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Partial retraction of
“Two-term, asymptotically sharp estimates
for eigenvalue means of the Laplacian”

Evans M. Harrell II and Joachim Stubbe

We regret that we have to retract portions of the article “Two-term, asymptoti-
cally sharp estimates for eigenvalue means of the Laplacian” [J. Spectral Theory 8
(2018), 1529-1550] due to an essential error in the proof of Theorem 1.2, which
is used in other places in the paper.

An error in the proof of Theorem 1.2 was pointed out to us by S. Larson. The
proof relies on an average over certain translations, but the parameter L there
cannot be chosen independently of the spectral parameter z in order to eliminate
the remainder term called G (z) in the proof. Since we have been unable to remedy
the error and Theorem 1.2 is used throughout, we retract Theorem 1.2 and all
claims depending on it.

Several salient claims of the paper do not depend on the erroneous averaging
and remain unaffected. Before listing them we recall some definitions for the
reader’s convenience:

The eigenvalues of the Neumann Laplacian on a bounded domain 2 are denoted

O=pr <p2=puz <---, (1.2)

and some related quantities that will appear are

d+21 vk
k \% Tx D=1 W
my = Cgl— , Spi=—
€2 My
_2 4
The “classical constant” is written Cy = (27)?B ;<> where By = ﬁ is the
7

volume of the d-dimensional unit ball. Pélya’s conjecture for Neumann domains
reads
—2 .. _2
pp < CalQITa( —1)"77. (L.5)
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Claims that remain valid include the following:

Theorem 1.1 (a sharpening of Kroger’s inequality). Letd > 2. Then forallk > 0
the Neumann eigenvalue [iy 1 satisfies

mz (1 = Sg) > (g1 —mg)?, (1.13)

Le.,

m(1 =1 =8k) =< prer = me(1 + V1= Sp). (1.14)

Corollary 1.3. Let d > 2 and Q = Q' x [0, §] be a bounded domain. Then for all
z >0,

PN
j=1

d 1 Q
> L1222 % + 2 qud_1|5—|

1.20
Ql . (1.20)

i+l 1 2—d =
z2 2-&(27[) BdS—ZZZ.

The statement of Corollary 1.4 needs to drop a lower-order nonnegative con-

tribution derived from Theorem 1.2. After correction, it reads:

Corollary 1.4 (P6lya’s conjecture for Cartesian products). Suppose that Q =
Q1 x Q2 C RY where Q1 € R and Q» C R% are two bounded domains
with spectra consisting of increasing eigenvalues satisfying eq. (1.2), and where
Polya’s conjecture (1.5) holds for Q1. Then

NG) = 1+ |QILY, 2%, (1.22)
This implies Pélya’s conjecture for 2 of the form €2 x Q5.
Section 3, containing detailed calculations for rectangles, and the Appendix,

discussing refinements of Young’s and Holder’s inequalities, are entirely indepen-
dent of Theorem 1.2 and hence unaffected by the error.

Other parts of Section 1 aside from those listed above and Lemma 1.5 (which
is from an earlier work), as well as Section 2 and Section 4, can be disregarded.
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Two-term, asymptotically sharp estimates
for eigenvalue means of the Laplacian

Evans M. Harrell II and Joachim Stubbe

Abstract. We present asymptotically sharp inequalities for the eigenvalues px of the
Laplacian on a domain with Neumann boundary conditions, using the averaged variational
principle introduced in [14]. For the Riesz mean R (z) of the eigenvalues we improve the
known sharp semiclassical bound in terms of the volume of the domain with a second term
with the best possible expected power of z.

In addition, we obtain two-sided bounds for individual px, which are semiclassically
sharp, and we obtain a Neumann version of Laptev’s result that the Pélya conjecture is
valid for domains that are Cartesian products of a generic domain with one for which
Pélya’s conjecture holds. In a final section, we remark upon the Dirichlet case with the
same methods.

Mathematics Subject Classification (2010). 58J50, 47F05, 47A75.

Keywords. Neumann Laplacian, Dirichlet Laplcian, semiclassical bounds for eigenvalues.

