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Abstract. We consider the Schrodinger operator on a finite interval with an L!-potential.
We prove that the potential can be uniquely recovered from one spectrum and subsets
of another spectrum and point masses of the spectral measure (or norming constants)
corresponding to the first spectrum. We also solve this Borg—Marchenko-type problem
under some conditions on two spectra, when missing part of the second spectrum and
known point masses of the spectral measure have different index sets.
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1. Introduction

In this paper, we consider the Schrodinger (Sturm—Liouville) equation
Lu=—-u"+qu=zu
on the interval (0, ) with the boundary conditions
u(0)cosa — u’(0) sina = 0,
u(m)cos B+ u'(m)sin B =0,


https://creativecommons.org/licenses/by/4.0/

282 B. Hatinoglu

and a real-valued potential ¢ € L(0, 7). The spectrum oy g of the Schrodinger
operator L corresponding to these boundary conditions defines a discrete subset
of the real line, bounded from below, diverging to +oo.

Direct spectral problems aim to get spectral information from the potential.
In inverse spectral problems, the goal is to recover the potential from spectral
information, such as the spectrum, the norming constants, the spectral measure or
Weyl-Titchmarsh m-function. These notions are discussed in Section 2.

The first inverse spectral result on Schrodinger operators is given by Ambarzu-
mian [1]. He considered continuous potential with Neumann boundary conditions
at both endpoints (¢« = B = 7/2) and showed that ¢ = 0 if the spectrum consists
of squares of integers.

Later Borg [12] proved that an L!-potential is uniquely recovered from two
spectra corresponding to various pairs of boundary conditions and sharing the
same boundary conditions at & (8; = ), one of which should be Dirichlet
boundary condition at 0 (¢; = 0). Levinson [34] extended Borg’s result by
removing the restriction of Dirichlet boundary condition at 0.

Furthermore, Marchenko [38] observed that the spectral measure (or Weyl—
Titchmarsh m-function) uniquely recovers an L !-potential.

Another classical result is due to Hochstadt and Lieberman [27], which says
that if the first half of an L!-potential is known, one spectrum recovers the whole.

Statements of these classical results are given in Section 3.1.

Gesztesy, Simon and del Rio [13] generalized Levinson’s theorem to three
spectra, by showing two thirds of the union of three spectra is sufficient spectral
data to recover an L!-potential.

Later on, Gesztesy and Simon [20] observed that extra smoothness conditions
on the potential change required spectral data to recover the potential. They proved
that the knowledge of the eigenvalues can be replaced by information on the
derivatives of the potential. In addition, they [20] also generalized the Hochstadt—
Lieberman theorem in the sense that more than the first half of an L!-potential
and a sufficiently large subset of a spectrum recover the potential.

Afterwards, Amour, Raoux, and Faupin [3, 4] proved similar results using extra
information on the smoothness of the potential.

In a remarkable result, Horvéth [28] characterized unique recovery of a po-
tential in terms of completeness of an exponential system depending on given
eigenvalues and known part of the potential. This observation opened a new path
[5, 28, 31, 37] by connecting inverse spectral problems and completeness of ex-
ponential systems.
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Moreover, Horvéth and Safar [31] proved similar results in terms of a cosine
system. The cosine system depends on subsets of eigenvalues and norming con-
stants and their spectral data consists of these two subsets.

Recently, Makarov and Poltoratski [37] gave a version of Horvéth’s theo-
rem [28] in terms of exterior Beurling—Malliavin density by combining Horvath’s
result and the Beurling—Malliavin theorem. In the same paper, they obtained an-
other characterization result, which is an uncertainty version of Borg’s theorem.
As their spectral data, they considered a set of intervals known to include two
spectra and characterized the inverse spectral problem in terms of a convergence
criterion on this set of intervals.

All of these results mentioned above are discussed in Section 3.2.

Classical theorems of Borg, Levinson, Marchenko, Hochstadt, and Lieberman
led to various other inverse spectral results on Schrédinger operators (see [2, 19,
23, 24, 25, 26, 29, 39, 41, 42, 44, 45, 46, 47, 48, 49, 50, 51, 52] and references
therein). These problems can be divided into two groups. In Borg—Marchenko-
type spectral problems, one tries to recover the potential from spectral data.
However, Hochstadt-Lieberman-type (or mixed) spectral problems recover the
potential using a mixture of partial information on the potential and spectral data.

In the present paper, our interest is on regular Schrodinger operators with
summable potentials on a finite interval. However, many problems with locally
summable potentials [14, 15, 16, 17, 21, 30, 32] or on various settings such as half-
line [17, 19,20, 22, 42, 44], real-line [17, 19, 21, 22, 44] or graphs [8, 9, 10, 11, 53]
are solved.

Borg’s, Levinson’s and Hochstadt and Lieberman’s theorems suggest that one
spectrum gives exactly one half of the full spectral information required to recover
the potential. Recalling the fact that the spectral measure is a discrete measure
supported on a spectrum, the same can be said for the set of point masses of the
spectral measure. As follows from Marchenko’s theorem, the set of point masses
of the spectral measure (or the set of norming constants) gives exactly one half of
the full spectral information required to recover the potential.

These observations allow us to formulate the following question:

Inverse problem. Do one spectrum and partial information on another spectrum
and the set of point masses of the spectral measure corresponding to the first
spectrum recover the potential?

This Borg—Marchenko-type problem can be seen as a combination of Levin-
son’s and Marchenko’s results.
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In the present paper, we answer this question positively. First, we give a proof
with the most common boundary conditions, Dirichlet (1« = 0) and Neumann
(' = 0). Theorem 4.2 solves this inverse spectral problem when given part of
the point masses of the spectral measure corresponding to the Dirichlet—Dirichlet
spectrum matches with the missing part of the Neumann—Dirichlet spectrum, i.e.
they share same index sets. In Theorem 4.6 and Theorem 4.8, we consider the
non-matching index sets case with some restrictions on two spectra.

In order to deal with general boundary conditions we introduce a more general
m-function in Section 4.3. With this m-function, we extend Theorem 4.2 in
Theorem 4.11 to general boundary conditions. In Theorem 4.13 and Theorem 4.14
we consider the non-matching index sets case.

The paper is organized as follows.

e In Section 2.1 we discuss spectra of Schrodinger operators and their asymp-
totics for various boundary conditions.

e In Section 2.2 we define Weyl-Titchmarsh m-function and spectral measure
for Schrodinger operators.

e In Section 3.1 we recall statements of the classical results of Ambarzumian,
Borg, Levinson, Marchenko, Hochstadt, and Lieberman.

e In Section 3.2 we discuss some recent results in the finite interval setting with
summable potential.

e In Section 4.1 we give a representation of Weyl-Titchmarsh m-function as
an infinite product and prove the inverse spectral problem mentioned above
with Dirichlet-Dirichlet, Neumann—Dirichlet boundary conditions.

e In Section 4.2 we consider the same problem in the non-matching index sets
case.

e In Section 4.3 we introduce a more general m-function and solve the inverse
spectral problem corresponding to this m-function with general boundary
conditions in both the matching and non-matching index sets cases.

e In Appendix A we list all definitions and theorems from complex function
theory used in this paper.

2. Preliminaries

2.1. One-dimensional Schrodinger operator on a finite interval. As it was
defined in the introduction, we consider the Schrédinger equation

Lu=—u"+qu=zu 2.1
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on the interval (0, rr) associated with the boundary conditions

u(0)cosa — u’(0) sina = 0, (2.2)
u(m)cos B+ u'(m)sin B = 0, (2.3)

where «, B € [0, ) and the potential ¢ € L!(0, ) is real-valued.
The spectrum o, g of the Schrodinger operator

L:uv+— —u" + qu,

with ¢ € L' and boundary conditions (2.2), (2.3) is a discrete real sequence,

bounded from below. Adding a positive constant to the potential ¢, shifts the

spectrum by the same constant. This allows us to assume wlog o, 8 C R+.

Throughout the paper we assume N = {1,2, 3,...}. Asymptotic behavior of the

spectrum o, g = {an}nen, depending on the signs of @ and B, is given below.
Ifa #0, 8 #0, then

1

2 cot(B) + cot(x)] + %/q(x)dx + oy 2.4)

an:(n—1)2+;[

0

where o, = 0o(1) as n — 4o0.
Ifa =0, =0, then

1 T
a, =n’+ ;/q(x)dx + ay (2.5)
0

where o, = o(1) asn — +o0.
Ifa #0,8 =0, then
N2 2 1
2
an = (n — —) + — cot(a) + — / q(x)dx + ap (2.6)
2 b4 b4
0
where o, = o(1) as n — 4o0.
Ifa =0,8 # 0, then
2 2 1
2
a, = (n — —) + —cot(f) + — / qg(x)dx + a, 2.7)
2 b4 b4
0
where o, = o(1) asn — +oo.
In the case g € L?(0, 7), the same asymptotics are valid with {o, },en € [2.

