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Quantum ergodicity
of Wigner induced random spherical harmonics

Robert Chang

Abstract. We introduce a new notion of a ‘random orthonormal basis of spherical harmon-
ics’ of L2(S?) using generalized Wigner ensembles and show that such a random basis is
almost surely quantum ergodic. On one hand, because of how our random basis is con-
structed, this generalizes previous results for random eigenfunctions that are defined using
Haar measures on unitary groups. On the other hand, this provides a semi-classical real-
ization of the probabilistic ‘local quantum unique ergodicity’ of Wigner eigenvectors.
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1. Introduction

Let (M, g) be a compact Riemannian manifold. Let A = A, be the Laplace-
Beltrami operator and consider the eigenvalue problem (A — Ag)¢r = 0 with
0 <Ay <Ay <--- 1 oo. The eigenfunctions ¢y are said to be quantum ergodic if
for every pseudo-differential operator 4 € W°(M) of degree zero, we have

1 2
lim ——— Aoy, —w(A4)]” =0, 1
Jim Fn Sk}xggx'( @k 9r) — w(A)| (1)

where
o(4) = / oadur ®)
S*M

is the integral of the principal symbol o4 of A with respect to the normalized
Liouville measure w7, on the cosphere bundle S*M. A fundamental result that
explains how the mixing properties of a classical system is reflected in the microlo-
cal properties of eigenfunctions is the quantum ergodicity theorem of Shnirelman
[6], Zelditch [9], and Colin de Verdiere [3]. The theorem states that if the geodesic
flow is ergodic, then the Laplacian eigenfunctions ¢ enjoy the quantum ergodic
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property (1). In particular, modulo a density zero subsequence, the eigenfunctions
become delocalized in phase space in the sense that

(Agr; . or;) — w(A) forall A e WO (M). 3)

The asymptotic behavior (3) need not hold when the geodesic flow is no longer
assumed to be ergodic. On the sphere, for instance, the geodesic flow is completely
integrable and direct computations show that the standard spherical harmonics
localize not only on phase space, but also on the base manifold S2.

This fact notwithstanding, it is shown in [10] that a random orthonormal basis
(defined using Haar measures on unitary groups) of spherical harmonics is almost
surely quantum ergodic, a result that is extended (with varying degrees of gener-
ality) to random Laplacian eigenfunctions on compact Riemannian manifolds in
[11, 12, 5, 2]. The purpose of this paper is to return to the sphere and prove quan-
tum ergodicity for a wider class of ‘random’ spherical harmonics. The setup is as
follows. Consider the orthogonal decomposition of L2(S?) into a direct sum of
subspaces Hy = span{Y ]’\‘, | =N < k < N} spanned by the standard degree N
spherical harmonics. Here, by ‘standard,” we mean spherical harmonics Y/\‘, that
are the joint eigenfunctions of the Laplacian A = Ag> and the z-component of
the angular momentum operator L, = ll.j—(b, that is,

AY§ = —N(N + DYE,

We write dy = dimHpy = 2N + 1 for the dimension of H .

Let Hy € Herm(dy) be a generalized Wigner matrix. (See Section 1.1
for background on random matrix theory.) For —N < k < N, letuy; =
(UNk (a))fxvz_ y be the eigenvectors of Hy. Our object of study is the Wigner
induced random basis {{y },vaz n for H obtained by ‘transplanting the Wigner

eigenvectors onto the sphere’ in the obvious way:

N

Ynk = Y, unk@Yy, —N<k<N. )
a=—N

An equivalent way of thinking about the random basis {{/x « } is to identify it with
aunitary change-of-basis matrix Uy = (U x())—nN<k,a<n Viewed as an element
of the probability space (U(dy), un). The probability measure py on the unitary
group U(dy) is induced by a generalized Wigner matrix in the following way. Let
7 be the map from Hermitian matrices to unitary matrices modulo the maximal
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torus U(1)4~ defined by
m:Herm(dy) — U(dy)/ U(1)¥~, Hy = U} D(A)Uy + [Un],

where Uy is a unitary matrix that diagonalizes Hy and D(A) is the resulting
diagonal matrix. If we write ,u)’vv for the measure on the Hermitian matrices that
describes the generalized Wigner ensemble, then the induced measure py on the
unitary group is simply the pushforward of ,u)’vv under the above map =, that is,

