o € (0, 1] with ko (0) = Ay, kg (m) = B,,
ko (£) = Ca. Then, for any 1 > & > 0 and 6 € (0, Z) uniformly on o > @&
and 0 < 0, < 0 we have with
sin(0y) )é)ﬁoﬁr%

) 9

C (a,05) = C (0,d) (cos (0) (m

where C(G_, a) > 0, that

sin((14a)Ox) cos(Ox) -HII( sin(Ox)

Wy (x)] < C (a, y) xPae" % sintaon) sn@dn))(6.4)

(B) Forany 1 > a > 0and 0 < € < By — Cy there is ng € I,
such that for n > no uniformly on1 > « > «a (resp. on @« > 0) and
x € ((Cy + €)n®, Agn®) (resp. on x € (Bun®, Agn®))

W, (x)] = O(xﬂae—%xéen(—ln(a)+%(1+a)l—!_Ta—l—a))' 6.5)
(4) Uniformly on x > Agn®, for any n < 1,
Wy ()] = O(a™3 xPerenx¥ gnHan) (6.6)
where, with [% 1) CEq = [(a + 1)_5, 1), for all « € (0, 1),
Hap = max{n (1 + @)@ — (@ + 1) —In(a): In (7% — 1)}

=1 +0) % —(@+1)— In(@)Lpgeey —In (™ — 1) Lpekg,)
(6.7)

and limam limn_)% Ha,r) =0.



Cauchy problem 827

To prove Proposition 6.1 we resort to different saddle point approximations of
the Mellin-Barnes representation (3.15) of W, (x), thatis foranyn € N, a > —f4
and x > 0,

(_1)n a+ioo F(S)

—S

Wn) = D s Te—m

(s + Ba)ds. (6.8)

We discuss different scenarios: when x is fixed and n — oo and when x
belongs to different non-overlapping regions in R4+ which vary with n. The
latter is required by the estimates obtained via optimal application of a somewhat
generalized saddle point method.

6.1. The bound (1). From (6.8), we get that for fixed x > 0 and a as in the
statement,

I (aa + Bo + iab)|db

_ » 00 |IT'(a +ib)|
W (x)| < Cx /_OO L(n+1)|T(a+ib—n)

where throughout C stands for a generic positive constant. The celebrated formula

T

IC(@+ib=ml P +1—a+ib)] = e — e

and the uniform bound |sin(r(a 4 ib))| < Ce™?! yield that

IF'a+ib)l'(n—a+ib)

: 2 | bl
NCESY I'(a(a +ib) + Bo)| e™''db.

(6.9)

W, (x)| < Cx_a/]R‘

Next using the bound (3.3), we get, for any 0 < € < «,

N = L
- oo I'n+1)

Hence, using [28, Lemma 2.6], we obtain, for large n, that

nlnn—n
I'n+1)
The Stirling approximation, e.g. (3.3), for I' (n 4 1) shows that (6.2) holds.

1
nel
Wy (x)| < Cx™%n'™® sec ((1 —a+ e)%) ‘)

6.2. The bounds (4) and (2) of Proposition 6.1. For sake of clarity, we present
the proofs of our estimates by stating several intermediate results which emphasize
the different key steps of the saddle point approach. We postpone the proofs of the
ones requiring some technical developments to the next subsections. Throughout,
we shall recall, assume and use the following relations

Bu =By =af—a+1 and ¢=1-c.
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Note that according to our assumptions Bo > 0. We start with the following
general upper bound which follows as a result of using different estimates of the
gamma function.

Lemma 6.2. For any n € Nandk > 0withn = ca and x = (ka)* n%, we have
that on 0 < ¢ < %2, or equivalently aa > h, for any h > 0, that

- - - o0
W, (x)] < Caﬁa—énﬁag—ﬂa—éenHK(s)/ e”gg(r)Rg(f)dr
0

- (6.10)
- c“—é(Kg)—ﬂa—é,(éxﬁaenm(s)/ <O R_(7)d,
0
where C = C(h) > 0 is non-increasing in h > 0,
o In(k)
He(c) = — ( +§+lng+—lng+—ln|g|) 6.11)
1 N =
gc(v) = §<(1 +a)n(1+73) -2l (1 + —2))
o8 (6.12)
—1((1 + @)arctant — arctan ( — ) ),
( (3))
and
Ro(t)=(1+ r2) (22 4 12)s. (6.13)

To optimize the upper bound of |[W, (x)| we first investigate the function g. (7)
defined in (6.12). More precisely, we have that

T
=)+l (6.14)

g; (r) = —(1 4+ o) arctan(t) + sgn(c) arctan <|g|

and, the following result.