One can find these results in the classical texts on Schrodinger operators, for
instance [35] or [36].



286 B. Hatinoglu

2.2. Weyl-Titchmarsh m-function and the spectral measure. Let us choose
the boundary condition (2.2) and introduce two solutions s, (¢) and ¢, (¢) of (2.1)
satisfying the initial conditions

5:(0) = sin(@),  5,(0) = cos().

cz(0) = cos(@), ¢, (0) = —sin(a).

Definition 2.1. The norming constant z,, for the eigenvalue a,, is defined as

T

talan) i= [ lsu, P,

0

Note that s,(¢) and c,(¢) are linearly independent solutions and their Wron-
skian satisfies W(c;, s;) = 1. This allows us to represent u, (¢), a solution of (2.1)
with boundary conditions u, () = sin 8, u’, () = —cos 3, as

uz(t) = ¢z (1) 4 ma,p(2)sz(1),

where
M (2) = _W(cz, Uz)
P W(sz,uz)

This is how we derive the m-function.

Definition 2.2. Weyl-Titchmarsh m-function with the boundary conditions (2.2)
and (2.3) is defined as

cos(a)u’,(0) + sin(a)u(0)
— sin(a)u, (0) + cos(a)u(0)’

meg(z) =
where o, § € [0, 7).

It is well known that Weyl m-function mg g is a meromorphic Herglotz func-
tion. The definition of a Herglotz function and other definitions and results
from complex function theory used in this paper can be found in Appendix A.
Everitt [18] proved that the Weyl m-function has the asymptotic

mog(z) =iz +0(1)

fora = 0, and

) cos o L 1 i n O( 1 )
my g(z) = —_ —
@.p sine  sin?a /z |z|
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for o € (0, ) as z goes to infinity in the upper half plane. Asymptotics of Weyl
m-function and Herglotz representation theorem imply that m, g is represented
as the Herglotz integral of a discrete positive Poisson-finite measure supported on
the spectrum oy g:

map)=a+ [ [ - s Jduas o 2.8)
R

where a = Re(mgg(i)), 0a,p = {an}nen and g p = Y, e Vnba,. The measure
Ma,p is the spectral measure of the Schrodinger operator L corresponding to the
m-function mg_ g. The point masses of the spectral measure is represented in terms
of norming constants as y, = (tq(a,))~".

Definition 2.3. The spectral measure of the Schrodinger operator L corresponding
to the m-function mq g (or the boundary conditions (2.2), (2.3)) is defined as

EDD iz

nelN T (an) ’

where &, 8 € [0, ) and 04 g = {an}nen.

Since o, is a Poisson-finite measure, the spectrum and the point masses of
the spectral measure satisfy

These properties of the m-function, the spectral measure and a detailed dis-
cussion of one dimensional Schrodinger operators appear in Chapter 9 of [43].

In order to illustrate what we have discussed so far, let us consider the free
operator (¢ = 0) with Dirichlet (« = 0) and Neumann (¥’ = 0) boundary
conditions.

Example 2.4. The spectra, the m-function and the spectral measure for ¢ = 0
on (0, ) with Dirichlet-Dirichlet, Neumann-Dirichlet, and Neumann—Neumann
boundary conditions are as follows:

OpD = 00,0 = {nz}nelN,

Mmoo = —\/ECOt(«/EJT),

2 o0

20 .

Moo = — E n<8,2;
n=1
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152
o = 0r20 = {(1=3) ], oy

tan(/z7)
My/2,0 = 7’
z

2 o0
Kr/2,0 = . ZS(n—uz)z;
n=1

ONN = Opj2,n/2 = 1(n — 1)*}nen,

cot(y/zm)
My/2,7/2 = \/——7
z

2 o0
MHr/2,m/2 = ; Z 5(n—1)2-
=1

50 T T

40 -

30

20

-30 -

40

| I I |
20 25 30 35

50 | I I |
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Figure 1. The graph of Weyl m-function mg o on R, Neumann—Dirichlet spectrum onp (°)
and Dirichlet-Dirichlet spectrum opp (*) for the free operator (¢ = 0).

3. Inverse spectral theory of regular Schrodinger operators

3.1. Classical results. The first inverse spectral result on Schrodinger operators
was given by Ambarzumian.
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Theorem 3.1 (Ambarzumian [1]; see Horvath [28]). Let ¢ € CJ0, #] and let
Onj2.nj2 = {n?}52 . Then g = 0.

Later Borg found that in most cases two spectra is the required spectral infor-
mation to recover the operator uniquely.

Theorem 3.2 (Borg [12]; see Horvith [28]). Let ¢ € L'(0,7), o3 = 00,8
02 = Og, g, Sinay # 0 and
.o if sing =0,

o2 \{a1} if sinf #0.

Then o1 U 65 determines the potential and no proper subset has the same property.

A Schrodinger operator (or a potential) is said determined (or recovered) by
its spectral data, if any other operator with the same data must have the same
potential a.e. on (0, ). Levinson extended Borg’s result by removing the Dirichlet
boundary condition restriction from the first spectrum.

Theorem 3.3 (Levinson [34]; see Horvéth [28]). Let ¢ € L'(0, ) and suppose
sin(ay —az) # 0. Then oy, g and o4, g determine the potential.

Marchenko showed that the spectral measure or the corresponding Weyl
m-function provides sufficient spectral data to recover the potential uniquely.

Theorem 3.4 (Marchenko [38]; see Teschl [43], Section 9.4). Let g € L'(0, 7).
Then iy g or my g determines the potential.

In the notations of Section 2.2, Marchenko’s theorem says that the spectrum
0a,8 = 1anjnen and the point masses {y,}nen Of the corresponding spectral
measure (or the norming constants {t,(a,)}»en) provide sufficient spectral data
to recover the operator uniquely.

Hochstadt and Lieberman observed that one spectrum recovers the potential if
the first half of it is known.

Theorem 3.5 (Hochstadt and Lieberman [27]). Let ¢ € L'(0, 7). Then q on
(0, /2) and o4, determine the potential.

3.2. Some recent results in the finite interval case. For any discrete real se-
quence A = {x,}nen, X, — o0 the counting function is defined as

na(t) =y 1.

Xn=<t



290 B. Hatinoglu
Gesztesy, Simon and del Rio generalized Levinson’s theorem to three spectra.

Theorem 3.6 (del Rio, Gesztesy, and Simon [13]). Let ¢ € L'(0,7). Then
S C 04,8 U0q,,p U0gs g satisfying

nS(t) = (2/3)n(0a1_ﬁUUaz_ﬁUUa3_ﬁ)([)

for sufficiently large t > 0, determine the potential.

Gesztesy and Simon observed that the knowledge of the eigenvalues can be

replaced by information on the derivatives of the potential around the midpoint of
the interval.

Theorem 3.7 (Gesztesy and Simon [21]). Let ¢ € L'(0,7), a.f # 0 and
g € C*(n/2 —e,m/2 + €) for some k € N and ¢ > 0. Then g on (0,7/2)
and 04 g except for k + 1 eigenvalues determine the potential.

In the same paper, they generalized Hochstadt-Lieberman theorem.

Theorem 3.8 (Gesztesy and Simon [21]). Let ¢ € L'(0,7) and n/2 < a < m.
Then q on (0,a) and S C o4 g satisfying

ns(t) = 2(1 —a/m)ng, 4,(t) +a/m —1/2
for sufficiently large t > 0, determine the potential.

Amour, Raoux, and Faupin proved similar results using extra information on
smoothness of the potential.

Theorem 3.9 (Amour and Raoux [4]). Let o, 81,62 # 0, p € [1,00), ¢1,¢2 €
LY0,7), g1 —q2 € LP(a,m)and /2 < a < . If g1 = q» a.e. on (0,a) and
S C og.p,(q1) N0y p,(q2) satisfies

21 —a/m)ng(t) + C > ng(t) >2(1 —a/m)ns(t) + 1/2p) +2a/7w -2

for a real number C and sufficiently large t > 0, where o denotes either of
Oa,8; (qk), then q1 = g2 a.e. on (0, ).

Theorem 3.10 (Amour, Faupin, and Raoux [3]). Let o, 81,82 # 0, k € {0, 1,2},
p € [1,00), q1,q2 € W10, 1), g1 —q2 € WEP(a,m) and n/2 < a < 7. If
g1 =q20n(0,a) and S C 04,,(q1) N 0a,p,(q2) satisfying

ns(t) >2(1—a/mne(t) —k/2+1/2p)+a/m —3/2

for sufficiently large t > 0, where o denotes either of 04 g, (qk), then q1 = g2 a.e.
on (0, ).
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Theorem 3.11 (Amour, Faupin, and Raoux [3]). Let «, §1,82 # 0, k € {0, 1,2},
p € [l,00), q1.q2 € W0, n), g1 — g2 € WEP(a, ) and n/2 < a < 7. If
g1 =q20n(0,a) and S C 04.p,(q1) N0y p,(q2) satisfying

20 —a/myng(t)+ C = ns(t) = 2(1 —a/m)ne(t) —k/2+1/2p) +2a/7 —2

for sufficiently large t > 0, where o denotes either of 04 g, (qk), then q1 = g» a.e.
on (0, ).

