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and scattering matrix for Laplace operators
with boundary conditions on hypersurfaces
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Abstract. We provide a limiting absorption principle for the self-adjoint realizations of
Laplace operators corresponding to boundary conditions on (relatively open parts ¥ of)
compact hypersurfaces I' = 9Q, Q C R". For any of such self-adjoint operators we also
provide the generalized eigenfunctions and the scattering matrix; both these objects are
written in terms of operator-valued Weyl functions. We make use of a Krein-type formula
which provides the resolvent difference between the operator corresponding to self-adjoint
boundary conditions on the hypersurface and the free Laplacian on the whole space R’ .
Our results apply to all standard examples of boundary conditions, like Dirichlet, Neumann,
Robin, § and §’-type, either assignedon I oron ¥ C T.
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1. Introduction

Given an open bounded set 2 C R” with smooth boundary I', let A° denote the not
positive symmetric operator in L2(R") given by the restriction of the Laplacian
to Cnp(R"\I'). In the recent paper [29], we provided the complete family
of self-adjoint extensions of A° and a Krein-type formula giving the resolvent
difference between any extension and the self-adjoint (free) Laplacian A with
domain H?(RR") (we recall these results in Theorem 3.1). Some sub-families of
extensions have been considered in [16] and [22] by a quadratic form approach and
in [9] by quasi boundary triple theory. In particular, in [9, Section 4], Schatten-von
Neumann estimates for the difference of the powers of the resolvent of the free and
self-adjoint extensions corresponding to §-type boundary conditions (supported
either on T or on ¥ C T') and §’-type ones (supported on I') are provided;
these give existence and completeness of the wave operators of the associated
scattering systems. In [29, Theorems 4.10 and 4.11] we extended such kind of
Schatten-von Neumann estimates to a larger class containing, for example, self-
adjoint extensions corresponding to Dirichlet, Neumann, Robin, § and §'-type
conditions, either assigned on I" or on ¥ C I', where X is relatively open with a
Lipschitz boundary. To this concern we recall that estimates for the difference of
the powers of the resolvents and their applications to scattering in exterior domains
first appeared in the pioneering work by Birman [14].

Let us stress that, by the decomposition R” = Qj, U ' U Qex, Qin = 2,
Qex 1= R"\Q, one has A° = Aﬁi“ @ AN and so one could obtain all self-
adjoint extensions of A° corresponding to separating boundary conditions by
using the results obtained by Grubb in [24] (building on previous work by Birman,
Krein and Visik, see [13], [28], and [39]) providing the whole family of self-
adjoint extensions of Aﬁi/‘éx; however such construction, broadened to include all
self-adjoint extensions, would lead to a Krein-type formula giving the resolvent
difference between an extension A and the direct sum of the interior and exterior
Dirichlet Laplacians Ai’g ® AL2. This is not the right operator since we are
interested in the study of the scattering system (3, A), where A denotes the free
Laplacian on the whole R”; whenever one considers semi-transparent boundary
conditions (as the ones considered in [9] and in Section 6, Examples 6.4 and 6.5),
or boundary conditions assigned only on ¥ C I" (see Section 7), the choice of the
Laplacian A as the operator representing the free propagation is the most natural
one.

The first aim of this paper is to show that the Limiting Absorption Principle
(LAP for short) holds for an ample class of self-adjoint extensions of the symmet-
ric operator A°. This is accomplished by applying abstract results due to Walter
Renger (see [35] and [36]) to our Krein-type resolvent formula (see Theorem 4.2).
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As usual, LAP implies the absence of singular continuous spectrum (see Corol-
lary 4.7). Even if interesting by itself, the result about the validity of LAP does not
show that the resolvent Krein formula itself survives in the limit. Such a limit re-
solvent formula is here provided in next Theorem 4.5. With these results at hands,
in Section 5 we construct, for a given self-adjoint extension A of A°, the couple of
families of generalized eigenfunctions ugt related to the plane waves ug (x) = elé*
with incoming (+) or outgoing (—) radiation conditions. Such eigenfunctions al-
low to define the corresponding Fourier type transforms F1 which diagonalize
the self-adjoint extension; the wave operators for the scattering system (A, A) are
then given by W.. = F F, where F denotes the ordinary Fourier transform (see
Theorem 5.4). Both the eigenfunctions ugc and the Fourier transforms F4 are
expressed in terms of the Weyl functions appearing in the limit Krein resolvent
formula given in Theorem 4.5. Finally, in Theorem 5.6, using again the operator-
valued Weyl functions, we provide the kernel (proportional to the scattering am-
plitude) of 1 — Si, where S is the on-shell scattering operator.

In sections 6 and 7, we show how our LAP-based results can be applied to a
wide class of self-adjoint operators which includes self-adjoint realizations of the
Laplacian with Dirichlet, Neumann, Robin, § and &’-type boundary conditions
assigned either on the whole I or on a relatively open subset with Lipschitz
boundary ¥ C I'. We provide a representation of the scattering matrix S in
terms of operator-valued Weyl functions evaluated on the traces at (X C)I' of the
plane waves 1.

Our time-independent approach has been inspired by the work by Albeverio,
Brasche and Koshmanenko [3], where LAP and Lippman-Schwinger equations
are studied for finite-rank singular perturbations, and can be interpreted as an
extension to the case of general boundary conditions and hypersurfaces of the
paper [26] by Ikebe and Shimada concerning §-type boundary conditions on a
sphere (see also [38]). An alternative abstract approach, which do not use LAP
but directly exploits the existence of limiting operator-valued Weyl-functions, has
been developed in [10], [11] and [12] by Behrndt, Malamud and Neidhardt (the
first two works concern the finite-rank case; see also [1], [4, Chapter 4]). In
particular, in the recent paper [12], a representation of the scattering matrix in
term of operator-valued Weyl functions is provided for couples of self-adjoint
extension of a given symmetric operator under the hypothesis that their resolvent
difference is trace-class. In our less abstract setting, which applies to Laplacian
with boundary conditions on (X C)I", we do not need the trace-class condition
and the results hold in any dimension.
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Let us remark that, once LAP and a Krein’s limit formula have been attained
(see Theorems 4.2 and 4.5), a representation formula for the scattering matrix Sg
can be obtained by using the Birman—Yafaev general scheme in stationary scat-
tering theory (see e.g. [15], [40], [41]) together with the Birman-Kato invariance
principle applied to the resolvent operators (see Remark 5.7 for more details).
However we preferred to present here a less abstract proof following the classi-
cal scheme used in potential scattering theory (see e.g. [2], [5], [25], [37], and
references therein).

We conclude the introduction with some remarks about our smoothness hy-
potheses on I". Such an hypothesis gives the existence of the wave operators (see
[29, Theorems 4.11 and 4.12]) through asymptotic estimates on the eigenvalues of
the Laplace-Beltrani operator on I' (see [8, Lemma 4.7]). These estimates, ob-
tained using pseudodifferential operator techniques, require smoothness; we pre-
sume that asymptotic estimates of this kind hold under a weaker C ! (or at least
C?) hypothesis, but we did not find any proof of that in the literature. Since our
result concerning existence of LAP does not require any smoothness hypothesis,
conditional on the existence of wave operators, the general results here presented
hold in the case T is an hypersurface of class C1!, as for the results presented
in [29], while, as regards the explicit examples given in Section 7 considering
boundary conditions on ¥ C T, one needs more regularity (of the kind C*1,
where k > 1 depends on the kind of boundary conditions used, see [29, Sec-
tion 6]). In the series of papers [19]-[21], limited to the case in which » = 2 and
Dirichlet or Neumann boundary conditions are assigned on the whole I', the au-
thors provided a resolvent formula and a representation for the scattering matrix
of the same kind of the ones here given in Examples 6.1 and 6.2, only assuming
that the boundary I is a piecewise smooth curve. This suggests that our results,
which hold for a quite larger class of boundary conditions, could be extended to
include the case in which I is a planar curvilinear polygon (see e.g. [17] and [23]
for elliptic boundary value problem in not smooth domains).

Acknowledgment. We thank the anonymous referees for the stimulating re-
marks, for the useful bibliographic suggestions and in particular for inspiring Re-
mark 5.7.

2. Preliminaries

2.1. Trace maps and boundary-layer operators. Here we recall some defini-
tions and results about Sobolev spaces on subset of R” and single and double layer
operators on their boundaries (see e.g. [32] and [30]).
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Given © C R” open and bounded, with smooth boundary I", we adopt the
notation: Qj, = Q, Qex = R”\Q, while v is the exterior unit normal to T'.
HS(R™), HS(Qin), H*(Rex), H*(I'), s € R, denote the usual scales of Sobolev-
Hilbert spaces of function on R”, Qj,, Qe and T respectively. The zero and
first-order traces on I" are defined on smooth functions as

you =u|l, yu=v-Vull, 2.1)
and extend to the bounded linear operators
yo € BCH*(R™), H>(T")), 1 € B(H>(R"), H>(T)). 2.2)

We use the symbol A to denote the distributional Laplacian; its restriction to
H2(Rn)
A: H*(R") ¢ L*(R") — L?(R")

gives rise to a self-adjoint operator which describes the free propagation of waves
in the whole space R”; this will be our reference operator.
For z € C\(—o0, 0], the single and double layer operators are defined by

SL; = (yo(-A +2)7)*, DL; = (i(-A+2)7H*, (2.3)
and by duality there follows
SL, e B(H™3(I"), L2(R")), DL, € B(H 3(I'), L3(R")).  (2.4)

The integral kernel R (x, y) of the resolvent (—A +z)~!, z € C\(—o0, 0], is given
by R;(x,y) = §:(x — y), where

