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Resolvent of the generator of the Cy-group
with non-basis family of eigenvectors
and sharpness of the XYZ theorem

Grigory M. Sklyar and Vitalii Marchenko!

Abstract. The paper presents an explicit form of the resolvent and characterisation of
the spectrum for the class of generators of Cp-groups with purely imaginary eigenvalues,
clustering at ioco, and complete minimal non-basis family of eigenvectors, constructed
recently by the authors in [28]. The discrete Hardy inequality serves as the cornerstone
for the proofs of the corresponding results. Furthermore, it is shown that the main result on
the Riesz basis property for invariant subspaces of the generator of the Co-group (the XYZ
theorem), obtained a decade ago by G. Q. Xu, S. P. Yung and H. Zwart in [31] and [32], is
sharp.
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1. Introduction

Problems of spectral theory for nonselfadjoint (NSA) operators attract more and
more growing interest of experts in different fields of mathematics and natural
sciences, see, e.g., [4], [5], [6], [7], [15], [16], [17] [23], [28], [31], [32] and the
references therein. This is primarily caused by the recent progress in theoretical
physics of non-Hermitian systems [4] on the one hand, and, on the other, by the
fact that many mathematical models of dynamical processes lead to the study of

1 The author is partially supported by the State Fund For Fundamental Research of Ukraine
(project no. ©83/82 —2018).
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linear evolution equations
X(@)=Ax@), t=0, 0
x(0) =x9 € H,

in Hilbert spaces H with unbounded NSA operator A.

In last years NSA Schrodinger operators are studied very intensively, see [7],
[8], [15], [16], [17], [23] and, especially, [4], [5], and [6]. In 2000 E.B. Davies [7]
studied NSA anharmonic oscillators

d? o
Laz—ﬁ—i-dxl . ()
defined on L,(RR) as the closure of the associated quadratic form defined on
Cs°(R), where @ > 0, c € C\ R, |argc| < C(«). He proved that for all @ > 0
the spectrum of £, consists of discrete simple eigenvalues and, if we denote them
in nondecreasing modulus order by A,, |A,| — o0, and consider corresponding
one-dimensional spectral projections Py, then the norms || P, || grow more rapidly
than any polynomial of n as n — oo, see [6] and [7]. Davies called operators
with such spectral behavior by spectrally wild ones. A family of eigenvectors of
spectrally wild operator, although can be complete and minimal in a space, cannot
constitute a Schauder basis. E.g., the eigenvectors of £,, where %i(c) > 0, are
dense in L,(R) if eitherv > 1,0r 0 < o« < 1 and |argc| < amx/2, see [7]. We
recall that a sequence {¢, }5=, of a Banach space X forms a Schauder basis of X
provided each x € X has a unique norm-convergent expansion x = > > | ¢, ¢.
In 2004 E.B. Davies and A.B.J. Kuijlaars proved that spectral projections P,
of the operator £, where ¢ = e'?, 0 < || < 7, grow exponentially [8]:

1 i
lim —In || P,|| = 2R{ £ (r(6)e T)},
n—oon

where f(z) = In(z + g(2)) —zg(2), g(z) = (z2—1)V2,r(9) = (2cos(6/2))~1/2.

These studies were continued by R. Henry, who determined exponential
growth rates of spectral projections of the so-called complex Airy operator £,
where ¢ = ¢'%, 0 < || < 3Z, and anharmonic oscillators Lo, k € N, where

T’
c=¢e"?0< 0] < (k;)”, see [15], [16]. Moreover, in [17] Henry studied spec-

tral projections P, of the complex cubic oscillator Cg = _‘;1722 +ix3+ifx, >0
with domain H%(R) N L>(R; x%dx) C L,(R) and showed that for all 8 > 0 we

have lim, o0 2 In || P, || = el

Recently, B. Mityagin et al. considered NSA perturbations of selfadjoint
Schrodinger operators with single-well potentials and demonstrated that norms
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of spectral projections P, of these operators can grow at intermediate levels, from
arbitrary slowly to exponentially fast [23]. In particular, natural classes of oper-
ators with projections obeying lim,_, ni,, In||P,|| = C, where C € (0, 00) and
y € (0, 1), were found.

On the other hand, in “good” situation, i.e. when the operator A has a Riesz
basis of A-invariant subspaces, the system (1) can be split into countable family
of subsystems (each subsystem lives in a corresponding A-invariant subspace)
and we can make conclusions on the behavior of (1) on the basis of the study of
its subsystems, see, e.g., [22], [24], [25], [26], [27], [31], [32], and the references
therein. That is why Riesz bases are convenient tools of infinite-dimensional linear
systems theory and the following question is important.