Horvith proved a remarkable characterization theorem, which represents a
connection between inverse spectral theory and completeness of exponential sys-
tems.

Theorem 3.12 (Horvéth [28]). Let 1 < p < 00, q € L?(0,7),0 <a < m and
An € 0u,0- Then q on (0,a) and the eigenvalues A, determine q if and only if the

system
e(A) — {e:l:2zp,x’e:l:2z )Lnx:n > 1}

is complete in LP (a — wt, w — a) for some (L # £/ An.

Horviéth and Safér proved similar results for the norming constants in terms of
a cosine system. For a sequence A = {A1,A,,...} C R and a subset S C A they
considered the following cosine system:

C(A, S) = {cos2y/Ant):n € NY U {t cos(2v/Ant): An € S}

Theorem 3.13 (Horvéth and Safér [31]). Let B # 0,1 < p < o0, ¢ € L'(0, ),
qge€LP(a,n),0<a<mand

A ={An:Ap € 0g,,8.n € N}

be a subset of eigenvalues such that A,, > —oo are different real numbers and
S CA.Then q on (0,a), A and {ty,(An)}r,es determine q if the system C(A, S)
is complete in L? (0, w — a).

For Dirichlet boundary condition Horvéth and Safér obtained an optimal con-
dition.

Theorem 3.14 (Horvath and Safar [31]). Let us have the assumptions of Theo-
rem 3.13, but B = 0. Let u # +£+/A,, w € R. Then the system C(A,S) U
{cos(2,/ut)} is complete in LP(0, 7 — a) if and only if q on (0,a), A and
{ta, (An)}a,es determine q.



292 B. Hatinoglu

Makarov and Poltoratski gave a characterization theorem in terms of exterior
Beurling—Malliavin density as a corollary of Horvath’s result [28] (Theorem 3.12
above) and the Beurling—Malliavin theorem [6, 7].

If {I,}nen is a sequence of disjoint intervals on the real line, it is called short
if

L
)
ven 1+ dist®(0, 1)
and long otherwise.

If A is a sequence of real points, its exterior (effective) Beurling—Malliavin

density is defined as

D*(A) = sup{d: there exists a long {I,,} such that
#(ANI,)>d|l,|, foralln € N}.

For a non-real sequence its density is defined as D*(A) = D*(A’), where
A’ is a real sequence A, = (Re t)_l, if A has no imaginary points, and as
D*(A) = D*((A + ¢)’) otherwise.

For any complex sequence A its radius of completeness is defined as

R(A) = supf{a: {€**} e is complete in L2(0, a)}.
Now we are ready to state one of the fundamental results of Harmonic Analysis.

Theorem 3.15 (Beurling—Malliavin theorem [6, 7]). Let A be a discrete sequence.
Then
R(A) =2aD*(A).

Let us note that Makarov and Poltoratski considered the Schrodinger equation
Lu = —u” + qu = z?u and the m-function corresponding to this equation,
which is obtained by applying the square root transform to the m-function we
have discussed so far. Let us denote their m-function by .

Theorem 3.16 (Makarov, Poltoratski [37]). Let A = {A,}nen be a sequence of
discrete non-zero complex numbers, g € L*(0, ) and 0 < a < 1. The following
statements are equivalent:

(1) g on (0,d) for some d > a and {m(A,)}nen determine q;
2) zD*(A)>1—a.

Makarov and Poltoratski’s observation shows that Horvath’s theorem estab-
lishes equivalence between mixed spectral problems for Schrédinger operators and
the Beurling—Malliavin problem on completeness of exponentials in L? spaces.

In the same paper they obtained an uncertainty version of Borg’s theorem.
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Theorem 3.17 (Makarov, Poltoratski [37]). Let {1, }nciv be a sequence of intervals
on R and q € L*(0, ). The following statements are equivalent:

(1) the condition oppUonp C |, en In and q on (0, €) for some € > 0 determine
the potential q;

(2) for any long sequence of intervals {J, }nen,

21,00, 10g_ | 1]
||

asn — oQ.

4. An inverse spectral problem with mixed data

4.1. The main result with Dirichlet-Dirichlet and Neumann-Dirichlet bound-
ary conditions. We prove our main result, Theorem 4.2, by representing the
Weyl-Titchmarsh m-function as an infinite product in terms of Dirichlet-Dirichlet
(¢ = 0, B = 0) and Neumann—Dirichlet (¢« = 7/2, B = 0) spectra. We follow
the notations introduced in Example 2.4 for these two spectra, i.e. opp := 09,0
and onDp := 0y/2,0. For simplicity, let us also denote mg o by m. For any infinite
product (or sum) defined on an open set 2 C C, normal convergence means that
the product (or the sum) converges uniformly on every compact subset of €2.

Lemma 4.1. The m-function of a regular Schrédinger operator (¢ € L' (0, 1))
for Dirichlet—Dirichlet boundary conditions (o = 0, B = 0) has representations
in terms of Dirichlet—Dirichlet and Neumann—Dirichlet spectra:

m(z):C<bZ—l—l)1_[< z —1)(;—’1—1)_1, 4.1

s bnt
and .
z z -
mz) =—C[] (E - 1) (E - 1) : 4.2)
nelN
where C > 0, opp = {an}nen, OND = {bn}nen and the product converges

normally on C\ |, e an-

Proof. Letm = u’,(0)/u;(0) be the Weyl m-function with boundary conditions
u(r) = 0,u’(7r) = —1. Since m is a meromorphic Herglotz function, ® := r’n":
the corresponding meromorphic inner function. See Appendix A for the definition
of a meromorphic inner function and the relation between Herglotz and inner

functions.

is
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Let us define the £ := {z € R:Im ®(z) > 0}. The set E is given in terms of
opDp = {an}ne]N and OND = {bn}nelN’ namely E = (—oo,bl) U Une]N(an, bn+1)-
The characteristic function of E coincides with the real part of the function
L log (i1£2) a.e. on R. Since m is a meromorphic Herglotz function mapping
IR to R a.e., log(m) = log(i112) is a well-defined holomorphic functlon on Cy
and its imaginary part takes values 0 and 7 a.e. on R. Therefore - log(m)
L log (11£2) and the Schwarz integral of y g, Sy, differ by a purely imaginary
number ona.e. R, i.e.

1+0
—1og( +®) =Sy, +ic=Py, +i0y, +ic. ceR,
where P and Q are Poisson and conjugate Poisson integrals of y g, respectively.
Definitions of S, P and Q appear in the appendix. Therefore

1+0
i_l +®. =exp(inSy, —nc) =exp(inPy, —wQy, —7c), c€R.

On the real line, exp(Sy) = exp(h + i ﬁ) for any Poisson-summable function #,
where £ is the Hilbert transform of 4. If we let h := yg, then

= Lo (L) + T (i)« s (LEE20)

_ _ 2
|x — by = |x — byt1] 1+
['herefore

exp(— nh(x))_ |x b1| 1_[|x_bn+l|l—[( 1—|—a2 )1/2‘

1+ b2 ey K anl M+ by

Noting that exp(izwh) is —1 on E and 1 on R \ E, the Weyl m-function can be
given in terms of opp and onp a.e. on R:

1+ 0O(x)

1 —0(x)

=exp(inSy, —mc)

_ x—b; 1—[x—bn+1l—[( 1+a2 )l/zeXp(—T[C)

,ll—i—blne]N X —dn 1+b"+1

m(x) =i

1+a3 b
where C = exp(—nc) [ [,en Jw—n /lj_bz'
n
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. -1 .

Since m(z) and C(F — 1) [lyen (555 — 1)(Z — 1) are meromorphic
functions that agree a.e. on R, they are identical by the identity theorem for
meromorphic functions. This gives the first representation (4.1). The second
representation (4.2) follows from normal convergence of {z/b, — 1},en to —1

in C. O

Using this representation of the m-function, we prove our main result. At this
point let us note that the points in a spectrum are enumerated in increasing order,
which is done following the asymptotics (2.4)—(2.7).