Lemma 6.3. Forall ¢ > 0, g-(0) = 0. Moreover, the equation

g.(1)=0

has a non-zero solution T« = t(5) > 0 if and only if ¢ > 55 Finally, for all

¢ > 0, the mapping t — g (v) attains a unique global maximum at v« = ©(g),
given by

1 _ T
g () = 5((1 +a)In(l +72)—¢ln (1 + ?))]I{P e (6.15)
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Upon taking out ¢€s ™) in (6.10) and using that n = ac, we obtain

W, (x)| < CaEa_%nBag_Ba_%en(HK(S')'f'%gs‘(T*))I(a’ <)

1 3 _1 1 1 (6.16)
<Ca 2 (Kg)_ﬂol_jKjxﬁaen(HK(S')'f'Egs‘(f*))I(a’ §)
where the remainder integral expression is given by
0 —_—
I(a,¢) = / (88 @) R_(7)d. (6.17)
0

We note that the saddle point method is not immediately applicable as the inte-
grand in /(a,¢) depends on the parameter ¢ € (0,00). In order to be able to
estimate /(a, ¢), we need to deliver some additional information on the mapping
7« = t(¢). First we start though with a very useful lemma that will be used in the
sequel. Note that

—(1 + o) arctan(ty) + arctan (1’_*5) =0, c<l1

g (t) = (6.18)

7w — (1 + @) arctan(z,) —arctan (27) =0, ¢ > 1,

1

is simply (6.14) at the point of a unique global maximum 7z, > 0. We have the
following claim.

Lemma 6.4. The solution of (6.18) in terms of 0, = arctan () € (0, %) is given
by
tan(6y) sin (aBy)

c(0) =1~ tan (1 + @) Bx) _ sin((1 + @)Bx) cos (Bx) (©6.19)

T

Moreover, 0, +— ¢(64) is increasing on (0, Z

Jollowing holds.

) with range (QLHOO) and the

(1) ¢ + () is non-decreasing on (0, 00) with t.(sc) = 0 on (0, aLH] and
‘C*(l) = tan (m)
2) ¢ = h(g) = I*T(f) = tan ((1 4+ «) 04) is increasing on (1%{ 1) and de-

creasing on (1, 00), with h(l_%a) =0, lim¢c1 h(s) =00 and lim¢ o0 h(5) =

tan (3 (1 —)).

We are now ready to provide bounds for the remainder integral /(a, ¢) in (6.16).



830 P. Patie and M. Savov

Lemma 6.5. (1) Forany K > 1, there exists C = C(K) > 0 such that

C
sup I(a,¢) = —. (6.20)
c<K o

Q)Fix @ > 0. Then for all @ > a > 0 there exist uniform constants
Ko > 2,Co > 0 such that, for ¢ > K¢y > 2,

I(a.¢) < Cochats. (6.21)

Lemma 6.5 shows that for any choice of ¢ < K the upper bound in (6.16) can
be reduced to

Wh(x)| = C(K, Ba)(x_%+E“ngag—5a—%enH,?(§)
5 o 1 1 ) (622)
= Ca™ 3 (kg) Pam2 2 xPa e Hic (S

where
. 1
HE(S) = He(S) + 285 (bl gy (6.23)
For given k > 0,n > 0 we wish to minimize H/(s). For this purpose, putting
7« = |¢| h, we observe, differentiating (6.18) with respect to ¢, that
T, n
+ 12 T 1+a2

T, n

1 +2  1+h2

(1—}—0{)1 ¢ <1,

—(1+a)

