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Direct and inverse problems
for the nonlinear time-harmonic Maxwell equations
in Kerr-type media

Yernat M. Assylbekov and Ting Zhou

Abstract. In the current paper we consider an inverse boundary value problem of electro-
magnetism in a nonlinear Kerr medium. We show the unique determination of the electro-
magnetic material parameters and the nonlinear susceptibility parameters of the medium
by making electromagnetic measurements on the boundary. We are interested in the case
of the time-harmonic Maxwell equations.

Mathematics Subject Classification (2010). 35Q61, 35R30, 78A, 65M32, 65N21.

Keywords. Inverse problems, nonlinear Maxwell’s equations, Kerr-type media.

Contents
1 Introduction . . ... ... ... . ... . ... 1
2 Preliminaries . ... ... ... ... ... ... 6
3 Well-posedness of the direct problem . . . .. ... .......... 15
4 Asymptotics of the admittancemap . . . .. ... ... ........ 21
5 Proof of Theorem 1.2: PartI . . . . ... ... ... .......... 25
6 Constructionof CGO solutions . . . . . . .. .. ... ... ...... 26
7 Proof of Theorem 1.2: PartIl . . . ... ... ... .......... 30
A Regularity of solutions of linear Maxwell equations . . . ... .. .. 34
References. . . . . . . . . . . .. e 36

1. Introduction

Let (M, g) be a compact 3-dimensional Riemannian manifold with smooth bound-
ary and let £(-,¢) and H(-, ¢) be the time-dependent 1-forms on M representing
electric and magnetic fields. By d and % we denote the exterior derivative and
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the Hodge star operator on (M, g), respectively. Consider the time-dependent
Maxwell equations on the manifold, with no scalar charge density and with no
current density

0:B+*d€& =0,
81‘@— *dJ‘C - 0,
(1.1)
*d *D =0,
*d *B =0,

where D and B are l-forms representing electric displacement and magnetic
induction
D =& +PnL(E), B = pud+ MnL(F),

with Pnr and My, being the nonlinear polarization and nonlinear magnetization,
respectively. The (time-independent) functions ¢ and u on M, with positive real
parts, represent the material parameters (permettivity and permeability, respec-
tively).
The electric and magnetic fields € and HH are said to be time-harmonic with

frequency w > 0 if

E(x,t) = E(x)e™ ™" + E(x)e'?,

H(x,t) = H(x)e '®" + H(x)e!?,
for some complex 1-forms £ and H on M. Then the time-averages of the
intensities of € and of H are

T

1

7/|a(x,z)|§, dt = 2|E(x)|2,
0

T

1

7 [ ar=2me,
0

where T = 2n/w. In a medium with high intensity electric field, the nonlinear
polarization is of the form

PaL(x, E(x, 1) = xe(x, |E[R)E(x, 1),

where y,. is the scalar susceptibility depending only on the time-average of the
intensity of €. One of the most common nonlinear polarizations appearing in
physics and engineering is the Kerr nonlinearity

Xe(x.|E2) = a(x)|E|}. (1.2)
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The reader is refereed to [19, 24] for this and other examples of electric nonlinear
phenomenas.

We also assume that the nonlinear magnetization has the similar form
MNL (6, Hx, 1)) = gm Ox, [H ) H(x, 1),

where y,, is the scalar susceptibilities depending only on the time-average of the
intensity of H. Such nonlinear magnetizations appear in the study of metamateri-
als built by combining an array of wires and split-ring resonators embedded into a
Kerr-type dielectric [32]. These metamaterials have complicated form of nonlin-
ear magnetization. However, if the intensity |H |§ is sufficiently small, relatively
to the resonant frequency, the nonlinear magnetization can be assumed to be of
the Kerr-type [15, 17, 31]

Xm(x.|H|2) = b(x)|H|}. (1.3)

This assumption has successful numerical implementation [17].

For the time-harmonic € and H, the time-dependent Maxwell’s system (1.1)
reduces to the nonlinear time-harmonic Maxwell equations for complex 1-forms
E and H, with a fixed frequency @ > 0, will be

{*dE=1a),uH+la)b|H|§,H, (1.4)
xdH = —iweE —ia)a|E|§E.

The complex functions p and e represent the material parameters (permettivity
and permeability, respectively).

1.1. Direct problem. First we consider the boundary value problem for the
nonlinear Maxwell equations (1.4). We suppose that ¢, u € C!(M) are complex
functions with positive real parts and a,b € C'(M).

The boundary conditions are expressed in terms of fangential trace. The latter
is defined on m-forms by

t:C®°Q"(M) — C®Q" (M), t(w)=1"w), weC®Q"(M),

where 1:dM < M is the canonical inclusion. Then t has its extension to a
bounded operator W1PQ™(M) — W1=1/2.PQm(9M) for p > 1. Here and in
what follows, W?Q™(M) and W'=1/2-PQ™(9M) are standard Sobolev spaces
of m-forms on M and dM , respectively.
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To describe the boundary conditions, we introduce the spaces
WP (M) = {u e WHPQN(M): Div(t(u)) € Wi=1/PPQ1(3M)},
TWA PP M) = (f € W'TVPPQY(9M): Div(f) € W'TV/PrQl (9M)),

where Div is the surface divergence on dM ; see Section 2.4 for the exact definition
of Div. These spaces are Banach spaces with norms

Il pcary = lellwprany + I DIV 1175,y

”u”TWDl;l/"‘”(aM) = | fllwi-1/p.p@ary + 1DV lw1-1/p.03p1)-
It is not difficult to see that t (W7 (M)) = TW, /77 (aM).
Our first main result is the following theorem on well-posedness of the nonlin-
ear Maxwell equations (1.4) with prescribed small t(£) on oM.

Theorem 1.1. Let (M, g) be a compact 3-dimensional Riemannian manifold with
smooth boundary and let 3 < p < 6. Suppose that e, . € C'(M) are complex
functions with positive real parts and a,b € C'(M). For every w € C, outside
a discrete set . C C of resonant frequencies, there is € > 0 such that for all
1-1/p,p . ’ .
feTWy, (OM) with ||f||TWDli;l/p,p(aM) < €, the Maxwell’s equation (1.4)

has a unique solution (E, H) € WDli’f (M) x WDli’f (M) satisfying t(E) = f and

”E”WDli’vp(M) + ”H”WS{VP(M) = C”f”TW];i;l/p’p(aM)’
for some constant C > 0 independent of f.

1.2. Inverse problem. For w > 0 with ® ¢ X, we define the admittance map
A2 wab 38

—_ 1-1/p,
A(:’M,a,b(f) = t(H)’ f € TWDiV pp(aM)’ ”f”TW];;l/l’-P(aM) <€

where (E, H) € WDli’f (M) x WDli’f (M) is the unique solution of the system (1.4)
with t(E) = f, guaranteed by Theorem 1.1. Moreover, the estimate provided in
Theorem 1.1 implies that the admittance map satisfy

w
”Ag,u,g,b(f)||TW1;i;1/1’~P(3M) =< C”f”TWDl;l/p’p(BM) < Ce.

The inverse problem is to determine ¢, ,a and » from the knowledge of the
admittance map Ag’,u’a’ b
To state our second main result, let us introduce the notion of admissible

manifolds.
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Definition. A compact Riemannian manifold (M, g) with smooth boundary of
dimension n > 3, is said to be admissible if (M,g) CC R x (Mo, go), g =
c(e @ go) where ¢ > 0 smooth function on M, e is the Euclidean metric and
(My, go) is asimple (n—1)-dimensional manifold. We say that a compact manifold
(My, go) with boundary is simple, if dMy is strictly convex, and for any point
x € My the exponential map exp, is a diffeomorphism from its maximal domain
in T, My onto M.

Compact submanifolds of Euclidean space, the sphere minus a point and of
hyperbolic space are all examples of admissible manifolds.

The notion of admissible manifolds were introduced by Dos Santos Ferreira,
Kenig, Salo and Uhlmann [6] as a class of manifolds admitting the existence of
limiting Carleman weights. In fact, the construction of complex geometrical optics
solutions are possible on such manifolds via Carleman estimates approach based
on the existence of limiting Carleman weights. Such an approach was introduced
by Bukhgeim and Uhlmann [2] and Kenig, Sjostrand and Uhlmann [13] in the
setting of partial data Calderén’s inverse conductivity problem in R".

Our second main result is as follows.

