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Melas-type bounds
for the Heisenberg Laplacian
on bounded domains
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Abstract. We study Riesz means of the eigenvalues of the Heisenberg Laplacian with
Dirichlet boundary conditions on bounded domains in R3. We obtain an inequality with
a sharp leading term and an additional lower order term, improving the result of Hansson
and Laptev [3].
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1. Introduction

Let Q C R3 be an open bounded domain. In this paper we consider the Heisenberg
Laplacian on L2(£2) with Dirichlet boundary condition formally given by

AQ) := —X? - X3,

where
X2 X1
Xl = axl+78x3, X2 = 8x2—7
More precisely, A(2) is the unique self-adjoint operator associated with the
closure of the quadratic form

Oy (1.1)

alu] = /Q (X1 u(P + [ X2 u()) dx. (1.2)
initially defined for u € C5°(£2). Note that

[Xz,Xl] = 8x3 = X3.
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We recall that the vector fields X;, X5, X3 form a basis of the Lie algebra of left-
invariant vector fields on the first Heisenberg group H given by R? and equipped
with the group law

(x1.x2,x3) B (y1. 2. ¥3) := (X1 + y1.%2 + y2. X3 + y3 + 1 (x192 — x201)).
(1.3)
The sub-elliptic estimate proved in [8] shows that

el /20y < cC@lu] + [ul2ag)). 1 € CSP(Q) (1.4)

holds for some ¢ > 0. Hence the domain of the closure of «a[-] is continuously
imbedded in HOI/2(Q). Since the imbedding Hol/z(SZ) — L?(Q) is compact, by
standard Sobolev imbedding theorems, it follows that the spectrum of A(S2) is
purely discrete. We denote by {Ax }ren the non-decreasing sequence of the eigen-
values of A(£2) and by {v; }xen the associated sequence of normalized eigenfunc-
tions;

A(Q) v; :)kj vj, ||vj||L2(Q) = 1. (15)
Recently Hanson and Laptev proved, see [3, Theorem 2.1], that
Q
Tr(A(RQ) —A)_ = Z(A—Ak)+ < u)ﬁ, forall A > 0. (1.6)
kelN 96

Here the eigenvalues Aj are repeated according to their multiplicities and |<2|
denotes the Euclidean volume of 2. Moreover, it is also shown in [3] that the
constant % on the right hand-side of (1.6) is sharp. Indeed, this follows from the
asymptotic equation
3 €2
AILH;OA Tr(A(RQ)—1)_ = 96" (1.7)

see [3, Corollary 2.8].

The aim of this paper is to improve (1.6) by adding to its right hand-side a
negative term of a lower order in A. In other words, we are going to show that

Tr(A(RQ) —A)_ < % A3 —C(Q)AY, (1.8)
where C(2) is a positive constant which depends only on € and « € (0, 3). In our
main result, see Theorem 2.1, we will prove inequality (1.8) with o = 2 and give
an explicit expression for the constant C(£2).

This is in the spirit of Melas-type improvements of the well-known Berezin—
Li—Yau inequality

Tr(—Ag —A)_ < il AL+E

, QCRY, 1.9
T @mEr(2+9) - -
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where —Agq denotes the Dirichlet Laplacian on 2, see [7, 12, 2, 9, 10, 22, 23]
and also [18] for a generalization to Riemannian manifolds. In particular, our
main result improves inequality (1.6) in a similar way in which [9] improves
inequality (1.9).

However, the method that we employ in the present paper is different from
the one used in [9] since it does not rely on a Hardy inequality involving the
distance to the boundary. In fact, as far as we know an analog of such an inequality
for the Heisenberg Laplacian with explicit constants is not known. Instead we
exploit the properties of the Carnot—Carathéodory metric which is connected to
the Heisenberg Laplacian in a natural way, see sections 2.1 and 3 for details.

The paper is organized as follows. The main result is announced in Section 2.
In Section 3, and in particular in Theorem 3.3, we present some auxiliary results
concerning the properties of balls with respect to the Carnot—Carathéodory metric.
The proof of the main result is given in Section 4. In the closing Section 5 we
establish an improvement of Theorem 2.1, which reveals a better order of A in the
additional term. However, for this result we need the additional Assumption that
the Hardy inequality respectively the Carnot—Carathéodory metric must be valid.

