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The density of states of 1D random band matrices
via a supersymmetric transfer operator
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Abstract. Recently, M. and T. Shcherbina proved a pointwise semicircle law for the density
of states of one-dimensional Gaussian band matrices of large bandwidth. The main step of
their proof is a new method to study the spectral properties of non-self-adjoint operators
in the semiclassical regime. The method is applied to a transfer operator constructed from
the supersymmetric integral representation for the density of states.

We present a simpler proof of a slightly upgraded version of the semicircle law, which
requires only standard semiclassical arguments and some peculiar elementary computa-
tions. The simplification is due to the use of supersymmetry, which manifests itself in
the commutation between the transfer operator and a family of transformations of super-
space, and was applied earlier in the context of band matrices by Constantinescu. Other ver-
sions of this supersymmetry have been a crucial ingredient in the study of the localization—
delocalization transition by theoretical physicists.

Mathematics Subject Classification (2010). 60B20, 82B44, 60H25.

Keywords. Random band matrices, density of states, supersymmetry.

Contents
1 Introduction . . . .. ... ... ... ... ... 126
2 Berezin algebra for the DOS and SUSY . . . . .. ... ... ..... 132
3 Analysis of the transferoperator . . . . . .. ... ... ... L. 152
4 Proof of Theorems 1 and 2 away from theedges . . . ... ... ... 165
5 Contourdeformation . ... ... ... ... ... ... ... ... 179
A Some additional useful identities . . . . . .. .. ... ... ... ... 186
References. . . . . . . . . . . . . .. 188

! Margherita Disertori is supported in part by the DFG via CRC 1060, and acknowledges
the hospitality of the Institute for Advanced Study in Princeton and the Newton Institute in
Cambridge, where part of this work has been carried out.

2 Martin Lohmann is partially supported by NSERC.

3 Sasha Sodin is supported in part by the European Research Council starting grant 639305
(SPECTRUM) and by a Royal Society Wolfson Research Merit Award.


https://creativecommons.org/licenses/by/4.0/

126 M. Disertori, M. Lohmann, and S. Sodin

1. Introduction

Band operators and band matrices Random band operators are popular toy
models of disordered systems in theoretical physics. Their properties depend on a
large parameter, called the bandwidth and denoted W . Informally, the large matrix
elements lie in a band of width W about the main diagonal. One natural example is
an Hermitian random operator H, represented by the biinfinite Gaussian random
matrix with covariance

— 1
EHy yHy y = W‘Sx,X"Sy,y’]llx—ylsW’ x,y € Z. 1.1

In this paper we mostly focus on a different example, the Hermitian Gaussian
operator with covariance

EHyyHye y = 8558y (—W?A + 1)5), (1.2)

where A is the one-dimensional discrete Laplacian and 1 is the biinfinte identity
matrix.

Along with the infinite-volume operators H, one considers their finite-volume
versions Hy of dimension N x N, called random band matrices. Again, we single
out Gaussian band matrices, and among them — those with the covariances

— 1
EHxy Hyryt = 88y Lixmyi<w (1.3)
and
EHx,ny/’y/ = Sx,x’(gy,y’(_WzAN + ]lN);J}, (14)
where
—1 1 0 0 0
1 =2 1 0 0
Ay = 0 1 =2 0 0
0 0 o --- 1 -1

is the Neumann Laplacian on {1,---, N}. We regard (1.3) and (1.4) as finite-
volume versions of (1.1) and (1.2), respectively.

Localization length By the general theory of one-dimensional random opera-
tors [31], finite-range band operators (including (1.1) ) exhibit localization for any
value of W, manifesting itself in pure point spectrum with exponentially decay-
ing eigenfunctions. The rate of exponential decay of the eigenfunctions is known
as the localization length and denoted Lj,.. An essentially equivalent quantity
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is the minimal value of N such that 9/10 of the £, mass of the eigenvectors is
concentrated in a subinterval of length N/10. Anderson localization also occurs
for long-range random operators with sufficiently fast decay of the off-diagonal
elements (such as 1.2); see [39].

A long-standing question is to determine the asymptotic dependence of the
localization length on the bandwidth. It is widely believed that L, scales as W?
for large W, for eigenvectors corresponding to energies |E| < 2. This belief is
supported by various convincing albeit not mathematically rigorous arguments
[11, 10, 24, 25]; see further below.

On the rigorous side, Schenker proved [33] that L. < C W for a class of band
matrices including (1.1). His argument is reminiscent of the Mermin—Wagner
theorem in statistical mechanics. A combination of the result of [33] with the
recent Wegner estimate from [32] yields a slight improvement L, < CW.

As to lower bounds, the results of [20, 19] pertaining to the quantum evolution
imply a weak delocalization result for W > N 7. A stronger form of delocaliza-
tion was established in [23] for W > N %, and in [26], the constraint was relaxed
oW > NS A genuine delocalization result was obtained for W > N 9 by Bao
and Erdds [2]. The argument of [2] combines the methods developed for the proof
of universality for Wigner matrices (W ~ N, see [22] for a review, as well as the
monograph [21]) with a supersymmetric analysis incorporating superbosoniza-
tion formulas [8] and the asymptotic method of [37]. In the recent series of works
[7, 6, 42] delocalization and the convergence of local eigenvalue statistics in the
bulk to the sine process was established for W > N %; see [5] for a review.

We mention that band matrices and band operators admit a generalization to
higher spatial dimension. If the spatial structure of the band is d dimensional with
d > 3, they are expected to exhibit an Anderson-type spectral phase transition
similar to the conjectural metal-insulator transition in realistic solid state models.
The dimension d = 2 is critical, and localization is expected for all values of the
band width. See further the review [38].

Density of states The behaviour of the eigenvectors of H is controlled by the
quantity (|Gxy(E + ig)|?), where

Gxy(2) = Gy[H](z) = (z — H)3]

is the Green’s function of the random matrix H, £ € R is a spectral parameter,
and (-) denotes averaging over the disorder. In infinite volume, ¢ should be sent
to zero, while W is large but fixed. In finite volume, € should be taken of order
1/N. The quantity (|G, (E +i¢)|?) also controls the properties of the (quenched)
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spectral measure g of H, which is defined by

Goo(2) = [z = 7M.z € O\

In this paper we focus on a simpler quantity, the average Green function
(Gxx(E +i¢)), and the related quantity (Gxy(E +i€)Gx(E + i€)). The former
one controls the behaviour of the average density of states p = p[H ], which can
be defined as the Radon derivative of the disorder average (g ) of wgy. We also
consider the average density of states in finite volume, py = p[Hy].

For Gaussian random band matrices including both (1.1) and (1.2), the den-
sity of states exists in both finite and infinite volume by a general argument of
Wegner [40]. The average density of states is related to (Ggo):

/ (z — EY "' p(E)AE = {Goo[H](2)).

| X
[ =Bt on(EIE = 3 (Gusltin(2)
x=1
and (consequently)
p(E) = 1 lim 3(Goo[H](E + i¢)), (1.5a)
T e\0
pn(E) = —%;i\rt% S(Tr G[HN](E + ig)). (1.5b)

In finite volume, py can be also written as
1
pN(E) =0 v (# {eigenvalues of Hy in (—oo, E]})

justifying its name. Also, one has limy—c pn(E) = p(E) (see the proof of
Proposition 4.2). It is believed that the average (Gxy(E + ie)Gyx(E + i¢))

and the average density of states do not reflect the localization properties of the
eigenvectors and the spectral type of H, see e.g. [40]. Still, the former quantities
are of intrinsic interest.

In the works [4, 30], it was proved that as W — oo the densities p(A) converge
weakly to the semicircle density

1
psc(E) = 54— E? 1|g|<a,

meaning that

Jim_ / $(E)p(E)dE = / $(E)pse.(E)E (1.6)
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for any bounded continuous test function ¢. The arguments in these works apply
to for a wide class of band matrices including (1.1) and (1.2).

The available pointwise results are much less general, and we list them below
following a brief discussion of supersymmetry.

Supersymmetry. One of the powerful methods for the study of random oper-
ators is the supersymmetric formalism. First introduced by Wegner and Schifer
and developed in the works of Efetov, it allows to rewrite the disorder averages of
various observables as high-dimensional superintegrals. A general introduction
may be found in the monographs [41, 18].

In the context of random band matrices, the supersymmetric approach was
applied by Fyodorov and Mirlin [24, 25], who confirmed the dependence of the
localisation length on the bandwidth and also described the crossover occurring
as W = +/N. For Gaussian random band matrices, the average (|G, (E +i¢)|?)
corresponds, through Berezin integration and superbosonization or certain formal
versions of the Hubbard—Stratonovich transformation [43], to a high dimensional
super-integral dominated by a complicated saddle manifold. The average density
of states px and the average (G, (E +i€)G,x(E +i¢)) lead, in the same way, to
an integral dominated by saddle points.

The four main steps in the works [24, 25] are the derivation of the supersym-
metric integral representation; the o-model approximation, in which the integra-
tion domain is restricted to the saddle manifold; the continuum limit; and a semi-
classical analysis of the infinitesimal transfer operator. All these steps, and par-
ticularly the last three, have so far not been put on firm mathematical ground.
(See [36] for recent progress on the second step.)

A version of the SUSY formalism that uses similar algebraic identities (Berezin
integration), but simpler supersymmetries than those involved in superbosoniza-
tion, had been used early on in rigorous investigations, e.g., of localization in
d = 1 random Schrodinger operators [9, 29].

Pointwise estimates. The models (1.2) and their counterparts in higher dimen-
sion are especially convenient for supersymmetric analysis, since the dual super-
symmetric model has nearest neighbour coupling (see Proposition 2.1; in classi-
cal statistical mechanics, the idea of duality between carefully chosen long-range
models and nearest neighbour models goes back to the work of Mark Kac [28,
Section 9]).

This is why most of the pointwise results established to date pertain to this
class of operators. One exception is the upper bound

p(E)=C. maxpy(E)=C
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valid [32] for a reasonably wide class of Gaussian random band matrices including
both (1.1) and (1.2), and their counterparts in arbitrary dimension.

Much more is known for models of the form (1.2). In dimension d = 3, it was
proved in [16] that

EP(E) <C, forn, W > Wy(n), |E| < 1.8,

and that
lp(E) — psc.(E)| < CW™ for |E] < 1.8.

Corresponding results were also proved in finite volume. The argument of [16]
relies on a cluster expansion similar to the one used for the Wegner orbital model
in [13]. Recently, a parallel result was also proved for d = 2 in [15].

In d = 1, the cluster expansion methods of [16, 15] run into difficulties.
Instead, the method of transfer matrices can be used. While the method of
transfer matrices has been successfully applied in the physical literature for this
and more involved problems [24, 25], a mathematical justification is far from
straightforward since the transfer matrix is not self-adjoint. One possible strategy
to perform semi-classical analysis for non-self-adjoint operators was suggested
in [17]; for now, this strategy was only implemented for toy operators much
simpler than the one considered here.

Recently, Mariya and Tatyana Shcherbina developed a different and very gen-
eral method of semi-classical analysis for non-self-adjoint operators [35]. In the
work [34], they applied the method to the problem under discussion and proved

Theorem ([34]). If N > CW logW and |E| < /22, then

/

o8 (E) — pse(E)| < CW

The main goal of the current paper is to provide an alternative and arguably
simpler proof for the result of [34]. Most of the work in [34] is devoted to proving
the spectral gap for the transfer operator and some properties of its top eigen-
function (Theorem 4.2 therein). The argument is based on methods developed in
the non-supersymmetric framework in [35]. Our proof, by contrast, exploits the
supersymmetry of the problem. Apart from important simplification and reorga-
nization of the algebra, supersymmetry manifestly fixes the top eigenvalue to 1,
implies a simple equation for the top eigenfunction, and reduces the proof of the
spectral gap to an elementary spectral bound. We also emphasize that, similarly to
the classical applications of transfer operators in statistical mechanics, the original
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problem with two large parameters, N and W, is reduced to a bunch of asymptotic
problems containing only one parameter.

Our method is non-applicable to problems lacking supersymmetry, such as
the correlation length of characteristic polynomials considered in [35], but has
the advantage of simplicity. It also allows to obtain stronger results, summarized
in the theorems below.

Theorem 1. For |E| <2and N > C(E)W logW

o (B) — p(B)| = . 1.7

The infinite volume density is well approximated by the semi-circle law:

C(E
0(E) — puc ()] = U2 (1.8)
Remark 1.1. The estimate (1.7) together with (1.8) yields
_C(E)
loN (E) — ps.c.(E)| < Wiog W' N > C(E)W log W. (1.9)

Note that, for large band width N ~ W log W, the finite volume deviation (1.7) is
substantially bigger than the accuracy (1.8) of the semicircle law.

Theorem 2. Assume that |E| < 2. For N > C(E)W log W the following hold.
(1) Forany1 <y,y' <N,

C(E) c(BE)|y -yl
{Gyy [HN](E)Gyy[HN](E))| < W CXP(— T) (1.10)
(2) The finite volume density py is smooth and for alln > 1
05N (E)| < C(E)"'n! W1, (1.11)

Remark 1.2. From (1.7) and (1.11) we obtain that the densities py (E) and p(E)
admit an analytic extension to a domain of complex energies of the form

{E+ie | |E| <2, |e| <c(E)/W}.

