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A “milder” version of Calderén’s inverse problem
for anisotropic conductivities and partial data

El Maati Ouhabaz!

Abstract. Given a general symmetric elliptic operator

d d
Ly := Z Ok (agj0;) + Z ay g — Ik (ag.) + ao
k.j=1 k=1

we define the associated Dirichlet—to—Neumann (D-t-N) map with partial data, i.e., data
supported in a part of the boundary. We prove positivity, L?-estimates and domination
properties for the semigroup associated with this D-t-N operator. Given L, and L; of
the previous type with bounded measurable coefficients ¢ = {ax;, ax,ao} and b =
{bxj, bi.bo}, we prove that if their partial D-t-N operators (with a¢ and bg replaced
by ap — A and by — 1) coincide for all A, then the operators L, and Lj, endowed with
Dirichlet, mixed or Robin boundary conditions are unitarily equivalent. In the case of the
Dirichlet boundary conditions, this result was proved recently by Behrndt and Rohleder
[6]. We provide a different proof, based on spectral theory, which works for other boundary
conditions.
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1. Introduction

Let Q be a bounded Lipschitz domain of R¢ with boundary 9Q. Let I'y be a
closed subset of 92 with 'y # 02 and I'; its complement in Q2. We consider
the symmetric elliptic operator on L2(§2) given by the formal expression:

d d
La) =Y Oxlar;0)) + Y adk — 0k (ax.) + ao — A
k,j=1 k=1

1 The research of the author was partially supported by the ANR project HAB, ANR-12-
BS01-0013-02.
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where ay; = aji,ax,a0 = ap € L*°(2) and A is a constant. We define the
associated Dirichlet-to—Neumann (D-t-N) operator, Nr, 4(1), with partial data
as follows: for ¢ € H 3 (0€2) with ¢ = 0 on I'y, one solves the Dirichlet problem

Lo(Mu = 0 weakly in W12(Q) withu = ¢ on <2, (1.1)

and defines (in the weak sense)

d d
Npl,a(x)go::Z(Zakjaku+a,~<p)uj, onT. (1.2)

j=1 k=1
Here v = (vi1,...,vy) is the outer unit normal to the boundary of 2. The

operator Nt, 4(A) is interpreted as the conormal derivative on the boundary.
It is an operator acting on L2(92). See Section 2 for more details.

Let us consider first the case where ax; = o(x)8%, ay = 0,k = 0,1...d,
where 0 € L*°(Q2) is bounded from below (by a positive constant). A. Calderdén’s
well known inverse problem asks whether one could determine solely the con-
ductivity o(x) from boundary measurements, i.e., from Nr, (0). For the global
boundary measurements, i.e., I'j = €2, the first global uniqueness result was
proved by Sylvester and Uhlmann [27] for a C2-smooth conductivity when d > 3.
This results was extended to C ! *¢-smooth conductivity by Greenleaf, Lassas and
Uhlmann [12] and then by Haberman and Tataru [13] to C! and Lipschitz con-
ductivity close to the identity. Haberman [14] proved the uniqueness for Lipschitz
conductivity when d = 3,4 and this was extended to all d > 3 by Caro and
Rogers [7]. In the two-dimension case with C2-smooth conductivity, the global
uniqueness was proved by Nachman [21]. This regularity assumption was com-
pletely removed by Astala and Piivirinta [4] dealing with o € L°° ().

The inverse problem with partial data consists in proving uniqueness (either
for the isotropic conductivity or for the potential) when the measurement is made
only on a part of the boundary. This means that the trace of the solution u
in (1.1) is supported on a set I'p and the D-t-N operator is known on 'y for
some parts I'p and 'y of the boundary. This problem has been studied and there
are some geometric conditions on I'p and I'y under which uniqueness is proved.
We refer to Isakov [15], Kenig, Sjostrand and Uhlmann [18], Dos Santos et al. [10],
Imanuvilov, Uhlmann and Yamamoto [16] and the review paper [19] by Kenig and
Salo for more references and recent developments.

Now we move to the anisotropic case. This corresponds to the general case
where the conductivity is given by a general matrix ax;. As pointed out by Lee
and Uhlmann in [20], it is not difficult to see that a change of variables given by
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a diffeomorphism of © which is the identity on d<2 leads to different coefficients
by; without changing the D-t-N operator on the boundary. Therefore the single
coeflicients ay; are not uniquely determined in general. In [20], Lee and Uhlmann
proved that for real-analytic coefficients the uniqueness up to a diffeomorphism
holds when the dimension d is > 3. The same result was proved by Astala, Lassas
and Paivirinta [5] for the case d = 2 and L*°-coeflicients.

In [6], Behrndt and Rohleder considered general elliptic expressions L, and
L} as above and prove that if the corresponding D-t-N operators Nr, 4(A) and
Nt, (1) coincide for all A in a set having an accumulation pointin p(L Dynp(L ,1)) )
then the operators L2 and Ll? are unitarily equivalent. Here L2 is the elliptic
operator L, with Dirichlet boundary conditions. This can be seen as a milder
version of the uniqueness problem discussed above. The proof is based on the
theory of extensions of symmetric operators and unique continuation results. It
is assumed in [6] that the coefficients are Lipschitz continuous on . We give a
different proof of this result which also works for other boundary conditions. Our
main result is the following.