2. Main results

2.1. Preliminaries. For a fixed point x € H we denote its Euclidean norm by
| x|l,. Now we introduce the Carnot—Carathéodory metric. We call a Lipschitz
curve c:[a,b] C R — H horizontal if c¢(t) := (x1(t), x2(t), x3(¢)) fulfills the
following differential equation

x5(1) = 3(x2(2) X} (1) — x1(2) x5(1)). (2.1

Horizontal curves always exist because the Heisenberg group is a step two Carnot
group and we can apply the Chow’s theorem, see e.g. [15]. For a given pair
x,y € H we introduce the family of curves

F(x,y) :={c:[a,b] — H | ¢ is horizontal and connects x with y}. (2.2)

Furthermore, we set

b
In(c) :=/ X[ ()2 + x4(1)2 d. (2.3)

Given x, y € H, the Carnot—Carathéodory metric (C-C metric in the sequel) is
then defined as follows:

d(x,y):= inf Ig(c). 2.4)
ceTF(x,y)
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For a more detailed introduction to this metric we refer to [11, 15, 14]. Let
B, (0)={xeH|d(x,0) <r}

be the ball with radius r > 0, with respect to the C-C metric, centered at the origin.
Let us introduce the distance from a fixed point x € 2 to the boundary of  with
respect to the C-C metric, which will be denoted by

d(x) := inf d(x,y). (2.5)
y€eIQ
When needed, we extend the function d(-) on H; for points lying in x € Q¢ we set
d(x) = 0. In addition we introduce the in-radius of €2, which is defined by

R(Q2) := sup d(x), (2.6)

xeQ

and the diameter of Q2 is defined by
D(R2) := inf{c > 0 | there exists a € Q such that 2 C B/»(a)}.

2.2. Main result. With the above notation at hand we can state our main result.

Theorem 2.1. Let Q C H be a bounded domain. Then

Q].5 .,  R(®)?®
Tr(A(Q)—A)_ < —A17 =2 2.7
F(AE) — ) =< max {0’ 9% 150|Q|D(§2)2n4} @D
holds true for all . > 0.
Remark 2.2. Equation (1.7) implies that
Q
Tr (A(Q) —A)_ = % AP +o(A3), A — oo (2.8)

So far the order of the remainder term in (2.8) is not known.

Remark 2.3. When Q@ = R3, then the spectrum of A(2) is continuous and
contains no discrete eigenvalues. The integrated density of states of A(R*) was
calculated in [18, Theorem 6.1].

The upper bound (1.6) is equivalent, by means of the Legendre transform, to
the Li—Yau type lower bound

n

82 \
> a(@) = Tf|sz|—% n3, nel, (2.9)
j=1

see [3, Corollary 2.10]. In the same way Theorem 2.1 implies an improvement
of (2.9):
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Corollary 2.4. For any n € IN it holds

82

n

16R(2)3
Do4(@) = IR a4 )
j=1

o), 2.10
751QPD(Q)2 % (2.10)

Proof. Let us recall that if f, g: R — R are two convex non-negative functions,
then the implication

f(x)<gx), x>0 < g*(p) < f*(p), p=0 (2.11)

holds true, where f* and g* are Legendre transforms of f and g defined by

fr(p) = sg[;(px —f(x). g (p):= sg[;(px —g(x)).
The claim now follows by applying (2.11) to (2.7) with f(X) = Tr (A(Q) — A)_
and

d

96 150|Q| D(Q)27*

g(A) = max {O, £ A=A R(@)° }

3. Aucxiliary results

The goal of this section is to prove a sharp lower bound on the Euclidean volume
of the set

Q= (xeQ|dx) <8}, (3.1)

for a given B € (0, R(£2)). We start by stating some properties of the C-C metric
which be needed later.