Remark 1.3. Throughout the paper, expressions of the form C(E), C'(E), c(E)
are bounded from above and below on compact subintervals of (—2, 2). The values
of C(E), C'(E), c(E) and of the numerical constants C, C’, ¢, et cet. may change
from line to line.
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Plan of the paper. In Section 2, we recall the representation of the mean density
of states pn (E), as well as of the left-hand sides of (1.10)—(1.11), via Berezin
integration, and set up a supersymmetric transfer operator T, (2.16). Then we
discuss a certain supersymmetry, that has already been described in [12], and
is the supermatrix analogue of rotational symmetry and polar coordinates. This
supersymmetry allows to reduce the transfer operator (2.16) to the much simpler
one, T of (2.37), acting on functions of two real variables.

In Section 3 we analyse the transfer operator 7. The two main steps are (a) the
construction of an approximate top eigenfunction ug, Jug & ug, and (b) a bound
on the restriction of T to a complement of the top eigenfunction. For a weakened
version of Theorem 1 (with a worse error term), it would suffice to use the simple
ansatz

ul® () = exp(—aW (A2 + 12))

with an appropriately chosen «. In order to prove the results as stated, we develop,
in Section 3.2, a systematic construction (“supersymmetric WKB”’) which allows
to find an approximate solution to an arbitrary order in W ~1/2 (for the purposes of
the current paper, we use this construction up to order 5). As for step (b), the key
fact is Proposition 3.1, proved via a simple semiclassical argument. Corollary 3.4
and Lemma 3.5 contain refinements needed to obtain the improved error term in
Theorem 1 and for Theorem 2.

In Section 4 we prove Theorems 1 and 2, for |E| < \/g . The relatively simple
Proposition 3.7 would suffice to prove a version of Theorem 1 with a worse error
term; we work a bit more to prove the results as stated.

In Section 5 we extend the argument to all | E| < 2, using a contour deformation
and applying the general strategy of the Section 4 to a power of the transfer
operator (where the power is chosen depending on the energy E).

With the exception of the Berezin integral representation (well explained else-
where) and undergraduate analysis, our proof is self contained.

2. Berezin algebra for the DOS and SUSY

2.1. Supersymmetric integral representation. The Berezin integral represen-
tation of pn (E) involves the use of Grassmann variables. These will be denoted
by the symbols p, p, 7, jand £, &, possibly with an index. All Grassmann variables
anticommute with one another. The Grassmann algebra & (= free anticommuta-
tive) generated (over C) by all Grassmann variables admits a Z/27 grading, in
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which a monomial in the generators is even or odd according to the parity of the
number of symbols.

On the Grassmann algebra we define complex conjugation by p — p, p — —p
(etc.) on the generators, and ordinary complex conjugation on the coefficients.!
An element f in the Grassmann algebra generated by the family {px, px}_, has
a unique decomposition as

[ = fUpx:pxkx) = Y cripips 2.1)

1,Jc{1,...,N}

where ¢y € C, pr = [[;¢; pi and py := [];<, p; and the products are understood
under some fixed arbitrary order on the set {1, ..., N}. In particular, every element
can be written as f = fy + n where fy € C and » is nilpotent, i.e. there exists
k > 1 such that n¥ = 0. The Grassmann algebra has a natural decomposition into
even and odd elements.

Having a Grassmann algebra & at hand, we consider the algebra of C *°-smooth
functions f:C™ — &. A general element of this larger algebra has the form

FG1 e Zm A Pxbxett - NY) = D crr (G Zmprpr. (2.2)
I1,Jc{1,..,N}

Smooth multivariate functions (z1,...,zm) — f(z1,...,2Zm) can be extended to
functions of the form (2.2) taking values in the Grassmann algebra by replacing
the variables by some even elements of the algebra z; — z; + n;, where n; is
nilpotent, and taking their Taylor series around (zy, ..., z;,) until it terminates by
nilpotency. For example, for m = 1 one has

f(f)(z) E_o,

fz+n) = f@)+ Z

The Berezin integral is the linear functional | that selects the top degree (in the
generators) coefficient in (2.1) and multiplies it with (271)_%, where m is the
number of generators. Thus, if p, p are the only generators,

/d,édp(a—i—b,o+c;5+d,o,6):—

where the differentials d p, d p anticommute with each other and with all Gras-
mann generators.

!In the terminology of [41, §6.1], this is the conjugate of the second kind; see further the
discussion in [41, §6.2].



134 M. Disertori, M. Lohmann, and S. Sodin

A 2m x 2m supermatrix is a matrix of the form

A X
r B)
where A, B (resp. X, ') are m x m matrices whose matrix elements are even (re-

spectively, odd) elements of the Grassmann algebra. The supertrace and superde-
terminant of a supermatrix are defined as

A X A X 1 _1
S‘[r(F B)—trA—trB, Sde‘[(F B)—mdet(A—EB ),

where tr and det are the ordinary trace and determinant. We shall use the symbol
R (possibly with an index) to denote 2 x 2 supermatrices of the form

-(c £)

where a, b are real numbers, and p, p are generators of the Grassmann algebra.
By a superfunction F of one or several variables R we mean an expression of the
form (2.2) in which the z variables are replaced by a, b. See [3] for more details
on these conventions and definitions.

We will use a supersymmetric representation for the average Green’s function, for
which we will now introduce some notation.
Let

J = -W?Ayn +1,
the inverse of the covariance introduced in (1.4). Abbreviate
E.=FE+ie, &>0.

Let I'; and I', be two horizontal lines in C oriented from left to right, such that ',
lies below the pole E + ie € C, while no additional constraint is needed for I'p.
For any suitable? superfunction F = F((R x)fc\;l), introduce the SUSY average

N N
1 1

F = d R, ¢~ 2 SUR,JR) —  F{R ,

Fsvsy = [ T] arse 1 sqez, iy PRt

2.4)

21t will be enough to consider superfunctions whose coefficients c; ;s ({ax, bx}xe(1,-.N})
in the expansion (2.2) are smooth functions of polynomial growth
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where

N-1

135

Str(R, JR) ==Y " Jxy SR Ry = > StrRZ + W? > Str(Ryp1 — Ry)?

Xy X x=1

and
E.— R, .= E.1,— R,

is a 2 x 2 supermatrix. Finally

dRy := day dby dpy dpx,

the integral in a, is taken along I';, and the integral in by is taken along I',. We

will denote a = (ax)Y_, and b = (by)Y_,.
Proposition 2.1. In the above notation the following identities hold:
1= (1) = (I)susy.

(Gyy[HN](Ee)) = {(Ja)y)susy
= ((iJb)y)susy

= > Jyxlax)susy
— Z Jyx((ib)x)susy,

(Gyy [HN](Ee)Gyry[HNI(Ee)) = —Jyyr + ((Ja)y[J(a = ib)]y)susy

= —Jyy + Z JyxJyxr{ax Str Ry)susy,

xx’
and, forn > 1,

I (Tr GIHN](E¢)) = Nép1 + (—1)”<[Zax][z(ay B iby)]n>SUSY

X

y
= Nép1 + (—1)n<[zax][ Str Ry]n>SUSY.

x y

(2.5)

(2.6)

2.7)

(2.8)

Proof. Let E = diag(E;. ..., En).E = diag(E;, ... Ex) € RV*N and consider

the generating function

JE) <det(E tiely — H)>'

det(E + icly — H)
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Then J(Ely, Ely) = 1 for all E € R. Moreover

(Gyy[HNI(E,)) = =05 (Ely. E1N) = 0, d(E1N. E1y),
(Gyy [HN](Ee)Gyry[HN](Ee)) = 3~ ,0g, +05,)J(Ely. Ely),

and setting E, E € R
0% (Tr G[HN)(E.)) = =050 + 05)"3(Ely. E1N) p_ -

By the same arguments as in [ 16, Section 3] the generating function can be written
as follows

N
H(E,E):/HdR o~ Str(R, JR)H
x=1

where Ex is the 2 x 2 supermatrix

- Sdet(Ex +iels — Ry)

Setting
E=E=Ely

we obtain the measure in (2.4) whence 1 = J(Ely, E1x) = (1)susy. Moreover

— 05, d(Ely, E1y)

N
1
_ HdR o= 3 Su(RJR) ~
/le * (=0 )IISdet(E +isls, —

N
1 1
— 1_[ dee—j Str(R,JR)(aa )1_[
/le 7 U SdenE, — Ry
B < Str(R, JR)>
B Nt 2 SUSY
= ((Ja)y)susy,

x) E=E=E]1N

where we used
(8E-y + 0q,) Sdet(Ey +iely — Ry) =0

and we performed integration by parts in a,. The same argument holds for
aEyH(E]lN, E]lN) using

(g, —idp,) Sdet(E, + iels — Ry) = 0.
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This completes the proof of (2.6). Performing integration by parts twice we obtain
3§y/(85y + 0g,)J(EL, ET)
N N 1 1
= dR — (-9, )[J(a—ib —5 Str(R,JR)
/H « 1 Sdet(E, —Ry)\ et/ @bl
x=1 x=1
= —Jyy + ((Ja)y[J(a—ib)]y)susy-

This completes the proof of (2.7). Similar arguments yield

—05(0E +05)"d(E1N. E1N) p_5
- (_1)”+1nN<[ Z Str Ry]n_1>SUSY + (_l)n<[ Z ax] [ Z St Ry]ﬂ)SUSY’
) X y

where we used that (04, —0p,)(ay — iby) = 0 for any y. The first summand can
be written as

n—1
<[ZS“ Ry] >SUSY = 9N e Ty ST R Gyl —omg  alln > 1 (2.9)
Yy

since by performing the translation R — R + y1, we get
(7 2y SR )susy = J(E =1 (E-p1) =1 fory €R.
This completes the proof of (2.8). |

Identities of the form (2.5) for supersymmetric averages of supersymmetric
functions go back to the work of Parisi and Sourlas, cf. [41, Chapter 15]. Note
that the first two items appear also in this form, for example, in [34, 15].

Translation to the saddle Disregarding mathematical precision in our thinking
about Grassmann variables, we have the following heuristics. The factor

2
exp ( - WT Z Str(Rx+1 — Rx)z)

forces the “integration field” R, to be almost constant, and the Laplace method
then implies that the main contribution is from field R in the vicinity of the
“saddle points” of e~2 St R% (Sdet(E, — Ry))~". Now we proceed with the rigor-
ous argument. Setting the Grassmann variables equal to 0 and neglecting the ¢
contribution it is easy to see that the saddle points (i.e. the critical points of the
logarithm) are at

a*t = %(E:I:i«/4—E2), b* =(—i)%(Eii«/4—E2). (2.10)
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a™ is in the same half space as the pole, therefore we choose as contour I'; the
translate of the real axis with origin at a~. We will abbreviate

Note that € = 1. It will turn out later that 5™ is the dominant saddle point.3 We
therefore choose as contour I', the translate of the real axis with origin at b~. After
this translation, the limit ¢ \ 0 can be performed by dominated convergence. We
introduce the modified SUSY average

N
(Fiusy = / 1—[ dee_% Str(R,JR) ,—& ¥ Str Ry
x=1 (2.11)

N
. ——F((R ,
L[l SaoiE — Ry (Rxett-m)

where € is now set equal to 0 and the integrals in ay, b, are taken along the real
axis. Moreover we used £ — & = €,

Str(R + €15, J(R + &1,)) = Str(R, JR) + 2& Str(R, J 1) + €% Str(1,, J 1)
= Str(R, JR) +2€ ) St R,
X

where the last term vanishes since Str 1, = 0. We then have
Corollary 2.2. Let |E| < 2. Then
Hm Gy [HN)(Eo)) = €+ ((Ja))susy = € + (TGO )susy.  (212)

l{fg)(ny’[HN](Es)Gy’y[HN](Ea)> = —Jyy +{((Ja)y[J(a—ib)],)susy:
2.13)
and, forn > 1,
lim 9 (Tr GHN](E2)) = Néw,1 + (—1)"([;%][;(@ —ibn]), o
(2.14)
31f, as is the case for GUE, px = p were a collective variable, i.e. a single Grass-

mann generator, and similarly for p, this could be seen heuristically by evaluating I =
e ¥R Sdet(E. — RN at R = R = () 7,). Set Ilg_ps oo = Lo+ I*pp. If

o ib*
there were no observable, the Grassmann integral dp d s would select 7®. Explicit calcu-
lation gives 1= = —N(2 — ETZ + iE~/4— E?2), which is large (proportional to N), while
It = —N(1 —|&[?) = 0. A more convincing argument would have to analyze “fluctuations”

in p, p.
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Proof. Eq.(2.12) follows from (2.6) by replacing aby a+¢& and ib by ib+E. In the
same way, (2.13) follows from (2.7) by observing that, in addition, (2.12) implies
((Ja)y)susy = ((J(ib))y)sygy- Finally (2.14) follows from (2.8) observing that
(22, Str Ry]")gygy = O for all n > 1 by the same argument as in (2.9). O

Note that —23I€ = 5L +/4 — E? is the semicircle density. Thus, for example,
eq. (1.9) amounts to showing that the remaining term in (2.12) is small for large
W and N.

