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A weighted estimate for two dimensional Schrodinger,
matrix Schrodinger, and wave equations
with resonance of the first kind at zero energy

Ebru Toprak!

Abstract. We study the two dimensional Schrédinger operator, H = —A + V, in the
weighted L!(R?) — L°°(R?) setting when there is a resonance of the first kind at zero
energy. In particular, we show that if |V'(x)| < (x) =% and there is only s-wave resonance
at zero of H, then

. 1 C
—1,,itH _ <
o™ Pacf = Ff oo < oo T il > 2,

with w(x) = log?(2 4 |x|). Here Ff = —%1//(1/@ f), where ¥ is an s-wave resonance
function. We also extend this result to wave and matrix Schrédinger equations with
potentials under similar conditions.
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1. Introduction

Recall the propagator of the free Schrodinger equation:

W) = e [ R 1)

(—47Til)”/2 R

which satisfies the dispersive estimate

le 2 flloo S 72| f 2)

for any n > 1. There are many works concerning the validity of such an estimate
for the perturbed Schrodinger operator H = —A + V, where V(x) is a real-
valued and bounded potential with sufficient decay at infinity. See, for example,
[33, 43, 23, 21, 24, 52,19, 9, 12].

Since H may have eigenvalues on (—oo, 0], the inequality (2) cannot hold in
general. Therefore, we consider ¢*H P,.(H), where P,.(H) is the orthogonal
projection onto the absolutely continuous subspace of L2(R"). It was observed
that the time decay of the operator e p, (H) is affected by resonances or an
eigenvalue at zero energy (see, e.g., [41, 31, 39, 29, 30, 17, 51, 21, 3, 13]).

Recall that, in two dimensions, a distributional solution of Hy = 01is called an
s-wave resonance if € L®(RR?), buty ¢ L?(R?)forany p < oo; and it s called
a p-wave resonance if ¥ € L?(R?) for 2 < p < oo, but ¢ ¢ L?(IR?). We also say
there is a resonance of the first kind at zero if there is only an s-wave resonance at
zero but there are no p-wave resonances or an eigenvalue at zero. It is important
to recall that in this case, there is only one s-wave resonance function up to a
multiplicative constant. There are similar definitions for resonance in dimensions
n = 1,3, 4, and there are no zero energy resonances in dimensions n > 5.

We note that by these definitions, the constant function ¢ = 1 is an s-wave
resonance in dimension two for the free Schrodinger operator. In addition, using
the formula (1), one can easily prove that

. 1
—1 —itA oo <
[w™ (™2 f + —4m.t1ﬂ(1ﬁ, IDNLeor2) < o1

lwf L (gr2)- (3)
Here we define w(x) := log?(1+|x|) and use w(x) with this definition throughout
the paper. This suggests that the perturbed Schrodinger evolution should satisfy a
similar weighted estimate with an integrable decay rate in the case of an s-wave
resonance. Indeed, our main result in this paper is the following.
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Theorem 1.1. Let |V(x)| < (x)728~ for some B > 2.. If there is a resonance of
the first kind at zero for H = —A + V, then we have
. 1 Cc
-1, itH
Paof — —Ff)|Loome) < ————

Here F is a rank I projection onto the one-dimensional space of resonances:

lwfill, w2y, (1> 2.

Ff =30, f),

where  is the canonical s-wave resonance function satisfying v — 1 € L? for all
p>2

We then, extend this result to the matrix Schrodinger operator and to the
low-energy evolution of the solution of the two-dimensional wave equation, [see
Theorem 1.3 and 1.4].

The dispersive estimate

[€F Pac f llLooqury < CleI™ 81 f iy @

in dimensions one and two were studied in [23, 45, 22, 34, 38, 13, 14]. In fact, (4)
is established by Goldberg and Schlag for n = 1 in [23] and Schlag for n = 2
in [45], assuming zero is regular, that is, when there is neither a resonance nor
an eigenvalue at zero. The result in dimension two is then improved by Erdogan-
Green to a more general case. They showed the same estimate when there is a
resonance of the first kind at zero.

The main concern for these estimates is that they are not integrable in time at
infinity. An estimate which is integrable at infinity is very useful in the study
of nonlinear asymptotic stability of (multi-)solitons in lower dimensions. See
[46, 34, 39, 7, 49, 40, 50] for other applications of weighted dispersive estimates
to nonlinear PDEs.

The earliest integrable decay rate in dimensions one and two was established by
Murata in weighted L2 spaces. In [39, Theorem 7.6], Murata proved the following
statement in polynomially weighted spaces by assuming sufficient decay on V': if
zero is a regular point of the spectrum, then for |¢| > 2,

1 _3
lwi'e™ Poc(H) fll2my < Ct 72 |wi f Il 22m) )
and

. C
> e Py (H < : 6
||w2 e aC( )f”LZ(]RZ) — |t|(10g |[|)2 ||w2f||L2(]R2) ( )
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In [47], Schlag improved Murata’s 1 dimensional result (5) to weighted
L' — L% setting and he showed that if zero is regular, then

— i _3
1)~ "™ Pac(H) f ooy < C172[[(x) fllL1 w2

provided that |V| < (x)™*.

The fact that constant functions are resonance in dimension one, together
with (3), led Goldberg to ask whether a similar estimate as in Theorem 1.1 can be
obtained when zero is not regular. In [22], Goldberg showed that if (1 + [x|)*V €
L'(R), then

11+ |x) 2@ Py H — (—dmit) 2)F) f oo S 131+ [xP) fll - (D)

where F is a projection on a bounded function f; satisfying Hfy, = 0 and

limy oo (| fo(X)| + [ fo(=x)]) = 2.
Murata’s two dimensional result (6) was also improved by Erdogan and Green.
In [14], they showed that if zero is regular, then

. C
-1 ltHP H - = o 8

provided |V| < (x)~#, for B > 3. Theorem 1.1 was motivated by (7) and (8) of
Goldberg, and Erdogan-Green, respectively.

The Schrodinger operator in dimensions n = 3,4 and n > 4 has also been
studied. For more details about these dimensions one can see [47, 17, 18, 16, 25,
26].

Letting

L> ={f:(x)° f € L*(R")}
and
Hoo ={f:D*f € L>°(R")}.

we define the resolvent operator
REM?):L?" — Hy o

as
RE(A?) = lim (H — A2 +ie)) .
e—>0

By Agmon’s limiting absorption principle [2], R?,E()Lz) is well-defined. The proof
of Theorem 1.1 relies on expansions of le around zero energy and Stone’s formula
for self-adjoint operators. Let y be an even smooth cut-off function supported in
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[-A1,Aq1] for a fixed, sufficiently small A; > 0 such that y(A) = 1if [A] < %
Then, one has

P 10 = == [ RS 0% ~ REGAL A, ©)

for all £ € 8§(R?). Note that in our analysis, we assume V has enough decay to
ensure that H has finitely many eigenvalues of finite multiplicity on (—oo, 0], with
oac(H) = [0, 00). See [42].

We also extend our result to the non-self-adjoint matrix Schrédinger operator.
The non-self-adjoint matrix Schrodinger operator is defined as

—A+/L 0 - =V
H=XH = 1
o+ V |: 0 A—M}+|:V2 Vl] (10)

on L2(R?) x L?(R?), where 1« > 0 and V;, V, are real valued potentials. Conjuga-
tion of H by the matrix [} . ] gives H ~ [l. L°+ "%f], Hence, by Weyl’s criterion
and some decay assumptions on V; and V3, Oegs(H) = (—o0, —u] U [i, 00).

We need the following assumptions for the matrix case,

Al) —o3V is a positive matrix, where o3 is the Pauli spin matrix

o[t o7
3—0_1,

A2) L_=-A4+pu—-Vi+V, >20;
A3) [Vi| + |Va| S (x)72B~ for some B > 2;
A4) There are no embedded eigenvalues in (—oo, —p) U (1, 00).

It is known that the first three assumptions are to hold in the case when the
Schrodinger equation is linearized about a positive ground state standing wave
VY(t,x) = e'™¢p(x). We need the fourth assumption to be able to define the
spectral measure from X, to X_,, where X, = L?%° x L?°. For more details
one can see [18] and [15].

Dispersive estimates for the operator (10) are studied in [10, 44, 48, 17, 11, 37,
27]. In the case when thresholds £y are regular, the following result is obtained
in dimension two.
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Theorem 1.2 ([15, Theorem 1.1]). Under the assumptions Al)-A4), if £u are
regular points of H = Ho + V, we have

”eitH Pac f ||L°°><L°o

|t|||f||L1><L1 (11)

and

—1 itH o < 1
”w e Pacf”L xLo>® I |t|(10g|l|)2
Our main result for the matrix Schrédinger operator is Theorem 1.3 below.
Recall that there is an s-wave resonance at u for H = Ho + V if Hy = uy
for some ¥ = (Y1,¥2) € L® x L, buty & LP x LP? for any p < oo (see
e.g. [15]) . A distributional solution of Hiy = v is called a p-wave resonance if
Y e LP x LP for2 < p < oo, but ¢ & L? x L?. We also say there is a resonance
of the first kind at u if there is only an s-wave resonance at p but there are no
p-wave resonances or an eigenvalue.

lwfllpispr. el >2. (12)

Theorem 1.3. Under the conditions Al)-A4), if there is a resonance of the first
kind at the threshold |, then we have

e Py flLooxro0 <

IIfIIL1 L'

]
and
ltM

o (6 Pacy — <51 ¢

<— w > 2.
it )HLooxLoo ~ Jt|dog |2 Il 1

Here § is a rank one operator whose range is the one-dimensional space of
resonances:

1
§/(x) = =¥ () oav f).
where  is the canonical s-wave resonance function satisfying ¥ — (1,007 e

L? x L? forall p > 2.
A similar statement holds if there is a resonance of the first kind at — 1.