The arc joining geodesics starting from the origin were computed in [16]
and [20]. The parametrization of these arcs is given by

cos(f) —cos(kt + 0)

xi(t,k,0) = - ,
Veo(t) = xy(t k. ) = SELF i) —sin®) (3.2)
X3(t,k,0) = M,

2k?

where ¢ € [0, %] ,0 €[0,27) and k € R\ {0}. This means that for the given point
Vk,0(t) € H holds d(yk,e(t),0) = t. We extend this formula to the case k = 0 by
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taking the limit for k — 0. This gives

x1(2,0,0) = sin(),
Y0,0(t) := { x2(,0,0) = t cos(6), (3.3)
x3(2,0,0) = 0.

Thus we obtain the arcs connecting the origin with points lying in {(x;, x2, x3) €
H | x3 = 0}. Next we define the map

D(t,k,0) = (x1(t.k.0), x2(t. k., 0), x3(t. k. 0)), (3.4)

fort € [0, |2k—”|] ,0 €]0,2m), k € R. The determinant of ® is given by

ktsin(kt) —2(1 —cos(kt))

det (®) (1, k. 0) = o

(3.5)

see [16, S.161].
For the proof of the following Proposition we refer to [16, 1, 17].

Proposition 3.1. The following statements hold true.
a) Any two points in H can be connected by a (not necessarily unique) geodesic.

b) The C-C metric is invariant under left translation respectively the group law
on H, which means

dx,y)=d(zHBx,zBy) (3.6)

Jorx,y,z e H.

¢) The mapping

@ {(z,k,e) eR3| 0 eR/27Z, keR, t € (o, %)} S H\P,
3.7)

where ® is given in (3.4), is a homeomorphism and P := {(x1, x2,x3) €
IH|X1 =0,XZ =0}.

d) For a fixed compact set K C H there exists a constant M > 0 such that for
all x,y € K holds

Mx—yll, <d(x,y) < M~'|x— y| /2 (3.8)
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e) Define the dilation r(x) := (rxi,rx2,r%x3) for x € Hand r > 0. Then

r* B1(0) = B,(0). (3.9)

To conclude this brief overview of the C-C metric we prove the continuity of
d(-) with respect to the Euclidean metric.

Lemma 3.2. Let Q be an open bounded domain in H. The function d(-) is
continuous with respect to the Euclidean distance on H.

Proof. We have to show that
ld(x) —d(y)| = d(x.y) (3.10)

holds for x, y € H. Once the above inequality is established, the continuity of
d(-) with respect to the Euclidean distance will follow by (3.8). We recall that we
set d(x) = 0 for x € Q€. Let x # y. The case x,y € QF is trivial. For the
case x € Q¢ and y € Q, we know that d(x) = 0. Let use denote by ¢(¢) the arc
of a geodesic curve connecting x and y, which exists in view of Proposition 3.1.
This curve is continuous and must intersect the boundary of 2. Therefore exists
b € Dom(¢) such that ¢ (b) € d<2. This gives

d(x,y) =2 d(@(b),y) = d(y) = |d(y) —d(x)|. (3.11)

It remains to prove the claim in the case x, y € Q2. Without loss of generality we
assume that d(x) > d(y). Because d is continuous, see (3.8) and 92 compact,
there exists a z € 92 such that d(y) = d(z, y). Thus we get

ld(x) —d(y)| =d(x) —d(y) =d(x,z) —d(y,z) = d(x,y). (3.12)
The last inequality follows by the triangle inequality. |

After these prerequisites we need the following result, which will be needed
for the proof of Theorem 2.1.

Theorem 3.3. Let 2 C H be an open bounded domain. The inequality

16R(Q)*

B> g LORG”
€2 |_'357r2D(Q)

(3.13)

holds for all B € (0, R(2)].
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Proof of Theorem 3.3. First of all let us fix the parameter § where 0 < 8 < R(2).
Because 2 is open bounded and d(-) is continuous on H, see Lemma 3.2, there
exists an x €  such that Br(g)(x) € Q. We know that the Lebesgue measure
and d(.,-) are left-invariant respectively the group law of the Heisenberg group.
Hence we can translate Q2 in such a way that x is the origin of its translated copy.
This means that

BR(Q)(O) C Q. (3.14)

Now we construct a subset of Q7 using the formula of the geodesics in (3.2).

