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Spectral flow of exterior Landau—Robin hamiltonians

Magnus Goffeng and Elmar Schrohe

Abstract. We study the spectral flow of Landau—Robin hamiltonians in the exterior of a
compact domain with smooth boundary. This provides a method to study the spectrum
of the exterior Landau—Robin hamiltonian’s dependence on the choice of Robin data, even
explaining the heuristics of how the spectrum of the Robin problem asymptotically tends to
the spectrum of the Dirichlet problem. The main technical result concerns the continuous
dependence of Landau—Robin hamiltonians on the Robin data in the gap topology. The
problem can be localized to the compact boundary where the asymptotic behavior of the
spectral flow in some special cases can be described.
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Introduction

In this paper we initiate the study of how the spectrum of the exterior Landau—
Robin hamiltonian depends on the choice of Robin data by means of spectral flow.
Technical issues aside, the spectral flow counts the number of eigenvalues that
cross a point in the spectrum, taking the direction of the crossing into account.
As such, the spectral flow measures how the spectrum “moves” under a change
of Robin data. The study of spectral flow has proven useful in noncommutative
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topology, where it describes the odd index pairing relating it to the index theory
of Toeplitz operators. Spectral flow was used by Atiyah, Patodi, and Singer [5],
in joint work with Lusztig, to describe the variations of the spectral boundary
contributions in the index formula now known as the Atiyah—Patodi—Singer in-
dex theorem. Atiyah-Lusztig’s notion of spectral flow was developed further by
Phillips [26]. In the spirit of index theory, the paper aims at reducing the problem
of computing spectral flows to a problem on the compact boundary of the domain
where the exterior problem is defined.

An important application of exterior, as well as interior, magnetic hamiltoni-
ans is for instance in the Ginzburg-Landau theory of superconductors, describing
Bose-Einstein condensates, see [2, 9]. Other applications of magnetic edge states
can be found in [15], where the spectrum of Landau hamiltonians in the exterior of
compact domains was studied. The spectral theory of exterior Landau hamiltoni-
ans was to the authors’ knowledge first studied in the mathematics literature in [27]
for Dirichlet conditions. Similar results were obtained for the case of Neumann
conditions in [24].

In both the Dirichlet and Neumann case, the spectrum clusters in a super
exponential fashion around the spectrum of the Landau hamiltonian (without any
obstacle). The difference between Dirichlet conditions and Neumann conditions
being that in the former case, the clustering takes place to above while in the
latter it clusters to below the spectrum of the Landau hamiltonian. Physically,
Dirichlet conditions correspond to an infinite potential barrier in the compact
obstacle which pushes up the energy while Neumann conditions correspond to
a perfect insulator lowering the total energy in the system.

Intermediately between Dirichlet and Neumann conditions, there are Robin
conditions — formally, Dirichlet conditions are obtained by letting the Robin data
tend to infinity. It was proven in [11] that the spectral behavior of exterior Landau—
Robin hamiltonians resembles that of exterior Landau-Neumann hamiltonians.
One of the motivating problems for this paper is the formalizing of the procedure
described above in regards to seeing spectral properties of the Landau—Dirichlet
hamiltonian as a limit case of Landau—Robin operators.

0.1. Setup. The Landau hamiltonian with magnetic field strength » € R* as
a differential expression is given by the second order elliptic operator on R2¢
defined as

Ly :=—(V +ibAg)>, (1)
where

1
Ao(x1,X2,....X29) = E(—xz, X1y..oos—X2d, X2d—1)-
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Since L, = L_y it suffices to consider » > 0. We often suppress the b-
dependence by writing A = bAy. The operator L; models d uncoupled particles
moving in R? under the influence of a constant perpendicular magnetic field of
strength b. The choice of Ay is non-physical, but greatly simplifies the analysis.
The differential expression (1) equipped with the domain C®°(R2¢) defines an
essentially self-adjoint operator on L?(IR?¢). By an abuse of notation we also let
Ly denote the closure of this operator. The domain of L, is the magnetic Sobolev
space H2(IR??), where

HY¥R?*) := {u € L>(R*?): (V+id)u € LA R??), j =0,....k}, fork € N.

The spectrum of Lj; has been known already since the work of Fock [8], and
rediscovered by Landau [22] a few years later. The spectrum of Lj is o7, :=
2bIN + bd, each point being an eigenvalue of infinite multiplicity, for details, see
for instance [31]. The eigenspace corresponding to a point A, = 2b(q — 1) + bd,
for g € IN. in the spectrum of L is referred to as the ¢g-th Landau level. We use
the standard convention Ag = —o0.

We consider a compact domain K < R2¢ with smooth boundary and set
Q := R?? \ K. The operator Lp|cse @) is not essentially self-adjoint on L%(Q).
We will concern ourselves with different self-adjoint extensions of this operator.
The Dirichlet realization L,?’ p 1s the differential expression Lj equipped with the
domain

Dom L ), := HZ ((Q) := {u € HF(Q):ulpe = 0}.

The magnetic Sobolev spaces can be defined for any domain €2, and standard
elliptic regularity estimates show that H fj (Q) locally coincides with H*(R9).
Since €2 has a smooth boundary, the trace operator yyq: H Ifl‘ (Q) - H*12(3Q)
is continuous for any £k > 1. Letting vg denote the unit outward normal to 9€2,
we set dy := vq - (V + ibAg) — the magnetic Neumann operator. The operator
dn acts continuously H¥(Q) — H¥=3/2(3Q) for k > 2. For any self-adjoint
pseudo-differential operator r € W°(32), we consider the Robin realization L,?’ .
given by equipping L acting on HZ(£2) with the domain

Dom(L3,) := {u € H;(Q): dnu + Tyaq(u) = 0}.

The Landau—Robin hamiltonian Lf}r can also be realized as the self-adjoint oper-
ator associated with the quadratic form defined on H () by

qls,{r[r,t]:/Q|(v+ibAo)7,¢|2dV+/aQ T(ulpo)ulse d S.
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By [27], Uess(LlS;Z,D) = o(Lp) = 2bN + bd. The same identity holds in the
Neumann case by [24] and in the Robin case by [18], see also [11] for the Robin
case. Thus, the study of how the Robin-Landau hamiltonian depends on its Robin
data t reduces to studying finite-dimensional eigenvalues — whose change the
spectral flow measures.

0.2. Main results. The main results of this paper are concerned with the spectral
dependence of Lg”r on t. The main technical tool in this direction is the following
theorem. Similar to [7], we use the notation CF>* (L?(2)) for the space of closed
self-adjoint Fredholm operators defined in L2(2). We equip CF>*(L?(R2)) with
the gap-topology — a topology defined from the metric

deap(T1, T2) == [Ty + )" = (T2 + D g2

For more details, see below in Subsection 2.1 or [7]. We also let ¥°(92)%% denote
the real subspace of self-adjoint elements in W°(3$2). We will throughout the
paper use the notation

or = 2bIN + bd.

Theorem 1. When equipping W°(32)%® with the topology induced from the norm
topology of B(H?/2(dQ2), H'/2(3R)), any u € R\ oy, gives a continuous mapping

v0(0Q)* — CF(LX(Q)), T+ Ly, —p.

The proof of Theorem 1 will occupy Subsection 2.2. It is based on standard
ideas from boundary value problems presented in Section 1. Some care with the
technical details is needed because €2 is not compact. Theorem 1 holds also for ¢
ranging over W' (dQ2) for any ¢+ < 1. The proof for 0 < ¢ < 1 proceeds mutatis
mutandis from the case ¢ = 0 using non-classical pseudo-differential operators;
we avoid this case for simplicity.

Remark 2. Already at this point, we emphasize that the smoothing finite rank
operators on L2(32) are dense in ¥°(3<2) in the norm topology of B(H32(3Q2),
H'/2(3Q)), making it possible to reduce to the finite rank case (see Remark 5
below). The precise explanation for the appearance of the topology coming from
B(H32(3), HY2(3R)) is found in Lemma 2.2.