1. Introduction

Let @ C R? be a bounded domain with boundary 9. We mainly consider here
the eigenvalue problem for the Laplacian with Neumann boundary conditions,

—Au = pu on§,
ou (1.1)

— =0 Q.
o on

We suppose that the spectrum (1.1) consists of an ordered sequence of eigenvalues
wj tending to infinity,

O=p1<p2<pz=.... (1.2)
The corresponding normalized eigenfunctions are denoted u;. This assumption

holds when 2 satisfies some regularity assumptions, see e.g. [25], and is different
from the situation for the Dirichlet Laplacian which admits a spectrum consisting
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of an strictly positive eigenvalues 0 < A7 < A, < A3 < ... for any bounded
domain whatsoever. Neumann eigenvalues satisfy the same Weyl asymptotic
relation as the better-studied Dirichlet eigenvalues, viz.,

lim p;j~7 = lim A;j~7 = Cq|Q|"7, (1.3)
J—>00

j—oo

where |2| denotes the volume of © and the "classical constant” Cy is given by

_2
Cq = (2n)*B, 7, (1.4)

N

b4
ra+4)
tant question in the spectral theory of Laplacian operators concerns the relation
between the eigenvalues and the geometry of the domain €2, for example through
estimates of eigenvalues in terms of the Weyl limit (1.3) or, more generally, in
terms of asymptotic expansions beyond the Weyl limit, as we shall discuss below.
In 1961, P6lya showed that

where By = is the volume of the d-dimensional unit ball. An impor-

Wi < CqlQTa(j —1)"7 (1.5)

for all positive integers j when Q is any tiling domain of R?, and the opposite
inequality for the Dirichlet eigenvalues,

A= CqlQ 77 (1.6)

His still unproven conjecture is that these inequalities hold for all bounded do-
mains Q C R?. In other words the Weyl limit (1.3) is approached from below in
the Neumann case and above for Dirichlet.

Whereas there are universal domain-independant and hence scale-invariant
constraints for eigenvalues of the Dirichlet problem, of the form

Fa(k, A/ Akg1s-- s Ak/Ak41) <0,

for the Neumann problem Colin-de-Verdiere showed in 1987 [9] that for any finite
nondecreasing 0 = 1 < pr < uz < --- < U, there exists a bounded
domain having these values as the first k eigenvalues. Therefore inequalities
among Neumann eigenvalues must incorporate geometric properties of 2 to be
of interest. (See, e.g. [2, 4, 3], for discussions of universal eigenvalue bounds and
related references.)
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Other convenient ways to study the spectrum rely on the counting function,

N(w) =M pmj < pl, (1.7)

and, in a tradition going back to Berezin [6], Riesz means, Ry (2) := ) y (z—m)%,
or, resp., ) :(z — A;)%. Here x4 denotes the positive part of x. N(z) can be
interpreted as the limit of R,(z) when 0 — 0. For instance, Berezin proved the
equivalent of the summed version of (1.6) in the Riesz mean form,

d
Y -y LY 11215, (1.8)
J
where r( D
Y+
L, = (1.9)

4m)ST(y + 1+ 4)
In recent years, beginning with a paper by Melas [21], there has arisen an industry
to improve (1.8) by including further terms in lower powers of z. An improvement
incorporating the best expected succeeding power in (1.8), z¢ +3 was obtained in
the Dirichlet case by Weidl [26] and later improved by Geisinger, Laptev, and
Weidl [13], and we refer to those papers for further background.

Our main goal here is to achieve analogous improvements in Riesz means for
Neumann eigenvalues in terms of z to the expected powers. In addition, we obtain
two-sided bounds for individual eigenvalues i, which are semiclassically sharp.
For this we rely on the averaged variational introduced in [14] and a series of
analytic inequalities. In a final section, we also treat the Dirichlet case with the
same methods. An appendix contains a discussion of refinements of Young’s and
Holder’s inequalities, including some results going beyond those we use in the
main part of this article.

An important step towards Pdlya’s conjecture in the Neumann case was taken
in 1991 by Kroger, who by applying a variational estimate for the sum of the first
k eigenvalues, obtained the asymptotically sharp inequality

k
d+2
% W< CalQI 7k'7, (1.10)

Jj=1

Later, using the Fourier transforms of the eigenfunctions u;, Laptev [18] proved
the Riesz mean inequality equivalent to Kroger’s estimate (1.10),

Z— U +>LCI QZH_%, (1.11)
J 1,d
J

for all z > 0. (See also [19].)
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Our first result is an improvement of (1.10) using a refinement of Young’s
inequality for real numbers, which not only improves the estimates of Riesz means
and sums, but also provides a bound on individual eigenvalues. It will be useful
to introduce the following notation.

2 d+21 \k _
k % Zj:l Hj

mig = Cd(—)ﬁ, Sk = 4

1.12
o] (1.12)

mg
In these terms my is the Weyl expression, and Kroger’s inequality (1.10) is ex-
pressed as S < 1. We shall prove the following refinement of Kroger’s inequality.