Therefore we consider the map

‘o (COS(Q) —cos(kt + 0) sin(kt + 0) —sin(0) tk —sin(kt)
B k ' k ' 2k?

) — ®(t,k, 0),
(3.15)

with ¢ € [0, |2k—”| ,0 € [0,27) and k € [-7/D(RQ), 7/D(RQ)]. For fixed k, 6 we
define

a:=sup{t > 0| () € Q}, (3.16)
which is well-defined since ¢(0) = 0 € Br(g)(0) S 2, Q is bounded and
Q C Bp(q)(0). It follows that ¢(a) € 02. From Br(g) € € we obtain

R(Q) <a. (3.17)
Now we define the set
Q(®) := {x € QP | there exists (7, k, 0) € E such that x = ®(¢,k, )}, (3.18)

where
T T

E(a,pB) :=(a—B,a)x [— wm
Note that the map ®: £ — H is injective, see Proposition 3.1. That means that
QFf o Q(@).

Now we consider the restriction of the curve ¢ on the interval [ — 8, a]. Notice
that this curve connects the point ¢(a — ) with ¢(a) € Q2. Moreover, in view of
the definition of a, this curve is still a horizontal curve, lying in 2. Therefore by
the definition of the C-C metric the following estimate holds

d(p(t),pla)) <a—t < B, forallt e (a—pB, a). (3.19)

From ¢(a) € 02 we obtain d(¢(t)) < d(p(t),p(a)) < Bforall t € (a — B,a),
which means that ¢(¢) € Q8 fort € (a — B, a). It follows that

QP O Q@) D {P(t,k,0) e H| (1. k,0) € E(a, p))}. (3.20)

] x [0, 277).
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This inclusion and the formula (3.5) imply

2r 7/D(R2) a o _ . )
()| 3/ / / Kesinten) = 2050 4, qy qp.  (3.21)
o Joz/p©@) Ja—p k

We decreased the integral in the k-direction because under this condition holds
|tk| < m, where we used a < D(2) because of 2 C Bp(g)(0). In order to obtain
a suitable lower bound on the integral on the right hand-side of (3.21) we notice
that the function

f(r) =2 —tsin(r) — 2cos(7) (3.22)
is non-decreasing on [0, r]. Indeed, this follows from the fact that f(0)= f'(0) =0
and f”(r) > 0on [0, 7]. Since |kt| < 7, and f is non-decreasing, we use (3.17)
to get

2 pn/D(Q) R 2 _ frsin(kt) —2 kt
o= [ [ P arak as
0 —7/D(Q) JR(Q)-B
2r  ,r/D(Q) R(Q) _ : _
. 2/ / / 2 —ktsin(kt) 2COS(kt)t4 dt dk de.
0 0 R(Q)-8 (tk)*

(3.23)

In the same way as we have proved the monotonicity of f it follows that the
function

2 — x sin(x) — 2 cos(x)

P (3.24)
is non-increasing on (0, 7]. Hence
16 R@) 16  R(Q)° - R(Q)—p)°
Q)| > / ttdr = . (3.25)
| ( )| D(Q)J‘[2 R(Q)-B IB 57T2D(Q) ,3

The quotient
R(Q)° — R(Q) - B)°

B
on the right-hand side is decreasing in 8 on (0, R(€2)]. This together with (3.20)
yields

16R(Q)*
Q| Z|Q(q’)|2ﬂm- 0
Remark 3.4. The same technique in Theorem 3.3 yields also a lower bound in the
Euclidean case R” with respect to the Euclidean metric and in-radius. In that case
the lower bound does not depend on the diameter, and the proof is much easier
because the determinant of the spherical coordinates is obviously monotonically
increasing in the radial part and does not depend on an angle like in the case on H.
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4. Proof of the main result

4.1. Spectral decomposition. In order to find a representation of the spectral
decomposition of the Heisenberg Laplacian we introduce the Fourier transform in
the x3-direction;

Fsu(x', &) = 83 (¥, x3) doxs, 4.1)

1
— [ e
V21 /]R
where x’ = (x1, x3) and x := (x/, x3) € H. Then
X . X2 . \%2 /. X1, \?
Fa A@ T} = (i — 5 &) + (i + 5 63)