Remark 3. The proof of Theorem 1 only uses the fact that for u € C\ R, Ly +
has a fundamental solution £, € C ©(R24 x R24 \ Agza) such that the associ-
ated single and double layer potentials on 2 restrict to pseudo-differential opera-
tors of order —1 on Q2 and give bounded mappings H'/2(dQ) — Dom(L;) and
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H3/2(3Q) — Dom(Lj), respectively. For Ly, this is the content of Proposition 1.4
and Lemma 1.6, respectively. As such, Theorem 1 holds in full generality for the
exterior of a compact smooth domain in a Riemannian manifold when replacing
L, with a Bochner-Laplacian having a self-adjoint extension to L2 and a funda-
mental solution satisfying the above properties. In this context, oy, = 2bIN + bd
is replaced by the essential spectrum of the Bochner-Laplacian at hand.

An immediate consequence of Theorem 1 and the results of [7, 11] is the
following corollary.

Corollary 4. For a path (t;)ejo,1] € W°(IQ)>* continuous in the norm topology
of B(H3?0Q),HV2(Q)) and a w € R \ op, the spectral flow
sf(L]?,n — Wiefo,1] is well defined and depends only on b, Q, n and the end-
points to and t1 of (t1)efo,1]- Moreover, if i ¢ cr(Ll?,r1 ), for b, Q, u and vy fixed,
the spectral flow sf(LIS}’ — W)iefo,1] IS constant in a neighborhood of Ty in the
B(H32(0), H'2(3Q))-topology.

The definitions and properties of spectral flows will be recalled below in
Subsection 2.1.

Remark 5. The fact that sf (L]?,Tt — [4)¢efo,1] is constant in a neighborhood of 7;
in the B(H3/2(3$2), H'/2(Q))-topology if 1 ¢ cr(LZn) can be used as follows.
After picking an L?(d2)-orthonormal eigenbasis (ex)xen of a positive order self-
adjoint elliptic pseudodifferential operator D on d2 we can approximate any
pseudo-differential operator t by the finite-rank smoothing operator

N

T(N)(‘E) = Z (‘Eek, ej)LZ(BQ)ej ®€;:7
J,k=0

where e; ® e/ denotes the rank one operator f +> ( f, ex)e;. For a constant C > 0,
depending only on D, we have the estimate

T — T Ol r3200),11/2009)) @

__1
= C(”TH‘B(Hl/z(aQ)) + ||T||'B(H3/2(aﬂ)))N 2d—T1

For a proof of the estimate (2) see Proposition 2.6 on page 865. Therefore, for N
large enough, we can define a path 7; := 79 4+t T() (71 — 7o) and from Corollary 4
deduce

Sf(Ll?,r, — Wiefo1] = Sf(Lls;z,;, — Wrefo,1]5
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reducing the computation of the spectral flow to a spectral flow along a finite-rank
perturbation. We also note that if u ¢ o(Lj, ) U o (L3, ), we can for N large
enough write

Sf(Ll?,r, — Wief0,1] = Sf(Lls;l,tTN(ro) — Wref0,1] — Sf(LlsthN(rl) — Href0,1]

reducing the computation of the spectral flow even further to the case of finite rank
perturbations of the Neumann boundary condition.

It is in general quite difficult to compute the spectral flow of Corollary 4. To
simplify matters, we localize the problem to the closed boundary d<2 in Subsec-
tion 2.3. We will equip ¥°(92) with its usual Fréchet topology unless stated oth-
erwise; this topology is stronger than the B(H3/2(d$2), H'/2(9%2))-topology. We
say that a continuous function F: X, — X; between two Fréchet spaces X, and
X, is holomorphic, if for any 7, t’ € Xy, the function C > z — F(r + zt') € X,
is holomorphic. Equivalently, F is holomorphic if Fot: U — X, is holomorphic
for any open set U € C and any holomorphic t: U — Xp.

Theorem 6. We set op = U(LZ2 p)- There is a geometrically defined family,
described below in Remark 1.11:

I[:C\ oL x ¥0Q) — v 1(Q),

which is holomorphic both in u € C\ op and T € W°(3R), such that for any
T € YO(9Q)s*

O(LZT) \op = {p € C\ op: 1+ T'(i, 1) is not invertible on L*(3Q)}.

Furthermore, for any i € R\ op and any path (t;)sef0,1] € W0(0Q)%* being
holomorphic in a neighborhood of [0, 1] C C,

Sf(LIS},T, — W) tef0,1]

_ lim sign tr72090) (0 T (1. Trge) T, Tege) ™ (1 + T(i, Tge)) ™)
s—0 " 172390y Qu T (1, Trae) * T (R Teae) (L + T (1, Te))™h)

(3)
where Z,(v) € {t € [0,1]: =1 ¢ o(I'(u, w))} is a finite set defined below in
Remark 2.13.

Remark 7. Each term on the right hand side of equation (3) is shown below to
be well defined for ¢ in a small neighborhood of 0 with 0 removed. The appear-
ance of the spectrum of the Landau—Dirichlet hamiltonian is to guarantee that the
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boundary value problem the Landau—Robin hamiltonian defines corresponds to
an elliptic problem on the boundary, see Lemma 1.8. Since the spectrum of the
Landau-Dirichlet hamiltonian accumulates at the Landau levels from above, and
the spectrum of the Landau—Robin hamiltonian accumulates at the Landau levels
from below, one can expect the interesting phenomena of Landau—Robin hamil-
tonians to occur away from the spectrum of the Landau—Dirichlet hamiltonian.

We prove monotonicity results for the spectral flow in Subsection 3.1. In The-
orem 3.1 we prove that under a positive change of Robin data, positive in the sense
of operators on L2(d2), the spectral flow is non-negative. We also prove a strict
monotonicity result assuming a strictly positive change of Robin data and a fur-
ther spectral condition that can be verified using the Kato-Temple inequality. The
above Theorem 6 can be combined with the monotonicity property of eigenval-
ues under a change of Robin data leading us to the following asymptotics for the
spectral flow.

Theorem 8. For any v € V°(3Q)%* and u € R\ oz,

vol(S*9Q) ,,_ _
7(271)2”7—1 Vzd Ty O(yzd 2) asy — oo.

Sf(Ll?,zH — Wiefo,y] =
The resemblance between Theorem 8§ and the Weyl law is no coincidence — its
proof consists of a computation using Theorem 6 reducing sf (Lls;”r 4 T Wrefo.y]
to the counting function for the Dirichlet-Robin operator on 2. This Weyl law of
the spectral flow follows from the slightly more general statement of Corollary 3.3
on page 872. It is discussed in the specific example of the exterior of the disc in
R? in Subsection 3.2.
Remark 9. The fact that the spectral flow sf(L,Sf,T +¢+ — MWrefo,y] coincides with
the spectral counting function of an elliptic pseudo-differential operator on
d2 constructed from t implies that there can be no general formula for the
spectral flow only depending on the formal symbol of the path (7;)e[o,1] in
C®([0, 1], ¥°(0Q)/ ¥~>°(3R2)). This observation can also be seen from Re-
mark 5.

Remark 10. Theorem 8 asymptotically describes how eigenvalues cross points
outside the Landau levels. The heuristics of letting y — 400 is that it tends to the
Dirichlet condition, a heuristics that can be given meaning to through Theorem 8.
The latter Theorem formalizes how the clustering of the Landau—Robin operators
eigenvalues below the Landau levels move up to above the Landau level where the
clusters of the Landau—Dirichlet operator reside.
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1. Operators associated with the fundamental solution

In this section we will study the properties of a number of operators associated
with the fundamental solution of L — u, for p outside the spectrum of Lp. The
operators introduced in this section will play a crucial role in understanding the
spectral properties of the Robin operators and the gap continuous dependence on
the Robin data.