Question 1. Which conditions are sufficient to guarantee that A has a Riesz basis
of eigenvectors (or A-invariant subspaces)?

For equivalent definitions and stability properties of Schauder bases of sub-
spaces (Schauder decompositions) and Riesz bases of subspaces we refer to [19],
[20], [21], and the references therein.

A number of recent papers are devoted to Question 1 in the case when A
is a perturbation of selfadjoint, nonnegative operator with discrete spectrum,
including perturbations of harmonic oscillator type operators. We refer to [23],
Section 4.3, for the brief overview of the corresponding results.

In the study of (in fact, quite old) Question 1 a breakthrough was made by
G. Q. Xu, S. P. Yung and H. Zwart — the XYZ Theorem:

XYZ Theorem ([31] and [32]). Suppose that the following three conditions hold:
(1) the operator A generates the Cy-group on a Hilbert space H;
(2) the set of eigenvalues {An}5>, of A is a union of K < oo interpolation

sequences A, 1 < k < K. In other words, {A,}ney = U,Ile Ag, where

i inf Ay — A 0; 3
H}clnln,/lmler}\k:n#m| n = Aml > 3)

(3) generalized eigenvectors (eigen- and rootvectors) of A form a dense set.
Then there exists a certain sequence of (multidimensional, if K > 1) spectral

projections { P,}o2, of A such that { P, H}72, forms a Riesz basis of subspaces
in H with sup,cydim P, H < K.

‘We note that operators satisfying conditions 1-3 of the XYZ Theorem naturally
arise from applications, e.g., in the analysis of neutral type systems [24], [25], [26],
and [27].
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However, it was totally unclear: what if the eigenvalues of A4 lie in a strip,
parallel to imaginary axis, and do not satisfy the condition of separation (3)? In
particular:

Question 2. Is it possible to construct the unbounded generator of the Cy-group
with eigenvalues {A,}5°, C iR not satisfying (3) and dense family of eigenvec-
tors, which does not form a Riesz basis?

In [28] the authors obtained an affirmative answer to the Question 2 and
presented the class of infinitesimal operators with such eigenvalues {1,}52, and
complete minimal family of eigenvectors, which, however, does not form even a
Schauder basis. To formulate the corresponding result we need to consider the
following classes of sequences.

Definition 1.1 ([28]). Let k € IN and A stands for the difference operator. Then
we define classes of sequences

Clearly for all k we have that {Inn}32 ; € 8 but {/n} | ¢ 8.

Theorem 1.2 ([28]). Let{e,};>, be a Riesz basis of a Hilbert space H and k € IN.
(1) The space Hiy({en}) = {x = () Ypwy Cnen: {cn}S, € L (AR is a separa-
ble Hilbert space. Here (f) Y o cnen denotes a formal series and 0 (AF) =

s ={ou}2, CC: Aks e ,).
(2) The sequence {e, )52, is dense and minimal in Hy({e,}), but it is not uni-
formly minimal in Hi({en}). Hence {e,}5>, does not form a Schauder basis

of Hi({en}).
(3) The operator Ag: Hr({en}) D D(Ay) — Hi({en}), defined by

Arx = Ak() Y cnen = (1) Y if (1) - cuen.

n=1 n=1

where { f(n)}52, € 8k, with domain
D) = {x = ()Y cnen € Hellenh: (/) - e} € (AD)], )
n=1

generates the Co-group {e“¥'},cr on Hy({e,}), which acts for everyt € R
by the formula

1) 00
eAktx — eA"’(f) Z Cpen = (f) Z eitf(n)cnen_

n=1 n=1
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Similar results take place for the case of operators with the same spectral
behaviour on certain Banach spaces £, x({en}), p > 1, k € N, see [28]. Note
that if we take, e.g., { f(n) = /n}32, ¢ 8 for any k, and define the operator
A1 on Hi({e,}) as in Theorem 1.2, then A; will not generate a Cy-semigroup on
Hi({en}), see [28], Proposition 7, Proposition 8.

The paper has two purposes. The first is to obtain an explicit form of the resol-
vent and to characterise the spectrum of the class of generators Ay of Cy-groups
from Theorem 1.2. We note that Theorem 1.2 together with the XYZ Theorem
show that Theorem 1.1 from [32] dealing with the case of simple eigenvalues
{An},2, in the XYZ Theorem, satisfying

inf [A, — Am| > 0,
n#m

is sharp, see also Example 1.3 in [32]. The second purpose of the paper is to
demonstrate that Theorem 1.2 means that the XYZ Theorem is also sharp, see
Section 2.