2.2. Supersymmetric transfer operator. The representation of Corollary 2.2
can be stated using a supersymmetric transfer operator. Recall that

N-1
Str(R+ & J(R+ &) = D _Str(Ry + €)> + W? Y Str(Ryp1 — Ry)%.
x x=1
We denote
—1Su(R+6)2
VR . T T (2.15)
Sdet(€ — R)
and define
2 /
(SF)(R) := e VB / d Rl SWR=R)? p(pry. (2.16)
14

Remark 2.3. Here we consider e™" as a single typographic symbol, therefore
the reader need not be concerned, for example, with the choice of a branch of
the logarithm. Also, for now we treat ¥ as a formal operation rather than as an
operator, therefore we do not worry about the domain.

Using (2.15) and (2.16), forall 1 <y <y’ <N,

{ay)susy = / dR [T e V(R)eVBa[TN Ve V](R) (2.17a)
and
(ay(ayr —iby))susy = (ay Str Ry )sysy = Iy, (2.17b)

where

Iy = / dR[T e V(R)e" Pa[T 7 Str()TV 7 e VI(R).
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and Str(-) is the “multiplication operator” by (Str R) and we use the convention
70 = id. In the same way we get, for any n > 1,

([ Za][ 2w —lbﬂ] usy

z Mmny,..., (2'18)
= Z Z Z Z Iy Vlseens
q=1 ny,. nq>1 gt m=0 1<yj<yz<- <yq<N
ny+-+ng=n Ym=X<Ym+1

where we defined yo = 1, yg41 = N + 1, n9g = ng41 =0, and

d R[T* 77 Str()* -+ T2 S ()" T e V](R)

. [eV(R)a][Tym"'l_x Str(_)nm-H TIYm+2"Vm+1 ... Str(.)"q ‘IN_yq e_V](R).
(2.19)

Moreover, in the special case m = 0 the first product is replaced by T*~1e~" while
for m = q the second product is replaced by TV *e~V . Forn = 1, eq. (2.18) can
be simplified as follows

<[Zax][z(ay_ly)]>susy _2101 lel

<x<y<N 1<y<x<N

=-2 Z Lixr — Ixx,

x<x’

where for x < x’ I, was defined in (2.17) and we used
13?)’,1 = Iy, and le)’,l = IN—x+1,N—y+1-

We want to reduce ¥ to an ordinary transfer operator, involving no Grassmann
integration variables. This could be done by hand, i.e. by expanding in the
Grassmann variables and selecting top degree coefficients. In this paper, we will
instead exploit a supersymmetry that morally states that ¥ commutes with the
superrotations of the supermatrix R. This will yield a purely bosonic (Grassmann
free) representation of ¥ in the appropriately defined polar coordinates.

To make this intuition precise, let £, n be two new Grassmann generators (that
may or may not depend on p, p). Then the matrix

1
L 0 n\ _ ez n
Uy :=exp (5 O) = ( ‘ e_%"é) (2.20)
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is a “superunitary” rotation in the following sense: U, L =U_,_¢ = exp( _05 o )
It is easy to see that Str R” = Str(U, ' RUy¢)" and Sdet R = Sdet(U, ' RUy¢) for
any n > 1.

Lemma 2.4. The measure d R is invariant under superunitary rotations: for any
Schwartz function F(R) one has

/dRF(R) :/dRF(Un_ElRU,,g) forall n, €. (2.21)

Proof. This is a special case of the general framework of Berezin integration [3]
as applied to the conjugation supersymmetry at hand. We will prove it here by
direct computation. The function F has a unique decomposition as

F(R) = Fo(a,b) + pFi(a,b) + pFy(a,b) + ppFs(a,b).

Replacing in this formula

_ 5 —ib)
R — IR _ a+n o+n(a—i 599
Ung RUne (p—g(a—ib) ib+n ) (2.22)

where n := n&(a —ib) + (p& + pn), one gets
F(R') = Fo+(p—£(a—ib)) Fi+(p+n(a—ib)) Fa+(p—E(a—ib))(p+n(a—ib)) Fs,

where we used n> = —2ppné and n® = 0 and we defined
2
Fi= Fia+nb—in) = Fi(a,b)+n(da—idy) Fi(a, b) + %(Ba—iab)zFi(a,b).
Note that
(p—&(a—ib)n=ppt,  (p—E&(@—ib)n*> =0,
(6 +n(a—ib)n=—ppn, (p+1n(a—ib)m>=0.
Then
F(R) = F(R) = Fo — Fo + (a — ib)[-£Fy + nF>]
+ pp(3a —i0p)[EF1 — nk2]
+ (a —ib)[p§ + pn + nE(a —ib)]F3
—ppné(a—ib)(da —idp) F3.

Performing now integration over p, p we obtain a sum of terms of the form
daF;, 0pF;, (0, —i0p)%F; or (a —ib)(d, —i0p)F;, hence the integral over a and
b yields 0. This completes the proof. O
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Polar decomposition. Every supermatrix ( i i[; ) with (a, b) # (0, 0) has apolar

decomposition as follows

(Z f;) - (eXp (—Os _on))(kol igz)(e"p (2 Z))

(2.23)
A, O
_ 1M
UnE(O llz)UnE
with (cf. (2.22))
h=a+ L d=p it
at a—t (2.24)
n=—" g=——L
a—ib a—ib’

We call A = (A1, A3) the eigenvalues of R, and (A, n, £) the polar coordinates for
R. Note that Ay —iA, = a —ib # 0 for (a,b) # (0,0). Any function F(R)
invariant under superunitary rotations depends on the eigenvalues A;, A, only. In
this case we will write

f(Q) := F(diag(1,i12)) = F(R).

In particular we have Str R = A7 — (iA,)" forall n > 0 and Sdet R = 31_12 Hence
the potential term in T (2.15) becomes

e VR — €—iks e—%(/11+8)2+(/12—i£)2

E—
s (2.25)

E—idy 1G242)—Ehi-ita) _. ,~V D)
E—M

Note that A1, A, are even elements of the Grassmann algebra. We will see below
that inside an integral we can replace them by ordinary real variables.

Lemma 2.5. The transfer operator ¥ preserves superunitary rotation invari-
ance. Precisely, let F(R) be such that all coefficients Fr(a,b) are smooth and
|Fr(a,b)| < eK@+0?) \yith K < WTZ Assume F is invariant under superunitary
rotations F(R) = F(U;;RUng) for all n,&. Then TF is also invariant: for all
1.6 [TFI(R) = [TFI(U, ! RUpe).
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Proof. We abbreviate U, ¢ by U. We have
((IF)(U—IRU) — e—V(U_lRU)/ dee_WTZ Str(U_lRU—R/)zF(R/)
_ e—V(R)/ dR e—WTZStr(R—UR’U_l)ZF(UR/U—l)

_ e—V(R)/ dR ¢~ 5 SUR-R' (R
= (TF)(R).

where in the second line we used V(U™ RU) = V(R) (since both Sdet and Str are
invariant) and F(R’) = F(UR'U™!) (since we assumed F is invariant). Finally
in the last line we used (2.21) with U replaced by U~!. |

Remark 2.6. This lemma implies that we can always replace R by the diagonal
matrix diag(Aq,iA,) when evaluating (TF)(R), as long as F is invariant under
superunitary rotations, and Str R = a —ib # 0.

2.3. Some useful identities. For certain functions the transformed T F can be
explicitely computed. Let z € C, with %i(z) > 0. We abbreviate

dp;(R) := dRe 2SR (2.26)

the supergaussian measure with variance z~!. By direct computation

/d,uZ(R) = / dRe™3SUR? / da db dj dpe~3@+b?+200) — | (2.27)

Lemma 2.7. Let 1(R) := 1 be the constant function, and Qq(R) := e~ StrR?
the gaussian with « € C, Ra > 0. Then

(T (R) = e7"P (2.28)
and
(TQ)(R) = e "B Quu(R). (2.29)
where
W
=W

Moreover, for any function F(R) such that F is invariant under superunitary
rotations, F(R) = f()), and f is a polynomial in A one has

(T(QuF))(R) = e ® Qg (R) / dpy2 (R)F(R' + pR) (2.30)

where we used the measure defined in (2.26) with z = W2 /.



144 M. Disertori, M. Lohmann, and S. Sodin

Remark 2.8. Since N > 0 we have i > 0 and Rop > 0.

Proof. The first identity above follows by translating all variables R’ + R’ + R
and applying (2.27). For the second identity we first complete the square, then
perform the translation R' — R’ + uR :

eV(R)(rIQa)(R) — e—Wa/LStrRZ/ dR/e—VzV—i Str(R'—uR)? _ e—Wa/LStrRz’

The second equality follows from (2.27), since /% = W + 2« has positive real

part. Repeating the same arguments we get (2.30). O
The following identities will be useful later.

Lemma 2.9. For any z € C, with Re(z) > 0 and supermatrix R the following
identities hold:

(a) /d,uz(R/) [Str(R" + R)]" = (Str R)", foralln > 1,
(b) / duz(R') Str(R'4+ R)" =StrR", n =2,3,
(c) / du;(R") Str(R' + R)* = Str R* + ;(Str R)?,

(d) / du;(R') [Str(R' 4+ R)?)? = [Str(R)’]* + §Str R* + Z%(Str R)2.

Proof. Without loss of generality we can assume R = diag(41,i4,). Indeed by
superunitary rotations any R = (Z i%) with (a,b) # (0,0) can be reduced to
a diagonal supermatrix. Finally the case (a,b) = (0,0) can be recovered from
(a,b) # (0,0) by continuity remarking that both sides of the identities above are

polynomials in the variables ¢ and b.
(a) We have

n
[Str(R' + R)]" = [Str R’ 4 Str R)]" = Z CJ'(Str R')’ (Str R)" /.
j=0

By identity (2.38),

/ du;(R)(StrR")) = (Str0)/ =0, forall j > 0.
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(b) Forn =2,
/ di;(R) Str(R' + R)?

=StrR?>+2 / du;(R") Str(R'R) + / di; (R Str(R)2.
By (2.38)
/ du,(R')Str(R')?> =0
and the remaining integral vanishes by parity under R” — —R’. For n = 3,
Str(R' 4+ R)® = Str R® + 3 Str(R'R?) + 3 Str R(R')? + Str(R')3.

The second and fourth terms are odd under R” — —R’, hence the corresponding
integrals vanish. Note that

Ry = (@A @ +ib)p
- (a/ + ib/)p/ _b/2 _ ,5//)/ :
Direct computation shows that the integral of each matrix component equals zero.
(c) Expanding,

Str(R' + R)* = St R* + 4Sr R°R + 4Str R*°R/
+ 2Str(RR')* + 4Str R2R" + Str R,

The second and third term are odd, i.e. change sign under R” — —R’, hence the
corresponding integrals vanish. The integral of the first term vanish by (2.38).
Since the integral of each matrix component in R’ 2 equals zero also the fifth term
disappears. It remains to consider Str(RR’)?. Since R is assumed to be diagonal
we have

Str(RR')* = (a’'A1)? 4+ 205/ p'A1ida + (Bidz)>.

By direct computation,

/duz(R/) Str(RR') = %[A% +(i22) — 2210 Aa)]
A1 — ((A2)]2

zZ
(Str R)?

z
(d) Using (b),

/ du(R)[Str(R + R)%)? = [Str R®]? + / duz(RHX,
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where

X =[Str(R + R)> — Str R*]?
= [3Str(R'R?) + 3Str R(R")? + Str(R")*)?

= [Str(R")*]? + 9[Str(R'R?)]? + 9[Str R(R")?]? + 6 Str(R’)> Str(R'R?)

+ 6 Str(R)? Str R(R')* + 18 Str(R'R?) Str R(R')>.

The integral of the last two term vanish by parity while the integral of the first

term vanishes by (2.38). Since R is diagonal,

Str(R'R?) = a’(A1)? —ib'(iX2)2.

Hence 4
1 Str R
[ RIS R PR = 2 ()* - 3] =
Similarly
St R(R)? = a?ay + b (%) + 50/ (A1 +id2).
Hence 2 2
A —i) R
/duz(R/) [Str R(R))?))? = (M 21 2)” _ (Strz) |
z z
Finally

StrR” =a” — (ib')? + §p'3(d +ib)).

Direct computation yields
/ du; (R Str(R)? Str(R'R?) = 0.

This concludes the proof.

O

As a direct consequence of this lemma, we can compute exactly the action of

TF for a certain functions. This is done in the following corollary.

Corollary 2.10. Let R > 0, and let that Qq(R) = e~ StrR? u=Ww/(W+2ax)

as before. For any supermatrix R,

TR (R)[Str R)(R) = e "B Qy, (R) 1" [Str R]"  foralln > 1,

TR (R)SrR™)(R) = e "B Qu (R Str R"  n = 2,3,

(2.31)
(2.32)

3
TR (RH[Str R1*)(R) = e VB Q,, (R) [;ﬁ Str R* + ZWLZ(SU R)2], (2.33)
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and

T(Qu (R))[Str RP)(R)
(2.34)
= e "®QL(R) [,u6[Str(R)3]2 + 9WLE Str R* + 9WL:(Str R)2].