2 4.2)

= (iVy + £A (X)),

where A(x') := %(—xz, x1). Hence for each fixed &5 € R the right hand-side is
the Landau Hamiltonian in L2(R?) associated with the constant magnetic field &.
Its eigenvalues are given by the Landau levels {|£3](2k — 1)}rew. We denote by
Py £, the orthogonal projection in L?(IR?) onto the Landau level {|&3|(2k — 1)} and
recall the following well-known properties:

1
P (v 9) = 5—lésl. forall y € R2, (4.3a)

/]RZ (/Q |Pk,$3(X,J/)|2 dy) dx = /Q (/]Rzpk’&(x’y)Pk’%(y’x) dx) dy

2/ Pee, (v, y)dy
Q

_lal

Sl
T

(4.3b)

Hence for any u such that F3 u(-, £3) belongs to the domain of (iVy + $3A(x’))2
we have

TA@uE. &) = Y[l =1) [ PTG &) 4y, @)
k=1

Proof of Theorem 2.1. We split the proof into three steps. In the first one we derive
the sharp leading term with an additional negative term. The appearing negative
term will be treated in the second part of the proof. The last part of the proof is
dedicated to the proof of an auxiliary result needed in step two.
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4.2. The sharp leading term. In the sequel we will decompose a vector x € H
as

x = (X', x3) = (x1, X2, x3). (4.5)
We extend the eigenfunctions v, (x) of A(2) by zero to x € Q¢ and write
2
Tr(AR) = A = D2 = [ (O + 332000 [ 2,
JiAj(Q)<A
2
- H(axz - %x13x3)vj HL2(]R3)

= [ T MIT e

R (@)<a )
" — [0, — $%283)F5 v ¢ 8 2 ay) s

_/]R Z “ (iaxz + %xlg?a):}é vj("g3)“iz(]R2) d§:3

JiAj (Q)<A

We apply the spectral decomposition in (4.4) and use Fatou’s lemma to obtain the
following estimate for the trace:

Tr(AQ) —A)_ < /R 3 Y G- l8I@k— D) fixe 2o, dEs. 46)
JiAj (Q)<A k=1

where
Fies () ;:/RZ Py, (¥ Y)F30; (v 1) d '

1 .

T V2 /Q Pigy(x', ") €353 0;(5', y3) dy' dys
1 .

:\/T_n“)k’& (x',") e~iés, v ('))LZ(Q)'

Next we estimate the right hand-side of (4.6) further by considering the positive
part of (A — |&3|(2k — 1)). This gives

TA@ - = [ S 0-lalek- 0 Y el dé
Ry j=1
0o 0o 4.7)
- [ Y- lalek= 100 X 1wl 4
k=1

J:A; (Q)=A
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Since the sequence {v;}en is an orthonormal basis in L2(2) we can use Parseval’s
identity to evaluate the sum over j. Taking into account (4.3) we obtain

o0 o0
1 .
D ikeslie@e) = 5 / D P () €78 0 () gy P d
j=1 "=t 4.8)
€3]

= —=—|Q|.

472 |

This allows us to calculate the first term on the right-hand side of (4.7). We have

/ D A= 1EICk— 1)1 D 1 fikeslT2me) ds
Ry Jj=1

el
2m?

T8k — D)y & dE
];/0 3 + S3 3

el & 1
12n2 = 2k —1)?

— @13,
96

where we have used the identity
2

> 1 b4

Putting together the above estimates and using (4.7) we get
Tr (A(Q) — A)_
12| ., - 5 (4.10)
< 5o M [ 18Ik =104 3 fikes 2o d6s.
Ri=1 Jihj Q)=
On the right hand-side we thus have the sharp leading term and an additional

negative term. The latter will be treated in the next step.

4.3. The negative lower order term. The next step is to establish a suitable
lower bound on

QA k. &) ==Y |l fikesl 2oy (4.11)

T (Q)=A
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Using equation (4.8) we rewrite the series as follows:

|§3|
|Q| Z ||f}k$3||L2(]R2)

JiAj (Q)<A

“5 .

