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The gDMP inverse of Hilbert space operators

Dijana Mosi¢ and Dragan S. Djordjevi¢!

Abstract. We define a new generalized inverse (named the gDMP inverse) for a Hilbert
space operator using its generalized Drazin inverse and its Moore-Penrose inverse. Thus,
we extend the DMP inverse for a square matrix to more general case. Also, we introduce
two new classes of operators, g-EP and g-normal operators which include, respectively,
EP operators and normal operators. A new binary relation is associated with the gDMP
inverse is presented and studied. The notion of core-EP inverse for matrices is extended to
generalized Drazin invertible operators on Hilbert space.
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1. Introduction

Let X and Y be arbitrary Hilbert spaces. Denote by B (X, Y) the set of all bounded
linear operators from X to Y. Set B(X) = B(X, X). For an operator A € B(X,Y),
the symbols N(A), R(A), o (A), respectively, will denote the null space, the range
and the spectrum of A.

If A € B(X,Y) and there exists some B € B(Y, X) such that ABA = A, then
B is an inner generalized inverse of A and the operator A is relatively regular.

An operator A € B(X) is called generalized Drazin invertible (or Koliha—
Drazin invertible, or quasipolar), if there exists some B € B(X) satisfying

BAB =B, AB = BA, A— A?B is quasinilpotent.

The generalized Drazin inverse B of A is unique and it is denoted by A%, in the
case when it exists (see [6, Theorem 7.5.3], [8]). The set of all generalized Drazin
invertible operators of B(X) is denoted by B(X)<.
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The Drazin inverse is a special case of the generalized Drazin inverse for which
A — A?B is nilpotent, and it is denoted by AP [4]. The condition 4 — A2B is
nilpotent is equivalent to A**!B = A¥, for some non-negative integer k. The
smallest k such that A¥*1 B = Ak holds, is called the index of A4 and it is denoted
by ind(A). If ind(A) < 1, then A is group invertible and A” is the group inverse
of A denoted by A*.

If A is generalized Drazin invertible, then A* is generalized Drazin invertible
and (4%)? = (49)* [9, Lemma 1.3]. It is easy to see that if A is a quasinilpotent
operator, then A4 exists and 42 = 0. The generalized Drazin inverse of 4 is in the
double commutant of A, that is, for C € B(X), AC = CA implies AC = CA?.

Recalled that, for 4 € B(X), A9 exists if and only if 0 ¢ acc o(A4). If
A € B(X) is generalized Drazin invertible, then the spectral idempotent A™ of
A corresponding to {0} is given by A¥ = I — AA“. The operator matrix forms
of A and A? with respect to the space decomposition X = N(A™) & R(A™) are

given by
A1 O d ATl 0
A= A = |71 1
[0 Az} and [ 0 0}’ M

where A; is invertible and A, is quasinilpotent. Notice that previous decompo-
sitions are not orthogonal. If we denote C4 = [4! 3] and Q4 = [{ 4, |, then
A = C4q + Q4 is known as the core-quasinilpotent decomposition of A. The
operator Cy4 is called the core part of A and Q4 is called the quasinilpotent part
of A. Notice that C4 = A%A49 is group invertible, C# = A9, Q4 = AA™ and
Cs104=0= Q4Cy.

The Moore—Penrose inverse of A € B(X,Y) is the operator B € B(Y, X)
which satisfies the Penrose equations

ABA=A, BAB =B, (AB)*=AB, (BA)*= BA.

The Moore—Penrose inverse of A exists if and only if R(A) is closed in Y. If the
Moore—Penrose inverse of A exists, then it is unique, and it is denoted by AT,

Recall that an operator A € B(X) is called the EP operator, if R(A) = R(A%).
Also, if A is an EP operator, then N(4) = N(A*). If A € B(X) has a closed
range, then A is an EP operator if and only if AT = A*,

An operator A € B(X,Y) with closed range satisfying A* = AT is called a
partial isometry.

