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A multidimensional Borg-Levinson theorem
for magnetic Schrodinger operators
with partial spectral data

Yavar Kian

Abstract. We consider the multidimensional Borg-Levinson theorem of determining both
the magnetic field d A4 and the electric potential V', appearing in the Dirichlet realization of
the magnetic Schrodinger operator H = (—iV + 4)? 4 V on a bounded domain Q C R”,
n = 2, from partial knowledge of the boundary spectral data of H. The full boundary
spectral data are given by the set {(Ax, dv @i 90):k = 1}, where {Ax:k = 1} is the non-
decreasing sequence of eigenvalues of H, {¢x:k > 1} an associated Hilbertian basis
of eigenfunctions and v is the unit outward normal vector to d2. We prove that some
asymptotic knowledge of (Ax, 0y ¢x|yq) with respect to k = 1 determines uniquely the
magnetic field dA and the electric potential .
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1. Introduction

1.1. Statement of the problem. We consider @ C R”, n > 2, a ! bounded
and connected domain such that R” \ 2 is also connected. We set ' = 0%Q.
Let A € WL°(Q,R?), V € L*®(R,R) and consider the magnetic Schrodinger
operator H = (—iV + A)? + V acting on L?(2) with domain D(H) = {v €
H}(Q): (—iV + A)?v € L*(Q)}.

Let A; € Who(Q,R"), V; € L°(Q,R), j = 1,2, and consider the magnetic
Schrodinger operators H; = H for A = Ajand V =V}, j = 1,2. We say that
H, and H, are gauge equivalent if there exists p € W2*°(Q,R) N H/} () such
that H, = e_ileeil’.

Itis well known that H is a selfadjoint operator. By the compactness of the em-
bedding HJ (Q) < L2(Q), the spectrum of H is purely discrete. From now on,
we denote by IN* the set of integer N* = {1, 2,...}. Wenote {A;: k € IN*} the non-
decreasing sequence of eigenvalues of H and {¢;:k € IN*} an associated Hilber-
tian basis of eigenfunctions. In the present paper we consider the Borg-Levinson
inverse spectral problem of determining uniquely H, modulo gauge equivalence,
from partial knowledge of the boundary spectral data {(Ax, dy@xr): kK € IN*} with
v the outward unit normal vector to I'. Namely, we prove that some asymptotic
knowledge of (Ax, 3, ¢k ) with respect to k € IN* determines uniquely the oper-
ator H modulo gauge transformation.

1.2. Borg-Levinson inverse spectral problems . Itis Ambartsumian who first
investigated in 1929 the inverse spectral problem of determining the real potential
V appearing in the Schrédinger operator H = —A 4+ V, acting in L?(R2), from
partial spectral data of H. For Q = (0, 1), he proved in [1] that V' = 0 if the
spectrum of the Neumann realization of H equals {k?:k € IN}. For the same
operator, but endowed with homogeneous Dirichlet boundary conditions, Borg [6]
and Levinson [19] established that the Dirichlet spectrum {A;:k € IN*} does
not uniquely determine V. They showed that additional spectral data, namely
Ulerllz20,1y: k € IN*}, where {¢r:k € IN*} is an L?(0, 1)-orthogonal basis of
eigenfunctions of H obeying the condition ¢, (0) = 1, is needed. Gel'fand and
Levitan proved in [12] that uniqueness is still valid upon substituting the terminal
velocity ¢; (1) for [|gx || 2 (o.1) in the one-dimensional Borg and Levinson theorem.

In 1988, Nachman, Sylvester, and Uhlmann [22] and Novikov [25] proposed a
multidimensional formulation of the result of Borg and Levinson. Namely, they
proved that the boundary spectral data {(Ax, dv@x|yq): k € IN*}, where v denotes
the outward unit normal vector to d$2 and (A, ¢ ) is the k™ eigenpair of —A + V,
determines uniquely the Dirichlet realization of the operator —A + V. The initial
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formulation of the multidimensional Borg—Levinson theorem by [22] and [25]
has been improved in several ways by various authors. Isozaki [14] (see also [9])
extended the result of [22] when finitely many eigenpairs remain unknown, and,
recently, Choulli and Stefanov [10] claimed uniqueness in the determination of
V' from the asymptotic behavior of (Ax, dvgx ) with respect to k. Moreover,
Canuto and Kavian [7, 8] considered the determination of the conductivity c,
the electric potential V' and the weight p from the boundary spectral data of the
operator p~ ' (—div(cV-) + V) acting on the weighted space Lf,(SZ) endowed with
either Dirichlet or Neumann boundary conditions. Namely, [7, 8] proved that the
boundary spectral data of p~!(—div(cV-) + V) determines uniquely two of the
three coeflicients ¢, V' and p. The case of magnetic Schrodinger operator has
been treated by [27] who determined both the magnetic field dA and the electric
potential V' of the operator H = (—iV + 4)? + V. Here the 2-form d 4 of a vector
valued function A = (ay, ..., ay) is defined by

dA =Y (3x,a; — dx;a;)dxj A dx;.

i<j

All the above mentioned results were obtained with © bounded and oper-
ators of purely discrete spectral type. In some recent work [16] examined a
Borg—Levinson inverse problem stated in an infinite cylindrical waveguide for
Schrodinger operators with purely absolutely continuous spectral type. More pre-
cisely, [16] proved that a real potential V' which is 2z -periodic along the axis of the
waveguide is uniquely determined by some asymptotic knowledge of the boundary
Floquet spectral data of the Schrédinger operator —A + V' with Dirichlet boundary
conditions.

Finally, let us mention for the sake of completeness that the stability issue in
the context of Borg—Levinson inverse problems was examined in [4, 5, 9, 10, 16]
and that [2, 5, 15] established related results on Riemannian manifolds. We
also precise that [21, 28, 29] have proved stability estimates in the recovery of
coefficients from the hyperbolic Dirichlet—to—Neumann map which is equivalent
to the determination of general Schrodinger operators from boundary spectral
data.

1.3. Main result. Let 4, € WL®(Q,R"), V; € L*®(Q,R) and consider the
magnetic Schrodinger operators H; = H for A = Ajand V = V;, j = 1,2.
Further we note (A x, ;). k = 1, the k™ eigenpair of H;, for j = 1,2. Our
main result can be stated as follows.
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Theorem 1.1. We fix Q; an arbitrary open neighborhood of T in Q (I' C Q, and
Q1 S Q). Forj=1,2letV; € L°(Q,R) and let A; € C1(Q, R") fulfill

Al(x) = Az(x), x € Q. (1.1)

Assume that the conditions
+o0
. _ _ 2
Jim Ak = Azl =0, ;nam,k 2 klyaqm <00 (1.2)

hold simultaneously. Then, we have dA; = dA, and Vi = V5.

Note that condition (1.1) corresponds to the knowledge of the magnetic poten-
tial on a neighborhood of the boundary.

Let us observe that, as mentioned by [10, 16], Theorem 1.1 can be considered
as a uniqueness theorem under the assumption that the spectral data are asymp-
totically “very close.” Conditions (1.2) are similar to the one considered by [16]
and they are weaker than the requirement that

ik — Aokl SCKk™, 0vprk — dverklloqy < Ck™P

forsomea > land 8 > 1 — ﬁ, considered in [10, Theorem 2.1]. Note also that
conditions (1.2) are weaker than the knowledge of the boundary spectral data with
a finite number of data missing considered by [14].

