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Wave propagation on Euclidean surfaces
with conical singularities.
I: Geometric diffraction

G. Austin Ford, Andrew Hassell, and Luc Hillairet!

Abstract. We study wave diffraction on Euclidean surfaces with conic singularities (X, g).
We determine, for the first time, the precise microlocal structure of the wave at the inter-
section of the direct (or geometric) and diffracted fronts. Namely, we show that the wave
kernel is a singular Fourier integral operator in a calculus associated to two intersecting La-
grangian submanifolds (corresponding to the two fronts), introduced originally by Melrose
and Uhlmann [23].

We investigate the singularities of the trace of the half-wave group, Tre ! VA,
on (X, g). We compute the leading-order singularity associated to periodic orbits with
successive degenerate diffractions. This result extends the previous work of the third au-
thor [12] and the two-dimensional case of the work of the first author and Wunsch [10] as
well as the seminal result of Duistermaat and Guillemin [7] in the smooth setting.

In future work, we shall use these results to obtain inverse spectral results on Euclidean
surfaces with conic singularities.
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0. Introduction

In this article, we investigate the spectral geometry of Euclidean surfaces with con-
ical singularities . We determine the precise microlocal structure of the half-wave
propagator, e~ VA neara ray that undergoes one or two degenerate diffractions.
Using this, we compute the leading-order singularity of the trace of the half-wave
group, Tre~#* VA associated to an isolated periodic orbit undergoing two degener-
ate diffractions through cone points. For example, if the periodic orbit has length
L and undergoes degenerate diffractions through two cone points at a distance b
apart, we show that the associated wave trace singularity is

! Vb(L —b)-(t —L—i0)"!, (0.1)

4im?

0.1. Background. Spectral geometry typically aims at understanding the rela-
tions between the spectrum of the Laplace operator on a Riemannian manifold and
the geometry of the associated geodesic flow. These relations may be revealed by
the study of wave propagation. For instance, the Poisson relation states that the
trace of the wave propagator is smooth except possibly at the lengths of periodic
orbits. Moreover, in a generic and smooth situation, the singularity that is brought
to the wave trace by a particular periodic orbit can be fully understood and leads
to the definition of the so-called wave-invariants (see [7]). These wave-invariants
may then be used for instance in inverse spectral problems. They also serve as
a particular motivation to study wave propagation on different kinds of singular
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surfaces. We will focus on Euclidean surfaces with conical singularities since this
general setting includes polygonal billiards and translation surfaces, both of which
are very interesting and natural.

The basic new feature of wave propagation on singular manifolds is the di-
chotomy between waves that hit the singularity — that are then diffracted in all
possible directions — and waves that miss the singularity and propagate accord-
ing to the usual laws for smooth manifolds. This fact leads to the definition of
the so-called geometric (or direct) front that consists of rays that miss the vertex
and the diffracted front that consists of rays that hit the vertex and are reemit-
ted in all possible directions. On a two dimensional cone, these two fronts share
two rays in common that correspond to the limit of rays that nearly miss the cone
point from one side or the other. In the literature, these two rays are called ei-
ther “geometrically diffractive” [24] or “singular diffractive” [12]. We will use
here the former terminology. On a compact surface with conical singularities the
situation quickly becomes complicated, for a diffractive ray may hit successive
conical points and experience new diffractions that may be singular and so on.
These diffractive phenomena are established in the quite abundant literature on
wave propagation on singular manifolds starting with Sommerfeld’s result for Eu-
clidean sectors or cones [27]. Among the important milestones of this story are
the studies by Cheeger and Taylor for cones of exact product-type [4] and [5] and
by Melrose and Wunsch in the general case [24].

Over the years, there has been investigation of the impact of diffraction on the
wave-trace. For instance, Wunsch showed in [28] that singularities may appear at
length of periodic diffractive orbits. For some periodic diffractive geodesics, the
leading singularity is then computed in [12] in the Euclidean case and in [10] in
a more general case (see also [3] for related results from a physics perspective).
Both these results are built upon a precise description of the wave propagator that
is microlocalized in the vicinity of given periodic (possibly diffractive) geodesic.
However, none of these studies attempted to determine the precise microlocal na-
ture of the propagator near a geometrically diffractive ray: in [10], it is assumed
that no geometric diffraction occurs (with a non-focusing assumption that would
be automatically satisfied in our case), while in [12], it is assumed that the periodic
geodesic has at most one geometric diffraction. The main purpose of the present
paper is to fill this gap i.e., to give a precise microlocal description of the wave
propagator near the geometric diffractive rays, on a Euclidean surface with coni-
cal singularities. More precisely, we will identify the microlocalized propagator
near a ray that undergoes one or two geometric diffractions as an element of the
Melrose—Uhlmann class of singular Fourier Integral Operators ([23]), associated
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to either two, or four, Lagrangian submanifolds. One advantage of this identifica-
tion is the ease of computing wave trace singularities, such as (0.1), using standard
methods such as stationary phase.

This is the first article in a planned series of three concerning wave propagation
on Euclidean surfaces with conical singularities (that we will denote by ESCS in
the sequel). In the second paper, we will show how to compute wave traces for
any closed orbit on an ESCS (with any number of geometric diffractions). In
the third paper, we will apply our results to inverse spectral results, specifically
isospectral compactness in the class of ESCSs. To keep the length of the present
paper within reasonable bounds, we restrict our attention here to at most two
geometric diffractions.

0.2. Cones and ESCSs. The Euclidean cone of cone angle & > 0 is the product

manifold C, «f (R+)r x (R/aZ)g equipped with the exact warped product metric

ds? & a2 4 12 402

The vertex of the cone p is the point where all (0, 6) are identified, and we will

denote by C, f Cy \ {p} the cone without its vertex. Let us recall that the

Euclidean distance on C, between two points ¢; = (r1, 61) and g = (r2, 6,) in
polar coordinates is

dist(p, q1) = r1,

dist(q1,92) = r1 + r2, |62 — 65| > 7 (0.2)

dist(q1. ¢2) = \/r? + 12 = 2rirs cos(Br — 01). 0> — 6] < .

A Euclidean surface X with conical singularities (ESCS) is a singular Rie-
mannian surface such that any point has a neighbourhood that is isometric either
to a Euclidean ball in R? or to a ball centered at the vertex of some Euclidean cone
Cy.

Example 1. From any polygonal domain €2 in the plane we may generate an ESCS
by taking two copies of the polygon, reflecting one of these copies across the y-
axis, and identifying the corresponding sides. Starting from a square, we build in
this way a surface that is topologically a sphere that is flat with four singularities
of angle .

Example 2. More generally, a surface that is obtained by gluing Euclidean poly-
gons along their sides also is Euclidean with conical singularities. The surface of
a cube is a ESCS that is topologically a sphere with 8 singularities of angle 37”
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Let X be a Euclidean surface with conical singularities, and let P be the set of

. . . def . .
its conical points. Define X° = X \ P. Let u be a smooth function that vanishes

near the conical points. Using the Euclidean metric, one defines the gradient of u,
Vu, and the action of the Laplacian on u, Au, as usual. The Laplace operator thus
defined is not essentially self-adjoint. Among the possible self-adjoint extensions,
the most natural one is the Friedrichs extension that is associated with the Dirichlet
energy quadratic form

def

0(u) :/X|Vu|2dS, ueCl(X°),

where dS is the Euclidean area measure. Throughout the paper A will always
denote the Friedrichs extension of the Euclidean Laplace operator. By choice it is
a non-negative operator.
Writing OO0 = D,2 — A with D; = ll d;, the associated initial value problem is
then
Ogu(t,x) =0,

u(0, x) = up(x), (0.3)
d;u(0,x) = up(x).

We will always take + > 0. The wave propagators that are associated with this
wave equation may be defined through functional calculus and we denote them by

W() = A and W(r) def cos(tv/A). 0.4)

We will also use the half-wave propagator U(z) def exp(—it/A).
Since singularities of solutions to the wave equation propagate with finite
speed, the propagator W(¢) can be understood by patching together local prop-

agators that are defined either on the plane or on Cy. As a first step it is therefore
crucial to understand wave propagation on the flat cone Cy,.

0.3. The wave kernel on cones. It turns out that the wave kernel on C, is
explicitly known (see [27], [4], [5], and [9] for different ways of constructing
this kernel — we describe these briefly at the beginning of Sections 2 and 3).
Propagation of singularities for the wave equation on C, is then described as
follows. Using polar coordinates, we define on (0,00) x T*C, x T*C, two
Lagrangian submanifolds A® and AP. For @ > 7, these can be defined as follows.
The geometric (or “main”) Lagrangian is

AS def N*{t2 = r12 + r22 —2rirpcos(fy — 6,) and |6 — 05| < 7}, (0.5a)
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the diffractive Lagrangian is
AP T N2 = (1) 4 )2, (0.5b)
and their intersection is the singular set
S EASAAL = AP N {16 — 6] = 7). (0.5¢)

In the case « < m, we choose an integer N such that «N > m. Then we
consider the N-fold covering map from Cy,, to Cy induced by the natural map
R/NaZ — R/aZ. As this is a local isometry, this induces a covering map
T*Cy, — T*Cg. We define AS to be the image of A$, under this covering
map.

The terminology indicates that A® corresponds to geometric, or non-diffractive
geodesics (i.e., geodesics on C, that avoid p) which carry the main singularity
whereas AP corresponds to diffractive geodesics (i.e., concatenation of two rays
emanating from p.) The singular set thus corresponds to diffractive geodesics
that are limits of non-diffractive ones. We will refer to these as geometrically
diffractive. We will denote by Ai/ ® the Lagrangian submanifolds obtained by
restricting A%/® to Ft > 0 where  is the dual variable to .

The explicit expression of the propagator implies, first, that singularities prop-
agate according to A® U AP, and second, that away from the intersection X the
propagator is a classical Fourier Integral Operator (FIO). Away from the intersec-
tion X, the kernel of the half-wave propagator e~ VA i given by the so-called
Geometric Theory of Diffraction (see Appendix B).

0.4. Main results. Our first result is a precise description of the kernel of the
wave propagator on the cone C,, near the singular set X. It is actually a bit simpler
to describe the result for the half-wave propagator e~ VA , whose Schwartz kernel
we denote by U, .

We observe that (t*, g7, g5) is in the projection of X on (0, 00) x Cy x C if and
only if, in polar coordinates, we have r{' +r; = t* and 6] —0; = e, ¢ = £1. Let
y be the parametrization by arclength of the geometrically diffractive geodesic that
joins g7 to g5 normalized in such a way that y(—r3) = ¢q5. y(0) = p, y(r]) = q7.
Since the cone is flat, y can be extended to a local isometry J. that is defined on
R2\{(0,€y), y > 0, € = £1}. Using J. we can thus parametrize a neighbourhood
of (q7.¢5) in Cg x Cg by the product of two Euclidean balls in R? the first one
centered at (r]", 0) and the second one at (—r;, 0) (in Euclidean coordinates).
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Theorem 3. Let q7 and q5 be the extremities of a geometrically diffractive
geodesic of length t* and diffraction angle exr (¢ = £1). Locally near (t*,q7,q5)
in (0,00) x C; x C, the kernel Uy can be written as the following oscillatory
integral:

Ualt. 41, 42) = (27) 2 /

520

/ eid)f(taqlansssw)aa’e(t’ql’qz’s’a)) da)dS (0.6)
w>0

where (using I for parametrization —i.e., Jc(x1, y1) = q1, Je(x2, ¥2) = ¢2)
(1) the phase ¢c is defined by

Pe(t,q41, 42,5, 0) = @[/ x] + (1 +5)2 + Vx2% + (32 + 5€)% — 1],

(2) the amplitude ay ¢ is a classical symbol that is smooth in (¢, q1, 42, s) and of
order 1 in w so that we have

1-k
Aoe ™~ Zaa,e,l—k(ty q1.492, S)a) .
k=0

(3) In polar coordinates, the first term in the preceding asymptotic expansion
satisfies

Sq (01 — 6
Ag.e.1(q1. g2, 5 = 0,0) = —27ie- 0‘(1712) -[sin B + sin6,] - w.

(r1ir2)2
where Sy is the (absolute) scattering matrix for the cone Cy. An explicit
expression for Sy is given by (B.14).

From this expression we deduce the following corollary.

Theorem 4. The half-wave propagator Uy (t) on the Euclidean cone Cy is in
the Melrose—Uhlmann class 1°(A"., Aﬁr) of singular Fourier Integral operators.
Similarly, the sine propagator W(t) on the Euclidean cone Cy is in the Melrose—
Uhlmann class 1" (AP, A®) of singular Fourier Integral operators.

Remark 5. In the latter theorem, the order of the Lagrangian distribution is the
order for each fixed 1. When ¢ is regarded as an additional spatial variable, the
order drops by 1/4. This convention will be used throughout the paper.

It can be noted that elements of the class 7°(A2, A‘jr) are standard FIOs away
from the intersection X so that this theorem doesn’t say anything new away from X.
On the other hand, although the explicit expression of the propagator was already
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known near X, the fact that it belonged to the Melrose—Uhlmann class was not.
It is also worth remarking that it may be possible to obtain the latter theorem by
some brute computations starting from the explicit expression of the propagator.
We propose a different method, the ‘moving conical point’ method, that exploits
geometric features of wave propagation on cones. It has the advantage that the
parameter s in (0.6) then has geometric significance: it is the distance by which
the conical point is shifted.

Remark 6. It is actually convenient to use the Riemannian metric to identify
functions and half-densities. This amounts to multiplying the oscillatory integral
representation by the half-density |dq’ dg |% or|dtdq'dq]| 3,

Remark 7. Recall (or see Section 1) that in the Melrose—-Uhlmann calculus, the
order of the distribution on the first Lagrangian AP is %-order less than on the
second, A®. This allows us to recover the fact that the diffracted wave is %—order
smoother (in a Sobolev sense) than the direct wave (in two dimensions).

The oscillatory integral representation of the preceding theorem has several
interesting applications mainly because it allows one to compute simply the wave
propagator on an ESCS when microlocalized near a geodesic with several geo-
metric diffractions. We will illustrate this by obtaining, for a geodesic with two
geometric diffractions in a row an oscillatory integral representation that fits into
the class of singular FIO that is constructed in [23, Sections 7-10] and associated
with a system of four intersecting Lagrangians. More precisely, consider a geo-
desic of length 7 between ¢ and ¢’ with two geometric diffractions at p; and p,.
There are four types of nearby geodesics:

(1) non-diffractive geodesics;

(2) geodesics that are diffractive at p; but not at p;;

(3) non-diffractive geodesics at p; that diffract at p,; and
(4) geodesics that diffract at both p; and p,.

Each type corresponds to a particular Lagrangian and these four Lagrangians form
a intersecting system in the sense of [23].

Using the preceding theorem and standard stationary phase arguments we
obtain the theorem.