Theorem 1.1. Suppose that Q is a bounded Lipchitz domain of R¢ with d > 2.
Let Ty be a closed subset of 02, Ty # 0 and T’y its complement. Let a =
{akj,ak, a0} and b = {byj, b, bo} be bounded functions on Q such that ay; and
by; satisfy the usual ellipticity condition. If d > 3 we assume in addition that the
coefficients ay, byj, ax and by are Lipschitz continuous on Q.

Suppose that Nr, 4(A) = Nr, p(A) for all A in a set having an accumulation
point in p(LP) N p(Ll?). Then

i) the operators L, and Lj endowed with Robin boundary conditions are
unitarily equivalent;

ii) the operators L, and Ly, endowed with mixed boundary conditions (Dirichlet
on Ty and Neumann type on I'1) are unitarily equivalent;

iii) the operators L, and Lj endowed with Dirichlet boundary conditions are
unitarily equivalent.

In addition, for Robin or mixed boundary conditions, the eigenfunctions as-
sociated to the same eigenvalue ) ¢ o(LP) = U(LbD ) coincide on the boundary
of Q2.

Note that unlike [6] we do not assume regularity of the coefficients when
d=2.
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We shall restate this theorem in a more precise way after introducing some
necessary material and notation. The proof is given in Section 4. It is based on
spectral theory and differs from the one in [6]. Our strategy is to use a relationship
between eigenvalues of the D-t-N operator N, ,(A) and eigenvalues of the elliptic
operator with Robin boundary conditions L4 on Q where u is a parameter. One
of the main ingredients in the proof is that each eigenvalue of the latter operator
is a strictly decreasing map with respect to the parameter p. Next, the equality
of NT, 4(4) and Nr, 5(1) allows us to prove that the spectra of Ly and LZ are
the same and the eigenvalues have the same multiplicity. The similarity of the
two elliptic operators with Dirichlet boundary conditions is obtained from the
similarity of L4 and LZ by letting the parameter u tend to —oo. During the proof
we use some ideas from the papers of Arendt and Mazzeo [2] and [3] which deal
with a different subject, namely the Friendlander inequality for the eigenvalues of
the Dirichlet and Neumann Laplacian on a Lipschitz domain. The ideas which
we borrow from [2] and [3] are then adapted and extended to our general case of
D-t-N operators with variable coefficients and partial data.

In Section 2 we define the D-t-N operator with partial data using the method
of sesquilinear forms. In particular, for symmetric coeflicients it is a self-adjoint
operator on L?(I'y). It can be seen as an operator on L?(d$2) with a non-dense
domain and which we extend by 0 to L?(I'y). Therefore one can associate with
this D-t-N operator a semigroup (7, ,Fl),zo acting on L?(3€2). In Section 3 we
prove positivity, sub-Markovian and domination properties for such semigroups.
In particular, (T,F‘),zo extends to a contraction semigroup on L”(d<2) for all
p € [1,00). Hence, for ¢y € LP(I";), one obtains existence and uniqueness of
the solution in L?(0<2) to the evolution problem

99 + N1 a(A)p =0,  ¢(0) = go.

The results of Section 3 are of independent interest and are not used in the proof
of the theorem stated above.

2. The partial D-t-N operator

Let © be a bounded open set of R? with Lipschitz boundary dQ2. The boundary
is endowed with the (d — 1)-dimensional Hausdorff measure do. Let

agj,ak,dg,ag: 2 — C
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be bounded measurable for 1 < k, j < d and such that there exists a constant
n > 0 for which

d
Re ) a;(x)&& = nlE @.1)

k,j=1

forall § = (§1,....&;) € C¢ and a.e. x € Q.
Let I'y be an closed subset of 92 and I'y its complement in 92.

Elliptic operators on . We consider the space
V ={ueWH(Q), Tr(u) = 0on Iy = 0}, (2.2)
where Tr denotes the trace operator. We define the sesquilinear form
aVxV—C
by the expression

d d
a(u,v) = Z /Qak‘,-Z)kuﬂdx—i-Z/Qakakuf)—i-dkuak_vdx—i-aouﬁdx (2.3)
k,j=1 k=1

for all u, v € V. Here we use the notation d; for the partial derivative %

It follows easily from the ellipticity assumption (2.1) that the form «a is quasi-
accretive, i.e., there exists a constant w such that

Rea(u,u) + wlul|? >0, forallueV.

In addition, since V is a closed subspace of W!2(Q) the form a is closed.
Therefore there exists an operator L, associated with a. It is defined by

D(Ly) = {u € V:there exists v € L?(RQ)

such that a(u, ¢) = /

v dx, forall ¢ € V},
Q

Lou :=v.