=1
Thus, from (6.15) we are able to get that

%gg(r*) = %ln (1 + %)

and to conclude with the help of (6.11) that

J . aln(kg) +In|c
@HK (s) = 2 <]
6.24
Lo a0y 2 (€29

As a result we have the following claim.
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Lemma 6.6. The equation 3 H (¢) = 0, which is equivalent to

In(c) = Infé] + (1 (14 2) = (1 + o) In(1 + 22)1
—otn() = ain(s) +nlg ]+ 5 (1n (14 Z5) =1+ o) (1 +22)) I g,

(6.25)

_1
has a unique solution ¢, = ¢(k) for all ax > Cg*. We have, with k = kx = k(Cx)

1 _1 1412\ %
Kx = g (|§*| ]I{S*_1+a}+(1+r2) ( ) ]I{§*>

P ). (6.26)

1-?—0(
which when ¢. > 55, ka(0x) = (akx)® is expressed by (6.3) in terms of
0« = arctan(tx), and, for all 0+ € (0, %),

2

Tx sin (64)
-1)?° ) fn (m) < —In(a). (6.27)

1
Finally, if ax < Cy*, we have that %H:(g) <0, forall ¢ > 0.

—lng*+ln(§*)+ (1+(

Proof. The representation (6.26) of k. is immediate from the equation (6.25),
which in turn is the solution to %HK* (¢) =0, see (6.24). If ¢ > -%-, then (6.3)

at+1’
follows as a result of the parametrization 6, = arctan(z,) in (6.26). Next from the
fact thzit lim,—oInk = —oo we conclude that %H: (¢) <0, forall¢c > 0and
ak < Cgy since (6.25) has no solution. O

_1
6.2.1. Proof of (6.4) and (6.5). When ax > C¥ thanks to (6.25) of Lemma 6.6
and upon substitution in (6.23) we have that

2

1 T
H * _———1 —ln 1+—* 1 R 6.28

Using (6.28) with the parametrization 8, = arctan (), from (6.22) and (6.27),
we get (6.4), since, in this setting, (ouc*)”‘ = Ky (6x) € (Cy, Ay) is represented
by (6.3) and from Lemma 6.6 ¢« > ;%5. Next from (6.22) taking out the term
—g"—* in (6.28), and using x = kq(6«)n%, we get

W ()] < CaPa=3(7Z (Bu)c0) P27 (6.)

1 ¥ ). b
xﬁae—%xa e ™ ln(a)en(%—w"‘giw%&x (6+)

1
The estimate (6.5) is obtained with the worst possible choices, that is, kg (0) =

(I +a) &, c.(0) = 2% in the last exponent, & (6x) € (Cy, Ag) and ¢, > 1%

o ‘o’
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1

6.2.2. Proof of (6.6). When ¢ < m, from (6.26), we have k«cx = Cx ¢ and

thus (6.22) with K = 1 yields the following inequality, recalling that x ¥ = QKN

LB 1 * 1
W, (x)| < Ca—3ea Pt 2) nHi n(s) yfat ol —nxa

’

where we have set

Han(s) __;_1 (5) i ﬁ

and note that ¢,& 7 (Bt 3)

<1,for 0 < ¢ < ;95. Easy algebra gives then that
a—(1+ a)g*( U
(- ).

H(::r](g*) = §2§* 1

1

KA
I+ o

Thus Hpy ,(c«) has at most one local maximum on (0, 7%5) either at 2% or at

g* = n, with H} | (H_—a)—n(l—l—a)aH (¢ 4+ 1)—In(e) and H (1— n%) =

In ( which completes the proof of (6.6).

1— 7)0‘)

6.3. Proofs of the lemmas

6.3.1. Proof of Lemma 6.2. Recall that B, = afy = 1 + & (B — 1). First, from
[28, (2.2.30), Chapter 2, p. 50] since N (s) > 0 we have, when |as| > &, that
r Ba ;
M < C |as|ﬂa
I (as)

for some constant C = C(h) > 0. Hence, using this in (6.8) with «a > &, we get
with some absolute constant C > 0 that

a oo

C .Eoz — ~
¥ X la + ib|P
o0

Wh(x)| < m -

2CqPey—aghatl oo z
= [ 11+ it |P
F(l’l + 1) 0

I'(a+1ib)
I'a—n+1ib)
F'a(l+it)(aa(l+it))