Recall that a binary relation on a set is called pre-order if satisfies reflexive and
transitive properties, and it is called a partial order relation if satisfies reflexive,
antisymmetric and transitive properties.
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The star partial order was defined by Drazin [3]. Dolinar and Marovt [5]
generalized the definition of the star partial order to B(X) and proved that the
star order (A <* B) is a partial order on B(X). For 4, B € B(X),

A<*B < (A*A=A"B and AA* = BA™).
If A has a closed range, than this order may be characterized as
A<*B < (ATA=A4"B and AA" = BAT).

Semrl [16] extended the definition of the minus partial order to B(X). In [14],
the minus partial order was defined only for relatively regular operators as: let
A, B € B(X,Y) be relatively regular, then A is said to be below B under the
minus partial order (A <~ B) if there exists an inner generalized inverse A~ of A
such that

ATA=A"B and AA™ = BA™.

The minus partial order is a partial order on the set of all relatively regular
operators from B(X, Y).
For A, B € B(X) such that ind(A4) < 1, the sharp order is defined by

A<"B < A*A=A"B and AA* = BA".

The sharp order is a partial order on the set of operators {4 € B(X):ind(A4) < 1}.

The generalized Drazin pre-order as an extension of Drazin order for complex
matrices [11], and it was defined in [12]. Let A, B € B(X) be the generalized
Drazin invertible such that A = C4 + Q4 and B = Cp + Qp are the core-
quasinilpotent decompositions of 4 and B respectively. The operator A is said to
be below B under the generalized Drazin relation (A <d B)if C4 <* Cg. The
generalized Drazin relation is a pre-order on B(X)<.

Theorem 1.1. [12] Let A, B € B(X) be generalized Drazin invertible such that
A =Cyq+ Qg and B = Cp + Qp are the core-quasinilpotent decompositions of
A and B respectively. Then A < B if and only if

A4 =A9B and AA? = BAY.

Malik and Thome [10] introduced a new generalized inverse called DMP
inverse for a square matrix A of index m using the Drazin inverse A” and the
Moore-Penrose AT of A as AP>T = AP AAT. This generalized inverse extends the
notion of the core inverse, presented by Baksalary and Trenkler in [1] while they
necessarily require m < 1.
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In [13], the core-EP inverse is introduced for a square matrix over an arbitrary
field which. The matrix is not essentially of index one, so the core inverse is
extended.

We define a new generalized inverse, the gDMP inverse for a generalized
Drazin invertible operator A € B(X) with a closed range using its generalized
Drazin inverse and its Moore-Penrose inverse as an extension of the DMP inverse
for a square matrix introduced in [10]. As a generalization of EP operators, we
investigate g-EP operators. g-normal operators, which extend normal operators,
are presented, and we study their relations with g-EP operators. Some properties
of a new binary relation via the gDMP inverse are given with respect to the
generalized Drazin pre-order and the star partial order. We present the core-EP
inverse of an operator on Hilbert space as a generalization of core-EP inverse for
matrix.

2. gDMP inverse

In this section, we introduce the gDMP inverse of a Hilbert space operator using
its generalized Drazin inverse and its Moore—Penrose inverse.

First, we investigate a new generalized inverse from a geometrical point of
view.

Theorem 2.1. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. The system of conditions

AB = PR(AAdA),N(AdA*)’ R(B) C R(AAd), (2)
is consistent and it has the unique solution B = A4 AAT.

Proof. We know that AA%AAT isa projector onto R(AA%A) along N(A9 ATy and
R(A?AAT) € R(AA%). So, B = A? AAT satisfies conditions (2).
If two operators B; and B, satisfy conditions (2), then

A(B1 — B2) = Preaad a),n(ad aty — Priaad ay,nad a1y = 0.