Q(A’k7g3) -

Pk,$3 (x/, y/) e~iv33

2
=D (P (8,) €7, 0 ()) 2 gyui (v)| dy d'.
JiAj(Q)<A
(4.12)

To estimate the right hand-side form below we consider the set

EP = {®(t,k,0) e H| (1,k,0) € (a — B,a) x (—/D(Q), 7/D(Q)) x [0, 27)]}.

(4.13)
Note that in view of (3.20) we have
Q2 Qf o EP.
By applying the inequality
1
|z—w|225|z|2—|w|2, z,w e C, (4.14)
and using equation (4.3) we thus obtain
Q4. k. §3)
1§31 | -p
E
- 87r2| |
_ 2
/ L S Pt e g )] dy di
R2JEP ;) (Q)<)L
(4.15)
In the end of the proof of Theorem 3.3 we have shown that
16
EP| > B————R(Q)* 4.16
B 2 o qraa R (4.16)
for all 8 € (0,R(2)]. Hence
Q. k. &)
2|&3| 4
R(Q
'BSD(Q) R
2

(Prgy(¥,2) €783, 0 ()) 2 ui (v)] dy dx’.
jihy (@)<A

S he e 2
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At this point we have to estimate the negative integral from above. Note that the
linear combination of v; lies in d[a]. Therefore we can use the inequality

/ lu|? dx§ﬁ2/|V]Hu|2dx, u € dlal, 4.17)
EB Q

2

which is proved in Section 4.4. Assuming for the moment that (4.17) holds true
(Pigs (x',+) e i, Vj ('))Lz(g)vj (»)| dydx

we get
/RZ /EB Jidy Q)<

Integration by parts and the fact that the eigenfunctions v; are mutually orthogonal
then yield

2
dy dx’.

Pk 53 (x/’ ') 6_153.’ v]. (’))LZ(Q)V]H vj (y)
JiAj (Q)<A
(4.18)

2

/]RZ /EB Pk 53()(/’.) e—i$3-’ vj('))LZ(Q)Uj(Y) dy dy’

Jih (@)<A
= 27_[ /]R2/ Z)& (2)[( Py, (x',-) e i£3- UJ()>L2(Q)UJ(y)| dy dx’
Jihy(Q)<A
_ B 1
= 2 /]R Z| Pg (V,0) e” & v]())LZ(Q)| dx’.
JiAj(Q)<A
Finally we sum over all j and use (4.8) to obtain
|§3|I§2|

[ T lPs) e 10 d < (4.19)

JiAj (Q)<A

Summarizing these estimates we arrive at the following lower bound on Q:

QU ko) = B O R@)* - F 5|0
€3] ( 16R(Q)* 20
&I_Z(W—zmmx).
Now we set
B = RO, (4.21)

5QD(Q)x2
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We have to show that with this choice § < R(£2) holds true. By (2.9) we get

1
< 212 < |92, (4.22)
AI(Q) - 8\/§| | o | |

and Theorem 3.3 yields for § = R(2) and Q = B;(0) the following

< |B1(0)]. (4.23)

572

Both inequalities in combination with Proposition 3.1(e) yield

4 4| Br(e) (0 Br(g)(0)]'/?
g < 4R(R2) _ | Br) (0)] < | Br(e) (0)] (4.24)
51QI12D(Q)r2  5|Q|Y/2D(Q)72|B1(0)] 2D(R)
From the fact that | B; (0)| < 1, see e.g. [19], we thus deduce that
B 0 1/2 2 1/2
D(€) D(€)
as required. Hence we may insert (4.21) into (4.20), which yields
_ 4R(Q)3
ALk, > |5 4.26
QU k) = 6137 Soo o (4.26)
Finally we estimate the sum of the negative integral of (4.10)
Tr (A(R2) —A)_
8 4.27
_ el 31 RE@) (4.27)

2O D026 A— 2k — 1 d
~ 9% 25|Q| D(R)276 /]ng:l( 1§31( N+ €3] d&3
and calculate the integral on the right hand-side by using the substitution

£32k —1) =5

and (4.9):

