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Spectrum theory of second-order difference equations
with indefinite weight

Ruyun Ma,! Chenghua Gao,! and Yangiong Lu!

Abstract. In this paper, we study the spectrum structure of second-order difference op-
erators with sign-changing weight. We apply the Sylvester inertia theorem to show that
the spectrum consists of real and simple eigenvalues; the number of positive eigenvalues is
equal to the number of positive elements in the weight function, and the number of negative
eigenvalues is equal to the number of negative elements in the weight function. We also
show that the eigenfunction corresponding to the j -th positive/negative eigenvalue changes
its sign exactly j — 1 times.
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1. Introduction

Let T > 1 be an integer, T = {1,2,...,T}. Let us consider the discrete linear
second-order eigenvalue problem

Alp(t — DAu( — D] —q@)u) + Am()u(t) =0, teT, (1.1),
au(0) — BAu(0) =0, yu(T + 1)+ sAu(T) =0, (1.2)
where A is a forward difference operator which is defined by
Au(t) :=u(t + 1) —u(r),

A is a spectrum parameter, o, f8, y, § € Rsatisfy o > 0, y§ > 0 witha?+82 # 0,
Y2 +682#£0; p:{0,1,..., T} — [0, 00) with

p(j)>0, je{0.1,....T}
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Gansu Provincial National Science Foundation of China (No. 1208RJZA258, 145RJYA237).
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q:' T — [0, 00); the weight function m: T — R satisfies m(t) # 0 on T and m
changes its sign on T, i.e., there exists a proper subset T C T, such that

m()>0, teTy; m()<0, teT\T4.

Let 77 be the number of elements in T and let 7~ be the number of elements
in T\ T4+. Then
TT+T =T

When the weight function m(¢) is of one sign, Atkinson [4] studied the linear
eigenvalue problems

Oy + 1) = Qat) +b@)y(t)—ct — Dyt —1), teT, (1.3)
y(0) =0, y(T +1)+1y(T) =0, (1.4)

and obtained that (1.3), (1.4) has T real eigenvalues, which can be ordered as A; <
Ay < --- < Ar. Here a(t) > 0, ¢(¢) > 0 and [ is some fixed real number. It can
be seen that if we take ¢(t) = p(t),a(t) = —m(t), b(t) = p(t) + p(t — 1) + q(2),
then (1.3) will convert to (1.1);.

In 1995, Jirari [13] extended the results of Atkinson, under the more general
boundary conditions

y(©0)+ hy(1)=0, (T +1)+1y(T)=0, (1.5)

where h,/ € R. He got that (1.3), (1.5) has T real eigenvalues, which can be
orderedas A; < Ay <--- < A7.

However, these two results do not give any information on the sign-changing
of the eigenfunctions of (1.3), (1.4) or (1.3), (1.5).

In 1991, Kelley and Peterson [14] considered the linear eigenvalue problems

Alp(t —1DAy(t — 1] —q@)y(t) + Am(t)y(t) =0, teT, (1.6)
y(0) =y(T +1) =0, (1.7)

where p(t) > 0on {0, 1,...T}, g(¢) is defined and real-valued on T and m(¢) > 0
on T. They obtained the following result.

Theorem A. (1.6), (1.7) has exactly T real and simple eigenvalues Ay, k € T
which satisfy
)&1 <A2<"'<AT

and the eigenfunction corresponding to Ay changes its sign exactly k — 1 times.
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Furthermore, when m(t) = 1, Agarwal et al. [2] generalized the results of
Theorem A to the dynamic equations with Sturm-Liouville boundary condition.
Moreover, under the assumption that the weight functions are of one sign, further
important results in linear Hamiltonian difference systems, including the oscilla-
tion properties of solutions, one can be found in Bohner [6], Shi and Chen [21],
and the references therein.

However, there are only a few results on the spectrum of discrete second-order
linear eigenvalue problems when m(¢) changes its sign on T. In 2008, Shi and
Yan [22] discussed the spectral theory of left definite difference operators when
m(t) changes its sign, however, they provided no information about the sign of the
eigenvalues and no information on the sign-changing of the corresponding eigen-
functions. Recently, Ma et al. [17] obtained that (1.1),, (1.2) has two principal
eigenvalues A; — < 0 < A; 4 when p(¢r) = 1 and ¢(¢) = 0 and they used this
result to deal with some discrete nonlinear problems.