Theorem 1.2. Let (M, g) be a 3-dimensional admissible manifold and let 4 < p <6.
Suppose that €, u; € C3(M) with positive real parts and that a;,b; € C'(M),
j = 1,2. Fix w > 0 outside a discrete set of resonant frequencies ¥ C C and fix
sufficiently small € > 0. If

w — w
Asl,ul,a1,b1 (f) = A827M27a27b2(f)

forall f € TW3 VPP (M) with | Flpwi=tiomgay < 6 theney = e, 1 = pia,
ai=arandby =byin M.

Such inverse boundary value problems have been considered for various semi-
linear and quasilinear elliptic equations and systems (see [7, 8, 9, 10, 11, 25, 26,
27]) based on the linearization approach.

For the type of nonlinearity of Maxwell’s equations in a Kerr type medium,
after first order linearization, we can recover p and ¢ by solving corresponding
inverse problem for the linear equation (see [12]). The difficulty lies in recon-
structing the susceptibility parameters a and ». By calculating the next term of
the asymptotic expansion for the admittance map, one obtains the tangential trace
t(H,) of the solution to (7.1). It carries the energy generated by the nonlinear
source (a|E1|?>Ey,b|H,|* Hy), where (Ey, Hy) is the solution to the linear equa-
tion. By polarization, we are able to recover ¢ and » from such energy using
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enough proper solutions. The solutions we apply here are complex geometrical
optics solutions constructed on an admissible manifold as in [12] or [4] with proper
regularity.

The paper is organized as following. In Section 2, we present basic facts on
differential forms, trace operators, the type of Sobolev spaces and their properties
used in this paper. After proving the well-posedness of the direct problem (The-
orem 1.1) in Section 3, we compute the asymptotic expansion of the admittance
map A%, in Section 4. To solve the inverse problem, the reconstruction of 1
and ¢ is given in Section 5, and the reconstruction of a and b is given in Section 7.
The CGO solution is constructed in Section 6.

Acknowledgements. The research of Ting Zhou is supported by the NSF grant
DMS-1501049. Yernat Assylbekov is grateful to Professor Petar Topalov for
helpful discussions on direct and inverse problems of nonlinear equations.

2. Preliminaries

In this section we briefly present basic facts on differential forms and trace op-
erators. For more detailed exposition we refer the reader to the manuscript of
Schwarz [23].

Let (M, g) be a compact oriented n-dimensional Riemannian manifold with
smooth boundary. The inner product of tangent vectors with respect to the metric
g is denoted by (-, )¢, and | - | is the notation for the corresponding norm. By |g]|
we denote the determinant of g = (g;;) and (g/) is the inverse matrix of (g;;).
Finally, there is the induced metric :*g on dM which gives a rise to the inner
product (-, -),+¢ of vectors tangent to dM .

2.1. Basic notations for differential forms. In what follows, for F some func-
tion space (C¥, L?, WP etc.), we denote by F Q™ (M) the corresponding space
of m-forms. In particular, the space of smooth m-forms is denoted by C Q™ (M).
Let x: C®°Q™(M) — C*®°Q"™™(M) be the Hodge star operator. For real valued
n, ¢ € C*Q™(M), the inner product with respect to g is defined as

(n,8)g = *(m A *8) = (x1, x{)g. 2.1

Its local coordinates expression is (n,{), = g'1/1---gimimpy; ;. ¢\ ;.. This
can be extended as a bilinear form on complex valued forms on M. We also write

Iz = (1. 7).
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The inner product on L2Q™ (M) is defined as

0| Or2aman = / (0. E)g d Vol = / nAKE m.Le L2QM(M),

M M
where
dVolg = %1 = [g|V2dx' A--- A dx"
is the volume form. The corresponding norm is || - ||229m(M) = (| Jr2em@n-

Using the definition of the Hodge star operator , it is not difficult to check that

| O r2amary = (xn | %0 p20n-mar)- (2.2)

Let d: C®Q™(M) — C®Q™T1(M) be the external differential. Then the codif-
ferential
§5:C®°QM(M) — C®Q" (M)
is defined as
dn | Or2ammy = | 88 L2gm—1(an)
for all n € CPQ™Y(M™), ¢ € C®°Q™(M). The Hodge star operator * and the
codifferential § have the following properties when acting on C*°Q™(M):

%2 = (=) 5 = (—1ymemmmnEmel (), (2.3)
For a given £ € C®Q! (M), the interior product
ie: CPQ™(M) — C®°Q™ (M)
is the contraction of differential forms by &. In local coordinates,
ien = g7& njiy iy, 1€ CCQ™(M).

It is the formal adjoint of &, in the inner product (-, -), on real valued forms, and
has the following expression

ien = (=D)"" D 5 (£ Axp), ne CCQN(M). (2.4)

The Hodge Laplacian acting on C*°Q™ (M) is defined by —A = d§ + éd.
Finally, the inner product on L2Q™(dM) is given by

(u | v)2omem) = /(u,f)),*g doyy, u,v e L?*Q"(OM),
M

where (-,-),+¢ is extended as a bilinear form on complex forms on dM, and
doyy = 1*(i,d Volg) is the volume form on dM induced by d Vol,.
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2.2. Integration by parts. The outward unit normal v to dM can be extended to
a vector field near M by parallel transport along normal geodesics, initiating from
dM in the direction of —v, and then to a vector field on M via a cutoff function.

The following simple result from [1, Lemma 2.1] will be used in formulating
integration by parts formula in appropriate way.

Lemma 2.1. If n € C®Q™(M) and { € C®Q" (M), then for an open subset
I' C IM the following holds

(€0 | (00 2gm ey = / £( A +).

r

For ne C®Q™(M) and ¢ € C®° Q™1 (M), using Stokes’ theorem, Lemma 2.1
(with T' = dM) and (2.3), we have the following integration by parts formula for
d and §

) [t 2omenny = (dn | Or2am+iy — (11 88 r20mur)- (2.5)

2.3. Extensions of trace operators. The tangential trace operator t has an
extension to a bounded operator from W1?Q™(M) to W=1/P-PQm(3M) for
p > 1. Moreover, for every f € W!=V/P-PQm (M), there is u € WH-PQ" (M)
such that t(u) = f and

lullwr.oomary < Clf lwi-1/p.00m @y
see [23, Theorem 1.3.7] and comments.
The operator t (i), - ) is bounded from W1-?Q™ (M) to W'~V/r-PQm=1QM).
Moreover, for every h € W1=1/P-rQm=1(9M), there is ¢ € WPQ™ (M) such
that t(i,{) = h and

ISlw1.oomary < Clhllwi—1/p.0gm—1 01

In fact, we can take { = v A w, where w € H1Q™ 1 (M) such that t(w) = & and

lwllwi.r@m—11)y < Cllhllwi-1/0.p@m-1p1)-
Finally, if f € W=VPPQm@M) and h € W'=V/P.PQm=1(3M), there is
£e WHPQM(M) such that t (§) = f, t(i,&) = h and

1Ellw1.romany < CIf lwi-1/p.0gm@nmy + Cllhllwi-1/0.0gm—13p)-

This time, we can take £ = (u —v Aiyu) +v Ai,¢, where u € WHPQ™ (M) such
thatt(u) = fand ||U||W1.me(M) < C”f”Wl—l/p,me(aM) andé’ S Wl’me(M)
such thatt(ivé‘) = h and ”é‘”Wll’Qm(M) < C”h”Wl—l/p,me—l(aM).
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2.4. Surface divergence. When n = 3, we define the surface divergence of
fewl=lrrQl(3M), for p > 1, by

Div(f) = (dom f. doom )i+g-
If u € WHPQY (M) is arbitrary such that t(u) = f, then forall h € C®(M)

DIV | h)i2omy = / (dors £ dosaghovg dosag
oM

= /(t(du),t(ﬁ ivd Volg))g doypy
M

= /(t(du),t(ﬁ iy x 1))g dogy
oM

= /(t(iv * du), h)g dogyy.
oM

In the last step we used Lemma 2.1 twice. Thus, we have
Div(f) =i, * dulspm (2.6)

for all u € W-PQ (M) with t () = f.

2.5. Technical estimate. We finish this section with the following lemma which
ensures that nonlinear terms in the Maxwell equations (1.4) will be in appropriate
functional spaces.