The resolvent expansions we obtain to prove Theorem 1.1 for the Schrodinger
evolution are also applicable to the two-dimensional wave equation with a poten-
tial. Recall that the perturbed wave equation is given as

Uy —Au+Vx)u =0, ulx0) = f(x), u/(x,0) =gx), (13)

with the solution formula

sin(t v H )

u(x,t) = cos(tVH) f(x) + ———= N

(x)
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forany f € W2! and g € W11, By Stone’s formula, we have the representations

cos(t vV H) Py f(x) = % /OOO cos(t)L)A[RIJ;()LZ) — Ry (AD)] f(x)dA (14)

and

sin(t+/H) 1 /°° . _

—P = — sin(tA\)[RE (M%) — Ry (A2 dA. 15
o Pes () = = [ SinAIRY () — Ry (32)lg ) (1)
For low energy, that is, when 0 < A <« 1, this representation leads us to a

similar result as in Theorem 1.1. On the other hand, for large energy, i.e., when

A Z 1, one needs regularizing powers of (H )~ for some o > 0 which reflects the

loss of derivatives of initial data. See, e.g., [27].

In dimension two, dispersive estimates for the wave equation are studied in
[8, 38, 35, 28]. The decay rate |t|_% for high energy is first established in [8]
between regularized’ L? spaces (v H)~% for « > 0. Moulin in [38], improved
this result to the 'regularized’” L' — L setting with H i€ for0 <e < 1.
Then Kopylova [35] obtained the decay rate (t log® )" in the weighted Hilbert
space setting for large + when zero is regular. Finally, in [28], Green proved that
if there is a resonance of the first kind at zero, then for ¢ > 0,

| cos(tH) (H) /4 Pae f(x)l|zoo S 16172 £l (16a)
and
II%WY”“_&J(XNIW <2 N (16b)

Also, if zero is regular, then for ¢ > 2,

1(x)™ 2™ cos(tvVH)(H) ¥ Poe f(x) e S (tlog® ) {(x)3F Sl (17a)
and

y_sin(r VH)
vH

For more results in other dimensions, one can see [20, 5, 6, 36, 4].

1)~ (H)Y V4 Py f () oo S (t1og? )T [(x) 2% £l (17b)

These two results of Green suggest that the techniques we present below to
obtain Theorem 1.1 for the Schrodinger evolution can be adapted to the wave
evolution. In fact, one obtains the following result.
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Theorem 1.4. Let |V(x)| < (x)72~ for some B > 2. If there is a resonance of
first kind at zero, then we have

1 C 1
1(x) 27 cos(t VH) y(H) Pac f | oo < —————|[(x) 27 [

~ lt](log |t])*
and
_1_ysin(t~/H) 1 c 1
(22 (H) Pacg — —F < |{x)2
| (5 P = )| e s 100 S,
for |t| > 2. Here F(x,y) = —% (W1, f) where  is the canonical s-wave

resonance function satisfying v — 1 € L? forall p > 2.
Theorem 1.4 is valid only for the low energy part, but by including regularizing

powers and combining it with the high energy result (16) of Green, we can extend
it to all energies.

2. Scalar case
In this section we prove that

Theorem 2.1. Let |V(x)| < (x)™372%. Then, we have fort > 2

[ e ity 02 - Ry 02N - G y)‘

33 (18)
_ V@) | (@i}
T tlog? (1) 11+
where 0 < o < min (% B— %) and F(x,y) = —w where V is the canonical

s-wave resonance function satisfying v — 1 € L? for all p > 2.
We combine (18) with the high energy result obtained in [14].

Theorem 2.2. [14, Theorem 5.1] Let |V(x)| < (x)728 for some B > 3/2 and
X :=1—yx. We have

| AT DIREG - Ry 02, 02| 5 HEE

sup
L>1

for |t| > 2.
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This combination together with Stone’s formula (9) gives us

_ VeGwh) | W3

itH
P H X, - —F X, ~
e aC( )( .y) ll ( .y)‘ [1 2([) tl+(¥

Interpolating this with

eitHPac(H)(xv y)| <

~ | —

from [13] which is satisfied when there is a resonance of the first kind at zero and
using the inequality, see, e.g., [14]:

1 2
min (1, ﬁ) < ng(a), a,b>2,
b log=(b)

we obtain

_ ww(y)

) 1
"M P (H)(x,y) — —F(x,y)| < .t >2.
() (6. 3) = o F )| £ 505

This implies Theorem 1.1.

2.1. The free resolvent and resolvent expansion around zero when there is
a resonance of the first kind at zero. This subsection is devoted to obtain an
expansion for the spectral density [R;;()F) — R;(Az)](x, v). Recall that in R” the
integral kernel of the free resolvent is given by Hankel functions, see [32].
For n = 2 we have
i i .

Ry (2)(x,y) = £ Hy (Ax = y]) = £7[Jo(lx = y) £ iYo(A|x — y])]. (19)
Here Jy(z) and Yy(z) are Bessel functions of the first and second kind of order
zero. We use the notation f = O(g) to indicate

d’ d’ .
szO(Wg), j=012,..., (20)
If (20) is satisfied only for j = 1,2, 3,..., k we use the notation f = Or(9).
For |z| « 1, we have the series expansions for Bessel functions, see, e.g.,
1, 13],
1

1 ~
Jo(z) = 1— 122 + az4 + 06(2°), (20

Yo(z) = %log(z/Z) + 2y + 0(z21og(2)). (22)

T
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For any C € {Jy, Yo} we also have the following representation if |z| = 1.
C(z) = ewi(2) + e P (2),  wi(z) = O +|z))7%).  (23)
We prove two lemmas on the behavior of RgE (A%)(x, y) for sufficiently small A.

Lemma 2.3. Let y be a smooth cutoff for [—1,1], and ¥ = 1 — y. Define
Jo(z) := ¥(2)Jo(2). Then

[Jo(AlzD)| < A2 1z]M2,
92 Jo(AlzD] < 471222,
83 Jo(Mz)] S 4712z P2,
Similarly, the same bound is satisfied when Jo(z) is replaced with
¥o(2) := 7()Yo(z) or Ho(z) := F(2) Ho(2).

Proof. Using (23) we have

iAlz]
(1 JreA|Z|)1/2)‘

< Az

To2) = |0(

s )&1/2|Z|1/2,

~ ~ Zei)kz Zei/lz
93 Jo(A =0
102 J0(A2)] <(1+Az)1/2 + (1HZ)3/2)
iAz
S ANz eit + S
Az
S22z,
. . Zzei)kz Zzei/lz Zzei)kz
02 Jo(Az)| = O
193:5022)] ((1 2 T A+ +Az)5/2)
< ATV2 732, O
Define
_ 1
Gof () i= (-8 x.) == [ loglr—ylf(ydy @4
JT R2
and
1 i 1 14
A=V + - — —1log(A/2) — —). 2
g5 = VI (5 — 5 logh/2) - ) (25)

The following lemma and its corollary are Lemma 3.1 and Corollary 3.2 in [14].
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Lemma 2.4. The following expansion is valid for the kernel of the free resolvent

REG)(x.y) = ﬁgm) + Golx. y) + EEM) (. ).

Go(x, y) is the kernel of the operator Gy in (24), and EgE satisfies the bounds
ESISA2x—y2,  [:EF|SA72x—yl2,  FEE| S A2 -yl
Corollary 2.5. For0 <a < land b > a > 0 we have

02 E5 (b) — 0, B3 (@)] S a™2|b — al?|x — y| 5+

Define U(x) as U(x) = 1 when V(x) > 0 and U(x) = —1 when V(x) < 0,
and v(x) = |V(x)|"/2. Then using the symmetric resolvent identity for JA > 0,
we have

RE(A?) = RE(?) — REA2)uM*= (M) wRE(A?), (26)
where
M*) = U + vRE(A?)v. (27)

Here we derive an expansion for M*(1)~! in a small neighborhood of zero when
there is a resonance of the first kind at zero. This derivation is similar to that
in [14]. However, we need finer control on the error term.

Let K: L?2(R*) — L?(R") with kernel K(x,y). We define the Hilbert—
Schmidt norm of K as

1K s := ¢ / / K (x. y)2dydax.
R JR™

Lemma 2.6. Let0 <« < 1. Then

MEQ) = g* WP +T + EEQ).

Here T = U + vGov where Gy is an integral operator defined in (24) and P is
the orthogonal projection onto v. In addition, the error term satisfies the bound

_1 1
| sup ATZIEEW)|[lus + 1| sup A2|0; EE)]|lus
0<A<Aq 0<A<Aq
I sup A3 — M) ¥OREED) — I EEM)|lus < 1
0<A<b<Aiq

provided that v(x) < (x)_%_“_.
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Proof. Note that

Ef() = ME*Q) —[g* )P + T
= vRE(A*)v — gE (V)P —vGov
= vEF (M.

Lemma 2.4 and Corollary 2.5 yield the lemma since v(x)|x — y|¥v(y) is Hilbert—
Schmidt on L2(R?) provided that k > —1 and v(x) < (x)7*~'~. In our case
0<k=<21+aandv(x)< (x)73/22. O

The following definitions are from [45] and [32] respectively,

Definition 2.7. We say that an operator T: L?(R?) — L?(R?) with kernel T(-,-)
is absolutely bounded if |T'(-, )| is bounded from L?(R?) to L2(RR?).

Hilbert—Schmidt operators and finite rank operators are absolutely bounded.

Definition 2.8. (1) Let Q := 1 — P, then zero is defined to be a regular point
of the spectrum of H = —A + V if QTQ = Q(U + vGyv)Q is invertible on
OL%*(R?).

(2) If zero is not a regular point of spectrum then Q7Q + S, is invertible on
QL?(R?) and we define Dy = (QTQ + S1)~! as an operator on QL?(R?). Here
S is defined as the Riesz projection onto the Kernel of QT Q as an operator on
QL*(R?).

(3) We say there is a resonance of the first kind at zero if the operator 7} :=
S TPTS; is invertible on S;L?(R?) and we define D; as the inverse of 77 as an
operator on Sy L2,

Remark 2.9. (1) Throughout this paper we assume that there is a resonance of
the first kind at zero. Thus, QTQ is not invertible on QL? but QTQ + S; and
Ty := S TPTS are invertible on QL? and S L? respectively.