N 2= Tafly- (5)

The construction of a Wigner induced random basis (4) for the finite dimen-
sional subspace Hy extends naturally to all of L2(S5?). Indeed, let U be the op-
erator that acts block-diagonally on the decomposition L2(S?) = Py~ Hn s0
that the restrictions U3¢, = Uy € U(dn) to the subspaces yield a_sequence
of independent unitary matrices of the appropriate dimensions. By the preceding
paragraph, a Wigner induced random orthonormal basis W = {Y/y x}—n<k<N,N>0
for all of L2(S?) may be identified with such an operator U viewed as an element
of the product probability space [],-,(U(dn), un). Henceforth, when the con-
text is clear, we will refer to ¥ simp1}7 as a ‘random basis’ with the understanding
that it is constructed randomly with respect to the product measure [ | py .

For technical reasons, certain indices k need to be excluded from our compu-
tations. Let 0 < v < % be a positive constant (guaranteed by Theorem 1.1), and
let

In =[[-N.—N + NY*JU[[-N + N>, N = N"™JJU[[N = N4 N]] (6)

be the subset of indices —N < k < N that are, in the random matrix theory
language, ‘in the bulk’ and ‘near the edges.” We can only work with indices
belonging to /5 because the asymptotic normality result of Bourgade and Yau
(Theorem 1.1), which we rely on, is established only for k¥ € Iy. (The set
Iy displayed above is precisely the set T in the statement of Theorem 1.2 in
the original paper [1], except that the our indexing convention is k € [—N, N],
and the convention of [1] is k € [1, N].) It is expected that Theorem 1.1 holds
for all indices k (see the remark immediately following Definition 5.1 in [1]).
Similar universality results for Wigner eigenvectors are also proved in [4, 7] under
additional assumptions on the moments of the entries. For us, the set Iy is
sufficient for deriving a quantum ergodicity statement because we are still left with
a density one subsequence after discarding indices in the intermediate regime, that
is,
{k € Iy}
[{k € [-N. NJ}|
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Given a pseudo-differential operator A € W°(M) of order zero and a random
basis ¥, let Xy = XJ(} {¥ni)): (U(dn), un) = Rso be the random variables

1
Xy = X§(ynih) = ™ DAY Nk Unk) — (A, (7
kely

where w(A) is defined in (2). Even though the random variable (7) depends on
the choice of a pseudo-differential operator and a random basis, for notational
simplicity we will continue to write Xy := X 1(‘, ({¥n.k}). Our quantum ergodicity
result is formulated in terms of Xy .

Theorem 1. Let W be a Wigner induced random orthonormal basis of spherical
harmonics for L>(S?). Then ¥ is almost surely quantum ergodic with respect to
the product probability measure || un in the sense that

1 M
lim — XN = 5.
MI—I>nc>oZWNX_:0 N 0 as

for every A € WO(S?).

Note that the random variables X  are independent by construction. Theorem 1
is therefore an easy consequence of the Kolmogorov convergence criterion and
Strong Law of Large Numbers once we show that EXy — 0and EX 3 is bounded.
Indeed, the following holds.

Theorem 2. We have EXy = O(dy®°) and EX3, = O(d;so)for some g9, £ > 0
guaranteed by Theorem 1.1.

This is a good place for some remarks. First, since we only work with ran-
dom spherical harmonics in this paper, we confine ourselves to describing the
construction of random bases on S2. A similar construction that involves parti-
tioning the spectrum of the Laplacian appropriately can be used to make sense of
random bases (defined using either Haar measures or Wigner induced measures
on unitary groups) on any compact Riemannian manifold. Readers are referred
to [11, 12, 5, 2] for the general construction. A natural next step is to extend our
quantum ergodicity result to Wigner induced random bases of Laplacian eigen-
functions or approximate eigenfunctions on other manifolds.