[(a(s+ir)

I‘(aa—l—iab)‘db

dt
(6.29)

where we have performed the change of variables t = g and n = ag. We proceed
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with some estimates of the gamma functions. First, from [28, (2.1.8), Chapter 2,
p. 70], we get that for aa > h

IT(a@a(1+it) (@a(l+i1))]

(+a) 2
ea(iz In(14+t4)—(14a)7 arctan(z))
< C(h)e—a(1+a)+a In(a)+aaIn(ax)

1
aa® (1+17?)2

Next, from [28, (2.1.8), Chapter 2, p. 70] using that ac In (a) = In (g)" with
some absolute constant C > 0, we have that

T (a(C +it))| ™"

1 1 -
< Ce—n-i—ae—(a—ag—j)ln(a)e—(a—ag—j) In|¢ +it|+art arctan %

1 S n(=2112 1
— Ce—nnng—naiea—aln(a)ea(—jln(g +t4)+7arctan %)(52 + ‘52)1.

Putting pieces together and using the Stirling formula for I'(rn 4 1) yield with some
C = C(h) > 0, the inequality
IT(@(l+it))T (xa(l +it))

< C(aa)—%n—%g—ne—aa-‘raa In(aa) Ra,g (‘E)

11+ ic|P

where with R (7) = (1 + t2)°% (22 + t2)*, see (6.13),

R, c (1) =e 2((1+e) In(1+12)—% ln(§2+12))e—ar((1+a) arctan(z)—arctan %)Rg (1)

i (6.31)
_ %8s (r)e—a§1n|§|R§ (1) = eagg(r)e—ng lnlélﬁs (7).

Plugging the upper bounds (6.30) and (6.31) in (6.29), we get that

W, (x)] < Caﬁ"‘_%n_%aﬁ"”“%
00
e @ In(x)—n Ing—aa+aa In(aa)—as In|g| / 098¢ (7) ES‘ (‘E)d‘L’,
0

which, after rearranging the terms by using the relations x = (a¢xn)* andn = ¢a,
completes the proof of the form (6.10). The fact that ¢ € (0, “h—”) follows from the
fact that ao = ga > h.
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6.3.2. Proof of lemmas 6.3 and 6.4. First, for¢ < 1, we note from (6.14) that

ge(r) = 11:;"2 + = 2+ > < 0,forall t > Olfandonlylft > ot+§ 1-c(+a)),
for all T > 0, Wthh is equivalent to ¢ < ;% . Therefore, the mapping = — g_(7)
is decreasing for ¢ < %5 and 0therw1se 1ncreas1ng on a finite interval of the

type (0, b) and then decreasing to lim; . g (t) = —5a < 0. Since gc(0) = 0

we conclude the claim in this case. For ¢ = 1 the claim is immediate, thus
we assume in the sequel that ¢ > 1. It is clear that T + g_(7) is decreasing,
g.(0) = 7 and lim;, g, (vr) = —Fa < 0, which completes the proof of the

Lemma 6.3. Next, the proof of (6.19) is immediate from (6.18). The fact that
¢ = ¢(by) is increasing on (0, m) follows from the fact that both cos (6) and
sin((1 4+ «)0y)/ sin(aBy) are decreasing on this interval. The remaining portion
between (2(1 ot Z) is dealt with (6.19) since tan(6,) and — m are in-
creasing on the interval. This completes the proof of the first part of Lemma 6.4.
Let ¢ < 1. Then we know from Lemma 6.3 that 7, = 0, for ¢ < aLH The
fact that . is increasing for ¢ € (a"‘? o) follows from the properties reflected
in (6.19) of Lemma 6.4 which imply that 6, = arctan(zs) and hence 7. is in-
creasing with ¢. The fact that A(¢) is increasing on (0, 1) and decreasing on
(1, 00) follows from (6.18) upon differentiation and using the fact that ¢, > 0.
The values of 74(1),lim¢ 1 2(s), limgqq A(s), lime o (s ) follow from substitu-

tions and manipulations of (6.18).