Formally, L, is given by the expression

d d
Lou =— Z O (ar;d;u) + Z ardxu — Ok (aru) + aou. (2.4)
k,j=1 k=1



440 E. M. Ouhabaz

In addition, following [2] or [3] we define the conormal derivative % in the weak
sense (i.e. in H~1/2(dQ) the dual space of H'/2(dQ) = Tr(W2(Q))), then L,
is subject to the boundary conditions

Tr(u) =0 on Iy,

(2.5)
B_u =0 onIYy.
v

The conormal derivative in our case is usually interpreted as

d d
Z ( Z agjoru + d‘,-u)v‘,-,
j=1 k=1
where v = (vq, ..., vg) is the outer unit normal to the boundary of 2. For all this
see [23], Chapter 4.

The condition (2.5) is a mixed boundary condition which consists in taking
Dirichlet on I'y and Neumann type boundary condition on I'y. For this reason we
denote this operator by LM . The subscript a refers to the fact that the coefficients
of the operator are given by a = {ax;, ax, ax,ao} and M refers to mixed boundary
conditions.

We also define the elliptic operator with Dirichlet boundary condition Tr(u) =
0 on 9€2. It is the operator associated with the form given by the expression (2.3)
with domain D(a) = W01’2(Q). It is a quasi-accretive and closed form and its
associated operator L2 has the same expression as in (2.4) and subject to the
Dirichlet boundary condition Tr(x) = 0 on 9.

Similarly, we define LY to be the elliptic operator with Neumann type bound-

ary conditions

8_u =0 ond<.
ov

It is the operator associated with the form given by the expression (2.3) with
domain D(a) = W12(Q).

Note that L2 coincides with LY if Ty = 9Q and LY coincides with LY if
Lo =0.

Finally we define elliptic operators with Robin boundary conditions. Let
i € R be a constant and define

d
a“(u,v) = Z /akj8kumdx
k=17
d 6
+Z/ A dxud + drudgv dx + aouv dx (2.6)
k=179

- U /asz Tr(u)Tr(v)do
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for all u,v € D(a*) := V. Again, Tr denotes the trace operator. Using the
standard inequality (see [2] or [3]),

I Te)I < ellulZra0y + / up?
/(‘)Q Wl Z(Q) & o

which is valid for all ¢ > 0 (¢, is a constant depending on &) one obtains that for
some positive constants w and §

Re a*(u, u) + w/Q lu|?> > 8||u||%V1.2(Q).

From this it follows that a* is a quasi-accretive and closed sesquilinear form. One
can associate with a* an operator L’ . This operator has the same expression (2.4)
and it is subject to the Robin boundary conditions

Tr(u) =0 on D,
5 2.7)
8—1: =u Tr(u) onT}j.

Actually, the boundary conditions (2.7) are mixed Robin boundary conditions in
the sense that we have the Dirichlet condition on I’y and the Robin one on I';. For
simplicity we ignore the word “mixed” and refer to (2.7) as the Robin boundary
conditions.
According to our previous notation, if 4 = 0, then a® = aand L9 = LY.
Note that we may choose here u to be a bounded measurable function on the
boundary rather than just a constant.

The partial Dirichlet-to—-Neumann operator on d2. Suppose as before that

a = {ay;,a,d,ao) are bounded measurable and satisfy the ellipticity condi-

tion (2.1). Let 'y, 'y, V be as above and a is the sesquilinear form defined by (2.3).
We define the space

Ve = {u € V,a(u,g) =0, forall g € W, *(Q)}. (2.8)

Then Vg is a closed subspace of V. It is interpreted as the space of harmonic
functions for the operator L, (given by (2.4)) with the additional property that
Tr(u) = 0on [y.

We start with the following simple lemma.

Lemma 2.1. Suppose that 0 ¢ o(L2). Then

V = Vy ® W, (). (2.9)
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Proof. We argue as in [11], Section 2 or [2]. Let us denote by a®? the form
associated with L2, that is, a? is given by (2.3) with D(a?) = W, *(). There
exists an operator £L2: W,2(Q) — W=12(Q) := W, *(Q) (the anti-dual of
WOI’Z(SZ)) associated with a® in the sense

(£Ph,g) =aP(h,g)

forallh, g € W01’2(Q). The notation (-, -) denotes the duality W01’2(Q)/— W01’2(§2).
Since 0 ¢ o(L2), then L2 is invertible. Therefore £2, seen as operator on
Wol’2 ()" with domain W01’2(Q), is also invertible on W01’2(Q)/ since the two
operators L2 and £2 have the same spectrum (see e.g., [1], Proposition 3.10.3).
Now we fix u € V and consider the (anti-)linear functional

F:v— a(u,v).

Clearly, F € WOI’Z(Q)’ and hence there exists a unique uy € WOI’Z(SZ) such
that LPug = F, ie., (CPug.g) = F(g) for all g € W, >(Q). This means
that a(u — ug,g) = Oforall g € W01’2(Q) and hence u — ug € Vg. Thus,
U =u—uo+ug € Vg + W, >(Q). Finally, if u € Viz N W, *(RQ) then a(u, g) = 0
forall g € W01’2(Q). This means that u € D(LP) with LPu = 0. Since L2 is
invertible we conclude that u = 0. |

As a consequence of Lemma 2.1, the trace operator Tr: Vg — L2?(0Q) is
injective and
Tr(Vyg) = Tr(V). (2.10)