Q) If |v(x)] < (x)72" then the range of S; — S, (S, being the orthogonal
projection onto Ker 77) has dimension at most one, see [32, Theorem 6.2] and
[13, Lemma 5.1, Lemma 5.2]. Since in our case S, = 0, and since zero is not
regular, Range S; has dimension exactly one. This fact together with the next
remark suggests that if there is a resonance of the first kind at zero, then the s-
wave resonance is one-dimensional. Also, since Range S; has dimension exactly
one we write S; f = ¢ (¢, f) for some ¢ € S;L? with ||¢] ;2 = 1.
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(3) Theorem 6.2 in [32] also states that for v < (x)7!7, if ¢ € S;L2, then

~

¢ = wy for an s-wave resonance ¥ € L° such that Hy¥ = 0 in the sense of
distributions. Moreover,

Y =co— Gove, (28)

where

Co

1
— - . 2
i T = [ v Torax 29)

(4) Denoting P(x,y) the kernel of P we have P(x,y) = ||V v(x)v(»).
Hence, in light of second and third remarks above we obtain

Ty = S;TPTS; = |V (v, T$)2S, = |V 1c2S:

and
D, =71 ! S
1= = 591
! 1V 11cd

The following lemmas are given without proofs.

Lemma 2.10 ([32, Lemma 2.1]). Let A be closed operator on a Hilbert space H
and S a projection. Assume A + S has a bounded inverse. Then A has bounded
inverse if and only if B := S — S(A + S)~'S has a bounded inverse in SH and
in this case

A=A+ )T+ A+ S)TISBISUA+85)7.

Lemma 2.11 ([13, Lemma 2.5]). Fix 0 < a < 1, and assume that v(x) =<
(x)73/272= Suppose that zero is not a regular point of the spectrum of —A + V,
and let S1 be the corresponding Riesz projection. Then for sufficiently small
A1 > 0, the operators M* () + Sy are invertible for all 0 < A < A, as bounded
operators on L?>(R?). And one has

(MEQ) + S = ha()7'S + 0D Q + WiEQ), (30)

Here h (1) = g*(A) + ¢ where ¢ € R and

B P —PTQODyO
5= (—QDOQTP QDOQTPTQDOQ) Gl
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is a finite-rank operator with real-valued kernel. Furthermore, the error term
satisfies the bound

_1 1
| sup AT2[Wi(M)[llus + | sup A2[dWiE£(A)][lns
0<A<Aq 0<A<Aq

+ o sup 3B =)0 Wi (b) — W £ @)lus S 1.
0<A<bsA<ig
Proposition 2.12. Fix 0 < « < 1, and assume that v(x) < (x)73/>7% If there
is a resonance of the first kind at zero, then BL (1) = S; — S{(M*(A 4+ S1)~'S;
is invertible on S1L?*(R?). Moreover,

~ he)
C§||V||1

BL'(W) = S1+a*(M)S1,

where cq is as in Remark 2.9, and

sup AzHja£ W) + sup AZT|d'£ (V)|
0<A<Aq 0<A<Aq

+osup ATTU(0 - ) Yd'+(h) — d'+(w)] < 1.
0<A<O<SA<Ag

Proof. We apply Lemma 2.10 to obtain (suppressing £’ notation)
B() = S1 = Si(h'(W)S + QDo 0 + Wi(1)Si
= —h"' (V) S1551 — 1M (W) Sy
=h"YA)STPTS, — SiWi(M)S)
= —h~ W3V 1St = SiWi(A)S1.
The second equality follows from the identity
081 =810 =81Dg = DyS1 = $1.

The third also uses the identity PS; = S1 P = 0 and the definition of S. The last
equality follows from Remark 2.9 above.

Writing S; W1(1)S1 = w(A)S; (where the function w satisfies the error bound
of W), and noting that by definition of s-wave resonance ¢y # 0, we obtain
—h~Y )z ||V |1 — w(A) # 0 for sufficiently small A. Therefore

1 h())

B! = S;=——--8§ 1)S;. 32
D= Dm e —em T gy, o TS G2

The bounds on a(A) follows from the definition of 4 and the bounds on w. |
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Using (30) and (32) in Lemma 2.10, we obtain the following expansion for
ME)~L.

Corollary 2.13. Fix 0 < o < 1, and assume that v(x) < (x)73/272=_ For all
0 < A < Ay, we have the following expansion for M* (1)~ in case of a resonance
of the first kind

he(W)S1 S $1S
cglViv - cglVIin - glVin

S818 S
5SS S o
Vo T 2P0e Tt o TEDEY)

M=) =

where E(L)(x, y) is such that
_1 1
I sup AT2F|EL)|llus + || sup A2 E<(V)|[lms
0<A<Aq 0<A<Aq

I sup AZTOF(D — )0, Ex(b) — 04 E+(@)]|us S 1.
0<A<b<ip

(33)

Substituting the expansion above for M *(1)~! in (26), we obtain the identity

hi(A)Sy AW

VI Vi

S1S AR
ZlIVIe - lIVIhe)

S
= 0Dy0 — s + B [oRT (4.

RE () = RFQ2) + RE (W2)|

+ (34)

2.2. Proof of the Theorem 2.1. The following proposition takes care of the
contribution of the free resolvent in (34) to (9).

Proposition 2.14. [14, Proposition 4.3] We have

w

W
[S]

/OO e”’lz)t)((k)[Rg_(Az) — Ry (AD)](x, y)dA = —4i + O(M
; t ta

Below, we obtain similar estimates for each operator included in (34). Sim-
plifying the boundary terms which appear as operators having % decay gives us
Theorem 2.1.

The following two stationary phase lemmas from [14] will be useful for further
calculations.



1250 E. Toprak

Lemma 2.15. Fort > 2, we have

o 1€(0
/ 7 e(yan — LY
0
1 t—1/2 /( 1/2) [} 8/(1) ’
< Z A.
sof e |5 s ()]
Lemma 2.16. Assume £(0) = 0. Fort > 2, we have
o0 . 5
/ e”ue(x)dx‘
0
1 [ &) 1/“’ ’
<- | —Zdr+- &A1+ m=1A72) — &'(V)|dA.
Ntfo At [ VTR e

We start with the contribution of 24 (1)S; from (34) to (9). Recall that

Vi
hiV) =g*A) +c=ajlogh+as + | 4”1 ,

where ¢, a; € R. Using the definition (19) of free resolvent, we write

Ri = hi (D) Ry (A%)(x, x1) Ry (A2 (y1,¥) — h-(D) Ry (A?)(x, x1) Ry (A*) (31 )
= 2ialog(A)[Yo(Ap)Jo(Aq) + Jo(Ap)Yo(Aq)]
||V||11

+ [Jo(Ap)Jo(Aq) + Yo(Ap)Yo(Aq)],

(35)

where p = |x — x| and ¢ = |y — y1|. The following proposition takes care of the
contribution of 44 (1)Sy in (34) to (9).

Proposition 2.17. Fort >2and 0 < a < i, ifv(x) < (x)_%_"‘_, then we have

oo . 1
/ 4 / AN (s po S Cxr, yi)dAdxidyy =+ Fi (. 7)
R 0

o )itegy)ite

~ T’
where
V
Fi(x,y) =— |l6 ||21 /4 log [x — x1|v(x1)S1(x1, y)v(y1) log|y — yildxidy:
R
||V||1

= [GovS1vGo(x, y).
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We prove this proposition in a series of lemmas.

Lemma 2.18. Let 0 < o < 1/4, v(x) < (x)73/27%~, Fort > 2 we have

L] e aioenoGatosivlien s doaydidndyy

Ltat oy S+at (36)
_ (x)iret(y) e
~ (1+a ’

/]R4 /Ooo eimz)u(()t) log(A)Jo(Ap)[vS1v](x1, y1)Yo(Aq)d Adx1dy,

) ) 37)
- (x)§+a+<y>§+a+
~ t1+o ’

o
[ [ e 2 npsilen sndoGaydidndy,
R* JO

Ltat oy S+at (38)
_ (x)iret(y) e
~ (1+a

To prove Lemma 2.18 we need the following lemma from [45] and [14]. The
bounds on G, F, and their first derivatives are in [14, Lemma 3.3]. The claim on
the second derivatives follows similarly.

Lemma 2.19. Let p = |x — x1|, r = |x| + 1, and
F(A,x,x1) := x(Ap)Yo(Ap) — x(Ar)Yo(Ar),
G(A,x,x1) := x(Ap)Jo(Ap) — x(Ar)Jo(Ar).

Then for A < A1 and 0 < t < 1, we have

G, x, x1)] £ A7 (x1)", (39a)
|8}LG(A,X,X1)| < Ar_l(-xl)‘[’ (39b)
3G, x, x1)| S A7 ). (39¢)

and

21
|F(A,x,x1)|s/ [FO0+, %, x1)| + 19, F (L, x, x1)|dA < k(x,x1),  (40a)
0

0, F(A x.x1)| SATY |2 F(.x.x1)| S A2 (40b)

Here k(x,x1) := 14+ 1log” (]x — x1]) + logJr |x1], log™ (x) = —log(x)x0,1)(x),
and log+ (x) = log(x) x(1,00) (x).
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Proof of Lemma 2.18. We only prove the assertion (36), the second and third
assertions are analogous.

Recall that we introduced two expansions to Jo(Ap) (or Yo(Ap)); they are when
Ap < 1 and when Ap = 1. In order to use these expansions in the proper context
we need to introduce y(Ap) and y(Aq) where y is the same cutoff function defined
in the introduction. The phrasing low and high energy has referred only to spectral
variable A until now. However, in the following analysis it refers to Ap and Aq.

We divide the proof into three cases.