00 foe) 00 2 0o
2 A—§&Q2k—-1 dé& = e A— d
> | a-aek-n18 > Gy | G901 as

2A3
24

This yields then inequality (2.7). It thus remains to prove (4.17).
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4.4. Proof of inequality (4.17). Without loss of generality we can assume that
u € Cg°(£2). With the help of (3.5) and (4.13) we change the coordinates and
obtain

2n  pr/D(R) a
/ u(x))? dx —/ / /_ﬂ u(t, k., 0) f]({tf) de, (4.28)

7/D(Q)

where f is defined in (3.22). Wa can assume that k is positive. Otherwise we
substitute k by —k and use that f(-) is even. We know that u(a,k,0) = 0 by
definition of a for all k € [—7/D(R2), x/D(2)] and 6 € [0,27). We recall that
a < D(R2), see Theorem 3.3. Since f(-) is increasing on [0, 7] and |tk| < 7, see
Theorem (3.3), it easily follows that

T a 2

su f(sk) ds —ds sup (t—a+pB)a—1)=—
ﬂ_ﬁﬁeﬁa a—p T f( k) a— ﬂglzga

(4.29)

In view of [4, Theorem 1.14] we thus conclude with

2n  pr/D(Q) a f(lk)
/ / i drdkdo

7/D(Q)
27 n’/D(Q) a tk (430)
/ / / ot k.02 2 4 drdo.
7/D(Q) Ja—B k4

Let us now turn to the coordinate system (xj,x,x3). Keeping in mind the
parametrization (3.2) we get

/Eﬁ |0;u?> dx < /Q [0x,u ;X1 + Ox,u 04X + Oy d;x3)% dx. 4.31)
From the differential equation of the geodesics,
20¢x3(1) = x2(2)9rx1(1) — drx2(2)x1(2),
it further follows that
/Eﬁ |8,u|2 dx < /Q [0rx1 Xq1u + 0:x2 X5 u|2 dx. (4.32)

The cross terms will be estimated with the help of the Cauchy-Schwarz inequality
and 2ab < a® 4 b2, a, b, € R. This gives

2(9:x1 Xqu, 8032 Xou) < 052 X1ul| 1o gy + 119:1 Xaul|72q)- (4.33)
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Now we collect all the above estimates and use the fact that the support of the
function u lies in 2 to arrive at

u|? dx < B2(|dx1 X132y + 1802 X 10|}
/Eﬁ ' L2y T L@ (4.34)

+ 1002 Xou 172 () + 119:x1 Xou(|72q)-

From (3.2) we see that d,x; = sin(kt 4 0) and d;x, = cos(kt + 6), which implies
inequality (4.17) completing thus the proof of Theorem 2.1. O

5. Improved spectral estimates

We have seen in Theorem 2.1, that for a bounded domain Q2 C H we improved
the sharp bound for the eigenvalue sum by adding a negative term of the form
—A2C(R), where C(R) is a positive constant only depending on the geometry of
Q2. The order of A can be improved if we assume the validity of a Hardy inequality
with respect to the C-C metric. In particular we introduce

Assumption 5.1. Let Q C H be a bounded domain. We assume that there exists
a constant ¢ € [2, 00) independent of 2 such that

2
/Q |28|2 dx = CZ/Q(|X1”(X)|2 + [ X2 u(x)]?) dx (5.1)

holds for all u € C§°(2).

Note that the sharp value of the constant is ¢ = 2. To see this consider the
sequence g, = d (x)l/ 2+¢ and using the Eikonal equation, see [13, Theorem 3.1],
i.e.

1X1d(X))*> + | X2d(x)> =1 ae. xe€Q. (5.2)
A standard convolution argument using a cut-off function in a neighborhood of

the boundary yields that g, (x) can be approximated by functions lying in C°(£2).
Moreover, by a direct calculation we obtain

lim fQ(le g£|2 + |X2 gs|2) dx

2
e—0 fQ Jﬁ;gz dx

=4,

which shows that ¢ = 2 is the best value of the constant in (5.1).