Theorem 8. Microlocally near a geodesic with two geometric diffractions, the
half-wave propagator on a ESCS is in the Melrose—Uhlmann class of operators
associated with a system of four intersecting Lagrangians.
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We actually get much more accurate information since we can derive the
principal symbol of the half-wave propagator on the twice diffracted front — see
equations (4.15) and (4.16).

Finally we will use our new expression for U, to compute the contribution to
the wave-trace of an isolated periodic geodesic with two geometric diffractions.

Proposition 9. On a ESCS, the leading contribution to the wave trace of an
isolated periodic diffractive orbit of length L, with two geometric diffractions
distance b apart, is

,1 -/b(L —=b)-(t —L—i0)~".
4im?

This is perhaps the simplest setting for which neither [10] nor [12] applies. This
proposition shows that such a geodesic creates in the wave-trace a singularity that
is comparable to the singularity that is created in a smooth setting by an isolated
periodic orbit. The singularity is a half-order stronger than a diffractive geodesic
with one non-geometric diffraction and a half-order weaker than a cylinder of
periodic orbits.

With our new representation of the wave kernel, it should actually be possible
to compute the full asymptotic expansion of the contribution to the wave-trace of
any kind of periodic diffractive geodesic. This is a far-reaching generalization of
results in [12] and it leads to the possible computation of many wave-invariants.
This opens new questions concerning inverse spectral problems in this kind of
geometric setting which, we recall, includes Euclidean polygons. For instance
it can be asked whether the full asymptotic expansion of a particular geodesic
allows one to recover the full picture describing the geodesic: that is the number
of diffractions, the lengths of the legs between two diffractions, the diffraction
angles and the angles of the cone at which the diffractions occur. We will tackle
some of these questions in the second and third parts of this series.

0.5. Organisation of the paper. In Section 1 we will recall the definition of sin-
gular Fourier Integral Operators as defined in [23]. We will first study the case of
two intersecting Lagrangians. We will give the oscillatory integral representation
using a phase function that depends on an extra parameter s. We will then give
the generalization to a system of four intersecting Lagrangians.

In Section 2 we will study wave propagation on a cone of total angle 4. The
first reason why we study this particular cone is that it is the simplest case in which
we can implement our method of ‘moving the conical point’ that leads to our new
expression for the wave propagator. The fact that the wave propagator belongs
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to the Melrose—Uhlmann class can then be directly read off from this expression.
It is also worth remarking that, in this case the extra parameter s has a geometric
meaning since it represents the amount of which the conical point has moved.

The second reason why we can first study the cone of angle 4 is that the most
singular part of the wave propagator near X actually does not depend on its angle.
This can be seen using the construction of the wave kernel made by Friedlander
in [9]. We will recall this fact in Section 3 and then proceed to prove Theorem 3.

In Section 4 we will use Theorem 3 to compute the wave propagator when
microlocalized near some particular kind of geodesics. We will focus on the
case of a geodesic with two geometric diffractions for which a description of the
microlocalized propagator is not already available in the literature.

In Section 5 we conclude by computing the leading contribution to the wave-
trace of an isolated periodic orbit with two geometric diffractions.

Acknowledgment. The authors would like to thank Jared Wunsch for very help-
ful discussions, especially regarding Appendix B.

1. Intersecting Lagrangian distributions

The class of distributions central to our study of the wave propagators on C, is
that of intersecting Lagrangian distributions, introduced by Melrose and Uhlmann
[23]. These are distributions whose singularities (in terms of wavefront set)
lie along a pair of conic Lagrangian submanifolds (Ao, A1) of the cotangent
bundle. Here, A is a manifold with boundary, and Ay and A intersect cleanly at
dA 1. In particular, the intersection is codimension 1 in both Lagrangians. These
distributions were introduced to construct fundamental solutions to operators
of real principal type. An analogous class of distributions associated to four
intersecting Lagrangian submanifolds, also introduced in [23], will show up in
our study of the wave kernel on a ESCS after two diffractions — see Section 1.3.
These classes of distributions have been extended in [11] to allow for different
possible intersection dimensions. In the following section, we will need only the
case when the intersection is of codimension 1.

1.1. Model Lagrangian submanifolds. Let X be a manifold, and let (Ao, A1) be
a pair of conic Lagrangian submanifolds of 7* X \ {0} with the geometry described
above: A; is a manifold with boundary, and Ay and A; intersect cleanly at dA;.
Moreover, let ¢ € Ag N Aq be a point in the intersection. Melrose and Uhlmann
showed that there is a normal form for this geometry. Indeed, let (/~\0, /~\1) be the
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model Lagrangian submanifolds in 7*R":

Ao = N*{0} = {(x,£):x = 0}, (1.1a)
Al =N*x'=0,x; =0} ={(x,6):x' =0, =0, x; =0}. (1.1b)
Here we decompose x = (x1, x’), where x’ = (x2, ..., x,); similarly, § = (&1, &').

Choose any point § € Ag N /~\1. Then Melrose and Uhlmann showed that there
is a homogeneous symplectic map from a conic neighbourhood of g to a conic
neighbourhood of ¢, such that A; gets mapped to A;. To define intersecting
Lagrangian distributions, they first defined them in the model situation. We recall
this definition.

Definition 10 (Melrose—Uhlmann). An intersecting Lagrangian distribution of
order m associated to the model pair (Ao, A1) is a distributional half-density given
by an oscillatory integral of the form

o0
(2n)—n—% // ei(x-&'—sfl)a(x’s’E)dsdg|dx|% (1.2)
0

where a is smooth, compactly supported in x and s, and a symbol of order m+ % -7
in &. The space of such distributions is denoted 1™ (X; Ag, A1).

It is shown in [23] that elements of /™ (X; /~\0, /~\1) are Lagrangian distribu-
tions of order m on A; when microlocalized away from Ao, and Lagrangian dis-
tributions of order m — % on /~\0 when microlocalized away from /~\1. Also, they
showed that the space 1™ (X; Ay, A1) is invariant under the action of Fourier in-
tegral operators that fix A¢ and A;. Consequently, one can define intersecting
Lagrangian d1str1but10ns for a general pair (Ao, 1) to be the image of the model
space 1™(X; Ao, A1) under an FIO mapping A; to A;. The precise definition is
as follows:

Definition 11. Let (Ao, A1) be a pair of intersecting conic Lagrangian distribu-
tions in 7* X \ {0} with the geometry described above. The space I™(X; Ag, A1)
consists of those distributional half-densities u that can be written as a locally
finite sum
u=1o+ur+ »_ F(vi) + Uoo.
1

where Ug € 1m- 2(X A()) Uy € Im(X Al \ Ao) V; Im(X;Ko,Kl), F; are
FIOs mapping (Ao, A1) to (Ag, Av), and ueg is €.

In what follows, we will often omit the space ‘X’ from the notation for these
distributions, i.e., we will write 1" (Ao, A1) in the place of 1™ (X; Ao, A1).
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1.2. Parametrization of intersecting Lagrangian submanifolds. Over the
course of this paper, we will construct the fundamental solution of the wave ker-
nel on a two-dimensional cone directly; we will want to be able to identify it as
an intersecting Lagrangian distribution. To do this, we need a direct definition of
intersecting Lagrangian distribution in terms of a phase function parametrizing a
given pair (Ao, A1) in place of the indirect Definition 11.

Definition 12. Let (Ao, A1) be a pair of intersecting Lagrangian submanifolds,
and let ¢ € Agp N A be a point in the intersection. A local parametrization of
(Ao, A1) near ¢ is a function ¢ (x, 0, 5), defined in neighbourhood of (x¢, 6y, 0) <
X x R* x Rx¢ such that

dG,S¢(-x07 0070) = O’ andq = (X(), dx¢(x07 0070))’

o the differentials

dxﬁ(g—;i) and dx,e(g—f)

in the (x, 6) directions are linearly independent at (xg, 8o, 0);
e the map

Co & ((x,0) : dgp(x,0,0) = 0} —> {(x,dxd(x,0,0)} S T*X (1.3)

is a local diffeomorphism from Cy onto a neighbourhood of ¢ in Ag;
e the map

Cr & {(x.0.5) : dosd(x.0.5) =0, 5 = 0} —> {(x.dxd(x.0.5))} € T*X
(1.4)

is a local diffeomorphism from C; onto a neighbourhood of ¢ in A;.

Let us make some remarks about the definition above. The second condition
ensures that the set Cp is a smooth submanifold of X x R¥ of dimension n =
dim X, and C; is a smooth submanifold of X x R¥ x R of dimension n transverse
to {s = 0}. This makes it possible to speak of diffeomorphisms from C; to A; as
in the third and fourth conditions. The first condition simply says that the base
point (xg, 6y, 0) corresponds to the base point g.

Proposition 13. (i) Let (Ao, A1) € T*X be a pair of intersecting Lagrangian
submanifolds, and let q be a point in the intersection. Then there exists a local
parametrization of (Ao, A1) near q.
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(ii) Let ¢, defined in a neighbourhood U of (x¢,6y,0) € X x R¥ x R>¢, be a
local parametrization of (Ao, A1) near q. Let a(x, 8, s) be a classical symbol of
k 1 . . L .
order m — 5 + 5 + 7 in the 0 variables which is compactly supported in U. Then

the oscillatory integral

(27,)—2—4—2/ / 9090 (x, 0, 5) ds d6 |dx|> (1.5)
is in I (Ao, A1).

Proof. (i) By [23], there is a homogeneous canonical transformation y defined in
a neighbourhood of § € Ao N A1 mapping Ao to Ay and A1 to A1, and sending ¢
to g. Let ¥(x, y, 8) be a phase function parametrizing the graph of this canonical
transformation. Consider the sum of the phase functions

Y(x,y,0)+y-n—ms,

where the second phase function is the standard parametrization of the model
Lagrangian pair. Following [15, p. 175], we define a new variable

Y = 0]y

We then write this sum of the phase functions in terms of Y. That is, we define

Y
¢(x, Y, 0,n,5) = W(x, + = n—ms.
6] | 0]
Notice that ¢ is homogeneous of degree 1 in the variables (Y, 6, ). We claim that
¢ is a nondegenerate local parametrization of (Ao, A1) near g.

Let (o, no,0) be the point corresponding to g and (xo, yo, 6p) be the point
corresponding to (¢, ) in the graph of y. Then dgy,¢ = 0 and s = 0 implies
that dg\p(X(),yo, 90) =0, y0 =0, dy\p(X(),O, 90) = - and dx‘-IJ(X(),O, 90) =
x(0,n) = g, so the first condition in Definition 12 is satisfied.

We next check that the second condition is satisfied, i.e., that ¢ is nondegener-
ate. To do this, we claim that the differentials

o o
d"’9<a_9,-) and d, g(ayi)
are linearly independent at (x¢, yo, ). This is a consequence of the fact that W
parametrizes Ay, the (twisted) graph of the canonical transformation y, which
implies that the functions y; and d,, ;W are coordinates on Ay. Using the diffeo-

morphism between
Cy ={(x,y,0):dg¥ = 0}
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and Ay, we see that y; and d, ;W are coordinates on Cy. This implies that

ow ow

Vi, Wj’ @

have linearly independent differentials at (x¢, yo, 80). Equivalently we can say that

8\11)

dy. (37\1;) and dy g (a_el-

are linearly independent at (x¢, yo, 89). This in turn is equivalent to the statement
that
I

d¢ . .
dx. (E) and dy ¢ (ﬁ) are linearly independent at (x¢, Yo, 6o), (1.6)

where Yy = yo|6p|. Now, from the explicit form of ¢ it is evident that

dy,y (§7¢> and dy,, (g-‘f) are linearly independent at (x¢, Yo, 6p). (1.7)

1

Putting (1.6) and (1.7) together we find that ¢ is a nondegenerate phase function,
i.e., it satisfies the second point in Definition 12.

To check the third point, consider a point (x, Y, 8, , 0) where dy g ,¢ = 0 and
s = 0. This implies that

dgW(x,y,0) =0, dy(y-n) =0, dyW¥(x,y,0)+dy(y-n) =0 (L8
Using the fact that W parametrizes the twisted graph of y, this implies that
y=0, d¥=-n (x,de¥)=x(y,—dy¥). (1.9)
Thus, dy,g,,¢ = 0 implies that the Lagrangian parametrized is

{(x.dx¢)} = {(x. dx¥)} = {x(0.n)}.

As (x,Y,6,n) range over a neighbourhood of (xg, Yo, 6o, n0), the point (0, 1)
ranges over a neighbourhood of § € Ao, and therefore x(0,n) ranges over a
neighbourhood of ¢ € Ay. This verifies the third condition in the Definition.
Exactly the same reasoning shows that the fourth condition in the Definition is
also satisfied. This completes the proof of part (i) of the Lemma.

(ii) Choose an FIO F associated to the canonical relation y as above, and which
is microlocally invertible at (¢,G). Let F~! denote a microlocal inverse to F.
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Write F~! with respect to a phase function S(y, x, ). Then the phase function
D =Sy, x, o)+ ¢(x,0,5)

parametrizes the model pair (Ao, A1) (after we homogenize the x variable by
changing to the variable X = x|w|, as we did in the proof of part (i)). The proof
is the same as in part (i), so we omit it. It then suffices to show that an oscillatory
integral with phase function ®,

o
// e PO X089)(y X w,0,5)dsdX dO dw (1.10)
0

gives an element of 1™ (A, A1), since the original oscillatory integral is, modulo
€ functions, the image of (1.10) by the Fourier integral operator F, which by
definition maps Im(Ko, 7\1) to 1™ (Ao, A1). Thus, we have reduced to the case
that the intersecting pair (Ao, A1) is the model pair (Ao, A1).