Theorem 4.2. Let ¢ € L'(0,7) and A € IN. Then {an}nen, {bn}nen\a and
{VYn}nea determine the potential q, where opp = {adn}nen, OND = {bn}nen are
Dirichlet-Dirichlet and Neumann—Dirichlet spectra and {y, }ne are point masses
of the spectral measure jLo,0 = Y, cn VnOan-

Proof. By representation (2.8) of the m-function as a Herglotz integral of the
spectral measure, knowing y, means knowing Res(m, a,). Therefore, in terms
of the m-function our claim says that the set of poles, {a, }»en, the set of zeros
except the index set A, {b,},em\ 4, and the residues with the same index set A4,
{Res(m, a,)}nec4 determine the m-function uniquely. Before starting to prove this
claim let us briefly list the main steps of the proof. We will use similar ideas
to prove our results in non-matching index sets case and for general boundary
conditions.

Step 1. Reduce the claim to the problem of unique recovery of the infinite product

G(z) = —CH(——I)(——l) 1

from its sets of poles and residues.

Step 2. Observe that G(z) is a meromorphic Herglotz function and has a repre-
sentation in terms of its poles, residues and a linear polynomial dz + e.

Step 3. Show uniqueness of d.
Step 4. Show uniqueness of e.

Step 5. Use the representation from Step 2 to get uniqueness of the two spectra
and prove the claim by Borg’s theorem.
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Step 1. From Lemma 4.1, the Weyl m-function can be represented in terms of

opp and onp,
m(z) = —-C 1_[ (bi — 1)(ai — 1)_1.
nelN n n

Note that for any k € A, we know

ag dg dg -1
Res(m,ar) = C(by —ar)— ——1)(—=1) . 4.3)
k k= %k bk%(ign )(a,, )

Let m(z) = F(z)G(z), where F and G are two infinite products defined as

G(z) = —cg(é - 1) (az—n - 1)_1, F(z) = ]_[\(bz—n - 1)(% — 1)_1.

nelN\A

Also note that at any point of {a, },c4, the infinite product

z z -1
Fe) =] (E - 1) (E - 1) (4.4)
nelN\A
is known.
Conditions (4.3) and (4.4) imply that for any k € A, we know
Res(m, ay)
Res(G,a;) = ——,
F(ak)

i.e. we know all of the poles and residues of G(z), but none of its zeros. We claim
that G(z) can be uniquely recovered from this data set.

Step 2. Let us observe that arg(G(z)) = w — Y, c 4larg(z — by) — arg(z — ay)].
Since zeros and poles of G(z) are real and interlacing, 0 < arg(G(z)) < = for any
z in the upper half plane, i.e. G(z) is a meromorphic Herglotz function. Therefore
by Cebotarev’s theorem, see Theorem A.1, G(z) has the representation

Gz)=dz+e+ Y A : —i), 4.5)

ay — Z a
neA n n

where d > 0,e¢ € Rand Y, 4 An/a2 is absolutely convergent.
Note that Ay = —Res(G(z), ay) for any k € A, which means there are only
two unknowns on the right hand side of (4.5), namely constants d and e.
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Step 3. Now let us show uniqueness of G(z) by showing uniqueness of dz + e.
Let G(z) be another infinite product sharing same properties with G(z), namely:

o the infinite product (~}(z) is defined as

=Tl -0G )

ned “n
where C > 0, the set of poles {a, }nec4 satisfies asymptotics (2.5) and the set
of zeros {b, }nc4 satisfies asymptotics (2.6);

e G(z) and G(z) share same set of poles with equivalent residues at the corre-
sponding poles, i.e. ax = a; and Res(G, ax) = Res(G, ay) for any k € A4;

e by the equivalence of poles and residues of G(z) and G(z) and Cebotarev’s
theorem, G(z) has the representation

G(z):dz+é+ZAn( : —i), (4.6)

ay — Z a
neA n n

where d >0,¢e €R.

Note that we defined a, and 5,, only forn € A. Leta, := a, and 15,, = by
for every n € IN \ A. Let us also note that {d,},en and {15,, }new are interlacing
sequences so that they represent two spectra of a potential function g (x).

Letk € A and b, # b. Since G(br) = 0 and é(Ek) = 0, using representa-
tions (4.5) and (4.6) we get

b —e =Y Ay(—— = 1), 4.7)

a, — b a
ned n k n

- 1 1
—dby —e = Ap —— ), 4.8
r— € ,;1 (an 5 an) (4.8)

G(br) = G(bx) —G(bx) = (d —d)by + e —é. (4.9)

Replacing e — é by G(Ek) —(d - d )Ek and taking difference of (4.7) and (4.8)
we get

5= ~ == ~ by — by
dby —dby —dby + db, + G(br) = Ay = .
,; <(an — br)(an — bk))

Dividing both sides by bi (b — by) we get

—d G(by) An
—_ _—— = = = . 4.10
by br(bx — by) ,;1 by (an — bi)(an — bk)) 10
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Note that since {a,}»c4 satisfies asymptotics (2.5) and {b, }nc4, {15,, }ned sat-
isfy asymptotics (2.6), the inequalities

|bi(an — bi)(an — bi)| ™" < |by(an — bu)(an — by)| ™' <2/a? (4.11)

are valid for any k € A, for sufficiently large n € A. In addition, ", .4 An/a2
is absolutely convergent. Therefore right hand side of (4.10) converges to 0 as k
goes to co. Also note that by (4.9), left hand side of (4.10) is

—d, Gy _-d GGl
b br(bx —br) bk by (bx — bx)

z_g_kJeribk[d_chreB_ké]'

4.12)

Now let us show by — by converges to 0 as k goes to co. Recall that poles of G
and G satisfy asymptotics

b g T
1 1
n2+—/q(x)dx+oz,, and n2+—/¢j(x)dx+&n,
T T
0 0

respectively, where o, = 0(1) and &,, = o(1) as n — oco. Equivalance of poles of
G and G imply equivalence of [; ¢(x)dx and [, G(x)dx. Therefore b, and b,
satisfy asymptotics

/4 T

2 2 -
(n — %) + %/q(x)dx + B, and (n — %) + %/q(x)dx + Ba.,
0 0
where 8, = o(1) and Bn = 0(1) as n — oo. Hence by — by = o(1) as k goes
to oco. Therefore by (4.12), left hand side of (4.10) goes to co if d — d # 0, so we
get a contradiction unless d = d. This implies that G(z) — G(z) is a real constant,

which is G(0) — G(0) = C — C.

Step 4. Now let us show C — C = 0. Positivity of (bx — bn) / (bx — ay) for
all n # k, which follows from interlacing property of {a,},en and {b,}»en and
interlacing property of {a, }»en and {En}nE]Na implies sgn(5 —-C) = sgn(,gk —Br)
forall k € N, i.e. {b,}ne4q and {15,, }nea are interlacing sequences.

Let us assume C > C and wlog the two spectra lie on the positive real line.
This implies Bn > b, forall n € A. Observe that [ [, c 4 15,, /by, is finite, since

neA neA ned "
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Therefore the infinite product H(z) := G(z) /G(z) is represented as

__G(z)zg z—by _ z—b
H(Z)'_G(z) c bn z—~ ~n11 ,,11

neA

Let us denote the constant factor of H(z) by N = (C/ C) [Tea b /bn. Then
by interlacing property of {b,}neca and {b,}neca, the infinite product —H is a
meromorphic Herglotz function and hence by Theorem A.1 it is represented as

—H(z)=-N ]_[

neAZ - neA

_Dz—l-E—l—ZB( 1b +Ei), (4.13)

zZ—= n

where B, = —Res(H, l;k) and D, E € R.
Now let us show that { By /by }xc 4 is summable:

bk_bkl_[bk_

nEA
n#k

By
Bl

N by - by 1—[ lzk lzn
bx neAbk —bn
1<n<k-1
by —b b —-b
- N k ~ k 1—[(1 4+ 2 n)
by ned bk — by
1<n<k-—1

_ Ek—bk Bn_ﬁn
R H(H(k—1/2)2—(n—1/2)2+3k—/§n)

Ek—bk Bn_ﬁn
<N — 1 = =
B br ,,111< +(n+1—1/2)2—(n—1/2)2+ﬂk—ﬁn)

by —br 2
<N "[;k le_[l(l+%),

for sufficiently large k, where M is a real constant independent of k. Since
b — b = 0(1), b = O(k?) and [T§Z} (1 + 1/2n) = O(Vk) as k goes to oo, we
get the asymptotics By /by = o(1/k>?) as k goes to oo and hence Y, 4 Bn/bn
is absolutely convergent. Then by letting z tend to —oo in (4.13) we get

~N = lim (Dt+E+Zb—+Z )

neA eA "
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andhence D =0and—N = E+) , .4 B,/ 15,,, i.e. —H(z) has the representation

—H(z) = Z

neA z=

(4.14)

Noting that H(b) = 0 and Res(G,ar) = Res(G, ay), i.e. H(ax) = 1 for all
k € A, we get

1 = H(ag) — H(bx) = —N + Z

+NZ

ned 4k — neAd br —
_ Z (br — ak)
L7 e — ) (b — )

Each term of the infinite sum on the right end is positive, so by letting k go to co
we get the following contradiction.

o (b (br —ax)
1‘khsz(ak—b)(bk—b) 2P " = )b — )

—>00
neA

Similar arguments give another contradiction when C < C,so C = C.