Lemma 2.2. Let (M, g) be a compact n-dimensional Riemannian manifold. If
u e WhHPQY (M) for p > n, then

2 3
lel2ullwrrgran < Cleldpgr

Proof. To prove the lemma, we first observe that the W -2 Q™ (M )-norm may be
expressed invariantly as

I/ lwrrerany = 1 f lLeqrony + 111V FlellLe .

where V is the Levi-Civita connection defined on tensors on M and |T|g is the
norm of a tensor 7 on M with respect to the metric g.



10 Y. M. Assylbekov and T. Zhou
For a givenu € WHPQY (M),

|||u|§“||W1~ml(M) = C|||“|§“||LP91(M) + C| |V(|“|§“)|g”LP(M)
< ClllulgullL o ey + Cllulz | VulgllLe o

< Clul g apy It lw. 021 a1)-
Since p > n and M is compact, we can use the Sobolev embedding
whrQl (M) — CcQY(M)
([23, Theorem 1.3.6]), which implies the desired estimate O

2.6. Properties of W, Q™ (M) and W,” @™ (M) spaces, p > 1. Let(M,g)bea
compact oriented n-dimensional Riemannian manifold with smooth boundary. In
this paper we work with the Banach spaces W, Q™ (M) and W’ Q™ (M), p > 1,
which are the largest domains of d and §, respectively, acting on m-forms:

W7Q™M) :={w € LPQ™(M):dw € L?Q"+ (M)},
WIPQ™(M) = {u € LPQ"™(M):8u € LPQ"" (M)}
endowed with the norms
IIwII%;Qm(M) = lwlzremmn + ldwllprgm+1ar)
||U||%4/8p9m(M) = llullLremn + 18ullLrom—1(ar)-
We also use the notations
H Q™M) = WiQM™(M) and H;Q™(M) = WiQ™(M),

together with their corresponding traces TH; Q™ (M) and THsQ™(M).
In the present section we prove some important properties of these spaces,
which were proven in [1, Section 3] for the case p = 2; see also [5, 14, 18].
First, we show that there are bounded extensions

t: WPQ™(M) — WVPPQM M)
and
t@i,-): WPQm T (M) — wVPPQm(OM).

Let (- | -)gar denote the distributional duality on dM naturally extending
¢ | )r2m@m)-
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Proposition 2.3. (a) The operator
t:WhrQm(M) — wTVPrrQm(aM)
has its extension to a bounded operator
t: WrQ™(M) — WVPPQM (M)
and the following integration by parts formula holds
) [tGud))am = (dn | O r2gm+1ary — (| 38 L20m ar)

foralln e WPQM™(M) and { € WhP' QY (M), where p' = p/(p — 1).
(b) The operator

tGiy ) WhPQ™MH (M) — wiTVPPQM (M)
has its extension to a bounded operator
t(i,-): W™t (M) - w1/ PPQm(dM)
and the following integration by parts formula holds
@O [tmam = (| dn)r2gm+1ary — (88| M) r2am )
forallt € WPQmHY (M) and n € WHP'Q™(M).

Proof. (a)Letw € C*°Q™(M)and f € wl/p-r' Qm(dM), where p’ = p/(p—1).
Then using integration by parts formula (2.5), we have

(t(w) | frzamem) = (W) | @) r20m @)
= (dw | Or2gm+1ary — (W | 88 120m )

where ¢ € W12 QM1 (M) such that

t(lvé-) = f and ”EHWLP’QWH-I(M) =< C||f||w1/p.p’Qm(3M)-
Then using Holder’s inequality, we show

|(E(w) | Fr2amemn! = C||w||W;Qm(M)||§||W1,p/gm+1(M)
= C||w||WfQ’”(M)”f”Wl/p,p’Qm(aM)-

Therefore, t can be extended to a bounded operator

wrQm(M) — w=rrQmoM).
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In fact, if n € W7 Q™ (M), then we define t () as

tm) [ tGvO)om = (dn | O 2gm+1iary — (0| 8 120m ar)s

where { € WP QmT1(M).
Now we prove part (b). Let w € C®°Q™t (M) and f € WYP-P'QmIM).
Then using integration parts formula (2.5), we have

(t(lVIU) | f)LZQm(aM) = (t(lvw) | t(u))LZQm(aM)
= (w [ du)p2gm+1ar)y — W | U)p20m 1)
where u € W1-2'Q™ (M) such that
t(w) = f and ||u||W1,p’Qm(M) = C”f”Wl/p,p’Qm(aMy
Therefore, using Holder’s inequality, we can estimate
[(€Gow) [ frzamaun| < Clwllwram+ran . omarn
= C”w”WSPQ’"'H(M)Hf”Wl/Psl”Qm(aM)‘
Thus, t (7, - ) can be extended to a bounded operator
WEQm T (M) — WY PrQm (M),
In fact, if ¢ € WP Q™1 (M) we define t (i, ) as
(@) | tm)am = (§ | dn)2gm+1ary — (88 | M) r2mar)s
where n € WL2'Q™m(M). O

We will also need the following embedding results. For p = 2, these were
proven in Euclidean and Riemannian settings [1, 14, 18].

Proposition 2.4. Suppose that p > 1, u € W7Q™(M) N WQ™(M) and
t(u) € W'=VPQmOM). Thenu € WHPQ™(M) and
lullw.r@many < CUlullwramary + 18ullLogm-1ar) + 1€ lw1-1/0.romoar))

for some constant C > 0 independent of u.

In Euclidean setting, this was proven in the case m = 1 and p = 2 by
Costabel [5]; see also [14, 18]. On manifolds, for the case p = 2 and for arbitrary
m, this was proved in [1].

Write

HE(M) = {u € W2Q™(M):du =0, u =0, t(u) = 0}.

Proposition 2.4 is based on the following result from [23].
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Lemma 2.5. Let k > 0 be an integer and let p > 1. Given w € W*PQm+1(M),
v e WhrQm=Y(M) and h € W*+tL-PQ™M (M), there is a unique

w c Wk+1’me(M),
up to a form in H’5 (M), that solves
dyr=w, &y =v, t)=t0)

if and only if
dw =0, t(w)=t(dh), sv=0

and
(W | Yr2em+iny = () [t ) 2omenmy, (V| A r2gm—1) =0

Jorall y J—Cg“(M), A€ ﬂ-fg_l(M). Moreover,  satisfies the estimate

[V lwk+1.00m
< C(lwllwx.rgm+1ary + IV llwx.rom—1(a1))
+ CUItMW lwr+1-1/p.00m@nry + €D [ yrt1-1/p.p@n-m@pr))-

Proof. Follows from [23, Theorem 3.2.5]. O

The proof of Proposition 2.4 is identical to the proof of [1, Proposition 3.2]
(case p = 2), but for different integrability spaces. Therefore, we do not include
it here. We only mention that the use of Lemma 2.5 is crucial and similar ideas
were used in the next proposition, after certain modifications.

Proposition 2.6. Suppose that p > 1, u € W7Q™(M) N WQ™(M) and
t(iyu) € W'=YrPrQm=YQM). Thenu € WHPQ™(M) and

w10 @mary

< Clullwraman + 18ullLogm-1aa) + (@) lwi-17p.rgm=10m))

for some constant C > 0 independent of u.

Proof. Since t(i,u) € W'=1/2.PQm=1 (M), by discussion in Section 2.3 there is
n e wWbhPQm(M) such that t(n) = 0, t(i,n) = t(i,u) and

Inllwr.ramary < CltGmllwi-170.pgm=10m) = ClItEU) lw1-1/p.pgm—13p1)-



14 Y. M. Assylbekov and T. Zhou
Set h = *n, then h € W1-2Q"=™(M). Using boundedness of
t:WhPQT (M) — WY PP QrTm(gar)
and the above estimate,
1)l 1170 pn-maney < CllRlwrpgnman

< Clnllwr.rman (2.7)
= C”t(ivu)||W1—1/p,pgm—1(3M).
Set
U = *u,

then it is clear that 1 € W/ Q"™ (M) N W’ Q"™ (M. Write

w=dii € LPQ" "™t (M)
and
v =380l € LPQ" ™ (M).

An important fact is that
t(u) = t(h).

Indeed, for arbitrary ¢ € W1/ P-P/(p=DQr=m@p1) as discussed in Section 2.3,
there is £ € W1-2/(P=D)Qn=—m+1 (M) such that t (i,¢) = ¢. Then, using integration
by parts formulas in Proposition 2.3, we get

(t@—h) | lam = G —n) | t(@))om
=(dx*u—n)] C)Lzm—mH(M) — (x(u—n) | 5§)L2szn—m(M)
=@Bm—n | *C)LZQW—I(M) —(u—nldx* f)LZQm—l(M)
= —(tGv( —n) | t(xE))om =0,

since t(i,n) = t(iyu). Therefore, t (&) = t(h).