Now, there are two questions: (a) how many eigenvalues do (1.1),, (1.2) have?
(b) how do these eigenvalues distribute?

In [12], Ince studied the linear eigenvalue problem of second-order ordinary
differential equations

(k' () + (ng@®) — 1)) =0, ¢ €(0,1), (1.8)
o'u(0) —au'(0) =0, By(d)+pBy'(1)=0 (1.9)
under the following assumptions:
(F1) ao’ >0,B'B>0,a% +a’?> #0and B2 + B> # 0;
(F2) k € C'0,1],1 € C[0, 1] are such that k(t) > 0, [(t) > 0;

(F3) g:[0, 1] — R is continuous and changes its sign.

He obtained the following result.

Theorem B. Suppose that (F1)—(F3) hold. If | # 0 or o’> + B> # 0, then (1.8),
(1.9) has an infinite sequence of simple eigenvalues

=00 ¢ < o << o < U= <0< U g <o < Ugg <rr—> +00

and the eigenfunction corresponding to g + has exactly k — 1 simple zeros in
0, 1).

When! = 0and o’?+ 82 = 0, the corresponding results have been established
by Bdcher [5]. Moreover, the result of Theorem B has been extended to the one-
dimensional p—Laplacian operator by Anane, Chakrone and Moussa [3] and to the
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high-dimensional case by Hess and Kato [10], Ko and Brown [15], and Afrouzi and
Brown [1]. These spectrum results have been used to deal with several nonlinear
problems, see, for example [1], [15], [18], [19], and the references therein.

It is the purpose of this paper to establish the discrete analogue of Theorem B
for the discrete problem (1.1),, (1.2).

The main result of our paper is the following theorem.

Theorem 1. Suppose that m: T — R satisfies m(t) # 0 on T, and there exists a
proper subset T C T, such that m(t) >0, t € Ty andm(t) <0, t € T\ T4,
q(t) Z0onTora?+y? #0andv € {+,—). Then

(a) (1.1),, (1.2) has T real and simple eigenvalues, which can be ordered as
follows

— - — + + + .
AT’T_ < AT,T__I <. < AT’I <0< AT’I < AT,Z < e < AT’T+,

(b) every eigenfunction V’;,k corresponding to the eigenvalue )L‘;,k changes its
sign exactly k — 1 times.

Remark 1. From Theorem 1, it can be seen that if there are 7% elements in
T such that m(t) > 0 fort € T, then (1.1);, (1.2) has exactly T positive
eigenvalues and 7~ negative eigenvalues. It is worth remarking that the times of
sign-changing of the eigenfunction are given in Theorem 1. Thus, this result is not
only the discrete analogue of Theorem B, but also the generalization of the result
in Atkinson [4], Jirari [13], Kelly and Peterson [14], and Ma et al. [17].

The rest of the paper is devoted to proving Theorem 1. To do this, we make use
of the Law of Inertia for Quadratic Forms and some techniques from oscillation
matrices, see [9] and [7].

2. Proof of the main result

Letc(t) = pt—1D+p@t)+q@)fort =2,...,T—1,c(1) = aiﬂp(0)+p(1)+
q(1),c(T) = J/%p(T) + p(T —1) + q(T). Then (1.1);, (1.2) can be written as
a linear pencil problem

Ju = ADu,
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where
c(l) —=pQ@) 0 0 0 0
—p() ¢ -p2) ... 0 0 0
e s s
0 0 0 . =p(T=2) (T-1) —p(T-1
0 0 0 0 —p(T —1) c(T)

and D = diag(m(1),m(2),...,m(T)).

Let J; denote the j-th principal submatrix of J and D; the j-th principal
submatrix of D. Then J and J; are positive definite. In fact, for any x =
(x1, X2, ...,x7) € RT, it follows that

T-1 T
xJxXT = ap(0)x] + yp(T)xz + Y p(i)(xit1 —xi)> + Y _q(i)x} = 0.
i=1 i=1
Moreover, xJx? = 0 implies x = 0. So, J is positive definite. By the same
method, with obvious changes, we can conclude that J; is also positive definite
forj =1,2,...,T.