Theorem 1.1. Let d > 2. Then for all k > 0 the Neumann eigenvalue [y,
satisfies

mp(1 = Sk) = (i1 — me)? (1.13)

Le.,

m(1— /1= 8k) < prer = me(1 + 1= Sp). (1.14)

Kroger’s bound corresponds to replacing the right side of (1.13) by 0. One may
further ask whether there is an additional remainder term improving the right side
of the universal inequality (1.13), which contains more explicit information on
the geometry of Q2. The asymptotic expansion of the counting function suggests
that under sufficient regularity conditions the (d — 1)-dimensional volume of the
boundary 92 (see [15, 22]) may appear:

d—1

$10md 4 Lo’
NG ~ CF1Q1n% + 7 Cy 2, 1991 (1.15)
and therefore, for the Riesz mean,

a 1 d+1
Ri(z):= ) (z— )y ~ L |Qz"T5 + ZLgfd_1|agz|z > (1.16)
Jj=1

In the present paper we present a two-term bound for R;(u), using additional
geometrical information on 2. To this end, for any unit vector v € R¢ we let 8
be the width of 2 in the v-direction, that is,

Oy () :=sup{v-(x—y)x,y € Q} =max{v-(x —y):x,y €dQ}. (1.17)

We note that §y (2) always lies between twice the inradius and the diameter of €.
We prove the following.
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Theorem 1.2. Let d > 2. Then for each unit vector v € R and for all z > 0,

1 Q
DG — ) ZLYlQ1E T 4 2 Lg{d_1_5| g'z 441
v(ED (1.18)
1 @m)> B, 2] 4
96 8y ()2

Together with the semiclassical bound (1.11) this implies the improved estimate

d
> = upy =L 225!

1 1] a,1 1 _ 1 4«
— L, T z7tr . — (27)* 4B 7) .
+(3 Ld—15 ) - o6 2" " Bag oy’ )+

(1.19)

Both inequalities (1.18) and (1.19) will follow from our proof. Although
the bound (1.19) improves (1.18), we work in most cases with (1.18) since we
are mainly interested in large z. An exception is Corollary 1.4 below, where
we use the estimate (1.19). We also remark that while the first term is sharp,
the second term in eq. (1.18) appears too small by a factor 1/2. Indeed, for
the box © = [0,1]¢~" x [0, §] the bound (1.18) differs from the the asymptotic
formula (1.15) by a factor 1/2, since with §y(£2) = § in the comparison of the
second term of (1.18) and the asymptotic expansion (1.16) we have

2]
=1, [0Q|=2+2d —1)3,
5o (D) |02 (d—1)

in which § can be chosen arbitrarily small. More precisely, according to the
asymptotic formula (1.16), we find

d
Yz =)+ — L Q1251

" = ZL‘I’fd_l(2+2(d— 1)4),

lim
Z—>00

N
S

Z

1
while Theorem 1.2 yields the lower bound 7 Lil 4 for this limit. Furthermore,

this argument applies to any domain of the form = Q' x [0, §] such that ' is
bounded in R¥~! with finite boundary, since

2]
8v(2)

From our method of proof it will be seen that for these kinds of domains the
lower bound (1.18) can be improved to the optimal lower bound consistent with
the asymptotic formula (1.16). It is less clear whether the improvement can be
obtained in the absence of a product structure.

=|Q|, [9Q]=2|Q|+ [9Q'|4.
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Corollary 1.3. Letd > 2 and Q@ = Q' x [0, §] be a bounded domain. Then for all
z >0,

Z(Z — W)+

j=1> Lcl |§2| %-}—1 + 1 Lcl |Q| %-}—% 1 (2 )2—dB |Q| (120)
z — —Z —_ T zZ
= "1d 2 TLd-15Q) 24 75(Q)2

(SN

Note that by means of the integral

[ee) - Y
/ (z—A—z)+zV‘2dz=7(z )+, y > 1,
0 y(y =1

Eq. (1.18) implies further bounds for higher Riesz means, viz.,

PRI
j=1

> 19, Iol-4+7 4 18, L

z T el |Q| 4yy—1
rd=145.(Q)

d 1
Try—z _ 2

Ny L bl B
96 1425 Q)2 ° ’
(1.21)

for any y > 1, as well as a strengthened version by means of eq.(1.19). This
moreover implies that Pélya’s conjecture (1.5) can be proved with an improvement
for domains in product form.

Corollary 1.4. Suppose that @ = Q1 x Q5 C R4 where Q1 C R4 and Q, C
R? are two bounded domains with spectra consisting of increasing eigenvalues
satisfying eq. (1.2), and where Polya’s conjecture (1.5) holds for Q1. Then

l I
NG = 1+ QILe 24 + m&z%—% _ ﬂz%—l) -
: VAT - 48y(Q0) 38448y (R22)? +

(1.22)

This implies Pélya’s conjecture for €2, when only the first two terms in this
expression are kept.