Step 5. Step 4 implies uniqueness of dz + e, i.e. uniqueness of G(z) and hence
uniqueness of {b,},c4. After unique recovery of the two spectra opp = {an}nenN
and onp = {bn }nen, the potential is uniquely determined by Borg’s theorem. O

Remark 4.3. If we let A = IN, Theorem 4.2 gives Marchenko’s theorem with
Dirichlet—Dirichlet, Neumann-Dirichlet boundary conditions as a corollary. By
letting A = @, we get the statement of Borg’s theorem with Dirichlet—Dirichlet,
Neumann—Dirichlet boundary conditions.

Remark 4.4. Spectral data of Theorem 4.2 can be seen as {a}new, {bn}nem\4
and {74 (an)}nea, where {t,(an)}neca is the set of norming constants for opp =

{an}tnen.

4.2. Non-matching index sets. If the known point masses of the spectral mea-
sure and unknown eigenvalues of the Neumann—Dirichlet spectrum have dif-
ferent index sets, one needs some control over eigenvalues of the Dirichlet—
Dirichlet spectrum corresponding to known point masses and unknown part of
the Neumann—Dirichlet spectrum. In this case we get a Cebotarev type represen-
tation result. Before the statement, let us clarify the notations we use. For any
subsequence {ak, }new C opp and {b;, }new C OND, by Ak,.m and Ag, we denote
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the residues at ay,, of partial and infinite products, respectively, consisting of these
subsequences:

ak; Ak, — by,
Ay m = Res(Gp.ay,) = —(ak,, bln)l_[ L2
1<j<m lj Ak _akj
J#n
ak Ak, — bl.
A = RGS(G Clkn) = —(akn bln)l_[ bl ﬁ
J#n
where
Gn) = T1(Z-1)(Z-1)" 6@ =TT(=-1)(Z=-1)"
n=1 bl” Akn nelN bl” Qe

Note that these subsequences are ordered according to their indices, i.e.
ag, < ak,,, and by, < by, forany n € IN. This follows from the asymptotics
of the spectra.

Lemma 4.5. Let {ak, }new C opp and {b;, }new C onp satisfy following proper-
ties:

o limy—o0 2y ([ Akym — Akn|/a]%n) < o0

° {Akn/ain tneN € I

Then

1 1
G =c?+dz+e+ Y A, ( +—), (4.15)
nelN Z 7 Gken Qen

where c,d, e are real numbers, Ay, is the residue of G(z) at the point z = a,,

and the sum converges normally on C \ |, ey k-

Proof. Let p(z) be the difference of G(z) and the infinite sum on the right hand
side of (4.15). Then, p(z) is an entire function, since the infinite product and the
infinite sum share the same set of poles with equivalent degrees and residues. We
represent G, (z) as partial sums:

]‘[(i—l)(;—l) ZAk,,, (Z_ak +i>+1,

where Ay, » = Res(Gn, ag,,).
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Let C, be the circle with radius b;, centered at the origin. This sequence of
circles satisfy following properties:

e C, omits all the poles ay, ;
e cach C, lies inside Cy+1;
o the radius of C,, b;, diverges to infinity as n goes to infinity.

Then,

G(z)—1- Zne]N Akn (% + a;:n ) ‘
b2

= max
bl2t ZGC[

zeCy

1
:—max lim ‘ZA;% ( +—)
zeC, m—00 Z —ag, Ak,

1
-3t )|
z—akn akn

z

m
= lim —max A — _
m—00 b zeCy nX—;( ke m ak (z— ag, )
“ b
. It
< lim — |A — Ay, | ——————
~ m—oo 2[ 2=: Fen,m knlakn|bl, —aknl
lim Z A Ag,| 1
= kp.m — Ak
m—>c>on=1 nom " aknbltlblt —akn|
= 1
< lim |Ak , — Ay |
m—)oo’; nom " aknbll |b11 — akn|
A A
< thZ—| kn k”|<oo
m—00 ak
n

Note that the second inequality is a consequence of

sup(by, |by, — ak, )™ < (by, b1, — ak, )7
telN

which follows from asymptotics of {a, }nen and {b, }nen. Therefore |p(z) — 1| <
C”|z|? on the circle C; for any ¢ € IN, where C’ and C” are real numbers. By
the maximum modulus theorem and the entireness of p(z), we conclude that p(z)
is a polynomial of at most second degree. Since G(0), G’(0) and G”(0) are real
numbers, ¢, d, e € R. O
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Using this Cebotarev type representation we prove our main result in non-
matching index sets case with Dirichlet-Dirichlet, Neumann-Dirichlet boundary
conditions. However, we need extra information of an eigenvalue from {b;, },en.

Theorem 4.6. Let g € L'(0, ), and {a, }nen C opp, {1, }nen C OND satisfy
Jollowing properties:

e lim,, Z?:=1(|Akn,m — Ak, |/a]%n) < 005
° {Akn/ain Jnen € 1.
Then {an}nen. {bn}nen \ b1, inem\sy and {yk, ynen determine the potential g for

any s € IN, where opp = {an}nen, OND = {bn}nen are Dirichlet—Dirichlet and
Neumann—Dirichlet spectra and {y, }nen are point masses of the spectral measure

Ho,0 = ZnEIN yn8an

Proof. By representation of the m-function as the Herglotz integral of the spectral
measure, from y,, we know Res(m, a,). Therefore, in terms of the m-function
our claim says that the set of poles, {a,}»en, the set of zeros except the index set
Untnem\isy> 1015} U Abn}nem\{l,},<n» and the residues with the index set {k, }nen,
{Res(m, a, )}nen determine the m-function uniquely.

From Lemma 4.1, the Weyl m-function can be represented in terms of opp and

m(z) = —Cg(é — 1)<£ — 1>_1.

Note that for any n € IN, we know

OND>

Res(m. ax,) = C (b, —akn)zl’:" ]_[ (ab"_" - 1)(0;L — 1)_1. (4.16)
n jeN J J
J#kn

Let m(z) = F(z)G(z), where F and G are two infinite products defined as

G(z) == —c]_[(——1)(——1) |
ro=Tl (1) T1 (2"

neN\{lntpen neN\{ky }nen

Also note that F(ay, ) is known for any n € IN. This condition and (4.16) imply
that for any n € IN, we know

Res(m, ag,,)

Res(G, ax,) = Flar)
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By Lemma 4.5, G(z) has the following representation

1 1
Gy =c?+dz+e+ Y A, ( +—), 4.17)
nelN 2~ dkn Akn

where Ag, = Res(G, ak,,). In order to show uniqueness of G(z), let us consider
G(z) similar to the proof of Theorem 4.2, i.e. G(z) has the following properties.
e The infinite product G(z) is defined as

oo =[G

where C > 0, the set of poles {ak, }new satisfies asymptotics (2.5) and the set
of zeros {Bln Inen satisfies asymptotics (2.6). For the given eigenvalues from
OND = {bn}nen. let b, be defined as by, i.e. b; := b; for j € N\ {I,}nen.
Similarly let a; := a; for j € IN \ {kn}nen.

e G(z) and G(z) share same set of poles with equivalent residues at the cor-
responding poles, i.e. dx, = ak, and Res(G,ag,) = Res(G, ag,) for any
n € N.

e G(z) and G(z) share one zero, namely b;, = 1515.

e By the equivalence of poles and residues of G(z) and G(z) and Lemma 4.5,
G(z) has the representation

_ ~ 1 1
G(z):522+dz+é+ZAkn( ——), (4.18)
ax, —z  ag
nelN n n
where ¢, c?, e € R.