Let us remark that there is an obstruction to uniqueness given by the gauge
invariance of boundary spectral data for magnetic Shrodinger operators. More
precisely, let p € CP(2 \ Q1) \ {0} and assume that A1 = Vp + Ay # A,
Vi = V,. Then, we have H; = e~'? H,e'P and one can check that we can choose
the spectral data of H; and H; in such a way that the conditions

Wik = W2k Ak = A2k, k€N

are fulfilled. Therefore, conditions (1.1) and (1.2) are fulfilled but H; # H>.
Nevertheless, assuming (1.1) fulfilled, the conditions dA; = dA, and V7 = V5
imply that H; and H, are gauge equivalent. Therefore, Theorem 1.1 is equivalent
to the unique determination of magnetic Schrodinger operators modulo gauge
transformation from the asymptotic knowledge of the boundary spectral data given
by conditions (1.2).

The problem under examination in this text is a Borg—Levinson inverse prob-
lem for the magnetic Schrodinger operator H = (—iV + 4)?> + V. To our
best knowledge, there are only two multi-dimensional Borg—Levinson uniqueness
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result for magnetic Schrodinger operators available in the mathematical literature,
[15, Theorem B] and [27, Theorem 3.2] (we refer also to [24] for related inverse
scattering results). In [15], the authors considered general magnetic Schrodinger
operators with smooth coeflicients on a smooth connected Riemannian manifold
and they proved unique determination of these operators modulo gauge invariance
from the knowledge of the boundary spectral data with a missing finite number
of data. In [27], Serov treated this problem on a bounded domain of R”, and he
proved that, for A € W1 (Q,R") and V € L*(Q, R), the full boundary spectral
data {(Ak, 3@k r): k € IN*} determines uniquely dA and V. In contrast to [15, 27],
in the present paper we prove that the asymptotic knowledge of the boundary spec-
tral data, given by the conditions (1.2), is sufficient for the unique determination
of dA and V. To our best knowledge, conditions (1.2) are the weakest conditions
on boundary spectral data that guaranty uniqueness of magnetic Schrodinger op-
erators modulo gauge transformation. Moreover, our uniqueness result is stated
with conditions similar to [16, Theorem 1.4], which seems to be the most precise
Borg-Levinson uniqueness result so far for Schrodinger operators without mag-
netic potential (4 = 0).

An important ingredient in our analysis is a suitable representation that allows
to express the magnetic potential A and the electric potential V' in terms of
Dirichlet—-to—Neumann map associated to the equations (—iV+A4)?u+Vu—Au=0
for some A € C. In [14] Isozaki applied a similar approach to the Schrodinger
operator —A + V with Dirichlet boundary condition! and [10, 16] applied the
representation formulas of [14]. Inspired by the construction of complex geometric
optics solutions of [3, 11,17, 18, 23, 26, 30] we prove that the approach of [10, 14, 16]
can be extended to magnetic Schrodinger operators. More precisely, we derive
two representation formulas that allow to recover both the magnetic field and
the electric potential of magnetic Schrodinger operators which means recovery
of both coefficients of order one and zero in contrast to [10, 14, 16] where only
determination of coefficients of order zero is considered. This paper is the first
where the extension of the approach developed by [14] to more general coefficients
than coefficients of order zero is considered. Note also that our approach make
it possible to prove this extension without imposing important assumptions of
regularity of the admissible coefficients.

We believe that the approach developed in the present paper can be used for
results of stability in the determination of the magnetic field dA and the electric
potential V' similar to [16, Theorem 1.3]. Indeed, following the strategy set in
this paper we expect a stability estimate associated to the the determination of the

!'This argument was inspired by the Born approximation method of the scattering theory.
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magnetic field d A. The main issue comes from the stability in the determination of
the electric potential V. Nevertheless, we believe that this problem can be solved
by adapting suitably the argument developed in [32] related to the inversion of the
d operator on differential forms restricted to the right subspaces.

1.4. QOutline. This paper is organized as follows. In Section 2 we consider
some useful preliminary results concerning solutions of equations of the form
(—=iV + A)?u + Vu — Au = 0 for some A € C \ o(H). In Section 3 we introduce
two representation formulas making the connection between the Dirichlet—to—
Neumann map associated with the previous equations and the couple (A4, V') of
magnetic and electric potential. Finally, in Section 4 we combine all these results
and we prove Theorem 1.1.

2. Notations and preliminary results

In this section we introduce some notations and we give some properties of
solution of the equation (—iV + A4)?u + Vu — Au = 0. We denote by (£, ¥) the
duality between ¥ € H'/2(I") and f belonging to the dual H~'/2(T") of H'/%(T").
However, when in { f, ) both f and v belong to L?(T"), to make things simpler
(,-) can be interpreted as the scalar product of L2(I"), namely

(fiv) = /F £00) T do ().

We introduce the operator H defined as

Hu = (—iV + A)*u + Vu, (2.1)

foru € D(H) := {¢y € H}(Q):(—iV + A)?>y € L*(Q)}. Recall that H is
associated to the quadratic form b given by

b(u,v) = /Q(—iV + A)u(x) - (—iV + A)v(x) dx + /Q V(x)u(x)v(x)dx,

for u,v € HJ (). Moreover, the spectrum of H is discrete and composed of
the non-decreasing sequence of eigenvalues denoted by 6 (H) = {Ax:k = 1}.
If we write V = V1 — V~, with V¥ := max(0, £V), we have that the spec-
trum o (H) of H is contained into [— ||V ™| Leo(g), +00). According to [13, Theo-
rem 2.2.2.3], we can show that D (H ) embedded continuously into H?(2). There-
fore the eigenfunctions (¢ )r>; of H, that form an Hilbertian basis, are lying in
H?(R) and we have 3¢ € H'/?(T).
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From now on, we fix f € H?(I') and A € C \ o(H) and we consider the
problem

(=iV+ A?u+Vu—Au=0, inQ,
u(x) = f(x), x el

We start with two results related to the asymptotic behavior of solutions of (2.2)
as A — —oo.

2.2)

Lemma 2.1. Forany f € HY2(I') and A € C \ o(H), there exists a unique
solution u € HY(Q) to (2.2) which can be written as

=y = , 2.3
uiugkkw (2.3)

where for convenience we set

hk = av(pkll—w, and o = (f, hk) (24)
Moreover, we have
ok |2
[ )|? — 0 asiA— —oo.
L2(Q) — ; A — Ax?

Proof. Since A ¢ o(H ), one can easily check that (2.2) admits a unique solution
u, € H'Y Q). Moreover, u; can be written in terms of the eigenvalues and
eigenfunctions Ay, ¢x. Indeed, u; € L?(R2) can be expressed in the Hilbert basis
(Pr)k=1 as
up =Y (i ¢k) Gk
k=1

with (-,-) the scalar product with respect to L2(2). Since u; € H'!'(Q) and
Auy = —2iAd - Vuy + (=i div(A4) + |A|> + V)uy € L*(R), we have Vu, €
Hgiv(R) = {v € L?(Q;C"):div(v) € L?(RQ)}. Thus, taking the scalar product of
the first equation in (2.2) with ¢ and applying the Green formula we obtain

(fihe) = (A — Ag) (u, @),

which yields the expression given by (2.3). The fact that |u, || - 0as A — —o0
is a consequence of the fact that we may fix co > ||V Lo () large enough so that
if A is real and such that A < —cg, we have |A — Ag|? = |co — Ax|? forall k > 1
and thus
o ?  _ lew?
A=Akl 7 oo — Akl?’
so that we may apply Lebesgue’s dominated convergence as A — —oo. |
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Lemma 2.2. Forall A < —||V|peo@) — 6”‘4”%00(9 Ry the solution u of (2.2)
satisfies

IVusllzi@ven < Clluallizz@)) (2.5

with C depending only on Q and Q.