1.1. The fundamental solution. Let / be the positive number solving the equa-
tion coth(h) = 4. The purpose of & is explained later. For a positive natu-
ral number d and u € C with Re(u) < d we define the smooth functions

IO(I’L’ ')’ IOO(/’L’ ) € COO(R>0) by
h e—scoth(t)-}—p,t oo e—scoth(t)-i—ut
To(u,s) = / —————dr and Ix(u,s):= / ——dz.
o sinh?(¢) = r o sinh?(r)
We also set I := Iy + I. It turns out that [ is entire in w, but singular as s — 0.
On the other hand I/ has poles i € 2IN + d but is smooth up to s = 0.

Lemma 1.1 (cf. Lemma A.1 of [11]). The functions 1y and I, can be holomor-
phically extended in u to functions in C*°(C \ 2N + d) x Rxo) satisfying

(1) I extends to a smooth function on C\ 2N + d) x Rx¢ satisfying
Iso(t,s) = O(sNe™), ass — oo,
locally uniformly in u for some N = N(u) € N that grows at most linearly
in |ul.
(2) Iy extends to a smooth function on C x R~ satisfying

TIo(,s) = 0(e™®), ass— oo,

locally uniformly in
(3) There are entire functions ¢;,0; € O(C) (depending ond ) such thatass — 0,

+o0 +o00
d=2)!s" 4> () s’ + 0, (w) s’ log(s) ford > 1,
j=2—d Jj=0
To(p,s) =

+o00 +o00
log(s) +) ¢ (1) s” + ) _0; (1) 7 log(s) ford =1.

Jj=1 Jj=1

In particular, I(i,s) = O(sNe™) as s — oo locally uniformly in u and admits
a polyhomogeneous expansion, holomorphically in u, at s = 0.
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Proof. To prove (1), we use the change of variables { = coth(z) — 1 showing that
3
Too(t, 8) = e—s/ e~ (L 4 2)@-2+W/2pd=2-0)/2 g ¢
0

Define the distribution valued function (i, £) := @ =27M/2. x4 31(0). It is clear
that f(u,-) is compactly supported and that we can extend f to a holomorphic
compactly supported distribution valued f € O(C \ (2N + d), &'(R)) whose order
is bounded by a linear expression in |u|. We can find a function ¢y € C*®(R)
such that ¢ (¢) = e 5% (¢ + 2)(@=2+1)/2 pear [0, 3] where it satisfies the estimate
|3§¢s(§')| < C;(1 + |s|)/ uniformly in s for some constant C; > 0. Therefore,
I~ extends by analyticity to a smooth function on C \ (2N + d) x R>¢ and
Ioo(pt,5) = O(s¥e™) where N is the order of f(u, -).

As for (2), Iy extends by analyticity to C x R~¢. For s large, by differenti-
ating under the absolutely convergent integral defining Iy, Io(1,s) = O(e™®) as
s — oo. In proving (3), the precise form of % plays arole. After changing variables
¢ = coth(t), so that e’ = (1 +2(¢ — 1)"1)"/2, we see that

o0
o) = [ et - 0@ (14 2 ar
4 -1
For ¢ > coth(h) = 4, we can expand ¢4 (¢2 — 1)@=2/2(] 4 2(¢ — 1)"")*/2 in
an absolutely convergent Taylor series in powers of ¢~!. Using this, a lengthier
computation shows the identity

[Tesa e 2 e

-1
= kot (SN (5N (1 2k+i4m+1-d
= Z(—l) "2 ( Ii )(?) (m)s M g ko 1-m(45),
k,l,m=0
where
o0
G = [ eterag
v
and
(x) Cx(x—=D(x—=j 41
J J!
denotes the binomial coefficient. The desired expansion follows from the expan-
sion of g, proven in [11, Lemma A.1]. O
We often identify R2¢ with C?, under which ¥ = (x1, —X2, ..., X2d—1, —X24)-

We let A € R2?? x R24 denote the diagonal, the associated distribution
CRC4 xC¥) 3¢+ [a ¢(z,2)dV(z) we denote by [A]. The following propo-
sition follows from [32], see also [11].
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Proposition 1.2. Forb > 0 and u € C\ oy, the function
E,p € C®(R?? x R2\ A)

defined by - ;
2%~ eilm(bx-y)ml(ﬁ blx — y| )

Eﬂ,b(x7y): (47[)‘1 b 4

solves the equation
(Lb,x - M)Eu,b = (Lb,y - M)Eu,b = [A]
Remark 1.3. The reader can verify that, for ¢ € IN, the smooth kernel

Kyv1(x,y) =resy—opg1bd Epp(x.y)

p blx—yl?
€8, —2bg+bd loo\ 7 —— ),

d_
2b lei Im(bx-y)/2
b’ 4

- (4m)d

defines the orthogonal projection onto the (¢ + 1)-st Landau level ker(L, —2bq +
bd) € L?(R*?), compare to [10, equation (1)].

1.2. Single and double layer potentials. Let @ < R?? be a domain with
smooth compact boundary, vg the outward pointing normal and dy: H ff Q) —
H*=3/2(3Q) the associated magnetic normal derivative (see Introduction, p. 849).
We define the single layer potential

A C=09) — C=(R), A ()= [ Bulro ) ) S0,
and the double layer potential

B C®OQ) — C®(Q), Buf(x):= /m INy Ep(x, y) f(y)dS(y).

Proposition 1.4. The operators

AM =Y OAM,

By :=0nvoA,—1/2
as well as
IBM = YaQ OBM_ 1/2

define elliptic pseudodifferential operators of order —1 on 0Q2 depending holo-
morphically on .
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Remark 1.5. In fact, B, f has a natural definition on R2¢ \ 9Q and makes a jump
of size f when crossing 0€2, see more in for instance [4, Chapter 3, Section 12].
This is the reason for subtracting 1/2 from the exterior limit.

Proof. The operator yyq o A, is a pseudo-differential operator of order —1 on

0€2 by Lemma 1.1. The operators dn o A, and yyq o B, are pseudo-differential

32\ . .
operators by a similar argument after verifying that oy, / (% %) still admits

a polyhomogeneous expansion starting at order 2 — 2d on d2. Ellipticity of
the involved operators follows from Lemma 1.1 which implies that the principal
symbols are constant functions on S$*9d€2. Holomorphicity is another immediate
consequence of Lemma 1.1. O

Lemma 1.6. The single and double layer potential extend to bounded operators
A HY20Q) — H2(Q) and B,: HY?(0Q) — H2(RQ).

Proof. We can find disjoint domains ', 2” € Q with C*-boundaries, with €’
being pre-compact, satisfying Q' = 9Q”UdQ and Q@ = Q'UIR"URK". Let
r = dist(d2,0R") > 0. It follows from Lemma 1.1 that for some N € Z and
some constant C > 0

e 2@y = Cr¥e™ | flr2p0)-
Similarly,

1B f Iz < CrVe™ 1 fll2on)-
By elliptic regularity on the pre-compact 2, we deduce the estimates
e f 2@y < Cor(lAuf u32ee) + Voo An S |as2eern + 1AL i2@)

< Co(IAulgi2— gl fllmrog + Cr¥e™ I fllL2po
+ 1AL S L2

1B f 2y = Cor(

1
(34 B0) S| 1m0 T 17990 B N2
AR

< Co (| fa3r2p0) + érNe_r||f||L2(aQ) + 1B f 2@

The second terms in both expressions, that is the terms ||ysq A f || g3/2(30) and
Vo Buf 329y, respectively, are estimated similarly as |A, f|| H2(@")

was estimated above. Compactness of Q' and Lemma 1.1 guarantee that
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Ap. B L2(02) — L*(Q') are bounded, hence | A, fllr2y S I1fl200) S
||f||H1/2(aQ) and similarly ||BMf||L2(Q’) S ||f||H3/2(8$2)' We conclude

S 2@y = M gy + M S B gy < 1/ 17200

1Buf a2 = \/IIBuflli,j(Q,) + IIBufllﬁ,j(Q//) S 1 a2 00)- U

1.3. Dirichlet-to—Robin operators and similar constructions. Green’s for-
mula implies that if u € H} () solves (Lp — p)u = 0 in £, then

u = By (ysqu) — Au(dnu). 4
For details, see [16, Chapter XX].