So, R(B; — B;) C N(A) C N(A?4). By R(B;) C R(AA%) and R(B,) C
R(AA%), we conclude that R(B; — B2) C R(AA?) N N(AA%) = {0} implying
B1 = B;. Hence, only one B satisfies (2). O

Definition 2.1. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. The gDMP inverse of A is defined as

AGT = 49 447,
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Let A € B(X) be generalized Drazin invertible such that R(A) is closed.
Consider the system of equations

BAB =B, BA= A%A. (3)

This system of equations is obviously consistent, since B = A9 AA" is one of
its solutions.

Theorem 2.2. If A is generalized Drazin invertible, R(A) is closed, and B
satisfies (3), then A2(B — A") is quasinilpotent.

Proof. Notice the following:
o(A2(B — AT) U {0} = 0 ((A(B — AT)A) U {0} = (4494 — 4) U {0} = {0},
since AA? A — A is quasinilpotent. |

The gDMP inverse of a Hilbert space operator can be seen as a generalization
of the DMP inverse of a complex square matrix presented in [10] as an extension
of generalized inverse introduce in [15] for matrices of index m < 1, and it is also
an extension of the core—inverse [1].

Let the generalized Drazin invertible operator A € B(X) have a closed range.
By [2, Lemma 1.2], the operator A has the following matrix representation with
respect to the orthogonal sums X = R(A4) & N(4A*):

A1 Ay R(A) R(A)
A= : , 4
[ 0 0 } [N(A*) — v @
where D = A; A} + A> A} maps R(A) into itself and D > 0 (meaning D > 0
invertible). Observe that A, A, and D are linear bounded operators. Also,

AtD™' 0
At =1 : 5
R 5
Suppose that
B, B
A4 =
[33 34]

is the generalized Drazin inverse of A. Since A4 = AA¢ is equivalent to
B1Ay = A1B1 + A3 B3,

B1A42 = A1B> + A3 Ba,
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B3A1 == O,
B3A, =0,
then 49447 = A4 implies
B3 =0 = By,
B1A1 By = By,
B1A1B, = B».

So, BiA; = A1B; and B1A>, = A1 B>. Now, it follows
By = B1A1B> = B1B1 Ay = (B1)*As.

Because

A gl — [A1— BB A — A3B
0 0
is quasinilpotent and o(4; — A2B;) C o(4 — A2B) U {0} = {0}, we deduce that

A — A%Bl is quasinilpotent. Hence, B; = A‘{ and

a_ [A? (AD24] [ R(A) R(A)
A‘[5 10}{MNJ_{MNJ (©)

The gDMP inverse of A is given by

ai _ qd g qt _ [AT OL[RAT] _ [ R(A)
A ‘AAA‘[JO]bMJ bmJ'

So, we just proved the following theorem.

Theorem 2.3. Let A € B(X) be the generalized Drazin invertible such that R(A)
is closed and A is written as in (4). Then

ai _[AT O).[ R _ [ R
A ‘[50]bm4 bm&‘ @)

The canonical form for the DMP inverse of a square matrix was present in [10]
using the Hartwig—Spindelbock decomposition [7] which is a powerful tool to
investigate various classes of complex square matrices. We use the matrix form
of alinear bounded operator (4) which is induced by some natural decompositions
of Hilbert spaces.

Notice that we can define the outer inverse AT¢ = AT 444 of the operator 4
given by (4) and it has the following decomposition:

A ATD7'A; 49 AYDT'A%4,
A3D7 449 AZDTTAd AL |
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Some properties of the gDMP inverse are given in the next result.

Theorem 2.4. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. The following statements hold:

(@) AA%T is a projector onto R(AA% A) along N(A4 AT).
(b) A%TA = A2 A is a projector onto R(A% A) along N(A? A).

We also prove the following result.

Theorem 2.5. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. Then A%TA = AA%T if and only if A%T = A4,

Proof. Notice that, by (6) and (7),

AYTA = A4 = Al4, =0 = (49?4, =0 = 49T =49, O

3. g-EP operators

We define g-EP operators as an extension of EP operators. In this section we
investigate properties of g-EP operators.