Proof. Let us denote by y € C5°(€2, R) a function satisfying y = 1 on Q \ €.
Then, since Vu; € Hgy(2), multiplying (2.2) by y*u; and applying the Green
formula we obtain

0= / (—iV 4+ A)%uy *urdx + / (V = 1) x%|up)?dx
Q Q
AR
Q
+ 2/ (xVuy) - Vyuydx (2.6)
Q
+ / Ri(upy)A-upVy +iyurA- yVuy + yVuy -idAyu,ldx
Q
4 [ QAP+ =22,
Q
Applying the Cauchy—Schwarz inequality we find

1xVuallZaq) + (I AN s rny — 1V lLoo@) = Ml xualza g
< 2[uaVxllezlxVuallL2 @)
+ 2[| AllLoe @)l xuall 2@y luaV xlliL2e)
+ 2[| AllLoe@) I xuall L2y X VuallL2e)
< HuaVrll3 20
X Vuall? 2
4
+ ||A||i00(s‘z,1Rn)||X“)L||22(Q)
+ AVl
+ 4 Al oo X417 20
1XVurlZsq
7 .
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From this estimate, we deduce

”Xvu/l “22(9)

5 (=W llzoo@) =6l All g rmy =M XUl 72 ) < Slua Vil 2.

Using the fact that A < —||V||Loo(q) — 6||A||]2dc>¢(Q Ry We Obtain

IVuall}2@na,) < 1XVUal7 2
< 10[u2 V(720
< 10[VX 7o llurl72(0,
< Cllualiz g,

From this estimate we deduce (2.5). O

It is clear that the series (2.3) giving u, in terms of a, Ax and ¢, converges
only in L2(£2) and thus we cannot deduce an expression of the normal derivative
dyuy, in terms of o, Ax and hy. To avoid this difficulty, in a similar way to [16],
we have the following lemma:

Lemma 2.3. Let f € H'2(T') be fixed and for A, ;n € C\ o(H) let u; and Uy,
be the solutions given by Lemma 2.1. If we set v := v, ,, := uy — uy, then

(n = Moy
v = hi 2.7
' ;(A—Ak)(u—xk) ¢ 7

the convergence taking place in H'/?(T).
Proof. Letvy , := uy —uy; One verifies that v, ,, solves

(—iV + A2y + Vs —Avay = (A — puy, in L, 2.8)
vy, (x) =0, xel. '

Since (v, |¢x) = ax /(i — Ak), it follows that

_ (A — pwaok
= L D0

k=1

the convergence taking place in D(H). Since the operator v — d,,v is continuous
from D(H) into H'/2(I"), the result of the lemma follows. O
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The next lemma states essentially that if for j = 1 or j = 2 we have two
magnetic potentials A;, two electric potentials V; and u; := u; , solutions of

(—iV + Aj)zuj + Viuj —pu; =0, inQ,
uj(x) = f(x), xel,

2.9

then uy,, and u, , are close as © — —oo: in some sense the influence of the
potentials A; and V; are dimmed when © — —oo. More precisely we have:

Lemma 2.4. Let V; € L®(Q2,R) and Aj € W12 (Q,R") be given for j = 1 or
J =2, and denote by H; the corresponding operator defined by (2.1). We assume
that condition (1.1) is fulfilled. For f € HY?(I') and ju € (—o0, jtx) C C\ o (H),
let uj,, := u; be the solution of (2.9). Then z,, := u1, —uz,, € H*(Q) converge
100 in H*(Q) as w — —oo. In particular d,z,, — 0 in L*>(T') as p — —oo.

Proof. Since the trace map v + 9, is continuous from H?(Q) to L?(T"), it is
enough to show that z, € H*(Q) and ||z, ||z2(q) — 0 when u — —oo. We fix
< px With e < —||V||Loo(@) — 6||A||ioo(Q’R,,) less than the constants given by
Lemma 2.1for A = 4;, V =V}, j = 1,2. Without lost of generality we assume
that H; — 4 is positive, j = 1,2. One verifies that z, solves the equation

(—iV + A1)%z + Vizy — puz,
= —2i(A4 — A1) - Vuz,u + (p2 — pl)ug,u, in 2, (2.10)
ZU'(X) = 0’ X € F
with
p; = —idiv(4;)) + |4 > +V;, j=12.

That is, denoting by R; , = (H; — wul)~1 the resolvent of the operator H; :=
(—=iV + A41)? + V1, we have

i w
Zp = Ryu(=2i(A2 — A1) - Vup o + (p2 — puz,u) = Z ( Wu, $1.) k)

with wy, = —=2i(42 — A1) - Vuz,u + (p2 — puz,, and (A1 k)1, (91,6)k=1 Te-
spectively the eigenvalues of H; and an Hilbertian basis of eigenfunctions asso-
ciated to these eigenvalues. Since w,, € L?(R), z,, is lying in D(H,) and by the
same way in H2(Q). It remains to show that lzull g2y — O when p — —oo.
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Since D(H;) embedded continuously into H?(2) there exists a generic constant
C depending on A1, V; and 2 such that

o0
lzu By < € 3 Phik = a1 010 P < Cllwal2a g,
k=1

On the other hand, condition (1.1) implies

lwullLz@) < CUIVua uliz@\e)) + 1v2.ulli2@)

with C independent of . Then, according to Lemma 2.1 and (2.5), we obtain

limsupllwy 2@y < C limsuplluz,ullp2@) = 0.
JL—>—00 L—>—00

Thus, we have

limsup||0yz, || 12¢ry < C limsup ||z, || g2(q) < C limsupllw,|2q) = 0.
H—>—00 HW—>—00

p—>—00
This completes the proof. O

Armed with these results, we will prove Theorem 1.1 by using some asymptotic
properties of solutions of (2.2) with respect to A. For this purpose, like in [10, 14,
16] we use representation formulas that will allow us to make a connection between
the boundary spectral data and the potentials A and V.

3. Representation formulas

From now on, for all x = (x1,...,x,) € C*and y = (y1,...,yn) € C", we
denote by x - y the quantity

n
Xey =) Xy
k=1

and for all x € R” we denote by x the subspace of R” defined by {y e R": y-x =0}.
Moreover, we set 4; € CY(Q,RM), V; e L*(Q,R), j = 1,2, and we assume that
condition (1.1) is fulfilled. For j = 1,2 and A € C\R, we associate to the problem
(—iV =+ A‘,-)zuj + V]u, — )Lu]' =0, in €,
uj(x) = f(x), x eT,

(3.1)
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the Dirichlet-to—Neumann map
Ajp H20RQ) 3 f > By + id; - v)ujap,

where u; ; solves (3.1). The goal of this section is to apply the Dirichlet—to—
Neumann maps A ; to some suitable ansatzs associated with (3.1) in order to get
two representation formulas involving the magnetic potentials A; and the electric
potentials V;, j = 1,2. A similar approach was developed by [14] and [10, 16]
used the representation of [14]. The idea is to establish the link between the
electric and magnetic potentials and the boundary spectral data by mean of an
expression involving the Dirichlet—to—-Neumann maps A; , A, 1. We start with
two general representation formulas, stated in the next subsection, where some
properties of the ansatzs will not be completely specified. This will allow us to
clarify the main goal of these formulas. Then, in Section 3.2 we will introduce
the remaining properties of our ansatzs and establish some asymptotic properties
from our representations which will be one of the main points of our analysis.