Proof. Combine identity (2.30) with Lemma 2.9. O

2.4. Transfer operator in polar coordinates. In the following we will con-
sider only functions R + F(R) taking values in even elements of the Grass-
mann algebra and such that F(R) contains no Grassmann generators except &, 1
(equivalently p, p). If such F is invariant under superunitary rotations then the
corresponding function f maps R? to R. Our goal is to write TF as an oper-
ator 7 acting on f instead. This requires to change coordinates in the integral
(a,b,p,p) — (A1, A2, 1, &). The operation is well defined only for functions that
vanish at the origin: if F(R) is a ’nice” function (we will make this precise below)
with F(0) = 0, then by Berezin integration formula (cf. [3])

/ dRF(R) = / dadbdpdpF(R) = / dA; dA, d€ dn%ﬁ,
where Ber = (A; — iA,)? is the so-called Berezinian (the super-analog of the
Jacobi determinant), and «, b, A1, A, are real integration variables. The function
appearing in the integral (2.16) defining TF is =5 Su(R-R)? p (R’) which does
not necessary vanish in 0. To solve the problem one can decompose the integral
as follows: 5

e—WT Str(R—R’)ZF(R/) = F (R)) + fz(R/),
where the functions F;(R’), F>(R’) must satisfy: (a) both functions are *nice’, in
particular integrable, (b) F; (0) = 0 so that we can apply the change of coordinates
and (c) the integral [ d R’ F>(R') is easy to compute without any coordinate
change. When F is invariant under superunitary rotations, the following two
choices are especially convenient:

e_WTZ Str(R_R/)ZF(R/) = e_WTZ Str(R—R/)z [F(R/) _ F(O)] + e—WTZ Str(R—R/)ZF(O)’
o Sw(R-R)? p( R
= e_WTZ Str(R—R’)? [1 _ e—W2 StrRR/]F(R/) + e—WTZ Str(Rz-i-R/z)F(R/).

In both cases the function F, 1 vanishes at 0. Moreover the function 172 can be
evaluated exactly

2 / 2 /
/ dR ¢~ SUR=RY ) = / dR "5 SURPp(RYy = F(0),  (2.35)
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where the first integral can be performed directly as the one in (2.28), while the
second integral is a consequence of the rotation symmetry (cf. Remark 2.13 be-
low). We will see below these choices translate in two equivalent representations
of the operator T acting on f. We first need some notation. For f R? — R we
define

G010 1= SO) (.36
By 110) = o [ EWE 1y ang an, (2.36b)
R2

where

(A =% = (A1 =27 + (ha — 45)?
coincides with Str(R’— R)? when both matrices are diagonal. Moreover we denote
by A the multiplication by

A=A1—iAy=StrR
(from the Ber term in (2.4)) and by A the multiplication by A = A; + i A, so that
—A _32
M H) = f ).
Finally we denote by e~V — the multiplication by e=V® (cf. (2.25))

Proposition 2.11. Assume R + F(R) takes values in even elements of the
Grassmann algebra and F(R) contains no Grassmann generators except £,
(equivalently p, p, since n = pla —ib)™ and §¢ = —p(a — ib)™', cf. (2.24)).
Assume further that F is invariant under superunitary rotations F(R) = f(A) so
that
feClR?), [f)] < exp(K[A?)),

where K < W?2/2. Then TF is also rotation invariant. Moreover, T can be
represented as an operator acting on C1(R?) (TF)(R) = (T f)(A), with

2 —
Ti=e Ve T Mg, 4T, (2.37a)
T:=e VA8, A" = eV 8+ eV T(id—5p). (2.37b)

Remark 2.12. Note that (T f)(0) = f(0), thus if f vanishes at the origin, so
does T f. For f vanishing at the origin we have then T f = Tf.

Remark 2.13. A direct consequence of this result is the following localization
identity:

/ AR "% STRZE(R) = (SF)(0) = (T1)(0) = £(0) = FO).  (2.38)
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The above decomposition appears already in [12] and is a special case of the
general framework of Berezin integration [3] applied to the conjugation supersym-
metry at hand. Generalization to more complicated supersymmetries has been an
important theoretical tool in condensed matter physics. All such results are proven
by an inspired sequence of elementary applications of Stokes’ theorem. We give
a proof of the present simple case for the convenience of the reader.

Proof. Let F be as above. Then setting
A = diag(L1,iA2)
we get from Lemma 2.5
(TF)(R) = (TF)D)
='W / AR ¢~ SuG=RY ()
= ® / AR &5 SUO=RD? 3r 1)

=/ =/

=e—V()L)/ dR/e—WTZStr(i—R’)Zf(a/+ PP b —i pp )

a —ib’ a —ib
=/ ./ =/ ./
_ V) /W2 Su(A—R)2 ( , pp ;. PP )
=e dR e 2 a b —1i .
/ / +a’—ib/ a —ib’

The arguments of f are even elements of the Grassmann algebra, hence

S R A WYV 4 - b
f(a+a’—ib”b la’—ib/)_f(a’b)-i_a’—ib/(aa/ 1O J (@ D).

Moreover
o5 SUG=R)? _ =Y (@ =A)2+ (0 ~42)>+20 o)

2 / ’
— oI @A) (1 _ 25 ),

Inserting all this in the integral we obtain

e"M(TF)(h)
da’ db' _w2 ,
= W2/ azTe—WT((ﬂ —A1)2+(@® —12)2)f(a/’b/)
da’ db' _w2 , 1
_/a_e—Wr((a SPHC D) (), —idy) f(ab)
21 a —ib

=hL—-1DI
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The second integral can be reorganized as follows:

da’" db’ 1 . W2y
12 - / 2w a —ib’ (aa’ _lab/)[e 5 ((@'=A1)"+(b'=A2) )f(a/,b/)]

da' db’ 1 ;. .
+W2/ o a/_ib/[(a —ib") — (A1 —i)y)]
W2 (@ AP+ ~ADP) p gl
lem2 f@'. b

2
— —£(0,00e=" 2 CTHD) L [ — (A8, AT ().

In the first line of the previous chain of equalities we used Stokes theorem in the
form of the Cauchy—Pompeiu [= Cauchy—Green] formula

dadb _ - d -
/ aa 5 2(08)(a.b) = —2mg(0) + 95 —Zg(é“, £, (2.39)
|¢]<r g|=r

where

0g — 1 0p

—

The first term on the right hand side vanishes in the limit r — oo as long as our
test function f(A) does not increase too fast. This concludes the proof of the first
representation for J. The second one follows from

{=a+ib, 0

I = £(0,0) + W2 / daz/ndb/e—wzz((a/—ll)“(b"“)z)[f (a'.b") — £(0,0)]
= £(0.0) + T,
and
0y —i0p) f(a',b") = (80 — i 0p) [ f(a'. ") — (0, 0)]. U

Recall that G[HN]|(E) := (E+ie—H)™! and that J, are the matrix elements
of J = —W2Ay + 1, and set

— / dk;:)u [TX=Ym AP . TY27 )1 AnI‘J‘YI_le_V](A)

. [eV(A)A—l][g'ym-H—xAnm-Hg’ym+2—ym+1 .. ,Anqg'N—qu—V]()L)
(2.40)
where ¢, m, n;, x, y; are defined as in (2.19). Also set, for x < x’,
L d A.l d Az eV(A’)
2 Al - Z)Lz
and for x” < x set Iyy» = IN—x+1,N—x'+1- As we see from the proof below, these
definitions are consistent with (2.19) and (2.17).

Ly = [T eV )[TF ATV eV ().
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Corollary 2.14. For y,y' = 1,---, N, we have the following representation:

K oo 1150

1 dkl dk2 V(/l) -1 -V N— i 74 (241)
— _~ 7 T* A)[TH A
8+2Jyx o e Mt e ),
N
;i\lg (Gyy [HN)(Ee)Gyry[HNI(Ee)) = —Jyyr + > Jyadyr L. (2.42)

xx'=1

Forn > 1,

lim O (Tr G[HN](Ee))

ALy 2.43
SCryY Y eSS vy 09
q=1 ny,. nq>1 m=0 1<y <y;<-<yg=<N

ny+-+ng=n IYm=X<Ym+1

Proof. From Corollary 2.2 and relations (2.17) the proof of the first two identities
is reduced to study

I = / dadbdpdpafi(h), i=12,
with
fi) = "I e Q).
oAy 1= "PTF L VI) [T ATV V().

Then

o ) . op . PP
I; __/da dbdpdpaﬁ(a+a_ib’b la—ib)

:/da dbdp dpa[fi(a,b)+a'i—pl.b(aa—l'ab)ﬁ(a’b)]
:_/d“dba L (0a—idp) fi(a.b)

27 a—ib
dadb 1
= (a.,b
/ 2 a—ib (@.b)

where in the last line we applied again Stokes theorem (2.39) and we used
afi(a,b) = 0 fora = b = 0. The proof for the third identity is done in the
same way. O
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3. Analysis of the transfer operator

So far we treated ¥ and T as formal operations. To apply spectral-theoretic
methods, recall that for f vanishing at the origin, T f = Tf, and hence

T f =T"f = Ae "85, A f = Ae 3V (e727 85,672V ez AL 1.
(3.1)
It is safe to use expressions such as e~ 7 and V', since e does not vanish except
if E =0atA, =1 (cf.(2.15)). We will show in Sect. 4.4 below this problem is
easy to deal with. For f sufficiently regular (but not necessarily vanishing at zero)
the computation of J” f* will be reduced to the following two ingredients.

i. We show in Section 3.1 that the operator e_%VS;Vze_%V is bounded in
L,(R?) for any p € [1, 00|, and spectral theory yields a good bound on its
norm for p € (1, 00).

ii. In Section 3.2, we construct a solution u of the eigenvalue equation Tu = u
satifying in addition u(0) = 1. Unlike Section 3.1, the argument relies on
explicit elementary computations rather than on methods of operator theory,
and the term “eigenfunction” is used without specifying the construction of
the operator.*

We recover then T7” f from (i) and (ii) via the decomposition
f = Ou+[f = f0)u]
as follows:
T'f = fOu + Ae"2V (e 2V 58 e 2V VeV AT — F(O)u).

Note that u(0) = 1 ensures (f — f(0)u)(0) = 0. The results of this section mostly

32

pertain to the case |[E| < /5.

Section 5.

The extension to all |E| < 2 is discussed in

3.1. Operator norm bound. Denote by || - ||, the operator norm of an operator
from L,(R?) = {f:R* > C | || fl, < oo} toitself.
We recall for further use that, for an integral operator with kernel K,

[Klloo = Sup/dlid%lK(hl’)I, 1Ky = SUP/delle(hW)l, (3.2)
A Py

4 A proper operator-theoretic meaning can be given by constructing the operator in an
appropriate weighted Hilbert space; this, however, is not required for our argument.
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and thatforall 1 < p < 00

1 1—1
1Ky < IKI7 1K oo ”- (3.3)

The combination of the relations (3.2) and (3.3) is known as Schur’s bound. It
immediately follows from (2.36) and (3.3) that ||§},, |, < 1 for any p € [I, 00].

It is also easy to check that, for 5 |E| < %, 91V (A1) has non-degenerate global

minima at A = 0, and A = (O, 24/1— ETZ), with value 0. In particular, #V > 0,
so that

32
le™Vllp <1 for |E] < |/ p e [1.ocl. (3.4)
where [e~" ||, means the operator norm. In particular,
* 4 -V ox —V/2¢x -V/2 32
18526 " llp- le™" 8gpallp. lle™ 852" " llp < 1 for |E| < /== p €I, 00].
(3.5)

The following standard semiclassical argument improves these bounds for 1 <
p < oo.

Proposition 3.1. For any p € (1, 00) there exists ¢ > 0 such that

D B | c 32
le™2Ve3ae™2llp < 1= for|El </

Remark 3.2. The estimate fails for p = 1, co: indeed,

_lyae 1 _lyae 1
le™2" 85072 I = lle™2"850e 72 [|oo
2
= sup / dA’ldA;e—%mm)Z/—e—%WZQ—”)ze—%WW)
A T
=1-0(W™2).

Remark 3.3. The proposition implies that
1™ 832 1. 1Gae™V¥llp < (1= /WK for p e (1, 00).

Proof. We prove the estimate for p = 2, in which case this is a standard semiclas-
sical argument (see [27]), which we repeat for the convenience of the reader. The
general case follows from the case p = 2 and (3.5) by Riesz—Thorin interpolation.

SAtE = %, RV develops two new local minima. The value at these minima is positive

until |E| = 1.893--- > ,/ % = 1.885... (no analytical expression available), and the results
of [34] as well as the argument of this section actually hold until this threshold.
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It suffices to show that ||e_%mV5;Vze_%mV||2 < 1— . Let x1, 2 be smooth
bump functions in a sufficiently small (but W -independent) neighbourhood of the

minima 0, (0,24/1 — —) of RV, and let x3 be so that y3 + x3 + x3 = 1. We
have

e zswa* eI = Z yie 2§RV8* e 3 i eIV 43RV

i=1,2,3

where A has the kernel 18* 2 A 32 () — i (A)]? and we used the relation

xiW)? + 1A = i) — i AP + 26 ) xi(d).
Therefore, using ||e_imV||2 <1,
Ll 1 Clgip w1
lle 2mV5w2€ 2, H ine sz(Ser i Hz + 142
i=1,2,3

From

Z[xz(k)—xl(k)]z (A= 2)?F(. 1)

with bounded , it is easy to show with the Schur bound (3.2) (3.3) that ||A|> =
O(W~2). Further,

N _1
| Eaer sy tal,
i=1,2

| 1
— —5 RV ox —5RV
= Ssup § : (Xi®. Lsuppy; € 27" Sppae™ 27" Lsuppy; Xi )
l¢ll2=1;_17 3

_1 _lgy
SmiaX [ Lsupp x; € sz(g;Vze 2% ]lsuppxi”z”;“uP Z ||Xi¢||§
2=li=123

_1 _1
= max || Lsupp ; € 29{”’8[*4,2e ZERV]lsume”%
1

For i = 3, since RV |supp x5 > 0,
1 1
—IRves gy
[ Lsuppxze 2" 8pae 2" Laupp yallz < ¢ < 1,
uniformly in W. Fori = 1, 2, since the minima of %} are non-degenerate,
1 1 722 712
—5RVex —5RV —c'A%ex  _—c'A
[Lsuppx;€ 27" 8p2€ 27" Tsuppy; 12 < lle Spre 2

for some ¢’ > 0. For self adjoint operators, the L? operator norm is equal to the
spectral radius, and the spectrum of the harmonic Kac operator e=¢'Ag I*We_‘”z
can be computed explicitly, givin PR L s < 1 — ¢ The claim
p plicitly, giving w2 14

follows for p = 2. O
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The following corollary will be a key ingredient in the proof of our theorems.