We wish to use Lemma 2.5, and hence we need to show that w, v and £ satisfy
the hypothesis of Lemma 2.5. Obviously, we have dw = 0 and §v = 0. Integrating
by parts and using that t (i) = t(/), we can show that for all y € 3¢5 ™+ (M)

(W | Y p2@n-m+1a0y = (U | Y)p2gn-m+1agy = €(1) |ty x))L20n-m@pr)-

Similary for all A € }(”D_m_l (M), using the integration by parts formula in part
(b) of Proposition 2.3, we can show that

(U | A)LZQn—m—l(M) = (812 | A)LZQn—m—l(M) = —(t(lvfl) | t()&))aM =0.
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Next, we show that t (w) = t(dh). For arbitrary ¢ € W1/ 2-p/(p=DQr=m+1Qpr),
as discussed in Section 2.3, there is ¢ € WL2/(P=DQn=m+2(pr) such that
t(iy¢) = ¢. Then, using integration by parts formulas in Proposition 2.3, we
get

(t(w) | p)ay = (t(du) | t(iv0))am
= —(dfl | 8§)L29n—m+l(M)

= —(t (i) | t(iv80))om-

Since t (1) = t(h), using integration by parts formulas in Proposition 2.3, gives

(t(w) | play = —(t(h) | t(iv88))om
= —(d]’l | 8§)L29n—m+l(M)
= (t(dh) | p)om

which implies t(w) = t(dh).

Thus, all hypotheses of Lemma 2.5 are satisfied for w, v and 4. Hence, we find
Y oe WHPQr=m (M) such that dyy = w, §¢ = v and t(y¥) = t(h) = t(it) and
satisfying

1V lw1.p@n-may SCUlwlLogn-m+1ary + V[ Lr@n—m—1(ar))
+ CUItD) lwr-1/p.0gn-—m@ary + LR [w1-1/p.00m @ar))-

Using (2.7), t(xh) =t(n) =0, w =d *u and v = § * u, we get

1V llw1.0@n—mr)
< Cllullwraman + 18ullLogm-1aa) + [tE)llwi-1/p.rqm=-1ar))-
Write p = 11 — v, then dp = 0 and dp = 0. Therefore, p solves —Ap = 0 with

t(p) = 0,t(5p) = 0. By [23, Theorem 2.2.4], it follows that p = 0. Since # = *u,
the last estimate together with (2.7) clearly implies the result. |

3. Well-posedness of the direct problem

3.1. Direct problem for linear equations. To prove existence and uniqueness
result for nonlinear equations, we first need to study the direct problem for linear
equations.
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Theorem 3.1. Let2 < p < 6 and let e, i € C'(M) be complex functions with

positive real parts. There is a discrete subset ¥ of C such that for all v ¢ ¥ and

fora given f € TWS;l/p’p (0M) the Maxwell’s equation

xdE =iouH, xdH = —iwsE 3.1
has a unique solution (E, H) € WDli’Vp(M) X WDli’Vp(M) satisfying t(E) = f and
1ENy a1 oy = CL pygi=170.0 gy

for some constant C > 0 independent of f.

Proof. Since p > 1, the inclusion TWS;I/‘”’” (0M) < TH Q1 (dM) is bounded.

Then by [1, Theorem 1.1] there is a unique solution
(E,H) € HiQ' (M) x H; Q' (M)

of (3.1) such that t (E) = f. By Theorem A.1, (E, H) € H}. (M) x HJ. (M).
By Sobolev embedding, inclusion W12Q! (M) <« LPQ'(M) is bounded for
2 < p < 6; see [23, Theorem 1.3.6 (a)]. Using this together with (3.1), we get
(E,H) € WI'Q' (M) x WPQ!(M). Recall that t(E) = f € TWp. /77 (dM).
Then an application of Theorem A.1 implies that (E, H) € WDli’j’ (M) x WDli’f (M)
and satisfies the estimate stated in the theorem. The proof is complete. O

We also consider the linear non-homogeneous problem. The following well-
posedness result will be used in dealing with nonlinear terms of (1.4). We define

Wy PQY (M) = {u € WHPQU(M):t(u) = 0}.

Theorem 3.2. Let2 < p < 6 and let e, i € C'(M) be complex functions with
positive real parts. Suppose that Je, J, € WSPQI(M) and iy Jelop, ivImlom €
W=1pr-P(QM). There is a discrete subset S of C such that for all o ¢ % the
Maxwell’s system

xdE =iouH + Jp, *dH = —iweE — J, 3.2)
has a unique solution (E, H) € WP Q' (M) x WDli’f(M) satisfying
||E||WDli~VP(M) + ”H”WDli‘f(M)

< CllivJelomllwi-170.0oary + NivImlonma lw1=1/p.0ap1))
+ CUVelwparan + 1mllwparar)

for some constant C > 0 independent of J, and Jp,.
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Proof. We follow the similar approach as in the proof of Theorem 3.1. Since p > 2,
the inclusion W’ Q' (M) — L?>Q'(M) is bounded. Then by [1, Theorem 1.2]
there is a unique solution (E, H) € H;Q'(M) x Hyz Q' (M) of (3.2) such that
t(E) = 0. According to Theorem A.1, we have (E, H) € HLyQ' (M) x H}. (M).
Using Sobolev embedding H'Q!(M) «— LPQY(M) for 2 < p < 6 together
with (3.2), we get (E, H) € W/QY(M) x W7 Q! (M). Since t(E) = 0, Theo-
rem A.1 implies that (E, H) € Wy Q! (M) x W’ (M) and satisfies the estimate
stated in the theorem. The proof is complete. |

3.2. Proof of Theorem 1.1. Suppose f € T WDli;l/ P-P(9M) such that one has

||f||TW1—1/p,p(8M) < €, where € > 0 to be determined. By Theorem 3.1, when
Div

2 < p < 6, there is a unique (Eo, Ho) € Wp.P (M) x WP (M) solving
*dEo = ia),LLHo, *dH() = —ia)eEo, t(Eo) = f
and satisfying
”EOHWS{VP(M) + ||H0||WDli.vp(M) =< C”f”Tng;‘/M’(aM)'
Then (E, H) is a solution of (1.4) if and only if (E’, H’) defined by

(E,H) = (Eo, Ho) + (E', H')

satisfies
*dE' = iopH' +iwb|Ho + H'|2(Ho + H),
*dH' = —iweE' —iwa|Eg + E'|3(Eo + E), 3-3)
t(E') =0.

By Theorem 3.2, there is a bounded and linear operator

GEmWLPQY (M) x WEPQY (M) — WP QY (M) x WP (M)
mapping (Je, Jp) € WHPQY(M) x W1-PQ! (M) to the unique solution (E, H) of
the problem

*xdE =iouH + J,, *dH =—iwsE —J,, t(E)=0.
Define X; to be the set of (e, 1) € Wp'P Q! (M) x Wy;P (M) such that
”(e’h)”Wl’le(M)XW[;i’Vp(M) = ”e”WIJ’Ql(M) + ”h”WL}"J’(M) <4,
where § > 0 will be determined later. Define an operator A on X; as

A(e,h) = G5 (iwalEg + €|§,(E0 +e),iwb|Hy + h|§(H0 + h)).
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We wish to show that for sufficiently small € > 0 and § > 0, depending on the
frequency w, the operator A is a contraction on Xj.

First, we show that A maps X; into itself. Using Lemma 2.2, we can show that
when p > n = 3, for all (e, h) € X,

”A(e’h)”Wl’le(M)XW];i’Vp(M)
< Co(|l |Eo + elZ(Eo + )llwi.rian) + | | Ho + A3 (Ho + 1) llw1.rg1 (ar))
= Cw(”EO + e”%)VI.le(M) + ”HO + h”?/Vl.le(M))

= Cw(”EO”?/VI.le(M) + ”e”%)[/l,pQI(M) + ||H0||%/1,PQI(M) + ||h||%/1,PQI(M))'

Therefore,

[ Ae, h)”Wpol(M)XWSWp(M) 3.4)
= Cw€2||f||TWDl;“P~P(aM) + Cw82||(e’h)”WlsPQl(M)xWDli‘p(M)'

v

In particular, this gives

”A(e’h)”Wl-le(M)XW[;i‘f(M) = CU)(€3 + 53)

Taking € > 0 and § > 0 sufficently small, below we will ensure that A maps X
into itself.