The proof of the main Theorem 1.2 is based on an averaged variational principle
introduced by the authors [14], which was later used in [11] to extend and simplify
Kroger’s results for certain operators on manifolds. The averaged variational
principle uses only basic properties of quadratic forms and an averaging over an
orthormal basis or, more generally, a frame. Quoting from the formulation in [11]:
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Lemma 1.5. Consider a self-adjoint operator H on a Hilbert space H, the
spectrum of which is discrete at least in its lower portion, so that —o0 < jg <
w1 < ---. The corresponding orthonormalized eigenvectors are denoted {y©}.
The closed quadratic form corresponding to H is denoted Q (¢, ¢) for vectors ¢
in the quadratic-form domain Q(H) C H. Let fr € Q(H) be a family of vectors
indexed by a variable { ranging over a measure space (M, X, o). Suppose that
My is a subset of M. Then for any z € R,

> s /m (W, )P do > [m CIfl? - Q(fe. fi))do.  (1.23)

J

provided that the integrals converge.

2. Proofs of the main results

2.1. Refinement of Kroger’s inequality: Theorem 1.1. The quadratic-form do-
main of the Neumann Laplacian —A" on a Euclidean domain €2 is the restriction
to @ of functions in the Sobolev space HO1 (]Rd ) [10] (which is normally but not
always the same as H'(Q2)), and the quadratic form corresponding to —A% is

0(f. /) = /Q V£ dx. @.1)

The trial functions f(x) = ¢'PX are admissible, so choosing them as in [17] leads
after a calculation to the following bound for the eigenvalues of the Neumann
Laplacian (the set 901 is chosen as {p € R?} with Lebesgue measure, and 90, is
the ball of radius R; see [17, 11] for details of the calculation),

k

d 1

piri R = = RO <l (i = 7 3" i) 2.2)
i=1

for all R > 0, cf. (1.12). Putting R4 = mz/zxd/z, we get the bound

— X

k
d+21 d+2,u,k+1 d+2,u,k+1 d d+2>
— < 2 ).
d k;“’—m"( d me d m

Mk+1

We choose x = x = . This yields
k

|

k
d+21 2 /d+2 d d+2
— i§=1m—mksmk3( —n- - ). (2.3)
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We may assume that d > 2, since when d = 1 all eigenvalues are explicitly

d
known. Then p = 0 > 1, and, therefore, the function g,(x) defined in (A.6) is
< 0. Hence we obtain

k

d+21

7k E wi —my < —my (Xg — 1)2, (2.4)
i=1

which strengthens Kroger’s estimate

d+21 ¢ I
Zﬂi Smk—cdm'—z/d

and yields the bound on pg ¢ claimed in (1.14).

2.2. Two-term spectral bounds: Proof of Theorem 1.2.

Proof. Let v € R< be a unit vector. After a translation we may suppose that
Q c R is a bounded domain such that @ C {x € R?:0 <v-x < L}, that s, in
the v direction all x € € are contained in an interval of length L. We shall choose
L later as L = 26y(2). Fixing v, we may choose a coordinate system such that
v is a standard unit vector of the canonical basis of R?. We apply the averaged
variational principle 1.5 with test functions of the form

F) = @m)~ TP, (v - x), (2.5)
where p; = p — (p - v)v and ¢, is an eigenfunction of the Neumann Laplacian
on an interval of length L, that is,

—¢n(y) = knpn(y) on]0, L{and ¢, (0) = ¢, (L) = 0. (2.6)
Recall that the eigenvalues «;, are given by k, = ("L"Z) 2 ,n € IN and the (normalized)

eigenfunctions are given by ¢o(y) = L™? and ¢, (y) = \/% cos (*72), where
n ranges over the positive integers. With these test functions, the variational
principle implies that

k
S — I foug) P
j=1 2.7)

> 21)'(z — L) /Q Gu(v -x)> — (27)'~ /Q PV - x)?

for any z € [uk. k+1], Where u; are again the orthonormalized eigenfunctions
of the Neumann Laplacian. When n > 0 we apply the trigonometric identities
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cos’t = and sin® 1 = 1252 (0 ¢, (v - x)? and ¢}, (v - x)?, respectively.
Then for all n > 0, (2.7) becomes

14-cos 2¢
2

k

Y =)L)

Jj=1

2
> )Ll (=~ paf — T 2.8)
2
#0017 (= 2P+ )1 =) [ cos (),

where &y, denotes the Kronecker delta. On the right side we integrate over the
set & = {(pL.n) € R x N:|p_|® + ”2’32 < z} while on the left side over
the larger set R?~! x IN, using Parseval’s 1dent1ty. We shall prove in Lemma 3.2
below that for all R > 0,