Second, it is known that the eigenvectors of a Gaussian unitary ensemble is
distributed by Haar measure on the unitary group. Since the generalized Wigner
ensembles contain GUE as a special case, the measure with respect to which
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Wigner eigenvectors are distributed (i.e., the Wigner induced measure py) is a
vast generalization of Haar measure. It is unknown to the author if such measures
can be given an explicit characterization. Nevertheless, universality results from
random matrix theory are robust enough for showing that Wigner induced random
bases enjoy the same quantum ergodicity property as ‘GUE induced random
bases’ (i.e., random bases defined using Haar measure) on the sphere.

Finally, the methods presented in this paper can be used to prove quantum
ergodicity of Wigner induced random spherical harmonics on higher dimensional
spheres S” for any p > 2. It will be clear from the proof that ¢y and ¢ in
the statement of Theorem 2 are independent of the dimension p because, in the
notation of Theorem 1.1, we have g9 = €9(Q1) and g, = &,(Q2) where Q1, 0>
are polynomials of the form

Ql(Zl, Zp, Z3,Z4) = 21222354 and Qz(Zl, . ,Zg) = 2122232425265728.

While ¢, &, remain fixed for all p > 2, the dimension dy of the space of degree
N spherical harmonics grows like N?~! on S?. Substituting the asymptotics for
dy into the statement of Theorem 2 gives EXy = O(N—*0?~D) and EX? =
O(N~#0(P=1)_ Observe that, for all p sufficiently large, the Borel-Cantelli lemma
becomes applicable and implies the stronger convergence statement that Xy — 0
almost surely instead of the Cesaro means 7 ZAleo Xy — 0.

The rest of the paper is organized as follows. Section 1.1 provides a brief
summary of random matrix theory that will be used in our proofs. The key result is
Theorem 1.1, which states that Wigner eigenvectors (with the appropriate scaling)
are asymptotically Gaussian random variables. Section 2 is devoted to proving
Proposition 1, which is a special case of Theorem 2. The techniques developed for
this special case extends easily to prove the main theorems in Section 3.

The author expresses his sincere gratitude towards Steve Zelditch and Antonio
Auflinger for their patience and generous assistance that greatly improved the
manuscript.

1.1. Asymptotic normality of Wigner eigenvectors and probabilistic local

QUE. We now summarize a universality result for Wigner eigenvectors proved in

[1]. In keeping with the indexing convention for spherical harmonics, the indices

in this section continue to range from —N to N. Recall also that dy = 2N + 1.
By a generalized Wigner matrix we mean a Hermitian matrix

Hy = (hjk)-n<jk<n € Herm(dy)

satisfying
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o the entries /i are independent random variables for j < k, each with
mean zero and variance ]Ehjz.k =: ajzk satisfying the normalization condition
YLy ok =1 fork fixed;

e there exists a constant ¢; > 0 independent of N such that (¢c;N)™! < 01.2
c1N forall =N < j, k < N;

e there exists a constant ¢, > 0 independent of N such that ]E(h;‘kh k)
c2N~! in the sense of inequality between 2 x 2 positive matrices, where
hjk = (Rehjk,Imhjk);

e for any g € I, there exists a constant C; > 0 such that for any N and any
—N < j,k < N, wehave E|[dnhj|? < Cq.

Letunyr = (unk (a))évz_ n denote the eigenvectors of a generalized Wigner
matrix Hy € Herm(dy). The eigenvectors, indexed by k € [-N, N], are ordered
so that the corresponding eigenvalues form a nondecreasing sequence. Of course,
an eigenvector is well-defined only up to a phase ¢’ € U(1). This phase ambiguity
may be eliminated, for instance, by considering instead the equivalence class

[un]

A

A%

Theorem 1.1 (Asymptotic normality for generalized Wigner eigenvectors, [1]
Corollary 1.3). Let {Hy} be a sequence of generalized Wigner matrices. Let Iy
be the set of indices away from the intermediate regime as defined in (6) (note that
Iy depends on a parameter v). Then there exists v > 0 such that for any k € Iy
and J C{—N,..., N} with |J| = m, we have

Vn (g (@)aes — N +iN@ym

in the sense of convergence in moments modulo phases, where NJ(.I), NJ(.Z) are
independent standard Gaussians. More precisely, for any polynomial Q in 2m
variables, there exists ¢ = ¢(Q) > 0 such that for sufficiently large N we have

sup  [EQ(V2N (e “un (@), e “unic(@)) e )
Jimmkely  —BQ(ONY N N —iNPYIL )| < diy”
Here w a phase independent of Hy and uniform on (0, 27).