Let m € N\ {s} and b;,, # by,,. Since G(b;,) = 0 and G(b;,,) = 0, using
representations (4.17) and (4.18) we get

—eb? —dby —e— _
cb} —dby, —e %Ak,, (akn o ) (4.19)
L 1 1
—eb2 —dby, =Y Ap,(———— —). 4.20
i e r%:v o (ak,, — by, Gk ) (20

G(by,,) = G(by,,) — G(by,) = (c —O)b} +(d —d)by,, +e—2.  (4.21)
Taking difference of (4.19) and (4.20) and replacing e — é by

G(by,,) — (c —&)b7 —(d —d)by,,
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we get

m m

A ; 7 bi,, — b
ch? —cb? + dblm — dblm + G(blm) = Ag, = .
" " ngl;\l ((akn — by, )(ak, — blm))

Dividing both sides by b;, (b;, — by, ) we get

bi,, bi,,  bi, (bi,, — by,,) el bi,, (ak, — bi,, ) (ak, — bi,
(4.22)
Note that since {a, }»en satisfies asymptotics (2.5) and {b, }neN, {bn}nen sat-
isfy asymptotics (2.6), the inequalities

—c(biy +by,)  —d  Glby,) ( Ak, )
") )

11,y @k, — b, ) ar, — bi, )| ™" < bi, (ak, — br,)a, — bi,)| ™" < 2/ag,

are valid for any m € IN\{s} and for sufficiently large n € IN. Recall that Ekj = by,
if kj ¢ {lx}nen. In addition, >, . Ak, /a,%n is absolutely convergent. Therefore
right hand side of (4.22) converges to 0 as m goes to co. Also note that by (4.21),
left hand side of (4.22) is

—c(by, + by,) —d N G(by,)

by, by, (b1,, — b1,,)
_ —c(by,, +b1,)—d . G(by,) — G(by,)
by, by, (by,, — by,,)
—c(by, +b; )—d N - e—¢
_ ~¢Ou, +bin) [(c—é)blm+d—d+e~ e].
by, by,, — b, by,

Let us observe that

—c(b by )—d
lim —C® o) =d

m—>00 bl
m

Now let us show Blm — by, converges to 0 as m goes to oo. Recall that poles of G
and G satisfy asymptotics

/4 /4

1 1
k2 + —/q(x)dx +ag, and k}+— / g(x)dx + ag,
T T
0 0

respectively, where o, = 0(1) and &,, = o(1) as n — oco. Equivalance of poles of
G and G imply equivalence of [, ¢(x)dx and [y §(x)dx. Therefore b;,, and by,
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satisfy asymptotics

F14 /4
1\2

(lm — %)2 + % / q(x)dx + pB;, and (lm - 5) + %/q(x)dx + B,

0 0

where B, = o(1) and B,, = o(1) as m — oo. Hence l;lm — by, = o(1) as m goes
to co. Therefore left hand side of (4.22) goesto oo if c—¢ # Oord — d # 0, sowe
get a contradiction unless ¢ = ¢ andd = d. This implies that G(z)— G (z) is a real
constant. However, G(z) and G(z) share the zero b;,. This implies uniqueness of
G(z) and hence uniqueness of {b;, },,ew. After unique recovery of the two spectra
opp and onp, the potential is uniquely determined by Borg’s theorem. |

We also get the uniqueness result without knowing any point from {b;, } e,
but this requires absolute convergence of [ [, ak,, /b1, - By absolute convergence
of [1,en @k, /b1, we mean absolute convergence of ), n(ax,/b;, —1). Note
that Limit Comparison Test implies that [ [, dx, /b1, is absolutely convergent
if and only if [[,c b1, /ak, is absolutely convergent. Absolute convergence of
[1,en @k, /b1, also implies the two conditions in Lemma 4.5, so in this case
Lemma 4.5 can be written in the following form.

Lemma 4.7. Let {ak, }nen C opp and {b;,}new C onp such that [ [, cn(ak, /b1,)
is absolutely convergent. Then

1 1
G(z):c22+dz+e+ZAk,,( +—),
el V4 —akn akn

where ¢, d, e are real numbers, Ay, is the residue of G(z) at the point z = ay,,
and the sum converges normally on C \ |, e k-

Proof. We will show that absolute convergence of [ [, (ak,, /b1,) implies the two
conditions in Lemma 4.5, but first we begin by showing that absolute convergence

of [T,en(@x,/bs,) implies {1/(ax, — bi,)}nen € ['. Since [],en(ax,/b1,) is
absolutely convergent,

Z\a"” .

nelN

—(n —1/2? 4+ o, — B,
1/2)2 + (1/7) [ q(x)dx + B,

“xlw
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ie. {(k2 — 12 4+ 1,)/12}pew € I'. Note that lim, oo ar,/b;, = 1 implies
limy,— 00 kn /1 = 1. Therefore
k2 — 12 ky =l +1n
nelN
. Z kn + ln
nelN ln ln
kn —in

2‘1/4

In

where N € N and ¢; > 0, i.e. {1/l,}nen € [' and by Limit Comparison Test
{1/kn}nen € I'. Therefore {1/(ax, — bi,)}new € I, since 1/|ax, — by,| <
1/|ak, — bk, | = O(1/k,) as n goes to co.

The partial product G defined in the beginning of Section 4.2 can be repre-

sented as
N Ak, N ay
Gy(2) = N + u
NG =3 et Hb,n
and hence
N Ay N ar
li N _ [ n ]: 423
NgnooZ ag Ngnoo l_[bl ( )
n=1 n n=1 ' nelN

Since {1/a, tnen € 11, existence of this limit implies lim y — oo Z,],V:l |Akn,N/a/%n |
exists.
Now we are ready to prove the first assumption in Lemma 4.5, i.e.

Jim_ Z(|Akn v — Akyl/az ) < .
For n < N, let us define

N bl,, Ay — km'

m=N+1""
Then
'Akn-f;i: Al _ () (B ) () @29
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Using (4.23), absoulte convergence of [ [, (ax, /b1, ) and hence absolute conver-
gence of >, . [(ak, — b1,)/ak,] we get that the limits

lim i Akﬂ and lim i (w[l — P ])
N—>c>on=1 kn,N

ak,, N—o0 ag

n=1 n
converge.

Recall that we have also showed {1/(ax, — b1, )}nen € I!. Therefore by (4.24)
we get the first assumption in Lemma 4.5,

N
Ar. v — Ag
N—oo a
n=1 kn
After recalling that we showed existence of limy fo:l | Ak, N /ain |, we get
the second assumption in Lemma 4.5, i.e. {4, /a,% bnew € 11 as follows:

N
lim Z| k| Z|Akn Aan| Z| an|
N—oo N—»oo N—>oo a

n= =1 k

n

Now using Lemma 4.5 we get the desired result. O

Theorem 4.8. Let g € L'(0, ) and {ak, }nen C 0pD, {1, }new C oND such that
[L,en(ax, /bi,) is absolutely convergent. Then {an}nen, {bn}nen \ {b1, }nen and
{Vk, }nen determine the potential q, where opp = {an}nenN, OND = {bn}nen are
Dirichlet-Dirichlet and Neumann—Dirichlet spectra and {y, }ne are point masses
of the spectral measure jLo,g =Y, cn VnOan-

Proof. One can use Lemma 4.7 and follow the proof of Theorem 4.6 until the last
step, i.e. showing uniqueness of the two spectra after obtaining that G(z) —G(z)isa
real constant, so letus show G(z)—G(z) = 0. The main differences in this case are
that G and G do not share any zero and the infinite products [1,en(ak, /b1,) and
IT,.en(ax, /by, ) are absolutely convergent. Let us recall that the infinite products
G and G have the following representations:

o ! RS
G(z) = c2? + dz C+,§A""(z—akn +akn),

~ _ 5 A 1 i
G(z) = c2® + dz C+§Ak"(z—ak,, +akn)'

Therefore by taking difference of G(z) and G(z) we get G(z) + C = G(z) + C,

ie.

—cJ] (E—1>(é—l)_l+ - -C] (E—1>(i—l)_l+6. (4.25)

nelN nelN Qe
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Note that since the infinite products [, e (@, /51,)s [1,en(@x, /b1,) are abso-
lutely convergent and the two spectra {a, }nen, {bn}nen lie on the positive real
line, the infinite products on the two sides of (4.25) are uniformly convergent on
the second quadrant. Hence by letting z go to infinity on the second quadrant we

get
—C ]_[ Qn  c = _C ]_[ Len o @, (4.26)

ne]N nelN ln

Recall that [T, b1, /b1, is finite, since

Z% Z|ﬁl"lﬁln|<max|:31n lgln|Z—<oo

nelN n nelN n nelN

Therefore the infinite product H(z) := G(z)/ G(z) is represented as

H() = G(2) _C - by, # _ l—[ b, H - by,
G(z) C .. bz z—by, Canbi sz —b,

We know that G and G share same poles with equivalent residues at the
corresponding poles. Therefore for any m € IN

I = Hiax,) = = Hb’”l_[ak’" P (4.27)

ne]N npeN? In

Now let us find the limit of the infinite product on the right end of (4.27) as m
goes to co. This infinite product is uniformly convergent if and only if the infinite

sum ~
akm — bln _ bln — bln
Z(f— 1) - 275, (4.28)

neN Ak — b, neN dkm — Oy
is uniformly convergent. Note that asymptotics of the two spectra imply

by, — by, = o(1)

as j goes to infinity. Then the asymptotics of {ak,, }new. {b1, }nen and {Eln Inen
together with absolute convergence of the infinite products [[,cn(ak,/b1,),

[Thentak,/ 151n ) imply that

Z‘ bln by,

00, 4.29
P (4.29)