Jz

27|\ x|

500 = () Ky (VE D, Re(WD >0 25)

2

and K, denotes the modified Bessel functions of second kind of order «. Thus,
for x ¢ T and ¢, ¢ € L?(T"), one has

summ=£%&—wwwwwx 2.6)
and

Duwu)zﬁy@yva@—ywwﬁwwx @.7)

where o denotes the surface measure.
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Let us define y € B(H2(R"), H3(T') ® H2(T')) by
yu = you @ y1u
and, for any z € C\(—00,0], G, € B(H~2(I") & H~%(I'), L2(R")) by
Gz:=(y(-A+2)™H*:

equivalently
G:(¢pDy):=SL;¢ +DL; . (2.8)

For any z € C\(—00,0] and for any ¢ ® ¢ € H_%(I‘) &) H_%(F) one has
Gz(p @) € C(R"\I') and ((A—2)Gz(¢ ®))(x) =0, xeR"I
The one-sided trace maps
yi e B(H2(Qy). H>7'(T). f§=inex, i=0.1,
defined on smooth (up to the boundary) functions by
ygun = uy|T, )/Euq =v-Vyy|l', f =in, ex, (2.9)
can be extended to
Pl e B(HY(Qy). H27/(I), f=inex, i=0,1,
where
HR(Qy) := {uy € L*(Qy): Auy € L*(Ry)},
a0 gy = 18031 20y + Ntz 2

Setting

AP = AJHR (),
by the “half” Green formula (see [30, Theorem 4.4]), one has, for any u €
H'(2y) N HR (),

(— ATy, u) 20, = [Vuglaq,) + e (P, voun) 1 1 (2.10)

—1, h=in,
€ =
+1, f=ex.

11
2:2
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Setting
HR(R™\T) 1= HR(Qin) ® HR(Qex),

the extended maps )91.“ allow to define the bounded maps

P € B(HY(R™\T), H™27/(T")), i =0,1,

and
[:] € BCHO(R"\T"), H™27{(T)), i =01,
by
N 1 . R
piu = 2 (7" W|Qin) + 77 (] Rex). (2.11)
and
[Pilu = 77 (u|Qex) — 7" (u|Qin), . (2.12)

Notice that the maps y; € B(H?(R"\TI"), H3i (I")) defined by
yi =Pl H*(RND), i =01, H*(R"\TI) = H?(Qin) ® H*(Qex),

coincide with the ones in (2.1) when restricted to H?(RR").
The corresponding extension of the trace map y is

p e BHQRM\T), H2(T) @ H3(T)), Ju:= (Pou) ® (1),  (2.13)
while the related jump map is
[)] € BEHY(R\T), H3(T) @ H2(T)), [Plu = (—[P1]u) & ([Folu). (2.14)

Using the definition (2.8) and the mapping properties of the layer operators (see
[29, Section 3.4] and the references therein), it results

G, € B(H 2(I') @ H™2(I"), HY (R"\T")) (2.15)

and so [y]G, € B(H -3 e H -2 (I")). More precisely, by the well known jumps
relations for the layer operators, one has

[71G: =1 (2.16)

H3 (F)@H—% @’

2.2. Weighted spaces. We now introduce the family of weighted spaces L2 (R")
and H2(R"), defined, for any o € R, by
Ly(R") := {u € L{, (R"): |[ull 2 gny < +00},

loc

HZ(R") := {u € Hige(R"): [[ull g2 gy < +00},
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I oy = [+ P o) P

etz ey = 10072 oy + D 1820072 oy + D 1185 172 o

1<i<n 1<i,j<n

The spaces L2(Qin), L2(Qex) and H2(Qin), H2(Qex) are defined in a similar
way. Since Q is bounded, one has L2(Q2in) = L?(Qin), HZ(in) = H?*(Qin), the
equalities holding in the Banach space sense; thus
L3(R") = L*(Qin) & L (Qex)
and
HZ(R"\T) := HZ(Qin) ® H} (Qex) = H*(Qin) & HZ (Qex).
Then the trace operators can be extended to H2(R"\I'), o < 0, by

Vgxuex = VSX(Xuex), fouex = VfX(Xuex)’

where y belongs to C°_ (2¢) and y = 1 on a neighborhood of I'.

comp

Remark 2.1. In the following, we use the shorthand notation (-, -) to denote both
the dualities (H 51 ([") & H ~*2(T")) — (H*'(T")® H*2(T")) and L2 (R") - L2(R").

3. Self-adjoint Laplace operators
with boundary conditions on hypersurfaces

Let us consider the restriction A|ker(y). Since the kernel of y is dense in L2(R"),
Al ker(y) is densely defined, closed and symmetric. Following the construction
developed in [29] (to which we refer for more details and proofs), we next provide
all the self-adjoint extensions of A|ker(y). The adjoint operator (A|ker(y))*
identifies with

dom((Alker(y)*) = HR(R"\T), (Alker(y)* = AR™ @ AG™.

An alternative representation of (A|ker(y))* is given by (see [29, Lemma 2.3 and
Lemma 4.2])

dom((A|ker(y))™)

={Uu=uo+GPP¢p)u,c H*R"), ¢ ® ¢ € H_%(F) ® H_%(F)}
={u € L>(R"):uo := (u + SL[p1]Ju — DL[Po]u) € H*(R")},

(Alker(y)*u = Auo + G(¢ ® ¢) = Au — [P1]ur — [Poluv-Vér,  (3.1)
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where G := G; and the Schwartz distribution ér is defined by ér(u) :=
Jru(x)do(x).

Given an orthogonal projection IT: H? I e H? ) — H3 I & H%(I‘),
the dual map IT": H_%(F) @ H_%(F) — H_%(F) &) H_%(F) is an orthogonal
projection as well and ran(TT’) = ran(IT)’. We say that the densely defined linear
operator

®:dom(®) C ran(IT)’ — ran(IT)

is self-adjoint whenever ® = @'. Let the unitary maps A* represent the duality
mappings on H*/?(T") onto H~/2(I"); an explicit representation of A* is given
by AS = (—ALp + 1)S/ 2, where App denotes the Laplace-Beltrami operator
on I'. Equivalently © is self-adjoint whenever the operator ® = O(A3 @ A),
dom(®) = (A3 @ A)~'dom(®), is a self-adjoint operator in the Hilbert space
ran(I1).

We define the operator-valued Weyl function

C\(=00,0] 3 2 > M, € B(H~3(I') & H™2(T); H3(I) & H? ()
by M, := y(G — G;), i.e., using the block operator notation,

M - {yO(SL—SLz) yo(DL—DLz)} |

3.2)
V1 (SL - SLz) Y1 (DL - DLz)

Given the couple (I1, ®), IT an orthogonal projector and ® self-adjoint, define the
set
Zne = {z € C\(—00,0]:® + IIM_. 1" € B(ran(IT), ran(I1)")}. (3.3)

All self-adjoint extensions of A| ker(y) are provided by the following theorem (see
[29, Theorem 4.4]):

Theorem 3.1. Any self-adjoint extension of A|ker(y) is of the kind
Ame = (Alker(y))*|dom(Am,e).

where I1: H%(F) &) H%(F) — H%(F) &) H%(F) is an orthogonal projection,
®:dom(®) C ran(I1)" — ran(I1) is a self-adjoint operator and

dom(An,@)
={U=uo+ G ® @) u, € HX(R"), ¢ ® ¢ € dom(®), Myu, = O(¢ ® ¢)}
= {u € HR(R"\TI"): [p]u € dom(®), My (u + SL[1]u — DL[Jo]u) = O[p]u}
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Moreover Z1,@ is not void, C\R € Zn,e C p(Amn,e), and the resolvent of the
self-adjoint extension A, e is given by the Krén’s type formula

(—Ame +2)7!
=(-A+2)'+ GO+ TOMI) ' TIy(-A +2)7!, zeZne.
(3.4)

Remark 3.2. Let us notice that the TT’’s appearing in formula (3.4) act there
merely as the inclusion map IT': ran(IT)’ — H ~3/2(T") @ H~/?(I"). This means
that one does not need to know IT’ explicitly: it suffices to know the subspace
ran(IT") = ran(IT)’.

Given the self-adjoint operator ®:dom(®) < ran(I1)’ — ran(IT), we now
introduce the following assumptions:

dom(®) C H'\(I) @ H2(T), s; > —%, 52> =3, (3.5)
dom(®) C H2(I') & H3 (I (3.6)

and
dom(f5) € H3(T) @ H3(I), 3.7)

where f5 is sesquilinear form associated to the self-adjoint operator in ran(IT)
defined by © := O(A3 & A).

The next result gives informations on the spectrum and scattering of A, e;
for the proof of such results we refer to [29, Lemma 4.10, Corollary 4.12, and
Remark 4.14].

Theorem 3.3. Suppose Theorem 3.1 holds. Then,

1) assumption (3.5) implies
Uess(AH,G) = (o0, O] ;

2) either assumption (3.6) or (3.7) gives the existence and completeness of the
wave operators

Wy =s- lim e HATMOIA 77 .= |im e i'AcitATLOP,
t—>+o0 t—>to00

i.e. the limits exists everywhere w.r.t. strong convergence, ran(Wy) = L?(R")qc,
ran(Wi) = L?>(R") and Wi = Wy, where L?(R™),c denotes the absolutely
continuous subspace of L>(R") with respect to A,e and P, is the corresponding
orthogonal projector. This then implies

0ac(Am,e) = (—00,0]. (3.8)
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Remark 3.4. Let us remark that hypothesis (3.6) holds in the case of global
boundary conditions, i.e. assigned on whole boundary I' (see Section 6), whereas
hypothesis (3.7) holds in the case of local ones, i.e. assigned on ¥ C I' (see
Section 7).