2R® R? R
2). (2.9)

R* —k?*); > —+——-——R
Z( )y > max( 3 + 2 5
By applying the lower bound (2.9) to the sum over » and then integrating over p |

we obtain an explicit lower bound for [ Y~ (z—|pL|*— (”") ). Since [ max(f, g) >

D
max(/ f, [ g), this yields
k
Z(z—u/)_d 2n) "4 By|Q| 25!
j=1
1 dt1
- 2 l—dB Q L (2.10)
+d+1(n) d—1/€2|
1
-5 2n)> 4By |QIL 2% + G(2),
where
— 1- d _ 2 4 (m ”)2 B 27rnv X
G(z) = /Z(2n) z—IpL]?® + )(1 50,,)/ cos —L )

It remains to control G(z), which could in principle be positive or negative. In
fact, by averaging (2.10) in a certain way we shall show that G can be dropped
altogether. To this end we choose L large enough that Q is also contained in
{x € R%:0 < v.x < L} when translated by L/2. This means nothing else
than assuming that @ C {x € R?:0 < v -x < L/2}. In the corresponding
Neumann eigenfunctions we have to replace v-x by v-x + L /2. We may apply the
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(wn)?

72 1€ IN remain

averaged variational principle on both sets (the eigenvalues
unchanged). Since

%(cos (Znn; 'X) + cos (Znn(v 'z—i- L/Z)))

2wnv - X o
cos (T) if n is even,

0 if n is odd,

all odd n may be dropped from G(z), leaving only cosine functions of the form
cos ( 4””%) with n a positive integer. We apply the same averaging procedure
with a translation by L /4. Since

%(cos (47m£7 -X) + cos (47m(v z + L/4)))

4dmrnv - X .
cos (T> if n is even,

0 if n is odd,

again the terms containing odd integers may be dropped. Since G(z) contains only
a finite number of contributions, after a finite sequence of averages with shifts
L /2", every contribution will be eliminated. Hence

k
2 d
D (=) = @n) " Bq|Q| 22!
ot d+2

1 2.11
+ d—_H(zﬂ)l_dBd_1|Q|L_lZ% ( )

1
-5 r)> 4B,y |QIL 2%,
We may now choose L = 26y (€2), which yields the statement of the theorem. [
To prove Corollary 1.3 we note that when Q = Q'x[0, §] we may choosev = €.

As a consequence

2 _ (n)?

/¢n(v-x)2=|sz’|, /¢,;(v-x) =T q,
Q Q

L2

and no translations are needed. Therefore we may choose L = § which yields the
bound (1.20).
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From the bound (2.9) it is straightforward to derive the simpler expression

(2.12)

containing only two terms. This yields the following spectral bound.

Corollary 2.1. Let d > 2. Then for any unit vector v € R¢ and for all i > 0

Nl—=

k

Q
Z(z—u,-)+ZL§{d|Q|z%+l+L§’ 9] g+4, (2.13)
j=1

4166, (Q)

The term containing the width §y can be estimated by geometric properties of
the convex hull of 2, since &y (2) coincides with §y (hull(€2)). For example, in 2
dimensions,

/ 8y = 2|0 hull(Q)]. (2.14)
S1

With Corollary 2.1, by choosing v so that §y equals the mean width w of hull(€2)
(= the average of §y uniformly over directions v), we obtain a correction involving
the isoperimetric ratio of €2,

k
Q|
Ry NI I 7 . L BRNETEY 2.15
J;(M /"L])‘f‘ - 1,2| |/’L + 1,1 6|8hu11(9)| j24 ( )
In arbitrary dimensions, if dy is chosen equal to w, then, following Bourgain [7],
the final term in (2.13) can be bounded from below in terms of the isotropic
constant,

det(Mhun(e)|) a
Vol(hull(Q)[)!+7

where the inertia matrix Mj; = [} ) XiX;dx has been minimized with respect
to the choice of the origin. Finding the optimal upper bound for the ratio % for
convex €2 is an open problem in analysis. In [23], Milman has, for example, proved
an upper bound for w in the form of a universal constant times v/d log(d)2.

It has been known since the work of Ball [5] that under various further as-
sumptions convex bodies satisfy reverse isoperimetric inequalities, with which
Inequality (2.15) can be connected to additional geometric properties of hull(£2).
See, e.g., [24]. We also recall that for convex domains a remainder term with
the surface area for Riesz means with power y > 3/2 has been obtained by

Larson [20].