3.1. General representation formulas. In this subsection we introduce the first
formulation of two representation formulas involving respectively the Dirichlet—
to—Neumann maps A, Ay 1 and some ansatzs associated with problem (3.1).
In [14], Isozaki considered such formulas for Schrodinger operators —A + V' with
an electric potential V', in other words for Schrodinger operators with a variable
coefficient of order zero. In our case we need to extend this strategy to Schrodinger
operators with both magnetic and electric potentials, which means an extension to
Schrodinger operators with variable coefficients of order zero and one. In addition,
we need to consider ansatzs that allow to recover both the magnetic field and the
electric potential. Therefore, we fix 71,7, € $"7! = {y € R", |y| = 1} and we
consider some ansatzs, associated with (3.1), of the form

1 (x) = VTG (x), L Dya(x) = VARG (), xeQ. =12
(3.2)
For A > 0, these ansatzs are the principal term of the standard geometric optics
solutions. In contrast to the complex geometric optics solutions taking the form
e%i X h j(x), j = 1,2, where the entire vector {; € C" is complex valued, here we
consider these ansatzs only with complex frequency. The expression g; and g»
appearing in (3.2), are respectively a solution of the transport equations

ini-Vgr—(mi-Ai1g)g1 =0, in2-Vga+ (n2-A24)82 =0, (3.3)

with 4; 4 some smooth function close to the magnetic potential A;, j = 1,2. More
precisely, we define 4;4 € C°(R",R"), j = 1,2, some smooth approximations
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on Q of A;. Then, we consider solutions of the transport equations (3.3) given by

g1(x) = oY1)

22(x) 1= by(x)e V2

0
0= = [ A+ s, - Tha() =0,
—0oQ
for x € R”. Therefore, we consider ansatzs associated with (3.1) taking the form

Dy 5 (x) := eiﬁ”"xei‘”‘(x), Dy 5 (x) 1= e_i“/x"Z'xbz(x)e_i‘”Z(x), x € Q.
(3.4)
We assume in addition that b, € W2 (R") and we recall that y; solves the
equation
- VY (x) = —n; - Ajg, J =12, x eR"

For the time being, we consider general ansatzs of the form (3.4) with the prop-
erties describe above. Additional information about the parameter A, the function
Ajy, the vector n;, j = 1,2, and the function b, will be given in Section 3.2.
In a similar way to [11, 17, 18, 23, 26, 30], in the construction of our ansatzs we
consider some smooth approximations of the magnetic potentials instead of the
magnetic potentials to obtain sufficiently smooth functions ®; », j = 1, 2. Using
this approach, we can weaken the regularity assumption imposed on admissible
magnetic potential from W3%°(Q) to C1(Q). Further, for j = 1,2, we put

Si(A.n1.m2) = (Aj P10, Prp) = /F(Aj,)LCDI,)L)CDZ,)L(x)dU(X)- (3.5)

In other words, we apply Aj,, j = 1,2, to ansatzs of the form (3.2) with
g1 = €1 and g, = by (x)e V2 We recall that quantities similar to S, and
S> have also been used by [l1, 14, 16, 17, 18, 23, 26, 30]. Let us also mention that,
like in [14, 16], the ansatzs (3.4) do not depend on the potential V; and V, which are
coefficients of order zero of the equation (3.1). On the other hand, the ansatzs (3.4)
depend on the magnetic potentials A; and A, which are coefficients of order one
of the equation (3.1). By modifying the construction of [14, 16] with the new
expression g;, j = 1,2, we will extend the approach of [14, 16] to Shrodinger
operators with magnetic potentials. From now on, for the sake of simplicity we
will systematically omit the subscripts A in ®; 5, j = 1,2, in the remaining of this
text. In view of determining the behavior of S; — S,, as JA — +o00, we introduce
the following representations associated with S; and S».
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Proposition 3.1. Forall A € C\ Rand n; € $"™', j = 1,2, the scalar products
S;i (A, 01, n2) have the following expression

Sl (A ) 7’1 ’ 7]2)
=2V / Mo (A1 — Agg)et VA =12)%p, (i1 (I=¥2() g
Q

" / (Vi — q12)eVEM=m) % ) i (=120 g
Q
3.6
i / VA —m2)x (Y ()2 () G0
U (baVAna + bV + iVhy + by Ay) - vdo (x)

—/ [(Hi — )71V - (Ar — Avg) + q11) @1]
VA, - (A; — Az 4)by + Viby — 012)€_iﬁ"2'x€_iwzd)€,
and
S2(A,n1,m2)

= / [2vVAns - (As — Apy) + Vo — q22]eiﬁ(n1—nz)-xbzei(¢1(x)—Wz(x))dx
Q
i / VA=) i1 (=¥ (x)
aQ .
(bovVAn2 + baVs 4 iVhs 4 by A2) - vdo (x)

— [ [(Ha=2)7' VA1 - (A2 — A1 g) + 21) @]
(2&772 (A2 — Az,n)bz + Voby — 422)€_iﬁn2'xe_i‘”2dx_
3.7)

Here we denote by q11, q12, 421, 422 the expressions
g1 = —1div(4y) + |A1 > + Vi(x) + 24, - VY —iAY; + [V %,

qi12 = Abz — 21V1ﬂ2 . Vbz — 2iVb2 . A1
+ (—iAY2 — [V |> =2V - Ay — idiv(41) — |41[*)b2,

g21 = —1div(4z) + |A2]* + Va(x) + 245 - VY — 1Ay + [V %,

422 = Abz — 21V1ﬂ2 . Vbz — 2iVb2 . A2
+ (—iAY — [V |> =2V - Ar — idiv(Az) — |42[*)b,.

Moreover, H;, j = 1,2, denotes the selfadjoint operator (—iV + Aj) + V; acting
on L*(Q) with domain

D(H;) = {v € H}(Q): (=iV + 4,)v € L*(Q)}.
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Note that formulas (3.6) and (3.7) contain expressions involving the magnetic
potentials A;, A, and the electric potentials V;, V,, expressions on the boundary
02 and expressions described by the resolvent (H; — A)~!, j = 1,2. Using
condition (1.1) one can check that the expressions on 92 of S; and S, coincide
and applying the decay of the resolvent (H; — A)™1, j = 1,2, as JA — +oo we
will show in the next subsection that, for some suitable choice of our ansatzs, the
expressions

- [f =07 @V (4= A1) +
(2\/In2 (A1 — Az,n)bz + Viby — qu)e_iﬁnZ’xe—iWde’

- /52[(H2 — )T VAL - (A2 — Arg) + 421) 1]
(VAN - (A2 — Az )by + Vabs — gop)e V2% ey,

vanish as JA — 4-o0. Thus, what will remain in the asymptotic expansion of
S1 — 82, as JA — 400, will be two expressions involving A; — A, and V; — V5.
These two expressions, that will be given in the next subsection, are one of the
main ingredients in our proof. The remaining of this subsection will be devoted
to the proof of Proposition 3.1.