For j = 1,2,...,T, let Q;(4) denote the j-th principal subdeterminant of

J — AD and suppose that Q¢(A) = 1. Then Q7(X) = det(J — AD), and

Qo) =1; (2.1a)

01(A) = c(1) — Am(1); (2.1b)

Q;(A) = (c(j)—Am(j)Qj—1(M) = p*(G —1DQj2(N)., j=2.3,....T.
(2.1¢)

As we know, finding the eigenvalues of (1.1),, (1.2) is equivalent to finding
the zeros of Qr(A). Thus, it is necessary to discuss some properties of the
sequence (2.1).

For j €{1,...,T}, let j* be the number of the elements in {m(i) | m(@i) > 0

forsomeie{l,...,j}},and j~ the number of the elements in {m (i) | m(i) <0 for
somei € {l,...,j}}.
Lemma 1. For j €{1,...,T}, we have

Jim (1770;() = +oo.lim (~1)7Q;() = +oo.

Proof. For j € {1,...,T}, it is evident that Q;(A) is a polynomial of degree
precisely j, and

Q;A) =m()...m(j)(=A)’ + 01, -
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Lemma 2. The roots of Q;j(A) = 0 are real. Moreover, Q;(A) = 0 has j*
positive roots and j~ negative roots.

Proof. For the positive definite matrix J;, there exists a unique lower triangular
real matrix L such that
LLT = J

(this is the well-known Cholesky decomposition, see [11, Corollary 7.2.9]). It is
easy to check that the matrix L~ D;(LT)™! is real and symmetric, and A is a zero
of Q;(4) if and only if 1/ is an eigenvalue of L=1D;(LT)~!.

The fact that L=!D;(LT)~! is real and symmetric implies that there exists an
orthogonal matrix Q such that

OTL™'D;(LT)"'Q = diag(as. . ...a;), (2.2)

where a; > ap, > --- > a; are all eigenvalues of L™'D;(LT)7!. Let xT =
(LT)=1Qz”. It is seen from (2.2) that

J
Zaiziz = Zm(z’)xi2
i=1

i=1

are two representations of the real quadratic form xD;x”. In view of the Law of
Inertia for Quadratic Forms [8, Theorem 1, p.297], we immediately deduce that
the number of positive and the number of negative elements in the set {a;, ..., a;}
are j 1 and j~, respectively. O

Lemma 3. Two consecutive polynomials Q;_1(1), Qi (X) have no common zeros
fori=1,...,T.

Proof. Suppose on the contrary there exists A = A such that Q;_1(Xo) =
Qi(Ag) = 0. Then by the recurrence relation (2.1), we get Q;_»(Lo) = O.
Furthermore, we can get Q;_3(49) = --- = Q1(A9) = Qo(Ap) = 0. However,
this contradicts Q¢(4o) = 1. O

Lemma 4. Suppose that A = A is a zero of Qi (A). Then Qi—1(Xo)Qi+1(Ao) <O
fori=1,...,T — 1.

Proof. Since Q;j(A9) = 0, by the Lemma 3, we have Q;_1(49) # 0. By
the recurrence relation (2.1), Q;+1(o) = —p?(i)Qi—1(Ao), which implies that
Qi+1(A0)Qi—1(Ao) = —p?(i) 07, (A9) < 0. This completes the proof. O
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Lemma 5. For j =1,...,T, the roots of Q;(A) = 0 are simple. Moreover,
(i) the largest negative root A; | and the smallest positive root )k;:l of Q;(A) =0

and the largest negative root A,

Qj+1(A) = 0 satisfy
A A ) D A Ay, J=1....T—1;

, and the smallest positive root AJJFH,I of

(ii) for j = 1,...,T — 1, the positive roots of Q;(A) = 0and Q;+1(A) =0
separate one another; and the negative roots of Qj(A) = 0and Q;+1(A) =0
separate one another.

Proof. First, we deal with the case j = 1.