In fact, a stronger statement is proved Theorem 1.2 of [1], namely the projection
(g.uny ) of an eigenvector to any unit vector g € R4N is asymptotically normal.
As a corollary, generalized Wigner eigenvectors are ‘locally quantum unique
ergodic’ in the following sense. Let ay:{—N,..., N} — [—1,1] be a function
with Y3 v an(a@) = Oandlet lay| = #{—N < a < N | ay() # 0} be the
size of its support.
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Theorem 1.2 (local QUE for Wigner eigenvectors, [1] Corollary 1.4). Let {Hy}
be a sequence of generalized Wigner matrices. Then there exists ¢ > 0 such that
forany § > 0, there exists a constant C > 0 so that for every sequence of functions
{lan} as above and k € Iy we have

P(‘%(aNuN,k,uN,k)‘ > 5) < Cdy® + lan|™). (8)

N
where (aNUN K UNK) = D gy AN (0) Uy k()]

Theorem 1.1 shows that Wigner eigenvectors are asymptotically flat even on
small scales by choosing the test functions axy to have small supports. Note
that since the left-hand side of (8) depends only the eigenvectors but not the
eigenvalues, the measure used in Theorem 1.2 is precisely the induced measure
un defined in (5).

We take this opportunity to remark that on a compact manifold (M, g), the
analogue to the limiting formula (8) given by

/ f(x)|g0k(x)|2dx—>/ f(x)dx forevery f € C®°(M) )
M M

is insufficient for concluding that {¢} is quantum ergodic in the sense of (1)
or (3). This is because delocalization on the base manifold M is a much weaker
condition than diffuseness in the phase space S* M. For instance, the Laplacian
eigenfunctions e’ {4:x) on a flat torus R” /27w Z" are delocalized in the sense of (9).
But if {A;} is a sequence of lattice points for which the unit vectors Ay /|Ax| tend
to a limit vector £ € R”, then the asymptotic formula

(Aei i) gilhix)y :/
R /277"

Ak
Akl
shows that the corresponding weak* limit is a delta mass on the invariant La-
grangian torus 7 C S*M for the geodesic flow. Since there always exists a
sequence of A /|Ax| converging to arbitrary & € R”, the eigenfunctions e’ (4%
are far from diffuse in phase space. Of course, in the random matrix setting it is
unclear even how to interpret the phase space when the base manifold is an index
set {—N,...,N}. We will need additional tools from semi-classical analysis to
show that Theorem 1 holds.

o4 (x ) dx forevery A € WO(R"/27Z")

2. Rotationally invariant case

The purpose of this section is to prove Proposition 1 stated below. The difference
between the proposition and Theorem 2 is the rotational invariance assumption we
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impose on A (and hence on the random variable X ). This additional assumption
allows us to isolate the key computational techniques and exhibit them in a simpler
setting.

To clearly distinguish the special case we are currently considering from the
general case, let us introduce some new notation. Let B € W°(S52) denote pseudo-
differential operators of degree zero that are invariant under z-axis rotations. To
these rotationally invariant operators we associate random variables

1
Zn = ZyWnah) = = D I(BYng Y 0B, (10)
kely

where [y is defined in (6) and w(B) is defined in (2). Our goal is to show the
following.

Proposition 1. In the above notation, we have EZy = O(dy*®) and EZ 2 =
O(dﬁal)for some g, &' > 0 guaranteed by Theorem 1.1.