We now simplify our notation, and assume that ®(y, 0, s) is a nondegenerate
phase function parametrizing (Ao, A1) locally near g, with (yg, 6p) corresponding
to the point §. Here 6 € RK, with k = n. We want to show that

o0
U= // e’ P09 (y. 0, 5)dsdd fora e S’”_§+%+%(X x Rso: RF) (1.11)
0

is in the space 1™ (Ao, A1). Essentially this proof follows that of Proposition 3.2
in [23]. We first note that ®y(y, 0) & ®(y, 0, 0) parametrizes Ao. We have by
[15, (3.2.12)] that the rank of d929 ®(yy, B9) is k — n. By rotating in the 6 variables
we can arrange that 6 = (6’, 8”) with dim 0’ = n, dim6” = k — n and such that
d3,0,®(y0. bo) is nondegenerate. Integrating in the 0" variables and applying the
stationary phase expansion, as in [15, p. 142], we find that the result takes the form

o0
u = // (i8G9 5(y 0 5 dsde” fora e SMTETITE  (1.12)
0

where 6”(y, 0’, s) is the critical point, determined by the equation
d@//gf)(y, 9/, 9//, S) = 0,

this varies smoothly with (y, 8’, s) near (yo, 6o, 0) thanks to the implicit function

theorem and the nondegeneracy of d 92,/ 9 @(¥0, Oo) near (yo, b, 0). Then the phase

function @y (y, 6’,0) f d(y,0',0"(y,0',0),0) parametrizes A o. Moreover, it has

the same number of fibre variables as the standard phase function y - 1, and its
fibre Hessian, dg/g- @ has the same signature (namely, zero) as the fibre Hessian
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of y - n. By Hormander’s equivalence of phase functions, [15, (3.2.12)], there is a
coordinate transformation n = 1(y, #') mapping ®;, to y -  in a neighbourhood
of (»o,6}.0). Employing this change of variables, we are reduced to the case
that ®(y, 0’, s) has the form y - 6" + O(s). We can now follow the proof of
Proposition 3.2 in [23] from equation (3.7) of [23] to the conclusion, which
completes the proof of the Lemma. |

We next want to identify the symbols at A and A; directly from the oscillatory
integral expression (1.5). Recall that the symbol on each A; is half-density taking
values in the Maslov bundle. For our purposes, it is enough to do this when our
Lagrangians Ao and A are conormal bundles. In this case, the Maslov bundle is
canonically trivial, which means that we may regard the symbol as being simply a
half-density. In the following theorem, we identify functions on A; and C;, where
C; is given by (1.3), (1.4). We let A = (41, ..., A,) be local coordinates on Cy, or
equivalently on the Lagrangian Ay Similarly, we let A be local coordinates on Co.
Notice that we could choose A, A to be of the form A = (A’,s) and A = (X', ds¢b)
where A" are coordinates on Cy N Cy.

Proposition 14. Suppose now that Ay and A, are both the conormal bundle of
codimension one submanifolds My and M;. Then

(i) the symbol of (1.5) at A4 is given by

IR-do.95)| % 14 (1.13)

.el_Jflza(x,G,s)|c1 3. 0.)

where o is the signature of the Hessian ¢(9’ $)(0.5) the (0, s) variables;
(ii) the symbol of (1.5) at Ay is given by

A, dg)
d(x, 0)

Qr)"2e' dX|2 (1.14)

¢S(~x’ 0’ O) CO

where o' is the signature of the Hessian ¢y, at s = 0.
Remark 15. We remark that ¢ and ¢’ are constant, as follows from [15, (3.2.10)]
by comparing with the standard parametrization of a conormal bundle with linear

phase function.

This proposition follows directly from [15, Section 3].
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1.3. Four intersecting Lagrangians. The wave kernel after two diffractions is
associated to four different Lagrangian submanifolds: the direct front, one front
from a diffraction with each cone point, and a fourth front from diffractions with
both cone points. We shall show that the wave kernel in this case is contained in
the Melrose—Uhlmann calculus of distributions associated to four Lagrangian dis-
tributions described in [23, Sections 7-10]. We now recall some of this material,
starting with the definition of a system of intersecting Lagrangian submanifolds.

Definition 16. A system of four intersecting conic Lagrangian submanifolds of
T*X is a quadruple A = (Ao, A1, Az, A3) of Lagrangian submanifolds, where
A1 and A, are manifolds with boundary and A3 is a manifold with codimension
two corner, with the following properties:

e (Ag,A1) and (Ay, Ap) are intersecting pairs in the sense of the previous
subsection,;

e AN Ay, = A1 NJA, = Ag N A3 = cAjs, where cA; denotes the
codimension 2 corner of As;

e the two boundary hypersurfaces of A3 are A3 N Ay and Az N As.

For example, the following is a system of intersecting Lagrangian submani-
folds:

Definition 17. Supposen = 3. For j = 0,..., 3, define A= (/~\0, /~\1, /~\2, /~\3) to
be the following quadruple of Lagrangian submanifolds of 7*R":

Ro={(x.§) 1 x =0}, (1.15a)
A ={(x.6):x120,xp = =x, =0,& =0}, (1.15b)
Ao ={(x.6):x2=0,x; =x3=--- = x, = 0, = 0}, (1.15¢)
Az ={(x.6):x120,x2=0,x3=...x, =0,& =& = O}. (1.15d)

Locally, an intersecting system as in Definition 16 may be realized as follows.
Let Ao be a Lagrangian submanifold, and let p;, p, be two functions on T*X
such the Hamilton vector fields H,,, Hp, are linearly independent, transverse to
Ao, and commute with each other. Then we define A;, i = 1, 2 to be the flowout
from Aog N {p; = 0} by Hp,;, and A3 to be the flowout from Ay N {p; = p> = 0}
by the flowout of both Hamilton vector fields. For example, the model system is
of this form, where p; = &; and p, = &;. It turns out that, locally, all intersecting
systems arise in this way. As a consequence, every system of four intersecting
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Lagrangian submanifolds is the image of a model system under a homogeneous
canonical transformation. We now define the model system. That is, one could
alternatively define an intersecting system by the requirement that, locally, it is the
same of the model system under a homogeneous canonical transformation.

We next define the space of Lagrangian distributions associated to the model
intersecting system A given by (1.15).

Definition 18 ([23, Definition 8.1]). The space 1" (R"; K) consists of those dis-
tributional half-densities that can be expressed in the form

00 r0o0
(2m)1 // / G OESIEI=08) (£ 51 o) dsy ds, dE dx|E (1.16)
0o Y0

where a is smooth and compactly supported in (x, 51, s2) and is a symbol of order
m + 1 — 7 in the §-variables.

It is not hard to check that if u € I"(R"; A) then the wavefront set is of u is
contained in Ul —0 A;, and if ¢ € A; is not contained in A for j # i, then u
is a Lagrangian distribution associated to A; microlocally near ¢, of order m if
i =2,m-— % ifi =1lor2andm — 1ifi = 0. We can also observe that if u is
microsupported near A; N Aj, i < j, and away from the other Ay, then it is an
intersecting pair of order m — % associated to (A;, A i) for (@, j) = (0,1) or (0,2),
or of order m for (i, j) = (1,3) or (2, 3).

Itis shown in [23] that the model space 17" (R"; A) is invariant under FIOs that
map each A; to itself. As a consequence, we can define intersecting Lagrangian
distributions associated to a general intersecting system A = (Ao, A1, Az, A3).

Definition 19 ([23, Definition 8.7]). Let A be an intersecting system of homoge-
neous Lagrangian submanifolds of 7*X. The space I™(X; A) consists of those
distributional half-densities u that can be written as a locally finite sum

U =uoy + Uoz + U3z + U3 + Z Fi(vi),
i
where Ujj € Im_%(X; Ai, Aj) for (i,j) = (0, 1) or (O, 2), Ujj € Im(X; Ai, Aj)
for (i, j) = (1,3) or (2, 3), F; are FIOs mapping the model intersecting system A
to A, and v; € I"™(R"; A).

As before, we will often omit the space ‘X’ from the notation for these spaces
of distributions.
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We will find it useful to have a definition of /™ (A) defined directly in terms of
phase functions. To this end we give an analogue of Proposition 13 in the setting of
intersecting systems. We first need a definition of a phase function parametrizing
an intersecting system A, locally near a point ¢ € A. Notice that either ¢ is in
only one of the A;; or in one of the two-fold intersections Ag N Ay, Ag N Ay,
A1 N Az, or A, N Az, and disjoint from the other two; or in the 4-fold intersection
ﬂf=0 A;. Since these four pairs (A;, Aj) form intersecting pairs of Lagrangian
submanifolds in the sense of the previous subsection, the only case in which we
have not already defined a local parametrization is in the case that ¢ € ();_, A;.

Definition 20. Let A = (A, A1, A,, A3) be asystem of intersecting Lagrangian
submanifolds, and choose a point g € ﬂf’=0 A; in their intersection. We say that ¢
is a local parametrization of A near q if it is a function ¢ (x, 6, 51, 52), defined in a
neighbourhood of (xo, 6y, 0,0) € M x (R* \ {0}) x R>¢ x R and homogeneous
of degree 1 in 8 such that

L d@,sl,szd)(xO’ 00’ 0’ 0) = Oa and q = (.X(), dx¢(x0, 907070))’

o the differentials

¢ ¢ ¢
drol=—=), dyol=—), dxol=— 1.17
’f’(ae,-) ’9(3s1> ")(asZ) (1.17)
in the (x, 6) directions are linearly independent at (xo, 89, 0, 0);
e the map
Co & {(x.0): dgp(x.6.0,0) = 0} —> {(x,dxp(x.6.0,0))} C T*X

(1.18)
is a local diffeomorphism from Cy onto a neighbourhood of g in Ay;

e the map

C1 € {(x.0.51) : dp s, $(x.0.51.0) = 0. 51 >0}

> {(x,dx¢(x,0,51,0)} S T*X
is a local diffeomorphism from C; onto a neighbourhood of g in Ay;
e the map

C2 € {(x.0.52) : dp iy p(x.0.0.52) = 0. 5 = 0}

> {(x, dxp(x,0,0,52))} S T*X

is a local diffeomorphism from C, onto a neighbourhood of g in A;
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e the map

def
C3 = {(x,0,51.5) : dos 5,9 (x,0,51,52) =0, 51 = 0,5, = 0}

— {(x,dxp(x,0,51,52))}

is a local diffeomorphism from C3 onto a neighbourhood of ¢ in As;.

Proposition 21. (i) Let A = (Ao, A1, Az, A3) € T*X be a system of intersecting
Lagrangian submanifolds, and let q be a point in the intersection. Then there
exists a local parametrization of A near q.

(ii) Let ¢, defined in a neighbourhood U of (x¢, 6y, 0, 0) be a local parametriza-
tion of A near q. Leta(x, 0, s1, s2) be a classical symbol of order m — % +1+7in
the 0-variables which is compactly supported in U. Then the oscillatory integral

X r0o0
(2r)" 542 // / 095 (x 0, 5)dsy ds, d6 |dx]|? (1.19)
o Y0
isin I"™(A).
Proof. The Proposition is proved in the same way as Proposition 13. O

Remark 22. For a given phase function ¢ (x, 6, s1, s2) to parametrize some sys-
tem of four intersecting Lagrangian submanifolds, locally near (xg, 69, 0, 0), it is
sufficient that it satisfies dy s, 5, ¢ (xo, 0o, 0,0) = 0 and condition (1.17). Then the
sets Aj,i = 0...3, defined as the image of C; in Definition 20, are automatically
Lagrangian submanifolds satisfying the geometric conditions to form a system in
the sense of Definition 16.

We next write down an expression for the symbol of the oscillatory inte-
gral (1.19) at Ay. As in the previous section, we restrict to conormal bundles, in
which case the Maslov bundle is canonically trivial. We write A = (11,...,1,)
for coordinates on Cy which we identify with A via (1.18).

Proposition 23. Using the notation of (1.19), suppose now that Ay is the conor-
mal bundle of a codimension one submanifold My and My. Then the symbol
of (1.19) at Ay is given by

_1
I(A.¢g) | 2
d(x,0)

|2

a(x,0,0,0) ] (1.20)

¢s,(x,6,0,0)¢s,(x,0.,0,0)

where o is the signature of the Hessian ¢p, at sy = s = 0, and (X', ¢s, . ¢s,) are
local coordinates on Cy.

- (2n)_1eiﬂTo [

C0|
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2. The microlocal structure of the wave propagator on Cy,

We now specialize to the cone C4,, where we will carry out the actual analysis
of the sine propagator near the singular set. Let us first pause for a moment to
highlight some features of the cone Cy4,. First, and perhaps most important, the
interior C;_ is equivalent to the double cover of the punctured plane R?\ {(0, 0)}.
As a result, the Schwartz kernel E & K[%] has a particularly simple
description in this setting (cf. [5, p. 448-9]):

E(t,r1,01:12,02) =0 (2.1a)

when 0 < ¢ < dist(ry, 61; 72, 62);

(S

1
E(t.r1,01;r2,602) = E[Iz — (r} + 13 —2riracos(6; — 62))]” (2.1b)

when dist(ry, 01;r2,02) <t <ry + rp; and
1
E(t.r1.01:r2.00) = [ = (] + r} = 2rira cos(0) — &))", (2.1
T

when ¢t > r; + r,. In particular, the jump discontinuity across the diffractive front
{t = r1 + r} is readily apparent on' C4,. Second, a seemingly incidental fact
that will be important as we continue is that constant vector fields are well-defined
on Cy4, (and indeed any cone with cone angle an integral multiple of 2x, i.e., the
finite-sheeted covering spaces of the punctured plane).

2.1. The ‘moving conical point’ method. Our technique for determining the
structure of the wave kernel is the ‘moving conical point” method. Given two
points g7 and g5 in C,_, and a positive time ¢*, we want to determine E (¢, q1, g2)
for (¢, ¢1,¢>) in a neighbourhood of (¢*, g7, ¢3). To do this, we imagine that we
can move the conical point (that is, the place where the two copies of R? are
ramified) along a straight line, in a direction such that moves it ‘in between’ ¢
and ¢, and then far away (i.e., at a distance S much larger than ¢*). This means
that the angle between ¢ and ¢} tends to 27, so the distance between them will
be 28 + O(1) > t*. Then, by finite propagation speed, after the cone point is
so shifted, the wave kernel at (¢*, g7, ¢3) will vanish. We then express the kernel
using the fundamental theorem of calculus:

S
d
E(t.q1.45) = —/ SE g1 q2)ds,
0 S

! Note that [5, eq. (4.7)] contains a sign error that we have corrected here.
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where E*(t, q1,¢q>) is the wave kernel where the cone point has been shifted a
distance s in our chosen direction. Thus, if we can understand the derivative
of E* with respect to s, then we can compute E = E° The reason we can
expect the derivative % E* to be simpler than E* itself is that the singularity at the
direct front is independent of s, so % E* should be associated purely to diffractive
behaviour. The rest of this section is devoted to implementing this method.

To do this in a rigorous manner, rather than moving the cone point, we instead
translate the points ¢, and ¢, on the cone (in the opposite direction — see Figure 2.1)
using the flow of a constant vector field X € V(C,,_ ), which we choose in a
direction such that the two half-lines parallel to X through ¢; and ¢, pass on
different sides of the cone point; in particular, neither meets the cone point.

A
1
a1 xp(s) < q2
1
1
1

q7 (s)

Figure 2.1. Moving the conical point. Shown are the singular support of E*(t,q1;q2) =
E(t,q1(s); g2(s)) (solid circles) and the singular support of E (¢, q1; g>) (dotted circles) as
the moving conical point p(s) travels along the flow of —X; the branch cut is depicted as
the red dashed line.
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We set ¢* = ¢x to be the associated flow, the group of local? diffeomorphisms
given by time-s translation along X. Using ¢® we assemble the kernel spacetime
flow for X, which is the group of locally-defined diffeomorphisms ®* on R; x
C,. x Cy. given by

def
(1, q1:92) = (1. 9°(q1); 9°(g2)) = (.41 + 5 X; g2 + 5 X).