Casel: Ap S1and Aq S 1. Forlow-low energy, we consider
/}R 4 /0 ¢ 24 () 1og() YoAp) X Ap) v S1u) (1. yi) X (Aa) Jo(hg)d Adxy dyr.
(1)

Note that by definition S; < Q and Qv = 0. Hence, for any f € L?(RR?)

| senisiesovendxdy = [ (s fondndy =0
@)

is satisfied. Using this fact, we can replace Yo(Ap)y(Ap) with F(A, x, x1); and
Jo(Aq) x(Aq) with G(A, y, y1) in (41). Thus, we need a bound for

/°° ¢ A3 (0) log(M) F(h. x, x1)G(A. y. y1)d . (43)
0

Letting £(A) = y(A)log(L)F(A, x,x1)G(A, y, y1), we see that £(0) = 0. Then
taking t = 1 in Lemma 2.19, we obtain

02EM] S A2 Tk(x, 2 (1) 2, (44)
FEM] < A2 k(x,x1) (). (43)
Using (45) and the Mean Value Theorem, we have for a > A
02€(@) = 92EM)] < la = AA™ Tk (x, x1) (1),
whose interpolation with (44) gives us

102 (@) — 1 EM)] S la — AJ"A™2 0k (x, x1) () 2. (46)
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Recalling that £(0) = 0, we use Lemma 2.16 and obtain

1 [ |&( 1 [
43)] < —/ €@ d)u+;/ /2|8’(A\/1 Tt IA2) — &' (A)|dA.
0

t 1+ A2%¢

Using (44), we can estimate the first integral as

(1) 2k(x, x1) [ AT3- (1) 2k(x, x1)
/ dn < G )
t 0 1+ 1tA2 13—

To estimate the second integral we have,

1
A(vV1 T2 1) ~ —.
(it ) A

And that gives

k(x,x){y) 2% h 1o k(x, x1)(y1) 3% () 3+
At S A2 dA <
[1-}-0[ —1/2 [1+‘1

since 0 < o < 1.

Case2: Ap Sland Aq 3 1. Thecase Ap = 1 and Aq < 1is similar. Note that
Lemma 2.19 is valid for the low energy. Therefore, we can not use (42) to exchange
Jo(Ag)¥(Aq) with G(A, y, y1). Instead, we use the large energy expansion (23) of
Jo(Ag) and consider the following integral

/ eiti?) YW log(M)F(X, x, x1)Jo(Aq)dA. 47
0

Let (1) = y(A)log(M)F(A, x, x1)Jo(Aq). Using the bounds in Lemma 2.19 and
Lemma 2.3, we have the estimates

1 1

928 S X MAT27(0) 2 (1) k(2. x0), (43)
3EM S A k(e xn () (). (49)

Using the same interpolation argument in Case 1, for a > A we obtain
02€(@) = HEM| S la = A"A7Ek(x, x) (y) ) L (50)

Noting £(0) = 0, one can use (48) and (50) in Lemma 2.16 and obtain

k(x, x1)(y1)2te(y)2te
ll+a .

[CEOIS
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Case 3: Ap % 1and Aq X 1. In this case we need to use the large energy
expansion for both Yy(Ap) and Jo(Ag), see Lemma 2.3. Therefore, we consider
the following integral

/0 e 21 (1) log(M) To(Ap) Jo(Aq)d . (D

Note that (51) has slightly faster decay than (47) in terms of A. Also the largest
contribution to the weight function comes when both derivatives act on either J~0
or Y as (-)%. One can reduce this weight to () +a using the argument that leads
to (46) above and obtain

1

182€(a) — 26(W)] S Ja — A[*A™log A(xy) 2T (y) 3T ()2 (52)

for E(A) = x(A)log(A)Yo(Ap)Jo(Ag). Using (52) in Lemma 2.16, we obtain
(5] S 717 (y) 2t (x) 2He
Hence, combining all four cases we see that

/0 ¢ 2x(2) log(M) Yo(Ap) Jo(Rq)d A

_ kG x) ) 2¥e () st () 2ty ) 3
~ tl+a

for o € (0, 1/4). That yields

)l+a+<

(x)2 )%—HH—

Y
t1+a

| ) Sl v n)dndyy

[CQIS

- (x)%+a+<y>%+a+
~ t1+o

1 1
e Ge. x0) (x1) 2 v el gz NS Iz2s 221 (01) 2 0 ()3,

- (x)%+a+<y>%+a+
~ t1+o

The last inequality follows from the the assumption v(x) < (x)_%_“_, which im-
plies ||k (x, xl)(xl)%“‘v(xl) ||L%1 < 1. We also used the fact that S, is absolutely
bounded since it is of finite rank. |
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Lemma 2.20. Let K(A,y,y1) = x(Ay — »1]) — x(A(ly| + 1)). Then for any
0 <71 <1, we have

KA, y.yD)| S A% (»n)".
102 KA, y, yD)| S AT ()",

12K, y, y1)| S A7H0n).

Proof. Noting that y € C®°, for the first inequality we use the mean value theorem
to conclude

KA.y, yol = [x(Aq) = x(A(ly[ + D)
< Ayr) max |1 (x)]
< min(1, A(y1))
S AT ()"
For the second inequality note that d, y (Aq) = ¢x’(Aq). For the third equality, we

also used that | K (A, y, y1)| < L.
Using the fact that y € C*°, we obtain

Aqy' (Aq) — Ayl + DY Ayl + 1))

|aAK(A’y’J’1)| = A

< 5 min(1, A1)
S AT

Finally for the third inequality, note that y”(1q) is supported when A ~ é. Using
this and the second derivative of the cut-off functions in terms of A, we have

103K, y, y)| < 1¢°2"(Aq) — (Iy| + D" (A (ly| + )]
<A Mg =yl + D). 0

Lemma 2.21. Under the same conditions of Proposition 2.17, we have
. 2
[ [ ™ aamanmsiwtaaadiand,
R* Jo

= 3i / ol ) [Si0](x1. y)Golyr. V)i dy, (53)
R

+ 0@ (x) 3t () e,
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Proof. The proof is very similar to the proof of Lemma 2.18 except in the case
when Ap,Aq < 1. This is because the identity (42) leads to an integral with

~

operators F(A,x,x1)F(A,y, y1), which doesn’t give better decay rate than 1/z.
We have to be more careful obtaining the term behaving like 1/¢ explicitly.
Using the expansion (22) of Yy (z) for small energy, we obtain

Yo(Ap)Yo(Aq)
4
= log [x —x1|log|y — yil + A(A, p,q) + E1(A, p,q) + E2(4, p, q),
where

AA, p,q) = c1log(M)[log(Ap) + log(Aq)] + c2[log(Ap) + log(Aq)] + c3,
where ¢; € R — {0} and

Ei(X, p.q) := O(log(Ap)(1q)*log(Aq)),
E>(A, p.q) := (log(Ap)(Ap)*log(Xq)).

To handle the terms in the operator A(A, p, ¢), we need Lemma 2.20. Consider
only the first term in A(A, p, g) then, we have

| e todogapmGptosilian i xGaydadsidy. (59

Using (42), we can subtract log(A(|x|+ 1)) y (A(]x|+ 1)) from the left side of v(x1)
and y(A(|y|+ 1)) from the right side of v(y;). Then, it becomes enough to bound

o0
/}R4/ ei”lzkx(k)logkh(k,x,xl)[vSlv](xl,yl)K()L,y,yl)dAdxldyl (55
0

where h(A, x,x1) := log(Ap)x(Ap) — log(A(|x]| + 1)) x(A(Jx] + 1)). However,
estimating this integral is equal to estimating the integral (41) from Lemma 2.18.
This is because the term i (A, x, x;) satisfies the bounds in (40) from Lemma 2.19
and the bounds in Lemma 2.20 are similar to the bounds in (39). Hence, |(54)| <
171k e () () e

For the error term £ (A, p, ¢), note that using the projection property of S; we
can subtract y(A(]x| + 1) log(A(|x| + 1)) from the left side of the operator v.Sv
and replace log(Ap) with i(A, x, x1). Then, using Aq < 1, we have

1

102[(Aq)* log(Aq)]| < g(Aq)'~ < AT ()2 ()2,
‘ aA(%[(M/)Zlog(w)]

2
q _5_ 1 1
< — <)\ 2 2 2,
- )‘N T SATE0) ()



A weighted estimate when zero is the resonance of the first kind 1257

The bound t_%k(x, xl)(y)%(yl)% follows by Lemma 2.15. Similarly, the error
E5 (A, p. ¢) can be bounded by =3k (y, y1)(x)2 (x1)7 .
Finally, we consider the integral

4 % iz
= [ [ e o oglx -l 56
xAp)[vSiv](x1, y1) x(Ag) log|y — yildAdxydy;.

Applying integration by parts once, the A integral of (56) is equal to

2L [T e d
in2t nztzfo e ) (Ap) x(Aq))dA o

= =+ 0 ) ) 0D D).

For the second inequality note that all the cut-off functions are infinitely differen-
tiable. However two integration by parts would yield too large of a spatial weight.
An easy calculation gives | & (x(0) x(Ap) x(A1))] £ A% ((x){x1){y){11))?. And
for 0 A(BA(X(A)X&M’ )X(M))) the most delicate term comes when all the derivatives
fall on either y(Ap) or y(Aq). But since y*(Ap) for k > 1 is supported when
p ~ 5 we have

Nl—=

<AT3(0)3 ()

‘ x (W) x17(Ap) p*x(Aq)
A

and that applying Lemma 2.16 yields (57).
The final result is therefore obtained as

2
(53) = —%/ log [x — x1|[vS1v](x1, y1)log |y — y1|dyi1dx;

+(x
+ O(U)T/ k(x, x1)<x1>2+“[v51v](%y1)

k(v y) ()t dxldyl)
which finishes the proof of Lemma 2.1. O

Multiplying the boundary term with % gives F; in Proposition 2.17.
We next consider the contribution of QDo Q, SS;, and S1 S, from (34) to (9). Let

Ra(X, p.q) = Ry (A*)(x, x0) Rg A1) (1, ¥) — Ry (A?)(x, x1) Ry (A*) (31, )

—%[JO()Lp)YO(Aq) + Yo(p) Jo(Aq)].
(58)



1258 E. Toprak

Note that using this expansion and the projection property of Q the contribution of
QD Q can be handled as in Proposition 2.17. In fact, since (58) does not contain
the term Yo (Ap)Yo(1q), and since G(0, x, x1) = 0, in the application of integration
by parts the boundary term at A = 0 is obtained as zero.