Remark 3.5. Let us notice that the apparent discrepancy between the indices
in (3.6) and (3.7) is due to the fact that the first one applies to operators acting be-
tween the dual pair (ran(IT)’, ran(IT)) whereas the second one concerns sesquilin-
ear forms in the space ran(IT); when written in terms of ®, condition (3.6) reads
as dom(®) € H3(I') @ H3(T).

Under hypothesis (3.6), it is possible to introduce an alternative description of
Am,e (see [29, Corollary 4.8]):

Corollary 3.6. Let Ar.@ be defined according to Theorem 3.1 with © fulfill-
ing (3.6). Define

Be := © 4+ MIyGIT": dom(®) C ran(I1)’ — ran(I1). (3.9)
Then
dom(Am,e) ={u € H?R™\I): [y]u € dom(®), TIyu = Be[ylu}, (3.10)
and, whenever z € Zn, @,

(-Ane +2) ' =(=A+2)' + G, ' (B — MyG, 1) 'Ty(-A + 2)~ 1.
(3.11)

The results contained in Theorem 3.3 do not exclude the presence of negative
eigenvalues embedded in the essential spectrum, an information that is relevant
for the issues to be treated in the next sections. However, since the singular
perturbations defining A, are compactly supported, an easy application of the
unique continuation principle and Rellich’s estimate give criteria for the absence
of such eigenvalues. For successive notational convenience let us pose

Ene :={A € (-00,0):1 ¢ 0p(Ame)}.
so that absence of negative eigenvalues is equivalent to Eq; g = (—00, 0).

Theorem 3.7. Let Ty € T be a closed set such that supp(¢) U supp(¢) < Io
for any ¢ ® ¢ € dom(®) C ran(I1). If the open set R"\T} is connected, then
Ef e = (—00,0).
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Proof. Suppose that there exist A € (—o0,0) and u; € dom(Am,e) € L2(R") N
HI%C(R”\FO) such that Ageu; = Auy. Then, by (3.1), Auj(x) = Auy(x)
for a.e. x € R"\Ip. Thus, by the unique continuation principle (see e.g. [34,
Theorem XIII.63]), u), = 0 a.e. whenever u) vanishes in the neighborhood of a
single point x, € R*\T}. By (3.1) again, (A —A)u,; = 0 outside some sufficiently
large ball B containing Q;,. Thus, by Rellich’s estimate, one gets u |B¢ = 0 (see
e.g. [31, Corollary 4.8]) and the proof is done. O

Remark 3.8. Obviously, in the case [; = I, one has that R"\I' = Qj, U Q¢ is
not connected. However, if Q¢ is connected then, by the same kind of reasonings
as in the proof of Theorem 3.7, one gets u;|Qex = 0. Thus, if the boundary
conditions appearing in dom(A,e) are such that

U|Qex =0, (Au — Au)|Qip =0, u € dom(Am,e) = u|Qin =0,

then E; o = (—00, 0). For example, two cases where this hypothesis holds are the
8- and §’-interactions on I which corresponds to the semi-transparent boundary
conditions

[Yolu =0, ayou = [y1]u
and
[yilu =0, Byiu = [yolu

respectively (see subsections 6.4 and 6.5).

4. The limiting absorption principle

We begin by recalling the limiting absorption principle for the self-adjoint opera-
tor representing the free Laplacian A: H2(R") € L?(R") — L?(R") (seee.g. [2,
Section 4]):

1

Theorem 4.1. For any k € R\{0} and for any a > 3, the limits

R*, = 161&1(—A — (k2 +ie))! (4.1)

exist in B(L2(R™), H2,(R")). Setting Cy. := {z € C: £Im(z) > 0} and

RE =

z

(=A+2)7Y, zeCy4,
RE, X € (~00.0),

the maps z +— RE are continuous on C+ U (—o0,0) to B(L2(R"), H?,(R")).



Limiting absorption principle, eigenfunctions and scattering 1455

The existence of the resolvent limits on the continuous spectrum have been
discussed in [35],[36] for a wide class of operators including singular perturba-
tions. The general results there provided allow to prove, in our case, a limiting
absorption principle for A, e:

Theorem 4.2. Let Ao be defined as in Theorem 3.1 and assume that it is
bounded from above and that (3.5) holds true. Then (—o0,0) N 0,(Am,e) is a
( possibly empty) discrete set of eigenvalues of finite multiplicity and the limits

Rfi o,k = lim (-Ame) — (K i)™ (4.2)

exist in B(LZ(R"), L2, (R")) for all « > % and for all k € R\{0} such that
—k? € Eq o

Proof. Let us at first show that the following four assumptions hold true for any
z € C\(—o00,0]:

(—A +2)"" € B(LL(R)), (4.3)
(—~Ame +2)7" € B(Ly(R™), (4.4)
(—A+2)7' = (—Ame +2)7" € Gu(L*(R"), L3(R"), B >2a, (4.5)

and for all compact subset K C (0, +00) there exists a constant cx > 0 such that,
for any k% € K,

IR® sullr2@ny < cklullz gm. forallu e L3, (R") Nker(R* , — R7).
(4.6)
By [34, Lemma 1, page 170], for all o € R one has

(—A 4+ 2)7! € B(LZ(R")). 4.7

Therefore (4.3) holds true (see also [36, Lemma 5.2 and Remark 5.1]).
Introducing the equivalent norm in H2(R")

|l g2 oy = /R (1 + 1x]2)° 1(=A + Du(x)2dx.

|(=A +2)" ul}

22y = (= + DA+ 2)7 |2

L2(R")

SHMHLg(Rn)J’_H Z|||( A-i_Z) u||L2(Rn



1456 A. Mantile, A. Posilicano, and M. Sini

and by (4.7), one gets
(=A +2)71 € B(L2(R"), H2(R™)). (4.8)

Let y € CGpp(R") such that x| =1,Q > Q. Then the map u — yu belongs to
B(HZ2(R"), H?(R")) and so, since y(yu) = yu, by (4.8) one gets

y(=A +2)"' € B(L2(R"), H3(T') & H%(I)). 4.9)
and, by duality,
G, = (y(=A +2)71Y e B(H3(T) ® H2(T), L2, (R")). (4.10)

Then, using (4.9) and (4.10) with 0 = « and with 0 = —a« respectively, (4.4)
follows from (3.4) and (4.7).

Assumption (3.5) implies that ran((® + [TM,T1")~') € HSI(T) @ H*2(T).
Thus, by the compact embedding H*' (I') @ H2(I') — H3/2(T") @ H~Y/*(I"),
one gets

(O 4+ TIM,T1")"! € Gy (ran(I1), ran(IT')) 4.11)

(see the proof of Lemma 4.10 in [29] for more details). Therefore, by (3.4),
using (4.9) and (4.10) with 0 = 0 and 0 = —f respectively, one obtains (4.5).

Finally, (4.6) holds true by [7, Corollary 5.7(b)].

Assumptions (4.3)-(4.6) permit us to apply the abstract results provided in [35]:
hypothesis (T1) and (E1) in [35, page 175] corresponds to our (4.1), (4.6) and (4.5)
respectively; then, by [35, Proposition 4.2], the latters imply hypotheses (LAP)
and (E) in [35, page 166], i.e. (4.1) again and

(A +2)7 = (mAme 4 2) 7' € Guo(L2,(R"), L2(R")),

and hypothesis (T) in [35, page 168], a technical variant of (4.6). By [35, Theorem
3.5], these last hypotheses, together with the assumption that —Ar, @ is bounded
from below and (4.3)-(4.4) (i.e. hypothesis (OP) in [35, page 165]), finally give the
content of the theorem. O

Remark 4.3. Since the map defined in (4.9) has closed range (it is surjective),
G, € B(H3(T) @ H*(I'), L2 (R")) defined in (4.10) is injective and has
closed range by the closed range theorem. Hence, by [27, Theorem 5.2, page
231], for any z € p(A) there exists ¢, > 0 such that

2 . 2 2
1G=(p @ P}z gy = Cz(||¢||H_%(F) + ||¢||H—%(r)) (4.12)

forallp ® ¢ € H=3(T) @ H~2 (D).
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Lemma 4.4. For any k € R\{0} and for any o > %, the limits

G*, = 13?3 G_(k2+ie) (4.13)

exist in B(H™2(I") @ H™2(I'), L2, (R")) and
G*> =G:+ (z +k*)RE,G,, z € C\(~00,0], (4.14)
(G*2) =yRT .. (4.15)

The function Gsz (¢ @ @) solves, in the distribution space D' (R"\I") and for any
PpBge H™3 e H™> ("), the equation

(A+k*)G*,(p ® ) =0.