Consider the distribution

2, & 1d,[(®*)* E], (2.2)

where y = y(q1:92) € C*(C,, x C,) is a smooth function that vanishes near
the cone point. Its role is to ensure that (®*)* E is well defined on the support of
x; that is, y must be chosen so that it vanishes in the set obtained by translating a
small ball centered at p in the X direction, and is identically 1 in a neighbourhood
of the set {(q; + sX, g2 + sX) : s € R, (x1, x2) € U}, where U is a suitably small
neighbourhood of (¢7, ¢5). Then for (g1, ¢2) € U we have

By = 1 05[(®*)*E] = 8,[(®°)*E]. (2.3)

Set
Yo(t.q1:42) < x(g1:q2) - 0s[(D)*E](t. q1: 42): 2.4)

this is the precise version of the quantity %E 5 in the heuristic discussion above.

Thus, we have

S
E(.q1:02) = — / Yot quiq2)ds.  (q1.42) € U, 2.5)
0

provided that (®5)*E (¢, ¢1: g2) = 0 as discussed above.
When s = 0, we calculate that

Yo(t,q1:92) = X1 E(t,q1:92) + X2E(, 91 92) (2.6)

with X; denoting X acting in the ¢;-variable, and for general s we have

Ys(t, q1:92) = ()" Yo(t,q1:92). (q1.92) € U, (2.7)

2The time interval for which ¢* is defined depends on the starting point; in particular, the
points along the reverse flowout of p can only be evolved forward for finite time — until they reach
p.
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since the vector field X is constant. Pairing Yo with a test function € €°(C;)
in the ¢g,-variable, we then integrate by parts to obtain

(Yo, ¥)g, = (XiE, ¥)g, + (X2E, V)q,
= (X|E, 1/’)qz - (nyw)qz
= Xo W)y — (W) o X)y
= [X.W(O)ly.

Thus, Yy is the Schwartz kernel of the commutator [X, W(¢)] of the constant vector
field with the sine propagator. Note this distribution is everywhere well-defined.
A quick computation now yields the operator identity

Oo [X, W(t)] = [X, A] o W(2),

and hence Duhamel’s principle implies3
t
X, W(@)] = —/ W(t —s) o [X,A] o W(s) ds, (2.8)
s=0

where we recall the Schwartz kernel of these operators is Y. Using (2.8), we will
show that Yy is a multiple of §(t — r; —r2), hence a purely diffractive Lagrangian
distribution. First, we must understand better the commutator [X, A]. This is the
aim of the next subsection.

2.2. Distributions supported at the cone point and commutators. To make
full use of the expression (2.8), we need to understand explicitly the Schwartz
kernel of the commutator [X, A]. This requires a brief detour through the spectral
theory of the Laplacian on C4,, and, in particular, a discussion of the failure of
essential self-adjointness of the Laplace—Beltrami operator A, on C .

Since the cone angle is a multiple of 27, it is possible to define, for k € Zxy,
the set Diff¥ (C4y) of all constant coefficients differential operators of degree at
most k that act in the distributional sense on D’(C;,,). We then denote by H*(Cyy)
the usual Sobolev spaces on Cy4, defined as

H*(Can) € {4 € L2(Caz): Diff* (Car) - u € LA(Car)} 2.9)

for integers k € Zx¢ and extended to all real orders by duality and interpolation.

3 There is a minus sign in the formula because our operator O is D? — A = —3? — A, while
the usual Duhamel formula is written for an operator with a positive sign in front of 92.
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An exercise (essentially the same as a more standard calculation on R?, where the
same result holds; cf. Chapter 1.5 of [2]) shows that the closure of €Z°(C, ) in the
graph norm for Ag,

def
lullag = llullzz + [Agul L2,
i.e., the domain of the closure A, of A, is

D ¥ Dom(Ry) = {u € H2(Caz): u(p) = 0}. (2.10)
Thus, if p € €°(Csy) is any bump function satisfying p = 1 forr <land p =0
for r = 2, then this shows

H?(Caz) =D @ Spancip}.
We show in Lemma 49 that the domain of the adjoint of this operator is
o &f Dom(A.*)
= 1 i _1 i
=96 SpanC{p, plog(r), pr2 exp [ + EG],pr 2 exp [ + 56]}

The choice of a self-adjoint extension of A, is then the suitable choice of a
half-dimensional subspace of D* /5 (cf. [26] for more details on self-adjoint
extensions).

In our analysis, we have elected to work with the Friedrichs extension A def Agr
of the Laplacian, the unique self-adjoint extension whose domain contains the
form domain (which in our setting is H!(Cy4,)). We define the spaces Dy to be
the domains of real powers of this operator:

def

Dy = Dom(A2). (2.11)

For s > 1, these spaces are strictly larger than the Sobolev spaces H*(C4). In
particular, D, is the Friedrichs domain itself.

To distinguish the elements of D, from those of D, we must examine their
behavior at p. We do so in the following lemma, which we prove in Appendix A.

Lemma 24. Fix a compactly supported, smooth, and radial cutoff p € CZ°(Car)
which is identically 1 near p. For any function u € D, there exist constants a_q,
ao, and ay in C and a distribution v € © such that

u = (ao +a_1/rexp [ — %9] + a1 exp %0])p(r) + . (2.12)

In particular, the function u —ao —a—1 /7 exp [ — £0] — a1 /7 exp [£0] vanishes
at p.
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Remark 25. We see from Lemma 24 the system of strict inclusions
D S H*(Car) S Dy S D%

Using this lemma, we see that the Friedrichs extension exactly corresponds to
the choice of the functions

po(r.6) £ 1. g (r6) E Vrexp| =30 pa(r6) E Vrexp|56]

as the models for the admissible asymptotics at p. Given a function u in D,, we
define the distributions L; for j = —1, 0, or +1 as
L) ¥ (2.13)
in terms of the expansion (2.12). Note that the expansion (2.12) is independent of
the choice of the cutoff p, for the difference of any two such cutoffs is compactly
supported in C,_ and is thus in ©. Hence, the distributions L; are well-defined
elements of D_,. Equivalently, we may define the L;’s using the angular spectral
projectors
def 1

(Tul(r) = «/ﬁ Rjan

and a straightforward computation shows that

u(r, ) exp [ . %e]de, (2.14)

m(Moul(r) and L1 () = L i @)

1
Van 4w rio Jr

Directly from the definition or from the above, we observe that L 11 (v) = L1 ().

Lo(u) =

(2.15)

Corollary 26. Suppose L is a distribution in D_, which is supported only at the
cone point p. Then L is a linear combination of L_y, Lo, and L.

Proof. Suppose u is an element of D,. By (2.12) we have

L(u) = aoL(p(r)) + a—1L(p-1(r.0) - p(r)) + a1 L(@1(r.0) - p(r))

since v being an element of ® implies L(v) vanishes. Therefore,

L= L(p(r))- Lo+ L(¢-1(r.0) - p(r)) - L-1 + L(1(r.0) - p(r)) - L1.

showing that u is a linear combination of Ly, L_;, and L; as claimed. O
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Returning to the commutator [X, A], let us observe
X:Dy /> Dy = HI(C4n)

since D, is not contained in H?(Cy4,). On the other hand, since H'(Cyy) is
contained in D,, we certainly have X : D, — L?(Cy4,), and hence, by duality, also
X : L?(C4z) — D—,. Therefore, for any u € D,, the commutator [X, A]isin D_,.
On the other hand, if u is compactly supported in C,_, then the action of A on u is
the same as the Euclidean Laplacian acting on u. Since the Euclidean Laplacian
commutes with constant vector fields, this implies [X, AJu = 0. Therefore, the
distributional support of [X, Alu for any u € D, is at most the cone point p, and
thus it fits into the framework of Corollary 26.

Proposition 27. Let X = Xy 0y + Xy 0w be a constant vector field on Cay,
written in terms of the complex coordinate w = x + iy = re'. Then for any
distribution u € Dy, for k = 2, we have

X, Alu = 27 (XyLi(u)- L1+ XpL_1(u) - L_1). (2.16)
Proof. Consider the bilinear pairing
(X, AJu,v), u,veD,.

The discussion above shows that this is well defined for all u,v € D,. Itis
clear that this pairing vanishes if either u or v lie in ©. So to compute the
pairing, it suffices to consider u and v to be linear combinations of the functions
to = p(wP), t1(w) £ dFp(wf?) and &w) € wip(w). In fact, the
pairing also vanishes if either u or v are ¢, since this is equal to a constant
in a neighbourhood of the cone point, hence vanishes near the cone point after
the application of either X or A. So we need only consider ¥ and v equal to a
combination of (1.

First, let X = d,,. For this X, consider the action of the operator [X, A] on a
Fourier mode ¢/%, for a half-integer ;. Since the Fourier modes are eigenfunctions
of Asl , and since 3, maps ¢”¢ to a multiple of ¢!V~ the same property is
true of [X, A]. It follows that the only nonzero comblnatlon with X = 9y, is

([0w, AlC1, 81).

Similarly, when X = d, the only nonzero combination occurs when u = v =
{_1. In view of these considerations, to establish (2.16), it suffices to show that

([0w, AlS1, &1) = —2m, (2.17a)
([0, Ale—1, 1) = —2m. (2.17b)

In fact, as the calculations are similar, we only prove the first.
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Since we are using the bilinear pairing we have

(. Allr. £1) = —2(ALy. dulr) = —2 / AC1dwt1 dS

C4J‘[

where dS denotes the Euclidean area element. Using Stokes formula we have:

/r=8(8w§1)2 dw =i /rzs AE10,C1 dS.

For & small enough we thus obtain

/ Aé‘lawﬁldS:n.
The claim follows. O

2.3. The differentiated wave propagator on C4,. We now apply the for-
mula (2.16) for the Schwartz kernel of the commutator [X, A] to the Duhamel
formula (2.8) to compute the distribution Y. Writing X in complex coordinates,
ie., X = Xy 0y + X 0y, this yields

t

Yo(t,q1:92) =27 _O{Xw [W( —s)L1](q1) - [L1 o W(s)](g2)

+ Xa[W(t —s)L1](q1) - [L-1 o W(5)l(g2)} ds. (2.18)

In particular, this shows Yy is an integral superposition of tensor products of the

distributions
def

Li(t) = W(t)L; (2.19)
obtained from evolving the distributions L; under the sine flow W(¢). (Note
that the self-adjointness of W(¢), and the fact that its kernel is real, implies
W()L; = L; o W(¢), so we only need to work with the evolved distributions
£j(t).) Since the L;’s are supported only at the cone point p, we should expect
the propagated distributions ¢; () to be spherical waves emanating out from p, i.e.,
they should be diffractive-type waves. As the next lemma shows, this is indeed the
case.

Lemma 28. Let t > 0. The distributions £1(t) and £_1(t) on Cysy are given

explicitly by
1 i
= ——5(t - =0 . 2.2
Liq(2) 4nﬁ8(t r) exp[:F 20] (2.20)
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Proof of Lemma 28. 1t suffices to prove the lemma for £;(¢); the statement for
£_1(¢) is similar and follows by complex conjugation.

Recall the spectral projector form of the definition of L (see (2.15) and (2.14))
and

(u) = lim
b r0 4nﬁ R/4nZ,

To compute the action of W(z) on L;, we use the Cheeger—Taylor functional
calculus on metric cones [4]; this expresses E as the sum

E(t,r1,01;12,62)

_ 1 ij * sin(Ar) _
= EZZ:CXP [7(91—92)] /A:o —Tip Ar) iy (hr2)A dA

u(r, 0)exp[— %9]010.

over the angular modes of A. Since L vanishes except at the j = 1 mode in this
sum, we have the following simple formula for the action of £; (¢).

[€1 ()] ()

o sm()ut) }
lim TL ()T 1 (Ara)A dA
r11¢0 (47T)2\/ 6:=0 /rz 0/9 {/ 1( 1) %( r2)
exp [ . 591] exp [5(01 - 92)]u(r2, 0,) dyrs dradbs.

Performing the 6, -integral, this simplifies to

*° s1n()kt)
[0 = lim 4w_/r2 0/0 {/ Jl()trl)Ji(Arz)Ad)L}

i
exp [ . 592]u(r2, 02)rs dradbsy.

1
We now substitute the explicit formula Jy (z) = [£]? sin(2) into the above,
giving
°° in(At )S ()L 1)
r10 2712«/ ho
By pairing with a test function and using dominated convergence, we see that this
is equivalent (in the sense of distributions) to the expression

(1) = lim sin(Ara) exp [ - —92] da.

1 Rl . [
% /A:O sin(At) sin(Arz) exp [ — Egz]d)t.

To conclude the proof, we observe

o0 0
/ oA+ gy / SAEHT) g3
A=0 A=—00

4@) =
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This implies, dropping the subscripts from the base variables and replacing the
sine functions by their complex exponential definitions, that

() = —— / T (oM _ iy o - ie]dx
8”2\/7 A=—00 2
X ; (2.21)
= 4nﬁ8(t—r)exp[—§0], fort > 0.
0

Remark 29. It is remarkable that, on the cone of angle 47, there are solutions
to the wave equation, namely r_%S(t — r)e*92 obeying the sharp Huygen’s
principle, that is, supported on the light cone itself. This can be confirmed by
direct calculation, applying the wave operator to these distributions.

We also remark that one can prove Lemma 28 without appealing to the
Cheeger—Taylor functional calculus: after verifying that the £ (¢) satisfy the wave
equation, it only remains to check that

lim 21() =0 and  lim(d/dD)lei() = L.

We conclude this subsection with the proof that Y is a Lagrangian distribution
associated to the diffractive Lagrangian relation AP.

Proposition 30. Let t > 0, and suppose, as in the discussion in Section 2.,
that the unit-length vector X points in the direction 6. Then the distribution
Yo = K[[X, W(t)]] is given explicitly in polar coordinates by

91+92_9>.

8(t — 11 — 1) cOS ( (2.22)

1
Yo(t,q1;92) = M—m

Proof. We begin by rewriting the equation (2.18) using the distributions £; (¢):

t

Yoltqria) =21 [ (Xultie =)@ 1Ol
T Xl - )0 16 (5))g2) ds.

We break up the integral across the sum and consider the first summand:
t

T, qs g2) & / (€4t — 9))(q) - [61()](q2) ds.

s=0
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Substituting our expression (2.21) in for £;(¢) and its conjugate for £_;(¢), the
above becomes
! "Bt —5) — r)S(s — ra)ex [ L ® +0)]ds
1672 /i Js—o ! Dexp| Ty T
i
8t —r1 —rz)exp[— 5 (61 + 92)]-

(2.23)

1
1672 /r1ra

Similarly, we have

- 1 i

YL (¢, qq; =——94§(t—r; — — (61 + 62)|. 2.24
o (1.41:92) 672 Jrirs (t—n rz)exp[z( 1+ 2)] (2.24)
For the vector field with direction 6, we have X,, = exp(if) = Xy. Adding (2.23)
times Xy, to (2.24) times Xy, and multiplying by 2w, we obtain (2.22). O

2.4. The full wave propagator on Cy4,. Having computed Yo (¢, ¢1;¢q2), we
return to (2.5) and compute the sine wave kernel E (¢, g1, ¢2) on Cy4 . Since our
primary interest is in the behaviour near a geometric diffractive geodesic, let us
assume for a while that 0, is close to 0 and 6, is close to 7 (so that the diffraction
angle 6; — 6, is close to —x). We then choose to move the conical point in the
direction 7. This amounts to putting ¢ = —7 in the previous formulas.