6.3.3. Proof of Lemma 6.5. For ¢ < 1 we have from (6.13) with p, = ET"‘ —
that

N

R () < (1 4 t2)Pe,

Next according to Proposition 6.3 for each ¢, g () attains a unique global max-

imum at 7, and from Lemma 6.4(1) we have that sup._; 7x(s) = w(l) =
tan (m) Therefore, with 17 < @ = 1115 < 1, we have tan(z(l’:_a)) <

tan (£&) and we get that

tan(5 @) tan( z a)
I (a.c) = / el 8cMAr R (1)d T < / (14 t2)Pedr < K1 (),
0 0

where we set

_ T ]I{ﬁa>0}
Kq(a) = tan (5()() (m + ]I{PQSO})'

However, we check that from (6.14) with ¢ < 1 that for t > tan (&) we have that

(r) < 5 — (1 + @) arctan (tan (Z&)) < —%.
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Thus, forany 0 <o < land ¢ < lusinga = 7 > n and

I
T—1Tx(¢) = 7 — 14(l) > 7 —tan (Ea)
we have that

o0
La,c)= / e Jex 84T R (1)d 1
t.

an(%&)

(o)
5/ M ZE (3@ (| 4 12)bu g,

tan(%&)
< K (a),

with

K> (o) = /Ooo e_”Taf<1 + (r + tan (%&))2H{5a>0})ﬁadu

Thus, we have that

I(a,¢)=T(a.¢)+I>(a,5) = Ki(a) + K2 () .
However, as limy o po = —i + limg o % = i then clearly o? K () = o(1).
Also immediately o?K»(a) = o(1). Thus (6.20) follows for ¢ < 1. The proof
of (6.20) follows a similar pattern for K > ¢ > 1 with some K > 1. To
prove (6.21), choose, forany¢ = ¢—1 > 1,7 > ¢ tan (%H),forsomeo < H < 1.
Then from (6.14) we have that

ge(t) <7 — %H — (1 + @) arctan (g— tan (%H))

Therefore, for any % > € > 0 small enoughand 1 > Hy > 1 — % there exists,
Ko = Ko(€) > 2 such that for alla > @ and ¢ > K¢ we have that g_(7) < —e, for
all T > ¢Ty, with Ty = tan (%Ho), and, thus we conclude that 7, < ¢Tp. Using
again that at 7, the function g (7) attains a unique global maximum, we get using
the expression for Eg (7) in (6.13) that

sTo _ _
Il(a,g):/ e Jen 84T R (1)d 1

sTo Bo—1 1
</ (1+73)72 (2 +1d4de
0

<3 T01 22,28l L ok,
=g 1+c¢t9) (14 %)3dr.
0
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When B, > 1 we then get by estimating at t = T, that I (a ¢c) < Cgﬂa+2
Otherwise, if 0 < By < 1, we get by estimating only (I + t2)¥ < (1 + T2)4 in
the last integral and changing back variables that

sTo
Il(a,g)fg‘i/ (1+‘L’2) dt<Cgﬂ°‘+2 <Cgﬁ°‘+2
0

Next, since g.(r) < —e, for all T > ¢To, and 7« < ¢To, we have, recalling that
n=ag,

o0
L (a,¢)= / e@Jes gé(r)d’ﬁg(r)dr
sTo

o0
5/ e E=STo) (1 4 )25 (22 4 )hae
sTo

=/0°°‘ L+ (c 4 T T @+ (¢ + ETD) hdr

Since ¢ > Ko > 2 we have that 1/¢ < Kj' < 1/2, and, thus we get, by
performing a change of variables,

I (a,¢) 553/ —(1-gger

Again when B, > 1 we get using that &2 (¢ 4+ Tp)*> > T¢ > 0 that for some
C = C(Ky, Hy) > 0 we have that

4dr

1+ @+ T)) ™ < e (x4 Ty
and we conclude, with some C = C(Ky, Hy, €) > 0, that
L (ag) = Cchets,
Assume next that 0 < B, < 1. Clearly,