Proof of Proposition 1. Note that the rotational invariance hypothesis implies that
the matrix elements (BYg, Yf,) vanish whenever « # (. Rewriting the random
basis elements vy in terms of spherical harmonics Y§ using (4), the expres-
sion (10) becomes

N
! 2
Zy = dy Z ‘ Z (BYRXI,Yﬁ)uN,k(a)uN,k(,B)—w(B)‘
kely a,B=—N

- % > ‘Z<BY1$’Yﬁ)WN,k(a)lz—w(B)‘z

kely «

=81+ 52,

where

1
Si=o- > S BYRYRNBY o Y uwac (@) Pluni(B)1,

kely o,B
2w(B 1
52 = 22BN S S By v un@ P + — 3 w(B)
dN dN
kely o kelyn

We use the Weingarten formula [8] to compute the expectation EZy =
ES; + ES,. Let (uyi(@))—n<k,a<ny € U(dy) be a unitary matrix and for

1 < j < m,letk; ki a;,a; € [-N, N] be indices. The Weingarten formula
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states that the integral

Ivm)i= [ @), @i @) g, @) dUn
Uldn)

of a polynomial in the entries of (1 («)) with respect to Haar measure d Uy has
an asymptotic formula in terms of the Kronecker delta functions on the indices:

Ivm) = A" Y8 B, Sk, B, + ORI

where the sum is over all choices of Ji, ..., j, asapermutationof 1, ..., m. Let Q
be the polynomial in 2m variables defined by Q((zj, w;)7L,):=z1"* ZmW1 * - Wpn.
Then, in the notation of Theorem 1.1, direct computation with Gaussian random
variables shows that

1 } —m—
d—mEQ((N](.l) +iNP NG —iNDym Iy m)| = 0@y (12)
N
Putting together (11), (12), and Theorem 1.1 proves the following key lemma.
Lemma 2.1. Let (un i (o)) € U(dn) be a unitary matrix. Let Iy be the set defined

in (6). Then for indices ki, ... . km. kY, ...k, € INandoy,... 0, ], ..., 0, €
[—N, N], we have

Eun g, (1) - UN K (@m)ty g (@]) -+ Uy g, (@7,))
= dy" Y Sk Sana), Skl Bamar, + O™ (13)
for some ¢ = ¢(Q) > 0 guaranteed by Theorem 1.1.
Returning to the quantity EZy = ES; + ES», we find that (13) implies
E (lun i@ Pluni(B)) = dy>(1 +8ap) + O(dy* ™) fork € Iy,
which gives

1
dn

Z SBYE YENBYLE YEVE (un i (@) Pluni(B))
el a,B

1 —2—¢
ZBYN’YN BYlg’Y1€>(d_2(1+5aﬁ)+O(dN2 1)) (14)
o« B N

1 2 1 .
<E %:(BY}\”/’ Y}\"/)) - g;(BY;\",, Y2 + 0(dy™).



532 R. Chang

The first sum in (14) can be rewritten using semi-classical analysis. Let
My: L?(S?) — Hy

denote the spectral projection onto the eigenspace of degree N spherical harmon-
ics. Let A € W°(S?) be any pseudo-differential operator of degree zero (not nec-
essarily rotationally invariant), then Weyl’s law states that

1 1
™ > (AYR. YR) = ™ tr(My ATl y) = w(A) + O(dy"). (15)

o

For the second sum in (14), it suffices to note that the squares (AY g, Y %)? of
the matrix elements are uniformly bounded in N because the pseudo-differential
operator A € W°(S?) (again, not necessarily rotationally invariant) is a bounded
operator from L?(S52) to itself. Since we are summing over —N < a < N (i.e.,
summing dy number of terms) and dividing by d?, the second sum has only a
lower order contribution:

1
= D (BYR.YR)? = 0(dy"). (16)
N «

Combining (14), (15), and (16) yields
ES; = (@(B) + 0(dy"))* + O(dy") + 0(dy") = w(B)* + O(dy™).
The asymptotics for ES; is similarly computed. By (13), we have
Eluyi(@)> = dy' + O(dy' ™) fork e Iy,

whence

ES, _2°Z(NB) > BV Y kP + o Y w(B)?

kely « kely

= 2w(B) Y (BYE. Yﬁ)(% + O(d]\_ll—sz)) 4 o(B)?