Lemma 1.7. If u € C\ o1, i belongs to o(L?D) if and only if A, is non-
invertible. Moreover, the single layer potential defines an isomorphism

Apul:ker Ay — ker(Li  — ). )
In particular, if u ¢ U(LX p)» the operator
Ku.p = Au oAy H¥2(0Q) — HZ(Q)

is continuous and for f € H3?(3Q), u := Ku,p f is the unique solution to the
boundary value problem

{(Lb —wu =0, inQ, ©)

yoou = f on 0Q.

Proof. It follows from Lemma 1.1 that the principal symbol of A, is a con-
stant function on S*0€2, hence the Fredholm index of A, as an operator act-
ing H*(dQ2) — H**t1(32) vanishes for any s. As such, invertibility of A,
is equivalent to kerA, = 0. We claim that the mapping of equation (5) is
not only well defined but an isomorphism with inverse mapping defined from
—8N|:ker(L§3’ p — n) — kerA,. This follows from the fact that whenever
f € kerA, € C®°0Q), u := A,f € HZ(Q) solves (L, — pw)u = 0in Q
and yyqu = A, f = 0; we conclude that u € Dom(L,‘;”D) and (L,?’D —wu = 0.
Conversely, if u € ker(L,?’ p — M) then by Green’s formula (4), u = —A,(Inyu)
and since u € Dom(Ll?,D), Ay (—0nu) = yyqu = 0.

By the argument above, A;l is a well defined pseudo-differential operator
of order 1 if u ¢ o(Ll?, p)- Hence, the operator X, p is indeed continuous by
Lemma 1.6 with u := X, p f satisfying (6). Uniqueness of the solution to (6)
follows from 1 ¢ /(L ). O
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We will make use of the shortened notation op := O(ng D)

Lemma 1.8. Let 4 € C\ op and t € VO(dQ)%*. The number u belongs to
U(Lffr) if and only if —1/2 + B,, + A, T is non-invertible. Moreover, there is an
isomorphism

(Bu + Ay o1)|:ker(—1/2 + By, + Ayt) —> ker(L§ . — ). (7
In particular, if u ¢ U(L,?’r) U op, the operator
Ko = Au 0 Ay (=1/2 4 By + A1) Ayt H'2(0Q) — HF(Q)

is continuous and for f € HY20RQ), u := Ko f is the unique solution to the
boundary value problem

{(Lb—u)u =0 in 2, ®)

(On + tys)u = f on dQ2.

Proof. The zero order operator —1/2 + B, + A, is elliptic with constant
symbol —1/2, because A, t and B, are of order —1. Hence invertiblity of
—1/2 + B,, + A, is equivalent to injectivity. We claim that for © ¢ op not
only is the mapping (7) well defined, but it is an isomorphism with inverse being
the trace operator

vaal: ker(L,?,r —pn) — ker(—1/2+ B, + A, 7). )

In fact, for any u ¢ op, if u € ker(Lls;”r — ) Green’s formula implies u =
(B, + Aut)ysqu hence yyqu € ker(—1/2 + B,, + A, 7). Hence the mapping
in (9) is always well defined. To prove that the mapping in (7) is well defined,
we note that for f € ker(—1/2 + B, + A,r) € H3?(3Q), Green’s formula
applied to u = (B, + A, o t)f implies that A,(dny + Tysg)u = 0 hence
A, (0N + tysq)u = 0. If u ¢ op, Lemma 1.7 implies that (dx + tysg)u = 0
hence u € Dom(LlS}’r) andu € ker(L?r — ) follows from the construction. The
verification that the mappings in (7) and (9) are each others inverses follows from
a simple exercise in linear algebra.

To prove that K, ; := A, o A;l(—l/Z + B, + A,7)"'A, is the solution
operator to (8) for u ¢ U(Lz?,r) U op, we make the ansatz u = A, g for some
g € H2(3R). Green’s formula implies

Ayf=E1/24By +Aut)ALg.

It follows that g = A" (=1/2+ By + A1) 'A, f andu = K, - f. Uniqueness
of the solution to (8) follows because u ¢ O'(L?r). O



860 M. Goffeng and E. Schrohe

Definition 1.9. Let 7,7/ € W°(3Q)%“ and u € C. We define the following
operators on C*(9€2).

Dirichlet—to—Robin operator. For u ¢ op,

AR = (On + trae) 0 K.
Robin—to-Dirichlet operator. For . ¢ U(Lf)2 JUop,

Af_)D(:Uv) =yse oKy,
Robin—to—Robin operator. For yu ¢ O(ngr) Uop,

AEZE W = Oy + T'vs0) 0 Ky

Proposition 1.10. Let n € C\ op and t,7" € W°(3Q)*%. The operators of
Definition 1.9 possess the following properties.

(1) Whenever the operators
AP R () € 91 (09),

AFTP () e v (09),
and

AT (1) € WO (9R)

r—)r/

are defined, they are elliptic with constant principal symbol. They are self-
adjoint and bounded from below whenever [ is real.

(2) Whenever the expressions make sense,
AP Ry = AP (),
AR R = AEZ R w ™!
and

D_)R(M)OAR_)D(/,L) R_)R(M)'

r—)r’

(3) In terms of the pseudo-differential operators A, B, and t,

APTR(u) = AN(=1/2 4 By + Ay1)
and

AR R () = A;l(—l/Z + By + Aut)(=1/24+ B, + A1) A,

T—>1/

whenever the expressions make sense.
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With Lemma 1.7 and 1.8 at hand, Proposition 1.10 follows from standard tech-
niques and we refrain from proving it here. The reader can find details in [34, Ap-
pendix C of Chapter 12]. The operators of Proposition 1.10 can be defined modulo
finite rank smoothing operators for any u € C \ or.

Remark 1.11. Lemma 1.8 and Proposition 1.10 prove the first part of Theorem 6
(on page 852). To reconcile with the notation of Theorem 6, we define

M'(p,7):=-2(B, +A,7).

From the results of this subsection we conclude the following Theorem that
forms the main technical ingredient needed to prove gap continuity in the next
section.

Theorem 1.12. Let t € W°(9Q)%*. Forany u € C\ (O(ngr) Uaop) the boundary
value problem

{(Lb — WU = ug in Q, (10)

(0N + tys)u = f ondL2,

admits a unique solution u € H23(Q) for ug € L*(Q) and f € H'Y2(0Q).
Furthermore, letting R, : L>() — H3(Q) denote the inverse of Lf}r — pand
K1,z the operator of Lemma 1.8, the solution operator to (10) takes the form

LX(Q)
(Rue Kuo): &  — HEQ),
HY2(3Q)

and depends holomorphically on u € C\ (o (L]?,T) Uop).

Remark 1.13. The analog of Theorem 1.12 for Dirichlet conditions of course also
holds for any u € C\ op.