1 1
sup(e 2 TRKOT(1 4 (1 + Tp)H)H) < C,

>0

for some C = C(Hy, Koy, €) > 0 and thus

23 [ —la—goer ~2 2, Ba=1
I (a,¢)<C¢2 e 20 Ko (1+c(t+Ty)") 7 dr
0

Bo—1~Bo+1 oc>—l(l—L)er
<CTy® "¢h« Z/e 2V Ko d T,
0
Therefore, we again conclude that /5 (a,¢) < CgB‘”%. Since I (a,¢)
I (a,¢) + I (a, ¢) we deduce the inequality (6.21) and therefore conclude the
proof of our lemma.
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6.4. Proof of Proposition 2.3. We are now ready to derive our upper bound for
the norms of R,, in L2(e, ) and L?(€,,4.4)-

6.5. The estimate (2.6). Recall that 8, = 0fq = 1 + o (8 — 1). Writing
1
Fp(x) = T(af + DHW? (x)xPae*®

we split the norms squared into three pieces as follows

Ban® Agn® 00
%12, = [ “Eaxs [ Fwdr [ R 632

Ban® an®

where we have set

R~

A _ 1 \«a (o + 1)1+é o
_ Aa o« a+1 — ) _
130,_2(2 A ) 2( : (a+1)).
We have the following useful fact recalling that
_ COS(X+1 Ea _ CSC __
Co =" ———= 152 ) and By =% —————~ a(2(17;“)) .
Sin (EO‘) sin (2(1+a))

Lemma 6.7. There exists & > 0 such that, for any 0 < o < &, By > By.
Moreover, for any a € (0,1), By > C,.

Q=

Proof. The first claim follows from the inequality limy—¢ 37"‘ = % > % =
1 @ 1
limg— BT“‘. Next, we write f1(a¢) = (o + 1)% and Cy = fa(a) f3(a),
where fo(a) = ﬁ and f3(@) = cos!'Tw (Za). Note that By > C,
2
is equivalent to fi(a) — fa(x) f3(a) > 2(x + 1). We have that f, is non-
atl
decreasing convex on (0, 1) and since f{(x) = % (¢ —In( + 1)) and

(@) = %(lnz(a +1) — a“—fl), we deduce that f; is concave on (0, 1) with

limy—o fi(a) — fo() = e — % > 2, and as f3(«) < 1, we have that there exists

a1 > 0 such that for any 0 < o < o3

fi(@) = f2(@) f3(@) = fi(e) = fa(@) > 2 (e + 1).

Repeating this argument, one constructs an increasing sequence (¢, ), withn < 10,
where oy, is obtained from ¢, by using the bound for o € [e,, %], f3(o)

+1 o o
cos o (Za) < cos® (2an) < 1 yielding to the second claim in the case o < 3.
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Now assume that @ > 1. Since f3(o) < fa(e) = cos? (%) with f3'(a)
—1m?cos(ma) > 0 for o € (1.1] and limg—1 f{(@) — f{(@) = 4(1 —In(2)) ~
1.23 < 2 and as above one may construct a sequence (o) withey = land gy < 1

such that for any « € (2 , oz,,) frla) < sm(a Wthh guarantees the existence of

Qn+1 < On, such that for any o € [an+1,gn]

@+ )% ——2 _F(a) > 2+ 1),

in (n5)
which completes the proof. O

Recall that 8, = B+1— % Then for each range we have the following estimates
for large n.

1) On (0, Bun®), we have from the estimate (6.2), with a = —%"‘, x = kn%,
1
k < B§ and any 0 < € < «, that, for large n,
Fu(x) < Cn,Ba+(x,Ba+3e2n ln(csc(w»ex&
- 1
< CpPotoba+3 y2n(((ese(@52m))+ 24 )
and hence
Ban®
/ F,(x)dx
0
— O(pPatabatita 2n(- In(sin(L527 )+ L (@ 41) o —(a+1)))_

2) On (Bgn®, Agn®). Since, from Lemma 6.7, B, > C, and for small «,
By > By, we can use the estimate (6.5) to get

Agn®
/ n F,(x)dx = O(noc+aﬂae2n( In(e)+ 5 (a+1) %o —(tx+1)))