Proof of Proposition 3.1. Let us first remark that the expressions (3.6) and (3.7)
correspond to some asymptotic expansion of the expression S;, j = 1,2, with
respect to +/A 2. We will prove (3.6) and (3.7) by combining properties of the
ansatzs (3.2), with properties of solutions of (3.1) when f = ®;. This proof will
be divided into two steps, first for S; then for S,. We start by showing that for
j =1,2and f = ®; problem (3.1) admits a unique solution u; € H?(2) taking
the form

up = @1 — (Hy — )7 2VAn1 - (A1 — Ay ) + q11] @1, (3.8)
ur = @1 — (Hy — )7 2vV2An1 - (A — Ay ) + g21]®1. (3.9)

Then, combining these formulas with the properties of the ansatzs (3.2) and
applying the Green formula, we derive (3.6) and (3.7).
We start with the expression of S1(A, 11, 12). Let us first prove (3.8). Recall
that
(=iV + A u + Viu —Au = —Au —2iA; - Vu + qu — Au

2This statement will be clarified in the next subsection where we will give additional
information about the parameter A and the vectors 11, 72.
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with g(x) = —idiv(4;)(x) + |A1(x)|®> + Vi(x). Therefore, in light of (3.4) we
have

(—iV + 41)%®; + V1 &) — Ad,

= (A +2vVAn1 - Vi —iAyy + VY )@
+ VA - Ay + 24, - V) D,
+q®1 — 1D,y

=2VA(1 - VY1 4 - A) @y + g1 Dy

with g1 = ¢ +2A4;1 -V —iAy; + |V |2. On the other hand, since v satisfies
m - Vyi +n1 - Ay g = 0, we deduce that

(—iV + A1)’ @1 + V@1 — 201 = 2VAn1 - (A1 — A1g) + qu]®1. (3.10)
Now consider u; the solution of

(—iV+A1)2u1 —I—Vlul—kul =O, in Q,
ui(x) = ¢1(x), x € 0Q.

Note that, with our assumptions one can check that D(H;) = H{(Q) N H*().
In view of (3.10), we can split u; into two terms u; = ®1 4 vy with v; the solution
of

(—iV + A)%v; + Vivy — Avy = —[2v/An1 - (A1 — A1 p) + qui] @1, in Q,
v1(x) =0, x € 0Q.

Then, u; € H?(Q) take the form (3.8). Using this formula we will complete the
proof of (3.6). Since

S; = /a NUBRSEIE V) (x)e VAT o T 1V200 g5 (1), 3.11)
from (3.5), applying Green formula, we get
S; = /Q div((V 4 id; (x))u; (x)e VAn2x p, p=iv2()) g
= /Q(V —|—iAl)zule_iﬁ"z'xbze_i'/’zdx (3.12)

+ / (V 4 id )y - (V —id;)e VAnexp, o=iv2 g
Q



Borg-Levinson theorem for magnetic Schrédinger operators 251

Doing the same with the second term on the right hand side of this formula, we
find out that

/Q(V +idpuy - (V- iAl)e_iﬁ"z'xbze_i‘hdx
N _i/r wy (X)eYAE V2 (b + by Vs + Vb, + by Ay) - vdo (x)
- /Q uy (x)(V — idy)2e VAT p e =iV2 gy
In light of (3.4) and the identity u;jr = @, this entails
/Q(V +idpuy - (V- iAl)e_iﬁnz'xbze_iwzdx
— _i | VAm=m2)x i1 ()—v2(x))

r
(NAbana + ba Vs + Vb, + by Ay) - vdo (x)
- / ur (0)(V — idy)2e VAN g, o=iv2 g
Q

Moreover, one can check that
(V — iAl)ze—iﬁnz'xbze—illlz
= (=Aby —2VA(n2 - VY2 + A1 - n2)ba
—2ivAn, - Vb, + C]lz)e_i“/xr’z'xe_i‘/’2
with

di2 = Abz — 2IVW2 . ng — 21Vb2 . Al
+ (=AY — [V > =2V - A1 —idiv(41) — |41*)ba.

Combining this with the fact that ¥, satisfies
N2V +n-Ap =0

and b, solves
n2-Vby =0,

we deduce that
(V —idy)2e VA p, =it
= (=2 = 2vAn2 - (A1 = Az )bz + qra)e VAT XY
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Therefore, we find
. . —ivAnaxy =iy
/(V+1A1)u1-(V—1A1)e ! bye V2dx
Q

= i ei«/x(m—nz)'xei(wl(x)—wz(x))
I
(VAbans + bV + iVhy + by A7) - vdo (x)

- / U1 (¥)(~2bz = 23212 + (A1 = A3 1)b2 + qra)e WA x T2
Q
Then, from (3.8) we get
Q

_ / VA —12)% i1 (0)—¥2(x))
U (VAbana + by Vs +iVby + by A1) - vdo (x)

T4 / upe VAnxp o=V gy
Q
(3.13)
T 2\/X/ n - (A1 — Az,n)elﬁ("l_"2)'xb231(¢1(x)—th(x))dx
Q
_ / qlzeiﬁ(ﬂl_nﬂ-xbzei(wl(x)_wz(x))dx
Q

_ /Q[(Hl — )&)_1(2\/1771 (A1 —Arg) + q11)P1]
@VAn2 - (A1 — Az )by — qr2)e VAT T2

Next, taking into account the fact that (V +i41)?u; = (V; —A)u; in , we obtain
/Q(V + iA1)2u1€_iﬁ”2'xbze_iwzdx
= /Q(Vl —)L)ule_i‘/x”z'xbze_i'/’zdx
= —A/ ule_i‘/x”z'xbze_w’zdx
Q
+ / Yy el VA=) x i (=92(0) g
Q
- /Q VAl(Hy — )7 VA1 - (A — Ary) + g11)®1]e VAT e g

Finally, we deduce (3.6) from (3.12) and (3.13).
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Now let us consider (3.7). For this purpose, we start by proving formula (3.9).
In a similar way to (3.8), we have

(—iV + 42)2 @1 + Va®1 — Ady = 2V/A(71 - VY1 + A2 - 1)@y + g21Py
with
q21 = —idiv(4z) + |42 + Va(x) + 242 - Vi —iAy + [Vyn|*.
Then, since v is a solution of ny - Vyr; + 1y - A1 3 = 0, we deduce that
(—iV 4 A42)2®) + Vo @) — A®; = (2vV/An; - (A5 — Arg) +q21)P1.
Moreover, one can check that the solution u, of
(=iV + A42)%us + Vous — Aup, =0, in Q,
Uz (x) = dq(x), x € 0Q
is given by (3.9). Repeating our previous arguments, we deduce
S, = /Q(V +iAz)zuze_i‘/’T”z'xbze_i‘/’zdx

(3.14)
+ / (V+id)us - (V— iAz)e_iﬁ"Z'xbze_i‘”zdx.
Q

On the other hand, using the fact that v, is a solution of the equation 1, - Vi, +
N2+ Azy = 0, we get

/Q (V + ido)uy - (V — idp)e VA2 p, o=iv2 g
_ / PAVEMI=12)x (W1 ()12 (x))
" (VAbans + b2V, +iVhs + by As) - vdo(x)
~ [ )b = 23T (2 = Ao + ga)e VIRV
? (3.15)
with

q22 = Abz — 21V1p2 . Vbz — 21Vb2 . A2
+ (=AY — [V > — 2V, - Ay —idiv(A42) — |42]*)bs.

Combining this with (3.9)—(3.14) and repeating our previous arguments we ob-
tain (3.7). O
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3.2. Asymptotic properties of S; — S> and representation formulas for
A1 — Az and V1 — V,. In this subsection we will apply formulas (3.6) and (3.7)
in order to derive two expressions involving A1 — A, and V| — V, from the asymp-
totic expansion of S; — 53, as JA — +oo. For this purpose, we start by specifying
our choice for the parameter A, the function A; y, the vector n;, j = 1,2, and the
function b, appearing in (3.2). Let us first define the parameter A and the vectors
N1, N2. We consider an arbitrary £ € R\ {0} and pick n € $"~! such that n-§ = 0.