2 —
Liue) =
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Finally, we prove Corollary 1.4. For the Dirichlet case it was shown by Laptev
[18] that if Pélya’s conjecture holds for a domain €24, then it holds on arbitrary
Cartesian products of the form ©; x Q,. In fact, the same argument allows
improved bounds on the counting function, benefitting from the improved bounds
for sums coming from £2,, as follows.

Proof. Suppose that Q; C R4 d; > 2 is a domain for which Pélya’s conjecture

NG =D (z=p)% = 1+ Lgy, Q11247

J

isvalid. Letdy, +d» = d, Q@ = Q; x Q, with Q, € R?2. The Neumann
eigenvalues u; of Q are of the form u; = p; + wj, where u; , u;, are the
Neumann eigenvalues of 21, 25, respectively. Therefore,
d
Y-t =33y — ) = 1+ LY 1D (2 — )
J J2 N1 J2
Since dy/2 > 1, using (1.21) and (1.9) we obtain
cl
22 4y
45v (92)
1
_ T Lya— L 4+r=1
96 8v(92)2
1 1
n LG as ,5-4_ LGasr Zg_l)’
VAT - 48,(Q2) 3848y (22)?

N(z) = 1+ L§, 191 IQzl(LCl 27+

d
5.z

> 1+ |Q|(L8{aﬂg

as well as
d
2 .

N(z) = 1+ |Q|Lgl,z

Combining both estimates we prove the claim.

3. Riesz means of Laplacians on rectangles

In this section we derive upper and lower bounds for Riesz means of Neumann
and Dirichlet Laplacians, respectively, on the rectangle R := [0, ;] x [0, [5].
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Theorem 3.1. Let ,uiR, AiR denote the eigenvalues of the Neumann Laplacian and
the Dirichlet Laplacian on R = [0,11] x [0, l]. Suppose that |\ < [,. Then the
Jollowing estimates hold

_(1_2 I 32) 3_71(1 4 l) 12 373/291/2
128\, I, Lo I 641,112 :
|R| |9R|
> S fyy - R BB @
Jj=1 d
T L 6 Tl TN w221/ 1/4
>__ (2= _— _ _ __(_ _ - -
- 24(11 + Ir 7T>M 12(11 + 12>M 1212111/2 :
and
_(1_2+ L 32)A i(l_i)kl/z 3222 s
128\, " I 2\, 16l 641,117
R R
> Z(}L ARy - | | LIPER 3.2)

61

7/ 11 6 71 9 . x3/221/2
> (24— A+ (== V2= )4
o 24(11 + 12 JT) + 12(11 16[2) 12]2111/2

Proof. The Riesz mean for the Neumann Laplacian on R is given by

(mny)? | )?
RYN(z) = ZZ( nnl ”7222 )+.

ni,n2>0

We need the following polynomial upper and lower bounds for one-dimensional
Riesz means Y (R? — k2)”, in particular (2.9).

Lemma 3.2. Forall R > 0,

2R3 R? 2R3 R2 3R
A RP—k%), < B 28 33
max( + ) kg(:)( )+ =< 3 + 5 + T (3.3)

and forallR > 0, 8 > 0,
ma (M r26+3 L L pepr2 _ VTL(B+2) R+, R2ﬂ+2)

2T (B +5/2) 2 12T (B +3/2)
< S (R2 - k25T

k>0

\/_F('B t2) R2B+3 +1R2ﬂ+2 3J7T(B+2) R2B+1
- 2F(,8+5/2) 2 64T(B 4+ 3/2) '

(3.4)
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Finally, for all R > 0,

2
Zm§%+§+@_ (3.5)

2
k>0

The lemma will be proved below. Assuming it for now, we continue the proof
of the theorem for the Neumann Laplacian on the rectangle [0, /;] x [0, /5]. Since

n? 2z [2n?
RY(2) =~ 2 -2 —nd)
INE
by applying the lower bound (3.3) we get
2721 12z 3/2 g2 12z
N 2 1 2 1 2
RI@ 25 3 Ga ), +ap 2 Ga i),
1 ni>0 1L ni>0

w2 12z 1/2
B 61112 Z (#_n%>+ '

n1>0

Applying the lower bounds (3.3), (3.4) and the upper bound (3.5) we get

27'[212 Z (1122 n2)3/2 - ﬂz2+ 12 23/2 /4 12

3 o \wr e T8 T Ta T T
n? 12z, L 5 z om
- hz N o3 2T g
22 mzo(nz ”1)+ S AR R T
and
2 2 3/241/2
_7T Z(h_j_n%)l/zz_ll_lz_izl/z_%zl
6l1l> P + 24 [, 121 12051,

Summarizing all estimates, we get the lower bound of (3.1). Similarly, we get the
upper bound of (3.1) interchanging /; and /,. The Riesz mean for the Dirichlet
Laplacian on R is given by

7?2 12z [2n?
=T

The corresponding one-dimensional bounds are those of Lemma 3.2 subtracting
R?, R?*+2 and respectively R in (3.3), (3.4) and the upper bound (3.5), leading
to a change of the sign of the second term, from which we get the bounds (3.2) of
the theorem. |
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We next prove Lemma 3.2.