Z ‘ bln b,

ax, — by,

since {1/(ak, — I;ln)},,e]N € I' as we discussed in the proof of Lemma 4.7.
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Therefore by letting m go to oo in (4.27) we get C/C = [[en Elj /bi;. 1f we

define y := [],cn @, /b1, and 7 := [1,cx @, /b1, we get C/C = y/. This

—1 ~

identity and (4.26) imply )i—l = l and hence y = y. Therefore C = C.
‘J/ f—

This implies uniqueness of G(z) and hence uniqueness of {;, } . After unique
recovery of the two spectra opp and onp, the potential is uniquely determined by
Borg’s theorem. U

4.3. General boundary conditions. As discussed in Section 2.2, the Weyl
m-function for the Schrodinger equation

Lu=—u"+qu=zu (4.30)

with boundary conditions
u(0) cosa — u’(0) sina = 0, 4.31)
u(m)cos B+ u'(m)sin B =0, (4.32)

is defined as
cos(a)u’,(0) + sin(a)u(0)

— sin(a)u’, (0) + cos()u(0)’

My, (Z) =

where u,(¢) is a solution of (4.30) satisfying (4.32) and «, 8 € [0, 7). In order
to prove our result with boundary conditions (4.31) and (4.32) we need to con-
sider more general m-functions. Recall that we have defined the m-function in
Section 2.2 by introducing two solutions s,(¢) and ¢, (¢) of (4.30) satisfying the
initial conditions

52(0) = sin(a), s5,(0) = cos(x),
cz(0) = cos(), cL(0) = —sin(a),

and u(¢), a solution of (4.30) with boundary conditions u () = sin 8, u’,(n) =
— cos 8. The same steps to define the m-function as in Section 2.2 can be followed

if ¢,(¢) is a linearly independent solution with W(c;,s;) = 1. Therefore we
introduce two solutions s, (¢) and ¢, (¢) of (4.30) satisfying the initial conditions
52(0) = sin(az), 5,(0) = cos(az),
£2(0) = sin(ap) ¢(0) = cos(ay)

Sil’l(Oll — Olz) ' sin(a1 — Olz) ’

for a1, a5 € [0, ), sin(e; — @) # 0 and same u,(z). Then we can define the
m-function my, 4, g-
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Definition 4.9. The m-function my, 4, g is defined as

1 [— sin(aq)u’,(0) + Cos(ozl)uz(O)]

Ma, ar,p(2) = sin(erz — 1) L—sin(a2)u/, (0) + cos(o2)u (0)

where o, a2, B € [0, ), sin(az — 1) # 0 and u,(¢) is a solution of (4.30) with
boundary conditions u, () = sin B, u’,(7) = —cos .

Remark 4.10. The m-function m, g we discussed in Section 2.2 is obtained by
letting ¢y = o — /2 and ay = «, i.e. My—7 0p(2) =mqp(2).

The m-function my, o, g(z) is a meromorphic Herglotz function having real
zeros on o0y, g and real poles on oy, g, which are interlacing. It is a meromor-
phic Herglotz function, since mg g(z) = u’,(0)/u(0) is a meromorphic Herglotz
function and sgn[Im(mg, ,,8(2))] = sgn[Im(mg g(z))]. Therefore Herglotz rep-
resentation theorem implies

1 t
t—z 1412

Mo anp () =az + b+ [ | Jdtta o ©).

where a,b € R and piq, o, 8 is a positive discrete Poisson-summable measure
supported on the spectrum oy, g. Let us call j1q, «,,p the spectral measure corre-
sponding to («1, a2, ). Now we prove our results with general boundary condi-
tions.

Theorem 4.11. Letq € L' (0, ), A C IN, sin(a —ay) # Oand ay, a3, B € [0, 7).
Then {anjnen, {bn}new\a and {yn}nea determine the potential q, where 0o, g =
{an}nen, 0q,,8 = {bn}nen are two spectra and {y,}nen are point masses of the
spectral measure o, 4,8 = D peN YnOan-

Proof. Wlog let a, and b, be positive for all n € IN. We follow the arguments we
used in the proofs of Lemma 4.1 and Theorem 4.2, but there are two differences:
asymptotics of the two spectra, depending on o1, @3, f and hence the order relation
betweeen a, and b,. Thus, we consider the following cases.

() oy # 0,02 # 0,1 > 2. When B # 0, the two spectra oy, g = {dn}nen and
Oa;,8 = {bn}nen satisfy the asymptotics (2.4) and hence a, > b, for alln € IN.
Therefore using the proof of Lemma 4.1, m, 4, 8(z) can be represented as (4.2).
Using this representation and Cebotarev’s theorem as we discussed in the proof
of Theorem 4.2, the meromorphic Herglotz function G(z) defined as

G(z) = —C}E(Z—n - 1)(% — 1)_1 (4.33)
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has the following representation:

G(z):dz+e+ZAn( ! +i).

zZ—d a
neA n n

Only unknown constants on the right hand side are d and e. In order to show
uniqueness of the linear term dz + e, let us introduce G(z) as we did in the proof
of Theorem 4.2:

e the infinite product G is defined as
G(z) = -C ]‘[ (— _ 1)(— - 1) g

where C > 0, the set of poles {a, }»c4 and the set of zeros {15,, Inea satisfy
asymptotics (2.4). Let ay := ay and by := by fork € N\ 4;

e G and G share same set of poles with equivalent residues at the correspond-
ing poles, i.e. dx = ax and Res(G, ax) = Res(G, ay) for any k € A4;

e by the equivalence of poles and residues of G and G and Cebotarev’s theo-
rem, G(z) has the representation

G =dzt e+ Y dn(—— + ),

— z—a, ay
where d >0,¢e e€R.
Therefore difference of G and G is a linear polynomial, i.e.
Gz)—G(z)=(d—-d)z+e—¢ (4.34)

Note that since {a, }nen, {Pn }nen and {15,, }nen are subsets of (0, co) and satisfy
asymptotics (2.4), for any x € (—o0, 0) we get

-t T - )+ FTIGE ) )|
<CH—+CH—<oo

neA bn neabn
Convergence of the infinite product [ [, c 4 ax /b, follows from the fact that

MY

neA neA
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for some M < oo, since asymptotics (2.4) imply |a, —b, | < M; for some M; < oo
independent of n and a, = n? + 0(n?), b, = n? + o(n?) as n goes to infinity.
Therefore

lim |(d—d)x+e—¢é|= lim |G(x)—é(x)|:‘Cl_[Z—"—6Hg—"
ned "

neA=n

< 00,

so we get a contradiction unless d = d. This implies that G(z) — G(z) is a real
constant, which is G(0) — G(0) = C — C. In order to show C = C, we follow
exactly the same arguments used in the proof of Theorem 4.2.

This gives uniqueness of G(z) and hence uniqueness of {b, },c4. After unique
recovery of the two spectra 0y, g and o, g, Levinson’s theorem uniquely deter-
mines the potential.

When § = 0, one can apply same arguments. The only difference appears in
asymptotics of 0y, g = {an}nen and oy, g = {bn}new, Which does not affect the
result.

(ii) ¢y # 0,02 = 0, B = 0. The two spectra 0y, 8 = {anjnen and oy, g =
{bn }nen satisfy the asymptotics (2.5) and (2.6) respectively. One then obtains the
result by following the proofs of Lemma 4.1 and Theorem 4.2.

(iii) or1 # 0,02 = 0, B # 0. The two spectra 0y, 8 = {adn}nen and oy, g =
{bn}nen satisfy the asymptotics (2.7) and (2.4) respectively, which is similar to
the previous case.

(iv) g # 0,02 # 0,01 <oz 0ora; =0,a2 #0,8 #0ora; =0,0z # 0,
B = 0. In all of these three cases, a, < b, for all n € IN. Therefore using the
proof of Lemma 4.1, m, 4, 8(z) can be represented as

My, .ar.p(z) =C 1_[ (i — 1)(% _ 1)_1.
neN

In order to represent G(z) as (4.33), an extra factor is required, so we shift indices
of b, up by one inside A and let b; be a positive real number less than a;,
assuming wlog 1 € A. Then %G(z) can be represented as (4.33). Using

this representation and Cebotarev’s theorem, the meromorphic Herglotz function

Z ;f’ L G(z) has the following representation:

(z ;lbl)G(z) =az+b+ZA,,(anl_Z —i)

neA
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Therefore if we introduce G(z) similar to the previous cases, then Zglbl G(z) and

Zglbl @(z) share the same set of poles {a, },c4 With the same residues {—A;},ca

and have the sets of zeros {b,},e4 and {b1} U {l;,,},,e A\{1} Tespectively, so the
difference of 2 ;f’ LG(z) and Z ;f’ LG(z) is a linear polynomial with real coefficients
and hence G(z) — G(z) is a real constant, which is G(0) — G(0) = C — C. In
order to show C = C, we follow exactly the same arguments used in the proof of
Theorem 4.2.