Acknowledgment. The authors are grateful to anonymous referees for valuable
suggestions, which led to improvements in the paper.

2. The XYZ Theorem is sharp

We will use the notation from [28], see also Theorem 1.2. By Proposition 3
of [28] we have that for any k € IN the sequence {e,};2; is dense and minimal
in Hi({e,}), but it is not uniformly minimal in Hy({e,}). It means that for each
nelN

o(en, Lin {e;};n) > 0,
but
ig&@(en, Lin {ej }j;én) =0,

where o(x, Y') denotes a standard distance from the point x to a set Y, defined by
o(x.Y) = inf |lx — y].
yey

Let {¢,}72, be dense and minimal sequence in a Hilbert space H, but is not
uniformly minimal in /. Then it can happen that there exists a splitting of {¢,, } >,
into infinite number of disjoint groups with at most K < oo elements in each of
them, i.e.

{¢n}§i°=1 = {{¢j }jeEn }Zo=1a
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where

| JEn=N. E,NEn=0ifn#m, |E,| <K foralln, (5)
n=1

such that the corresponding sequence of subspaces {Lin{¢, }ncE, } 7=, constitute a
Riesz basis of subspaces of H with uniform bound of dimensions of all subspaces
not exceeding K. See e.g. Example 1.3 in [32] for details. In order to show that
the XYZ Theorem is sharp we will prove that this situation is impossible for our
construction from Theorem 1.2. More precisely, thereby we demonstrate that if the
eigenvalues of the generator of the Cy-group in a Hilbert space do not satisfy (3),
then the conclusion of the XYZ Theorem can be false. Furthermore, we will prove
a little more.

Theorem 2.1. Let k € N and {e,};2, C Hr({en}) be a sequence from Theo-
rem 1.2. Suppose that {E,}52, is an arbitrary decomposition of N into disjoint
sets, I.e.

o
| JEn=N. E,NEn=0.n#m.
n=1
Then {m{ej VieE, Jo2, does not form a Schauder decomposition of Hy({en}).

Proof. Fix k € IN and assume the opposite, i.e. let there exists a decomposition
of IN into disjoint sets,

o0
| JEn=N. EsNEn=0.n#m,
n=1

such that {", = Lin{e;}jck, %, constitutes a Schauder decomposition of
Hy({ey}). Then, by the definition of the Schauder decomposition, every x €
Hj ({e,}) can be uniquely represented in a series

9]
X = § Xn,
n=1

where x, € 9, for each n € IN, and there exists an associated sequence of
coordinate linear projections {P,};>, defined by P,x = P, Zf,f:l Xm = Xn,
where x, € M, n € IN. It follows that for every n, j € N

5 i € E )
Pe; = {7 /= 0n (6)
0, Jj¢E,.
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Consider an element x* = (f) Y72, ¢; € Hi({es}). Then, taking into ac-
count (6), we have that for everyn € IN

P = Pa((D Y e) = (D Y e )
j=1

JE€En

We recall that the norm in a Hilbert space Hy ({e,}) is defined by

Il = | 3 cren
n=1

oo
= [ Yo ten = Clenr + -+ COFCE s + (D Fenen
n=1

k

’

where x = (f) Y02 | cnen € Hi({en}), C{" are binomial coefficients, | - || denotes
the norm in an initial Hilbert space H and ¢;—; = 0 for all j € NN, see [28].
Since {e,};2, is a Riesz basis of H (see Theorem 1.2), there exist two constants
M > m > 0 such that for every y = > 77 | ane, € H we have

o0
mlly|> <) lewl* < M]|y|>. (8)

n=1

By virtue of (7) and (8) we obtain that for every n € IN

12z = [ e = [0 X g || = 2
JEEy j=1

where for every n, j € IN

1, j €k,

§i(n)={0’ i ¢E,

Thus || P,x*||x - 0 as n — oo, which means that x* can not be represented

in a convergent series
o o
* k
E X, = E Pyx™,
n=1 n=1

where x; € 9, for each n € IN. So we arrived at a contradiction with the
definition of the Schauder decomposition. |

Theorem 2.1 leads to the following.