Proof. Start from the identity

Z(Rz—k2)+ = R2+R2[R]—¥—¥—[—§], (3.6)
k>0

where [R] denotes the integer part of R. We substitute the periodic sawtooth
function ¥ (1) = (t — [t] — ), in terms of which

2R® R? R 1 R
Sk = T T () (R-10)
k=0 (3.7)
2R® R? R
=3 T2 7%

since both factors of the product are nonnegative. This lower bound is exact when
R is aninteger. Since Y ;. o(R?—k?)1 = R?trivially forall0 < R < 1, the lower
bound follows. For the upper bound, we wish to replace (3 — ¥ (R)?)(R — %R))
by a linear expression in R for R > 0, or, equivalently, find an upper bound for

(] N VR
FR) = (3 - @2) (1= 55).
Because on each interval (n, n+ 1) the function i (R) is antisymmetric about n + %
and negative on (n,n + %), the maximum is to be sought in an interval of the form
(n,n+ %). On these subintervals, the second factor decreases when R is replaced
by R + 1, while the first factor is positive and unchanged. Hence, the maximum of
F(R) occurs where 0 < R < % In this interval, however, an elementary calculus
exercise shows that the maximizing value is R = 2, and thus F(R) < F(2) = 2.
Substituting this into the first line of (3.7) yields the claim. We observe that the
upper and lower bounds in (3.3) coincide uniquely when R = %

To prove (3.4) we note that for all 8 > 0,

* 2 g2y Bl g, 1 2 p2\B+1
/OZ(R t — k%)t dz_ﬁ(ﬁH)Z(R k*)E

k>0 k>0

= 2/0 Y (2~ k)5 (R =525 ds,

k>0

and then apply the bounds (3.3).
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It remains to show (3.5). We start from the identity
R? R (R 1
Y VR = T _/ t(R? — z2)—1/2(z —[1]- —)dt.
0 2

For any continuous increasing function f:[0, R] — R and any positive integer
k <R,

/k_lxp(z)f(z)dz:/o <§—s)(f(k—s)—f(k—1+s))ds20. (3.8)

Consequently,

R
Y VR I, < R R —/ ]t(R2 - 12)‘1/2<z - %) dt. (3.9)

prers 4 2 [R

The integral between [R] and R can also be computed explicitly. Define p = %

and k = /1 — p2. Then for all R > 0 we have 1 — min (1, %) < p < 1. Hence
0<k<1if R<1and0 <k < R"'v2R — 1 otherwise. Then

R 1 .2 K
t t S — 085 — 55
/ —1/’( ) dt = R? TR ds
[R] vVR% — 12 0 V1 —s2

2

R R
= T(arcsin/c —KkV1—Kk2)— Sk

23
We also note that x +—> arcsink —xv'1 — k2 — = is increasing. It follows that

R 2,3
/ O o RS Re
[R] vV R2 — 12 3 2

proving the claim. |

4. Two-term estimates for Dirichlet Laplacians by averaging

For Dirichlet Laplacians on a bounded domain 2 our strategy will be to enclose
Q in a box B and then to use the averaged variational principle to estimate the
Riesz means of the Dirichlet Laplacian on B in terms of expectations with the
eigenfunctions of —Agq. Thus suppose that Q C B where B = ]_[Z=1]O, Lolis a
box of volume |B| = ]_[g=l Ly. We let v{ denote the Dirichlet eigenfunctions on
Q, and, similarly, for B we define

d
V() = [ ] ¥no ().

a=1
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Vng (Xg) 1= \/%ﬁ (m;:@)

corresponding to eigenvalues

where

with ny € Z4. By the variational principle,
S @ -aB) w2 vF)s|* = z/ |v,?|2dx—/ Vo2 dx.  (4.1)
B B

Since v,? € H{ (), all integrals reduce to integrals on 2. On the right side we take
a finite sum in & while on the left we sum over all k and apply the completeness
relation, obtaining

3G [P dx = 36 AP 42)

To apply the translation argument as above we suppose that /, is at least twice
the width of Q in the & direction. Using again the trigonometric identity sin? ¢ =
%, we may apply the same iteration of averages as earlier in the proof of
Theorem 1.2. Repeating this for all @ we get

|B| Z( AT Y CEp b 4.3)

which improves Berezin-Li—Yau. Consider, for example, the case d = 2 where
applying the upper bound in (3.2) of Theorem 3.1 for the Dirichlet Laplacian on a
rectangle B with side lengths /;, [ we obtain the explicit upper bound