Corollary 3.4. Let f € L, with 1 < p < oo be such that A=' f € L,. Then we
have foralln > 1,m > 0

n—1
IA"T" fllp < "+ D (1= 52) " 1A F . (3.6a)
n—1
AT Sl < (1=52) 17 7l (3.60)

Proof. For the first bound we use
AT [, = A" le2Y (€72 850672V ) e ™2V 50, A7 1,
_1 AVex —AVn1l —lyax .
< A3V ool (e 72V 8002V Y eV S0, AT f 3.7)
n—1
< 1A oo (1= ) IAT f s

where in the first line we applied equation (3.1) and in the second line of (3.5) and
Proposition 3.1. For the second bound we use

IATIT £l = eV (€72 850072 Y e ™2V 82, AT f I
_1 AV ex —AVnil —lyax . —
< lle™2" [looll(e 2V5W23 2Vyrle 2V5W2A Yy (3.8)
1 I n—1 A_lf
<(1-— .
<(1=5) 1Al

The bound [|A"F1e™V |0 < C™F1,/(m + 1)! follows from the quadratic growth
of RNV at infinity. O

We conclude this subsection with a few additional properties of the 7" operator
that will prove important later.

Lemma 3.5. The following holds.
i. Let p € (1,00),n € Nand 1 < q < p such that f and A" f € L, and
A7V f € L,. Then Tf € C*®(R?) and there exists a constant C = Cp 4 > 0

such that
2(p

1 —4) —
le" A" TS llp = C"H A" fllp + VG + DWW 00 AT S ).
(3.9

ii. Letn € Nand f € Ly N Lo be a C! function such that A" f € L1 N L.
Then T f is smooth, and for all p € (1,00) " T f € L,, and satisfies the
bound

le" A"T £,
< C"MIA" 1l + VO + DUW 5 AT fl + W £ ).
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Proof. Recall that Tf = e_VA8;V2A_1 J where 47, is the convolution with
the heat kernel in dimension d = 2 at time 1 = 57, and hence e A"Tf =

A"TLS w2 % f. Smoothness follows from the regularizing effect of the heat kernel.
(i) We drag the multiplier A”*! through 8;V2, as follows. The decomposition
|An+1| < 2”(|A _ A/|n+1 + |A/|n+1) yields
27"V AT (L)
= 27 AT, AT )

* n w? YNV n -
< GjalA" SO + 5 [ daiade™ T AR IA - NI )
< G A" D) + €™ G DI 8 (A7 7).

where in the last term we extracted a fraction of the exponential decay to bound
the factor |A — A’|. The result (i) now follows from

2 =

w r—q
1832l < C77(3-) " Igllg. forall pe(loo). 1 g <p.  (3.10)

(ii) From Definition (2.37),
_wW2,2
leV AT fllp < IA"e™ 22 1,1 £ O] + lle” A" TS ||
The first term is bounded by

w242 _n_2
IA"e™ T, £(O)] < C"F Y (n + DIW 77| £(0)].

The result now follows from (3.9) setting ¢ = 1. The condition A™! f € L is
ensured by f € C;N Ly and f(0) = 1. Finally f, A" f € L1 N Ly ensures f and
A" f e Ly forall p € (1, 00). O
Remark 3.6. Note that while the function e~V is bounded, the function ¥
develops a singularity of the form 1/(A, — 1) at A, = 1 for £ = 0. The lemma
above shows this causes no problem, as long as the function appears together with
the operator 7.

3.2. The top eigenfunction. Using the bound of the previous paragraph, we will
construct a solution u of the equation Ju = u normalized to u(0) = 1. We call
this solution an eigenfunction (with eigenvalue 1), without specifying the operator-
theoretic construction.
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The strategy is as follows. First, we guess an approximate eigenfunction ug
such that Tuy ~ u¢. This is done below in Proposition 3.8. Then we upgrade it to
the true eigenfunction

o0
u=1o+ »_ T"(Tug — uo). (3.11)
n=0

The next proposition ensures that this procedure is justified, and yields an eigen-
function that is close to ug.

Proposition 3.7. Let ug € Ly N Lo be a C! function such that ug(0) = 1. We
define
v = Tug — up. (3.12)

Then for all p € (1,00) it holds v € L, and A~'v € L,. Moreover, the series
o
u=uo+y T (3.13)
n=0

converges in L, to a solution u of the equation Tu = u which satisfies
e —wuollp < llvllp + OW)IAT 0], (3.14a)
IAT @ —uo)lp < OM)IA ], (3.14b)
and
Vin+ Do
le¥ A" = Tu)lp < € (IA" (e = o)l + S 1A (e = o)),
(3.15a)
A" (= Tuo)[l, = €™ v/ (n + DYAT (0 — uo)lp. (3.15b)
The limit function u is independent of the initial choice for uy.

Proof. Inserting the definition (2.37) of T and using u¢(0) = 1 we have

_y_W2,2
v=Tug—ug=e V-4 —ug + Tuyg.

From ug € C!' N L and uy(0) = 1 follows A~'uy € L; and

2 »r—1

. A WINPT A=
18528 wollp < (5-) 7 1A ™Mol forall pe (1oo). (3.16)
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whence Tug € L, and A™'Tuy € L,. Moreover Tug € C°, hence v is
continuous and v € L,. Finally ug € C' N Ly and eV @ = 1 = u,(0) yields
2
A e V="54 _yg] € L,, hence ||A~1v]|, < o0o. Since (Tup)(0) = uo(0) we
have v(0) = 0 hence TJv = Tv and for all n > 1 it holds
_1 e\l
17"l = I7"0llp < 1Ae™ lloo(1 = 2) " 1A vl (3.17)
where we applied equation (3.1) and estimate (3.6). This inequality implies
convergence of the geometric series and the relations (3.14). Since (7"v)(0) =
v(0) = 0 we have u(0) = 1 and u(A) = limy 00 T 1ug, hence Tu = u. Finally,
for any two initial functions uy, iig, (vo — tip)(0) = 0 implies T"(up — tip) =
T (uo - 120)

The estimates 3.15) follow from (3.9) together with the relation
u = TJug + T(u — uyp), (3.18)

which is obtained from (3.11).
The independence of the limit of u follows from (3.17) again. O

3.2.1. Approximate eigenfunction. We need to make a good choice for ug in
order for u — u to be relatively small. Since we expect u to be also eigenfunction
of the supersymmetric operator ¥, we take as initial ansatz some function Uy (R)
invariant under superunitary rotations hence Uy(R) = uo(A). Guided from equa-
tion (2.29) and Corollary 2.10 and in analogy with semiclassical analysis we take
as ansatzs

UO(O) (R) := e~ @WSu R?

’

M
UO(M)(R) = e—aWStrRz(l 4 ng(])(R)), M > 1,
j=1

where Q) is a polynomial in R of degree j, consisting of sums of products of
supertraces, which we assume invariant under superunitary rotations Q) (R) =
¢ (). Finally « € C is some constant. Then from (2.30)

M
(TUMN(R) = ™V e SR (1 L 37 9O)(R))
j=1

M
_ WSt R? [ea(l—u)WStrRz—V(R)<1 +>° WQ(")(R))]s
i=1
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where
GO = [ diez (RYQD K + B,
M
We introduce the rotation invariant error function

El‘l‘(M)(R) = eaWStrRz [(I(UO(M)) _ UéM)](R)

M
. ~6)) _ 0w
_; WY (R)— QY (R)) (3.19)

M
4 [20—WW SUR?-V(R) _ 1]<1 +y WQ~</)(R))_
j=1

By abuse of notation we will use the same letter Errf™)(.) to denote the function
of R and the function of A. Then

v (1) = TuM — M (1) = =22 Ere®D (). (3.20)
Hence

1
”U(M)”;I; =/d)t|v(M)()L)|p — W/dMe—(xAZErr(M)(A/\/WNP.

The precision of our approximation is therefore determined by the leading order
in W=2 from Err(R/~/W). The following proposition shows we can make this
error function at least as small as O(W™3).

Proposition 3.8. Ler « be the solution of the equation o*> = (1 — €?) with
Ra > 0. Ser 0V = 0@ =0 and

0P (R) := ¢5 Str R,
OW(R) := cdStr R* + W=t Str R? + c2W~1(Str R)? + 2 W (Str R®)?,

O (R) := c2Str R® + ¢l Str R® Str R? + ¢2 Str R*(Str R)?
+2W ST RSt R* + W' Sr R + 2 W2 Str R
+ W Str R? Str R* + ¢IW?(Str R?)?,
(3.21)

where c3, c;{, j=0,...,3 and c5’ j =0,...,7, formthe solution of the following
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system of equations:

3 84
3Qu)cs = 3 4Q2a)c) — 9c; = T ch = —a?,
20 ;& 0o_ & 6
Ra)c; —c4 =0, 6Q2a)cy = ?03 5Qa)c; = 5 + 12¢3,
&3 &3
5Qa)cd = ?cj, 5Q2a)c2 —2c8 = ?cf, 3(2a)c3 — 5¢2 —6ck =0,
83
(Z(x)cg — 2c§ = 2(2a)%c3, (2a)c§ — 262 =0, 7(2()t)c56 — 3362 = ?cg,
;_ & 5
92u)cs = 5 Ca-
(3.22)
Then for all p € [1, 0o] it holds
@, =0 rw=3), AT, = oW W,
|, = oW sw="57), AT, = oW rWwY), M =3,4.5.
(3.23)

Proof. It is more convenient to study the error term in R coordinates. After
rescaling R — W2 R the polynomials 03, 0* can be written as

0O W™ER) = —5Ps(R).
0WOWER) = — Py(R),
0O W™2R) = ——Ps(R).

where we defined
P3(R) := c3 Str R3,
P4(R) := c; Str R* + ¢2 Str R* + ¢ (Str R)? + ¢ (Str R?)?,
Ps(R) := 2 Str R® + ¢2 Str R? Str R? + ¢2 Str R*(Str R)? + ¢2 Str R Str R?
+ 2 Str R + ¢2 Str R + ¢8 Str R® Str R* + ¢I(Str R?)3.

The W prefactors ensure that all terms in P4 contribute to the same order /W -
and all terms in Ps contribute to the same order ~/W _5. It follows from Corol-
lary 2.10 and the additional formulas in the appendix

1

—Py(R), M =345,

0 (W2R) =
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where

P3(R) = P3(uR) = p’c3 Str R,
- 1
P4(R) = P4(uR) + 7 [2¢4 1> (Str R)? 4 9cgu® Str R* + O(W™3),

= 1

Ps(R) = Ps(uR) + W[ch Str R Str R? + 6¢4 Str R Str R? + 6¢Z Str R?
+ 2¢3 Str R 4 ¢£[2(Str R)? Str R® + 12 Str R]
+ ¢23% Str R? Str R*]

+OW2).
On the other hand

1—¢&2 &4

V(R) = StrR* =)~ = Str R
2 q!
923 (3.24)
1-¢&2 2 2 €7 g i 454 '
=5+ =) S - ),
q=3 1’

where the sum is absolutely convergent for [A| small. Moreover

w=(1+ 2%)_1 = (“20)"W",

n>0
WA —p) =2apn = Qa) — a)*’W L+ oW ™2).
Rescaling R — W ™2 R and setting 202 = 1(1 — €2) we obtain

[W (1 — )WL Str R — V(RW™2)]

1 1 1 _
V3(R) + — Va(R) + — V5(R) + O(W?),
W2 W2 w2

where
83
V3(R) := 3 Str R3,
84
Va(R) := - Str R* — 403 Str R?,
85
Vs(R) := = Str R>.
Hence,

1
o (1—11) StrR2—V(RW ™~ 2)

=14+ W 3Vs(R) + W 3Vy(R) + W 3Vs(R) + O(W ).
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Inserting all this in the rescaled error function yields for M = 0
Err@(RW™2) = W2 V3(R) + O(W™2) = O(W™3). (3.25)
Setting 6ac; = % we obtain for M =3
Err®RW™2) = WGP RW™2) — 0O (RW™2)]
+[1+ WO RW )] W 3V5(R) + O(W2)]

- %W(ﬁ _DPAR) + ﬁvs(ze) Lo (3.26)
= W3 (—6aP3(R) + V3(R)) + O(W™2)
= O(W™2).

For M = 4, inserting the values (3.22) we get
Err(4)(RW_%)
= WGP RW™)QPRW™2) + 0W(RW™2) - QW (RW2)]
+ 1+ WODRW™2) + 0D (RW2))]
(WTEV3(R) + W2Va(R) + O(W3))

_ —8cla+9 4+8—4 Str R* + (—4c2a — 4a®) Str R?
=2 cuo [ 1 r cjo —4a r
83
+ (—4cja + 2¢,)(Str R)* + (?cg — 12aci) (Str R3)2]
+OW3)
— OW3).