Next, we show that A is contraction on Xs. For this we need the following
technical lemma.

Lemma 3.3. Let (M, g) be a compact n-dimensional Riemannian manifold and
let p>n. Ifu,v e WHPQY (M), then
I(ulgu = o Z0)llwrroi o
< CUullGrrgiany + 10151 0g1 ) 14 = Vlwtrgr -
Assuming this result, we continue the proof of Theorem 1.1. Using Lemma 3.3,
we also can show that for all (e, h1), (e2, h3) € X5
1A4Ce1, h1) = Alez. ha)lly1 g1 agywlor (ar
< Co| |Eo + e1];(Eo + e1) — |Eo + e2]2(Eo + e2) w1001 ar)
+ Co|||Ho + hil} (Ho 4 hy) — |Ho + ha|% (Ho + ho) |w1.0q1 ar)
= CC()(HE() + el”%VI.pQI(M) + ”EO + eZ”%{/l,le(M))”el - eZ”WIJ’Ql(M)
+ Co(||Ho + hl”%{/l,le(M) + | Ho + h2||$/Vl,le(M))||hl — hallwi.rqiar)
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= Cw(”EO“%/Vl.PQl(M) + ”eln%yl,pgl(M)

+ ”62“%{/1.1)91(1\,1))”61 —exllwirqiar)
+ Cw(”HOH%VI.pgl(M) + ”th%Vlsl’Ql(M)
1021 eI = hallwiogian
< Co(e* + 8%)(ler — e2llwroqian + 11 — hallw1.p1 (ary)-
These imply that 4 is contraction on X, if Cw (€3 +683) < § and Cw(e2+68%) < 1.
Now, using the contraction mapping theorem, we find a unique (E’, H') € X; such
that A(E’, H') = (E’, H’) and hence solving (3.3). Using A(E’, H') = (E’, H')

in (3.4) and taking § > 0 sufficently small, one can see that (E’, H') satisfies the
estimate

1E lwrogian + 1 Ny rqary = 1L pt1iary

Finally, (E, H) = (Eo, Ho) + (E’, H') solves (1.4) with t(E) = f and satisfies
the estimate

”E”Wlevp(M) + ”H”WS{VP(M) = C”f”TWDl;l/Psl’(aM)-

The proof of Theorem 1.1 is thus complete.

We emphasize that the requirement 3 < p < 6 is due to the Sobolev embed-
ding theorem (see [23, Theorem 1.3.6 (a)]) used in Lemma 2.2, Lemma 3.3 and
Theorem 3.1.

Proof of Lemma 3.3. Recall that the W-» Q"™ (M )-norm may be expressed invari-
antly as

I/ lwrrerany = 1 f Leqrony + 11V FlellLe .

where V is the Levi-Civita connection defined on tensors on M and |T|g is the
norm of a tensor 7 on M with respect to the metric g.

By density of C®*Q1 (M) in WLPQ1 (M), it is enough to assume that u, v €
C>®Q1(M). Recall that

2 2
I(lulgu = [vlgv)llwr.r@ran

2 2 2 2
= [[lulgu — [vlzvliLraran + 1V (ulzu —[vlgv)lellLr o).
We can write

V(|u|§,u — |v|§,v) = |u|§,Vu — |v|§,Vv + 2Re(u, Vi)gu —2Re(v, Vo), v.
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Therefore,

Hulgu = G vllwrrran
< Clllulzu —v3vllLrgran + ClIH(ulz Vu = V) lgllLran  (3.5)
+ Cll|(Refu, Vi) gu — Re(v, V) )¢l Lr(ar)-

Write wg = u + 0(v — u). Let us estimate the first term on the right hand-side
of (3.5). Then

0
olgv —lulgu = @{Iwelﬁwe} de

0

= /{2Re(w9, V—U)g Wy + |w9|§(v —u)}do

and hence
[u2u = 20)]g < COIZ sograry + 1012001 ary) e — V.

Using the Sobolev embedding W1?QY (M) < CQ'(M) as in Lemma 2.2, we
getfor p > n
ulZu = v 3vll oo
< COI2 g agy + 101 wyr o) 1 = 022ty
= C(”u”%[/l,pgl(M) + ”v”%VI.pQI(M))”u - v”LPQl(M)'

Now, we estimate the second term on the right hand-side of (3.5). Similarly as
before, we can show

1
0
V0~ 3V = [ o tlwol? Vo) a8
0

= /{ZRe(wg, U—1)g Vwg + |w9|§,V(v —u)}do.
0

Then
| [uly Vu — [vfZ Volg
< C(llullLeogray + IVl Loegran) 4 = viipscqi ) (IVule + [Vulg)
+ C(”u”iole(M) + ”v”iole(M)NV(u - v)|g-
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Therefore, using the Sobolev embedding W7 Q1 (M) < CQY (M), we get
I 1z V= 0]V gL
< Clullyrngrary + 10151001 e 1 = Vliwrre1 -
Finally, we estimate the last term on the right hand-side of (3.5). For this, we write

Re(v, Vv)ev —Re(u, Vi) ou

1
d

/—9 e(wg, Vig) g we} db

0

/{(Re v—u, Vig)g + Re(wg, V(U —u))g) wy
+ Re(wg, Vg)g (v —u)} db.

Therefore,

| Re(u, Vit)gu — Re(v, VU) v,
< C(|lullpoegiary + IVl Loogr () It — viipcograry ([ Vulg + [VUlg)
+ C(”u”iOOQI(M) + ”v”iole(M))'V(u —v)lg-
Using Sobolev embedding W -2 Q1 (M) < CQ'(M), this implies that

| IRe(u, Vit)gu — Re(v, Vo) ovlg |l Lr(ar)

= C(”””%{/LPQI(M) + ”v”%VI.pQI(M))”u - v||W1~1’S21(M)'

Combining all these three estimates with (3.5), we finish the proof. |

4. Asymptotics of the admittance map

Let (M, g) be a compact 3-dimensional Riemannian manifold with smooth bound-
ary. Suppose that &, u € C!(M) are complex functions with positive real parts
and a,b € C'(M). Let m > 1 be an integer and let 3 < p < 6. Fix w > 0
outside a discrete set of resonant frequencies. Suppose that f € TWDIWI/ PP (oM)
and s € R is a small parameter. By Theorem 1.1, there is a unique solution

(E®, H®) € WP (M) x WP (M) of (1.4) such that t (E®)) = sf and

ED o ary + 1H gty < ClsUL Ipyi-inngary 4D
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By Theorem 3.1, there is a unique (Eq, H;) € WDli’j’ (M) x WDli’f (M) solving (3.1)
with t(E;) = f such that

”EIHWSWP(M) + ”HIHWDIWP(M) = C”f”TW];i;l/p’p(aM)' (42)

Also, by Theorem 3.2 there is a unique solution (E,, Hy) € WDI”’ (M) x WDli’j’ (M)
for

*dEy = iwpuH, + iwb|Hy |} Hy,
*dH, = —iweE, —iwalEy |} E
and satisfying
1E2lly 1.0 ary + 2110 )
< CIE1; Erllwrrgiany + Cll 1HLIL Hillwi.rgi ar)-
Then by Lemma 2.2,

”EZHW];i'vp(M) + ”HZHWDl{vp(M) = C”El”%)[/l,le(M) + C”Hl”?/yl.pgl(M)

< CUENG, 100y + CIHIIG 1 4.3)

Now we define (F®), G®) by
(E®. H®) =s(E +s°F®, H, +5*GY). (4.4)
Then by (4.1) and (4.2), (F®, GY) satisfies
SEIFD Ny 40 + 5P1G 1 0

= ”E(S)”WS{V”(M) + ”H(S)”stvl’(M) + Is| | Ex ”W];i'vp(M) + Is| | H1 “W[;fvp(M)

< Cls| ”f”TW[;;l/p’p(BM)'
Therefore,

2 7 (s) 211G

SEIFO s any, + P IG DNyt r iy < CUL lpgicimrgpry 4:5)

Lemma 4.1. Suppose that f € TWDlizl/p’p (0M). There is so > 0 and there is

Cr > 0 depending on f, w and so, but independent of s, such that for all s € R
with |s| < so,