Obviously, Q1(A) = c(1)=Am(1). If m(1) > O,thenj =1, j* =1, j~ =0,
and A7, = 20 > 0. Ifm(l) <0, thenj =1, j© =0, ;7 = 1, and
A, =28 <o

Recall that Q»(A) = (¢(2) — Am(2))(c(1) — Am(1)) — p?(1). Then Q»(A) = 0
has two different roots as follows:

c(m(2) + c@m(1) = /(c()m(2) — cm(1))? + 4p2(Hhm(1)m(2)
2m(1)m(2) ’

c(Hm@2) +c@m(1) + v (c(m?2) = c@m(1))2 + 4p2(H)m(1)m(2)
2m(1)m(2) '

If m(1) > 0,m(2) > 0,then j =2, j© =2, j~ = 0. By direct computation,
we get 0 < A; < A,. Now, let Azl = Aq and A;z = A,. Then we have
0<A3, <Af| <23,

If m(1) <0,m(2) >0,then j =2, jT =1, j-=1and A; > 0 > A,. Let
A3, =Apand A5, = A,. Then we have A7, < A5, <0 <AJ .

If m(1) >0,m(2) <0,then j =2, jT =1, j-=1and A; > 0 > A,. Let
A3, =Arand A5, = A,. Then we have A5, <0 < A}, < AJ .

If m(1) <0,m(2) <0,then j =2, jT =0, j- =2and A, < A; < 0. Let
Ayq = Arand Ay, = Az. Then A5, < A7, < A5 ; < 0. Thus, the assertion is
true for j = 1.

Second, suppose that for j = k, the relations of Qx (1) = 0and Qr4+1(A) =0
are true, i.e., the following two assertions hold.

o Ifm(k +1) > 0,then (k + )T = k* + 1, (k + 1)~ = k~ and accordingly,

AL =

Ay =

Aek— < Apgrp— < <Apq <Ay <0 (2.3)
and
+ + + + +
0< Ak—i—l,l < ’\k,1 < e < )Lk+1,k+ < /\k,kJr < Ak+1,(k+1)+' 2.4)
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o Ifm(k +1) <0, then (k + 1) = k™, (k + 1)~ = k= + 1 and accordingly,
Merige—+1 <Mk < Agpip- < <Apg <Agprq <0

and

+ + + +
0 <Apgprn <A < <AL+ <A+

Now, we consider the case j = k + 1. It is enough to consider the following

four cases.

Casg 1: m(k +1) >0 anp m(k +2) > 0. In this case, (k +2)* = kT + 2,
(k +2)” = k™, we need to prove that

A < Mg~ < <Apgin < Aggan <0 (2.5)
and
+ + + + +
0< Ak+2,1 < )Lk+1,1 < < )Lk+2,k++1 < Ak+1,k++1 < Ak+2,k++2' (2.6)

Casg 2: m(k +1) >0 anp m(k +2) < 0. In this case, (k +2)* = k+ + 1,
(k +2)” =k~ + 1, we need to prove that

Metok—+1 < Metip— < Aegoh— < <Apyin <Akyoy <0

and

< Af << AT < AF

+
0<2 k+1,1 k+2.kt+1 k+1,kt+1°

k+2,1

Case 3: m(k+1) <0 anp m(k +2) <0. In this case, (k + 2)T = kT,
(k +2)~ = k= + 2, we need to prove that

Mera—+2 < Merp—+1 < g1 <" <Argrn < Aggan <0

and

+

0<A k+1kt:

<2 <-oe<Af o <A

+ +
k+2,1 k+1,1 k+2.,k

Case 4: m(k +1) <0 anp m(k +2) > 0. In this case, (k +2)" = kT + 1,
(k +2)~ =k~ + 1, we need to prove that

Mettd—+1 < Megak—+1 < Merrh- < Akgop- < <Apprn <Agyaq <0
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and

0<Af ., <Af c< At k+<k

k+1,1 k+2, e+ < A

k+2,1 k+1, k+2,kt+1°
We only deal with the Case 1. The other cases can be disposed of via the similar
method. First, let us show that (2.5) holds. Since (k +2)" = (k +1)” = k7, it

follows from Lemma 1 that

(=D Qi(=00) > 0. (=D* V011 (=00) = (=1 Qp1(~00) > 0.
2.7)
To wit, we only deal with the case that k™ is even. The case k™~ is odd can be
treated by the similar way. In this case, (2.7) reduces to

Ok(=00) >0, Qgy1(—00) > 0. (2.8)