In the rest of this section we assume that 0 ¢ o (L2). We define on L2(0Q, do)
the sesquilinear form

b(p,¥) :=a(u,v) (2.11)
where u,v € Vg are such that ¢ = Tr(u) and ¥ = Tr(v). This means that
D(b) = Tr(Vy) and by (2.10)

D(b) = Tr(Vy) = Tr(V). (2.12)

Lemma 2.2. There exist positive constants w, § and M such that

Reb(y. ) + v [ 1o = 8l 2 2.13)
and
1/2 1/2
bl v)| < M [Reb(w) u [ |<p|2} [Reb(w, n+w [ w}
Q2 0Q (2 14)

forall ¢, € D(b). In the first inequality, u € Vg is such that Tr(u) = ¢.
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Proof. It is well known that Tr: W12(Q) — L2(9R2) is a compact operator and
since Tr: Vg — L?(9) is injective it follows that for every € > 0 there exists a
constant ¢ > 0 such that

/Q u® < ellully . + c/m | Tr(u)|? (2.15)
for all u € Vg (see, e.g., [2]). In particular,

€
i< [ v+
Q —€JQ

Now, let ¢ € D(b) = Tr(Vy) and u € Vg such that ¢ = Tr(u). It follows from the
ellipticity assumption (2.1) and the boundedness of the coefficients that for some

constant ¢cg > 0
Ui 2 2
Rea(u,u) > = | |[Vul*—co | |u|.
2 Ja Q

Therefore, using (2.16) and the definition of b we obtain

. lo|?. (2.16)

Re b(p, ¢) = Rea(u,u)

(,06 (,(,0
~ ) v - [ e
—€ Q

Taking € > 0 small enough we obtain (2.13).
In order to prove the second inequality, we use the definition of b and again
the boundedness of the coefficients to see that

b, ¥)| = la(u, v)| = Clullpr2]v]w:.2.
Thus, (2.14) follows from (2.13). O

Corollary 2.3. The form b is continuous, quasi-accretive and closed.

Proof. Continuity of b is exactly (2.14). Quasi-accretivity means that

Re b(g. ) +w/ o2 =0
1]

for some w and all ¢ € D(b). This follows from (2.13).
Now we prove that b is closed which means that D (b) is complete for the norm

1/2
ol = (Reb(so,so) ; ’”/m W)

in which w is as in (2.13). If (¢,) is a Cauchy sequence for || - ||, then by (2.13) the
corresponding (u,) € Vg with Tr(u,) = ¢, is a Cauchy sequence in Vg. Since
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Vg is a closed subspace of V' it follows that u,, is convergent to some u in Vg . Set
¢ = Tr(u). We have ¢ € D(b) and the definition of b together with continuity
of Tr as an operator from W -2(2) to L2(9R2) show that ¢,, converges to ¢ for the
norm || - ||p. This means that b is a closed form. O

Note that the domain Tr(Vg) of b may not be dense in L?(92) since functions
in this domain vanish on I'y. Indeed,

H=D®" = 12r) @ (0). 2.17)

The direct inclusion follows from the fact that if ¢, € D(b) converges in L2(9Q)
then after extracting a subsequence we have a.e. convergence. Since ¢, = 0 on
'y we obtain that the limit ¢ = 0 on I'y. The reverse inclusion can be proved as
follows. Let I', be a closed subset of R with ', C I'y and consider the space
E ={ur,:u e WL (RY), uir, = 0}. Then E C C(I'2) and an easy application
of the Stone-Weierstrass theorem shows that E is dense in C(I';). Now given
@ € C.(T;) and € > 0 we find T, such that |Ir,\r, |2 < € and |, € E such that
luir, — ¢llc(r,) < €. Finally we take y € C2°(R9) such that y = 1 on T',. Then
(uy))@ € V and

lux —elle2ar,) < e —@llr2@y) + XLz \ry)
< €|l2] + || xlloce-

Here |I'2| denotes the measure of I';. These inequalities together with the fact that
C.(T) is dense in L2(T'y) imply (2.17).

We return to the form b defined above. We associate with b an operator NT,, .
It is defined by

D(Nr,) = {go € D(b): there exists € H

such that b(g, &) = / W& forall £ € D(b)}, Nr, ¢ = V.
N}

The operator Nt, can be interpreted as an operator on L?(9<2) defined as follows:
if ¢ € D(Nr,) then there exists a unique u € Vg such that ¢ = Tr(u) and

ou
¢ro =0, Nri(p) = -~ onli. (2.18)

Again g—'; is interpreted in the weak sense as the conormal derivative that is

Z;Ll (Zi=1 a;dku + aje)v;. In the particular case where ax; = &; and
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ay = --- = ag = 0 the right hand side of (2.18) is seen as the normal derivative
on the boundary. All this can be made precise by applying the Green formula if
the boundary and the coefficients are smooth enough.

We call Nr, the partial Dirichlet-to—Neumann operator on L2(dS2) or the
Dirichlet—to—Neumann operator with partial data. The term partial refers to the
fact that Nt, is known only on the part I'; of the boundary 9€2.

It follows from the general theory of forms that —NT, generates a holomorphic
semigroup e “T1 on H. We define T;'' on L2(3S2) by

T[Fl(p — e_ter ((plrl) a3} 0.