2. Gap continuity and spectral flows

In this section we will briefly recall some notions and results on spectral flow.
Our main reference for these results is [7]. We will proceed by proving that
the Landau—Robin hamiltonians parametrized by their Robin data satisfy the
necessary continuity condition from [7] for defining their spectral flow.
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2.1. Spectral flow and gap continuity. We will use H to denote a separable
Hilbert space, e.g. L?(2). Recall the notation CF**(3() for the set of closed
Fredholm operators defined in J{ with the additional property of being self-
adjoint. The topology of CF>*(H) that behaves well with spectral flow is the
gap-topology; it is defined from the metric

deap(T1, T2) = [(T1 + i)' = (T2 + i) | m0)-

In particular, for a topological space X, a function f: X — CF** () is continu-
ous in the gap topology if and only if (f +i)~': X — B(H) is continuous in norm
topology. The set of invertible elements in CF** () is open in the gap topology
by [7, Proposition 1.7]. By [7, Section L.1], the metric dg,), is equivalent to the
metric defined from the norm distance between the graph projections and also to
the metric defined from norm distance for the Cayley transform

K CF(H) — WH), T +— (T —i) (T +i)~".

The image of the Cayley transform is characterized in [7, Theorem 1.10] as the set
of unitaries U € U(H) such that 1 + U is Fredholm and 1 — U is injective. Re-
markably, by [7, Proposition 1.6], the subspace 5 (H) € CF>*(H) of bounded
self-adjoint Fredholm operators is dense in the gap topology. Another surprising
property is that while the subspace F°% (J) has three path-components, CF>% ()
is path-connected by [7, Theorem 1.10].

Let us briefly recall a construction of the spectral flow of a gap continuous
path f:[0,1] — CF**(H) from [7]. Following [21], there is a winding number
construction

wind: C([0, 1], sU(H)) — Z,

where sU(H) is the set of all unitaries U such that 1 + U is Fredholm — a space
containing « (CF>*(H)) as a dense subset. One defines

sf(f) = wind(k o f).

Two main properties of the spectral flow are its additivity and homotopy invari-
ance.

(1) Additivity. If £:1]0,2] — CF>*(H) is gap continuous,
st(f) = st(flfo,11) + st(f 11,21)-

(2) Homotopy invariance. If F: [0, 1] x [0, 1] — €F*>*(H) is gap continuous and
dimker F(0, s) and dimker F(1, s) are constant, then sf(F (-, s)) is indepen-
dent of s € [0, 1].
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We refer the reader to [7, Section 2.1] for proofs of these two properties. To
compute spectral flows, we will as a rule use the next proposition.

Proposition 2.1 (Proposition 2.1 of [7], cf. Proposition 2.17 of [7]). Given a gap
continuous path f:[0,1] — CF**(H), there is a partition 0 = to < t; < -+ <
tn =landA; > Oforj =1,...,nsuchthatker(f(t)—A;) = Oforallt € [tj_1,t}]
and

sf(f)=)_ > dimker(f(z) — A) — dimker(f(tj—1) — A).

J=11€[0,4,)

2.2. Gap continuity of Lfr and Theorem 1. Motivated by the recollection of
results in the previous subsection, we now turn to proving Theorem 1 (see page
850). It follows directly from the following lemma.

Lemma 2.2. Let 19,71 € VO(0Q)%* and A € R. The resolvent difference of
Robin-Landau operators is given by

(L,Sf’rl —A—i)" = (L,‘}m —A—i)"!
= —K4in AR 2R A+ i) (11 — vl — A — )7,

where X +; v, is the Poisson operator of Lemmal.8 at p = A+i and ARZR (A+i)

T1—>70

is the Robin—to—Robin operator (see Definition 1.9) at @ = A + i. In particular,
||(L1§z,rl A=)yt - (Lz?,ro — 2= s
< C(A, 70,71, Q)11 — wolls@3/200),H1/2092);

where C(A, 19, 11, ) is the locally bounded number

1Katizollp a2 00,12 @) IARZR A+ ) ls 200

Q -1
||)’3$2 ||3(Hj(g),H3/2(3Q)) ||(Lb,r0 —A—i) ||B(L2(Q),Hj(g))-
In particular, for A € R\ or the mapping
WO(0Q) ™ 5 T L — X € CF(L*(Q)),

is well defined and gap continuous when equipping W°(3Q)>* with the topology
induced from the norm in B(H>?(3), H'/2(3Q)).
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Proof. The operators occurring in the theorem are all well defined by Lemma 1.8
and Theorem 1.12 because we are considering 4 = A + i. In the notation of
Theorem 1.12, we have the following identity of operators on L2(Q) @& H'/2(0Q)

Ly—A—i
R4 Kaai
(aN + 771]/89)( A+i,T0 A,+l,‘[0)

1 0
B ((3N + nyvs)Ratviz, (ON + T1V39)9<A+i,m)

1 0
- ((Tl —t0)vseRitin ARTR A+ l'))'

It follows from these computations and Proposition 1.10 that

(Rl-‘ri,‘[l ‘:K:}»-‘ri,‘[])

= (R/l-f-i,‘ro ‘:K:}»-‘ri,‘[o)

1 0
(—Aﬁ:)ffo (A +i)(t1 —10)VaeRitiey ARTZR (A + i))

= (Ratio — Kntimg AR (A + ) (11 — 0)vo Ratiszg

Kntie AR ZR (A +1)).

T1—>70
O

Remark 2.3. The norm estimate on [|(L§}, — i)™ — (L}, —i)7'sr2)) in

Lemma 2.2 still holds true for 79, 7 € W (0Q2)%* for any ¢ < 1.

Remark 2.4. By similar computations as in Lemma 2.2, for u ¢ U(Ll?’rl) U
U(L,?’ .,)» the operator (L]S;Z,T1 — )= (L,?’ - )~ factors over the inclusion
H32(3Q) — H'Y2(3Q). This recovers the wellknown result, in the style of
Birman [6], that (L}, —)™" = (L3 —w)~" € £2d-1.00(12(Q)) — the weak
Schatten class of exponent 2d — 1. The asymptotics of the singular numbers of
the resolvent difference was computed in [12, Theorem 3.4].

Remark 2.5. Corollary 4 (on page 851) follows directly from Theorem 1 and
homotopy invariance of the spectral flow (see [7, Proposition 2.3]), using that
W0(3Q)%% is a linear space, hence contractible in any topology defined from a
semi-norm. That Sf(Lz?,r, — W)zefo,1; only depends on a neighborhood of 7; in
the B(H3/2(0Q), H'/%(3Q))-topology on WO (IQ)>*, assuming 1 ¢ O(Lzrl),
follows from the fact that the set of invertible elements in CF>*(L?(dR2)) is open
(see [7, Proposition 1.7]) and the homotopy invariance of the spectral flow (see [7,
Proposition 2.3]).
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Proposition 2.6. Recall the notation of Remark 5, on page 851. For t € W' (0Q2)
the following estimate holds

I — Ty (Ol 3200y, 1172 (09))

1t
< Cltllmsrzoe),m3/2- o) T 1Tlls@ 2+ oe),m1/200)) N~ 20 T.

Proof. We can without loss of generality assume D to be of order 1 with
Dei = kza=tep. Take an f € H32(0Q) and write f = Y%, frer with
S = ([ ex)r2(9q)- For any g € H*(dR2), (k%gk)kG]NJr € (>(INy) and we can
in fact assume that ||g | gspq) = ||(k%gk)ke]N+ 2,y We write

[t = Toy(OLf =) _(ter.ej) 20 f ek 2o
max(j,k)>N

Define the pseudodifferential projection Py := > 7oy, ex ® e € vo(0Q).
It follows that

Iz — T(N)(T)]f”ill/Z(aQ)

N 2
L
= Z Z J 2 (tek, ej)r200) ([ ek) L2 (o)
j=1"k=N+1
00 o] 2
+ > 1D T2 (tex. ¢)) 200 (- €k) 12002
j=N+1"k=1
- N 00 . 2
< N7227T (Z Y T (v, ¢) 1200 (D' fren) 1200
j=1k=N+1
2
+ Z ZJ“" —2(rek. ¢j)20)(f ex)L2(0) )
j=N+1"k=1
00 2

00
R -
Z j#d=2 (Tekaej>L2(8$‘z)<Dl tf; ek)Lz(BQ)

k=N+1
2)