Then, from (2.7), (2.8), and (2.3), we get (—1)"'Qk()t;+1’k__j) <0,j =0,

.k~ — 1. Meanwhile, Qr11(A; ——; ) = 0. From Lemma 4, we get that

(1) Qr42Ajeqip——j) >0, j=0.... .k —1. 2.9)

From Lemma 2, we know that Oy, (1) = 0 has exactly k~ zeros in (—oo, 0). This
together with (2.9) and the fact that Qx(0) > 0, Qk+1(0) > 0, Qg42(0) > 0
implies that there exist Ak+2 - € Ary1, k——j At k__j_l), j =0,...,
k——2,and )Lk+2 L € (AL 0), such that

Qk+2(Ak+2,k—_J-) =0, j=0,....k0 -1

Therefore, (2.5) holds.

We show (2.6) is true. Recall that we are working with Case 1: m(k + 1) > 0,
m(k +2) > 0.So, (k+2)" = (k+ 1)* + 1 = k™t + 2. Here, we also only deal
with the case that k™ is even. From Lemma 1, we have that

k+1,1°

Or(+00) >0, Qra1(4+00) <0, Qpryor(+00)>0.

Combining this with (2.4) and the fact Qk+1(Ak+1 ) — ]) =0,j =0,...,
(k +1)* —1, we get that (—1)7 Qk()tk+1 Uanyt—y) =07 =0, (k+ Ht—
This together with Lemma 4 implies that

(1)’ Qk+2(kk+1 kant_) <0 j=0.....(k+ Dt —1. (2.10)

In particular, for j = 0, Qryo (A7
QOk41(+00) > 0 gives

rat.ken+) < 0. This together with the fact

+ _
Qk+2 (Ak+2,(k+1)++1) =0

for some A5 iyt 41 € it e+ )
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Using (2.10) with j = (k + 1)t — 1, we get Qk+2()“1_:+1 1) < 0. Combining
this with the fact Qx,(0) > 0, we get that

Qk+2(A]i—+2,1) =0

+ +
for some )Lk+2,1 € (O,)Lk+1,1).

Now, for j = 1,...,(k + 1)* — 1, there exist

+ + +
)Lk+2,(k+2)+—j € (’\k+1,(k+1)+—j’)Lk+1,(k+1)+—j+1)’
such that
+ _ P +
Qk+2(A’k+2,(k+2)+_1) - 07 .] - 0’ ) (k + 1) .
Therefore, (2.6) is valid. O

Lemma 6. Let w(A) be the sign-changing number of the sequence (2.1). Then for
ief{l,..., Tt}

lim w@)=i-1, lim  w() =i,
A—AF -0 A=if 40
where A — C — 0 means that A — C from left hand side of C, and A — C 4+ 0
means that A — C from right hand side of C.

Proof. Our proof is motivated by the proof of Sturm theorem, see [20, Theo-
rem 1.4.3] and its proof.

The idea of the proof is to follow the changes in w as A passes through the
interval [a, b]. In particular, we will show that w is a monotonically increasing
function and that each zero of Q7 and only one zero of Q1 makes w jump by 1.

Suppose Qj(i) =0forsome j € {1,...,T —1}. Thenfor Q;_1, Qj, Qj+1
we have from Lemma 4 that Q;_; and Q;1; have opposite, but constant signs,
since Q;_; and Q;4; cannot be zero in a sufficiently small neighborhood U (i)
and thus cannot change sign. Hence, whatever the sign of Q; in U ()Ak) is , it does
not change the overall sign change count (To see this, note that Q;_; and Q; 1,
have opposite signs, hence if the sign sequence before is + — —, it is + + —
afterwards and the number of sign changes remains the same. Similarly for the
other cases). In other words, w(A) stays constant when A passes through a zero of
Q; fromsome j € {1,...,T —1}.

It is easy to see from Lemma 5 that

sgn Or—1(Af,) = (=D)'7', iefl,....T*}.

Next, we show that each zero of Q7 and only one zero of Q7 makes w jump
by 1.
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In fact, fori =1, QT—1(AJTF,1) > 0, which implies that there exists a neighbor-
hood U(AF.,) of A, such that

Qr-1() >0, AeUQS):
From the definition of )LJTF,I,
0r(A) >0, A€[0.AF)).