Moreover there exist C]:Ctz > 0 such that

+llel* 5 ). (4.16)

2
G:t > .t 2
H —k2(¢ 2] 90) HLZ_O((]R”) = ck2(”¢”H—%(F) a3

comj

belongs to B(H2,(R"), H*(R")) and so, by Theorem 4.1, the limits

Proof. Let x € C&5,,(R") such that xIQ =1, Q2 > Q. Then the map u > yu

yRE, = 11&.1 y(=A — (k? £ie))™! (4.17)

exist in B(L2(R"), H3(T") @ H 2(T')). Then the relations
G_g2xic) = (V(=A —k*> Fie))

=G, +(z+k>Fie)—A—-(k*+ie)'G,

(see [33, Lemma 2.1]), and G, € B(H~2(T") @ H~3(T"), L2(R)) (use (4.10) with
o = —a), give (4.13), (4.14) and (4.15).
Since

1i¢r101 1A+ (k> £ie)u— (A + k)l 2@ny =0, ue H (R,

one has
REL(-A—KPu=u, ueHZR". (4.18)
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Thus, for any test function v € DR"\TI') = CF,,(R"\I') C H, 2(R™), one
obtains
(A +K)GE(4 @ 9).u) = (GE (9 @ 9), (A + k)
= (()’R_kz) (¢ @ ¢). (A+k*)u)
—(¢ ® ¢. YRE L (A + k?)u)
=—(¢®e.yu)
= 0.
By (4.18) and the surjectivity of y: H2(R") — H3(T') & H?2(T'), the map
YRE LL(R") — H3(T) & H3(T)
is surjective: given ¢ ® ¢ € H3(I') @ H2(T) one has YRE,v = ¢ & ¢, where
v=—(A+k*)yuand yyu = yu = ¢ ¢, u € H>(R"). Therefore, by the closed

range theorem, the range of Gsz is closed; since Gsz is injective (it is the dual
of a surjective map), [27, Theorem 5.2, page 231] gives (4.16). O

While interesting, Theorem 4.2 gives no answer to the obvious question: “does
Krein’s formula survive in the limit € |, 07 That is given by the following

Theorem 4.5. Under the assumptions of Theorem 4.2, for any —k? € Eqe
the limits
M=, = lim N M_gozie): (4.19)

Lo k2= hm(@ + TIM_24;6T) 7! (4.20)

exist in B(H_% e H™> (), H 3 ) H? (T")) and B(ran(I1), ran(I1")) respec-
tively and

M, = M; — (z + k*)yRE,,G,, z € C\(~00,0]. (4.21)
The linear operator ® + l'IM_k2 1" has a bounded inverse
Lo 2= ©+TME,T)7! (4.22)
and
R o2 — R = GELTU(O© + M, TU) ' TIyR%,,. (4.23)

Moreover the map

(—Ame +2)7'. zeCy,

R:I:

+ ._
Z > RH,@,z = { 1 E-
oA € Lne

is continuous on C+ U Ep g o B(L2(R"), L2, (R™)).
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Proof. By [33, equation (5)], the operator family M, z € C\(—o0, 0], satisfies
the identity

M_go4ie=M: — (z+ k> Fie)y(—A— (k> £ie))™'G..

Since, by (4.10), G, € B(H_% Do H3 (T), L2(R™)), the norm convergence of
M_24i¢) tO Msz is consequence of Theorem 4.1. This gives (4.19) and (4.21).
By Theorem 4.2, the limits

1i¢r101 G_24io1'(© + TIM_g24;o 1) 'y (—A — (K* £ie))™"  (4.24)
€

exist in B(L2(R"), L2 ,(R")) and, by Lemma 4.4, the limits

G = lim G210 (4.25)

and
(GT) = 7RZ = limy(=A — (K £ €)™ (4.26)

exist in B(H™2(T) @ H~3(I"), L2,(R")) and B(LZ(R"), H2(T') & H3(I'))
respectively. According to (4.12) and (4.16), there exist Eécz > 0 such that, for
alle > 0,
_ s 112
|G 2 4iy IO + IM i 1) T Ty (=A = (k* £ i) u 2 o)

> CEINO + M 2y 1) 'y (—A — (K2 £ie)ul® _, 1
H 2(M®H 2(I)

Let || - || denote the operator norm in B(X, Y'), the Hilbert spaces X and Y varying
according to the case. Then, by (4.24), one has

sup [(® + TIM_24;0 ) Iy (—A — (k* £i€)) 7' < +o0.

€>0

and, by duality,

Sulg IG_x22ieyTV(© + TIM_24;6 1) 7| < +o00.
€>

Thus, by
1G_g24i0 TV (® + TIM_g21; TT) ' T(y(—A — (k> £ i€)) ™' — yRE,)||
=< (Sulg IG_x22ieyT1'(© + TIM_24;6T1) M)
€>
ly(—A — (k> £ie)™" — )’Rsz Il
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and by (4.24) and (4.26) one has that the limits
1%1 G_24i0 V(O + TIM_24,T1) ' TIyRE,, (4.27)
€

exist in B(L2(R"), L2, (R")) and coincide with the ones given in (4.24). Since

the map nykz is surjective (see the end of the proof of Lemma 4.4), by [27,
Theorem 5.2, page 231] there exists 6fk2 > 0 such that

L
||]/R_k2 ||H2(F)€BH2(F)Z _k2||u||Lz(]R,,), for all u € ker(yR™ )
Setting
D :=G_g24i0T1'(© + IM_g2y,; o 1T) 7',
we have
“ [(Pe; — Per)P D @ll 12, gy
¥ TEX]
(0}£p@peH 2 (D@ H 2 () Pl men @)
[(De, — q>62)7’R_k2u”L2_ ®")
= sup
ueker(yRi—“kz)i 1258 —k2 ”Hz(r‘)EBHZ(I‘)
b, — R* Ju n
< sup II( €1 ez))’ k2 ||L2 (]R)
ueker(yR*, ;) e Il 22 gy

Hence, by (4.27), the limits

15’3 G_24io1'(© + TIM_ 24,6111 (4.28)

exist in B(ran(IT), L2 ,(IR")) and, by duality, the limits

hﬁ}(@ + NIM_2sio) Iy (—A — (k> £ i€)) ™! (4.29)
€

exist in B(L2(R"), ran(I1")). By (4.12) and (4.16), it results

_ 2
|G 2 4iey (O + IM_24, 1) "' (¢ & @) HLz_a(]Rn)

O+ M. m)~'n 2
> &5 (0 + w2tieo 1)~ (¢€B¢)”H 3mer 1)

and so (4.28) gives

sup [(® + IIM_24;6T1) 71 < +oo. (4.30)

€>0
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Therefore, by (4.29), one gets that the limits
m(® + [IM_ 240 11) ' TIyRE,, (4.31)
€l0
exist in B(L2(IR"),ran(IT")) and coincide with the ones given by (4.29). Since
nykz is surjective, proceeding as above one gets the existence of the limits
li¢m(® + TIM_24;6T1) 7! (4.32)
€l0
with respect to the operator norm in B(ran(IT), ran(I1")). Finally, taking the limit
€ | 0 in the identities
(O + IM_24;6T1) 71O + IM_24;91T)
= (O 4+ IM_g21;6T1)(O + IM_gay; o)™
=1,
one gets
O+NOME,TT) O+ TIME,IT) = (O+TIME, ) (O +TIME,TT) ! =1.

By Theorem 4.1, the map z — yRZ is continuous on C+ U (—oo0, 0) to B(L2(R"),
H3(T) @ H?(I); by duality, z > G* = (yRZ)'is continuos on C+ U (—00, 0)
to B(H™2(T') @ H~2(T"), L2,(R")). By (4.21), z = MZ is continuos on C U
(—00,0) to B(H% ) e H? (), H™3 e H™3 (T")) and so, by (4.30), the map
z > (® + IMETT')~! is continuos on C+ U (—o0, 0) to B(ran(IT), ran(TT’)). In
conclusion z = R g , is continuous on C U (—o0,0) to B(LZ(R"), L2, (R")).

O

Corollary 4.6. If, in addition to hypotheses inTheorem 4.5, hypothesis (3.6) holds,
then the Krein type formula (4.23) can be re-written as

+
RH,@,—k2

— R*, = G*,11'(Be — NIy G*,,1I") ' TIyR*,,. (4.33)
Proof. By hypothesis (3.6), one has
ran(G,)|dom(®) € H?(R"\I).
Then, by (4.14) and (4.17), the operator
yG*,:dom(®) — H3(I) & H3(T)
is well defined and, for any ¢ & ¢ € dom(®), the limits

7GEa(@ @ ¢) =limyG_gosio@ @¢) (4.34)
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exists in H 2 (I‘)EBH% (T). Thus, for any ¢ ®¢ € dom(®) and for any —k? € Eq e
one has

O+ TOME,T) (¢ @ ¢) = Eﬁ}@ + TM_g24:6T1) (9 & @)
= lei&l(B(B — Ty G_g24ie1) (¢ ® )
= (Bo — MIyGE,LTT)(¢ @ o). O

Corollary 4.7. Under the hypotheses in Theorem 4.2, Am,@ has empty singular
continuous spectrum, i.e.

Lz(Rn) = Lz(Rn)ac ® Lz(Rn)pm

where L*(R")a and L2(IR")pp denote the absolutely continuous and pure point
subspaces of L*(R™) with respect to An,e.

Proof. We follow standard arguments (see e.g. [2, Theorem 6.1]): let E, the
spectral resolution of A e and let u € L2(R") N LZ(R”)IJ;p. Then, for any
compact interval [a, b] C Ep g one has, by Stone’s formula, by the continuity
of z > Rﬁ’@),z and by Lebesgue’s dominated converge theorem,

((Ep — Eq)u, u)2gny

1 b
= lim — / ((—Ame + A — ie)_1 —(—Ame + A+ ié)_l)u, u)ydr
elo 2mi J,

1 b
— = +
= % ; ((RH,Q,A — RH,@,A)M’ u) dA.
so that (Eju, u)2gn) is differentiable on Ef ¢ and
1 _
ﬁ(EAu, M)LZ(]Rn) = % <(RH,®,/\ — RE,@,A)M’ M)
for all u € L2(R™). Since it is known that the set of functions for which
(Exu,u)p2gny is differentiable is a closed set, in conclusion (E;u, u)y2gny is
differentiable for any u € L2(R"),. O

5. Eigenfunction expansion and the scattering matrix

All over this section we suppose that the assumptions in Theorem 4.2 hold true.
We then consider the extension Ay e of the self-adjoint operator

Am,e:dom(Ame) € L2(R") — L*(R")
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to the larger space L2 ,(R"), a > 0, given by
Ame:dom(Ame) € L2, (R") — L2, (R"),
Zn,@u = Auo + G(¢p ® ¢) = Au — [)1]u St — [PoJu v-Vir,

dom(Ae) := {u = uo + G(¢ @ ¢):
U, € H2,(R"), ¢ @ ¢ € dom(®), yu, = O(¢ ® ¢)}.
By Theorem 4.2 and (3.1) one has
graph(Am,e) N (L*(R") @ L*(R")) = graph(Am,e).