Proposition 2.22. Fort >2and0 < «a < % ifv(x) < (x)_%_"‘_, then we have

oo 1
/ 4 / P2y (MRa (A, po @[S S1ol (1. y1)dAdxrdyy — ;Fz(x,y)‘
R 0

() 2+ () 3+

<
~ tl-HJl ’

oo 1
/ 4 / AP Ay (W) Ra (L, p.@)[vS1Sv](xr, y1)dAdx1dyy — ;Fs(x,y)‘
R 0

1 1
_ mbregy)dte
~ (1+a ’
where

Fa(x,y) = = (v, SS1vGo (-, ),

| — =

F3(X,_)/): (U,SSN)GO(',X))-

4

Proof. We consider the first assertion. By (58) we have the following two inte-
grals:

/]R4 /Ooo eitAZAX(A)YO(Ap)U(Xl)[Ssl](Xl, yl)v(yl)Jo()Lq)dkdxldyl, (59)

/}R4 /Oooeizaz)u((k)Jo(kp)v(m)[SSl](m,yl)v(yl)Yo()Lq)dAdxldyl, (60)

Here the only caveat is that we have S; only on the right. This allows us to perform
addition and subtraction of Jo(A(|y| 4+ 1)) and Yo(A(|y| + 1)) only on the right
side of S S;. Hence, the proofs for high-low and high-high energy are not affected
by this caveat. When Ap < 1, Ag = 1 we have the following two integrals for (59)
and (60) respectively

/R 4 /0 Gy + Bogp)lxAp)vSSiva(hg)dAdxidy.  (61)

| [ e nn + 60mAlGos swfadadidndn.  62)
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Letting E(A, p.q) = [1 + O(log(Ap))]x(Ap)Jo(Aq) we have £(0) = 0. Using
Lemma 2.3 and the fact that (Ap) < 1, we obtain

1

1026(A. pog)| S A2k (x, x1)(y) 2 (y1) 2,

3

1026, po )| S A3k (x, x0) (1) 3 ()3 (1) 3.

Hence, by interpolation for » > A we have

102€(B) = BEM] S b= AI“AT27 7k (x x1) (1) 2F (1) 2 () 2,
which gives
1 1
(x)ate(y)ate
©) = O( )
using Lemma 2.16 for « < 1/4. With a similar argument one can show that (62)
satisfies the same decay assumption with the same weight function.

For the low-low case first note that S; being only on the right side of the
operator allows us to exchange Jo(1q) with G(A, y, y1) in (59), and Y (1q) with
F(A,y,y1) in (60). The decay rate of G(A, y, y1) cancels out the singularity of
log A, which is the dominated term in the expansion (22) of Y. Therefore, we
don’t obtain any boundary term from (59) and can bound it by ﬂ% with the
weight k (x, x1)(y)(x). However, this is not the case for (60). The following lemma
evaluates the contribution of this term. |

Lemma 2.23. Under the same conditions of Proposition 2.22, for A\p, Aq < 1 we
have

602 [ oSSt yv0Go.

Lta+yS+at (63)
_n)iret(y) i
~ tH—a

Proof. Note that multiplying the boundary term with —% gives the the statement
of Proposition 2.22.

Using the expansions (21) and (22) for Jo(Ap) and Yy (Aq) respectively, we
have

Jo(Ap)Yo(Aq) = [1 + O((Ap))][~4Go(y1, y) + (1 +log A) + O((Aq)*7))]
= —4 Go(y1,y) +c(1 +logA) + O((Aq)*log(rq))
+ 02((Ap)*)Yo(Aq).
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Using this expansion in (60), we obtain
‘(60) +4/R4 /0°° eimz)&)((l))((l]?))[USSW])(Xl,yl)X(ACI)Go()/l,y)dkdxldyl‘
S ‘/1114 /OOO " Q) () S S1vl(x1, y1) x (g1 +10g)&]a’)&dx1dy1‘
+| /R foooe"’“kx(x)x(xm[vsslv](xl,yl)x(quxq)z1og<xq)dxdx1dy1\

v / 4 / ¢ A x(0) 2 () Ap) oS Svlxr. y) F (R y. y)dAdvadya .
R 0

Note that using the property (42), we could exchange Yo(Ap) with F(A, y, y1) in
the last integral.
The first integral is similar to (57). We therefore have

/0 A7 () () X () Goly. y1)d A

2 5 1
= —EGO()’L Y)+ O *({(x){x1)(y){(y1) 2k(y, y1)).

The contribution of the first integral follows as A(A, p, ¢) in Lemma 2.21 and it
can be bounded by r~17% (x1)2+%(y)(y;)2 +*. Using Lemma 2.15, the other two
integrals give the same bound that £ (A, p, ¢) in Lemma 2.21 gives. The weights
coming from the second derivative of the cut-off functions can be reduced as re-
quired using the support of y’(Ap) and y’(1¢g). Hence, we obtain the inequal-
ity (63). O

For the terms arising from 44 (1)™'5S;S and 24 (A)~1S, which are the inte-
grals

o
/4/ e”kz)t)((k)ﬂb()t,p,q)vSSlSv(xl,yl)d)tdxldyl (64)
R4 Jo
and

o0
L[ e ntm. paosvi yodadndn, @)
(]

Ry (A*)(x, x)Rg W) (v, y1) Ry W) (x, x1) Ry (A*) (v, y1)
hi(X) h—(%)

Ry =

we have the following Proposition, which is the generalized version of Proposi-
tion 4.4 in [14].
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Proposition 2.24. Let 0 < o < 1/4, v(x) < (x)~327%". For any absolutely
bounded operator T', we have

o
[ [ e anma. pameor @ yovodidundy,
R4 Jo

1
- [ e ovedady,
R

4Vt
Jw)w(y) (x) 3ot (y)stot
O(W) +o(F—me )

Corollary 2.25. Under the same conditions, we have

@) v O(<x)%+a+(y)%+a+)’

tlog?(1) 1+

(64— Fatx )| 5 O

\/w(x)w(y)) N 0(<x>%+a+<y>%+“+),

1
(65) =~ Fs(x. )| 5 O(

tlog?(1) 1+
where
1
Fa(x,y) = — / b (1) [S S1S]Cers y1)v (1) dyy
TV e
1
=— (v, §81Sv),
an
Fs(x,y) = / o (1) [S]Gers y)v () dyy
TV e
1
=————(v,Sv).
an

Finally, the contribution of the error term E(1)(x, y) can be handled as in
Proposition 4.9 in [14]:

Proposition 2.26. Let 0 < o < 1/4, v(x) < (x)73/2=% We have the bound

‘/R/o MRS = Ry o () EQ)(xr. y)v(y)dAdxidyy

| . (66)
- (x)7+a+<y)7+a+
~ t1+a
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Using Proposition 2.14, Proposition 2.17, Proposition 2.22, Corollary 2.25, and
Proposition 2.26 in the expansion (26) for RI*,' — Ry, leads us to (18) with

L
F(x,y) = 2||V||1 ZF Fs. (67)

The next proposition calculates F(x, y) explicitly.

Proposition 2.27. Under the conditions of Theorem 1.1,

1
Fx.y) = =¥ @Y () (68)
where  — 1 € L? forall p > 2.

Proof. Recall that S; is a projection operator with the kernel S; (x, y) = ¢(x)p(»)
for some ||¢] ;2 = 1. Also, by Remark 2.9 if ¢ is an s-wave resonance it has the
representation ¥ = co + Gov¢. Since the operators here are linear we can divide
this equality by ¢ to obtain § — 1 = %Govgb € p=2 L

Using these and the definition (25) of G f(x), F; can be written as

||V||1

Fi(x,y) = =———[GovS1vGo](x, y)

— ||V||1[G0U¢](X)[GOU¢]()/)

= G- nam-n.

For F, and F; recall that

g — [ P —PTQDoQ j| _ [011 012]
—0DoQTP QDoQTPTQDoQ az axn]

Note that multiplying S by v from the left side cancels a,; and a,,; and by S;
from the right side cancels a;;. Hence, we have

F(x,y) = 1(v SS1v Go(-, y))
_ _%@, PTQDoQS1vGo(- y))
—%(PU,TSIUGO(")}))

= (0. T8)(Govs ()
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For the third equality we used the identities S1 D¢ = D¢S1 = S1 and 0S; = S;.
For the last equality we used Pv = v and the definition of S;. Hence, recalling
the definition of co = || V|7 (v, T¢) from Remark 2.9 we can write F>(x, y) as

IVl 5,
Bx.y) = ——=aq@0) =D
The same calculation shows that
||V||1
F3(x,y) = oW (x) — ).

Similarly, using Qv = 0, Pv = v, and S10DgQ = QDyQS; = S1, we
calculate

1
Fy(x,y)=— v —(Sv, $1S5v)
! —(¢pTv,S1Tv)
= v, v
AN !
L . Tey
= — v,
4V
%4
_ 4||IC§_

For F5(x, y), note that we have v(x) both on left and right side of S. Hence, except
P everything vanishes and we obtain
1
(v, Pv) = —=

Y
— (v, Sv) = — .
41V 4V Il 4
It is easy to see that F5 cancels out the operator coming from the free resolvent

2 ~ ~
in (67). The other four sum up to —wlﬂxﬁﬁ()’) and that establishes the
proof. |

FS(x’y) = -

Proposition 2.27 finishes the proof of Theorem 2.1.