5>

j=1

§N‘221d_—'1(z

j=1

3—2¢
J““ —2(tek, €j) 1200 ([ ek 2 (00)
k=1

_~_ 1=t —
< N7 ([eD Py f 1290y + 10 W32 a0)

o=t o
< N™?%2d-T (”T||B(H1/2+t(39)7H1/2(aQ))

2 2
+ ”T”3(1.13/2(39)’}13/2—1(39)))”f||H3/2(ag)-
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2.3. Holomorphic families and reduction to the boundary. A path
(te)refo,1] S WO (IQ)™

is holomorphic if it is the restriction of a holomorphic function 7: U — ¥°(9Q),
where C 2 U D [0, 1] is an open neighborhood. In this section we will give a
direct proof of the fact that whenever (z;);ep0,1] € W°(9Q)** is a holomorphic
path, we can parametrize eigenvalues locally as functions with a holomorphic
extension. By Lemma 2.2, the family (Ll?,rt — Mo)rey is an analytic family in the
sense of Kato for any p¢ (for the definition of this notion, see [29, Chapter XII.2,
Page 14]). The following theorem describes the flow of specific eigenvalues as the
Robin data vary. The theorem could also be deduced from [29, Theorem XII.13]
using Lemma 2.2, see also [20, Theorem VIIL.1.8].

Theorem 2.7. Suppose that uo € R\ op and (t:)iepo,1] € V°(3Q)** is a
holomorphic path. There is a partition 0 = tyg < t; < -+ < tyy—1 < tpyy =1
such that, fork = 1,..., M, the interval [tx—1, t] admits an open neighborhood
Vi in C on which there is a finite collection of bounded holomorphic functions
(n J-k);\’:"1 C O(Vx) and an open neighborhood Wy C C of o such that (taking

multiplicities into account)

Nk
o(LE )N Wi = u(®) N Wi forallt € [tr—y. t].
ji=1

Moreover, there is a collection (ujk)jl.vﬁl C O(Vk, H{(RQ)) such that for t €
[tk—1, k),

ujr(1) € Dom(L Y\ {0} and L§ () = pji(t)uje(t).

Proof. We start by proving the first part of the theorem concerning the parametriza-
tion of the spectrum. Let W, be an open neighborhood of po such that W, does
not intersect op. By Lemma 1.8, it holds for any ¢ € [0, 1] that

o(L§.) N Wo = { € Wo: 1 — 2B, — 2A,7, non-invertible}.

Since By, A, € ¥1(3Q) depend holomorphically on u, we can define the
holomorphic function

FeoU xWy), f(t,p):=detry(1—2B, —2A,1(1)).
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Here det,; denotes the regularized determinant (see [33, Chapter 9]). The regu-
larized determinant det,, defines a holomorphic function 1+ £24(L2(3Q)) — C
such that det,y(1 + K) = 0 if and only if 1 + K is non-invertible. Hence,
o(L§, )N Wo ={n e Wo: f(t,n) =0}.

Fix a point 59 € [0,1]. We can by [28, Subsection 3.3 and 3.4] find a
holomorphic # which non-zero in a neighborhood of (sg, tt9) and irreducible

holomorphic functions f1, ..., f,, such that near (so, (o),
F@ ) =u@, 1@ wf20, 1) fm@, p.
We will construct the functions pu;, for j = 1,..., N, as the holomorphic

parametrizations u = w(¢) of the analytic sets f (¢, ) = 0 near (so, o) as k
ranges from 1 to m. Fix a k and consider a function f as above. Near (so, 1to)
we can by Puiseux’ theorem (see [36, Theorem 2.2.6]) parametrize the zero set
fr(t, ) = 0 as a multi-valued function w(f) = m(t — so) for a multivalued
holomorphic function m with m’(z) # 0 for z near 0O (in all its branches). More-
over, all branches of m are holomorphic outside sy and holomorphic near s¢ af-
ter a suitable singular coordinate change. Following the proof of [29, Theorem
XII.3], we can by Puiseux’ theorem Taylor expand the branch wu(z) att = s¢ as
w(t) = po + Z}’il Bj(t — 50)//P, for some p € N~ and coefficients B;. Since
() is real whenever ¢ is real, both the numbers

: (1) — o (1) — o
e"/PBy = lim ——°  and = lim —————,
hi t#So (t —so)V/P P t1¢S0 (t —so)1/P
are real. We deduce that 8; = 0. By induction one can show that f; = 0

unless p|j. Hence, w(¢) is holomorphic at ¢ = s¢. This construction gives rise to
potentially several parametrizations of f (¢, u) = 0 holomorphic near s¢. Since
[0, 1] is compact, the first part of the theorem follows.

Let us turn to the second part of the theorem, concerning the eigenfunctions.
To simplify notation, we drop the k in the notation throughout the rest of the proof.
To prove existence of (u; );Vzl C O(V, H}(R)), we will for simplicity reduce the
problem to the boundary; we need to prove existence of (g;) € O(V, H 3/2(3Q)),
for some open neighborhood V of 59 € U;V=01 (wy—1,wy), such that g;(¢) €
ker(—1/2 4+ By, ) + Ay, te) \ {0} for all 7 € V' N[0, 1]. For a small enough
neighborhood V', Lemma 1.8 implies that the collection (u;) ]N=1 can be constructed
from (g; )JI.V=1 by means of the formulaw; () := (B, 1) + A, (1) Te)g; (7). It follows
from Lemma 1.8 and the construction of (u;) ]N=1 C O(V) that, for a small enough
¢ > 0, the operator

Pi(t) = /| 12 B Ao 4
Z|=¢&
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is the Riesz projection onto ker(—1/2 + By, (1) + Ay, 7). We take a non-zero
element g;(so) € ker(—1/2 + By, (so) + Ay (s0)Tso) and extend to a function
g = 8;(t) by

gj(t) == Pj(1)gj(so) € ker(=1/2+ By, () + Ay, (7).

Since gj(so) # 0, g;(t) # 0 in a neighborhood of so. O
Remark 2.8. It follows from self-adjointness of L,?’ ., that wx (Ve N0,1]) € R.

We let sign: R \ {0} — {—1, 1} denote the sign function. For a holomorphic
function § and a ¢ in its domain of definition, we let

ord, () := inf{k: h® () # 0} € N U {o0}

denote the order of h at . Note that ord;(h) = oo if and only if h = 0.
If b is holomorphic at s¢ and vanishes there to odd order, we say that b is odd
at so. The following proposition is an immediate consequence of Theorem 2.7
and Proposition 2.1.

Proposition 2.9. Take a o € R\ op and suppose that (t;);e0,17 € W°(32)%*
is a holomorphic path. Let 0 =ty < t; < --- < tyy—1 < tyy = 1 be a partition
of [0, 1], (Vk),i”=1 open neighborhoods of [ty—1, tx] in C and (u‘,-k)jl-\l‘l C O(Vy) be
holomorphic functions as in Theorem 2.77. Define the sets

Zig =t € [tg—1,tk): jk — p is odd at t}.
The spectral flow of (Lé;z . W) efo0,1] can be expressed as

M Ni

SE(LEL, —w) =) ) >, lim sign(u, (t +¢).

k=1j=1 tEij

Remark 2.10. The appearance of the small ¢ takes the possibility of ,u;. =0
into account and corrects this problem because with a small enough ¢ the number
/L} « ({ + &) is not only non-zero, due to the analyticity of 1, but carries the same
sign as ,u](’,? (), where k = ord, (u;x —p) if u} (1) = 0 and measures the direction
of flow when ,u} & (1) blows up.
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We now turn to the proof of Theorem 6 (see page 852). The heart of the
proof lies in the next two propositions and summarized below in Remark 2.13. Let
(t)refo,1] € YO (9RQ)%* be a holomorphic path. Define the holomorphic function
g€ 0O x (C\or) xC*) by

gt 1) = ggt(l —2A7'B, — 247 A, T(1)).