= —20(B)* + w(B)* + 0(dy*).
where the last equality follows from Weyl’s law (15). Adding together the ex-

pressions for ES; and ES, shows that EZy = O(d;mm{sl’sz}) = O(dy*) as the
factors of w(B)? cancel exactly. This proves the first part of Proposition 1.
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The computations for the second moment EZ%, is more tedious, but no new
techniques are required. Write a second copy of the random variable Zy with
the indices j, n, & in place of k,«, B, then direct computation shows ]EZ%v =
T1 +T2+—|—T5 Wlth

Ti= e XX B VRNV Vs e Pl AP

N kstIN “sﬁa’l;f
(BY, YTV (BY S, Y5 un,; () lun,; (6)]2,

4w (B)
T=——5= 3 D (BYS.YRNBYY. Yo luni(@Plun ()P
N k,jeln a.B.
(BY .Y\ un,j (.
2w(B)?
Ts=—5— > D (BYF.YSUBYL. YD luni()lluni (PP,
N kjely a.p
4w(B)?
To=—5— 3 D ABYR Y)luns(@P(BY . Y, ()P,
N k,jely an
4a)(B)3 1
Is=-— 2 Z Z(BYﬁ,Yﬁ)IuN,k(a)F-i-_z Z w(B)*.
d . d .
N kjely @ N kjely

We work out the asymptotics for IET} in detail. Thanks again to (13), we have

B @) Pl g B) Pl 0D Plun (€)) = diy* (Cr + 8,C2) + O(dy ™™™,
(17)
where

C1 = Ci(, B, 1. §) = (1 + 8ap)(1 + 8p),

Cy = Co(at, B0, &) = 8oy (1 + 8 + 26p¢) + Sae (1 + 85y + 285¢)
+ 53,,(1 + 2504,3) + Sﬂg(l + 25,,5) + 68aﬂ5ﬂ§5n5-

These imply

1
ETy = — > Cile.fon.©)(BYF. YE)BY. V() (BYY. V) (BYS. V)
N a,B.n.
1
t o5 D Cale Bon E)(BYR.YENBYL YN (BY. Yi)(BYy. V)
N a’ﬂ’n’s
+ 0(dy™).
(18)
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Notice that the leading orders of C; and C, are different because there is a factor
of 8x; in front of C, but not Cy in (17).

Consider the first line of the expression (18) (i.e., the part that involves only
C1). Recall that Cy = (1 +848)(1 + 8pg) = 1+ 8up + 8y + Sap8ye contains four
terms. We claim that only the constant term has a top order contribution when
computing the asymptotics of ET;; the other three terms containing Kronecker
delta functions all have lower order contributions. Indeed, notice that

1
<o O Sup(BYS.YENBYR. YY) (BY . Yi)(BYy. Yy)
N a,Bn.E

is equal to

1 _
<5 2 (BYS. YR BYY. YY) (BYy. Yy) = O(dy"),
N oong

which is a lower order term because we are summing o5 number of uniformly
bounded products of matrix elements but dividing by dy.

‘We now turn our attention to the second line of the expression (18) (i.e., the part
that involves only C,). Notice that each term of C, contains at least one Kronecker
delta function on the indices «, 8, n,£. At the same time, we are dividing the
sum by d3. Therefore, the entire second line is of order at most O(dy?). These
observations imply that the expected value of 73 has the simple asymptotics

1

ETy = —5 Y (BYR.YE)(BYS.YE)(BY]. YY) (BY§. Vi) + O(dy™)

N a,B.n.

= w(B)* + 0(dy).