We conclude this section by remarking that the bounds that we obtain in this
section allows us to reach a similar estimate for the solution of the wave equation
with some small modifications. Replacing Proposition 2.14, Proposition 2.22,
and Proposition 2.26 with Proposition 5.10, Proposition 5.11, and Proposition 5.15
in [28] respectively, one obtains

/oo(sin(t)k) + A cos(t)k))(()k))[R;,r(Az) — Ry (A)](x, y)dA — %ﬁ(x, y)
0

1

1 1
_ (L+Tlog" [x(1 +log™ |y]) L Eredy)ate
tlog*t pite

~
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This estimate gives us Theorem 1.4 with no interpolation. Note that the
interpolation with unweighted result (14) does not help us to decrease the weight
function to log?(2 + |x|) and have the decay (¢ log? 7)~!. This is because we need
to improve the time decay from |¢|~1/2 as opposed to Schrodinger time decay |¢| !

Also note that we only need to subtract a finite rank operator from (15). The
reason is the following identities (A smooth and compactly supported)

/oo cos(tMDAA(X)dA = —l /oo sin(tA)(AA (L)) d A,
0 t Jo

o0

/OO sin(fA)A(L)dA = —lA(O) + l/ cos(tA)A'(M)dA.
0 t tJo

The boundary term in the second identity will result in the finite rank operator, as
in the proof of Theorem 1.1.

3. Matrix case

Let RE(A) = limeoo(H — (A% £ i€))~! for A € (—o0, u] U [i, 00). Recall that
the following representation is valid for (£, g) € W2 x W22 N X, under the
assumptions of Al) - A4), see Section 2 in [17]:

. 1 .
@ Pcfg) =5 | RGO =Ry (LS dA(69)
>

Using this representation we will prove

Theorem 3.1. Under the assumptions of Al) - A4), if there is a resonance of the
first kind at u, then we have for any t > 0

1
<

sup Sk

x,y€R2

/°° PP YA/ LR — RyIA2 + ) (x, y)d A
0

Theorem 3.2. Under the assumptions Al)-A4), if there is a resonance of the first
kind at j, then we have for any t > 2

sup / SR ag G/ DR — BRI + (. y)dA - ;su, y)‘

x,yeR2 [ /0

_ Vw2

tlog?(1) 1t

)

where 0 < o < min (5,
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The statement of Theorem 3.1 and Theorem 3.2 is established in [15] for
$(x,y) = 0 when p is regular, see Theorem 1.2. In Section 3.1, we prove the
statement of Theorem 3.2 for A « 1 and combine it with the high energy result
of (12) from Theorem 1.2. In Section 3.2, we extend the low energy; when A < 1,
results of (11) from Theorem 1.2 to the case when there is a resonance of the first
kind at . Then we conclude Theorem 1.3 by interpolation as in the analysis of
the scalar case.

Below in Section 3.1, we show that the spectral density [%f; A) =R, MV)](x,y)
has a similar expansion to (34) from the scalar case. Because the same analysis
appear in [14] we skip the proofs and refer Section 2 in [14] to the reader.

Note that Theorem 3.1 and Theorem 3.2 are stated only for > 0. That
is because our analysis below is performed only on the positive branch of the
spectrum [, co). However, one can perform the same analysis for negative branch
taking A2 = —A — 1 and establish Theorem 1.3 when there is resonance of the first
kind at —pu.

3.1. The free resolvent and resolvent expansion around zero in case of s-wave
resonance.
The free resolvent 9y (z) of matrix Schrodinger equation is given by

(70)

Po(z) = (Ho—2)~" = [R°(Z —H 0 }

0 —Ro(—z — )

for z ¢ (—oo,—u] U [u,00). Here Ry(z) is the scalar free resolvent. Writing
z =+ A%, where A > 0 we have

REMA?)(x.y) 0 ]

Ny (n+ A)(x,y) = [ 0 Ry(A%)(x, y)

where
i .
Ry(A*)(x,y) = _ZHJ_(Z V21 + A2x = y).
Note that the bounds

|Ry(A%)(x, y)| S 1+1log™ [x — y| S k(x. y). (71a)
5 R (A (x, ) S 1, k=1,2,... (71b)

can be seen directly from the large and small energy expansion of Hankel functions
and the fact that y is strictly greater than zero.
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We define the following two matrices

1 0 0 0
M11—|:0 Oj|’ Mzz—[o 1j|

RE (1 + A (x, ) = READ)(x, y)Mi1 + Ro(AD)(x, )M (72)

and write

for convenience.

Lemma 3.3. The following expansion is valid for the kernel of the free resolvent
Ry (A7 + w(x, y) = g* (M) M1 + Golx, y) + EF (M) (x. ),
where

=4+—— —1log(A/2) — —
g (A) 1 T g( / ) Pr

Go(x,y) ' 0 }
0 —LHGV2plx =y ]

and Eat()t)(x, y) satisfies the bounds,

90(x7y) = |:

NI

3€E] < W3 (x - )3,
Corollary 3.4. For0 <a < landd > ¢ > 0 we have,
|a/18(:)t(d) - 818(:)‘:(6” 5 C_%|d _C|(x(x i y>%+a‘

We write V = —o3vv := v1v, where vy = —o3v , v = v, and

v_l«/Vl+V2+\/Vl_V2 «/V1+V2—«/V1—V2J‘=|:a bj|
2lVVi+Va=Vi=Va VVi+Va+SVi=Va| b a]

Using symmetric resolvent identity, we have
Ry (1 + 2%) = Ro(i + A7) — Ro(p + A)vi M= (M) vaRo (1 + 27),
where

MEQ) = I 4+ v2Ro(u + A2)vy.
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Employing Lemma 3.3,
M*() = g*(MvaMuvr + T + 028501
where T has kernel T (x, y) = I + v2(x)SGo(x, y)v1(p).

Lemma 3.5. Let 0 < a < 1. The following expansion is valid for A > 0
M*(A) = —[la® + 6?1, @2s " (M P + T + €5 (),

where P is the orthogonal projection onto the span of the vector (a, b)T in L?>x L.
Further, we have

1 1
| sup ATZIEFMWllus + | sup A2[92EF (W)][lms

0<A<Aq 0<A<Aq

1
+1 sup AT —A)[ET (D) — RET W)[lms S 1,
0<A<b<Aiq

provided that a(x), b(x) < (x)_3/2—°‘—_

Recall P in the scalar case is defined as projection onto v whereas in matrix
case it is defined as projection onto the span of the vector (a,b)”. In light of
this difference we give the following modified version of Definition 2.8. Let
Q:=1-P.

Definition 3.6. (1) w is defined to be a regular point of the spectrum of H =
—A + V if QTQ is invertible on Q(L? x L?).

(2) If p is not a regular point of spectrum then Q7Q + S; is invertible on
O(L? x L?) and we define Dy = (QTQ + S;)~! as an operator on Q(L? x L?).
Here S; is defined as Riesz projection onto the Kernel of Q TQ as an operator on
O(L? x L?).

(3) We say there is a resonance of the first kind at zero if the operator 7} :=
S TPTS, is invertible on S; O (L? x L?) and we define D as the inverse of Tj.

With the following lemma we can have a representation for the space S; as in
the scalar case.

Lemma 3.7 ([15, Lemma 4.4]). If|a(x)|+|b(x)| < (x)"'" and if¢ € S1(L*xL?),
then ¢(x) = va(x)¥1(x) where Y1 € L x L and (Ho — ul)y1 = 0 in the
sense of distribution. Also we have

Y1(x) = =Sov19(y) + (o, 0)7,

(T'¢.(a,b))
la2+521 "

with ¢ =
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Remark 3.8. (1) ¢(x) = va(x)¥(x) implies that ¢ (x) = vlT (x)¥2(x) where
Y2(x) = So(x, y)v2p — (co.0)7,

since Uzlﬁl = UIT(—O3)W1 = UITWZ.

(2) Let S, be the orthogonal projection onto Ker 7;. Then the range of S1—S»
has dimension at most one. To see this, recall the representation of ¥r; from
Lemma 3.7. Note that first, if ¢ € S»(L? x L?) then ¢y = 0, [13, Lemma 5.3].
Second, if |a(x)], |b(x)| < (x)72~ then Govi¢(x) € L? x L? for any p € (2, o0].
Indeed, Lemma 5.1 of [13] suggests that the first entry of Gov1¢ is in L? for any
p € (2, oo]. For the second entry, recall that we analyze the free resolvent of matrix
equation on the positive branch. Hence, %HOJ“ (i o/2pt|x — y|) is well-defined as an
operator from L? to L2. Since ¢ is in L? and the entries of v, are in L2 N L™
we can conclude that the second entry of Govi¢(x) is in L2. Lemma 3.7 suggests
that the second entry is also in L*°. So by interpolation Gov1¢(x) € L? x L? for
any p € (2, 00]. Hence, one has that Rank §; < Rank S, + 1.

(3) Since in our case S, = 0, and since zero is not regular, Range S; has
dimension exactly one. Hence, we take |¢||; 24,2 = 1 with ¢ € S;(1? x £.2) and
S1f = (¢1,92){¢, f) where ¢ is as in the Lemma .3.7.

(4) By Lemma 3.7, we have

1

D =——8§;.
la® + b2|l1c§

Definition 3.6 and Lemma 3.7 give us a similar expansion for M*(1)™! as
in the Section 2.1. In the expansion |ja? + b?||; exchanges with ||V ||; due to the
definition of 4 (1) = —|la®4+b2|1gF (1) +c where ¢ € R. Hence, for0 < A < Ay,
we have

REN) = REA?) + REW)v, [h—i(x)s1

v 0 0 la? + b2|l1cd
S S
la? + b2 |l1cq
S$1S
la? + b2l1c5
1
+—————h'SSiS
R I
—h3' (VS = Do 0 — EX(h) |95 (47)
(73)
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with E(4)(x, y) is such that
| sup ATZFIEEQ)|llns + | sup A2 EF()] s

0<A<Aq 0<A<Aq
I sup AZTU(b— M) |0, EE(D) — 9, EE(a)||us
0<A<b<Aiq
<1.

~

Here the matrix S has the same definition (31) as in the scalar case.