Corollary 2.2. The XYZ Theorem is sharp. None of its conditions can be removed.
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Proof. Indeed, condition 3 of the XYZ Theorem obviously can not be removed.
If one removes condition 2 but conditions 1 and 3 are fulfilled, then, by virtue of
Theorem 2.1, the class of counterexamples are given by Theorem 1.2.

Let us remove condition 1. Suppose that conditions 2 and 3 are satisfied,
operator A does not generate the Cy-group on H but A generates the Cy-semigroup
on H. Then the counterexample is given as follows.

Let {¢,}7~, be a bounded non-Riesz basis of H, i.e. bounded conditional
basis. It means that {¢,}2 ; constitutes a Schauder basis of H, but does not form
a Riesz basis of H, and we have

0 <inf @], sup gl < oc.
n

Since {¢n},=, is a Schauder basis of H, every x € H has a unique norm-
convergent expansion

o0
X = chqﬁn.
n=1

Then we define the operator A : H D D(A) — H as follows,

o0 o0
Ax:AZCn¢n :—chn¢ns
n=1 n=1

where

D(A) = {x - icnqs,, cH: incnqﬁn e H}.
n=1 n=1

It can be easily shown that A generates the Cp-semigroup on H, the spectrum
of A is pure point and consists of simple eigenvalues —n, n € IN, with correspond-
ing eigenvectors {¢,},>,, see, e.g., [14]. Finally, it is not hard to prove that, if
{En}y2, is a decomposition of IN into disjoint sets with at most K elements in
each of them, such that (5) holds, then

{Lin{¢;}eE}ns
does not form a Riesz basis of subspaces of H. |

For our construction of generators of Cy-groups with complete minimal non-
basis family of eigenvectors in special classes of Banach spaces £, x ({en}), p > 1,
k € NN (see Theorem 16 in [28]), we have a result similar to the Theorem 2.1.
Here {e,}5>, denotes an arbitrary symmetric basis of an initial Banach space ¢,
p > 1. Recall that Schauder basis {e,};2, is called symmetric provided any its
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permutation {eg(,)}re, 0(n): IN = IN, also forms a Schauder basis, equivalent to
{entn,. Forany p > 1 and k € IN the space

Cprllend) = {x = (f)chen ea)iZy € Lp(a5)}.

where () anl cney also denotes a formal series and
£ (AF) = {s = {0,)2, € C: AFs € £,),

is a separable Banach space, isomorphic to £,, see [28]. If p > 1, then, according
to Proposition 5 of [28], the sequence {e, }5>, is dense and minimal in £, x ({e,}),
p > 1, k € NN, but it is not uniformly minimal in £, i ({ex}), S0 {e,},—, does
not form a Schauder basis of £, i ({e,}). Using similar arguments we obtain the
following result, analogous to Theorem 2.1.

Theorem 2.3. Letk € Nand{e,};>, C £, ({en}), p = 1, be a sequence defined
above. Suppose that { E, }52, is an arbitrary decomposition of N into disjoint sets.
Then {m{e‘,- }jeEn Joey does not form a Schauder decomposition of £, i ({en}).

3. The resolvent and spectrum of generators of Cy-groups
with non-basis family of eigenvectors

Recall that if p > 1 and @, > 0 for n € N, then the discrete Hardy inequality

states that
S EYw) < (L) Yar ©)
n=1 " k=1 p=17 1= "
with the exception of the case when a,, = 0 for all n € IN. Moreover, the constant
(5 =) is the best possible.

The following theorem provides an explicit form of the resolvent for the class
of generators Ag: Hp({en}) D D(Ax) — Hi({en}), k € N, of Cy-groups from

Theorem 1.2 and the description of the spectrum o (A ) of generators Ay.

Theorem 3.1. Let k € N and Ay be the operator from Theorem 1.2. Then:

() o(Ax) = 0p(Ar) = {if (n)}°.
(ii) The resolvent of Ay is given by the following formula:

Cnen

(n) — A’
where x = (f) Zn=1 cnen € Hi({en}).

(Ax = AI)” x—(f)Z 7 A€ p(4r) = C\{if (). (10)
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Proof. First we prove the Theorem for the case k = 1.
Let us prove that p(A4;) = C\ {if(n)}7° is the resolvent set of the operator A,
and the operator

> 1
A(A)x = (f) : Cnén,
n; i) — A

where A # if(n) foralln € Nandx = (f) Y ne; cnen € Hi({en}), is the resolvent
of A 1.
To this end denote A, = if(n), n € IN. Recall that the norm in Hilbert space

Hi({en}) is - -
¥l = [ enen| = | 3oten = ca-vlen
n=1 n=1

s

where || - || denotes the norm in an initial Hilbert space H and ¢y = 0, see [28].
Observe that
X e ciel e c Cn—1 2
A 2:” ""‘ H n_ Cno
At = |07 +’;(An_k e

- H ;161 + Z (Anci A Ainjx + ):,n:lx B )L,,inl_i A)e"

= (| 3 e )

= (21 + %)% <257 + 22%-

1
(A A A —A

)Cn—len

Now consider
A inf [An — Al >a > 0.