Then, for T > |&| we put
[ IE17
B‘C == 1-— P, (3.163)

N (t) = Ben — 25 (3.16b)
T
_ §
n2(t) = Ben + 5 (3.16¢)
T
A1) = (t+1i)2, (3.16d)
in such a way that
n,m2 € 8",
VA —n2) — —€, as T — +o00,
(m —n2) 3 3.17)

JA — 400, as T — +o0,

JIv/An1, Iv/An, are bounded with respect to v > |£].

In order to get a suitable expression of the functions A4; 4, we first need to extend
identically the magnetic potentials A;, j = 1,2. For this purpose we set  an
arbitrary open bounded set of R” such that @ C  and we define 4; € C}(Q,R")
such that A;|q = A;. Then, we define 4, by

Az(x) forx e Q,

/Tz(x): ~ ~
Aj(x) forx e Q\ Q.

In view of (1.1), it is clear that zzfg € G},(Q,R”). We define the functions
Ajg € C°(R";R™), j =1,2,by

A= 25 200 = [ gse= ) A 0y,

where ys(x) = §" (8 1x), with § > 0, is the usual mollifer with y € €3°(R"),
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supp(y) C {x € R":|x| < 1}, y = 0 and [z, ydx = 1. From now on we set
§ = r% and we recall that

0
Vi(x) = —/ nj - Ajg(x 4 snj)ds.
We set also

by(x) = ey . V|:exp ( —i/ n2 - Ag(x + sng)ds)e_iw'x], (3.18)
R

[ [ &2
Ay = Ay p — Ay g, =Bft——=——¢€n,;, Br=4/1——=—,
# 2.4 1.4, @ & 27 Up T 472

b(x) = ey V[CXP(—i/ n-Ax +sn)ds)e‘ix’5],
R

where

and

0
Y(x) = / n-A(x + sn)ds.
—00
Here y € $" ' nyt, y -V denotes the derivative in the y = (y1,. .., y,) direction
given by

n
y-V= Zyjaxj
j=1

and A is the function defined by A, — A; on 2 extended by 0 outside 2. Note that,
in view of condition (1.1) we have 4 € C}(R2). Since A; € C}(R", R"), we find

1

||Aj’# — Aj”LOO(Q) < ||Aj,ﬁ — A’Zj”LOO(]R”) <C§=Ct3 (319)

with C depending on © and any M > nax ||14~j lw1.c0(rmy- On the other hand,

J
one can check that

Jaj—1

%A 4|l poommy < CST1IH = Cr7 5, o e IN"\ {0}, (3.20)
xAjgllLeo@m)

where C depends on Q and any M > 1 a}lelz‘f,- [l w1.00 (R

j=1,
Remark 3.2. Let us observe that, our anstazs are related to the principal part of the
complex geometric optics solutions of [31] and the extension of this construction
to magnetic Schrodinger operators by [11, 17, 18, 23, 26, 30]. Nevertheless, in
contrast to the complex geometric optics solutions of [31], the large parameter
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of the ansatzs (3.2), that will be send to +oo for the uniqueness result, is given
by JA where the parameter A appears explicitly in (3.1). This makes it possible
to construct ansatzs bounded with respect to the large parameter and to use the
resolvent (H; — A)~1, j = 1,2, for the construction of a remainder term that
admits a decay with respect to the large parameter JA. Moreover, in contrast to
the geometric optics solutions of [31], whose principal parts take the form e% *
with ; - ; = 0, our construction is not restricted to dimension n > 3. Indeed, our
construction is subjected only to the condition (3.17), already considered by [14],
which requires only the two orthogonal vectors  and & appearing in (3.16). For
this reason, in contrast to the construction of [31], that requires three orthogonal
vectors, our construction works also for n = 2.

From now on, our goal is to derive from (3.6) and (3.7) two formulas from
some asymptotic properties of S; — S, as T — +o0. For this purpose we need the
following intermediate result which follows from (3.19) and (3.20).

Lemma 3.3. Let the condition introduced above be fulfilled. Then, we have

sup ||b2||Loo(]Rn) <0 (321)
>|E[+1

and
TEToobz(x) = b(x), TETOO Y1(x) = Ya(x) = ¥(x), x € R". (3.22)

Proof. Note first that

by(x) = (—iw-y—i/ n2-y-VAs(x +snz)dS)
R

exp (=1 [ - ytr s
R

On the other hand, we have || < 14 |£| and, since A,— A is compactly supported
and A, — A1 € CS(R™, R"), we find y - VAy = x5 * (y - V(A2 — A1)). Therefore,
we obtain

(3.23)

Ib2lleeqrny < 1+ 1€+ CllxsllLian 1y - V(A2 — A1) Lo vy
<1+ +CM

with C a generic constant depending only on  and M > max 14; ]| W .00 (RnY-
j=1
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From this last estimate we deduce (3.21). Now let us prove (3.22). Since A7 and
A, coincide outside of 2, we have A, — A7 = A. Therefore, we deduce that
Ay = x5 * A and

[y - VAg(x +512) —y - VAKX +sn)| < |y - VAg(x + s12) — y - VAy(x + sn)|
+ |y - VAy(x +sn) — y - VA(x + sn)|.
(3.24)

The second term on the right hand side of this estimate can be rewritten as
y - VAy(x +sn) —y- VA +sn) = s % [y-VA|(x +s1) — y - VA(x + 51)
and since 4 € C}(R"), we get

lim y-VAy(x +sn)—y-VAx+sn) =0, xeR" sekR. (3.25)

T—>+00

For the first term on the right hand side of (3.24), using the fact that for t
sufficiently large we have

m=n++ o (3)

2T to+4oo\T
and applying (3.20), we get
|y - VAy(x + sn2) — y - VAg(x + sn)| < | Agllw2.commyls(m — )|
< Cls|z™3
with C depending on &, €, A 1 and zzfz. In view of this estimate we have

lim y-VAy(x +sn2) —y-VAy(x +s1) =0, xeR" seR.

T—>+00
Combining this last result with (3.24) and (3.25), we get

lim y-VAy(x +sn) =y -VAx +sn), xeR" seR.
T—>+00

Then, using the fact that supp(4y) C 2 + {x € R":|x| < §} and (3.20), by the
dominate convergence theorem we get that

lim V- VAy(x + sn2)ds = / y-VAXx +sn)ds, xeR".
R R

T—>+00



258 Y. Kian

Putting this together with (3.23) and the fact that w — &, 7, — nas v — +oo,
we obtain

lim by(x) = (—iE'y—I-—i/ r]'y'VA(x—l—sr])ds)
T—>+00 R

exp(—i/]Rn-A(x +sr])ds)

=b(x), xeR".

Using similar arguments we deduce that

0
lirJP Y1 (x) — Ya(x) = ¥(x) = / n-A(x +sn)ds, xeR".
T—>1T00

—00

This completes the proof of the lemma. O

Applying (3.6), (3.7), and (3.19)—(3.22), and sending t — +o00, we obtain our
first formula involving the magnetic potentials A1, A,.