1E® — Eallyt.papy + 169 = Hally1.0 40y < CrlsP
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In particular,
IFOlr000) + 1G9 1.0y = Cr- (4.6)

Proof. Set (P®), 0®) = (F® G®) — (E,, Hy). Then it is easy to see that

xdP® = iou0® +iwsh®, %d0® = —iweP® —iwse, t(P®) =0,
4.7)

where
eV =sT'a(|Ey + P FO (B + 5 FO) — |Er[g Ev).
h(s) = s_lb(|H1 + SZG(S)|§(H1 + SZG(S)) - |H1|§H1)

Using Lemma 3.3,

le® w1001 a1
< CIIEN G r01ary + (UsPIF N wrrar ae) N F D llwr.001 -

1A w1001
< CISIH 1001 gy + USPIGO w1001 a0) NGO lwrpgr ).
Then by (4.2) and (4.5),
le w1001y + 129 lwrrg1 )
= ChslIfIg UF o0y + 1G04

TWp /7P (M)

By Theorem 3.2, (P®, Q@) = (F® G®) — (E,, H>) is the unique solution
of (4.7) and satisfies the estimate

— (s) (s)
=[P ”WS{VP(M) + 10 ”Wlevp(M)
< Cols| (||€(S)||W1~pszl(M) + ”h(s)”WlJ’Ql(M))-
Therefore,
”F(S) - E2||W[;{V1’(M) + ”G(S) - H2||Wsi~\f’(M)

(4.8)
= U2 1ty @15 U lygeoany + 16 )



24 Y. M. Assylbekov and T. Zhou
Using the reverse triangle inequality to the left hand-side, we get

I lyrriny + 169 ety
< CUS B it gy @5 UF gt agy + 16 gt )
+ 1E2l oy + 1 H2ly o a0y
Using (4.3), this gives
”F(S)”Wl’p(M) + ”G(S)”WDli‘f(M)
e (Tl PR L] WY
+CIfI

TWp /77 (M)

The first term in the last line can be absorbed into the left hand-side by taking
sufficiently small so > 0 so that

CIfI3 wlsol* < 1/2.

TWp, /7P (M)

Then we obtain
(s) (s) 3
I e n + 16t < €IS 11700y
Substituting this into (4.8), we arrive to the desired estimate. O

Denote by AY),, the admittance map Ay,  , for linear Maxwell’s equations.
We obtain the followmg asymptotic expansion of the admittance map.

Proposition 4.2. Suppose that f € TWDIIVI/ PP (M) with 3 < p < 6. Then

STUAL , ap(S) = SAL,(F)] —> 0 in Wh PP (M) as s — 0,
(4.9)

STAL L an () = SAL ()] — t(Hy)  in Wp /PP (3M) as s — 0.
4.10)

Proof. From (4.4) we have

A an(Sf) =ML, (f) =t(HD) —st(Hy) = $>t(GY).



Direct and inverse problems 25

Then by boundedness of t from Wj’? (M) onto TWDli; /PP (39M) and by (4.6),

157 AL 1) = AL g1/ gy = CIP NGt
< Crls|?.
Taking s — 0, this implies (4.9).

Now, by boundedness of t from W, (M) onto TWDli;I/ PP(9M) and by
Lemma 4.1,

||s_3[A(;‘)’M,g,b(sf) - SA(:,M(f)] - t(Hz)”TWDll;l/PsI’(aM)
() _
= C”G H2||WI§{VI’(M)
< Crls|?.
Taking s — 0, this implies (4.10). O

5. Proof of Theorem 1.2: Part I

In this section we show that the material parameters and electric and magnetic
susceptibilities of the nonlinear time-harmonic Maxwell equation (1.4) can be
uniquely determined from the knowledge of admittance map.

Let (M, g) be a 3-dimensional admissible manifold, that is (M, g) CC R x
(My, go) with g = c(e & go), where ¢ > 0 is a smooth function on M and
(My, go) is a simple manifold of dimension two.

The first ingredient in the proof of Theorem 1.2 is the reduction to the case
c=1.

Lemma 5.1. Let (M, g) be a compact Riemannian 3-dimensional manifold with
boundary and let ¢ > 0 be a smooth function on M. Suppose that e, u € C*°(M)
with positive real parts and a,b € C*°(M). Then

» — A®
cg.e,i,ab T g cl/2gc1/2y 03/2q,c3/2b"

Proof. Let *., and *, denote the Hodge star operators corresponding to the
metrics cg and g, respectively. Following [12, Lemma 7.1], we note that

*egU = c3/2_k *

g U
for a k-form u. Therefore, (E, H) solves
*cgdE = iwpH +iwb|H|} H,
*cgdH = —iweE —iwal|E|}, E
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if and only if it solves
*xgdE = iwc"?uH +iwc3/2b|H|§,H,
xgdH = —iwc'/?eE —iwc*?a|EZE.

Therefore, A® A% O

cg,e,,a,b = g.c1/2g,c1/2y,¢3/2q,¢3/2p"

Therefore, it is enough to prove Theorem 1.2 in the case ¢ = 1. Thus, in the
rest of this section we assume that (M, g) CC R x (Mo, go) with g = e & gy,
where (My, go) is a simple manifold of dimension two.

By (4.9) in Proposition 4.2, we obtain Ay, , = Ag . Then by [12,
Theorem 1.1], we get e = &, and ; = p» in M. In what follows, we write

e=¢e1=¢gand u = p1 = pa.

6. Construction of CGO solutions

Our aim is to very briefly review the construction of CGO solutions; see [12]
for details. In Section 6.1, we recall the reduction of the Maxwell equations to
the Hodge-Dirac and Schrodinger type equations, introduced in [20, 12]. Then, in
Section 6.2, we restate the form of existence and basic properties of CGO solutions
for Maxwell’s equations using the reduction in Section 6.1.

6.1. Reduction to the Hodge-Schrodinger equation. Let (M, g) be a smooth
compact Riemannian 3-dimensional manifold with boundary. The arguments
require &, u € C2(M) to be complex functions with positive real parts. If ®, ¥ are
complex scalar functions on M and E, H are complex 1-forms on M, we consider
the graded forms X = ® + FE 4+ xH + «¥ and we denote them in vector notation

X=(® xH |x¥ E).

We define the following matrix operators acting on graded forms on M

‘ -8
1 -5 d
P=-d-$)= ,
i( ) d
d —§
—wu *(DO[/\ *)
v — —op | *(Do A *-)
N DBA —we '

DBA —we
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where D = —id, « = loge and 8 = log u. Note that P is the self-adjoint Hodge-
Dirac operator. It was shown in [12, Section 3] that (£, H) is a solution of the
original Maxwell’s equations

*dE = iopH, xdH = —iweE

ifand only if X = ( @ *H | «¥ E )" isa solution of (P 4+ V)X = 0 with
=y =0.
To reduce the Maxwell equations to the Schrodinger type equation, we consider

the rescaling
1/2
p!/21d, |
Y = X,
( ‘ 81/2 Idz )

where Id, is the 2 x 2 identity matrix. We always assume that X and Y are related
via this rescaling. We write the graded form Y as

Y:(YO Y2‘y3 Yl )t’

with Y* being the k-form part of Y. One can check that (P + V)X = 0 if and
only if (P + W)Y = 0. Here

*(Da A *-)
_ *(Da A *-) —Dan
W=-x+3 DBA ’
DBA  x(DB A %)

for k = w(ep)'/2. Then
(P+W)P-W)=-A+ 0,
where Q is L potential. For the exact expression of Q, see [12, Lemma 3.1].

6.2. CGO solutions for Maxwell’s equations. Let (M, g) be a 3-dimensional
admissible manifold. Throughout this section, we assume that M C R x M{" and
the metric g has the form g = ¢ @ go and (Mo go) is simple. Choose another
simple manifold (Mo go) such that My CC Mo and choose p € Mo \ M.
Simplicity of (Mo, go) implies that there are globally defined polar coordinates
(r, 0) centered at p. In these coordinates, the metric g has the form

10
g=eea(0 m(r,@))’ (6.1)

where m is a smooth positive function.
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The following result states the existence and basic properties of CGO solutions.