Since {e,}5>, is a Riesz basis of a Hilbert space H (see Theorem 1.2), there exist

two constants M > m > 0 such that for every y = Y>> | aye, € H we have

o0
mlly|> <) lewl* < M|y | (11)

n=1

Applying (11) we obtain that

1 N Jen — cnet)?
Si=—3 |”An —nw machn—cn 117 < ||x||2. (12)

1 Y Py
)kn —A An—l - A B (An - A)(An—l - A)
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for n > 2, by virtue of (11) we conclude that

I o [An—1 = AnPlen—1]? 1 & [ena?
2 n n n < n nzA n 2‘
21, S s 1AL

=, — AP Au_y — A2

Note that { f(n)}52, € 81, hence n|A f(n)| € £« by the definition of the class 81,
see Definition 1.1. Denote

C = supn|Af(n)|.
nelN

Then, since forn > 2
n—1
1 =Y _(¢j —¢j1),
Jj=1

we obtain that

o0
2 < C? Z |Cn—1|2
2~ ma* n?
n=2
C? o0 1 n—1 5
- ma4 (;‘ Z(C‘i _Ci_l)‘)
o0

ma4 ( Z|CJ—CJ 1|)

By virtue of the Hardy inequality (9) for p = 2 and (11) we obtain

| /\

o0

4C? 4MC?
s Z|cn—cn 12 = —— x5,

Combining this with (12) we finally arrive at the estimate

2 8C?
IAGIE = (5 + ) 21l (13)

and A(A) € [H1({en})], i.e. A(A) is a linear bounded operator.
Further let Viy = Lin{e,}_,. Then for xy € Vy we have

(A1 —A)AQ)xy = AAM) (A1 —Al)xy = xn. (14)
Note that A; is closed as the generator of the Cy-group by Theorem 1.2 and

Cin{Va o2, = Dinfen), = Hilen)).
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Fix arbitrary x € Hi({en}). Then we can find the sequence {xy}%_, with
xy € Vy suchthat xy — x as N — oo. Since A(A) is bounded, we have that

zy = AA)xy > AA)x = z.
By virtue of (14) we obtain that
(A —Al)zy =xy —>x and zy —z
as N — oo. Since A is closed this implies that z € D(A1) and
(A —Al)z = x.
Thus for all x € H{({e,}) we have that
A(A)x € D(A7) and (47 —A)AA)x = x, (15)

so A(A) is the right inverse of A1 — A[.
Now take z € D(A;) and consider x = (41 —A[)z. Then by (15) we have that

x= (A1 —A)AQ)x = (A1 = A AA) (A — Al)z.
Consequently,
(A1 —Al)(z—AA)(A1 —Al)z) =x —x = 0. (16)
To show that ker(4; — A1) = {0} for A # A,,, n € IN, we suppose that

(A1 = ADx = (A1 = ADH) D cnen = ()Y (An — Mcnen = 0.

n=1 n=1

It follows that

(A1 =2)er P + Y 1 = A)en — (Anmt — Vet [* = 0.

n=2

Since A # A1, we obtain that ¢; = 0 and for any n > 2,
(An —A)en — (Ap—1 — A)cp—1 = 0. (17)

Since A # A,, n € IN, from (17) we consistently get ¢, = 0 for all » > 2, and
hence x = 0.
Since ker(A; — AI) = {0} for A # A,, n € N, then by (16) we have for every
yALS D(Al)
z=AR)(A; —Al)z,
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and, combining this equality with (15), we infer that A € p(4;) and A(X) =
(A1 — AI)~ ! is the resolvent of 4;. Besides, we proved that

{AeC:A#£if(n),ne N} Cp(4)).

Finally we observe that since A, € 0(A1), n € N, A; is closed, the spectrum
of closed operator is closed set and the set {if(n)}{° contains all its limit points,
then 0(A41) = 0,(A1) = {if (n)}$° and

p(A) ={A e C:d#£if(n), neNt=C\o(4).