Definition 3.1. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. The operator A is called g-EP if the following holds:

lim (ATA™T149 — Am+1 44 4T) = 0.

m—00

Observe that, an operator A is g-EP if and only if A* is g-EP. Obviously, if 4
is an EP operator, then A is g-EP. Also, any invertible operator is g-EP. Clearly,
any quasinilpotent operator with the closed range is g-EP operator.

Theorem 3.1. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. If the notations from (4) are retained, then A is g-EP if and only if the
Jollowing conditions hold:

@) mlgnoo(A;D—lAT“Af —AmAd) =0,
(i) lim A3D~1ATT A =0,

(iii) lim_ AmAd 4, = 0.
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Proof. Since the decomposition X = R(A4) & N(B™) is orthogonal, we use the
fact that a sequence of block matrices converges if and only if every sequence of
entries converges.

If A is written as in (4), then AT and 49 are written as in (5) and (6), respec-
tively. Also, we have

Am+1 — Iélrln_‘_1 14’1'1142
0 0o |

Now, lim (ATA™+1 A9 — Am+1 44 AT) = 0 is equivalent to each of the following:
m—00
mli_r)rgo(A’fD_lAT“Af —A™A9) =0,
. * y— d
lim_A7D AT A9 4, =0,
lim A3D~1ATT 44 =0,
m—00

lim A3D'AT A9 4, = 0.

m—00

We only need to prove that the second and the forth equation are equivalent to (iii).
By

|AT A Az|| = | DD AT AY A, ||
< |A1ATD T AT AL Az|| + || A2 A5 DT AT AL Ay |
< | A AT DT AT AT Az + | A2|l| A5 DT AT AY A, |,

the second and the forth equation imply (iii). From lim A" A¢ A4, = 0 and
m—00

IATD I AT AL A, < | ATD 7Y AT A9 A,

we get the second equation. In the same way we obtain that (iii) implies the forth
equation. O

Now, we investigate some properties of g-EP operators.

Theorem 3.2. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. Then A is g-EP if and only if

lim (ATAm-l—ZAd _ Am+1Ad) =0 and lim (Am+2AdAT _ Am+1Ad) =0.
m—00

m—00
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Proof. Assume that A4 is g-EP. By

lim (ATA"T149 — A+ 494 41 = 0,

m—0o0
we get
ATAm—l—zAd . Am+1Ad — (ATAm_HAd _ Am—l—lAdAT)A
and
Am+2AdAT_Am+1Ad — A(Am-HAdAT —ATAm-HAd),
we have
lim (ATA7"T249 — Am*+149)y =0
m—00
and
lim (A"2494T — Am+149) = 0.
m—0o0
If
lim (ATA™H249 — gm+14dy = 0
m—00
and
lim (A"T249 4T — A1 49) = o,
m—00
then we get
lim (ATA"T249 — Am+2 49 41 = 0,
m—00
which implies that A4 is g-EP. O

Theorem 3.3. Let A € B(X) be g-EP and a partial isometry. Then

Tim (T4 ATy = a(atym ah)d) = o,

Proof. Since A is g-EP, then

lim (ATA7F149 — Am+1 44 4Ty = 0.

m—>c0
From A* = AT, we get

(ATAmHT AT — A7+ AT AT = (A9)*(A™)* ATA — AAT(A™)*(A9)*

= (DTN A — ATy ane

Thus, the proof is completed. O
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4. g-normal operators

In this section, we present g—normal operators and study their relation with g-EP
operators.

Definition 4.1. Let A € B(X) be generalized Drazin invertible. The operator A
is called g—normal if the following holds:

lim (A*A™ 149 — AmF1 49 4%) = 0.

m—00

We prove the next result.