Let r;(s), 6; (s) be the distance and angle from the point ¢; to the cone point
shifted by a distance s in the & = 7 direction, or equivalently, from the point g; (s),
obtained from g; by shifting a distance s in the 6 = —7 direction, to the (fixed)
cone point. Notice that, in the limit s — oo, the angle between ¢;(s) and g,(s)
approaches 2. In particular, the points will be distance 1 (s) +r2(s) = 2s+ O(1)
apart, in this limit. Thus, the condition that (®%)*E (¢, ¢1; ¢2) = 01is valid for large
s. Hence, we can write, using (2.23) and (2.5),

01 (s) + 92(5))0,&

1 o0 1
E(t,q1.92) = E/o (r1(s)r2(s))"268(t —r1(s) —ra(s)) sin( >

(2.25)
This can be written

o0
E(l,q1;q2):/ / eI PA19259) (1 gy gy s, w)ds do (2.26)
§s=0 J—o00

with the following phase function and amplitude:

P(q1.92.5.0) = (VX7 + (1 —8)2+ x5+ (y2—5)2 — Do,  (2.27a)

i (M) (2.27b)

1 _1
a(t,q1,4q2,8,w) = 72 (r1(s)ra(s))~2 - sin 5
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Since the phase function is a nondegenerate phase function in the sense of Defi-
nition 12, we find that the propagator is in the Melrose—Uhlmann class.

This construction can actually be carried out as long as 6, € ( -7, %) and

6> € (%.2F). When 6 is in the same interval but 6, now belongs to (— 2&, —Z)
(thus containing the diffraction angle of + ), the conical point has to be moved
in the opposite direction § = —Z. This leads to a similar expression. Observe
however that in that case the phase is now
P(q1.92.5.0) = (/X7 + ()1 + 92+ {/x3 + (2 + 9% — Do,
In the remaining cases for which 6, belongs respectively to (— %, %) and

(3. 2F) the conical point can be moved in the § = 7 direction. It should be

noted however that in this case the limit s — oo of E*(¢, ¢1, ¢2) is not O but the
free solution.

In any case, it follows that E is an intersecting Lagrangian distribution in a
neighbourhood of (¢, ¢1; ¢»). Close to the diffraction angle —m, we use the form
of the phase (2.27) to determine the two Lagrangian submanifolds. First, when
s = 0, it is clear that ¢|s=o parametrizes the Lagrangian N*{t = r; + rp} =
AP. Second, when s # 0, ¢ is stationary with respect to s when the cone
point lies on the straight line between (x1,y; + s) and (x2,y2 + s). In this
case, the second derivative 8§s¢ is nonzero, and we can eliminate the variable
s by replacing it with its stationary value. In this case, the sum of distances

\/xf + (1 + 92+ \/x§ + (y2 + 5)2 is equal to the distance between (x1, y; +5)
and (x5, y» + §), which is the same as the distance between ¢; and ¢,. So an
equivalent phase function is (|q; — ¢2| — ¢)w, and this parametrizes the conormal
bundle of the direct front, A©.

This essentially proves

Proposition 31. For each fixed t > 0, the sine propagator kernel E on Cyy is an
intersecting Lagrangian distribution on C,, x C,_ of order —1:

1 _1
E(t)yer,?ry? -I_l(Cjn X C:”;AD,AG);

in particular, it has Lagrangian order —1 on A® \ AP and order —% on AP\ AS.

2.5. The Cheeger-Taylor formula. It is instructive to compute the integral
(2.25) explicitly, and confirm that we obtain the Cheeger—Taylor formulae for the

wave kernel from Section 2.1. Let us consider the case in which 6; € (— %, %)

272
and 6, € (£, 3F).
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Since the functions r;(s) take the form ,/rg + (s —sp)2, they are convex
functions of 5. As s ranges from 0 to oo, the delta function §(t — r1(s) — r2(s))
can be nonzero for at most two values of s. More precisely, if t < r; + r, and
the angle between ¢; and ¢, is greater than s, then there are no values of s for
which ¢t = r;(s) + ra(s), since in this case, both rq(s) and r,(s) are increasing
in 5. On the other hand, suppose that ¢ < r; + r, and the angle between x; and x»
is less than w. We might as well assume that t > d(x1, x), since otherwise the
wave kernel is zero due to finite speed of propagation. In this case, r;(s) + ra(s)
decreases until the cone point lies directly between x; and x,, when we have
ri(s) + ra(s) = d(x1,x2) < t, and then increases to infinity. It follows that in
this case there are two values of s for which t = r1(s) + r2(s). The final case is
t > r1 + r». In this case, regardless of whether ry(s) 4 r»(s) initially increases or
decreases, there is always one value of s for which ¢t = r1(s) + r2(s).

For each value of s satisfying ¢ = r;(s) + ra(s), we calculate the contribution
to the integral (2.25). This is given by

O1(s) + 92(5))
2

= %(H(S)Vz(s))_% | sin(6 (s)) + sin(6>(s))| ! sin(

%(rl(s)rz(s))_% 1 (s) + rj(s)| ! sin(

01(s) + 92(S))
2

sin (

sin(01(s)) + sin(62(s))

= @)

since by choice w € (0, ). Using the addition formula for sin 6; +
sin 6, we obtain that the contribution can be written

cos (91 g 92)

-1

()™
T

and we want to prove that this coincides with
() 2 2 0, — 6 -3
E(I — (r{ +ry —2riracos(ty — 62)))" 2,

whenever the moved conical point p(s) lies in between ¢, and ¢,. This implies
that t = r1(s) + r2(s) so that we have (we omit the dependence on s)

1?2 — (r12 + r22 —2rirpcos(fy — 63))
(2.28)

0, — 06
=2rira(1 + cos(6y — 62)) = 4rir; cos? ( ! 7 2).

The claim thus follows.
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The wave kernel on Cy, is therefore given by 0, 1 or 2 times this quantity,
according as there are 0, 1 or 2 values of s > 0 satisfying ¢t = ri(s) + ra(s),
as discussed above. This agrees with the expression (2.1a)—(2.1c) obtained by
Cheeger—Taylor.

3. The microlocal structure of the wave propagator on C,

We now analyze the structure of the Schwartz kernel E of the sine propagator
on the cone C, of generic cone angle «. First let us recall the definitions of the
geometric and diffractive Lagrangians and their intersection: the geometric (or
“main”) Lagrangian is

AS Y N*{t* = r} 4+ r3 —2rirpcos(6y — 62) and |0; — 6| < 7}, (3.1a)

the diffractive Lagrangian is
AP E N = (1 4 12)2), (3.1b)

and their intersection is the singular set

T EASN AP (3.1c)
In particular, we note that pr(X) = {t?> = (r; + r2)?> and 6; — 6, = +x}.
Friedlander’s representation of the sine wave kernel E (¢) on the cone of angle
« expresses, in effect, this wave kernel as the a-periodized sine wave kernel on the
cone of angle co. Because of this, the wave kernels on two different cones Cy, and
Cq, can be related. We use this fact, together with our complete understanding of
the case @ = 4z from Section 2, to prove the following theorem for any cone.

Theorem 32. The Schwartz kernel E of the sine propagator W(t) on the Eu-
clidean cone Cy is an intersecting Lagrangian distribution in the class

(r1r2)"2 - TN R x C2 x C2: AP, A©).

Remark 33. We recall that here, as throughout the paper, the order of the La-
grangian distribution is the order for each fixed . When ¢ is regarded as an addi-
tional spatial variable, the order drops by 1/4.

Remark 34. According to section 1, we obtain that, away from the intersection X,
the sine wave propagator is a FIO of order —1 on the direct front A€ and of order
—3/2 on the diffracted front AP.
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3.1. Friedlander’s construction of the wave propagator. To start our study of
the sine propagator near the singular set X, we recall Friedlander’s construction
of the Schwartz kernel of W(z¢) from [9].
Let G(y, z) be the L] -function on R?y’ - given by
H(y + cos(z))H(w — |z|) y <1

G(y,z) ¥ (32)

] + arctan [#—:hz(y)]} y>1.

- { arctan [m

Form its periodization with respect to the map
R>> (y,2) — (v,z + a) € R?,
and denote the resulting function by G4(y, z); concretely,

Gy(y,2z) = Z G(y,z+oa-k).
keZ

We may thus view G4 (y, z) as a function on R x (R/aZ). Now, define the operator
A:Rx (R/aZ) — R x C, x C, as the composite A = A3A,A;, where
o A = [ay]% is half-derivation in the y-variable, that is, the composition of
differentiation in y with the fractional integral operator with kernel given by
1
ly =¥z
e A, = F* is pullback by the map
12 _p2_ 2

—n—n

F(t,r1,91;r2,02):(y: ,2291—92>;

27‘1}’2

. T . 1
e and A3 is multiplication by the factor P

Proposition 35 ([9] and [12]). The operator A is a Fourier integral operator
associated to the Lagrangian relation

(222
ApE Ny =S andz = 0, - 6,), (3.3)
2?‘1?‘2

and the Friedlander distribution A Gy on R; x C; x C, is well-defined and equal
to the Schwartz kernel of the sine propagator, E.

In [12], it is proved that near y = 1 and away of z = +r, G, is a Lagrangian
distribution associated with N*{y = 1} so that the latter proposition implies
that the propagator is a FIO on the diffracted front, away of the geometrically
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diffracted rays and its order can be directly computed to be —%. Moreover,
Friedlander’s construction makes it relatively easy to break E into pieces that are
either associated to the geometric wave, the diffracted wave, or their intersection
3. We use this to show that the structure of E near X is the same (up to a purely

diffractive term) for all cone angles «.

Proposition 36. Let Cy, and Cy, be two Euclidean cones. There are isometric
neighborhoods V= C R, x Cy, X Cq, and ViE C R, x Cy, % Cq, Of the set

{t? =(ry +r2)*and 6; — 0, = 7} = pr(X)

on which
3
Ey — Eo, € I72(VE AD), (3.4)

where E, is the sine propagator kernel on R; x C; x Cy.

The key point is that (3.4) is a purely diffractive FIO whose order is the same
as the order of the propagator on the diffracted front, away of X.

Proof. From Proposition 35 we know that E, = AG,, so we will prove this
proposition addressing more precisely the periodized function G,,. First, we note
that the projection of X to the base R; x C, x Cy corresponds to

(222
y=—1"2=1 and z=6,—0,==4n
2}’1}’2

in the original (y, z)-coordinates used to define G. Since A is explicit and doesn’t
depend on «, in order to understand the propagator near X, it suffices to understand
how the periodization acts on G, depending on «.

Let us start with the case where «; and «, are both greater than 2w. Let

def . def .
oy = min(a;, o), and set ¢ = %(a* — 2m). Choose a smooth bump function

p € C(R;) satisfying p(z) = 1 when |z| < £ and p = 0 when |z| > &. From p
and G we define the following:

0% (2) d:efp(Z:Fn), G*(y.2) = G(y.2)p™(2).

def

PP E 1 =pt @)= p (@) Nziem @), G°(r.2) ¥ G(y.2)0°).

def _ def
p*(2) = (1=pt (@) = p (@) Lzzm(2).  G¥(y.2) S G(y.2)p™(2).
sothat G = G®+G® +GT +G™.
Consider the o -periodizations G;j (r,2) o Y kez G*(v.z + aj - k) of these
distributions for j = 1 and 2.
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By choosing ¢ as above, we have «; > 27 + 2¢. Thus on the set |z — 7| < ¢,
andfor j = 1,2,G%and G~ vanishand G = G ™ so that when periodizing, only
the function G*° will give a non-trivial contribution on this set.

We thus obtain, on this set:

GOtl (y’Z) - Gﬂtz(y7z) = Gg?(yvz) - Ggg(yvz)'

It follows from the estimates in [12] that ng_’ is a Lagrangian distribution asso-
ciated to N*{y = 1} (see Lemma 3 of [12]). Using Prop. 35, it follows that on
y+ & F~ Y|z — | < &}, Eq, — E,, is a Fourier Integral Operator associated
with the diffracted front. Its order is seen to be at most the same as the order of E,,
on AP away of X. The latter is computed by tracking down the order of G° as a
Lagrangian distribution and the order of A as a FIO (see [12]. Theorem 4 loc. cit.
yields the order —% for the half-wave propagator). We obtain the order —% for the

sine wave propagator. The same argument applies for V™ &l {lz + 7| <&}
We thus have proved

Eay — Eoy| s € [T2(VE, AD),

which establishes the result in the case o1, o > 2.

Finally, to extend to general cone angles o we use the method of images:
distributions on C, may be represented as «-periodic distributions on its N -fold
cover Cyq, Where N is any positive integer. The result holds using E y4 in place
of E, by the above, and we may recover the result for E, by restricting to a single
period of length « in the angular variables. O

Proof of Theorem 32. Theorem 32 follows immediately from Proposition 31 and
Proposition 36. U

We conclude the microlocal structure of the half-wave kernel U & Kle™" */K]
as a corollary of this result.

Corollary 37. The Schwartz kernel U of the half-wave group U(t) &l =it VA 4
R x Cy x C, is an intersecting Lagrangian distribution in the class

1 _1
ry 2r, 2I°(Rx Cy x Cg: AR AS).

where (A", Ai) is the forward/backward part of the intersecting pair (AP, A®),
i.e., the pair given by intersecting (A, A®) with {(¢t, ) x T*CIxT*Cg : Ft > 0}.
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Proof. We know from Theorem 32 that W, the sine kernel, is in the class
I7H(R x C2 x C2; AP, AS). (As usual, the order is for each fixed 7.) By tak-
ing a derivative in ¢, we find that cos £ +/A is in the class 1°(R x Cy x Cy; AP, AS).
We can write

1 . .
costv/A = E(e_”‘/Z 1 eitVAy,

Since e Ti!VA ig annihilated by the operator (D, = +/A), which has symbol 7 £ |£|,
we see that its wavefront set is contained in {Fr > 0}. Therefore, eT'! VA g
microlocally identical to 2 cosz+/A on A%, and microlocally trivial on AZ. O

Remark 38. In [12], a similar argument is used to pass from the sine kernel to the
half-wave kernel but the factor of 2 has been incorrectly omitted.