3.2. Proof of the Theorem 3.2. The proof of Theorem 3.2 is similar to the proof
of Theorem 2.1. The cancellation property Qv = 0 that we used repeatedly is
replaced with

Mi1v181 = S1vaMy; =0, (74)

which allows us to use Lemma 2.19 to gain extra time decay. Furthermore, as in
the scalar case, the boundary terms arise only in the low-low energy evolution.
For this reason, we present the proof of Theorem 3.2 for the case Ap, Aqg < 1,
and omit the cases in which high energy is involved. For high energies one can
apply the same methods that we applied in the scalar case using the bound (71) in
addition to the bound (23), see [15] for similar arguments.

For convenience we write

Ro(p + A7) (x. ) = Ro(A)(x. y)Mi1 + Ra(O*)(x. y)M2.  (75)
The following Proposition takes care of the contribution of
L[ e ammo posimleyodidndn 16)
0
to (69) where

Ri(h, p.q) == hT(ORT (1 + A7) (x, x)RF (1 + A7) (v, 1)

e 2 _ 2 (77
—h™(M)Rg (1 + A7) (x, x1)Rg (1 + A7) (. y1)-

Proposition 3.9. Let 0 < a < 1/4. If la(x)| + |b(x)] < (x )_3_"‘ then we have

1 (x §+a+<y)7+a+
‘(76)— ;sl(x,y)‘ < pE :

where

a® + b?
S1(x,y) = u

/ So(x, x1)v1(x1)S1(x1, y1)v2(¥1)So(y1, y)dx1dy

_Je? +b2||1

2 Gov1S1v290.
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Proof. Using (75) in (77), R1(A, p, g) can be calculated as

Rt (A)R$ (A%)(x, x1) M1 My R§ (A*) (1. y)
—h™ (M) Ry (A?)(x, x1) M1 M11 Ry (A?) (31, y)
+ [ (ARG (W) (x, x1) —h™ (D) Ry (A*)(x, x1)|M11 Moz R2(A%) (y1. y)
+ Ry(A*)(x, x1) Moy Myy [hT (M) R§ (A (31, y) — h~ (M) RG (A*) (1. y)]
+ [hT(A) — b~ (W)IM2a M2 Ry (A%) (x, x1) R2(A*) (1. ¥)

= A1(A, p.q) + A2(A, p,q) + A3(X, p.q) + Aa(X, p.q).

Note that A (A, p, q) is similar to (35). Hence, using the projection property (74),
its contribution to the integral (76) can be obtained as

la® + 5211

17 /4Go(X,xl)MllvlSlszuGo(y,M)dxld)ﬁ
R

(78)

<x>%+“<y>%+“+>_

+ O( t1+(¥+

Next we consider A4(A, p, q). First note that
[ (A) = = (D]R2(A%) (x, x1) R2(A*) (31, ¥)

24+ b2|4i
_ NN s o TR pyH G TR ).

32
Taking

€ p.q) = XV HS (V2 + 32 p)Hef (i V20 + 22 ).

we see that
(0) = Hy (i y/2ulx — x1 ) Hy (i /2]y — y1).
Also, the bounds (71) leads us to

9
‘—[X(A)Ho*(i V2 + A2|x — x1 ) Hy (i 20 + A%[y — J/ID]‘

A
S k(x, x0)k(y, 1),

‘a(%[x(x)Ho*(i V21 4+ 221x — i) Ho (2 + A2y — 31 |)]>‘

(79)

A (80)

< A2k (x, x1)k(p, y1).
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Hence, using Lemma 2.15 with the bounds (79) and (80) we obtain the contribution
of A4(A, p, q) to the A-integral of (76) as

Jla? + 02

k(xsxl)k(%yl))
641t '

H (i /210 p)YMaa Moz Hyf (i /210 q) + 0( 372
81)

For A>(A, p, q), we have

[h (M) RG (A*)(x. x1) = h™ (M) Ry (A*) (x, x)]R2(A%) (1. )

2, 52
= CJo(Ap)(log(A) + D) R2(A%)(y1.y) — iMYO(Ap)R2(A2)(y1, y)
(82)

for some C € C.

Note that we can apply (74) to the left side of this sum and replace Jo(Ap)
with G(4, x, x1). Hence, Lemma 2.16 together with the bounds in (71) and in
Lemma 2.19 gives us the contribution of the left side to A-integral of (76) as
(I ) B ) Bk ().

To find the contribution of the right side of the sum in (82) recall that
Yo(Alx — x1|) = )(()Lp)[% log(%”) + ¢ + O((Ap)*log(Ap))]. Multiplying this
with R2(A%)(y1, y), we have

—4Go(x, x1) x(Ap) R2(A*) (1. y) + [log A + c]x(Ap) R2(A*) (y1. ¥)
+ O(p)* log(Ap) x(Ap)R2 (A7) (11, ¥):

Using Lemma 2.20 and (74), the contribution of the second term to A inte-
gral in (76) can be obtained as (xl)%“‘k(y, y1)t~17% in a similar way as in
A(A, p,q) in Lemma 2.21. And the contribution of the third term follows as
t_%k(y, yl)(x)%(xl)%k(y, y1) with Lemma 2.15.

Finally, for the first term we take (A, p, q) = —4Go(x, x1) x(Ap) R2(A%)(y1. y)
andsee £(0, p,q) = iGo(x, xl)H(;r (i +/2¢ q). Using Lemma 2.15 with the bounds
of R,(A) and the support of y(Ap), the contribution of A>(A, p, ¢) is obtained as

i|la® + b? .

i 61 al /4GO(xyxl)Mll[vlslvﬂ(xlyJ/I)MzzHg_(l V21 q)dx1dy,
R

(x)% (1) B xR (v, 1)

35
14

+ 0( ) (83)
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With a similar argument the contribution of A3(A, p, q) is

illa® 4+ b to:
et | Hy (i /21 p) M [v1S102](x1, y1)M11Go(y, y1)dx1dy:
R
1 1
2 2k(x, k(y,
+O(<x> (x1) (); x1)k(y yl))' (84)
ta
Adding up (78), (81), (83), and (84) gives the statement. O

To find the contribution of the terms S.S7 and S; S to (69) we define
Ra (A, p.q) := Ry (W) (x. x)RT A*) (1. y) — Ry (A2) (x, x1)RG (A (31, ¥).
Proposition 3.10. If |a(x)|+ |b(x)| < (x)_%_"_ where 0 < o < %, then we have

o0
. 1
| / 4 / AP, p. 1S Sualx1, ydAdxidys = +a(x, )
R+ JO

- (x)%+a+<xl>%+a+
~ t1+o ’

(85)

. 1
[ [ e aom p oS Sislan. yodidxdys - 15a(x.)
R* JO

- <x)%+a+<xl>%+a+
~ 1+ :

(86)

where

1
Sa2(x,y) = —19001515U2M11(X, »)s

1
S3(x,y) = _ZMHUISSIU290(X’ y).

Proof. We consider only (85). Note that

Ry (A, p.q) = [R§ A*)(x, x1) M1 M1 R (A*)(y1. y)
— Ry A2 (x, x)) M1 My Ry (M) (1. )]
+ [R§ (A*)(x, x1) — Ry (A*)(x, x1)|M11 M2z Ry (A) (y1. y)
+ Ry(A?)(x, x1) Moy M1 [R§ (M) (31, y)) — Ry (A*) (1. y))]
= B1(A, p.q) + B2(A, p,q) + B3(A, p.q).
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Again a similar kernel to B;(A, p, q) is examined in the scalar case. It has the
contribution

1
7 |, Go(x,x1)M11[v1S1Sv2](x1, y1)M11dx1dy, + 0(
R

(x>%+(x+<xl)%+(x+
4¢ ZI-HX )

87)

to the integral in (85). For B>(4, p,q) = ’5 Jo(Ap)M11 M2y R (A?)(y1, y) we can
use the orthogonality property (74) on the left side of S1S and exchange Jo(Ap)
with G(A, x, x1). Then, Lemma 2.15 together with the bounds in Lemma 2.19
and (71) gives us

oo itA? (x ) k(y, y1)
e Ax(A)B2(A, p. @) [viS1Sv2](x1, y1)dA| S ST 3 (88)
0 1
Lastly, we consider
i
B3(A, p,q) = ERz(Az)(x,xl)Jo(lq)X(Aq)-
Applying Lemma 2.15, we have
Oo itA?
| e 008260 p. gy
0
(e, x1) ()2 (1) 2 *
X, X
H+(1V P)M22M11+0< ! )5) 1 )
16t 14
Hence, (87), (88), and (89) establishes the proof. O

The following Proposition will take care of the contributions of the following
two integrals:

/4/ ¢ Ay (MRs (A, p. )01 S S1 Sva(xr. y1)dAdxidyr,  (90)
R 0

oo
[ [ e amat pgpuisvat yodidydy. D
R* JO

where

Ry (1 + ARG (1 + 27 Ry (e + ARy (1 + 4%

Tl )= o) R RGY
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Proposition 3.11 (Proposition 5.5 in [15]). Let 0 < o < 1/4. If |a(x)| + |b(x)] <
(x)73/272= then for any absolutely bounded operator T we have

o0
/ 4 / R0, p @) Tva(rr. y1)dAdxdyy
R 0

1
 4la? + b2y Jgs

0(@) n O((x)%+“+(y)%+a+)‘

tlog? (1) it

Muvvazdxldyl

Corollary 3.12. Under the same conditions of Proposition 3.11 we have

Vuuh)) O(<x>%+a+<y>%+“+>,

tlog? (1) it

‘(90) - ;wx,y)‘ so(

A

o( L)) O(<x>%+a+<y>%+“+),

1
‘(91) - Bs(x, y)‘ ol e

where

1

Falx.y) = FTPEESETN

Mi1v1SS1SvaMyy,

Ss5(x,y) = Miv1SvaMy;.

1
4lla® + bl

The contribution of E(A)(x, y) can be handled as in Proposition 4.9 in [14] and
we can obtain the following proposition.