We shall refer to (T,Fl),zo as the “semigroup” generated by —Nr, on L2(d).
It is clear that

1T e r2oay < e 120, (2.19)

for some constant wy. Note that if the form a is symmetric, then b is also
symmetric and hence Nr, is self-adjoint. In this case, (2.19) holds with wo =
inf o (N, ) which also coincides with the first eigenvalue of Nt . For all this, see
e.g. [23], Chapter 1.

3. Positivity and domination

In this section we study some properties of the semigroup (7, ,Fl )>0. We assume
throughout this section that

ajk:akj,&k :ak,a()GLOO(Q,R). (3.1)

We recall that L2 is the elliptic operator with Dirichlet boundary conditions
defined in the previous section. Its associated symmetric form a? is given by (2.3)
and has domain WOI’Z(SZ). We shall need the accretivity assumption of a? (or
equivalently the self-adjoint operator L2 is non-negative) which means that

aPu,u) >0, forallu € W, ?(Q). (3.2)

Theorem 3.1. Suppose that 0 ¢ o(LP), (3.1) and that L2 is accretive.
a) The semigroup (T,Fl),zo is positive (i.e., it maps non-negative functions of
L?(0R) into non-negative functions).
b) Suppose in addition that ap > 0 and ay = 0 forallk € {1,...,d}. Then
(T,F1 )0 is a sub-Markovian semigroup.
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Recall that the sub-Markovian property means that for ¢ € L?(9Q) and t > 0
0<p<1= 0<T/p<lI.

This property implies in particular that (TtFl )r>0 extends from L2(3Q) to L? (dR2)
for all p € [2, 00[. Since a is symmetric then so is b and one obtains by duality
that (") ;=0 extends also to L?(3) for p € [1,2].

Proof. The proof follows exactly the same lines as for Theorem 2.3 in [11].

a) By the well known Beurling—Deny criteria (see [9], Section 1.3 or [23],
Theorem 2.6), it suffices to prove that 9™ € D(b) and b(p™,¢~) < 0 for all
real-valued ¢ € D(b). Note that the fact that D(b) is not densely defined does not
affect the the statements of the Beurling—Deny criteria.

Let ¢ € D(b) be real-valued. There exists a real-valued u € Hy such that
@ = Tr(u). Then ¢ = Tr(u™t) € Tr(V) = Tr Hy = D(b). This follows from the
fact that vt e V for all v € V (see [23], Section 4.2).

By Lemma 2.1 we can write u™ = wug + u; and u~ = vg + v; with
Ug, Vo € Wol’z(Q) anduy,v, € Hy. Hence,u = u™ —u™ = (ug—vo) + (41 —vy).
Since u,u; — v; € Hy it follows that ug = vg. Therefore,

blp™,¢7) = a(u1,v1)
= a(u1,vo + v1)
= a(uo + u1,vo + v1) — alug, vo + v1)
= a(™*,u”) — a(uo, vo)
= —a(uo, Vo)
= —a(uo, Uo)

= —a? (40, uo).
Here we use the fact that

d d
a(ut,u") = Z /Qakjé)k(uJ“)&j(u_)—i— Z/Q ardput u” + agutou
k=1

kj=1

—I—/ aoutu =0.
Q

By assumption (3.2) we have a? (¢, u¢) > 0 and we obtain b(¢™*, ¢~) < 0. This
proves the positivity of (7, '), on L2(3S).



A “milder” version of Calderén’s inverse problem 447

b) By [22] or [23], Corollary 2.17 it suffices to prove that 1 A ¢ := inf(1, ¢) €
D(b) and b(1 A ¢, (¢ —1)*) > 0 for all ¢ € D(b) with ¢ > 0. Let ¢ € D(b) and
suppose that ¢ > 0. Let u € Hy be real-valued such that ¢ = Tr(u). Note that
1Au € V (see [23], Section 4.3). We decompose 1Au = ug+u; € W01’2(9)®HV.
Then

w—1D"=u—1Au=(~up) + (u—u) € W,*(Q) & Hy.
Therefore,
bAAg, (0 —DF) =a(ui,u—uy)
=a(uo + Uy, U —Uyp)
= a(ug + uy, —uo +u —uy) + a(ug + uy, up)

= a(uo +uy,—ug+u— ul) + a(uo,uo)
d
= ¥ [ andtnuo - 1)
k,j=1"%

+/mmAww—n++wwmm)
Q

— [ a0 -1 + & o, uo)
Q
> 0.
This proves that b(1 A ¢, (¢ — 1)) > 0. O

Next we have the following domination property.

Theorem 3.2. Suppose that a, ax, ax and ag satisfy (3.1). Suppose also that L b
is accretive with 0 ¢ o (LD). Let Ty and T be two closed subsets of the boundary
such that Ty C Tg. Then for every 0 < ¢ € L?(3R2)

0< TtFIQD = Tzrlfp-

Proof. Let T'; be the complement of T'g in 2. Denote by b and b the sesquilinear
forms associated with Nr, and Nf“l’ respectively. Clearly, b is a restriction of b

and hence it is enough to prove that D(b) is an ideal of D(b) and apply [22] or [23],
Theorem 2.24. For this, let 0 < ¢ < ¥ with ¢ € D(b) and ¢ € D(b). This means
that ¢ and y are respectively the traces on 92 of u, v € W2(Q) such that

¢ =Tr(u) =0onTy and = Tr(v) = 0on Iy.