This implies uniqueness of G(z) and hence uniqueness of {b,},c4. After
unique recovery of the two spectra o,, g and oy, g, Levinson’s theorem uniquely
determines the potential. O

Remark 4.12. Theorem 4.11 gives Marchenko’s theorem with the m-function
M, ay,p as a corollary if we let A = IN. By letting A = @, we get the statement
of Levinson’s theorem.

For the non-matching index sets case, let us recall the definitions of Ay,
and Ag,,:

— k,, ag; akn — by,
Ay m 1= (ak,, bk,,)l_[ bl m
n
J#n
ak Ak, — blj

Ay, = k" (ak,, bkn)l_[

/#n

L by ag, — ax,

We can prove Theorem 4.6 and Theorem 4.8 with general boundary conditions
following the same proofs. However, if boundary conditions «; and o, are
nonzero, then we need that eventually the two index sets {k,}nen and {/;}nen
have no common element.

Theorem 4.13. Let ¢ € L'(0,7), sin(ay — 1) # 0, oy, 00,8 € [0, ) and
{ak, }new C 0qy,p, b1, tnen C 0y, g satisfy following properties:

o limp—oo Yy (1 Ak,m — Ak, |/a/%n) < 005

o {Ak,/a; tnex €1,

(@) If a1 = 0 oray = 0, then {an}nen, {bntnen \ {b1, new\(sy and {yk, }nen
determine the potential q for any s € N, where 0y, g = {an}neN, Oq;, = {bn}nen
are two spectra and {yn }ne are point masses of the spectral measure Ly, o, 8 =

Zn eN ¥n San .
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(i) If 1 # 0, aa # 0 and there exists N € N such that k,, # I, foralln > N,
then {an}nen, {bntnen \ {b1, fnem\isy and {yk, jnen determine the potential q for
any s € N, where 0y, g = {an}nenN, Oq,,8 = {bn}nen are two spectra and {yn }nen
are point masses of the spectral measure o, 4,8 = Y penx YnOan-

Proof. In the proof of Theorem 4.6 we used the inequalities (4.11), namely
11, ke, — b, ), — b, )™ < bi, (@, — b, ) ax, — bi,)| ™' < 2/af, .

If ¢y = 0 or @y = 0, these inequalities are still valid for any m € IN \ {s} and
for sufficiently large n € IN. Recall that l;kj = bkj ifk; ¢ {lu}nen.

If o1 # 0, oy # 0 and there exists N € IN such that k, # [, foralln > N, we
modify these inequalities as follows:

151, (@, — b1, )@k, — b1, ™" < by +1(ar, — biey+1) @k, — by )™ < 2/a

which are valid for any m € IN \ {s} and for sufficiently large n € IN.

After getting these inequalities we apply proofs of Lemma 4.5 and Theorem
4.6 with the m-function m, o, g and the spectral measure [y, o, g and obtain
uniqueness of {b;, }»ew. Even though asymptotics of the spectra may be different
than Dirichlet-Dirichlet, Neumann—Dirichlet case, the same arguments can be
used. After unique recovery of the two spectra oy, g and oy, g, Levinson’s
theorem uniquely determines the potential. O

Theorem 4.14. Let ¢ € L'(0,7), sin(ay — 1) # 0, oy, 00,8 € [0, ) and
[Lhew @k, /b1, be absolutely convergent, where {ay, }nen C 0gy,g, {b1, tnen C
Oay,B-

() If a1 = 0 or az = 0, then {an}ne, {bn}nen \ b1, tnew and {yx, tnen deter-
mine the potential q, where 04, 8 = {an}neN, Oa;,8 = {bn}nen are two spectra
and {yn}nen are point masses of the spectral measure jLo, 0r.8 = Y _nen Ynban-

(ii) If a1 # 0, ax # 0 and there exists N € N such that k,, # I, foralln > N,
then {a, nen, {bn}nen \ {b1, }new and {yi, }new determine the potential q, where
Oar,p = {an}neN, Oq;,p = {bn}nen are two spectra and {y, }nen are point masses
of the spectral measure Ly, o8 = D nen VnSan-

Proof. If @1 = 0 or ay = 0, we follow the proofs of Lemma 4.7 and Theorem 4.8
with the m-function mg, 4, g and the spectral measure (14, «,, and obtain unique-
ness of {b;, }new. After unique recovery of the two spectra oy, g and oy, g, Levin-
son’s theorem uniquely determines the potential.

If oy # 0, ap # 0 and there exists N € IN such that k,, # [, foralln > N, then
the only difference appears in showing {1/(ax, —bi, }nen € 11, so let us show that
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absolute convergence of [, (ax, /b1,) implies {1/(ax, — b1,)}nen € I'. Since
[1,en(ax, /b1,) is absolutely convergent,

Z‘akn—bln _ (kn — 1> — (L — D>+ y1 + o, — B,
by,

neN - ,;v (In — D2+ y2 4+ (2/7) [ q(x)dx + By,

ie. {(k2 —12 =2k, +21,)/12}pen € 1. Here y; = 2[cot(az) — cot(ay)]/m, ya =
2[cot(B) +cot(x;)]/m and wlog we assume B # 0. Note that lim, . ak,, /b;, = 1
implies lim,— o k5 /[, = 1. Therefore

o>

k2 —12—2(ky —Ip)

12
nelN n
_Zk,,+zn—2 kn — n
nelN ln ln
kn — 1, 1
Z -
=1 ln n=N+lln
- 1
Z (1 e
nelN ln

where N € N and ¢; > 0, s0 {1/l,}new € I! and hence by Limit Comparison
Test {1/kn}new € ['. Therefore {1/(ax, — by, )}nen € !, since forn > N,
1/|ak, —bi,| < 1/lak, —bk,+1| = O(1/ky) as n goes to oo. Now we apply proofs
of Lemma 4.7 and Theorem 4.8 with the m-function m, o, g and the spectral
measure [iq, q«,,4 and obtain uniqueness of {b;, j,ew. After unique recovery of
the two spectra o4, g and oy, g, Levinson’s theorem uniquely determines the
potential. O

Appendix A. Complex function theoretical tools

In this section we recall some definitions and theorems from complex function
theory used in our discussions. We follow [40].

A function on R is Poisson-summable if it is summable with respect to the
Poisson measure I1, defined as dI1 := dx/(1 + x2). The space of Poisson-
summable functions on R is denoted by L.

The Schwarz integral of a Poisson-summable function f is

Sf(z) = %/( ! ") fwr.

t—z 1412
R
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The Schwarz integral of a real valued Poisson-summable function is given in terms
of its Poisson and conjugate Poisson integrals:

Sf=Pf+i0f.

Ly
Pf(z) = - / )2 +y2f(t)dz,

1 —t 1
0f(z) = ;/<(x_xt)2+y2 + 1+t2>f([)dt'

A measure p on R is Poisson-finite if [ ﬁcﬂ u|(t) < oo. The Schwarz
integral of a Poisson-finite measure p, defined as

Su() = — /( L )duo.

t—z 1412
R

is analytic in the upper half-plane C..

Outer functions in C are analytic functions of the form e5/ for f L}].

Inner functions in C4 are bounded analytic functions with non-tangential
boundary values, equal to 1 in modulus, almost everywhere on R. If an inner
function extends to C meromorphically, it is called meromorphic inner function,
usually denoted by ©.

Hilbert transform of f € L1, denoted by £, is defined as the singular integral

Fo =~ [ [+ o,

where p.v. denotes the Cauchy principal value. It is the angular limit of Q f =
Im S £, hence the outer function e/ coincides with e/ 11/ on R.

A meromorphic function is said real if it maps real numbers to real numbers on
its domain. A meromorphic Herglotz function m is a real meromorphic function
with positive imaginary part on C. It has negative imaginary part on C_ via the
relation m(2) = m(z).

There is a one-to-one correspondence between meromorphic inner functions
and meromorphic Herglotz functions via equations

140 —i
=i+ @_m i

1-0° m+i

A meromorphic Herglotz function can be described as the Schwarz integral of
a positive discrete Poisson-finite measure:

m(z) =az+b+iSu,
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where a > 0, b € R. The term i S is also called Herglotz integral and usually
denoted by H. This representation is valid even if the Herglotz function can not
be extended meromorphically to C, in which case x may not be discrete. It is
called Herglotz representation theorem. Cebotarev proved a similar result.

Theorem A.1 (Cebotarev [33]). If the real meromorphic function m maps C
onto C., then its poles {ay } ez, are all real and simple, and it may be represented
in the form

m(z)=az+b+%Ak( ! _L)
= ay —z ax’/’

wherea > 0,b € R, —oc0o < N < M < oo, Ay > 0 and the sum Z,iw:N Ak/a,%
converges.
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