Proposition 3.4. Fix& € R"\ {0} and n € $" ! suchthatn-& = 0. Let A, n, and
N2 be defined by (3.16) and let b, be defined by (3.18). Then, we have

lim 51— 5
T—>+00 ﬁ

=2 / n-(A] — Az)e E¥beV ™ x, (3.26)
Q

Proof. With reference to (3.4) and (3.16) we have
|1 (x)] = e™™F and e VAN | = pm2x
for all x € 2, hence
9112y = [ e dr <

and
—iv/An2x |2
||€ 1\/—7]2 * ||L2(Q) < C
since |n1| = |n2] = 1. Moreover, in view of (3.16), we have the estimate

1 1 1
$ — T
dist(h, o (Hy)) ~ |9A] 2t

I(H; =) sy =
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In addition, in light of (3.20), we get

2
3

1
1V llw2.00@) < C8=CT3,  |Ibjwaceg) < C8* = C1°

with C a generic constant depending on &, Q and ffj, j = 1,2. Putting these
estimates together with (1.1), (3.6), (3.7), and (3.19) , we deduce that

S1-8 _ VA —n2)x i (©) =P (x) -1
7 = 2/9 N2+ (A; — Ap)e be dx + r—)c—)i-oo(r 3).
Combining this with (3.17), (3.21), and (3.22), and applying the dominate con-
vergence theorem we deduce (3.26). O

Using similar arguments and assuming that the magnetic potentials are known
(A1 = A,), we obtain our second formula involving the electric potentials V7, V5.

Proposition 3.5. Assume that Ay = A,. Fix§ € R"\ {0} and n € $"! such that
n-&=0. Let A, n1 and n, be defined by (3.16) and b, = 1. Then, we have

lim S-S, = / (Vi — Va)e &% dx. (3.27)
Q

T—>+00

Proof. Note that for A, = A we have g11 — V1 = q21 — V2, q12 = ¢q22,
Ay y = Ay y. Therefore, we deduce that (3.6) and (3.7) imply

S1 =8, = / (V1 — Vz)eiﬁ(m—nz)'xei(lﬁl(x)—lh(x))dx
Q
= [ =27 = (2= 27 Q102
_/ [\/X(Hl —A)_lQl]Vle_iﬁnz'xe_iwzdx
Q
- / WACH, — 1) Vi®1]0dx
¢ (3.28)
—/ [(H, —A)_lVl@l]Vle_iﬁ”Z'xe_iwzdx
Q
+ / [VA(Hs — A)7L Q1| Vae IVAn2x p=iv2 g
Q
+ / (VA(Hs — 1) Va®,]0dx
Q

+ / [(Hz —A)_lV2<I>1]V2e_iﬁ"2'xe_i'/’2dx,
Q
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where
—11)®
O1=2n1- (A1 — A1 )P + %
Q> = (27]2 (A1 —Arg) — %)e_iﬁnz'xe_i‘h.

On the other hand, since H, —A = H; — A — (V; — V), for 7 sufficiently large we
have

(Hi— ) "= (Hy =)' =(H =)' 0d— 1d — (V; = Vo) (H, —M)™H™H

= —(Hy = V)7 (Vi = Va)(Hy = A)7HE.
k=1

Combining this with the fact that JA = 27, |A| < |t — 1| + 2, and the fact that

_ _ C C
ICHy = D)7 @y + 1V = V2)(Hy = D)7 His2@) < Al 2%

with C depending only on V7, V, and 2, we deduce that

sup IA((Hy =27 = (Ha = D)7 s 2y < 00 (3.29)
>|&|+1

In addition, (3.19) and (3.20) imply

Jim (|01 ]re@) = lim [[Qzl|Lo()

Putting this result together with (3.17), (3.28), and (3.29), we obtain

lim sup|(S; — S2) _/ (Vi — Vz)eiﬁ(m—nz)'xei(%(x)—W2(x))dx| =0.
Q

T—>+00

On the other hand, repeating the arguments of Lemma 3.3, we find

0

im0~ ¥a(0) = () =/ 1 AGx + sn)ds = 0

since A; = A,. Thus, applying the dominate convergence theorem we obtain

lim / (Vi — Vp)e VA —m)x ol =20 g — / (1 = Va)e ™™ Edx
T—=>+00 Jo Q
and we deduce (3.27). O

Armed with formulas (3.26) and (3.27), in the next section we will complete
the proof of Theorem 1.1.
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4. Proof of the main result

This section is devoted to the proof of our main result. In all this section, for
Jj = land j = 2, we consider two magnetic potentials 4; and electric potentials
V; satisfying the assumptions of Theorem 1.1 and we denote by H; the associated
operators defined by (2.1) for A = A; and V = Vj. Let (A, 9;x)k=1 be a
sequence of eigenvalues and eigenfunctions of H;. In order to prove Theorem 1.1,
in light of (3.26)-(3.27), we prove first that the condition

lim 1@, m@). (1) = HA0). m(©). 1) _
im =

t—>+o0 Vi@

implies dA1 = dA,. Then, we show that for A; = A, the condition

0 4.1)

lim $1(A(7), n1(7), 12(7)) — S2(A(), m (), n2(7)) = 0 (4.2)
T—>+00
implies V; = V5. Finally, we complete the proof by proving that conditions (1.1)
and (1.2) imply (4.1) and (4.2).
We start by proving that (4.1) implies dA; = dA».

Lemma 4.1. Let n1(t), n2(t) and A(t) be fixed by (3.16) and b, be defined
by (3.18). Assume that (4.1) is fulfilled. Then, we have dA, = d A,.

Proof. Combining (4.1) with (3.26) we deduce that for all § € R"\ {0}, n € $"7!,
satisfying - £ = 0, we get

/Q n-(Ar — A1)e E¥b(x)e VP dx = 0.
Here b takes the form
b(x) = ™€y . V|:exp ( —i/Rr] - A(x + sn)ds)e_ix’5j|
with y € $"~! N nt. Then, applying Fubini’s theorem, we obtain
0= /]R” - A(x)e b (x)e VP dx

= / / n- AKX+ tn)eVE T p (e EY gy’
nt JR
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Here we use the fact that b(x) = b(x — (x - n)n) and & - n = 0. On the other hand,
for all x’ € n* and ¢t € R, we have

t

N A(X + 1)V = p oA + ) exp (1/

—00

t
= —id; exp (1/ n-AKX" + sn)a’s).
—o0

/ n- A(x)e E¥p(x)eY P dx
R

/ [/ O exp( / Al +Sn)dS)dtj|b(x )e_lgxdx
= —i /ni [exp (i/}Rn AKX+ sn)ds) - 1j|b(x/)e—i$.x’dx/.

It follows

/ [exp (1/ n-AKx" + sr])ds) - l]b(x/)e_ié'x/dx/ = 0. 4.3)
nt R

We fixi, j € {1,...,n}suchthat; < j and we assume that £ € {& = (&1,...,&,):
& # 0}. We can choose

n= %—]et ‘i:le] y = Eiej + ‘i‘_J e]
N AR VE + 52

Here (e, ..., ey) is the canonical basis of R” defined by ¢; = (1,0,...,0),...,
en = (0,...,0,1). Then, (4.3) implies

/ [exp (1/ n- A"+ sn)ds) — l]y
nt R
V[CXP ( —i/ n- AKX + sn)ds)e""‘”s]dx/ = 0.
R
Integrating by parts we get
/%-2
= —1/ (/ n- [y . VA]()C/ + Sr])ds)e_iX/.del
nt R

=0

n-Ax' —i—sn)ds)

Therefore, we find

/ (& Vai () — &y - Vaj (x))e *Edx
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with A = (ay, ..., a,). Integrating again by parts, we find
/ (§ja; — &aj)e ™ dx
Rn

__»é e\ —ixe
= +g]2 /ﬂ{n(§,a, &aj)e dx

Nz

—i

) \/ﬁ ' /JR (&Y - Va;(x) — &y - Vaj(x))e *¥dx
i + j 4

=0

and it follows that F[dx; a; — dx,a;](§) = O for all § € {§ = (&1,...,&1):& # 0}.
On the other hand, since 9, L ai —0y; a; is compactly supported, F(dx 4 —0x;a;) (&)
is continuous in § € R” and it follows F(d, A — 0x,aj) = 0 on R". From this last
result, we deduce that 9, Sai — 0x;a; = 0 which implies that dA; = dA5. O

Now assuming that A; = A,, we show in the next lemma that (4.2) implies
Vi =W,

Lemma 4.2. Let n1(t), n2(t) and A(t) be fixed by (3.16) and by, = 1. Assume
that A1 = A, and (4.2) is fulfilled. Then, we have Vi = V.