Since 0 < ¢ < ¥ we have ¢ = 0 on To. This equality gives ¢ € D(b) and this
shows that D(b) is an ideal of D(b). |
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The next result shows monotonicity with respect to the potential ao. This was
already proved in [11] Theorem 2.4, in the case where L? = —A + a. The proof
given there works also in the general framework of the present paper.

As above let ag;, ai and ao be real-valued and let (T,Fl’“o),zo denote the
semigroup (T,F1 ):>0 defined above. Suppose that b is a real-valued function and
denote by (T,F"bo),zo be the semigroup of Nr, with coefficients ax;, ax and bg
(i.e. ay is replaced by bg). Then we have

Theorem 3.3. Suppose that ayj, ay, di and ag satisfy (3.1). Suppose again that
0 ¢ o(LP) and LD is accretive. If ag < bg then

0= T, " < T

forall0 < ¢ € L?>(3Q) andt > 0.

4. Proof of the main result

In this section we prove Theorem 1.1. We recall briefly the operators introduced
in Section 2.

For . € R and recall the operator L/ associated with the form a* given by (2.6)
with domain D(a*) := V and V is again given by (2.2). The operator associated
with a* is LY. It is given by the formal expression (2.4) and it is subject to mixed
and Robin boundary conditions (2.7).

We also recall that L2 is the operator subject to the Dirichlet boundary con-
ditions and LM is subject to mixed boundary conditions.

Fix A ¢ o(LP2). We denote by Nr, ,(1) the partial D-t-N operator with the
coefficients {ay;,ax,ao — A}. It is the operator associated with the form

d d

b(p,¥) = Z/ akjakuaTv dx+2/ Ap U + arudgv dx + (ag—A)uv dx
k.j % k=17%

where u, v € Vg (A) with Tr(u) = ¢, Tr(v) = ¢ and

Vi (A) = {u €V.a(u.g) = A/ ug forall g € W01’2(Q)}, 4.1)
Q

This space is the same as in (2.8) but now with a¢ replaced by ag — A.
We restate the main theorem using the notation introduced in Section 2.



A “milder” version of Calderén’s inverse problem 449

Theorem 4.1. Suppose that Q is a bounded Lipchitz domain of R? with d > 2.
Let Tg be a closed subset of 92, Tg # 0Q and I'y = 90Q \ I'p. Leta =
{ak‘,- = Cl_jk,ak = &k,ao = C_lo} and b = {bkj = bjk,bk = bk,b() = b()} be
bounded measurable functions on Q such that ay; and by; satisfy the ellipticity
condition (2.1). If d > 3 we assume in addition that the coefficients ay;, by;, ax
and by are Lipschitz continuous on Q.

Suppose that Nr, 4(A) = Nr, p(A) for all A in a set having an accumulation
point in p(LP) N p(LbD). Then

i) the operators LY and LZ are unitarily equivalent for all u € R;
ii) the operators LM and Lg” are unitarily equivalent,

iii) the operators LP and LbD are unitarily equivalent.

Moreover, for every A € o (L) = o(Ly) with A ¢ o(LP) = o(LD), the sets
{Tr(u),u € Ker(Al — LY)} and {Tr(v),v € Ker(Al — LZ)} coincide. The same
property holds for the operators LM and Lg” .

We shall need several preparatory results. We start with the following theorem
which was proved in [2] and [3] in the case where ai; = 0kj, ax = 0, ap is a
constant and I'; = 0L2.

Theorem 4.2. Let a = {ay; = aji,ar = Ak, ao = do} be bounded measurable
functions on Q such that ay; satisfy the ellipticity condition (2.1).
Let i, € Rand ) ¢ o(LP).

D p € oNro(d) < A € o(Ly). In addition, if u € Ker(d — Lb),
u # 0 then ¢ := Tr(u) € Ker(u — Nr,,4(1)) and ¢ # 0. Conversely, if
@ € Ker(u — N1, 4(R)), ¢ # 0, then there exists u € Ker(A — L5), u # 0
such that ¢ = Tr(u).

2) dimKer(u — Nr, 4(1)) = dim Ker(X — L5).

Proof. We follow a similar idea as in [2] and [3]. It is enough to prove that the
mapping

S:Ker(A — L*) — Ker(u — N1, 4(1)), v +—> Tr(u)

is an isomorphism. First, we prove that S is well defined. Let u € Ker(A — LY%).
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Then u € D(LY) and LYy = Au. By the definition of LY we have u € V and for
allveV

d d
Z /ak‘,-akum—i—Z/ akakuf)—i-a_ku&k—v—i—/ aouﬁ—)k/ uv
Q Pallf e Q Q

k,j=1

=u /a . Tr(u)Tr(v).

4.2)

Taking v € W, **(Q) yields u € Vg (1). Note that (4.2) also holds for v € Vi (1).
Hence it follows from the definition of N, 4 (1) that

¢ :=Tr(u) € D(N1.4(4)) and  Nr, ()¢ = pe.