Such an operator ZH,@ allows the introduction of the generalized eigenfunctions
of Ar[,(ai

Theorem 5.1. Letiiy € L2, (R")\{0} be a generalized eigenfunction of A e with
eigenvalue —k? € Eq o Le. Ui belongs to dom(Am,e) and solves the equation
(Ame + k?)ig = 0.
Then
e = ug + GELIT(O + IMELTT)  Hyuy,
where uy € H2,(R") is a generalized eigenfunction of A: H*(R") C L*(R") —
L?(R") with eigenvalue —k?.

Proof. Letus setiiy = uo+ G(¢p ® ¢), with u, € H2,(R") and ¢ & ¢ € dom(®)
such that TTyuo = O(¢p @ ¢). Then (Am,e + k?)iix = 0 gives

(A + kDo = —(1 + k>)G(¢ @ ¢).

Since ran(G) C L2(R"), we can apply Rsz to both sides of the above relation;
thus
o = u + (1 +k*)RE,G (9 @ 9).

where u; € H2,(R") is any solution of the equation (A + k?)uy = 0. Imposing
the boundary conditions we obtain, by (4.21) and by M; = 0,

Myuo = Myu, — TIM%,(¢ @ ¢) = O(¢ ® ¢).

i.e.
¢ B¢ =(0+TIME,IT)  Tyu.

The proof is then concluded by using (4.14) with z = 1. O
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Remark 5.2. Under hypothesis (3.6), by Corollary 3.6, one can alternatively
define

dom(Ap,e) := {u € L2, (R") N H2,(R"\I): [y]u € dom(®), yu = Be[y]u}
and so

ik = ug + GELIT(Bo — Ty GE L IT) Ty uy.

Before stating the next results we recall the following definition: let u solve the
Helmholtz equation (A + k2)u = 0 on the exterior of some bounded domain; we
say that u satisfies the (&) Sommerfeld radiation condition whenever

lim  |lx||®~Y/2(&-V £ ik)u(x) =0

|| x]|—+o00

hold uniformly in X := x/||x||. The plus sign corresponds to an inward wave and
the minus one corresponds to a outward wave.

Lemma 5.3. 1) the functions G* 2 (@ ® @) satisfy the (£) Sommerfeld radiation
condition.

2) If u € ker(Ap,e + k2), —k2 € Eq @ satisfies the Sommerfeld radiation
condition, then u = 0.

Proof. By (4.15),

GE,(p ®¢) =SL*, ¢ +DLE, ¢,

where
SL*, := (wRT,,). DL, := (nR7,).

By (2.5) and Ko(z2) = % i*t1H (1)(12) where H, M denotes the Hankel function
of first kind of order «, 1t results

Nz
G_g2io(x) = 4( ’6) H(l)l(\/kz Tic|xl), Imvk2Fie>o.

27|x]|

Therefore, by vk2? Fie = Flk| + % 7 T o(e) forany k # 0,

K|
o) =M e () = (Zn”x”) H Ik ).

Thus, for any fixed k # 0, one gets (see e.g. [5, Appendix 1])

Suplg 10 (0] < (x| 720D 4 x| =02),
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By the dominated convergence theorem, for any bounded and compactly sup-
ported u and v,

leiﬁ)l(% (R_ge2aie) — RE2)V)p2gny = 0,

where ﬁsz denotes the operator with integral kernel given by ﬁsz (x — p).
Therefore, by Theorem 4.1, R%,, = R* , and so, if ¢ and ¢ are in L*(I') and
x¢T,

SLE,, ¢ (x) = /F 55 ,(x — ) $ () do(y) 5.1)
and

DLZ, ¢(x) = /F V(y)-VELL(x = y) p(y) do(p), (5.2)

Then, by the behavior of H(,El)(x) and g—xHél)(x) as ||x|| — 4oo, there follows
that SL*,, ¢ = 9%, (¢ 6r) and DL*,, ¢ = §% , x(¢ vVér), hence G, (¢ Do)
satisfy the (£) Sommerfeld radiation condition (see e.g. [18, Lemma 7, Subsec-
tion 7d, Section 8, Chapter II]).

2) Let us suppose that u 7# 0. Then, by Theorem 5.1,

u = ug + GEL (O + IM 5, ) ™ yug,

where u; € H2,(R") is a generalized eigenfunction of A with eigenvalue —k2.
Then, by 1), u satisfies the Sommerfeld radiation condition if and only if u; does.
By Green’s formula on the ball of radius R, since (A + k?)ui(x) = 0 for any
x € R3, one has

Im (/ iy (x) )%'Vuk(x)do(x)) =0.
Ixll=R

Thus, by [30, Lemma 9.9], if u; satisfies the Sommerfeld radiation condition then
ur(x) = Oforany || x|| > R . Since R is arbitrary, this gives uy = 0, contradicting
our assumption u # 0. O

By Theorem 5.1 and by considering the usual family of generalized eigenfunc-
tions ug € H2,(R"), & > §, of At H*(R") C L*>(R") — L*(R”") given by the
plane waves

ug(x) = ol €%

one obtains the two families of generalized eigenfunctions of A e defined by

up c=ug 4+ GTLIT(O+ M7, T ' Hyug, k= [|§]. —k* € Eq .
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Remark 5.4. Since ran(Rsz) c Hfa (R™), by (2.16) and (4.14), one has

+
1650 =13 men—t )

Thus, since [y]ug = 0, one gets
[ylup = (© 4+ TM7 1) Tyug, (5.3)

and so the functions uét € dom(ln,@) solve the Lippmann-Schwinger type
equation

up =ug +GT L [yluy. (5.4)

Let us now define, for any u € L2(R"),

Fou®) = ooy [ Eeuedx

1
= Fu(§) + o

n
)2

(© + OMF ) Tyup), yR*,u)

1
= Fu(§) + W ([V]u? VRkaM)’

where F' denotes the Fourier transform and (-, -) denotes the (H ~*1 (I")® H ~52(TI"))
— (H"'(I") & H*2(T")) duality. Next theorem provides the main properties of the
maps F3:

Theorem S5.5. 1) The F extend to bounded operators Fy € B(L?(R")) such that
ker(Fy) = L2(R")pp and F+|L*(R")yc are unitary onto L*(R™).

2) Let Py be the orthogonal projection onto L*>(R™),e, then
(Fx Pac Amou)(§) = —|€I> Fxu(§) for allu € dom(Ame).

3) Assume either (3.6) or (3.7) holds, so that the wave operators

Wy :=s- lim e 11Ame,ita
t—>to0

exist and are complete; then

Wi = FIF. (5.5)
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Proof. 1) We adapt to our framework the reasonings in [2, Section 6] (see
also [25]). By (3.4), one has, for any z € Zp, e,

(F(=Ame +2)"'u)(®)
= (IIE1* +2)" Fu(®) + (FGIT'(® + IM IT) " Ty (—A + 2) " u) (§)
= (1§ +2)7 Fu(®)

+ (O + IM:T)'y(—A + )7 'ug. y(—A + 2)7'w))

(2n)n/2
= (€17 + )71 (§).
where

iz (§) := Fu(§) + (O + OM:IT) " 'yug, y(—=A + 2)" ).

(27-[);1/2

Then, for u € L2(R"), we set
U=, (8) = leiﬁ)l U_(g24i¢)(§)-

By the Theorems 4.1 and 4.5, such a definition is well posed and

i (8) = Fu(®) + (O + M T, I1) ' yul. yR ),

(27-[)n/2

so that, for any u € L2(R"),

i"fn&-nz(é) = Fiu(g)

Then, one has (see [2, p.191] for the reasonings that allow the exchange lim f =

[ lim)
((Ep — Eq)u, u)2gn)

b
. € . —1,,112
= le%l;/a I(=Ame + (X £ie) ™ ull} 2 m) dA
. € b . N—1 2
:161&.1;‘/a ||F(_AH,® +A :l:lé) u)“Lz(]Rn) dA

b
€ C o
=11m—/ (/ EIZ + A % ie] 2|uw5(s)|2d$)dA
€lo T J, R~

b
=/ (hmif |||s||2+Aiierzmﬂe@nwk)ds.
R? elo T J,
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By the known properties of the Poisson integral (see e.g. [2, equation (6.16)]),

b
. E 7 - Y
11m;/ LIEN? + A £ ie] 2 iasic () dA

€l0
. (5.6)
_ g ®P. a < —[gl? <b.
0, otherwise.
Therefore
<(Eb - Ea)u, u)LZ(]Rn) =/ s |17l_||$||2(g)|2 dé:
a<—|l&[*<b 5.7)

- / F2u(®)P de
a<—|&)2<b

and so, if P,. denotes the orthogonal projector onto L2(IR"),, for any u € Lg (R™)
one has

|| Pac u”iZ(]Rn) = (Pac u’u)Lz(]R”) = /]R" |Fiu($)|2d§ = ”F:l(;uHiZ(]Rn)' (5.8)

This shows that F} can be extended by continuity to a bounded map Fi €
B(L?*(R")). By (5.8), one gets ker(F+) = L*(R")pp and Fy is an isometry
from L?(R"),c into L?>(R"). By Theorem 3.3, ran(W}) = L?*(R") and so
ran(Fy) = L?(R") will be a consequence of (5.5) which will be proven below.