Similar arguments show that

4w(B) o ya
BTy =——5— > 3 (BY{.YR)BYL.YINBY. YY)
N k,jeln a,B,n
1 —¢!
g(l + 8ap + Okj (Ban + 8y + 28088p,)) + O(dy ?)
= —4w(B)* + 0(dy™),
20)(3)2 1 —&
BTs = =5 3 Y (BY§.YRUBYR.YN) = (1 +dup) + Ody")
N kjely aB N

= 2w(B)* + O(df%),
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40(B
ET, = “’( ) > Y (BYR.YRNBYR.Y, )d2 (1 4 8kjban) + O(dy )
N k,jeln N

= 40(B)* + O(dN83),

ETs = — 4“’(3) 3 ZBYN,YN dl I w(B)* + 0(dy™)

k,jely « Nk]EIN

- —4a)(B)4 + (B + 0(dy™).
As before, the factors of w(B)* cancel exactly, and we are left with
EZ% = ETy + -+ ETs = 0(dy ™" ") = 0(d5?).

This concludes the proof of Proposition 1. |

3. Proof of main theorems

We now return to Theorem 1 and Theorem 2, which do not have invariance
assumptions on the operator A € W°(S?). This means that we can no longer
assume a priori (as we did in the previous section) that the matrix elements
(AY ¥, Yf,) vanish for « # . We will show, however, that by taking a Fourier
series representation of the operator A and using orthogonality properties of the
spherical harmonics, the general case reduces to the rotationally invariant case.

3.1. Reduction to Fourier coefficients. The goal of this section is to obtain a
Fourier series representation for a general pseudo-differential operator. Let rg
denote rotation about the z-axis by angle 6, that is, if we write a point x =
(cos T sin¢, sin T sin ¢, cos ¢) € S? in spherical coordinates, then

ro(x) := (cos(t — @) sin ¢, sin(t — 6) sin ¢, cos ¢).
Given 4 € W°(S?), form a new operator
Ag :=rjAr*, e WO(S?),

where (ry9)(x) := @(rg(x)) for any smooth function ¢ € C>®(S?). Forn € Z,
the Fourier coefficients A (n) of Ay are defined by

An) = ]{91 e 4 dO € WO(S?). (19)

These new operators are related to the original operator A in the following way.
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Lemma 3.1. The partial sums Zlnl N A (n) converge in the operator norm to A
as N — oo.

Proof of Lemma 3.1. Let Dy denote the generator of z-axis rotation so that ry =
e~'%P¢_ Then, since Dg and rj commute, we have

0 1 1
ﬁAg = ?(DQAQ — AgDy) = l— adDQ(Ag) € ‘-IJO(M)

This implies that the map 6 — Ay is differentiable, and by elementary properties
of convolution with the Dirichlet kernel Dy (0) = Z,],V:_ N ¢"% we get uniform
convergence

N N
Yo Amy = ) ][ e—""eAgde:][ Dn(0)Agdd — Ag=A. O
n=—N n=—N st st

Lemma 3.2. Forn # 0, we have ||ff(n)|| = O(n~") for every £ > 1.

Proof of Lemma 3.2. Integrating (19) by parts gives

2w

nA(n) = zl—ne_i”GAg

- ][ e~ adp, (Ag) df = — ][ e~ "% adp, (4g) db.
6=0 s1 sl

It follows that integrating by parts £ times yields
(-m A = f e (adn,)(A0) db,
Sl

Since (adp,)f(4g) € WO(S?) for all £ > 1, we conclude that n||A(n)| =
o). 0

These lemmas allow us to replace A with finite sums of the form Zlnl <N A (n).

We record several facts about the operators Al (n). First, conjugating by rotation
A+ ryAr*, = Ag changes the principal symbol of A by the canonical transfor-
mation on the cosphere bundle:

04, (x,§) = 0a(ro(x). (Dr_g(x))'€).

From definition (19) of A (n) we see

oo = [ a0 (o)) ddd
0)

o) ifn=o,
0 ifn #0,
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with the second equality following from interchanging the order of integration
and using the fact that the Liouville measure p; is invariant under canonical
transformations.

Second, from the definition of spherical harmonics, for each fixed n the matrix
elements of A(n) are related to those of A by the identity

(ff (n)Yx, Yf,) = simultaneously for all N.