Example 39. Starting from expression (2.26), this procedure yields the following
expression. On the cone of angle 47, for 6; close to 7 and 6, close to 0 we have

Usr(t.q1.92)

01(s)+62(s)
/ / e e 5 ‘wdsdoldgidg|?
2 b
" an (71(5)"2(3))7
(where ~ means equal modulo C*) in which ¢, r;(s), 6;(s) are defined as
in (2.26).

Remark 40. We emphasize that the novelty in Theorem 32 is the precise determi-
nation of the structure of the wave kernel near the singular set X, the intersection
between A® and AP. Indeed, the Lagrangian structure of the wave kernel near
A%\ AP (where the cone point plays no role, due to finite speed of propagation)
follows from classical work of Hormander [14] (also together with Duistermaat
[8]). On the other hand, on metric cones (of any dimension), Cheeger and Taylor
showed that the wavefront set of the wave kernel is contained in A® U AP and
showed the Lagrangian structure of the wave kernel near AP \ A® [4, Section 2],
[5, Section 5]. More generally, on spaces with cone-like singularities, Melrose
and Wunsch [24] proved that the wavefront set of the wave kernel is contained in
A® U AP; morover, they also showed that the diffractive singularity is conormal
and (n — 1)/2-order more regular than the geometric singularity (see Theorem
L1 loc.cit). Notice that this difference in order agrees with our results, since for
an intersecting Lagrangian distribution, the order on A¢ (here, the diffractive La-
grangian) is always smaller than the order on A (here, the geometric Lagrangian)
by % This also shows that our result is restricted to dimension 2: in higher dimen-
sions, it cannot be true that the wave kernel on a cone is in the Melrose—Uhlmann
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calculus. In the latter case it would be interesting to know whether the kernel
lies in the class of distributions that are constructed in [11] and that generalize the
Melrose—Uhlmann construction.

3.2. Proof of Theorem 3. Let us first consider the case of a diffractive geodesic
of length ¢* joining ¢ to ¢; with a diffraction angle of x.

Remark 41. It may seem peculiar to use ¢, as the starting point and ¢; as the
final point of the geodesic, but this is coherent with searching for an expression

forU(t,q1.q2).

We can use a Euclidean system of coordinates such that

e g corresponds to (—r;,0),

e the geodesic corresponds to the horizontal line starting from (-}, 0).
This Euclidean coordinate system can be uniquely extended to a local isometry*
from R2\ {(0, y), y > 0} into C,. We will freely use this local isometry to identify
points (¢1, ¢2) in a neighbourhood of (g7, ¢5) with their preimages in R?.

The point g7 corresponds to (r;, 0) in this system of Euclidean coordinates.
The geodesic between ¢, and ¢; is horizontal and it can be seen that it is geo-
metrically diffractive with angle 4+ since it is the limit of horizontal geodesics
approaching from below. For s = 0, we denote by p. (s) the point with coordi-
nates (0, —s) in this Euclidean system and we set

def
¢+(1,41,92,5,0) = [lg2 — p+ ()| + lg1 — p+ ()| — 1] - o,

where |q — q’| denotes the Euclidean distance in R2.
When the angle of diffraction is —m we can proceed similarly. The diffractive
geodesic is now the limit of horizontal geodesics from above and the cut is now

{(0,y), y < 0}. We then define p_(s) & (0, s) and
$—(t.41,42) = [lgz — p—)| + lg1 — p—(s)| = 1] - .

Lemma 42. In either situation, locally near (t*,q7,q5) € RxCy x C,, ¢+ isa
phase function for the intersecting pair (AS , A%).

According to corollary 37 and to section 1 there exists a symbol a4 such that,
locally near (t*, g7, q5), we have the expression

U(x(ts qls q2)

= ()7 / / £010250) g (1 g1 g2, 5. 0) dsdw|dqidqs]?.
5§=0 Jw>0

4If @ > 27 this isometry is actually one-to-one onto its range.
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Moreover, a,,+ has an asymptotic expansion of the form

g ~ Y aux1-k(q1, 42, 9)0' 7 . (3.5)
k=0

The only thing left to prove is the relation with the geometric theory of diffrac-
tion. This is done by computing the leading amplitude of U, near the diffracted
front and away from X, and comparing it with Proposition 51 in the Appendix.

Starting from the preceding expression and using the methods and results of
section 1, the leading term on the diffracted front is given by

U(x(ts qls q2)

N —(271)_2/ 29+ (1.41.42,0,0) : Ao, +,1(41, 92, 0)w da)|dq1dq2|%.
w>0 las¢ﬂ:(ts qls q21 01 CL))

We compute d5¢+(t,41,92,5 = 0,w) = %(sinf; + sin6,)w, and compare
with equation B.16. We obtain

_aa,:t,l(qlv q2’ § = 0)

_1
Lisingy +singy) 27012 2 Salti=02)

so that finally

)
1

Ao, +,1(,91,92,5 = 0,0) ~ F2mi -[sinfy + sinB]-w. (3.6)

(rir2)2

This is the last statement in Theorem 3.

Remark 43. This formula actually gives a way of computing S, if we know the
symbol in the Melrose—Uhlmann representation. For instance, starting from the
formula in example 39 for the propagator near a diffractive geodesic with an angle
—m on a cone of angle 47 we derive

] 1 (01(s) + Oa(s
Qar—1(q1,q2,5) = =i (r1(5)r2(5)) 7 sin (%)
The preceding formula thus yields
21 —i _(6:1(0) + 6:(0)
S T 9 - 9 ey Lt o1lV) + v2(V)
4n (01 — 02) im0, 1+ sing,)  dn? sm( : )

_ —1sin(5(61 + 62))
27 (sin 01 + sin6,)

= (s (B52))

This agrees with the formula (B.15) in Appendix B.
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Remark 44. It is interesting to note that ay +.1(¢1,42,5 = 0,w) is actually a
regularization of the symbol on the diffracted front. The latter blows up when ap-
proaching the intersection and this formula gives an effective way of regularizing
the contribution of a diffractive geodesic when the diffraction angle approaches
4+ (compare with the approach of [3]).

4. The wave kernel after two geometric diffractions

Theorem 3 can be used to understand the half-wave propagator on a ESCS after
microlocalization along a particular diffractive geodesic. We will now present two
applications of this method. A systematic study leading to a better knowledge of
wave-invariants of a ESCS will be done elsewhere.

Now that we have the basic structure of the half-wave kernel on the cone C,,
we next determine the structure of the kernel after two diffractions on a Euclidean
surface with conic singularities (ESCS). While one could continue to calculate
the structure for an arbitrary number of diffractions and any kind of diffraction,
we will focus on two geometric diffractions since this is the first case for which
our approach yields a significant improvement on the existing literature.

Let X be an ESCS as described in the Section 0, and let ¢; and ¢} be two
points in X with a geodesic y of length t* > 0 between them. Denote also by &
the covector in T* X of the bicharacteristics that projects onto y.

Our aim is to ﬁnd an oscillatory integral representation of the Schwartz kernel
of the operator
A U(1) Az,

where 4; € W°(X°) is microlocalizing near (¢, §*) and U(7) &l o—itVA i the
half-wave kernel at time ¢ with ¢ close to ¢ *.

In order to fix notations we assume the following. The geodesic starts at g5
then hits a cone point p, then a cone point p; and finally ends at ¢;. We denote
by a the distance (along this geodesic) from ¢} to p;, by b the distance between
p2 and p; and by ¢ = t* — (a + b) the distance from p; to ¢;. Moreover, we
suppose that this geodesic passes geometrically through both two cone points p»
and p;;i.e., y is locally a limit of non-diffractive geodesics.

Every geodesic with only one diffraction, which is geometric, is a limit of non-
diffractive geodesics. For a general diffractive geodesic with several geometric
diffractions, it may happen that, locally, the geodesic is a limit of non-diffractive
geodesics, but not globally. However, in our case, since y has only two geomet-
ric diffractions, it is always such a limit of non-diffractive geodesics (see [13]).
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We show this by generalizing the construction we did for the geometric diffractive
geodesic on a cone>.

We start with a Euclidean coordinate system at g5 such that g5 corresponds to
(—a, 0) and the geodesic is horizontal and we try to extend this coordinate system.
In the extended system the geodesic will correspond to the horizontal segment that
joins (—a, 0) to (b + ¢, 0) so that p, will correspond to (0, 0) and p; to (b, 0). We
remove from R? the cuts

cuty & {(0. 625). 5 > 0},
cut; & {(b. €15). 5 > 0},

in which¢;, i = 1, 2is such that the angle of diffraction at p; is €; 7. Exploiting the
flatness of X, the original coordinate system can be extended to a local isometry
from an open set V' C R? \ (cut; U cut,) that contains the horizontal segment.
If both ¢; have the same sign then y is the limit of non-diffractive geodesics that
pass above the two cone points (or below the two cone points). If the ¢; have
opposite signs, y is a limit of non-diffractive geodesics that cross the horizontal
line between the two cone points. This case is illustrated in Figure 4.1.

|
|
|
|
|
|
|
|
|
|
|
‘ ST
| s .,
N

Y

95 . _—y Pi q1

cuty

7K
|
|
|
|
|
|
|
|
|
|
|
|
|

Figure 4.1. The geodesic y passing through two cone points, with a geometric diffraction
in both cases

Using this local isometry we can define, for (¢1, g2) near (g7, ¢5). the functions
lgi — pi| and |q1 — q2| to be the Euclidean distance in R? of the corresponding
preimages.

5 This construction is the same as the rectangles with slits that are used in [13]
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For ¢ close to ¢* we can then define the following Lagrangian submanifolds in
T*(X°x X°)
o def , «
A= N"lg2— p2|l + b+ |p1 —qu| =1},

def |«
A E N g2 —pil + Ipr—qul =1},

def

A2 S N*{q2— pa| + |p2 — q1] = 1},
def

A*E N¥lgz —q1] = t},

It is straightforward to check that A3 corresponds to direct propagation, Al
corresponds to one diffraction at p;, A? to one diffraction at p, and A° to two
diffractions in a row at p, and p;.

The aim of this section is the following

Proposition 45. Fort > 0 fixed near t*, the Schwartz kernel of A1U(t) A3 is an
intersecting Lagrangian distribution of order 0 associated to the four Lagrangian
submanifolds (Ao, A1, Az, A3).

Proof. We begin with a decomposition of A;U(¢) A, in which only one conic point
plays arole in each factor. This is straightforward: we choose atime ¢y € (a,a+b),
say to = a + %, and we write A;U(t)A> = (A1U{E — 19))(U(o) A2). In terms of
their Schwartz kernels, this is

K[A1U(@)A2](q1.92) :/XJC[Alu(l—lo)](quq)'K[u(lo)Az](lI’qz)d‘I- “4.1)

Due to the assumptions on the microlocalizers A4;, the only points ¢ that contribute
to the singularities of (4.1) are points near (b/2,0) in our coordinate system. In
each factor of the composition above, the singularities of the half-wave kernel only
meet one cone point. Thus, modulo smooth errors, we may replace the half-wave
kernel by the half-wave kernel on an exact cone in each factor, allowing us to use
the results of Section 2.

More precisely, in (4.1), to obtain a singularity (¢1, £1; g2, €>) in the canonical
relation of A;U(t)A,, we must have (¢, &: ¢, &) in the canonical relation of
U(tp)A» and (q1, &1; q, &) in the canonical relation of A;U(¢ —t¢). For ¢ sufficiently
close to t*, this implies that ¢ is close to the point (b/2,0). That is, up to a C*®
error, we may insert a cutoff function y?(g) into (4.1), where y is supported close
to (0,b/2):

K[A1U(t)A2](q1.92) = /XK[ANL(I —10)(q1.9) - x*(q) - K[U(to)A1](q. 92) dq
4.2)
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modulo C* errors. Moreover, restricting the microlocal supports of A; and A4, if
needed, we may assume that the support of y is contained in a ball that is isometric
to the corresponding ball in R2. By the above assumptions on the geodesic y,
the half-wave operators U(#y) and U(z — ¢¢) in the compositions y(q)U(typ) A, and
A1 U(t —10) x(q) can be replaced (up to a smooth error) by the corresponding wave
kernels on the exact cones with cone points p, resp. p», which we know from
Section 2 are intersecting Lagrangian distributions associated to the diffractive
and main fronts. That is, we can express the Schwartz kernel of y(q)U(#y)A» in
the oscillatory integral form

00 oo
(27T)_2 / / e’¢2(‘1"12”°’sz""2)a2(q, q2, to, 52, a)z) da)2 dS2 (43)
0 0

where ¢ is the phase function

def
$2 = [Ig — p2(s2)| + | p2(s2) — 2| — fo] - 2. (4.4)
where p»(s») has coordinates (0, —e,s,) and | - | denotes the Euclidean distance in
R2.
Similarly, the Schwartz kernel of A;U(¢ — to) y(¢) has the oscillatory integral
representation

o0 o0
(2n)_2/ / e 1@ I=051.00 g (g1 gt — 1o, 51, 1) dwy dsy 4.5)
o Jo

where ¢; is the phase function

def
¢1 = [lg1 — pr(s)| + |p1(s1) — | = (t = 10)] - o1, (4.6)
where now p;(s;) has coordinates (b, —€1s1). Here, a; is smooth, supported in
w; = 1, and is a symbol of order 1 in w;.
Therefore, (4.2) is given by an oscillatory integral (up to smooth errors) of the
form

o0 o0 . .
(27T)_4/ / / / 911124, (q1, 9.1 —to, 51, 1)
Xq ]Rg) s1=0 Js>=0

a>(q.qz2,to0,52,wz)ds1dsydwy dwrdgq. (4.7)

We now show that in the overall phase function ® def ¢1 + ¢ we can eliminate
the variables (¢, ;). This is possible if the following non-degeneracy condition
is satisfied:

digon® =0 = detd} , ) on® #0. (4.8)
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The condition d;® = 0 implies that ¢ is on the segment [p>(s2), p1(s1)] and
that w; = w,. The condition d,,® = 0 implies that ¢ is at distance 7o —
|p2(s2) — q2| from p;(s3). Since the non-degeneracy condition is coordinate free
and has to be verified with fixed sy, 52, w1, g1, g2 we can choose for ¢ cartesian
coordinates (x, y) in arotated and translated coordinate frame, such that the origin
corresponds to the critical point and the conical points p; (s;) have the following
coordinates: pi(s1) = (B,0), p2(s2) = (—A,0) with positive A, B. We observe
that A and B depend on all remaining variables.