2) By (5.7) and by the polarization identity, for any u, v € L?(R"),,

(Extt, v)poauny = /_ o, PO FLE) d

and so, for any u, v € L2(R"),c N dom(Am,),
0
(AHj@U,U)LZ(Rn) = / A(EAM,U)LZ(]Rn) dA
—00

__ /}R eI Fe(e) Fav(®) d
= —( Il > Feut, Fv) 2@y

3) We equivalently show that Fx Wiu = Fu for any u in the Schwartz space
of rapidly decreasing functions. Let define Wi (f) 1= P, e /1Am.0¢i1A  Since
we are assuming the existence of the strong limits which define W4, such limits
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can be replaced by the Abelian ones (see e.g. Corollary 14 and Lemma 15 in [6,
Section 6.1.2]); therefore

+oo
FiWiu = lim 6/ e_EtF:tWi(t)u dt
0

e—>0+
+o0 d
= li € _F . Wi(tudt + Fiu.
Jm | g +(Oudt + Fiu

The map F4 diagonalize P,c A0, thus

(uE, o1 BHIER))

S )

(FWx(u)(§) =

2m)n/2

(here and below (-, -) denotes the L2,-L3 duality). Since (A + [|§]*)ug = 0 and

+ _ 0 F +
ug =ug + G—Ilsllz[y]ué , we get

d
e e = (FeW2(u)(©)
e
— (2m)n/?

—€t

: 2
(ugc’ (A + ||E||2)elt(A+||$|| )u)

(A + E]2yug, e T AHIEPy,)

~ Qn)n2 | 2
+(GF ey Iug . (A 4 [[E]?)e AFIEDy))

i | -
B Wmfnsnz[”]“ét’ (A + ||E||?)etAFIEIT+iOy,)
1 d 4 .
e E<G—||s||2[7’]”s ;

(A + [EIP)(A + ]2 + ie) el ATIEI+ien,)
Therefore, a.e. (eventually taking the limit along a subsequence)

(F+Wiu)(§)
+o0

— im, [ et R W) ©) di + Fou(®)

- @m)n/? Jim, (GTeplrug - (A + IEIH)(A + €2 +ie) ™ u) + Fru(®)

=~ 7 (T e Y )+ P

= Fu(é). O
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Let us now introduce the scattering operator S := W} W_, so that, by Wy =
F}F,onegets FSF* = Fy F*. The scattering matrix

Se: (8" — L2(8" 7).
where $”~! denotes the unit sphere in R”, is then defined by the relation
Se(Fuk = (FSu),  (Fu)(§) := Fu(ké).
Therefore

Sk(F_u) = (Fru)k.

The next results shows how the kernel (proportional to the scattering amplitude)
of the linear operator 1 — Si can be expressed in terms of the limit Weyl functions
O+ l'IMjEk2 IT’; here u denotes Lebesgue measure on $" 1.

Theorem 5.6. Assume either (3.6) or (3.7) holds, so that Wy and hence Sy, exist.
Then, for any k > 0 such that —k? € Eq e

Sif€) = 1)~ /S Sk(E.8) fE) du(@).

where

2 on i k \n—2 Tvu® ® oM~ I —IH o
58 i==(52)  (Myugy (@ + MM 1) yayy)

_ i k n=2 + n—1 o o
_ E<E> (O + M, ) Ty, Tyu,).

In the case (3.6) holds, one also has the equivalent representation

PR l k n—2 o — NnN—1 o
6.8y = —(57) (Mg, (Bo — MyGLa ) ™' Tyugy)
_ l k n—2 —+ NnN—1 o o
= E<E) (Be —IIyGZ,,1T") Hyuké,,l'[yuké).

Proof. Here we follow the same strategy as in [37] and [5]. By the definition of
Sk we only need to show that, for any u € Lg (R™), one has

(Frue(§) = (Fu(€) — /S k6.8 (Fa ) du(E). (5.9)

Let us define the auxiliary functions

Vg = u];g — u;—é — /n—l Sk(i?, é/) u,;;/ d,u(i?/).
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By (5.4),

v = Gyl — Goalvluf, - /S G E) G, du(E)

i k \n—2 o + o &1
- E(ﬂ) /Sn_1<yuk§” [l gehitg, an(S)-
By
-0 o & . 2 \n=2 - +

L iz dn = 4mi () (80— 0) = 84— )

(see [5, formula (15)]) and by (5.1) and (5.2), one gets
i k n=2 o + o & — + +

= (52) T [ e ) gy dn @) = (65 = G,

and so
v = Gralylug.

Therefore, by 1) in Lemma 5.3, v, ¢ satisfies the Sommerfeld radiation condition.
Since ulfg € ker(ﬁn,@ + k?), one has Ut € ker(Zn,@ + k?). Thus, by 2) in
Lemma 5.3, Vg =0 and so

+ oy EEY U, du(E
i T M /Sn—l S8 )y, du(E)-

Considering the duality product of both the left and right functions with u €
L2(R"), one gets (5.9) and the proof is done. |

Remark 5.7. Given p € (0, +00) N p(Am,e), let Wf denote the wave operators
for the scattering couple ((—Ame + w)~ ! (=A + w)~!). Since both Wy and
W exist and are complete, by the Birman-Kato invariance principle one gets
W4 = Wx. By (3.4) one has

(—Ame+ W) = (-A+ w7 =G0+ M, IT)'TIG),.  (5.10)

The Birman—Yafaev general scheme in stationary scattering theory (see e.g. [15],
[40], and [41]), conditional on the existence of the limit operator

B} = 13?3 Bjtic. B :=TG, (wA+ )" —2)7'G,IT
and of the inverse (14 B; (©@+ M, IT")~1)~1, allows the representation formula

for the scattering matrix S, corresponding to the scattering operator S* =
(Wf)* WH, given by (see e.g. [41, equation (2.8)])

St =1-27iL,I"(® + OIM,IT)~' (1 + B (© + TIM,IT)"H)7'TIL}. (5.11)
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Here
Ly:H32(T) @ HV2(T) — L2(8" 7)),
(La(¢ ® )(E) = %[(FOGM ® ) (MIE).

is defined in terms of the unitary map Fy: LZ(R") — L2((0, u™'); L?(S"!)) such
that the operator Fo(—A + ) "' F§ acts as multiplication by A, i.e.

1
2

(En@IE = 22 (£ =u) T P (2 -n) E).

By the identities

(Atw = =2 (142 (~avu-1)),

z

1 _
G/Q(—A +u— ;) '= Z(G;L_% _G;/A),
1 /
MM_% ZMM_;GM_%G/‘L’

one obtains

(© +0OM, 1)1+ B,(© + TIM, )"~}
=(©®+0OM,TT — B,)™!
_ (@ + TIM, T — HG;(% + 2—12(—A - é)_l)GMH/>_1
= (0 + M, - % nG,G,Mn' — % G, _, - G;L)GMH’)_I
= (0 + M1 - % HG;_%G,LH/)_1
= (0 + HMM_%H’)_I.

Therefore, by Theorems 4.2 and 4.5, both B} and (1 + B (© + 1M, I1))~!)™!
are well defined and

_ 1
Sy =1-2niL, (O + TIMY | TT) ‘ney, p- T Ene.  (512)

In case Theorems 4.2 and 4.5 were not available, using the results contained in
[40, Chapter 7, Sections 4 and 6], the representation formula (5.11) could be
still obtained under Kato-smoothness or trace-class hypotheses on the resolvent
difference (5.10). However for the models we are here considering, the trace-class
condition is not always fulfilled while checking the smoothness property may be
a substantial problem (see e.g. [40, Chapter 7, Section 4, Proposition 1]).
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Finally, using the correspondence S f = Sk, which holds whenever u — % =
—k? (see [40, Section 6, Chapter 2]), and the identity

W 2731 " a,
(L@ ®E === (3-1) " @0Er L peg).

one gets that (5.12) matches the formula provided in Theorem 5.6.

6. Examples: Boundary conditions on T’

In this section we apply our results to self-adjoint realizations of the Laplacian
with various kind of boundary conditions on I'. For more details on such models
we refer to [29, Section 5]. In particular, by the results given there, hypothesis (3.6)
holds for all the examples presented here. As regards the semi-boundedness hy-
potheses required in Theorem 4.2, the semi-boundedness of the operators A p and
Ay in subsections 6.1 and 6.2 is clear, semi-boundedness of A g in subsection 6.3
is provided in [29, Remark 5.2] and semiboundedness of A, s and Ag s in sub-
sections 6.4 and 6.5 is provided in [9, Theorem 3.16] (see also the next Section,
the proofs being essentially the same). In the following, in order to simplify the
exposition, we suppose that Q.4 is connected.