Theorem 4.1. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. If we retain the notations from (4), then A is g—normal if and only if the
Jollowing conditions hold:

(i) lim (A7ATT1A] — A7 A{D) =0,
(i) lim 4347 A{ =0,
(iii) lim A7 A{A; =0,

Proof. In the similar way as in the proof of Theorem 3.1, we can show this
theorem. u

We prove that under some conditions g—normal and g-EP operators coincide
in the following theorem.

Theorem 4.2. Let A € B(X) be the generalized Drazin invertible such that R(A)
is closed. If we retain the notations from (4), then A is g—normal if and only if A
is g-EP and
lim (DAT A — AT AT D) = 0.
Proof. Suppose that A is g—normal. By Theorem 4.1,
n}i_r)lloo(ATA’l”“A‘f — AT AYD) =0

and

. * qm+1 4d _
lim_A347*14f = 0.



The gDMP inverse of Hilbert space operators 565

From
| DA A] — AT A{D| < | A ATATH A] — A7 A{ D
+ [ 4245471 AT
< |l AT AT+ AS — A7 A D||
+ |42l 45 AT+ AT,
we obtain
lim (DAT A — AT A{D) =0, 8)
Since

[ASATH AL — AXD I AT AL D) < | ALD || DATH A4S — AT A9 D,

by (8),
mli_r)noo(A;A’l”HA”l’ — AZDT' AT 49D) = 0.

Now, using
|43 D7 AT AT D < | A3 AT AT + | 4547 AT — 45D 7T AT AT D,

we deduce that

lim A3D~'ATM 49D =0

m—00
which yields the condition (ii) of Theorem 3.1:

. * 1y — d
lim A3D tAmt A = 0.
The equalities (8) and
ATATTIAS — AT A9 D — (ATDTI AT AY D — AT A9 D)
= ATDTH(DATT A — AT A{ D)
imply
mli_r)noo[A’fATHA‘ll —ATAID — (ATDTIA™TIAYD — AT A9 D)) = 0.
We can check that
mli_r)noo(A’fD_lAT“A‘l’D —A™A9D) =0
which gives condition (i) of Theorem 3.1:
mli_r)noo(A’fD_lAT“Af — AT A% = 0.

So, by Theorem 3.1, we conclude that A is g-EP.
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If Ais g-EP and

lim (DA™ 49 — A"t 49 D) =0,

m—>00
by Theorem 3.1,
”}gnoo(AfD_lAT+1Af — AT A =0
and
lim_ AZDTIATTI 49 = 0.
Then, by

|45 AT ALY < | 45D DAPT A — 43D AT AL D
+ 143D AT A{ D
< |43 D7 DATH A — AT+ A D)
+ Azt ATH ALY D,

we have that the condition (ii) of Theorem 4.1 lim A% AT +1A”11 = 0 holds.
m—0o0

Observe that, from
AT AT A — AT A{D — (A}DT' AT+ A{D — AT A{ D))
<[l A} D7 DAY A{ — ATDT AT A D||
< |A} DT IDATT A — AT A{ D,
it follows
lim [ATATH A — A7 A{D — (47D AT A{ D — AT A{ D)) = 0.
Further, by
|ATAT A — AT A{ D
< | ATATTIAL — AT AYD — (ATD AT AY D — AT A9 D))
+ | ATDr AT AL — A A1 D],

notice that the condition (i) of Theorem 4.1
. * d d
mlgnoo(AlA’{’“A1 —ATA{D) =0

is satisfied. Using Theorem 4.1, we deduce that A is g—normal.
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Notice that a partial isometry is a g-EP operator if and only if it is g—normal
operator.
Next, we verify that a g—normal operator is also g-EP in general.

Corollary 4.1. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed. If A is g—normal, then A is g-EP.