(AYR,Yy™) ifa=pB+n
ifa£B+n

(21)
In other words, the infinite block-diagonal matrix with blocks of the form

(A)Y 8. Y g
is obtained from the infinite block diagonal matrix with blocks

(v v, B=—N

by replacing all the entries except those on the nth diagonal above (or below,
depending on the sign of n) the main diagonal by zeros.

3.2. Computations with Fourier coefficients. Having defined Fourier coeffi-
cients A(n) and discussed their properties, we proceed to compute the expected
value and second moment of the associated random variables

Wan = — Z A YNk Vi) — o(Am)
kEIN
d Z ‘ (AY N, Y un g (@)uni (@) — a)(A)‘2 iftn=0,
N kEIN a=—N+n
1 N ]
=2 ‘ > <AY1$’Yﬁ_")uzv,k(a)uzv,k(a—n)‘ if n 0,

where the second equality is obtained by first writing ¥y in terms of Y5 us-
ing (4), and then applying (20) and (21). We make the crucial observation that the
discussion following (21) implies the identity

Xy =) Wy foreach N =0.12..... (22)

nez

The asymptotics for EW, y and Ean’ n can be easily computed.
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Lemma 3.3. For each fixed n € Z, we have EW, n = O(dy*) and ]EWn%N =
O(d;,g/)for some &, &' > 0 guaranteed by Theorem 1.1.

Proof of Lemma 3.3. Thanks to (21), we recognize that /T(O) is a rotationally
invariant operator of the kind considered in Section 2. Thus, when n = 0 the
statement of the lemma follows from Proposition 1.

When n # 0, expanding the square yields

Wun = — Z S (AYE YETHAYE YT
kGIN o,B

unk(@unk(B)uni(a —nm)un (B —n).

Appealing once again to the asymptotic formula (13), we find

Euyi(@uni(Buni(@—nuyg(B —n))
= dﬁ2(5a,a—ngﬂ,ﬂ—n + 8a,ﬂ—n8ﬂ,a—n) + 0(dﬁ2_8).

Since n # 0 by hypothesis, by what is now a standard argument we conclude that
all the terms in the expression of IEW, x that contain Kronecker delta functions
are of order at most O(dy"), so EW, x = O(dy°).

The second moment computation is equally straightforward. Indeed, we have

YN AV YT AY R YT W AY R YT AY L YT

1
_2
Nk/GINaﬂnS

unk(un i (Buni(@—n)uyi(f —n)

un,j(mun,; un,j(m—n)un,;(E—n).

It is easy to verify using (13) that the expected value of the product of eigenvector
components is asymptotically zero because every term in the asymptotic formula
contains a factor of 84,4—pn forn =1,...,4. O

3.3. Approximation argument. We finish the computations for EXy and EX3
by an approximation argument.

Proof of Theorem 2. Fix some small constant w > 0, then by (22) there exists
M > 0 such that - p Wa,n < @. Using Lemma 3.3 for the asymptotics of
EW, n yields

Exy <B( ) Wan + a)) = 3 EWan +o = 0(dy) + .
|n|l<M |n|l<M
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The asymptotics for the second moment is similarly computed using the ele-
mentary inequality (a; + -+ + am)? < m(a} + --- + a2,) and Lemma 3.3:

2
EX} <B( Y Wan +0)
|n|<M
S@M+1) Y EWXy+20 Y EW,y +o?
[n|l<M |n|<M

= 0(dy®) + 0(dy®) + 0.
Since w is arbitrary, Theorem 2 is proved with ¢9 = ¢ and ¢, = min{e, ¢'}. |

Proof of Theorem 1. Let o3 := EX3 — (EXy)? be the variance of the random
variable X . Theorem 1 shows that the sequence {Xy} satisfies Kolmogorov’s
convergence criterion, that is, > 3 _; 0% /N? < co. We may therefore invoke the
Strong Law of Large Numbers to conclude that the partial sums ﬁ ZAN4=0 XN
converge to its expected value almost surely. But EXy = O(dy°®), which implies
that the expected values of the partial sums converge to zero, finishing the proof
of Theorem 1. O
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