Recall the notation f(¢,u) = g(t, u, 1) from the proof of Theorem 2.7. By
construction, for any u ¢ oz and ¢,

o (Byy + Aut(0) \ 0} = {4 € C¥:g (1, j1./2) = 0},

Proposition 2.11. The family (/ij);vﬁl C O(Vx) constructed in Theorem 2.7
satisfies that

A f (@, wjx (1))
O f (t. pj (1))

If 0, f (t, njk(t)) = O, the right hand side is made sense of through a finite part
value.

Wi (t) = — fort € Vi N[0, 1].

Proof. For notational simplicity we drop k from the notation. We start under the
assumption that 0, g(z, u;(¢), 1) # 0. The implicit function theorem allows us to
parametrize g(¢, u,A) = 0 locally as A = A(¢, ). Assuming d,A(¢, uj(t)) # O,
the implicit function theorem allows us to parametrize A(¢, u) = 1 locally as
u = u(t). For a suitable choice of A, we can do so using u(t) = p;(?).
It follows that

L0 ©) g (0, 1) 8 (1)
A1) 0,8 0D T 0 f (1)

If ¢ is such that d,g (¢, u; (t), 1) = 0, analyticity of all functions involved guaran-
tees that we can carry out the same proof once perturbing ¢ by a small ¢ > 0 and

letting ¢ — 0 — giving the finite part value of —% O
Ly

() =

Proposition 2.12. The partial derivatives of f are given by

A f (1, ) = trp2350)(0: T (zr, WT (24, w241+ Tz, w)™h

detrg (1 + ['(zs, 1)),
A f (t, 1) = trp2p0) (0T (zr, W (7, w2711+ Tz, )™

detyq (1 + T'(ze, ).
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Proof. Leta — A(a) be a holomorphic function U — £24(L?(32)) for an open
neighborhood U < C, e.g. I'(z;, u) as a function of ¢ or of u. By construction,
see [33, Chapter 9], det,4 (1 + A(x)) = det(1 + Rp4(A(w))) where det denotes
the Fredholm determinant and

2d—1

Roa(A@) = (1 + A@)exp (Y (-1)/’@) —1e LN(L2OQ)).
j=1
A direct computation shows
L det(1 + Roa(A@))
da
= trz20m (2L (4 oy (4@) ™) det(1 4+ Raa (@)
= tr20) (d gg")A(a)zd—l(l + A(a))—l) det(1 + A(@)). O

Remark 2.13. The two Propositions 2.11 and 2.12 together with Proposition 2.9
imply Theorem 6 with

atf(t’ :u“)

Zu() = {1 € 0.1):=1 € (N1, 7)) and L8

is odd at t}
3. Some observations on the spectral flow
In the previous section we showed that the spectral flow can be defined. In

this section we will show that in certain special cases the spectral flow can be
computed.

3.1. Monotonicity of spectral flow and asymptotics of flow

Theorem 3.1. Let i € R\ op. Suppose that (t¢)ref0,1] € W°(IQ)>* is continuous
in the B(H323Q), HY2(3Q))-norm. If 1; > 1o as operators on L*(dQ) then

Sf(Ll?,r, — W) tef0,1] = 0.

Moreover, sf(Lf}rt — Wiepo,1] > O if foraq € N and a po < p such that
Ay < o < 1 < Ay, the following conditions are satisfied:
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A) ([wo, ) No (L)) \ ap is non-empty;
B) 71 — 10 > (i — o)c? idz2(q) as operators on L?(0R2) where

ci= sup Ba + ArtellL200)—L2(@)-
t€f0,1],A€[po,u]

We remark that ¢ < co by an argument similar to the proof of Lemma 1.6.

Proof. By Corollary 4 (see p. 851), we can assume that (t;);¢[o,1] is the holomor-
phic path 7, = (1 —#)7p + t7;. Take (Vk)}c‘il and (Mjk);vzkl as in Proposition 2.9.

It follows from Theorem 2.7 that for any & we can find
(V)15 € CPWVi N[0, 1], H(R))

such that [|v;x (1) 2¢q,) = land v (1) € ker(L?rt—/ij(t)) forallt € ViNJO, 1].
It follows from t; = 73 — 79 and integration by parts that

Wi () = 2Re(/s2(v+iA)vjk(t)'(VTWdV
+/asz Ttvjk([)'v]/'k([)ds)

+/ ‘L’t/vjk(t) . vjk(t)dS
0%

- (11)
= 2Re(Ll?,rt vk (1), v}k(l))Lz(Q) + /m(rl — 7o)k (t) - v (t)d S

d
= Re (,Uvjk(t)anvjk(t)”iz(g)) + ((t1 = ) vk (1), vk (D)) L2 00)

= ((t1 — )V (1), vk (1)) 12 00)

ZOS

because 7, — 79 > 0 on L2(dQ). It follows immediately from Proposition 2.9 that
Sf(Ll?,,t — Wiefo,1] = 0.

To prove the second statement of the theorem it suffices to construct a path
of eigenvalues that crosses the point u. We choose a A € [ug, ) N O'(LIS}’TO
with A ¢ op. For ¢ > 0 sufficiently small, Theorem 2.7 shows that we can
find a path (u(t))sef0,,) Which is holomorphic, starting in ©(0) = A, and a
C'-path (v(1))/e[0.¢] Such that v(r) € Dom(LZU) satisfies ||v(?)||2(q) = 1 and

Ll?,r, v(t) = u()v(t) for all ¢ € [0, ¢]. The computation (11) implies that

W () = ((t1 = 0)v(1), v(1)) 2090) = (1 — M0)02||)’3$2U(f)||iz(39)- (12)
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It follows from Lemma 1.8 that for those t € [0, ¢] such that u(¢) ¢ op and
A= p@)=p,

1= [v) 2@ = I(Buw) + Aunyt)veav ()2 = cllvaev®)liL2pe)-

Let ¢y denote the supremum over all ¢ for which u can be extended to [0, ¢].
If 1o < 1, p(¢) has a pole at 7o and by equation (12) u(t) - +ooast — ty. In
this case, Sf(Lz?,r, — W)tefo,1] = 1. Assume therefore that 1(7) can be continued
to [0, 1]. The continuation argument, and the assumption A ¢ op, shows that
satisfies u’(¢) # 0 for ¢ in a dense open set hence the set of ¢ with (¢) € op has
measure 0. We deduce u/(¢) > p — o for almost all ¢ € [0, 1] such that u(¢) < u.
In particular, u(1) > w > A = u(0). The inequality sf(LXrt — Wiefo,1] = 1
follows. O

Remark 3.2. The condition A.) in Theorem 3.1 can in practice be verified for
A ¢ op using for instance the Kato-Temple inequality (see [14, 19, 35]) stating that
(o, m) N o(L?r) is non-empty if there is a unit vector ¥ € Dom(ngr) such that,

with 7 := qff [y] and & := \[ILE VI, q) = 1P 6 < (= M1 = pro).

Corollary 3.3. Take v, 7' € W°(3Q)%* where T is elliptic and strictly positive on
L?(0Q). Define the elliptic first order operator

Deo(p) = (A, (1/2=By) — o)t
and the family t(t) := v’ + tt. For u € R\ op,
SE(LE ) — Wrefo.y] = #([0. Y] N 6(De (1))

In particular, if D /(1) is self-adjoint in a neighborhood of a 1o € R\ o1,

Sf(Lz?,f(t) — Ho)zefo,y]

2d—1
4 - —
- (27)2d-1 /S*as‘z 00(r)* 71 d Ssepq + O(y*?7?). asy — oo.