Proposition 6.1. Let (M, g) be a 3-dimensional admissible manifold with g =
e®goandlet2 < p < 6. Suppose that ¢, . € C3(M) with Re(g),Re(i) > 0
in M. Let so,tg € Rand A € R\ {0} be constants and let y € C®(S'). Then
for T € R with sufficiently large |t| > 0 and outside a countable subset of R, the
Maxwell’s equations

xdE =iouH, xdH = —iweE (6.2)

has a solution (E, H) € WDli’f (M) x WDli’\f’ (M) of the form
E = e—‘c(x1+ir)[[08—1/2|g|—1/4ei/1(xl+ir)X(9)(dx1 + zdr) + R],

H = e—‘[(xl+ir)[SOM—1/2|g|—1/4eil(x1+ir)X(9)(dxl +ldr) + R/],

where R, R’ € WDli’f (M) are correction terms satisfying the estimates
1
IR oo anys IR oo ) < CHT_,;’ (6.3)
T| 2p

with C > 0 constant independent of t. Note that when p < 6 the remainders
decay as t increases.

Remark 6.2. The proof follows by carefully rewriting the result [4, Theorem 3.1]
(see also [12, Theorem 6.1(a)] for the original result) which requires &, € C3(M).
We need the former result in order to get (6.3) for all 2 > p < 6 rather than just
p = 2. This will be very important in the next section.

Proof. By [4, Theorem 3.1], for t € R with sufficiently large |t|] > 0 and
outside a countable subset of R, there is a solution for (—A + Q)Z = 0 such
that Z € H3Q(M) and

(P+W)Y =0, Y=(P-WHZ, Y°=Y3=0 inM,
and having the form
Z = e T4 4 Ry), A= —i|g| V4 PH Dy (@) (59 0 ‘ tox1 0)

and || Rollgrsemry < Clr|'™%,0 < s <2, where C > 0 is a constant independent
of .

Let us compute Y and Y3. Writing p = x; + ir and using the fact that
A! = A% = 0, one can see that

Y'=[(P-WHZ]' = e ™ (y1 + ).
Y2 =[P -—W")Z)? = e P(yy +12),
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where

T
; 2

1 1 T 1 T.
ri=—[W'(A+ Ry)]' — 78A2 + ;ng — 7R8 dp — ;SR%, — lﬂd,,Rg,

T
43
Y2 = _lTldpA ,

ry = —[W'(A+ Ro)]* - %8A3 + %ng — lidp ARy — %51%3 - lﬁid,,Rg.
It is easy to see that
Irillgsqiany. Ir2llgsgzan < Clel™!, 0<s<1.
Using (2.4), one can show that
y1 = sotlg| T4 x(0) dp,  y2 = tot|g| T4 x(6) * dp.
Note that Y := t=1Y will solve (P + W)Y, = 0 with Y = Y3 = 0. If we define

E = e_l/zYol
— e—1.’(x1-Hr)[SOS—I/Z|g|—l/4ei/l(X1-I-ir))((e)(dx1 +ldi’) +e_1/2r1],
R

H = ,u_l/z * YO2
— e—r(xl+ir)[ZOM—1/2|g|—1/4eiA(x1+ir)X(0)(dxl + ldr) + M_1/2r2]-
~——

R/

Then (E,H) € H?*QY(M) x H?>Q!'(M) will be a solution of the Maxwell’s
equations (6.2) and the correction terms R, R’ satisfy the estimates

IRl gsqiany: IR las@iony < Clel*™', 0<s <1, 6.4)

with C > 0 constant independent of z.
By Sobolev embedding, we have (E, H) € WLPQY (M) x WhPQl (M) for
2 < p < 6. Then, using (6.2) and (2.6), it is straightforward to check that
t(E),t(H) € TWA VPP (@M). Thus, (E,H) € WY (M) x WP (M) for
2<p<e6e.
Finally, one can obtain the estimates in (6.3), using the inequality 0 < 3’2’—;6
1, Sobolev embedding and (6.4).

O
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7. Proof of Theorem 1.2: Part II

In this section we continue proof of Theorem 1.2. Our aim is to show thata; = a»
and by = b,. To that end, we shall use complex geometrical optics solutions,
constructed in the previous section, in the following integral identity (7.6).

7.1. Animportant energy integral identity. Now, by (4.10) in Proposition 4.2,
we obtain t(HJ}) = t(H2), where (EJ, H) € Wy? (M) x WP (M), j = 1,2,
is the unique solution of

«dE] = iopHj +iwbj|Hi2H,, *dHj = —iweE] —iwa;|E\|2E; (1.1)

with t(EJ) = 0 and (E1, Hy) € WP (M) x WP (M) is a solution of

xdE; =iouH,, *xdH,=—iweE; (7.2)
satisfying t(E1) = f. Let (E, H) € WP (M) x WP (M) be a solution of
xdE =iwpiH, *xdH =—iwsE. (7.3)
Using integration by parts,

(C(HDt Gy * ENp2g1anry = (H | % E)r2g2ary — (HF 18(<E)) 201 ar)
= (*dej |E)L2$21(M) — (H2J| * dE)ngl(M).

Since (E4, Hj) satisfy (7.1) and (E, H) satisfy (7.3), we can show

(t(H)|t G * E)) 201 anny
= —(iweEy |E)2g1ar) — (04 |E12E1|E) 21 ay — (H3 liotH) 1201 )
= (EJliwZE) 1201y — (10a; |E1 2 E1|E) 201 0y + (0 HY 1 H) 1201 (a1)-
Here and in what follows, all integrals make sense because of the assumption

p > 4. Since (Ej, sz) satisfy (7.1) and (E, H) satisfy (7.3), this can be rewritten
as

(t(HY) [t Gy * E)) 1201 anr)
= (*dEé |H)LZS21(M) — (Eé| * dH)LZQl(M)
— (iwaj|Er|3 E1|E) 2g1 ) — (iwb; [ Hh|G HilH) 201 )

= (dEé| % H)LZQZ(M) - (Eé |5(*H))LZQI(M)
- (iwaj|E1|§,E1|E)Lle(M) - (l'a)bj|H1|§H1|H)LZQl(M).
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Using integration by parts and the fact that t(E'27 ) = 0, we can show that

(dE]| * H) 1202 (ar) — (ES18(+H)) 201 gy = O

Therefore,

1 e s
- E(t(sz)“(l” * E))r2010m)
= (4| E1l3 E\|E) 201y + (bj | Hi [} Hi|H) 1201 (ar).-
Since t(H,) = t(H}), this implies that
((a1 — a2)|E1|L E1|E)2qiary + (b1 — bo) | Hy [ Hy|[H) 1210y =0 (74)

for all (Ey, Hy) € Wy?(M) x Wg:P(M) solving (7.2) and for all (E, H) €
Wa:P (M) x WP (M) solving (7.3).

Note thatif (£, H), (E', H') € Wy;?(M)x W (M) solve (7.2), then (E + E,
H + H’) also solves (7.2). Therefore, polarizing (7.4) by setting

(E1,H\) = (E+E'.H+ H),

we obtain

0= (@ ~a)EZE + 2Re(E E)  E' + | E'LE
+2Re(E", E)gE]|E) 1201 (ar)

N _ N (7.5)
+ (b1 —by)[|HI}H' +2Re(H'.H) H' + |H'|H
+2Re(H', H) HI|H) 201 )

for all (E, H), (E', H') € WP (M) x WP (M) solving (7.2).

Now, take (E(jy, H(j)) € Wp?(M) x WP (M), j = 1,2,3, which solve

(7.2). Setting (Ev, H1) = (Eq1) + E@@) + E@3), Ha) + H) + H)) in (7.4) and
using (7.5), we get
0 = ((a1 — az) Re(E3). E@)) g E))|E) 201 (ary
+ ((a1 — a2) Re(E3), Eqy) g E)|E) 1201 (an
+ ((a1 — a2) Re(E(1y, E)) g E®) | E) 1201 (ar)
+ (b1 — b2) Re(H), Hoyg Hay | H) 1201 (ar)
+ (b1 — b2) Re(H), Haiyg Hi) | H) L2021 (ar)
+ (b1 — b2) Re(Hqy, Hoyg H) | H) 1201 (ar)

e (7.6)
)e
)e
)e

for all (E(jy, Hjy) € W2 (M) x WP (M), j = 1,2, 3, solving (7.2).
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7.2. Proof of Theorem 1.2: Part II. Recall that we assume M C R x M™ and
the metric has the form g = e ® g, where e is Euclidean metric on R and (M, go)
is a simple 2-dimensional manifold.