6.1. Dirichlet boundary conditions. Let us consider the self-adjoint extension
Ap corresponding to Dirichlet boundary conditions on the whole I'; it is given
by the direct sum Ap = A2 @ AL, where the self-adjoint operators AP and

AD are defined by A2:= Aldom(A2) and A2 := Aldom(AZ), with do-
mains dom(A2) = {uin € H?*(Qun): yMuin = 0} and dom(AL) = {uex €
H?(Qex): y&uex = 0}. Since
dom(A2) @ dom(A2) ={u € H*(R"\T'): [yolu = 0, you = 0}
={u € H'(R") N H*(R"\T): you = 0},
that corresponds, in Corollary 3.6, to the choice [1(¢ ® ¢) := ¢ © 0, and Bg = 0.
Thus (see [29, Subsection 5.1])

(AR @ AByu = Au— [y1]udr

and, by (yoSL;)™! = P — P&, where Pi" and P* denote the Dirichlet-to-
Neumann operators for Qj, and Q¢ respectively (see e.g. [29, equation (5.4)]),
one has, for any z € C\(—o0, 0],

(AR ® A +2)7  =(—A +2)7 + SL(PS — PMyo(—A +2)7"
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Then, by Theorem 5.6, one has, for any k > 0 such that —k? ¢ O(Aig ,
A A i k \n—2 . o o
&) =1 (5) (PG~ Ple) Froug yougy).
where

(Pfiz - Pil}cz)+ = leifol (Pfizﬂ-e - Pi_r}cz_H-e) =—(»o SLi—kz)_l-

Such a limit exists in B(H 3 (), H -3 (I")) by Theorem 4.5. Notice that, restricted
to the case n = 2, similar formulae have been obtained (without the smoothness
condition on I") in [19, Theorems 5.3 and 5.6].

6.2. Neumann boundary conditions. Let us consider the self-adjoint exten-
sion AN corresponding to Neumann boundary conditions on the whole T it is
given by the direct sum Ay = AY & ALY, where the self-adjoint operators ALY
and AY are defined by AY := Aldom(A¥Y) and AY := Aldom(AL), with
domains dom(AY) = {uin € H?(Qin): yi"uin = 0} and dom(AY) = {uex €
H?(Qex): ¥§*uex = 0}. Since

dom(AY) @ dom(AY) = {u € H*(R"\I'): [y1]u = y1u = 0},

ex’/ T

that corresponds, in Corollary 3.6, to the choice I1(¢ & ¢) := 0P ¢, and Bg = 0.
Thus (see [29, Subsection 5.2])

AN @ Ag)u = Au — [yoJu v-Vér,

m

and, by (y; DL;)™! = Q% — Q", where Q" and Q% denote the Neumann-to-
Dirichlet operators for 2j, and Q¢ respectively (see e.g. [29, equation (5.7)]), one
has, for any z € C\(—o0, 0],

(—(Af @ AN +2) 7' =(=A+2)7" + DL(QF — 0y (-A +2) 7"
Then, by Theorem 5.6, one has, for any k > 0 such that —k2 ¢ o (AY),

& & i k \n=2 i X o )
s 8= (5) Q0 - %) g yiusy),

where
(Qi_nkz - inxkz)-f— = lelil(} (Qi_nk2+ie - Qixkz_,_ie) =—-(n DL_I__kz)_l-

Such a limits exists in B(H 3 (), H -3 (I")) by Theorem 4.5. Notice that, restricted
to the case n = 2, similar formulae have been obtained (without the smoothness
condition on I") in [21, Theorems 4.2 and 4.3].
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6.3. Robin boundary conditions. Let us consider the self-adjoint extension A g
corresponding to Robin boundary conditions on the whole I'; it is given by the
direct sum Ag = AR @ AR, where

AR = Aldom(4R), AR := Aldom(AR),

dom(AR) = {uin € dom(AR™): y"uin = bin Vo' thin}

dom(AR) = {uex € dom(ATH): y&uey = bex Y tex ).

Here by, and bex are real-valued multipliers in H 3 (I"). Since, in case bex(x) #
bin(x) for a.e. x € I, the domain of AR @ AR is given by

dom(AR @ AR) = {u e H2(R"\I):
1
(bex — bin)you = [y1]u — E(bex + bin)[yo]u,

1
(bex - bin)]/lu = E(bex + bin)[)’l]u - bexbin[yo]u}-

that corresponds, in Corollary 3.6, to the choice I1 = 1 and Bg = Br, where

L I ) 1 | o
BR a [b] |:<b> bexbin]’ <b) T 2(bex + bm)’ [b] T beX bll’ls

Thus (see [29, Subsection 5.3])
4
(AR @ Alu = Au— Bl (({b) y1u — bexbinyou) St + (y1u — (b) you) v-Vir)
and, for any z € p(AR) N p(AR) N C\(~00, 0],

(—(AR @ ARy 4 )71

1/Ib)+ yoSL:  (B)/[B] + yo DL } At

— (— -1_

where G, (¢ @ ¢) = SL; ¢ + DL, ¢. Let us notice that the case in which one has
the same Robin boundary conditions on both sides of I' corresponds to the choice
bex = bo = _bin.

Then, by Theorem 5.6, one has, for any k > 0 such that —k? ¢ G(Affl ,

sk (€€

i (ky VBl +wSLY, B/l +wDLi, 0
T a2\ 4 SLE. bib /) + i DLE, TRk
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6.4. §-interactions. Here we consider the self-adjoint extension corresponding
to the choice I1(¢p ® ¢) = ¢ 0 and O(¢p & ¢) = —(¢p/a + yo SL ¢) & 0, where
« is a real-valued multiplier in H %(F) such that 1/a¢ € L°°(I"). Such a kind
of self-adjoint extensions correspond to the boundary conditions ayou = [y1]u
and so one obtains the self-adjoint extensions usually called “§-interactions on I"”
(see [16], [9] and references therein). By Corollary 3.6 (see [29, Subsection 5.4]),
one gets the self-adjoint extension

Aysu = Au— ayoudr,
dom(Ags) = {u € H'(R") N H*(R"\D): ayou = [y1]u} ;
its resolvent is given by
(a5 +2)7" = (=A+2)7" = SL:((1/a) + yo SLz) "' yo(—A + 2) 7"
= (=A+2)7" = SL:(1 + ayo SL:) laye(=A +2)7".
Then, by Theorem 5.6 and Remark 3.8, one has, for any k > 0,
ik

PRV n=2 + -1 o )
8= ——(52) (0 +ayoSLE ) ayous . oz ).

6.5. §’-interactions. Here we consider the self-adjoint extension corresponding
to the choice T(¢p & ¢) = 0@ ¢ and O(¢p & ¢) = 0 (¢/B — y1 DL ), where
B is a real-valued multiplier in H 3 (T") such that 1/ € L°°(I"). Such a kind of
self-adjoint extensions correspond to the boundary conditions Sy;u = [yo]u and
so one obtains the self-adjoint extensions usually called “§’-interactions on T'”
(see [9] and references therein). By Corollary 3.6 (see [29, Subsection 5.5]), one
gets the self-adjoint extension

Agsu = Au— Byyuv-Vér,
dom(Ags) = {u € H*R"\D): [y1]u = 0, Byiu = [polu};
Its resolvent is given by
(—Aps +2)7' = (=A+2)7' +DL((1/8) = y1 DL) 'yi (A 4+ 2) 7!
= (-=A+2)7' +DL:(1 - 1 DL) ™' fyi(-A +2)7".
Then, by Theorem 5.6 and Remark 3.8,, one has, for any k > 0,

L3
2

@ &)=

n—2
o ) (1= By DLE o)™ By o, yi ).
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7. Examples: Boundary conditionson X Cc T

In this section we consider boundary conditions supported on a relatively open
part ¥ C I' with Lipschitz boundary. For more details and proof regarding
such models we refer to [29, Section 6]. In particular, by the results given there,
hypothesis (3.7) holds for all the examples presented here; moreover, the semi-
boundedness hypothesis required in Theorem 4.2 holds true as well: this point is
next discussed case-by-case. In order to apply Theorem 3.7, so to simplify the
exposition, we suppose that R”\ ¥ is connected.
In the following, given X C I closed, we use the definition

Hy (T) := {¢ € H*(T'):supp(¢) < X}.

Given ¥ C T relatively open of class C%!, we denote by Iy the orthogonal
projector in the Hilbert space H*(I"), s > 0, such that ran(Ilx) = Hs, (T')L. One
has ran(ITy) = HZ*(T), where [Ty, = A?$TIs A~25 is the dual projection. In the
following, we use the identifications Hy.. (N)* ~ H*(X) and HE_S (T) ~ H*(X)'.
In particular, by the former, the orthogonal projection ITx can be identified with
the restriction map Ry: H*(T') —> H%(X), Rx¢ := ¢|X.

7.1. Dirichlet boundary conditions. We denote by Ap x the self-adjoint ex-
tension corresponding to the orthogonal projector defined by I[1(¢p & ¢) =
(ITz¢)®0 = (¢|X)P0 and to the self-adjoint operator (¢ B ¢): = (—Op,x¢) DO,

_3
©px:dom(@p x) € Hy*(I) — H(S), ©ps¢ = (yoSLe)|Z,
_1 3
dom(®p,z) := {¢ € Hy*(D): (yo SL$)|T € H3(5)}.

By Theorem 3.1 (see [29, Subsection 6.1]),

Ap,su = Au — [y1]u b5, (7.1)

dom(Aps) = {u € H'(R") N HY(R"\T):
[71]u € dom(®p 5), (yg'w)|T = (y5*u)|Z = 0}

is self-adjoint and
(—Apxz+2)"' = (-A+2)7" —SL; Mg (Reyo SL; My) ™' Reyo(—A +2)7".
Denoting by (-,-)—1,1 the H~'(R")-H ' (R") duality, for any

ue dOHl(AD,E) C Hl(Rn)
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one has, by (7.1) and (§x, u)—1,1 = 0 whenever supp(you) < ¢,
(~Ap . u) g2y = (M) 11 = [VulZ g

and so Ap.x <0.
By Theorems 5.6 and 3.7, one gets, for any k > 0,

S L l k n-2 + 7 \—1 o o
@8 =-—(52)  ((ReyoSLY, o)™ Reyous,. Reyous).