In these coordinates we have (we only keep (x, y, ;) as variables since the
other ones are fixed)

Q(x,y,w2) = w1 - [lg1 — p1(s)| + V(B —x)? + y2 — (t —1o)]
+ w2 - [V(A 4 %)% + y2 + |q2 — pa(s2)| — to]

We compute that

(x — B)w; (A + x)ws
P = , 4.9
VB2t JAtarts? .
dy® ] Yoo (4.9b)

= + ,
V(B —=x)2+y2  J(A+x)2+ y2
do,® = V(A +x)2 4+ y2 + g2 — p2(s2)| — 1o (4.9¢)

The critical point is easily seen to be (x = 0,y = 0,0, = w;). We can then
compute the Hessian of ® in the (x, y, w;)-variables and evaluate it at the critical
point:

dx® 0 1 L
0 woC 0, cdéfZJrE. (4.10)
1 0 0

The determinantis —Cw; < 0 so that the non-degeneracy condition is satisfied.
It is straightforward to check that this matrix has two positive eigenvalues and one
negative eigenvalue. The signature thus is 1.

Hence, using the argument of Hérmander ([15], end of Section 3.1), we can
write the oscillatory integral where we replace (x, y, ;) by their values at the
stationary point that we denote by ¢g.. We obtain the oscillatory integral (writing
w for wy)

o0 o0 oo .
(271)_5/2/ / / V425020 (1 gy gn 51,55, w) dsy dsy do,
—00 J§51=0 Js52=0
“4.11)
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where the phase function ¥(¢, q1, g2, 51, 52, @1) is seen to be

def
U= [lg2 — pa(s2)| + | p2(s2) — gl + lge — p1(s1)| + [p1(s1) — q1] — t]wn

= [lg2 — p2(s2)| + |p2(s2) — p1(s1)| + [p1(s1) — q1| — t]on,
(4.12)
and the amplitude is given by

a(t, q1.q2. 51,52, ©) = "™ *(wC)71/?

ai(qi,qc.t —to,s1,w)az(qc, q2, to, 52, ).
(4.13)

We can now verify easily, using Definition 20 and Remark 22, that W para-
metrizes the given system of four Lagrangian submanifolds. Indeed, a simple
computation shows that at (1*, ¢, ¢5,0*) = (¢, (c — a,0),(—a,0),1) we have
dw.s,5:Y(t. 97,95, ©*,0,0) = 0. Moreover, explicit computation shows that at
this point the differential d(dW/ds;) is a nonzero multiple of dy,, the differential
d(0W/ds,) is a nonzero multiple of dy,, and d(dW¥/dw) has a nonzero dt compo-
nent. Thus these differentials are linearly independent, implying that the localized
propagator is an intersecting Lagrangian distribution associated to the above sys-
tem. It is not hard to check that the four Lagrangians correspond to no diffractions
(A3), one diffraction (A, A,), arising from interaction with p; or p, respectively,
and two diffractions (Ag). Finally, as a in (4.13) is a symbol in w of order 3/2,
we see directly from Proposition 21 that the order of the distribution (that is, the
order on A3, the direct front) is 0 (where ¢ is treated as a parameter). O

To conclude this section, we compute the principal symbol of the wave kernel
U(z) Ll =itV 4t the twice-diffracted Lagrangian A using Proposition 23. This
amounts to computing 4, to leading order in w, at s; = s, = 0. We will do the
computation in the case €; = —1 and €, = +1, as in Figure 4.1. The other cases
are similar.

Clearly, from (4.13), we need the leading order behaviour of a; ats; = 0. This

is given by (3.6). Substituting into (4.13), we find that when s; = s, = 0,

a(t,q1,42,0,0,w)
= 'ACT2(27)? Sg (7 — 01) sin 01 (g1 — pillge — pi) V> (4.14)
Sas (02) sin 02(1q2 — p2llge — p2))™?03?  mod S1/2.

When s; = 55 = 0 we have

c_A+B _lac—pil+lge—pa| _ b
AB lgc — p1llgc — p2| lgc — p1llgc — p2l
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Using coordinates where (r;, 6;) are polar coordinates for ¢; centered at p;, we
can simplify (4.14) to

a(t,q1,42.0,0,w)
. —-1/2
= ¢'™/*(21)2 S, (—7 — 01)Sa, (6) sin By sin 92(”%) ©*?  modS'/2.
(4.15)

Using Proposition 23, and the identities

wy> WXz
Iyl x|
valid when s; = s, = 0, we find that the principal symbol at the twice-diffracted
Lagrangian Ay is

v, = =wsin(f;) and ¥y, = = w sin(6,)

1 [&(x,y,to,t,O,O,a))]

pr v, v, Co
1
3(r1, 01,600,011+ b + 12 —1)| 2 ,
(.61.62 0.1+ b ¥ =012 0 dbdelt  (@4.16)
d(x, y,w)
2nein/4
= 2 S (03)Say (—7 — 01)| drid6ydbydw|E.
wz2b2

5. Contribution to the wave trace of an isolated orbit
with two geometric diffractions

As a byproduct of our approach we can compute in a rather straightforward way
the leading contribution to the wave trace of any kind of periodic orbit, thus
generalizing [12]. We present here the case of an isolated periodic geodesic that
has two geometric diffractions (and no other diffractions).

More precisely, we assume that the orbit y diffracts at p; and p, (not neces-
sarily distinct) and that the angles of diffraction are —z and + . We construct as
before the rectangle with cuts that is associated with this periodic geodesic. We
see that near p; the geodesic is locally the limit of non-diffractives geodesics that
pass above p;. Near p; it is locally the limit of non-diffractive geodesics that pass
below. It follows that one cannot translate the orbit to a nearby periodic orbit, so
that the orbit is isolated as a periodic orbit.

Remark 46. If instead of translating the orbit we rotate it then we do obtain non-
diffractive geodesics that converge to y on any interval [0, 7] but these won’t be
periodic.
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Let ¢ be a point on y, we intend to compute
def
0,(1) = Tr(A1U(1) Aap),

for ¢ close to the period L, A; is a microlocal projector near (g, £*) and p a bump
function near ¢ such that on the support of p the principal symbols of A; and A,
are identically 1 on the lift of the geodesic. More precisely, we first choose A4
and A, such that for ¢ close to L, any geodesic of length # whose starting point is
in the microsupport of A, and whose endpoint is in the microsupport of A; stays
close to y. The bump function is chosen afterwards.

We construct the Euclidean system of coordinates as before: the periodic orbit
lies along the x-axis, with cone points p, located at (0, 0) and p, at (b, 0), and we
identify (x, y) with (x + L, y), where L is the period.

According to Section 4, the Schwartz kernel of the half-wave operator
A1 U(t) A, after two diffractions has the following oscillatory integral represen-
tation

oo o0 o0 .
(27r)_5/2/ / / VEYLSL2.0)5(1 gy g5, 51,50, w)dsy dsydw, (5.1)
o Jo Jo
where ¥ is given by

V(1. 91,92, 51,52, 0) = [|g2 — p2(s2)| + [p2(s2) — p1(s)| + |p1(s1) —q1| — 1] - @
and a is given by (4.15):

sin 6y - Sg, (= — 01) - sin 05 - S, (62)
. (ribra)? -

b

3
2 .

a(t.q1.42.0,0,0) ~ 2m)* - €'

We are thus lead to compute

def o o o .
ap(t):(27r)_5/2/X/0 /0 /0 eV a+(L.0.4:5152.0) 5 () dsi ds,dgdw,

(5.2)
where we have set g, = ¢ and ¢; = ¢ + (L, 0).

We choose to parametrize ¢ by (x, y): the Euclidean coordinates near ¢5. In
this oscillatory integral, we first perform a stationary phase with respect to y. We
denote by y, the stationary (critical) point. We observe geometrically that (x, y.)
is on the segment [p;(s1), p2(s2)]. Moreover, we compute

|IL =]
2y (t, (x,7:),0,0,0)) = ——— @
It follows that the critical point remains non-degenerate for small (s;, s2). Since
geometrically, it is obvious that the critical point is a minimum, it also follows that

the signature is +1.



Wave propagation on an ESCS. T 653

We now observe that the phase, when evaluated at the critical point becomes
independent of the remaining x. More precisely it is given by ¥ where we have
set

V(t, 51,50, @) = [V/b2 + (51 + 52)2 + V(L —b)2 + (51 + 52)2 —t] - w. (5.3)

We thus obtain after applying the stationary phase:

L 00 00 0 ~
o,(t) = / / / / ei‘”A(t,x,sl,sz,a))p((x, Ve)) dsyds, dw dx,
o Jo Jo Jo

where A is a symbol that, at leading order and for s; = s, = 0, reads

A(t,x,0,0,w)
~ (2”)1/2_5/26i%d(t1 (-x + Ly )/c), (-x7 )/c), 0707(’0)
1
|a§W(t’(x’J’c),0,0’w)| Z)O(X,yc)

i sin(61) - So; (=7 — 01) - sin(6>) - S, (02)  VIX|[L —b — x| ‘w
Vb -IxIIL —b —x] T—b

; sin 01 . Sal (—JT — 01) - sin 02 . Sa2(92) o
VB(L =) '

It remains to evaluate an oscillatory integral of the form

def L 0o 00 oo -
I(t) = / / / / eV ES120) L1y 51 55 w) - wdsy dsy do dx
o Jo Jo Jo

in which A is a symbol in .

If we forget the restriction on the domain for (sq, 52), this is a standard oscilla-
tory integral and the phase has a smooth submanifold of fixed points. The restric-
tion on the domain makes it a little less standard. Although we could perform a
general treatment for this kind of oscillatory integrals, in our case, the nature of
the phase allows for a more direct computation.

We first make the change of variables u = s; + 52, v = 57 — 55. In these
coordinates, ¥ is independent of v; we write v/ (¢, u, w) for the phase expressed
in these coordinates. Notice that, by (5.3), it is a smooth function of u2, and is
stationary in u only at u = 0. The domain of integration becomes ¥ > 0 and
—u < v < u. We obtain the integral

0o oo 1 /% -
1(r) :/ / e"/’(”“"")[i/ A(u,v,a))dv]du dow.
0 0 —u
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Since the factor in square brackets vanishes at u = 0, the leading contribution of
this integral is obtained by performing an integration by parts in u. To do this we
write

Tt u, ) = (1 — Lo + ¥, u,0), ¥t u, o) = 0w?), u— 0.

Then we have

u ‘”(“ ) _ 3250.0) £ 0.

u—>0
We obtain

1) ~ i /0 " 10 10,0, 0) (290, ) dow

where the index 0 means that we have taken the principal part of A.

It remains to evaluate all the quantities in our case observing that when sy, 52
goto 0, 6; go to 0 and 6, go to 7. Using (B.14) and (5.3), we have

1
lim sin60; Sy, (—7 — 01) = —
2

61—>0

1
hm Sin 08¢, (6h) = ——

br—x e

2.7 . L
b 0.0) =0 g

Putting everything together we obtain:

o b(L —b)
0,(t) ~ / e”"(L_’)(—d / p(x,0)dx
0

47
? V(L —b) L—i0)! '/L p(x,0)dx.
l 4 L 0

The contribution of the whole periodic orbit is obtained by using a covering
argument (i.e. choosing carefully near each point A1, A, and p so that in the end
Y pis identically 1 in a neighbourhood of the geodesic). In the process, we have
to be careful near the cone point. The contribution of a (small) neighbourhood of
the cone point can be computed using the following trick (that is already used in
[12] and [28]).
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Suppose p. is a function that is identically 1 near p;. We want to compute

0pc (1) E Tr U pc)
We insert microlocal cutoffs so that, up to a smooth remainder we have
Opc (1) = Tr(A Ut — 10) A2U (o) pc ).
Using the cyclicity of the trace we need to calculate
0pc (1) = Tr(U(t0) pc A1U(t — 19) A2).

In the latter expression, thanks to the cutoffs, all the operations (composition and
taking the trace) take place away of the conical point. So we can proceed as before.
In the end, if we sum all the contributions, it will amount to sum all the
contributions | p(x, 0)dx and this will give the length of the geodesic.
We obtain the following proposition.

Proposition 47. On a ESCS, the leading contribution to the wave trace of an
isolated periodic diffractive orbit with two geometric diffractions is

L. Vb(L —b)-(t —L—i0)"!,

4im?

Remark 48. As a point of comparison, we recall the analogous leading-order
contribution of a nondegenerate closed orbit y on a compact, smooth manifold in
the trace theorem of Duistermaat and Guillemin [7]:

Qr) 'Li®|ld— P,|"2(t — L —i0)".

Here, P, is the Poincaré return map in the directions transverse to the level set of
the symbol and to the flow direction, and i °» is a Maslov factor (with o, the Morse
index of the geodesic). The singularity we obtain here from an isolated periodic
orbit with two geometric diffractions is thus of the same order.

We can also compare this with the singularity contributed by a non-geometric
diffractive periodic orbit with one diffraction, as computed in [12, Theorem 2].
This has leading singularity (t — L — i0)~'/? and is hence one half order more
regular. On the other hand, the singularity contributed by a cylinder of periodic
geodesics is to leading order (f — L —i0)~3/2, from op. cit. which is half an order
more singular.

Notice that a cylinder of periodic geodesics necessarily has geometrically diff-
racted geodesics at its boundary. In the second article in this series, we intend to
use the analysis of the present paper to compute higher order terms in the wave
trace singularity arising from such a cylinder.
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Appendices

A. Domains of operators and admissible asymptotics
at the cone point

In the course of our construction of the wave propagators on Cy4,, we needed infor-
mation about the domains of operators related to the Laplace—Beltrami operator
Ag. The first such result was a description of the domain of the adjoint operator
R,

Lemma 49. Let p € C*°((0, 00),) be a smooth cutoff satisfying p = 1 forr < 1
and p = 0 for r = 2. Then the domain of (Ag)* as an unbounded operator on
L?*(Car) is

D*=D® SpanC{p, plog(r), ,or% exp [ + %],pr_% exp [ + %]} (A.1)

Proof. Using the symmetry of A,, we may decompose D* as
D* =D @ Null(Ag — ;) ® Null(Ag — ay)

for any distinct &y and «» lying outside the spectrum of A, (cf. [26]). Moreover,
nonnegativity of Ag implies thatit is sufficient to letor; = — ,8]2 for distinct choices
of B;. Thus, let us suppose that u is an element of Null(A, + g2), i.e.,

(Ag + BHu(r,0) = —riz[rzf)f +rd, — (B*r? — 85)]u(r, 0) = 0. (A.2)

By separating variables using the spectral projectors (2.14), we may rewrite u as
a Fourier series of the form

1 . J
u(r,0) = ﬁ Z uj(r)exp [z 50].
JEZ
Then the quality (A.2) implies the corresponding equality

e 1 201
(L; + B2y (r) € —r—z[rzaf + o, — (B2 + %)]u; (N =0. (A3)

Introducing the change of variables s = fr into (A.3), this differential equation
becomes
B> Jj?

— S—Z[SZB? + 505 — (s2 + T)]ﬁj(ﬂ_ls) =0, (A4)
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which is the modified Bessel equation, up to the overall factor of —f—zz. Thus,
the Fourier coefficients #; must be linear combinations of the modified bessel
functions 7, (s) and K (s).