Recall that we assume 3 < p < 6. Using Proposition 6.1, for ¢ € R with
sufficiently large |t|, for arbitrary y € C*®(S1'), s9.%o € R and A € R\ {0}, there
are (E(j), H(j)) € Wp:? (M) x WP (M), j = 1,2,3, solving (7.2) and there is
(E, H) € WP (M) x WP (M) solving (7.3) of the forms

E(l) — e—r(x1+ir)[t0 8—1/2|g|—1/4ei/1(xl+ir)X(0)(dxl + ldr) + R(l)]
— e—r(x1+ir)(A(1) + R(l))v

Hy = e 7" 010 5o 712 g7V 4D 3 (0) (dxy + idr) + Ry
— o TxiH
= e Tl + Ry

E(2) — e‘c(xl—ir)[8—1/2|g|—1/4eik(xl—ir)(dx1 —idr) + R(Z)]
— e‘c(xl—ir)(A(z) + R(Z))7

Hp) = er(x1—ir)[M—l/2|g|—1/4ei/1(x1—ir)(dx1 —idr) + Rzz)]
= " M7 (Ul + Ry,

E(3) — e—r(xl—ir)[8—1/2|g|—1/4e—il(x1—ir)(dxl _ ldr) + R(3)]
— e—r(xl—ir)(A(3) + R(3)),

H) = e "D [ 21 g 71T MO0 (dxy — idr) + Rig)]

= ¢TI (Al + Riy),

E = e‘c(xl+ir)[8—1/2|g|—1/4ei/l(xl+ir)(dx1 +ldr) + R]
— e—r(x1+ir)(A + R),

H = ™51 HD [~ V2) |14+ (1 L) + R
— e TTE@HI (4 4 Ry,
with, for j = 1,2, 3,
IR ety 1R Ir ey, DR ILog1 oy IR g ary < Cﬁ
Since we assume p < 6, these imply, as t — oo, for j = 1,2, 3,

IRGHILrarany: IR ILreranys  IRILr@iarys 1R Lrgrany < 0(1).
(7.7)
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Substituting these solutions into (7.6), we get

0=((a1—a2) Re(A@)+ R@). Aoy + R2)) g (Ay + Ray) [(A+R)) 1201 (ary
+((a1—a2) Re{A3)+ R3). Aqy+ R1) g (A@)+ R) (A4 R)) 201 (ar)
+((@a1—a2) Re{A 1)+ Rq), A(2)+R(2)) (A@)+ REDI(A+R)) 201 ()
+((b1=b2) Re(Alz) + Rizy, A+ Rig)) g (A(yy + R I(A"+ R)) 201 (ar)
+((b1—b2) Re(Alz) + R(3), A1y + R{1)) g (A(z)+ Rix)(A"+ R 201 (ar)
+((b1—by) Re(A] )+R(1),A/(2)+R(2)) (Algy + RaI(A +R) 201 (ar)-

(7.8)
Letting 7 — 0o, we come to
0= (((,11 — (,12) Re(A(3), 11(2))gA(1)|A)LZQl(M)
+ ((a1 —a2) Re{A@3), A1) g A@)| A 201 ()
+ ((a1 —az) Re(A(y). A(z)) A 201 () 7.9

+ (b1 — ba) Re(Al), A(y)) g Ay | A 1201 (ar)

(
+ ((b1 — b2) Re(Alzy, Alny) e A1y |A) 201 (ar)
(A
+ ((b1 — b2) Re(A(y, (2)) Al lA) 201 (a1)-

To see this, one expands every term in (7.8) and uses generalized Holder’s inequal-
ity together with (7.7). Then all terms in (7.8) go to zero as t — oo except the
terms written in (7.9).

Recall that the amplitudes Ay, A}

() j =1,2,3,and A, A’ are of the form

Aqy = to e~ V2| g| 74 A FN 4 (9) (dxy + idr),
A/(l) = 5o M—1/2|g|—1/4eil(x1+ir)X(0)(dx1 + id}’),
Ay = e 2|g|7 V410 (g, —idr),
Al = =121V (g —idr),
A@y = 8_1/2|g|_1/4e_’.’1(x1_”)(dx1 —idr),
A/(3) —1/2|g|—1/4e—ik(x1—ir)(dxl —idr),

A = e 2| g A FIN (Gxy 4 idr),

Al = 2 g| T A AN (Gxy +idr).
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Then the second, third, fifth and last terms in (7.9) will vanish. Considering the
cases o = 1, so = 0 and 79 = 0, 59 = | separately, we obtain

/fe—i2)t(x1—ir)x(0)|g|—l/2 dVOlg =0
M

and
/he—iZA(xl—ir)X(9)|g|—l/2 dVOlg =0,
M
where b b
ay —ap 1 — 02
fi=——% and h:i= ——7.
le|?|g|1/2 |1e|?(g 12
Now, we extend f and % as zero to R x My. Since d Vol, = |g|'/? dx,drdf, we
get
/ x(0) / e—”’( / femi#n dxl) drdf =0
S1 0 —00
and - -
/X(e)[e—”’( [ he 1A% dxl) dr df = 0.
S1 0 —00

Varying y € C%(S!) and noting that the terms in the brackets are the one-
dimensional Fourier transforms of f and / with respect to the x;-variable, which
we denote by f and /, respectively, we get

/e‘z“fm,r, 0)dr = /e‘”’ﬁm,r, 6)dr=0, 6es'
0 0

Recall that (r, 6) are polar coordinates in My. Therefore, r + (r, 6) is a geodesic
in My and the integrals above are the attenuated geodesic ray transforms of f
and i on M, with constant attenuation —2A. Then injectivity of this transform
on simple manifolds of dimension two [22, Theorem 1.1] implies that f 2A,9) =
h (2A,-) = 0in M, for all A € R\ {0}. Now, using the uniqueness result for the
Fourier transform, we show that f = A = 0 and hence a; = a, and b; = b, in
M, finishing the proof of Theorem 1.2.

Appendix A. Regularity of solutions of linear Maxwell equations

In this section we prove the following regularity result for linear, inhomogeneous,
time-harmonic Maxwell equations.
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Theorem A.1. Let2 < p < 6 and let e, u € C'(M) be complex functions with
positive real parts. Suppose that Jo, Jym € WQY (M) and iyJe|gpr. ivImlom €
wi-trrOM). If (E.H) € WIQUM) x WPQY(M) is a solution of the
Maxwell’s system

dE = iopH + Jy,
{* iopH + (A1)

*dH = —iweE + J,
such that t(E) € TW) /7P (0M), then (E, H) € WP (M) x WP (M) and
”E”WDI{VP(M) + ”H”WS{VP(M)
< C(”t(E)||TWDl;1/P~P(aM) + Wellwparan + 1 mllwpaion)
+ CllivJelom llwr=1/p.0@ary + livImlos lw1-1/0.ar))

for some constant C > 0 independent of E, H, J, and J,,.

Proof. We apply § to the Maxwell equations (A.1) to obtain

{8[‘1 = idlog/LH — (ia)l,L)_ISJm, (A2)

SE =iy 10g8E + (in)_ISJe.

Since E,H € W/Q'(M) and J,, J,, € WL Q' (M), this clearly implies that
E,H e WIQ'(M)NW{ Q' (M). Now, by Proposition 2.4, we get E € Wy:? (M)
and

1ENy.rary = CUAETwzaran + IEE) Iz y1-170.0 a7

+ ”JEHWSI’Ql(M) + ||Jm||W5”szl(M))’

since t(E) € TWa- /PP (IM).

To show that H € W1PQI (M), we use similar reasonings. Using (A.1)
and (2.6) we get

. 1 1 _
ivH |opg = ——iy % dE|gyg — ——ivJmlose € W TVPP (M),
X0y X0y

since t(E) € TW5 /7P (M) and iy Jyn|aps € W'1/P-P(9M ). Then by Proposi-
tion 2.6, we have H € W1?Q!(M) and

IH lw1.r@1 ) < CUAH wrqiarn + ||t(E)||TWDl;1/P~P(aM))

+ CUmllwraiany + livImlasllwi=1/0.0Gary)-
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We also have H € WDli’Vp(M), since t(H) € W1=1/7-P(9M) and

Div(t(H)) = iy * dH |ops = —iweivE|ogpr + ivJelopr € WITYPP (M),

where we have used (2.6) and the hypothesis i, J,|spr € W'~1/2-2(3M). Finally,
the estimate in the statement of the theorem follows by combining all the above
estimates. The proof is complete. |
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