Proof. If A is g—normal, by definition,

lim (A*A™F1 A9 — AmF1494%) = 0,

m—00

which gives

lim ATAA*A™ 49 — A" 47 4% (AT = 0

m—00

and
lim (A*Am+1Ad —Am“AdA*)(AT)* =0.
m—0o0
Thus,
lim (A*A 149 (AT)* — ATA"T249) =0
m—0o0
and
lim (A*A™ 1 A9 (ATYy* — 4mF14%) = 0.
m—0o0
Then, from

||ATAm+2Ad _Am+1Ad|| < ||ATAm+2Ad _ A*Am-f-lAd(AT)*”
+ ||A*Am+1Ad(AT)* —Am+1Adl|,

we deduce that
lim (ATA™T249 — Am+149) = 0.

m—00

Similarly, we can prove that

lim (A™+249 47 — Am+149) = 0.

m—00

Hence, by Theorem 3.2, A4 is g-EP. O
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5. Binary relation via gDMP inverse
We introduce a new binary relation associated with the gDMP inverse.
Definition 5.1. Let A, B € B(X) and let A%-" be the gDMP inverse of A. Then
A <®T Bif
AA%T = BAYT and  A9TA = 49TB.
Obviously, the relation "<d. " js reflexive, but this relation is not transitive as
we will see in the next example. Thus, this relation is neither a pre-order nor a

partial order on B(X).

Example 5.1. Consider complex 3 x 3 matrices
0 00 010 1 20
A=|0 0 0|, B=|0 0 0 C=13 40
1 11 1 11 0 01

Then 49 = A* = 4,

00 3 00 0
At=10 0o 1|, 4%T=|0 0 o],
1

005 0 0 1
00 0 -3 0 3 00 0
B=BP =10 0 o|, B'=| 1 0 of|, B4%"=|0 0 0
1 2 1 _1 g 1 1 01

2 2

Since A9TA = A4 = A4TB, AA%T = 49T = BAdT CB4T = B4T = BB4 T,
B4TC = BP = B%TB and A%T4 = A # A4T = A%4TC, we deduce that
A <4t B, B<%T Cand A 247 C.

The relation between the "<?-1" and the generalized Drazin pre-order are given
in the following theorems.

Corollary 5.1. Let A, B € B(X) such that A has a closed range, and (using
notations from (4)) (A‘11)2A2 = 0. Then A <% B ifand only if A < B.

Proof. The hypothesis (49)24, = 0 gives 44T = 49, O
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Theorem 5.1. Let A € B(X) be the generalized Drazin invertible such that R(A)
is closed and N(A*) C N(A%). If B € B(X), then A <%t B if and only if
A<?B.

Proof. From R(I —AAT)=N(A*)C N(A?), we obtain A4 T=A4944T=44, O

Theorem 5.2. Let A, B € B(X) such that A is g-EP and ||A%|| < 1. Then
A <%t Bifand only if A < B.

Proof. Supposethat A <%t B. From A4%T = BA%T ie. AA? AAT = BA? AAT,
note that

AA? = AAAATAAY = BAYAATAAY = BAY.
Since A%TA = A4 TB, then A9A = A% AATB which gives
AdA _ AdB — (Ad)m+1Am+1 _ (Ad)m+1AmB
= (AD)"[A" A AAT — AT A1 49]B.
As Ais g-EP, we get
IAYA — A2 B|| < [|(AD)™[[| A A% AT — ATA™ T 49| B —> 0,

when m — oo. Hence, A4 = A? B implying A <¢ B.
If A <? B, then A24 = A% B = BA?. We now get

AATT = 44944 = BATAAT = BAYT,
Also, we have A" +249 = Am+1 49 4 = A™+1 49 B which yields
AYAATA — AT AATB = (A9 T1Am+2 49 — g +2 49 AT B)
— (Ad)m+1[Am+1Ad _ Am+2AdAT]B
Because A is g-EP, by Theorem 3.2,
1ADTA — ATTB|| < (A" 1] A7 A% — A™H2 47 47| B|| — O,

when m — co. Thus, A%TA = A%TB and 4 <?-T B. 0O



570 D. Mosi¢ and D. S. Djordjevi¢

Remark. By the proof of Theorem 5.2, observe that for a generalized Drazin
invertible A € B(X) such that R(A) is closed and for B € B(X) the following
statements hold:

(a) If A <%T B, then AA¢ = BAY;
(b) if A <9 B, then AA%T = BAZT,
(c) if AA? = BA? and AYB = At A, then 4 <% B;

(d) if A <% B and the implication AT(4 — B)4? =0 = AT (4—-B)=0is
satisfied, then ATB = AT A;

(e) if A <* B, then A%TA = A% TB,
(f) if A <* Band AAYB = BAA?, then A <%t B.