Finally, the same arguments yield Err(s)(R W_%) = O(W~3). The result follows.
O

Remark 3.9. Note that Proposition 3.8 remains valid for all | E| < 2, since it only
relies on the properties of the kernel in the vicinity of the origin. For the same
reason, the conclusion remains valid if the kernel (or the contour) is deformed
outside a vicinity of the origin. We shall use this in Section 5.

A first consequence of these results is the following Corollary.
Corollary 3.10. Let ugo)’ ug3), ug4), and ugs) as above. Then for all p € (1, 00),

_1_1 _ _1
e —ul |, < OW 77 2), 1A @ — u{)l, < OW )
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for M = 3,4,

M—2)

M _1_Wwm—-1) _ M _1_
lu—ul N, <072, AT w—ul), <ow ),

and
e —ul||, < OW=573), 1A~ = u®)]l, < ow--3)
Moreover
lullp < O(W %),
A% < C"/mlOW~5-%) Joralln> 1.

le¥ A"ull, < C"FIrl(OW™F72) + OW ™7 3)) foralln > 0.
Note that combining Proposition 3.8 with equations (3.14), we have
= uf”ll, < OW 7). 1™ 0 = uf)l, = O,

and, for M = 3,4,5,

(M—=2) (M=2)

M _1_ _ M _1_
e —ul™), <o 2 0), AT w—ulM) |, <o ),

To improve this bounds, we need a longer argument.
Proof. First, note that

u(()3) _ ugo) — e—atW/l2 Wq(?,)()&),

and
ugM+1) _ ugM) — e—(xW/12Wq(M+1)(A) for M = 3. 4.
Then [lu—ul’ |, < lu—ul|l,+ ud —ul?|, < O(W_%_%). Similar arguments

show that the norms for the cases M = 3,4 are also improved by a factor %
This argument yields no improvement on ||[A~!(u — u{)||,,. because the A~
term generates an additional factor W2, To prove the last inequalities note that
™|, = OW™7) (for, say, M = 0) yields [[ul, = O(W~ 7). Moreover
inserting (3.18),
3 3
|A"lp < IA"Tugllp + A" @ = Tug))l,

< A" Tug” |y + €™Vl AT e = uo)l

< CMLOW TP E) + O(W TP 2))

— "L nlO(W TP L),
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where in the first line we used (3.15) and in the last line we used the explicit
expression Tul? = e~V e=eWini2 (1 1 w343 (1)), together with the constraint
n > 1. The same argument yields the bound on [e" A"u/|,. O

Remark 3.11. In the rest of the paper we will mostly use u((,o) , uff ) and u((f). While

the latter gives a better approximation of u, the first two are easier to deal with.
This last feature is particularly useful in some parts of the proof.

A key ingredient of our proofs will be the comparison of the function e~V

where the operator J” applies, with the exact eigenfunction u. This is done in the
following lemma.

Lemma 3.12. Let ugM) as above and u be the solution of Tu = u constructed

from u((,M) via (3.11). For p € (1, 00), it holds

Ie™ —w)l, < C. (3.27a)
Cw2r for p > 2,

AT e —wl,<{CmW forp=2, (3.27b)
C for p < 2.

Proof. The first bound follows directly from [le="|, < O(1) and Remark 3.11. It
suffices to prove the second bound replacing u by uf,o). Indeed by Corollary 3.10
1A= @ —ul®)], < O(W2"7) where W37 <InW for p = 2and W27 < |
for p > 2. By similar arguments we can replace e~V by e~2h

We have

2. .
in the estimate.

o0
2
IAT e 2 — e 12 < C / 1Pl — oWt p gy,
0

. . L . . _1
We use different bounds in the various integration regions. For t < W™2 we have

Ex
Ey

R —War2 p_
17Ple=r —e Wt \pgr < cWP | Pt = oW e,

o

(=}

. . _12 —Wat2
In all other regions we estimate e~ 2 and e~"%!

give

separately. Direct computation

o0
1P Wrhe? gy _ c 5=l and /tl‘l’e‘él”zdt = 0(1).
1

%‘”\8
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Finally
1 C for p < 2,
/tl_”e_él”zdt <4 ClnW forp=2,
CWz! forp>2.
This concludes the proof. |

4. Proof of Theorems 1 and 2 away from the edges

Throughout this section we assume that |E| < ,/%. This assumption will be
relaxed in Section 5. For technical reasons we will initially assume also £ # 0.
We will explain at the end of this section how to deal with £ = 0.

4.1. Preliminary results. Recalling the definition of p(£) and px (E) (1.5), the
relevant quantities to study are

hm (TrG[HN](ES)) and li\i%(Goo[H](Es)),

where Hp is the finite-volume operator, whereas H is the operator in infinite
volume. From (2.41) we have

1
lim = (Tr G[HN](E.) = Z IN(). @.1)

where

1 dA; dA _

In0) = 5 [ SR DT e )
27 ) A1 —ils

For the individual diagonal matrix elements of the finite volume resolvent, we

have a similar expression

lim (Gy, [HN](Ee)) —
N0 (4.2)
=W (UnG =D+ IvG+ D)+ QW+ Din(). y#LN.

Recall that u is the top eigenfunction constructed in Sect. 3.2 above, i.e. Tu = u
and u(0) = 1. Inserting the decomposition e™" = u + (e=" —u) we get for k > 1
(cf. (3.1))

TeV =u+T¥e™V —ul =u+T5E" —u)
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where we used (e~" — u)(0) = 0. Therefore,
INY) =1+ L(y—-1)+ LN -y)+L:(y—1),

where

1
I = —/ dAy dAs[A e Tu?, (4.3a)
2w
1
L(k) = E/ dA; dA A e [T e —u)], 1<k<N, (43b)

I3(k) = % / dAy dA AT TR eV =] [TV %™ —u)]. (4.3¢)

Note that /; is independent of N and y. The following proposition estimates
the decay of /, and /3 and is a key ingredient for the proof of our results. The
estimate we obtain here for /5 is not optimal. We will prove a stronger bound in
Proposition 4.3 below.

Proposition 4.1. Let I, I3 as above. Then for all k > 1
\L(k)| < CW™2(1 — ¢/ W)k, (4.42)
[I3(k)| < C(InW)?(1 —c/W)N—4, (4.4b)

Proof. For k > 2 we write

B = [ S 0100 AT )

Inserting absolute values and setting é + % =1, p > 2 yields

2| L (k)| < 185-ullg AT T* 2™ —u)l,

_ _ ¢ \ max{0,k—3}
< lullglA™ €™ =)l (1- )

1%
< CW%W%—%(l - %)k_z
=cw3(1- %)H,

where in the first line we applied eq. 3.6, while in the second line we used (3.27)
for p > 2 and Corollary 3.10. For £ = 1, using again (3.27) for p > 2 and
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Corollary 3.10, the bound reduces to

27| ()| = ‘/ dAy dAueV A7 eV —u)

v -1.,-V
< [lue” llgllA™" (™" =),

< O(W™2).

It remains to prove the decay of /5(k). Since N > 1, itholds k —1 > 2 or
N —k > 2. We assume without loss of generality k — 1 > 2. Then applying (3.6)
and (3.27) for p = 2 we get

2| I3(k)| = ‘/ dA1 d A28 [AT TR 2 (e —w)|[TV (e —u)]

_ _ _ _ c \N—4
= CIAT e —wllAT e —wla(1-5)
N—4

— O((In W)2)<1 - %) . O

A first consequence of this estimates is the following representation for the
infinite volume Green’s function.

Proposition 4.2. Let 11, I, I3 be as in (4.3). Then

lim(Goo[H](E,)) — € = I1, (4.5a)
e\0

N-1
lim {{(GoolHI(E) = 4 (Tr GLHNIED)] = L2100+ B0 43)

Proof. Let y = y(N) so that min(y, N — y) > N0 and rewrite

(Goo[H](Es)) = (Gyy[H](E))
= (ny[HN](ES)) + ((ny[H](Es) - ny[HN](Es)))-

For fixed €, the second term vanishes in the limit N — oo. Indeed, it is equal
to a sum of several boundary terms such as (G, [Hy](E:)G1y[H](E;)). Each of
these terms tends to zero: indeed, |G1,[H](E)| < € !, whereas (|Gy1[Hn](E:)|)
tends to zero by (an appropriate version of) the Combes—Thomas bound (see
e.g. [1]). Precisely let Xy denote the event |(Hy)jx| < K N"lek/z, where
Jik = (=W?2Apy +id)~! is the covariance of the random matrix Hy and decays
exponentially J;x < cwe VKW 0 < @ < 1and K > 1 are some fixed
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parameters. Thensup, >, |(Hn)xy (e8x=YD_1)| < K’N* as long as lek/2e5|j_k|
retains some exponential decay. By Combes—Thomas,
(1Gy1HNI(Ee) L) < e 71N —— 0,
N—o0

where ¢ > 0 is some constant and we used y/N% — oo as N — oo. To conclude
we show that X'§; has vanishing probability:

(G [HNI(E)llys ) < € P(XS)
< KE_I Ze—CNza
ij

— — 2a
< Ke 'N2e™N™ 5.
N—>oo

We obtain (recall y = y(N))

(Goo[H](E¢)) (Gyy[HN](E)) (Gyy[HN](E))

lim = lim lim = lim lim
e\(0 eN\0 N—o0 N —00 e\(0
where in the last equality we can exchange limits since after translating to
the saddle in the integral representation for (|G,1[Hn](E;)|), all integrals are
bounded unformly in €. The result now follows from representation (4.2) and es-

timates (4.4). O

Using this Proposition, (1.8) and (1.8) of Theorem 1 reduce to a study of /; and
I, I3, respectively. However, to obtain the error estimate (1.8) we will need an
improved version of (4.4) for I, (k) that requires substantial more work. This will
be done in Proposition 4.3 below. The bound on /; follows from the properties of
u, in particular, its approximate symmetry under A — —A. The argument is given
in section 4.3 below.

4.2. Proof of Theorem 1
4.2.1. Convergence to p. Our goal is to prove |py(E) — p(E)| < % for

|E| < +/32/9 (away from the edge) and N > C(E)W log W. Recalling the
definition of p(E) and py (E) (1.5), Proposition 4.2 implies

N-1
pn(E) = p(E) = ——3[ = Y250 + )]
y=0

A direct application of (4.4) yields |pnx (E) — p(E)| < %W%. To extract the
correct W prefactor we need the following improved version of (4.4).
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Proposition 4.3 (improved estimate on /(k)). Let I be as as above. Then
LK) <O H(A—c/W) k=4 (4.6)

Proof. Note that for any (regular enough) functions f, g it holds

/ dAy dAsg[T" f] = / diy AT (N2 eV A2 F. @7)

Replacing f = (e7” —u) and g = A~"e"u the integral I5(k) can be written as
27[12(k) = / d)tl d)Lz[A_leVu][Tk_l(e_V —M)]
(4.8)
= / dAy dAs[A72eY (7Y —w)[T* 1 (Au)).

The proof of the Proposition relies on two main ingredients:(a) Au is an approx-
imate eigenfunction of 7 with eigenvalue u, i.e. T(Au) >~ w(Au) and (b) the
contribution /,(0) from k£ = 0 is smaller than expected. More precisely

Proposition 4.4. Let ul” (1) = ="+ and ulP (1) = e "2 (1 + Wg® (1)),
as in Proposition 3.8, with ¢ (L) = c3[A3 — (iA3)]. Recall that p = (1 + ZW“)_I
and the definition of v®™) in (3.20). Then

T(Aul) = w(AuS) + A Rem(d) (4.9)
where
M3 % .. (0) 0 3
Rem := 3C3WA(MO + @) 4@,
Moreover,

n—3
I~ eV [T (M) — " (Al < CW 27 (1=52) 7 for p e (1.00).
4.10)

Proposition 4.5. Let
1 L
Lo(k) := guk I/dxl d 2 [A7 e —w)le¥ uld).

It holds |
1Lo(k)| < ClulF'w—.

The proofs are given below. We decompose now the integral in (4.8) as

Ir(k) = Iz,0(k) + I2,1(k) + I23(k),
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where I, o was defined above and

1
I (k) = Z/ dAy dAs[A2eY (e — [T (Aul?) — 1 Au$D),

L(k) = %/ dAy dAs[A72eY (e — [T (A — ulP))).
For the first integral we obtain
27 L] < A" (e - u>||p||A—1eV[Tk—‘(Aué3)> - 1 Augll
1L ¢ \k—4
<CWZ W™ k(4— W)
e k-
=cw(1- W> .
where we applied (3.27) for p > 2. Finally, applying Corollary 3.10

27 Lok < 1A e —w)lpIA e [TF (A — uf )]l

= AT e —wllp 185, ATHTE 2 (A — u$))]lg
C

k=3 3)
<c(i-5) wrrlhe—udl,

3 s k—3
— oW z)(l - W> .
This concludes the proof of Proposition 4.3. O

Proof of Proposition 4.4. Note that both V' and ”o M) have a representation as
functions of the supermatrix R. Moreover Au ) vanishes at 0. Then we can rewrite

[T(AugM]A) = [T(AugHIA) = [FSr() UV (R) R=diag(hr i)
where we used A = Str R. From equation (2.30) and Lemma A.1(d) we find
T[St () UsV1(R)

3u3es Str R?
W StrR

= pStr R[SIUS(R) + TUIR) |

= uUL (R)Str R

3,LL s Str R?
"W SR

= pnid[Str()UPI(R) + p Str(R) Rem(R).