Proposition 3.13. Ler 0 < o < 1/4. If |a(x)| + |b(x)| < (x)73/27%, then we
have
® .2
F [ e A O0IRS G+ 22001 Eva® 1+ 22)
0
— Ry (1 + A1 EvaRy (1 + A%)](x, y)d A

= o(—“’é?f?““).
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We found the boundary terms §;(x, y),i = 1, ..., 5 that has % decay for every
term appearing in the expansion (73). Also we note that the contribution of free
resolvent is calculated in [15] as

/wday%@nxyu+xﬁ—Raﬂ+kﬁuxywl
0
. 92)

=_%MH+OGJ%&Q.

Considering this and the expansion (73) we see that the assertion of Theo-
rem 3.2 is satisfied for

F(x,y) = Tolx,y) + W Z& (x,y) = Fs(x, p).

The following proposition concludes the explicit representation of §(x, y) in
Theorem 3.2.

Proposition 3.14. Under the conditions of Theorem 1.3 we have

50 = ¥ Wlosy 0"

where (Fo — pnI)y = 0 in the sense of distribution and ¥ — (1,0)7 € ﬂp>2 L? x
ﬂp>2 L?.

Proof. First note that ;7 (x,y) = Go(x,y) and vI = v,. Then, recalling the
integral kernel of S, which is S;(x, y) = ¢(x)¢” (), we can write the operator
obtained as §; as

2 2
S1(x.y) = Mgovlslvzgo(mw
2
= L g1 800201 () ©3)
b2
= LD . 0)7 — g (c0.0) — T ).

For the last equality we used the representation of ¢ from Lemma 3.7 and
Remark 3.8-(1). Note that here ((co,0)” — v¥;(x)) is a column vector and
(—(co,0) — WZT (y)) is a row vector. Hence, their vector product gives an oper-
ator which is represented by a 4 x 4 matrix.
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For §»(x, y), the definition of S; gives us

1
Sa2(x,y) = —190U1515U2M11(X, y)

= Gov1S1TPv2My1(x, y)
:._%m0m¢uxx¢,TPvﬂWu(wy»

= —%[900191’]()5)(‘1’7 TP(a,b)")(1,0)

= IS0 1)la? + 1 (co.0).

For the second equality, we used the definition of S from Lemma 2.11 together
with identities Qua M1 = 0, S1Dg = D¢S1 = S1, and Q@S = ;. For the fourth
equality, we used the fact that 7" is symmetric and v, M, = (a, b)T(l, 0). Hence,

we have

_ lla® + 5%

52 2

((co.0)" = ¥1(x))(co. 0).

Consequently, since Mq;v; = (—1, O)T(a, b) one obtains

la® + b1

(0. 0)(=(c0,0) = 3 ().

33()6’ y) =

Using the orthogonality property (74) and the definition of S, one has

1
4la* + b2
1

= —————Myv1PvoM
a2t b, Mo
_ —lla® + 5]y
4la* + b
1

= —-My.
4 11

Ss5(x,y) = Mijv1SvaMy,y

11

94

(95)

(96)

With a same argument as in the Proposition 2.27 using the orthogonality
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property (74) in the definition of S, we have

1
4lla® + b

1
= —————M W PTSiTPv:M
a2 oo, v 1 2M11
g
= ————MuviPvuM
W2 + oo, vt Mo

_le®+ 2% ,
=0 ‘-

Sa(x,y) = Mi1v1SS51SvaMyy

o7

For the third equality we used the definition of P T¢ from Lemma 3.7 and the
fact that 7' is symmetric.

Multiplying (93), (94), (95), (97), and (96) with required constants and sum-
ming up together with the boundary term (92) from the free resolvent for matrix
Schrodinger operator, we obtain

> 1 1
Z&i(%)’) = 4—62%(?6)1#;()’) = —4—C2¢1(x)[031ﬂ1()’)]T-
i=0 0 0

As in Proposition 2.27, dividing y¥; by cq establishes the proof. O

3.3. Proof of the Theorem 3.1. The % bound for the free resolvent, for a similar
error term to E, and for the term A4 (1)~'S were examined in [15] in Proposi-
tion 5.4, Proposition 7.5, and Proposition 7.2 respectively. Since the proof of
Proposition 7.2 requires the operator S only to be absolutely bounded it can be
extended to the term 74+ (1)"1SS;S.

For the operators QDo Q, S S1, and S1S recall the expansion from Proposi-
tion 3.10:

Ry A2 (x, x)Rg A2 (1, ) = Ry A% (x, x1)R5 A1) (y1, )
= BI(A7 pvg) + BZ(A” p7q) + B3(A” p7q)

The % bound for a similar kernel to B (A, p, ¢) is established in Proposition 3.11
in [13] for the operator QDo Q, S S1, and S1S. Furthermore, Proposition 7.2 in [14]
shows that B> (A, p, q) and B3(A, p, g¢) can also be estimated by % for the operator
0Dy Q. Since the proof of Proposition 7.2 requires the operator QDo Q only to
be absolutely bounded it can be adopted to S S; and S;S.

Hence, it is enough to establish the % bound for the operator h+(1)S;. The
following Proposition will conclude Theorem 3.1
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Proposition 3.15. If |a(x)| + |b(x)| £ (x)_%_, then we have
oo itA? + 1
/ / A MRT A, p. )1 S1v2](x1. y1)dAdx1dy; = 0(—).
R4 Jo t

Recall the calculation from Proposition 3.9

Ri(A, p.q) = A1(A, p.q) + A2(A, p.q) + A3(A, p.q) + A4(A, p.q).

Not that Theorem 3.1 in [13] establishes the 1/¢ bound for a similar operator to
A1(A, p,q). Using (74) one can adopt the same proof to A; (4, p, g).
Using the bounds (71), the contribution of

i
As(A,p.q) = ERz(X,xl)MzzMzsz(yl,Y)

can be handled as

/0 ) E R ) (3. x1) RaG2) (01, )
1 241
<: / 19,[R2(22) (x. x1) Ra(A2) (v, )] d A
0

< ke w0, 0 ()

The assertion for A4(A, p, q) follows with ||vy (x1)k(x, )Cl)||L)261 S L
To prove the contribution of the operators A,(A, p, ¢) and A3(A, p, q) we need
the following lemma.

Lemma 3.16. If |a(x)| + |b(x)| < (x)~3~, then we have
® a2 1
e Ax (M) A2 (A, p.@)vi(x)[S1](x1, y1)v2(y1)dAdxidy, = 0(—)'
Rr* Jo t
The same bound is valid if A>(A, p, q) is exchanged with As(A, p,q).

Proof. We have to consider the large and the small energy contribution separately.

Casel: A|x —x1| S 1. Recall that

A2(, p,q) = CIo(Ap)(log(A) + DR2(A) (1, ¥) + 2Yo(Ap) R2(A*) (y1, ¥)

for some C € Rand z € C. Taking this expansion and the projection property (74)
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of S; into account it is enough to consider the contribution of the following two
integrals:

/OOO AW F (. x. x) Ry (A (1. y)d A, (98)

/ "™ 22D log(MG (A, x, x1) R2y(A%) (y1. y)d A. 99)
0
By integration by part once, we have

1 [
98] < ;/ 2y (W F (A, x, x1) Ry () (1, y)d A
0
1 2A1
e / 105 F (A, x, x1) Ra(A2) (1. )] d A
0

1 2A1
s [IFGrb R 01 )l
0
< k(y, y0)k(x, x1)
~ t
k , 2A1
+@/ |F(A, x, x1)|dA
0

1 2A1
+;/ [0 F(A, x,x1)|dA
0

k(y, yl)k(xyxl).

<
t

For the last inequality observe that by Lemma 2.19 we have |F(A,x,x1)| <
k(x,x1) and

2A1 241
/0 92 F (O, x, x1)|dA S /0 plx (p) log(p)| + alx’ (Aq) log(Aq)|d A

21

kel + [ 21 - 1Gglda

< k(x, x1).

To see the last equality note that first integral is bounded by a constant because of
the support of y’. The second integral is bounded by log (£ ) since the support

N . [x]+1
of x(Ap) — x(Aq) is [5%. 234].
) 2k(y,y1)
. :

With a similar argument one can conclude that |99] < {
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Case 2: A|x —x1]| 2 1. Note that using (74) the A-integral of
oo _
/R 4 /0 ¢ 2y (1) 1og(A) Jo(Ap)
Mi1[v1Sva]Maa(x1, y1) R2(A?)(y1, y)d Adxydy;

can be written as
/0 P 0 () ogW)[To(p) — To((1 + [XDIR2(AP)(y1. y)dA.  (100)

Let s = max(|x — xq|,1 4+ |x|) and r = min(]x — x|, 1 + |x|). Using the large
energy representation (23) of Bessel functions and pulling the slower oscillation
e*A7 out, (100) can be rewritten as the sum of

/ HAPEAT ) v (1) 1og(M) G (X, 5. 1) Ry (A2) (1. y)dA, (101)
0

where
GE(A,s.7) := T(As)w(As) — e A FAr)ws (Ar).

By Lemma 3.7 in [13], for 0 < t < 1 and A < 244, 6i(k,s, r) satisfies

. i) i
G (s, < Gl — s (220 4 2Oy (1022)
ArE As|?
. T
10,64, 5, 1) < |s—r|<X( S sl)). (102b)
|Ar|z |As|2
In Lemma 3.8 of [13], it is proven that
o0
it(24Ar ) _ (L
/0 e a(l)dr = 0(t2)
provided
i) 7(hs
a0 £ ke () 2z (K2 4 £29), (103)
|Ar[z |As|2
, i) 7(hs
)] 5 ke )i (80 4 289y (104)

Ar|z |As|?

Hence, it is enough to show thata(A) = Ay(1) log(A)éi (A, s, F)R2(A®)(y1, y)
satisfies (103) and (104), which follows immediately from the inequalities (71),
(102), and Lemma 2.19.

O
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