Ban%
3) On (A1, 00). Let 5 = 1£€ forany 0 < ¢ < L we have, from (6.6),
Fn()(f) = Cae—2nln((%+e)—a_1) xﬂa-l‘ée—exé

and thus, we get, for any 0 < ¢ < ¢, that

°° _1
/ Fo(x)dx < Cqe™2" In((3+€)~=1) ,~enAg

Agn®
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Hence,
o0
/_ Fp(x)dx = O(e?"Te),

Agn®

To conclude the proof of the estimate (2.6), we note that, for all « € (0, 1),
Ty, =—In(2* - 1)
1 oat1
> —In(a) + E(a +1) @ —(x+1)
. [am 1 at1
> —ln(sm (7)) + E(a +1) e —(a+1),

where the first inequality follows from (6.7) with n = % and the second from
sin (%) < a, foralla € (0, 1).

6.5.1. The estimate (2.7). We recall that for any 0 < y < « and 7, > 0 fixed
€, 8a(x) = xﬂ+é_le’_""x%, x>0,
and as above, writing,
Fu(x) = W2 () x B+ oV

we split the norms squared into four pieces as follows

Kaon®

1
1RallZ, , . = /0 Fu(x)dx + /1 Fy(x)dx

E&ni oo
—l—/_ F,,(x)dx—i—/_ F,(x)dx,

Kon® Agn®

where K, = e™2%—¢ (a"?)a

1) On (0, 1) and (1, K4n®), we use the bound (2.5), which yields that
Fp(x) < Cn(nx)ﬁJ“éezia(”x)“;“—ﬁax% ’
and thus, on the one hand,
L 1 - _1 1
/Fn(x)dx < Cn1+ﬂ+é/ o BHE p2la(mX) T T —fix ¥ 5
0 0

1
R
< Cp' Bt 2tan™T
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On the other hand,
Izan“i
/ F,(x)dx
1

sCan1+ﬂ+w/ xﬂ—l—EeZta(nx) —NaXV
1

o

Ky
— Can1+ﬂ+é+“ﬂ+“+1/ 'B_;,_, n(2tav0‘+1—r]an1’ vl’)dv'
n—a
Next with 1
- 1 o
gn(v) = 2ttt — ﬁan7_1v7,
we have B B
g,(v) = v"‘;“_l< Ha__ n—an%‘lv%_#l)
a—+1 %

and simple computation yields that g/, (v) < 0 on (n™%, K,) and thus

Kon® -
/ F (x)dx < C, nl+ﬂ+ +a 2£a +
1

Putting pieces together, we get
Kon® _1
/ Fp(x)dx = O(nlth+atag2ian® +1). (6.33)
0

On (Kan Aan"‘) First, note that since « — Ky (resp. o Ag) is non-
increasing (resp. non decreasing) and limy—_.¢ Ky = e ¢ < limgg Ay = 1,

we have, K, < A, for all @ € (0,1). Then, using the bound (6.2), with

a——ﬂ—"‘ and any 0 < € < o, we get

_1 g
Fu(x) < Cnﬂa+362n ln(csc(%))e—K&’nV

’

and, hence

AC{ _l o
/_ U E()dx = O(natita aninese( 2T <K%y (634

Kon®

On (Aun®, 00), we use the bound (6.6), with n = 0, to get
F, (x) < CaxﬂaJrgezn(—ln(a)—(aﬂ))e—ﬁax%’

and, hence for any 0 < & < 7}, we have

/_ Fo(x)dx = O(e 2 In@—en7y (6.35)

Agn®

The proof is completed by combining (6.33), (6.34), and (6.35).
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7. Proof of Theorem 1.4

We have now all the ingredients to complete the proof of Theorem 1.4. First, from
the intertwining relation (1.7) and the expansion (1.8) of the Laguerre semigroup
of order B = 0, we get, in the L?(e4,g) topology, that for any f € L2(e), t > 0,

PiAgp f(x) = Agp Q1 f(X)

= A(x,ﬂ Ze_nt<f,£fn>e L’n(-x)

n=0
=Y e (filn)e Pal(x),
n=0

where the last identity is justified by the Bessel property of the sequence (P,)
combined with the fact that for any f € L?(e), the sequence ({f, Ln)e) € £2(IN).
Next since from Proposition 3.2, R—an(Aa,ﬁ) = L2(eqp) and Ker(Ay p) = {0},
we have that A;jq is densely defined from L?(ey,g) into L?(e) and thus, for any
f €Ran(Ay ) andt > 0,