This means that S(u#) € Ker(u — Nr, 4(1)).
Suppose now that u € Ker(A— L) withu # 0. If S(u) = Othenu € W, ().
Therefore, it follows from (4.2) that forall v € V

d d
Z / akjaku@j+ Z/ akakuﬁ—i-a_kuak—v—l-/(ag—)t)uﬁ =0. 4.3)
Q pallf e Q

k,j=1

This implies that u € Vg (A1). We conclude by Lemma 2.1 that ¥ = 0. Thus S is
injective.

We prove that § is surjective. Let ¢ € Ker(iw — Nr, 4(A)). Then by the
definition of Nr, 4(A), there exists u € Vg (A) such that ¢ = Tr(u) and u satisfies
(4.2) for all v € Vg (A). If v € V we write v = vo 4 v1 € W, *(Q) ® Vi (A) and
see that (4.2) holds for u and v. This means that u € D(L%) and LYu = Au. O

Lemma 4.3. For A € R large enough, (A + L%)™! converges in L(L*(Q)) to
A+ LDyt as p — —cc.

This is Proposition 2.6 in [2] when ax; = &, ax = ap = 0. The proof
given in [2] remains valid in our setting. Note that the idea of proving the uniform
convergence here is based on a criterion from [8] (see Appendix B) which states
that it is enough to check that for all ( f,), f € L?(R)

fo—f = QA+LEY T — QA+ LD (4.4)

for every sequence i, — —oo. The first convergence is in the weak sense in L2 ()
and the second one is the strong convergence. It is not difficult to check (4.4).
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From now on, we denote by (Ag,,,),,z | the eigenvalues of LY, repeated accord-
ing to their multiplicities. We have for each u € R

Similarly for the eigenvalues (Af,n)nzl of LD, These eigenvalues satisfy the
standard min-max principle since the operators L4 and L2 are self-adjoint by
our assumptions.

A well known consequence of the previous lemma is that the spectrum of L%
converges to the spectrum of L2 . More precisely, for all k,

)‘Z,k — Af,k as jL — —00. 4.5)

In addition, we have the following lemma which will play a fundamental role.

Lemma 4.4. Leta = {ay; = aji,ar = ag,ao = do} be bounded measurable
functions on Q such that ay; satisfy the ellipticity condition (2.1). If d > 3 we
assume in addition that the coefficients ayj and ay are Lipschitz continuous on
Q. Then for each k, yu + Aik is strictly decreasing on R and A, — —oo as
m — +o0.

Proof. Firstly, by the min-max principle A}, , < /\2 ;. and the function p — A7,
is non-increasing. Fix k > 0 and suppose that u — )‘Z,k is constant on [«, f]
for some @ < B. For each u we take a normalized eigenvector u* such that
Tr(u**t") — Tr(u*) in L?(3Q) as h — 0 (or as h, — 0 for some sequence /,,).
Indeed, due to regularity properties p +— AZ’ « is continuous (see [17], Chapter VII)
and hence (A" j;h)h is bounded for small 4. The equality a**#(u#th yrthy =
Aﬁfj;h implies that a**#(u*+" y#+h) is bounded w.r.t. & (for small /). This latter
property and ellipticity easily imply that (u**+"),, is bounded in V. After extracting
a sequence we may assume that (u**"), converges weakly in V to some u as
h — 0. The compactness embedding of V in L?(Q) as well as the compactness

of the trace operator show that (u**"), converges to u in L?(2) and Tr(u**")
converges to Tr(u) in L2(dQ). On the other hand for every v € V, the equality

h
atth i th yy = Al / ult*hy dx
a, Q

shows that the limit u is a normalized eigenvector of L% for the eigenvalue AZ k
We take u** := u and obtain the claim stated above.
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Observe that
/ Tr"t")Tr(ut) do = 0 (4.6)
N}

forall 4 # 0 and u, u + h € [, B]. Indeed, using the definition of the form a*
(see (2.6)) we have

A/ utthul dx = gt utth iy
Q
= at @t uty — h / Tr(u* ™) Tr(u”) do
I

=2 / bty dx —h | Tru*Tr(ul) do.

Q r
This gives (4.6). Now, letting # — 0 we obtain from (4.6) and the fact that
Tr(u**+") converges to Tr(u*) as h — 0 that Tr(u*) = 0 on T'; for all 41 € [, B].
Hence Tr(u*) = 0 on 92 since u* € V. Hence, L* has an eigenfunction
ut € W,*(Q). Note that if d = 2 or if d > 3 and the coefficients ay,; and ax
are Lipschitz continuous on , then the operator L, has the unique continuation
property (see [26] for the case d = 2 and [28] for d > 3). If d > 3 and hence
the coefficients are Lipschitz on Q, we apply Proposition 2.5 in [6] to conclude
that u#* = 0, but this is not possible since ||u*|, = 1. If d = 2 we argue in a
similar way. Indeed, let € be an open subset of R? containing € and such that
Iy C 9Q and § \ Q contains an open ball. We extend all the coefficients to
bounded measurable function dy;, dx and do on Q. In addition, agj = a ik on Q
and satisfy the ellipticity condition. We extend u* to ul € WO"Z(Q) by 0 outside
Q. We define in €2 the elliptic operator L as previously. For v € cx (€) we note
that vio € V' and hence

/~ La™)odx = a™(u", vjg)

Q
=)L/MMI7|Q
Q

=1 | uFv.
Q
The term [5 La(;ﬁz)ﬁ is of course interpreted in the sense of the associated
sesquilinear form and the first equality uses the fact that u* is 0 on  \ € and
ut e W01’2(Q). Hence, u* satisfies

(La— 1)) =0
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in the weak sense on Q. We conclude by the unique continuation property ([26])
that u® = 0 on & since it is 0 on an open ball contained in Q \ . We arrive as
above to a contradiction. Hence, u — )LZ, ¢ is strictly decreasing on R.