+ uUQ (R) StrR[Err(3)(R) 2T En©(R) + 1)]

where

3ules Str R?
W StrR

Rem(R) := U”(R)Err®(R) + == U (R)(1 + Err®(R)),
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and Err® Err® were introduced in (3.19). Then (3.20) yields (4.9). In order to
prove (4.10) we insert the decomposition

n—1
T = ptid+ Y " EN(T - pid)
=0

and we obtain
n 3)\ _ «n (3) . )
T"(Aug”) = T [Str(-) Uy 1(R)| R=diag(A1 i A2)
n—1
= p"Au$’ () + Y " TA Rem(2).
1=0

Using |u| < (1 — 55) we get

1A Y [T (AuS?) — 1 (A,

n-l n—1-1
=Y (1-57) 1A [T (A Rem)]l,
=0
n—3
<(1=57) Tle” Rem |, + n|| Rem|,]

< (1= 5-)" e Reml, + W] Rem|l]

The estimates (3.23) now yield
| Rem |l < 0@, + W [Aug”l, + W Av @,

—OW )+ WlOW T2y + WwloW T2

= O(W377),
The same bound holds for [|e” Rem ||,. This completes the proof. O
Proof of Proposition 4.5. Inserting the decomposition

eV —u)y=(" - uff)) + (uff) —u),
we get
Bo®) = 51 g + os)

where

Dow = / iy dAa[A7 e = u@)e u).

B = [ a2 dala™ ) ~ wlie" uf
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Decomposing further
1—eVu (3) —1— u(3) ( 1)u(3)

we get

120a_/dA1 A2 A Y /d)tl d A wdP)?,
@.11)
—/ dAy dA A [l (1 — e ) uPe].

The first two integrals vanish. This can be more easily seen by going back to R
coordinates

_ / dRaug”(R) (4.12)
:/dRae_"‘WStrR2+WC3/ d Rae™WSUR gip R3.

The first integral equals O by parity, the second by explicit computation. In the
same way

1
2—/ di dA2A—1(ug3>)2:/dRa(ug”(R))z,
T
= chf/ dRae_z"‘WS"RZ(S‘[rR3)3
=0,

where the last integral vanishes by parity and the other contributions vanish using
eq. (4.12). Hence, using 1 — e~V = O(1?),

1L.0.4] = ‘/ dA; das A7 P (1 — e V) ulP e
< 1A (1 — e lplus’e” Il
— OW TR OW ) = O(WT3).
Finally, using Corollary 3.10 again
06] <IAT @ =), lleVul g < OW 7~ How™7) = O(W3),

This concludes the proof. |
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4.2.2. Semi-circle law. Our goal is to prove that the infinite volume density of
states p(E) satisfies |p(E) — ps.c.(E)| < O(W~2) According to Proposition 4.2,

1
lim (Tr Goo[H](E:)) — & = NL[E] = —/ A dA"te u?,
e\0 2

hence |
P(E) = psc.(E) = ——311.
Inserting the decomposition
u=ul + w—ul),

we obtain
L=ho+2hLi+ 113,

where

1
I = 7 / di; dAzA_leVW(ugs)){
1
I = T / dAq d)LzA_leV(A)u(()S)(u —u((f)),

Ly = %/ Ay dA ATV P @ —u$)2,
The second integral is easily bounded by
1l = e Pu 1A 0 = ug) g = O PO TT72) = 0w 27),
To control the e" factor in 1 1,2 we insert the identity
u— ugs) =0v® + T(u— ug)

and we obtain

|11,2]

IA

1A =)l lle” Dol + 110t = )| A T =),
< IAT @ =)l e Doy + 10— 13)l)

<O P WTHOW ™) + O T3

= oW 72,

A

where we used the fact the

v® = ‘quf) _ 7/lgs)
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. — 2
has always an exponential prefactor e ~*"4

that (3.24) yields

. Finally, to compute /; o, we remark

2
54+ 0.

V(L) =

We decompose
2m)lo = T0a+ 11,00

with

_e2
Il,O,a = / d)&l d)&gA_IBV(A)(l —elﬁe_kz—V)(u(()s))Z’

_e2
Il,O,b = / d)kl dA2A_lel 25 Az(u(()s))z.
The first integral is bounded as follows

_ 1—e2 4.2 5 5
Ioal < 1A (1= 2 2 1e ),

=O(W™2).
The remaining term /; o p is estimated using
ME)S) — e—aW)Lz(l + WC](3) + WC](4) + WC](S)),

where ¢®,¢® are odd polynomials while ¢® is even (cf. Proposition 3.8).
Replacing « by
1-¢&2
W

a:=a—
we get
Iop= [ dA; day A7le 26WA2
(1 +Wg®)? +2W(q® +4¢©)
+2W2qP@® +¢®) + Wg®)?)

= / dAy dAs A_le_2&W)L2 (2Wq(5) + 2W2q(3)q(4)),

where the first term vanishes by the same arguments used in 4.11 and the other
terms cancel by parity. Finally

4

L0 < OOV I3 WI=3) p o1 T3 w2=3-3) = o(w ).

This completes the proof of Theorem 1 away from the edges. O
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4.3. Proof of Theorem 2. Our goal is to prove the estimate
|0%on (E)| < W'LC(E)"n!, n>1,
uniformly in N. Using the supersymmetric representation we have seen that
1 .
~x 0o (E) = 30 lim S(Tr GLHN)(Eo))

= %:s lim 8% Tr(G[HN](E,))

q
( 1)n ‘Nlm’nl ..... ng
Z Z n Z Z\‘ XV Yq
q=1 ny,..ng=>1 t! m=0 1<y;<ys<+<yq<N
nyt-+ng=n Ym=X<Ym+1

where ;"7 was defined in Corollary 2.14 and we use the convention yo = 1,

Yg+1 = N+1. Usmg T(Af) = T(Af), we canreorganize the integral as follows:

1
= / M[TX_Ym Anm H(T)’j—i-l_Yj A"f)‘J'y‘_le_V](A)

21 )
j=m—1
qg—1
. [eV(/\)A—l][Tym+1—xAnm+1 l_[(Tyj+l_yj A”f'*‘l)‘J'N_y"e_V](A),
j=m+1

(4.13)

where we use the convention no = 0 = ny4;. Note that by (3.6) for all m,n > 1
it holds

IATHA"T™) fllp, < C"Val(1 =/ W)™ AT £

When f = Au this estimate gives a factor |u|, = O(W_%). The following
lemma shows the bound can be improved.

Lemma 4.6. Foralln,m > 1
IA™ (AP T™) Aull, < C"V/n! (1—c/ W)™\ W72,

Proof. We decompose

T"Au=T"A(u— ugf)) + ,umAugf) +[T™ — 1d]Au(3)
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where we recall that u = (1 + 2W"‘)_1 and |u| < (1 — %)_1. Then

IA" I T™ Al
< AT A =g + [l A"l + AT — i id]Aug
< enal(1= o) e = + AT,

+ A"V ol A7 eV [T — i id) AU,

=

. 1 "
=< C”«/ﬂ(l — %)m [W‘%_1 + w-r—3 + W-p— ]

where in the first line we used (3.6) and in the last line Corollary 3.10, Proposi-
tion 4.4 and the explicit form of uff), together with the constraint n > 1. |

4.3.1. Casen=1. Forn =1,

—xdgpn (F) = 13 i 3Gy [HNI(E Gy, [HN)(Eo).
yy’

From Corollary 2.14 we have the representation

N
<ny’[HN](E8)Gy’y[HN](Ea)) = _Jyy’ + Z Jnyy’x’Ixx’,

lim
&\0
xx’'=1

where, for x’ > x,
1 4 4
Lo = 5 / diy d2aA™ BTV T AT Y eV ()

and for x’ < x we set

Ixx = IN—x+1,N—x'+1-

We want to prove now

1 c \ X' —x
L] < CW (I_W) .

We insert again the decomposition e = u + (e=" — u), which yields

Iy =11 (x' —x) + I(x —1,x — x)
+ (N —x',x"—x)+ I3(x—1,x'—x, N —x'),
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where

A1 dA
L) ::/%A—le"u[ﬂ(/\un, k>0, (4.14a)
T

dX; dA ,
Lk, k) :=/#A—leV[Tk(e—V—u)][Tk (Aw)], k.k' >0,
(4.14b)

dA; dAz

ATV [T ™ —w)|[T¥ AT* (7Y — )],
2

(4.14c)

Ik, k' k") = /

and in I3 we have k + k' + k" = N —1 > 1. To obtain I,(N — x’, x’ — x) we
used in addition (4.7). The first integral is bounded by

27| L (k)] < eV ullp |AT T Aullg
c \k
<C(1=75) le¥ulplul
k
< O(W—l)(l — %) .

where we used (3.6) and Corollary 3.10. The second integral is bounded by

2| L (k)| < AT T ™ —w)llplle” T% Aull,

< C(l - %)Hk Wt sw—a—2
= @(W_1)<1 _ %)k-}—k/

where in the first term we used again (3.6) together with (3.27) for p > 2. In the
second term we used [e¥ Aull, = O(W‘é_%) (cf. Corollary 3.10) for the case

k'’ = 0. When k£’ > 1 we apply (3.9) to get
V k' k'—1 C o —ipk—1
le" T% Aullg = IT% Aullg + 371 AT Aullg.

The estimate now follows from Lemma 4.6 and (3.6). Note that we are forced to
estimate the factor e” together with 7% Au since for k = 0 the term ¢ (e — )
is not integrable. Finally the constraint k + k" +k” = N — 1 guarantee that k < 1
ork’+k” > 1. We can assume without loss of generality k > 1. Then using (3.27)
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for p =2,

2|I3(k)| < ALV TR (e —w) || T AT (77 —u)|2
C
<C(l = )\ N"nw)?
<CU—)V W)

B G k+k/+k”
= 0w )<1 W)
if N> C(E)W InW, for C(E) > 0 some large constant. This completes the proof

of (1.10). Performing the sum over y, y’ we obtain [d0g pn (E)| < C.

4.3.2. Case n > 1. Asin the case n = 1 we insert the decomposition e=" =

u + (e=¥ —u), and reorganize the integral (eventually applying also (4.7)) as the
sum of three terms of the following form:

I = / MeVA_I[lL[(T’”f A”/)u][ ﬁ(kaA"k)u] (4.15a)
2 j=0 k=0

1

. d)kl d)kz V-1 P ARG \TmM

12 :/Te A I:jl:[l(ijA J)T O(A”"u)]
l/

[rmoans TTarmiamor™ @™ —w)]

k=1

(4.15b)

I

. dA;dAs y P AR NT,—V
I .=/Te A [H(TmJA”J)T (e —u)]
=0y (4.15¢)
. [ H(T%A%)T”‘”(e—" — u)],
k=0

where [ > 1,1 > 0,n;,n) > 1 and m;, m) > 0 for all j, k, with the constraint

1 &
Zn‘,- + X:n}c =n.
Jj=0 k=0

Finally 7, m’ > 0 but must satisfy the constraints

1 I
domi+ > mp+m+m =N-—1
j=0 k=0
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The proof now works as in the case n = 1 and yields
sl Ymax —Ymin ¢ \ Ymax—1
[t < —C"]‘[(,/_n, )[(1__) +(1‘W)

) )]

where
Ymax := mMax[ygs,x] and ymin 1= min[y;, x].
Hence
7|0 pn (E)| < ii Wwe+ w2 L ) = cmmwn!
< N | —) = ! .
q=1 jooomy I

4.4. The case E = 0. At E = 0 the factor ¢” may develop a pole. To solve the
problem we use (3.18) to replace u by u = TJug + T'(u — up) before doing any
other manipulation. Formulas become slightly more cumbersome, but each factor

eV now comes with a prefactor e " .

5. Contour deformation

To extend the proof to the entire range £ € (—2,2), the contour of integration
has to be deformed. One possible strategy (followed in [14]) is to rotate the
contour. The rotation angle must ensure that 31}/ has only one non-degenerate
global minimum at the saddle point. This can only be achieved for a rotation an-
gle close to 7 /6 (cf. [14, 5.1.2]). However the corresponding transfer operator
e~ HV/2o=W2(G=A) o =0V/2 jg 1o Jonger longer self-adjoint. Another strategy de-
veloped in [17] consists in performing a complex rotation that makes the operator
approximately normal. The results in [17] require the resulting function e~ to
have only one non degenerate global minimum. In the present case we would need
to rotate by approximately 7/8, but then e~ ®¢Y has two minima.

Here we therefore use the following strategy: first (Section 5.1), we find a
good contour I' for the bosonic variable. After the contour deformation, the
operator T is transformed to a new operator Jr. The main technical difficulty
is to find a replacement for the operator norm bound of Proposition 3.1. We show
(Proposition 5.2) that a similar bound holds when the operator is replaced with its

k-th power, where k is a sufficiently large number, independent of W. Having this

bound at hand, the proof follows the lines of its counterparts for |E| < %.

e
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We fix an energy |E| < 2, the dependence on which is omitted from the
notation. An inspection of the argument shows that all the estimates are uniform
on compact subintervals of (-2, 2).