JaB||R2
S0 -2 = Lihieia? - 1 15, PR L g el @)

4 |B|

where F(/1, 1>, 1) is shorthand notation for the lower-order terms of the left side
in (3.2)

Appendix A. Refinements of Young’s and Holder’s inequality

In §2.1, we rely on an improvement of Young’s inequality in order to strengthen
Kroger’s inequality with (2.4). Improvements of Young’s inequality that are
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adequate for this purpose already exist in the literature [1, 16, 12], but we take
the opportunity in this appendix to present an efficient approach to deriving
improvements to Young’s and Holder’s inequalities.

To begin, let p > —1. For x > 0 we define the function y,(x) by

yp(x) = (p+ x — p—xP*. (A.1)

The unique critical point of y,(x) occurs at x = 1. Since y,(1) = 0, Young’s
inequality follows in the following formulation:

(1) yp(x) <0forall x > 0if p > 0;
(2) yp(x)>0forallx > 0if —1 < p <0.

Before deriving an improvement, we first note that the case —1 < p < 0is
equivalent to the case p > 0 by means of the duality

) =—(p+ Dy, (p+Dg+)=1z=x9",

the fixed point of which is the trivial case p = ¢ = 0. In the following we therefore
only consider the case p > 0. Putting x = a/b"/?, definings = p+ 1, r = prl,
such that % + % = 1, and dividing by p + 1, we obtain the classical version of
Young’s inequality:
b" a*
ab————<0, a,b=>0. (A.2)
r s

There are basically two refinements discussed in [1, 16, 12], which as we shall
show follow directly from identities for the functions y, (x). First, we consider the
family of functions f, defined by

Fr(x) = yp(x) + P2 _1)2 =2y, 1) (x). (A.3)

Clearly

(1) fp(x) <Oforallx >0if p >1,

(2) fi(x) =0forallx >0,

(3) fp(x)>0forallx >0if0< p <1.

When p > 1 wehaves = p+ 1 > 2, and with x = a/bl/p the refinement of
Young’s inequality becomes:

bra’ 1 s/2 r/2\2
ab— — — — <——@’*-b"%* a,b>0,5>2>r>1. (A4)
r S N

When 0 < p < 1 the inequality is reversed. Exchanging @ and b as well as r and s,
we get

ab—— —

b a’
r s

1
> ——(@?=b"*?, ab>0,5>2>r>1. (A.5)
.
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Another refinement follows from considering the family of functions g, defined
by

g (X) =y,(x) + px —1)?> =px? —(p—Dx —xPT =xy,_1(x). (A.6)
We observe that
(1) gp(x) <Oforallx > 0if p > 1,
(2) g1(x) =0forall x >0,
(3) gp(x) >0forallx >0if0 < p < 1.
When p > 1 we have s = p + 1 > 2, and with x = a/bl/l’ the refinement of
Young’s inequality becomes

br a’ 1 r—1\272—r
ab————<——@-b"H%*", a,b>0,s=2>r>1. (A7)
r s r

When 0 < p < 1 we find a reversed inequality. Exchanging a and b as well as r
and s, we obtain
b"  af 1

ab————>—b-a"YH%a>* a,b>0,s>2>r>1. (A.8)
r s s

Although we do not use it in this paper, we further note that refinements of
Holder’s inequality, cf. [8], are easily obtained from the inequalities above as
follows.

Let M be a measure space and a € LS(M), b € L"(M) such that ||a|; =
|b|l; = 1 where ™! + 571 = 1,5 >2>r > 1 and | - ||, denotes the usual norm
in L?(M). Then by integrating the pointwise inequalities (A.4) and (A.5),

1 1
1= [atr = o122 < [labl < 1= 1 [ar? =2 a9)

with equality if and only if |a|* = |b|" pointwise almost everywhere. We also
may directly make the replacements a — t~'a, b — tb in (A.4) and (A.5) and
after integration optimize with respect to ¢. This yields the slightly improved
inequalities:

1 2/7‘ 1 2/S
(1—5/(|a|5/2—lb|’/2)2) §/|ab| < (1—5/(|a|s/2—|b|’/2)2) :

(A.10)
When integrating the pointwise inequalities (A.7) and (A.8):

1 §S— - 1 r— -r
1=+ [ b= la= 1P~ < [labl < 1= [l = 1116 A1)

with equality if and only if |a|* = |b|" pointwise almost everywhere.
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