It remains to prove that for any k, AZ, ¢ —> —00as i — +oo. By the min-max
principle

d d
M= /akjakuaTuHReZ/ ak8ku12+/ a0|u|2—,u/ | Tr(u)|?
k=179 P Q Iy

for every normalized u € V. Taking u such that Tr(u) # 0 shows that A, ; — —o0
as @ — +oo. Suppose now that Agk > w for some w € R, k > 1 and all
pw € R. Taking the smallest possibl’e k we have AZ’J. — —o0 as 4 — 400
for j = 1,...,k — 1. Of course, Ag,j > w for all j > k and we may
choose w ¢ o(LP). Remember also that u Aﬁi ; 1s strictly decreasing for
Jj = 1,...,k — 1. On the other hand, by Theorem 4.2 we have o0 (Nr, 4(w)) C
{w € RAL; = w,j = 1,....k — 1}. Using the fact that A; ; — —o0 as
u — 4ooand pu — )Lg,j is strictly decreasing for j = 1,...,k — 1 we see
that we can choose w such that the set {i € R, AZ,]. =w,j =1,....k—1}
is finite and hence o (N, 4(w)) is finite which is not possible since L>(T'y) has

infinite dimension. O

Related results to Lemma 4.4 can be found in [3] (see Proposition 3) and [25].
In both papers the proofs use the unique continuation property.
We shall also need the following lemma.

Lemma 4.5. For every ¢,y € Tr(V), the mapping
Ar— (N1.a(Me, ¥)
is holomorphic on C\ o (LP).

This result is easy to prove, see Lemma 2.4 in [6].

Proof of Theorem 1.1. As above, we denote by (Ag’n)nzl and (AbD,n)”Zl the eigen-
values of the self-adjoint operators LZ and L l?, respectively.

It follows from Lemma 4.5 and the assumptions that N, (1) = Nr, »(A) for
allA e C\ (o(LP)u O'(Lll)))).
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i) We show that for all u € R
o(Lh) = U(LZ), 4.7)

and the eigenvalues have the same multiplicity.

Fix 1t € R and suppose that 1 = A%, € o(Lg) \ (6(L2) Uo(L))). By
Theorem 4.2, u € 0(N1,,4(A)) = o(Nr, (1)) and hence 1 € cr(L“) Thus,
A=A, = )L“ for some j > 1. The second assertion of Theorem 4.2 shows
that A“ o and A“ have the same multiplicity. In addition, j = k. Indeed, if k < j
then

AV“ SAM <~'<)LM <---<AM =)LM

Each A} 001n01des with an elgenvalue of LY (with the same multiplicity) and
hence )L” ak 18 (atleast) the j —th eigenvalue of LY with j > k which is not possible.
The same argument works if j < k. Using Lemma 4.4 we see that for any k there
exists a discrete set J C R such that A7/, = Ay, for every 4 € R\ J. By
continuity of p AZ, . and g AZ’ . these two functions coincide on R. This
proves (4.7) and also that the multiplicities of the eigenvalues )Lik and AZ,k are
the same.

The similarity property follows by a classical argument. Recall that L} and
LZ are self-adjoint operators with compact resolvents. It follows that here exist
orthonormal bases ®,, and ¥,, of L2(2) which are eigenfunctions of LY and LZ ,
respectively. Define the mapping

W LA(Q) — LA(Q), &, +— V,.

Thus for f = >, (f, ®n)®, € L2(Q), W) = Y., (f, Pn)¥,. The notation
(f. ®,) is the scalar product in L2(Q2). Clearly,

IHIZ =Y ISl = 115

The mapping U is an isomorphism. In addition, if Ly ®, = AL, ®, then for
f € D(Ly)

ULLUT () = LU (D20 e )
= uLg(Z(}f V)P )
= u(Z(’}, AV
= Z(f Xy V)W,

=L, (f).

Thus, Lz and L} are unitarily equivalent. This proves assertion i ).
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ii) Choose u = 0 in the previous assertion.

iii) As mentioned above, by Lemma 4.3 we have (4.5). The same property
holds for L}, thatis, Ay, — A,’z . as 1 — —oc. It follows from assertion (i) that

AP = Ap, forall k > 1 and have the same multiplicity. We conclude as above

that L2 and L? are unitarily equivalent.
Finally, another application of Theorem 4.2 shows that Tr(Ker(A — L%)) =
Tr(Ker(A — L})) for A ¢ o(LP) = o(LD). O
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