Pif(x) =Y e ™AL} f.Ln)e Pu(x) inL?(eqp).
n=0

Note that the two linear operators coincide on a dense subset of L?(ey, ). Using
now (4.5), we deduce that, for any f € Ran(Agg) andt > 0,

Pif =Sif inL*(eqp) (7.1)
where we have set
0 %)
Sif = Z <Ptf’:R”>ea,B Pn = Z e—nt<ﬂ Rn)eaﬁ P (7.2)
n=0 n=0

From again the Bessel property of the sequence (P, ), we have that the domain of
St is D(S;) = {f € L*(eq,p): (e7"(f. Rn)eq 5) € £*(IN)}. Next, an application
of the Cauchy—Schwarz inequality yields, for any f € L?(eq,p), some € > 0 and
n large,

T
(S Ridea sl < 1 leasllRnlleqs = €N flleq.s-

where we have used the bounds (2.6). Thus, forany t > Ty, D(S;) = L?(eq,5) and
using the synthesis operator as defined in (2.3), we get that S; extends to a bounded
linear operator in L2(e4 ). Hence, from (7.1), since Ran(A45) = L?(eq ), we
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conclude, by an uniqueness argument, that for all f € L?(eyp) and 1 > T,
P; = S;. Next, by means of the bound (2.7), we have for any f € Lz(éy,ﬁ,a),
n large and some € > 0,

e Rabeg | = (11 Ru 22

€y.8.a >é%ﬁsa

€a,8
< ley pe|Rnz—

v,.B8,a

€y.8.a

1
- o
< e(fa-l-e)n“ ”f”éy,ﬁ,a'

Thus, plainly, for all ¢ > 0, Lz(éy,ﬂ,a) C D(S:). Then, as (R,, Pp)n>o is a
biorthogonal sequence, see Proposition 2.1, we deduce from (7.2) that, for any
f €L?@&,p4),t>0andm >0,

(Stf’me)v = (Pt f, me)v,

thatis S; f—P; f € Span(IR,,)J-. However, since from Proposition 2.1, %(Rn) =
L?(eq.p), we conclude that S; f = P f in L?(eq ), as in a Hilbert space the no-
tion of complete and total sequence coincide. Next using the bound (2.4), we get
that, forany p e Nand 0 < x < K, forany K > 0,

o0 o0
e L Rudeqs PP <Y e (S Rueg 5] 1P ()]
n=p n=p
O t +1 o )H%a
<C Ze—n |(f,:Rn>ea,B|np 2 plta(nx
n=p
0 1
<Y ORI gy nP+y

n

Il
]

where, from the preceding discussion, the last term is finite whenever ¢ > 0 and
f € Ran(Ayp) U Lz(éy,ﬂ,a) ort > Ty and f € L?(eyp). Similarly, using in
addition the bound (2.5), we get for any integer ¢, 0 < x < K,0 < y < K,
K, K >0,

o0
D eTIWERG) PP ()
n=p

1 0o 1 1 L (7.3)
< Cyﬂ+6_‘1 Z e M P tit|Btg—1-q|+2,Kanat

n=p

s
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where K, = WK T +t. K 1%1. Hence, we conclude easily that, for any p,k € N
and for such ¢ and f,

dk >
PP ) =D (= e L Radeq s P (1),
n=p

where the series is locally uniformly convergent on R*. This combined with (2.5),
which is uniform in y € (a, b), for large n, for any fixed couple 0 < a < b < o0,
gives that

k

d - -
TPy = e W () PP ().
n=p

where the series is locally uniformly convergent on R3 . Finally, observe that on
the one hand, for all # > 0, P;Po(x) = 1, and hence according to [33], (P;);>o0 is
a Cp-Feller semigroup. On the other hand, from (7.3), we get that for all # > 0,
(x,y) — Ps(x, y) is locally bounded and the strong Feller property follows from
[34, Corollary 2.2], which completes the proof of the Theorem.
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