The chain of signs switches from “-. + +” to “-.- + —” when passing through
AJTF’I, so w increases by 1.

Fori =2, Qr—1(Af,) < 0and Qr(A) < 0. A € (AF,.},). The chain
of signs switches from “.-- — —" to “.-- — 4+” when passing through AJTF’Z , SO W
increases by 1.

Repeating the above argument, we may deduce that

lim w@)=i-1, lim  w) =i
A=>AF -0 A>T 40

This completes the proof. |
Lemma 7. If u(-, A) satisfies (1.1),, (1.2) with u(1,A) = 1, then

OrM) =p)...pKuk+1,1), k=1,...,T. (2.11)
Proof. Letu = (uy,uy,...,ur)’. Then

(c() = Am(1)uy — p(Duz =0,
— p(Duy + (c(2) = Am(2)uz — p(Qus = 0,

—p(T =2ur— + (c(T = 1) = Am(T = D)ur—1 — p(T — Dur =0,
—p(T —Dur—1 + (c(T) — Am(T))ur = 0.

(2.12)
Since p(0) = p(T) = 0, (2.12) is equivalent to

—plk — Dug—1 + (c(k) — Am(k)ux — p(k)ug+1 =0, k=1,...,T,

where ug and ur4; are determined by (1.2).
Let

vo =ug, V1 =u1, vr=p)pR2)...ptk—Dug, k=2,...T +1.
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Then
Vkg1 = (c(k) — Am(k))vg — p?(k — Dvg—y, k=1,...T,
vi =u(l,A) =1=00(1), v2=01(4).

Obviously, since vi4+; and Qg (A) satisfy the same recurrence formula (2.1), it
follows that

Vk+1 :Qk(l), k=1,...,T,
and accordingly, (2.11) holds. |

Proof of Theorem 1. (a) is a direct consequence of Lemma 2 and Lemma 5.

(b) From Lemma 7, we may determine that the number of sign changes of
{u(l),...,u(T),u(T + 1)} via that of

{Qo(AT). Q1(AT). ... Or—1(AF,). OT (AT )} (2.13)

Notice that (1.2) implies that u(7T)u(7T +1) > 0. Then, the number of sign changes
of (2.13) equals the number of sign changes in the sequence

{Q0(A7,), Q1(A7)), s Q11 (AT}

Let w(A) be the sign-change time of the sequence

{Qo(). Q1(A),.... 011 (M)}

Using the same method to prove Lemma 6, with obvious changes, we may obtain
thatfori € {2,...,(T — )T},

lim Q) =i—1, lim o) =i—1. (2.14)

+ +
A=A 1o 10 A=A 10

Thus, for i € {2,....(T — 1)*}, Lemma 5 yields Af_, ;| < A}, < A7_;.
Combining this with (2.14) and the fact that @ (4) is nondecreasing in (0, 0c0), we
obtain that

=i—1,

AL Ar

Arad oy oA T—1,i—1 T—1,i

sz =Tt )
and accordingly

w()LJTr,i) = uA)(AJT“’l.) =i—1

For the case that i = 1, since Q;(0) > Ofor j € {0,1,...,T — 1}, we get

that Alim wW(A) = 0. Combining this with the facts 0 < A;l < )LJT”_l , and

—0+0 ’ ’

lim w(A) = 0, we get that

+
A=>A7_1 10

w(E ) = v(AF,) =0.
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If TT = (T —1)*, then it has been done! If TT = (T — 1)* + 1, then by the
same method with obvious changes, we get

w()PTL’T+) = uv(x;ﬁ) =TT —1.

Finally, by using the above method with obvious changes, we could prove that
the number of sign changes ¥z, is i — 1. O

Remark 2. Applying the spectrum theory established in Theorem 1 and the
similar methods developed in [16] and [17], we may prove the existence and
multiplicity of sign-changing solutions of the corresponding nonlinear analogous

Alp( = DAu(t = D] —q(Ou(t) + Am(t) f(u(@®)) =0, €T,

au(0) — BAu(0) =0, yu(T + 1)+ 5Au(T) = 0.

Acknowledgment. The authors are very grateful to the anonymous referees for
their valuable suggestions.
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