5.1. Choice of the contour. Decompose
eV — e—Vl(/ll)—Vz(lz)’
eV — pmdai—en _ 1
E—M
e—Vz(Az) — e—%}%-}-ielz (E _ lAz)

Lemma 5.1. For any |E| < 2 there exists a contour I and numbers Cr,cr > 0
such that

1. T contains the segments

(=00, —Cr], [-cr.cr], [Cr,o0);

2. the angle between I' and the real axis stays in the range
T T
——{I—=cr),—(1- );
( g (I—er). y(—cr)

3. eV is analytic in

rt= U[a,a/];

4. T is homologous to (—oo, 00) in the domain of analyticity of e~V

5. mingp+ RVi(a) is uniquely attained at a = 0.

Note that when |E| — 2 we need to take cr — 0 too. The proof is an
elementary verification. We reduce it to a similar verification already performed
in [14].

Proof. In [14, Section 5.1.2] it is proved that for any |E| < 2 there exists { with
I¢| = 1, |arg¢| < m/4 such that mingeer RV (a) is uniquely attained at a = 0
and the singularity of % V; does not lie between {R and R. For C > ¢ > 0, denote
by I'(c, C) the piecewise linear contour going from —oo to oo via the points

—c—2RLC, —c—C, —c, ¢, c+LC, ¢+ 2%0¢C.



The density of states of 1D random band matrices 181
We get

I'(c,C) = (—o0,—c —2N0¢C]
+ [—¢ —2NR¢C, —c — ¢C]
+ [—c —¢C, —c]
+ [—c. c]
+[c,c +¢C]
+ [c +¢C,c +2R¢C]
=+ [c + 29¢C, 00).

We first choose a large C > 0 and then a small ¢ > 0. For sufficiently large C one
has M V7 > const > 0 in the entire domain

{|z| > C, z lies between R and {R}.

In particular, one has %1V; > const > 0 on the four segments (1), (2), (6), (7).
For this value of C, one can choose ¢ > 0 sufficiently small so that, by a
continuity argument,the minimum of f V; on the union of the remaining segments
(3), (4), (5) is uniquely attained at the origin. For these values of C and c, let
I'=T(,C).

Then T satisfies the conditions (1)—(4) of Lemma 5.1, and a weakened form
of (5) with T in place of I'*. By an additional continuity argument, (5) also holds
as stated provided that cr is chosen sufficiently small. O

For a contour T, denote by Kt the integral operator with kernel

Kr(l,l/):z/—;exp{_m_ WZ(A 1)2 V(z)‘/)}

acting on L,(I' x R). Here we use the convention A> = A% 4+ A2. The main
technical step is the following proposition, the proof of which will be the subject
of the next Section 5.2.

Proposition 5.2. Let " be a contour satisfying (1)—-(5) of Lemma 5.1. Then there
exists k > 1 such that for any p € (1, 00)

C
Kk, <1- 2.
|KEllp < W

5.2. Proof of the operator norm bound. To prove Proposition 5.2, we study the
kernel of the operator K ﬁ
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Lemma 5.3. Let I" be a contour satisfying (2)—(3) of Lemma 5.1. For any k,

Kk ) = exp{— Z/—Z(x )2 - V(A) V@i

W2
. ﬂ(l +O(W™2), AV elxR, |A-X|<cr/2,
T

where A = ) + %()V — A), and the asymptotics is uniform on compact sets.

Proof. The proof proceeds by a saddle point analysis. Consider the integral

Kk, A)_/Kp()t A Kp (k! A)Hdk’ dAl.

(TxR)k—1 7=t
The saddle point equations
R Wit SR WA 3
M= T with 2% = A A =
have a unique solution given by A = (A!,---,A¥~1). Extracting the saddle

contribution we get

w?2 2 , Vs 5 5 k— V(A) ~
KK L) = ﬂe—%@—* P =TV ANV D)=V GE)-YE0 gk 5 1)

where

Rk, )L)—k/ WD) - T V) wmn ® 4 dal,

(TxR)k—1

k—1 _ ) A=A, 2
b = 23 [ -2t - LA

j—O

— J gt A=A
=3 E (W =2+ =)
To conclude it is enough to prove that 1?’;, A A)=(1+0(W2)ford, M € T'xR
and [A —A| < cr/2.
Perform a contour deformation in each of the variables )L{ ,sothat I is replaced
with a homologous contour I'"(41, A}) which contains the straight segment

L(AI’AII) — [Al _ 3kW—2/Sei arg(/vl—/ll)’)kll + 3kW—2/Sei arg(}/l—/l])]
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and still satisfies the conclusions (2)—(3) of Lemma 5.1. We claim that for: = 1,2
one has

Rp(L,) > cr|A, — 4,2 (5.1)

on the integration contour. For t = 2 %i¢(A2) = ¢(A2) and the result from the
positive definiteness of the quadratic form. Also, for ¢ = 1 we have

k—1
Np(h1) = &Y |A =2 — AT =2]HP (5.2)

j=0
in each of the following regions:
reg, = {A,:for all j such that A7 € L(1;, 1))}, (5.3a)

reg, = {A1:max|A]| > Col, (5.3b)
J

when Cyp = Cy(k) is chosen to be sufficiently large. For these regions, (5.2)
follows from the condition (2) on the slope. To prove (5.2) for the remaining
values of Ay, let (x(¢), y(¢)):er be a parametrisation of I'"(1q,1)). Then for
j=1...k-1

WBCx01) + p(00) x(02) (1))
J

= (x() -

xX(tj41) + x(tj—1)
2

Y1) + y(ti—1)
2

)x/(tj) — (y(zj) - )y/(tj)-

(5.4)
Taking into account condition (2), we obtain that (5.4) has a definite sign when

A{ lies outside the curvilinear interval containing A{ o A{ *1. indeed, if, for
example, A] lies to the right of this interval, then

arg [(X([j) _x(ti+1) -zi-x(tj—l)) + i) - y(j+1) -2i- y(lj—l))] . (_ % %)
arg (1)~ iy' () € (= 7. 7):

whence (5.4) > 0. Therefore the minimum of ¢ (A1) is attained when A{ lies
between A{ ~!and )L{ *1 on the contour. This is true for any j, hence the minimum
of ¢ in the part of the contour defined by max; |A{ | < Cp is attained when
the coordinates A{ are ordered, and in particular all lie in L(A,A}). Hence
Minp (3, 2 )\reg, Rp(A1) > ¢ > 0. This completes the proof of (5.2) and hence
also of (5.1).
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Now split the integral into two pieces,

11:/ and JzZ/.

|A—A|<w—2/5 [A—A|=W—2/5

In J; we approximate e~ =(V3)=V(@)) by a linear function:

- k—1 o . . R
e XISVOD = mESVOD L 5 S @) ADR - A) + 04 = AP}

j=11=1,2

After replacing the left-hand side with the right-hand side, we may extend the
integral to the full straight line containing L(A;, A}) (at the expense of adding a
negligible term); then the constant term gives the asymptotics, the integral of the
linear term vanishes by symmetry, and the error term is O(W ~2). For J,, we insert
absolute values and use (5.1). O

Proof of Proposition 5.2. By Riesz—Thorin interpolation, it suffices to show that,
for sufficiently large k,

IKEN 1K oo < 1+ (WY, (5.5)

¢
IKEll2 < 1= (5.6)
To prove (5.5) we recall (3.2), which implies that

max(| 1 KFle) = sup / X, (A KE (LA,
I'xR

Consider two cases. If |A| < 2Cr, we split
[1axiaixtoni= [+ [=nso
A =Al<er/3 IV =Alzer/3
According to Lemma 5.3,
o [m—ap
X —
|x—Al<er/3 | M(A1 —A))?
1+ (W™h, |A1] < 2cr/3,
= T
cos™1/2 (5(1 - cr)) exp(—kRVi(er/3)) + (WY, A > 2¢r/3.

|1l < + W

Choosing k sufficiently large we can ensure that

Ji <1+ W™, |Al <2Cr.
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The bound obtained by taking absolute values and bounding iV > 0 in the
definition of K suffices to see that J; is exponentially small in W?2.
In the case |[A| > 2Cr we split

/|dxa||dxa||1<{f(w)|=/ 4 / 5.7)
[A'=A|<Cr/2 |A—A|=Cr/2

Arguing as before, with the bounds for the non-deformed case in place of
Lemma 5.3 for the first integral, we obtain that the left-hand side of (5.7) is less
than one and, in, fact, decays exponentially with k. This concludes the proof
of (5.5).

To prove (5.6) we apply semiclassical reasoning as in the proof of Proposi-
tion 3.1. Let y1, x2 be smooth bump functions in a small neighbourhood of the

minima 0, (0, /1 — ETZ) of NV (we make sure that the radius of the neighbour-
hood is < cr/10). Let x3 be such that y3 + x3 + x3 = 1. Then

IKEQL ) =" 1 OIKEA ) (V)

i=1,2,3

+ % SOIKERL W)L () — 1 AP

i=1,2,3
The norm of the second term is O(W ~2). Next,

H.ZXHK{EI)(,-L: sup Z(Xi¢,|K]15|Xi¢)r

i=1,2,3 lél2=1;_1 23

k 2
< max || Lsupp ; | KT [Lsuppy; [l sup Z Ixioll
! lplla=1;,_1 53

k
= max T supp x; | KT [ Lsupp x; Il2-
Fori = 1,2 we use Lemma 5.3 and bound
k
| Lsupp x; | KT | Lsupp y; ll2 < 1 —¢/W

as in the proof of Proposition 3.1. For i = 3 we argue as in the proof of (5.5)
above and show that

k
[ Lsupp 3 | KT [ Lsupp x3ll2 < ¢ <1

for sufficiently large k. O
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5.3. Proofs of the theorems close to the edge. Let I' be a contour as in
Lemma 5.1. Define an operation Tt on functions I' xR — C via the same formula

Tr=e VW + Tr. Tr=e VA8, A7)

where for example

* W2 _1 r_
G n ) =5 [ 370D 1) an s,
I'xR

By analyticity, the formule of Corollary 2.14 remain valid with Tt in place
of T. For the same reason, in R coordinates all formulas still hold replacing the
integration contour for the variable a by T'.

Let us show (cf. Remark 3.9) that the conclusion of Proposition 3.8 remains

valid for the deformed operator. Indeed, take u((,M ) from Proposition 3.8. and

denote by u((%) its analytic continuation on I". By condition (1) of Lemma 5.1
the contour I goes along the real axis in the vicinity of the origin, whereas, by
condition (2) uf)]}l'{) decays away from the origin. Therefore u((%) boasts the same
properties as the approximate eigenfunction from Proposition 3.8. In particular,

setting
M) _ o (M) _ (M)
vp = {‘Tf‘”o,r‘ — Uy s
1M, and |A=10™)|,, enjoy the same bounds as [[v®)]|, and [|[A~Lv @],
By Proposition 5.2, one can choose k so that
e 285, e 2K, <1 =W,
hence
- — n—1
eV 85 )" p < CF(1 =W HF,

(M)

Therefore Proposition 3.7 also remains valid for I, that is, u; - can be upgraded
to an exact solution of Jrur = ur with the usual bound on the error ur — uf)AI{).

From this point the argument proceeds as in Section 4.

Appendix A. Some additional useful identities

Recall the definition of dji;(R) := d R e~3 5" R? from Section 2.3, where z € C,
with Re(z) > 0. The following two lemmas extend Lemma 2.9 to a larger set of
polynomials. Their proof follows the same strategy as the one of Lemma 2.9.
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Lemma A.1. For any z € C, with Re(z) > 0 and supermatrix R the following
identities hold:

2
(a) /d,uz (R") Str(R' 4+ R)*>Str(R' + R) = Str R> Str R + = Str R,
z

/ du;(R') Str(R' + R) [Str(R/ + R)]"
= Str R%>(Str R)" + —(Str R)" forn>1,

(c) / du; (R)[Str(R’ + R)*]* = [Str R*]* + . Str R?,

(d) /d,uz (R)Str(R" + R)*>Str(R’ + R) = Str R*Str R + ;Str R?,

(e) / duz(R')Str(R' + R)® = StrR® + ;StrR Str R? + §Str R,

() / duz(R) Str(R’ + R)*[Str(R’ + R)]®> = Str R*(Str R)® + g(Str R)3,

(g) / duz(R) Str(R’ + R)*[Str(R’ + R)]* = Str R*(Str R)* + §(Str R)*.

Lemma A.2. Let u = W/(W + 2«) and set W > 1. For any supermatrix R the
Jollowing identities hold:

/ dp w2 (R') Str(R' + R)?Str(R’ + R)?
(a) " 610
= Str R Str R® + 7z St R Sur R?> + O(W™*R),

/ dp w2 (R)) Str(R' + R)*[Str(R’ + R))?
(b) "
6
— Str R*(Str R)? + W—“z Str R3 + O(W™*R),
/ dpt w2 (R)YW Str(R' + R)? Str(R' + R)*
M
2
© — W St R®Str R* + WM Str R3(Str R)?
121 5 -5 -3 53
+ = SR+ O(WTR) + O(W T RY),
/ dp w2 (RYW?Str(R' + W3 R)3?
"
() — W2[Str(W ™2 R)%]® + 331 Str(W ™2 R)3 Str(W 2 R)*
FOWTRYW ).
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