7.2. Neumann boundary conditions. We denote by Ay, x the self-adjoint ex-
tension corresponding to the orthogonal projector defined by

(g ®¢) =08 (IIng) =0® (¢|X)
and to the self-adjoint operator ®(¢ @ ¢) := 0@ (—On.z¢),
1 1
@N,g:dom(G)N,z;) - HEZ(F) — HZ(E), @N,zq) = (]/1 DL(p)|E,
1 1
dom(®y,z) :={p € H5 (I'): (y1 DLg)|Z € H2(X)}.
By Theorem 3.1 (see [29, Subsection 6.2]),
Ansu = Au — [yoluv-Vés, (7.2)

dom(Ay,x) = {u € H' (R"\Z) N HR(R"\T):
[yolu € dom(®n,z). [71]u = 0. (P{"u)|Z = (F}u)[= = 0}
is self-adjoint and
(—Ans +2)7!
= (=A+z2)7' =DL, I (Rs71 DL, TT5) ' Rey1 (A + z) 7.
By Green’s formula (2.10), for any
u € dom(Ay,s) C HY(R"\T') N HY(R"\T")
one has
(—Aw st u) 2y = VU2 + IVl 22 + (1 [yole) 2qr)

— 2 2
- ”Vu”LZ(Qm) + ”VMHLZ(Qex)

and so Ayx <0.
Then, by Theorems 5.6 and 3.7, one gets, for any £ > 0,
i rk

PR n—2 A + 7 \—1 o o
su.8) =~ =(57) ((Repi DLE, %)™ Reyigy,. Reyingy).
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7.3. Robin boundary conditions. We denote by Ag x the self-adjoint extension
corresponding to the orthogonal projector defined by I1(¢p & ¢) := H%(gb D) =
(Mgp) e (IMgp) = R%(g{) @ @) := (¢]|X) & (¢|X) and to the self-adjoint operator
®:=-0 R,X>

_3 _1
Orz:dom(Op x) € HZ* () @ Hy > (1) — H3 () @ H3 ().

Or,5(¢,9) = (1/[b] + y0 SL) + ((b)/[b] + o DL)@)| %)
® ((((b)/[P] + 71 SL) + (bexbin/[b] + 71 DL)@)| ),
dom(©.z) := {(¢.¢) € LL(I) x HZ (D):
((1/16] + o SL)$ + ((b)/[b] + 70 DL)@)|E € H3(S),
(((b)/b) + 71 SL)$ + (bexbin/[b] + 71 DL)@)|S € HZ()}.

Here bi, and bex satisfy the same hypotheses as in Subsection 6.3 and bj, > bex.
By Theorem 3.1 (see [29, Subsection 6.3]),

ARrsu = Au — m((( ) V1u — bexbinyou) 85 + (y1u — (b) you) v-Viés),
dom(Agx) = {u € H'(R"\Z) N HYR"\T): []u € dom(Og x),
(yi"u = binyg )| T = (¥F*u — bexy§ u) | = 0}

is self-adjoint and

(—Arz+2) ' —(-A+2)!
6. @)( 1/1b] + yoSLz (B)/11] + % DL: | ))‘1
oE (b)/[b] + 11 SL;  bib_/(b] +y1DL; | >
R%y(—A + z)_l,

_3 _1
where (H%)/ is the orthogonal projection onto Hy 2O @ H 2(T') and G, is
defined in (2.8).

Remark 7.1. By [29, Remark 6.15], Agr = depends only on X, b;jy|X and bex|2

Thus, by cons1der1ng € C R” such that Qm =QcC Qex, Qin C Qex = IR”\SZ and
»cl= BQ it is possible to convert the assumption bj, > bex into bex > bip.
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By Green’s formula (2.10) and by Ehrling’s lemma, for any u € dom(Ag,x) C
H'(R™\T') N HY(R™\T') one has (here the Sobolev index s belongs to (3. 1) and

B 5 Qj, is an open ball)
(—AR,EM, M)Lz(]Rn)
= ||Vu||22(gm) + ”Vu”iZ(Qex)
— (binYo Uin» Yo Uin)12(x) + (Pex Vg Uex Vo Uex)L2(x)
= [VulZag, + V00220
— (Ibinllzoory + lbex oo @) Ulvo uinllF oy + 175 Uex 72y
> [VulZag, + 1Vul22q0
— ¢(||Din]lLooqry + ”bex||L°°(F))(||uin||%1s(gm) + ||uex||12qS(BnQeX))
= [VulZag + V00220
—c(1binllLoe(ry + llbexllLoo(T))
(€(||uin||§11(gm) + ||”ex||§11(gex)) + Ce”u”iz(]Rn))

2
> —Kellu ||L2(R”)

and so and so Ag,» < k. Then, by Theorems 5.6 and 3.7, one gets, for any k£ > 0,

5.8 = (5=)"

® 1/[b] + vo SLi‘k2 (b)/[b] + yo DLsz o _ZB ]
<<RE|:<b)/[b] + "1 SLi_k2 byb_/Ibl+ n DLi_kz (IT%) REV“ks/’

[53) o
Rzyuk$>.

7.4. §-interactions. We denote by A, s x the self-adjoint extension correspond-
ing to the orthogonal projector defined by I1(¢ @ ¢) := (I[Ix¢) B0 = (p|X) B0
and to the self-adjoint operator ©(¢ @ ¢) := (—Oq,p,=¢) ® 0,

_3
®u.p.z:dom(y,p x) € HL > (I) — H3(S),
O,p,2¢ := ((1/a + yo SL)9)|Z,

dom(®q,p,x) :={¢ € LL(I): ((1/a + yo SL)9)|T € H3 (%)),
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Here « satisfies the same hypothesis as in Subsection 6.4 and we further require
that it has constant sign on (each component of) I"'. By Theorem 3.1 (see [29,
Subsection 6.4]; notice a misprint in [29, Corollary 6.21]: the condition [yo]u = 0,
implying u € H!(R"), is missing in dom(Ay 5.5)),

Agsxu = Au —ayouds,
dom(Ays5) = {u € H'(R") N H> (R"\X) N HR(R"\TI):
[y1lu € dom(®y,p x),
(ayou — [y1]u)|Z = 0}
is self-adjoint and
(—Ags,x +2)"u
= (-A +z)7' = SL; I5(Rs(1 + ayo SL,) %) ' Reayo(—A + 2) 7.
For any u € dom(A, s,x), by Ehrling’s lemma, one has (here the Sobolev index s
belongs to (3. 1))
(=Aas,su, u) 2@y = (AU, u)—1,1 + (@you, You)2(x)
= ”Vu”iZ(]Rn) + (ayou, you)r2(x)
> (1 Vull2 gy — lerllzooey llvor 2y
= VUl gy — € el zooqey 12y
= (| Vull2a gy — € el zooqry (€ Nl ) + cellel2 )
z —Ke”“”iz(g)

and so Ay s,» < ke. By Theorems 5.6 and 3.7, one gets, for any k > 0,

. i (k2 _ . .
s6.8)=—=(32)  ((Re(1+ayoSL)Iy) ™" Rzayou?y,. Reyousy).

7.5. §’-interaction. We denote by Ag s/ 5 the self-adjoint extension correspond-
ing to the orthogonal projector defined by I1(¢ & ¢) := 0 (IIxp) = 0 (¢|X)
and to the self-adjoint operator (¢ ® ¢) := 0@ (—Og n,x)¢,

_1
Oz dom(®p v x) € HL > (I) — H(S),
Op.n.5¢ = ((=1/B + 71 DL)¢)|Z,

dom(©p,y5) = {p € HZ(I): ((=1/8 + 71 D9[S € HE (D)},
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Here f satisfies the same hypothesis as in Subsection 6.5. By Theorem 3.1 (see [29,
Subsection 6.5]; notice a misprint in [29, Corollary 6.26]: the condition [p;]u = 0
is missing in dom(Ag s/ x)),

Ag s su = Au— Byuv-Vis,

dom(Ags.x) = {u € H'(R"\Z) N HR(R"\I'):
[yolu € dom(®p n.5), [71]lu =0,
(B71u — [yolw) |2 = 0}

is self-adjoint and its resolvent is given by

(_A,B,S’,E + Z)_lu
= (—A+2)7' 4+ DL; 5 (Rx(1 — 71 DL) %) "' Refyi(=A +2)7.

By Green’s formula (2.10) and by Ehrling’s lemma, for any
u € dom(Ag g 5) C H'(R"\T') N HY(R"\TI")
one has (here the Sobolev index s belongs to (% 1) and B 3 Qjy is an open ball)

(—Aps,su, u) 2R
= IVl + IVl + ((1/B) ol [yoh) 2,
> [ VulZa ) + IVul22q,,
=211/ Bl ooy Ulyg winlFapy + 176 uex] 72 )
= [VulZaq, + 1Vulaq,,
—¢ ||1/,3||L°°(F)(||uin||%-1s(gm) + ”ueX”%-IS(Br]QeX))
= [VulZaq, + 1Vlao,,
— /Bl € uinlZi o,y + TtexlZio) + cellulZagun)
= _Ke”u”iZ(]Rn)

and so and so Ag s/ 5 < ke. Then, by Theorems 5.6 and 3.7, one gets, for any
k>0,

k n-2 A —+ 7 \—1 o o
(52) ((Rs(1— i1 DLE)I5) ™ Reyiusy,. Reyiusy).

R

4
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