Proof. Fix £ € R" \ {0} and choose n € $"~! N &+, Fix also b = 1. Thus,
combining (3.27) and (4.2), we find

/ V(x)e ™E¥dx =0
Rn
with V' = V; — V5, extended by 0 outside of 2. It follows that V; = V5. O

According to Lemma 4.1, 4.2, the proof of Theorem 1.1 will be completed if we
show that conditions (1.2) imply conditions (4.1), (4.2). For this purpose, we adapt
the approach of [16] to magnetic Schrodinger operators. Let f € H 3 (I") being
fixed, with the notations of Lemmas 2.1 and 2.3, we denote by v; 1 ,, := u; 3 —u; .
the solution of (2.8) where V' is replaced by V; and A by A;. We fix also
hjk = 0v@jkr @k = (f hjk). Recalling that in Lemma 2.4 we have set
Zy = Uiy — Uz, in a similar way to [16], writing the above identity for j = 1
and j = 2, applying (1.1) and then subtracting the resulting equations, we end up
with a new relation, namely

(0 +idr - V)urpp — (v +idz - V)up ap = i(A1 — A2) - vf + dourp — vz z

= ava, + 8vvl,/l,u - avv2,/l,p,-
4.4)
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Now let us set
F}.(A”M’ f) = avvj,)k,mp’ .] = 172

According to (2.7), we have

FQ,pw, f) = FQ, w1, f) = R0, w f)

400
— Mo — Mo
:Z[ WMok (= Mz i hz,k]-
k=1

A=A —210) 7 A=) (1 —Aag)
4.5)

Consider the following intermediate results.

Lemma 4.3. Let n1,n2.A be given by (3.16). Consider ®;, j = 1,2, with

®, introduced in the previous section and ®, = e‘iﬁ”z"‘bze—i‘/’% where by is
defined by (3.18) or by = 1. Then, we have

(] = 2
< 00, supg _—

Proof. We start with the first estimate of (4.6) for j = 1. According to Lemma 2.1
the solution u; 4 of (2.2) for f = ®;, A = A; and V = V3, is given by

2

sup <oo, j=12. (4.6)

r>1k 1

— ‘(dn,hj,k)
Aix—A

o AT Ak
Therefore,
0 2
2 (P1, k)
Ul A = E _— “.7)
” 1 ||L2(S2) P Al,k_)L
On the other hand, in view of (3.8), we have
_ q11
<o HAH—A 1[2.A—A —] .
lurall 2y < 1®@1ll2@) + [VAH = )7 201 - (A l,ﬁ)+ﬁ L2@)

Here g1 is the expression introduced in Lemma 3.1. Combining this with the fact

that ) )
|t +i] |t + 1]
= <

-1
INVAHL = ) M2y < - 2w o)
and the fact that, according to (3.19) and (3.20),
) . q11
H1r+1r100||771 (A1 — A1)l (@) m VA L)
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we deduce the first estimate of (4.6) for j = 1. In a same way, for j = 2 using
the fact that according to (3.20) we have

(—iV 4+ 42)2®; + Vo ®; —AD; = O (1)
T—>400

and repeating our previous arguments we deduce the first estimate (4.6) for j = 2.
For the second estimate of (4.6), repeating the previous arguments we find

(—iV + A2)>®, + Va®s — A Dy = (iV + A2)2D, + Vady — AD, = 0_@.
T—>1T00

Combining this estimate with the fact that

(D2, ha i)
Aok —A

_ ‘ (P2, ha k)
Aok — A

since A, x € R, we deduce the second estimate of (4.6) by repeating the above
arguments. O

From now on we set

G(A, p, 1, ®y) := (F(A, pu, 1), D)

+o0 - —_—
o [P A ) (g, P2)  (Pr k) (R, P2)
=) D e h G T

Combining estimates (4.6) with Lemma 4.3, 4.4, 4.5 of [16], we obtain the follow-
ing.

Lemma 4.4. Let the conditions of Theorem 1.1 be fulfilled and let n1,n2, A be
given by (3.16). Then, G(A, u, D1, ®,) converge to G(A, O, 3) as p — —o0
and G« (A, ®1, D) converge to 0 as t — +o0. Here we consider both the case b,
given by (3.18) and the case b, = 1.

Armed with Lemma 4.4, we are now in position to complete the proof of
Theorem 1.1.

Proof of Theorem 1.1. Note first that according (4.4), for
M = ||[VillLeo@) + 1 V2llLoo (@),
we have

S1(A.n1.1m2) — S2(A. 1. m2) = (3v2uyeiﬁ"2'xgeiwz) + G4, pu, @y, Pr),
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for u € (—oo,—M), where A, n1, 1, are fixed by (3.16), b, is given by (3.18) or
by = 1and z, = uy,, —uzy withu;,, j = 1,2, the solution of (2.8) where
A is replaced by u, V by Vj, Aby A; and f by ®;. In view of Lemma 2.4 and
Lemma 4.4, sending u — —oo we get

S1(A,n1,1m2) = S2(A, 11, m2) = G(A, D1, Dy).

Then, in view of Lemma 4.4, conditions (4.1) and (4.2) are fulfilled and according
to Lemma 4.1 we have dA; = dA,. Therefore, condition (1.1) implies that for
A = A, — A extended by 0 outside of 2 we have dA = 0 on R”. Thus, there
exists p € W2 (RR") given by

px) = /le - A(tx)dt

such that A = Vp on R”. Since R" \ @ is connected, applying the fact that
A = 0on R" \ @, upon eventually subtracting a constant we may assume that
pr\e@ = 0 which implies that pjr = 0. Now let us consider the operator
Hj3 = (—iV + A1) + V; acting on L?(2) with Dirichlet boundary condition and
let (A3, ¢3.k)k=1 be a sequence of eigenvalues and eigenfunctions of H3. Since
Ay = A, —V p one can check that H3 = e'? H,e P, From this identity we deduce
that
13,]( = Az,k, k=>=1.

Moreover, for all k > 1 we can choose g3 = e'Pg, and deduce that the
condition

o3k =0k, k=1
is also fulfilled. Thus, conditions (1.2) imply that

+o00
: _ _ 2
Jim A=Ak =0 and I;nam,k D003,y < 0.

Then, repeating the arguments of Lemma 4.4 we obtain
tim SiA@). m(0).n2(0) = S (@) mi (). 712(2)) = 0,

where _ 3
Sj(karllyrh) — <Aj’kq>1,€iﬁn2.xeiw2>v j = 1,3

with

. X2

Do) = [ g = xmmds, b= 1

—0oQ

and A3, the Dirichlet-to-Neumann map associated to problem (2.2) for 4 = 4,
and V = V;. Then, in view of Lemma 4.2 we have V; = V5. This completes the
proof of Theorem 1.1. |
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