Proof. Using Lemma 1.8, Proposition 2.9 and the proof of Theorem 3.1, it follows
that for u ¢ op
SE(LY ) = Wieloy] = #1 € [0.7]:1/2 € 0(By + Au(c' +17))}
=#{t€[0,y]:2t eo(Ay v =24 "B, + 207}
=#([0,y] N o (D (1))
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The operator D, /(1) has a positive principal symbol, namely o1 (D, (1)) =
oo(t)"L. So, if D o (p) is self-adjoint it is also bounded from below by Gérding’s
inequality. It follows from the Weyl law for the self-adjoint first order operator
D+ (1), see [17, Theorem 29.1.5], that

#([07 V] N O(Dr,r’(ﬂ)))

= N, y: Der(n) + 0(1)

2d—1

y - —
= Qnpd /S*m 01(Deo ()24 d Sgeq + 0(12972), asy — .

The above identities make sense and hold true also when u € op \ o, after
choosing a self-adjoint parametrix of A ,. |

3.2. Calculations on the disc. We consider the case where K is the closed unit
disc in R2, 50 Q := R?\ K = {z € C:|z| > 1} and 9Q = S'. Thereis a
U(1)-action on L?(£2) decomposing

L*(Q) = @P L*((1.00). rdr).
nez
The unitary U = @,ezUy: L?(Q) — @D,z L*((1,00), r dr) implementing the
isomorphism is defined from U, f(r) := 02 T f(ret?)e "0 dg.

To simplify the discussion of Landau—Robin operators, we assume that the
pseudo-differential operator r € W°(S!) is U(1)-equivariant. In particular, there
is a sequence (ty)nez € (®(Z) such that for g = 3, ., gne'™? € L2(SY),
2(0) = >,z t,8,€"%. Not all sequences in £>(Z) arise from a U(1)-
equivariant pseudodifferential operator, for a characterization of such sequences,
see [3, 23, 30]. The algebra of U(1)-equivariant pseudo-differential operators
on the circle is commutative. For any m, the norm on the U(1)-equivariant
pseudo-differential operators coming from B(H*(S'), H*~™(S')) does not de-
pend on s € R and is given by ||tz gs(s1), gs—m(s1)) = SUPez(l + [n))7" |70l
In fact, the arguments in this subsection go through for any operator z with
18(0) =Y ez t,gne™? constructed from a sequence (t,)nez € £2(Z).

When t is U(1)-equivariant, the unitary transformation U satisfies

ULY U* =D Ha(b. ).
nez

where we take a graph closure of the direct sum on the right hand side and H, (b, t)
is the differential expression
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equipped with the domain
Dom(H, (b, 1)) := {w: Hy(b, t)w € L*((1,00),rdr) and w'(1) — tw(1) = 0}.

It can be shown that the differential equation H,(b,t)w = Aw in (1, c0) has a
one-dimensional space of L2-solutions spanned by the function

_ br?
w)t,n,b(”) =r 1Wn+lh_1 n <_>
%3\ 2

Here W, , denotes the Whittaker functions, see [1, Chapter 13]. It follows that
0 (Hn(b.1)) = {A € Riw , (1) — 1wy (1) = O},

Proposition 3.4. When Q is the complement of the closed unit disc in R2, we
can describe the spectrum of a Landau—Robin operator defined from a U(1)-
equivariant pseudo-differential operator t as

o(Ly) = e Riw), (1) = Tqwpnp(1) = O}.

nez

The analysis of the boundary operators A, and B, simplifies greatly as they
lie in the commutative algebra of U(1)-equivariant pseudo-differential operators;
this fact is seen from the definition of their integral kernels, see Proposition 1.2.
The Fourier modes of the operators A, and —1/2 + B,,, respectively, are given
by

1 2 0o
an (. b) =0 ) /Oe”’%(z,e,u,b)dzde, (13a)

2w pooO
b, (1, b) := é | /0 e™0e(z,0, . b) (i sin(0) + (cos(h) — 1) coth(r))dz d#,
(13b)

where
exp (ibsin(0) — 2@ coth(r) + 41)
s1nh(t) ’

Both integrals are interpreted as principal value integrals. It follows that for
any self-adjoint U(1)-equivariant pseudo-differential operators t and 7’ on S'!
the operator D, /() of Corollary 3.3 is indeed self-adjoint. Using the explicit
formulas of Proposition 1.2 and the characterization of Lemma 1.8, we infer the
following proposition from equation (13).

e(t,0,u,b) :=
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Proposition 3.5. Let Q be the complement of the closed unit disc in R? and T a
U(1)-equivariant pseudo-differential operator on S with Fourier modes (tp)nez.
We have the equality

o(Lg)\op = | J{n € C\op:bu(e.b) + taan (. b) = 0}.

nez

We conclude this paper with a result concerning the multiplicities of the
Landau level A, as an eigenvalue for the exterior of the disc. We can treat the
Landau levels, i.e. the essential spectrum, in this particular case due to the simple
geometry of the circle. At the Landau level A; = (29 — 1)b,

g—1 b n_-;l n.—br2/4rn br?
wans(r) = (@ = DI=DT(3) T e Ly (5).
where Lj_, denotes the Laguerre polynomials. As such, A4 is an eigenvalue for
L?’T if and only if for an n the following polynomial equation which is linear in

7, and of order ¢ in b holds:

@n—b—25,)L!_, (g) +2bLI) (g) — 0. (14)

Here we have used the identity L)) = (L?_,)". We remark that the zeroes of
the Laguerre polynomials are simple, hence it never holds that Ly_,(b/2) = 0
and LZle (b/2) = 0 simultaneously. For ¢ = 1, this equation is equivalent to the
linear relation ©, =n —b/2. For Lj_,(b/2) # 0 we can solve the equation (14).

We define a sequence giving a solution to equation (14) (whenever it exists) as

b
Tu(q,b) ::n—z + bl,(q,b), (15)

where

0 for L;_l(g) — 0,

la(q.b) = | pn+1(l
llii<bz) fOfLZ—1(§) # 0.
=1\

Equation (14) shows how the Weyl law from Corollary 3.3 comes into play: as
7, increases, eigenvalues will cross Landau levels in a linear fashion. From the
particular form of 7, from equation (15) we can deduce properties about the
multiplicities of A, as an eigenvalue of LIS}J.
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Proposition 3.6. Let Q be the complement of the closed unit disc in R%. The
sequence (T,(q,b))nez is the sequence of Fourier modes associated with an
elliptic U(1)-equivariant pseudo-differential operator T = T (q,b) € W' (SH)VD,
Moreover, if t € W (SHYYD fort < 1 and A, is an eigenvalue ofL]?,T, A4 has at
most finite multiplicity satisfying the upper estimate

b d(q,b) b+d(q,b)]}’ (16)

dim(Lgr—Aq)EC(q,b)#{n:rne[n—z— PRl R

for some constants C(q,b), d(q,b) > 0.

Proof. The expression

q—1 _1 N
L) = Z(‘é_ 12‘1)( i)!C) ’

i=0

for the Laguerre polynomials shows

-1 .
Z?:l Ci—1,4(n)b! !

Ln(g,b) = - :
" Y425 cig(m)bi
where
. _(a—1+n (=1)
Cig (1) := (q—l—i) 2

The expression £, (¢, b) being a rational function in n, has an asymptotic expansion
as |n| — oo with leading order contribution (¢ — 1)n~!. Existence of the
asymptotic expansion implies that £, (g, b) defines a pseudo-differential operator
of order —1 by [3] or [23]. Therefore T is a pseudo-differential operator of order
1 whose principal symbol takes the values +1. We deduce ellipticity of T'.

If r € WI(SHYD for ¢ < 1, then |t,| < |n|* and there is at most a finite
number of n for which 7, = T,. The number of n for which 7, = T, and
Ly, (%) # 0 holds coincides with dim(L,?,T —A,) by equation (14) and (15). This
finite number of solutions is bounded by the right hand side of the estimate (16)
since |€,(q,b)| < |n|71. O
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