Remark 5.2. If Q is has a C ''! regular boundary, then Assumption 5.1 holds true,
although the constant is unknown, see [5, Theorem 4.1 and p. 120].
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Theorem 5.3. Let 2 C H be a bounded domain and let

OB
0(2) ;= in u
0<B<R(Q) B

Under Assumption 5.1 we have

Tr (A(Q) — A)_

Q 14+2
§max{0,u)u3— +2/c

2¢+2 —2¢c—=2 —1_ _1_
Q) 2 (4de + 4) cFz |Q|TF27e M2t ez |,
= @) (e + 97 g }

(5.3)

Note that the quantity o (2) is strictly positive because of Theorem 3.3. For
the proof of Theorem 5.3, we need the following Lemma:

Lemma 5.4. Under Assumption 5.1 it holds
/ u(x)* dx < P22 AQul| 2 | AUl 12 (5.4)
Qb
for all u € Dom(A(R)), where QP := {x € Q| d(x) < B}.

Proof. Since the Eikonal equation still holds for d(x), see [13], the claim is proved
in the same way as [6, Theorem 4, p.169]. O

Proof of Theorem 5.3. Since 2 satisfies the assumptions of Theorem 2.1, we can
follow the proof of the latter. From Section 4.2, in particular from equation (4.10),
we infer that

Tr(A(sz)—A)_s%ﬁ— /}R > (- [612k — )4 Q. k.£5) dEs. (5.5)
k=1

with Q(A, k, &3) given by (4.11). For 8 € (0, R(€2)) we consider the set
QF = {xeQ|d(x) <B). (5.6)
Obviously it holds Q# < Q. Hence equations (4.12) and (4.14) imply that
Q1. k. §3)

B
_ lal12?)
~  8xn2

<o
27'[]329/3

2

Z (Pk’&(x’, ) e i3, Uj('))Lz(Q)v.i(J’) dy dx'.
JiAj(Q)<A

5.7
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An application of Lemma 5.4 yields

2
/ / D (P (8, €7, 0 ()) 2 gyui (v)| dy dx’
R2 JQB
JiAj(Q)<A
2+2/c132+2/CA1+1/c/ Z| P, &(x e~ ié3: v]())LZ(Q)| dx’

JiA (Q)<A

< C2+2/c132+2/ckl+1/c@|9|.
2
(5.8)

For the last inequality we used (4.8). Inserting this result into (5.7) and using the
definition of |Q2#| we find that

Iésla(ﬂ)

QA k. &) > 2=2—2B — C2+2/c132+2/ckl+1/c@|9|
42

|€:3|,3( Q) — 2C2+2/C,31+2/C)LI+I/C|Q|)

holds true uniformly in k, where
QB
o(R)= inf u
0<B<R(Q) P

From Theorem 3.3 we know that o (£2) > 0. Hence upon setting

B = 0(Q)TFIE (4 + 4 J¢) T527c o~ \ " TH7e | Q| T A TR (5.9)

we obtain

QA k, &) > @(1 F2/0)a(Q) T (de + &) TFT QAT AR (5.10)

for all k € IN. However, as in the proof of Theorem 2.1 we have to verify that 8
given by (5.9) with A > 1;(R2) satisfies § < R(w). An application of Lemma 5.4
foru = vy and B = R(Q) yields 1 < R(Q)>+2/¢c2+2/¢}(Q)'F1/¢. The latter
inequality shows that

BT < o(Q)(4+4/0) QT A (@) YE
< o () + 4/0) ' RQ)PTQ|T!
< (4+4/0)T I R(@) e
< :R(Q)l+2/c'
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holds for all A > 1;(2)~! and therefore justifies the choice of B in (5.9). Inequal-
ity (5.3) now follows by inserting the lower bound (5.10) in (5.5) and evaluating
the integral in &5 and then the series in k as in the proof of Theorem 2.1. O

Example 5.5. Letusset Q = B,(0) := {x € H | d(x,0) < r} forr > 0.
In [21] it was shown, that for B, (0) Assumption 5.1 holds true with the constant
¢ = 2. From Theorem 5.3 and the lower estimate for o(£2), which is given by
Theorem 3.3, we obtain

3

Tr(A@) - - = max [0, 5030 L (2) gt s
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