By Theorem 5.2, we see that the following corollaries hold.
Corollary 5.2. The relation "<%1" is a pre-order on the set of operators
(A is g-EP: ||A%] < 1.
Corollary 5.3. The relation "<% 1" is a pre-order on the set of operators
{A is g-normal: | A%| < 1.
Now, we consider the relation between the "<?-1" and the star partial order.

Theorem 5.3. Let A, B € B(X) such that A is generalized Drazin invertible with
a closed range. If the notations from (4) are retained, A% = A¥D v and A5 =0,
then A <%% B ifand only if A <* B.

Proof. From A9 = A¥*D~! and A, =0, we conclude that A% T = AT, O

Theorem 5.4. Let A € B(X) be generalized Drazin invertible such that R(A) is
closed and R(A*) C R(A%). If B € B(X), then A <%T B if and only if A <* B.

Proof. By R(AT) = R(4*) c R(A?) = R(A%A) and A% A is a projector, we
have AT = A9 44" = AT, O

As a consequence, we have the next result.
Corollary 5.4. The relation "<%" is a partial order on the set of operators

{A € B(X)?: R(A) is closed and R(A*) C R(A%)).
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6. Core-EP inverse

In this section, the core-EP inverse and the *core-EP inverse are presented for
generalized Drazin invertible operators extending the core-EP inverse and the
*core-EP inverse, respectively, which are defined in [13] for matrices.

Definition 6.1. Let A € B(X) be generalized Drazin invertible. An operator
B € B(X) is a core-EP inverse of A4 if

BAB = B, R(B) = R(B*) = R(44%).

Definition 6.2. Let A € B(X) be the generalized Drazin invertible. An operator
B € B(X) is a *core-EP inverse of A if

BAB = B, R(B) = R(B*) = R((44%)*).
We characterize the core-EP inverse of operators in the following theorem.

Theorem 6.1. Let A € B(X) be generalized Drazin invertible. Then B € B(X)
is a core-EP inverse of A if and only if

BAB = B, (AB)* = AB, (BA—1)AA? =0, R(B)C R(AAY).
Proof. Suppose that B € B(X) is a core-EP inverse of A. Since BAB = B, we
obtain R(BA) = R(B) = R(AA?) which yields BAAA? = AA?. Also, we have

R((AB)*) = R(B*A*) = R(B*) = R(44%)
and
R(AB) = AR(B) = AR(AA%) = R(A%2A4%) = R(AA%).

Hence, R((AB)*) = R(AB), that is, idempotent AB is an EP operator. So,
(AB)* = AB.

Conversely, by BAAAY = AA¢ and R(B) C R(AA?), we deduce that
R(B) C R(AA%) C R(B),i.e. R(B) = R(AA%). The assumptions BAB = B
and (AB)* = AB give

R(B*) = R(B*A*) = R(AB) = AR(B) = R(A?A%) = R(AAY).
Thus, B is a core-EP inverse of A. O

Notice that, if A4 is group invertible in Theorem 6.1, then we obtain BA? = A
and also ABA = A.
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In the similar way as in the proof of Theorem 6.1, we can verify the next result.

Theorem 6.2. Let A € B(X) be generalized Drazin invertible. Then B € B(X)
is a *core-EP inverse of A if and only if

BAB = B, (BA)* = BA, AAY(AB—1)=0, R(B*)C R((AAY)").
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