Now, obzserve that t%le condition that our original function u is an element of
L?(C4y) forces each of the Fourier coefficients #;(87's) to be elements of the
function space L2((0, o), sds). Indeed, the Fourier decomposition in § induces
a factoring

L*(Caz) = €2(Z; L*((0,00), rdr)),

and our change of variables identifies L2((0, 00),,rdr) with L2((0, c0)s, sds).
This implies that the only admissible solutions to (A.4) are

fo(B~1s) = Ko(s), h+1(B7ls) = K% (), ﬁj(ﬁ_ls) =0 for |j| = 2.

These are the only modified Bessel functions which are globally in L2((0, c0)s,
sds), as may be easily gleaned from their asymptotics as s — 0 and s — oo in [1].
Hence,

Null(A, + B?) = Span@{Ko(ﬁr), Ky (Br)exp [%] Ky (Br)exp [ B %]}
(A5

Let p € C*°((0, 00),) be a cutoff as in the statement of the lemma, and observe
that

[1 = p(M]Ko(Br) and [1—p(r)]Ky(pr)

are both Schwartz in r and vanish at the cone point. This shows they are elements
of ®, which in turn implies that ©* is equal to

D @Spana{pKO(ﬂlr), pK 1 (Bir)exp [i %] PKo(Bar). oK (Bar) exp[:l: %]}

for any two distinct choices of 8; > 0. Similarly, since
1
X TN2
Ko(x) = —log (5) —y+0()asx >0 and K;(x)= (g)ze—&
where y is the Euler-Mascheroni constant and I'(z) is the I'-function, we have that
i i
Span@{pKO(ﬂlr), pK 1 (B1r) exp [ + 7] pKo(Bar), pK 1 (B2r) exp [ + ?]}

= SpanC{p, plog(r), ,or% exp [ + %],pr_% exp [ + %]} mod D.

This concludes the proof. O
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The other piece of information about domains we needed was the expansion
of elements of the Friedrichs domain D, at the cone point given in Lemma 24.
We now prove this lemma.

Proof of Lemma 24. The Friedrichs domain D, is characterized as the subspace
of ©* which is included in the Dirichlet form domain associated to A, i.e., those
distributions u# which are bounded in

Ona,(u) = (u,u)p2 + (Veu, Vgu) >y .

As the Dirichlet form domain is precisely H'(Csy), we may conclude from the
description (A.1) of ©* that

or =S sl ol L] et oo - 2]

since these are the only elements of ©*/® which are elements of H'(C4). The
lemma follows. U

B. Geometric theory of diffraction

In this appendix we proceed with a construction of the kernel of the wave prop-
agator that allows to compute explicitly the symbol on both Lagrangians A€ and
AP away of their intersection. For the diffracted part, this is known in the litera-
ture as the geometric theory of diffraction [20] and it can be extracted from all the
various constructions of the propagator ([27], [9], and [4]). We provide here an
interpretation of this construction based on the scattering of waves on the cone Cy
(see also [10] where a similar expression is given starting from the Cheeger—Taylor
construction).

At the direct front, the symbol is just as it is on R2. Recall that, on R?, the
half-wave kernel as a distributional half-density is

(2m)~? f ! D ggjdxdy) 3. (B.1)

Let e; be a unit vector in the plane pointing from x to y, and let (e, e;) be an
oriented orthonormal basis. We write £ = we; + pe,. Then the integral can be
written

(271)_2 / ol (x=ylo—1/w2+p?) dp da)|dxdy|17. (B.2)
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Assume ¢ > 0. Then there are stationary points on the line {p = 0,w > 0}. We
can integrate out p, and to leading order (that is, replacing the expression with the
leading term in the stationary phase expansion at p = 0) we get

. 1
Qn)~3 / e (x=1=00 ()~ F (?)2 dwl|dxdy|® (B.3)

where y € C*®°(R) is zero for v < 1 and 1 for @ = 2. Thus, the principal symbol
of this distribution at N*{|x — y| = ¢}, for ¢ fixed, is

. 1
e—’%x(w)@)z \dydsdo|® (B.4)

for s the arc length along the circle {|x — y| = ¢} and w the cotangent variable
dual to |[x — y| —1t.

We now return to C, the cone of angle «, and we restrict our attention to ¢ > 0.
On the diffracted front AP and away from the direct front, the half-wave kernel
U (¢) takes the oscillatory integral form

Q)3 / AT =00 K 0. 0 w)dw|rdrdr'dr'df'|2.  (B.S)

In this expression, the amplitude K(r, 0;r’,0’; w) is a symbol of order 0 in w, as
follows from the kernel U (¢) being of order —% (for each fixed ) at AP.

We now aim at giving the expression of Ky, the principal symbol of K. In order
to do so, we will consider how the propagator acts on particular initial conditions.
We will also relate this question to the scattering problem on the infinite cone.

Forv = ZT”K { € 7, we define u,, by

uy(t,7,0) % \/g(/e_utﬂw(kr)f(v(k) dk)ei”e, (B.6)

where y, is defined as follows. For v = 0, we choose a function yo € C*°(R) that

is supported in [1, co) and identically 1 for A = 2, then we set ¥, (1) & )Zo(f—z)

for v # 0.

This distribution u, is an exact solution to the half-wave equation and is an
example of the “plane waves” that arise out of the Cheeger—Taylor functional
calculus. To analyse it in greater detail, we will need several estimates on the
asymptotic theory of Bessel functions. For these, we will use [25] and also [21]
as references.
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First, we recall that for positive real v and z, the Bessel function J, is the real
part of the Hankel function H\fl)(z) (see [21] eq. (5.6.1) p.108). We then use the
following representation for the Hankel function ([25] (13.07) p. 268 and [21] ex. 5
p.139)

2\1 ;
HD @) = (=) 5 Aoz,

where { = z — 2F — Z and we have set :
1 def 1 1 iws\v=3%
Ao(—,v) = ———— VT2 4+ — ds. B.7
O(w v) F(v—l—%)/o e "s (+ 2) S (B.7)

oyl
By truncating the Taylor expansion of the factor (14 £25)""2 in the definition
of Ag (see [25] p.269),if N = v — % we can write

N-1
Ao(z,v) = Z Ar()i*z7% + Ry(z,v), z — oo,
k=0

with
A()(U) = 1,
(402 — 12)(4v2 = 3%) - (42 — (2k — 1)?)) (B.8)
Ap(v) = AT, . k#0,
and Ry (z,v) is bounded by the first neglected term (see [25] p. 269 and p.132;
see also the estimates that are made in the proof of Lemma 50).
It follows that the distribution u,, (B.6) is conormal to {r = —t} for t < 0 and
to {r =t} for t > 0, and its leading part is easily extracted.
More precisely, fixing some ¢* > 0, for # = —1,, the leading part of u, takes
the form

(2r) e / eTICU=t)=Ix2=5]9 5 (0)(Ar) "2 dA, (B.9)
and for t = +t,, it is
(2r) e’ / el CU=t)=x/2=7/D 5 (3)(Ar)~2 dA. (B.10)

We need to address the evolution of a superposition of these particular solu-
tions. This is made possible by the following Lemma.

Lemma 50. For any p > 0 and for any sequence (c,)yez such that ¢, = O(v™>°)
the expansion Y ¢, (M)A (Ar, v)e'*? converges in the set of symbols of order 0,
S%(p, oo[xR/aZ x Ry) . Its leading part is the (homogeneous) symbol of order
0 defined by 3" cye'*?.
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We assume this Lemma for the moment. Using it, we observe that, for any
sequence (c¢y) that is O(v™*°), the sum )_ c¢,u, is a solution to the half-wave
equation. Moreover, for t = —t* we have the oscillatory representation

3 evuy = 2n)72 / eI RT=t)=/D (0 1) (hr) "2 dA, (B.11)

where C_ is a symbol of order 0 whose leading part is

ST
2 :c,,e’l"|2e’”9.

For t = +t*, we instead obtain the expression
3 oy = 2n) 72 / (A AC—t)=TID O (r 0 ) (Ar) "2 dA, (B.12)

where the leading part of C is now

—ilv|E
§ :cve zlvlzelve'

Fix now two small intervals 7,1’ C R/Z such that for any pair (9,0’) €
I x1I', 10 -6 # 7 (mod «). Any smooth function ¢ with compact support
in I’, can be written 3" ¢, e?"1F¢/v?" with a sequence (c,), that is O(v=>°). For
the latter sequence, we form the solution u def > cyu, to the half-wave equation.
Its singularities for t = +¢* are given by (B.11) and (B.12).

On the other hand, if we apply the wave kernel e =2 1+ {0 the initial condition
(B.11) we obtain (B.12) up to smooth terms. For wave-front reasons, the leading
singularity on / is then given by

(27_[)—2 / ei(r+r’—2t*)a)K(r’ 0’ r/’ 9/, w)ei(_’l(r/_t*)+”/4)C_(r/, 9/, A)(Ar/)_%
r'dr’ de" do d\

and after applying stationary phase in the (+/, w)-variables we obtain as leading
contribution :

2r)™! / e"(’—’*)*(xr)—%ef%{ / (rr*)2 Ko(r, 0: 1%, 0" (60 de/}dk,

where r* = 2t* —r.
This must yield (B.12) at leading order so that we deduce

/Ko(r, 0., 6)p(0)do' = 2r)2e B ()72 Y eyelME e,
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Thus, Ko can be interpreted as the Schwartz kernel of the operator from Cy° (/)
into D’(1’) that acts diagonally on the L2 basis formed by the (¢?*?), by mapping
eiv@ tO

(27_[)%e—in/ze—ilvln(rr/)—%eivG‘
Hence, the principal part of K corresponds to the operator

—i(2m)2 (rr')"2emImVAS

1
o

since e’*? is an eigenfunction of +/ Agy with eigenvalue [v].

We can compare this principal part to the absolute scattering matrix S(1) for
the cone C,. This is, by definition, the map from the “incoming boundary data” of
generalized eigenfunctions of \/A—ng with eigenvalue A, to the “outgoing boundary
data”. These are the coefficients of e 4", respectively e*?4”  in the expansions
of the generalized eigenfunction as r — oo. By inspection of the generalized
eigenfunctions

Jv()kr)ei"e,

and using again the asymptotic expansion of the Bessel function J,, as its argument
gets large, we see that this operator is —ie *7V2s],. Hence, we obtain at leading
order and provided 6 — 6" # +x (mod «)

K(r,0,r,0") ~ Q)2 (rr') "2 Sy (6 — 6')

where Sq (6 — 6")¢ is the kernel of the absolute scattering matrix for the cone of
angle « or, equivalently the kernel of —i e sl

The principal symbol of the diffracted wave is therefore the leading-order part
of
Ar,0;r',0"; w) -3
(x,y,w)
= —iV2r(rr) 2 K[e " ™VBsL1(0,0') - (r1')2 |drdfdf'dw|?  mod ST,

K(r.0:r",0"; 0)|drd0d0 do|

which after simplification is

V27 So(0 — 0')|drdfdd' dw|? . (B.13)

6 We have used the invariance by rotation to write this kernel in this form.
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The distribution S, can be computed using Fourier series. Indeed, since it is
. —imA
the kernel of —ie '~ S& we have

Su(0) = - 37 omin| 2| -2k e
o
keZ

—ir 2iksm 2iks
- '[4 — 2K (7 _g) —T(n+0)]

ol + Z e + Ze

k=1 k=1
- —2Z (r—0) — 2L (x+0)

—1 e « e «a
S . | B.14

l +1_ i e 0)+1_e—2i7”(n+9> (B.14)
i B . o~ F(@—0) N o~ F@+6) ]
ol 2isin(Z(x—0))  2isin(Z(7 +0))

. 272

_ -1 sin(=-) ‘

2a sin (Z(x — 0)) sin (2 (7 + 0))

In the case @ = 4, this simplifies to
—1 1 -1 1

S4z(0) = =— ——. (B.15)

87 sin( 0)sin (=) 47 cos
Summarizing this computation we have the following proposition.

Proposition 51. Microlocally near the diffracted front A® and away from %, the
leading part of the half-wave kernel Uy on the cone of angle a is given by the
Jollowing oscillatory integral (using polar coordinates)

1 .
Ualto01.42) ~ 5 / (0010 (1 ) =h S (0, — 6y) doldgidga] b (B.16)

>0
with
. 272
—1 SIH(T)

20 sin (Z( — 0)) sin (Z(x + 0))’

Sa(0) = (B.17)

Remark 52. This coincides with Theorem 4 in [12] up to the factor 2 that has
been omitted there.

B.1. Proof of Lemma 50. In the sequel it will be convenient to denote A (% v)
by Ao(w, v) (see (B.7)).
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The statement of Lemma 50 says that the sum

> e v Ao(hr, v)e™?
v

converges as a symbol in S°. For this, it is enough to prove the following type
of estimate (compare with Proposition 18.1.4 in [17]): for any k£ and p > 0, there
exists C and oy such that

1(z0;)% Ao(z, v)| < Crv®*, forall z = pv2. (B.18)

The remaining part of the proof consists in establishing this estimate (B.18).
Observing that, for any k, there are coeflicients (a;); <k such that

(20 Aoz v) = D apz’ (a{;ﬁo)(é, v), (B.19)

j<k

we first try to bound ¥ Ao (w, v).

Because of the exponential decay of the integrand in (B.7), the function
Ao (-, v) is seen to be smooth on R and its Taylor expansion at 0 is (as a formal
power series)

Z Ar(v)i*wk,

k=0
where Ax(v) has been defined in (B.8).
By differentiating in w the equation (B.7), we get the expression
k

. 1
k7 _ ! % s btk fws\v=2k
8“’A°(w’”)_2kr(u+§—k)/o e~ IR (1 4 2) ds. (B.20)

For k > v — 5, since |1 + “”TSI > 1, we get, for all w € R,

1
29

(v+3+k)

0k Aoy < L0 ZHE)

On the other hand, if & < v+/2 (so that [4v2 — 2k — 1)?| < 41?), we have

L~ 2k
10 A0, V)| = k! Ak (V)] < T



Wave propagation on an ESCS. I 665

For any v — % < N <v+2andany k < N —1 and any w € R, a Taylor expansion
of 8112./2[0 gives

N—k—1 ~ ~
~ 3+ A0(0,v) 0N Aol
k w 0 ) YA w 0|loco N—k
dypAo(w,v) — e;) Tw < mhﬂ
!
(N —k)!
2N ~
< vy
2N(N —k)!
Thus, we obtain
.~ N=k | 2(t+k)
5 Ao (w, ) < 3 vl
£=0 ’

< ﬁexp(‘ﬂ'w|>
2k 2 )

~

This estimate holds true in particular as soon as v > k%; Inserting in (B.19) we

obtain that for fixed k, any v > k—j;, and any z we have
2J 2
i v v
00k Aoz v < Y lael | 532| exp(52):

i<k

The desired estimate (B.18) follows and this finishes the proof of Lemma 50.
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