The proof in the case k > 2 is based on a combination of ideas of the proof
for the case k = 1 with technical combinatorial elements like in the proof of
Theorem 11 from [28] and can be performed similarly to the above. O

Remark 3.2. Operators with simple eigenvalues {4, },2 , not satisfying the con-
dition 2 of the XYZ Theorem and non-basis family of eigenvectors are considered
in recent applications. In [2] the author study the stability of the normal state
of superconductors in the presence of electric currents in the large domain limit
using the time-dependent Ginzburg—Landau model. The study involves spectral
analysis of the operator £: D(L) — L, (R, C), defined by

d2
dx?

where D(L) = {¢ € Lr(R4,C):xy € Lr(R4,C), ¢ € HZ(Ry,0)}. Let
{n}y=; C R denotes the non-increasing sequence of zeroes of Ai(z), Airy

L= +ix,

function. Then {A,}52,, where 1, = e_ZT”",un, n € NN, is a sequence of
eigenvalues of £ [2]. Since limy— oo ty = —o0 and lim,— o0 |n+1 — 4n| = 0

(see [30]), the eigenvalues {1, }72; of £ obey the condition
lim Mn-ﬁ-l - An| =0
n—oo

and, hence, the set {4, }5>, cannot be decomposed into a finite number of sets Ag
satisfying (3).
The eigenfunctions of £ are

Up = Ai(e%ix + un) € HE(R4,C), n € N.

Normalized eigenfunctions v, = % n € NN, are dense in L, (R, C), as it is

¥

proved in [2], but do not form a Schauder basis of L, (R, C), since £ is spectrally
wild [7].
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Define operators Z/: Apren)) D D(Z;;) — £, x({en}) on a class of Banach
spaces £,k ({en}), p > 1, k € N, see [28] or Section 2, as follows:

Arx = Ae () D cnen = () Y if(n) - cnen, (18)

n=1 n=1

where { f(n)}72, € 8k, with domain
D) = {x = (1Y cuen € L llen): () cali2y € (A0} (19)
n=1

Then, by virtue of Theorem 16 in [28], Z;; generates the Cy-group {eZ/Z’ }eer
on ¢, r({en}), which acts on £,  ({e,}) for every ¢ € R by the formula

~ ~

) )
ety = eAkt(f) Z cnen = (f) Z eitf(n)cnen- (20)
n=1

n=1
An explicit form of the resolvent and the description of the spectrum o (Ay) of
generators Ay are provided by the following theorem, similar to the Theorem 3.1.
Theorem 3.3. Letk € N, p > 1, and Z;; be the operator defined above. Then,
(i) o(Ax) = 0p(A) = {if ()5

(ii) the resolvent of Ay is given by the formula

T = (S =2 2 e p(B) = O\ ). 21)
k n; if(n) — A g

where x = (f) Y e cnen € Ly ({en}).

Proof. If {e,}72, is a symmetric basis of £,, then there exist two constants
M > i > 0 such that for every j = > 72 | ane, € £, we have

oo
mlFIP < Y lenl? < MIF|7,

n=1
see [28] for details. Thus the proof repeats ideas and lines of the proof of
Theorem 3.1. U

It is well known that the spectrum does not contain much information about
the behaviour of NSA operator A4, see also [5], [6]. For this reason the notion of
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pseudospectra was introduced and came into play [29]. The pseudospectra of A
is the family of sets

1
peca-anT =}
£)ex>0

and it describes the behaviour of NSA operator A much more effectively than the
spectrum, see [5], [6], [29].

Another way to control the resolvent is to obtain for it estimates from above,
see [5], [7], and works [18], [10], [11], [12], where direct links between the
polynomial growth of the Co-semigroup {e4?},>¢ in t and asymptotic behaviour of
the corresponding resolvent (4—A1)~! along vertical lines were established. Note
that Cy-semigroups and Cy-groups with polynomial growth condition naturally
appear in theory and applications of evolution equations, see, e.g., [3], [13], [27].

Remark 3.4. It was established in [28] that the constructed Cy-groups {eAk’ }eer
on Hy({e,}) from Theorem 1.2 are polynomially bounded. More precisely,
Co-groups {e“4x!},;cr grow in norm as t — oo but there exists a polynomial
px with positive coeflicients such that deg py = k and for every ¢ € R we have

e || < pr(t]).

For details see Proposition 12 from [28]. The similar result is true for the case of
Co-groups {4k}, on Banach spaces Lpx(len)), p > 1,k € N, with generators
from Theorem 3.3, see Proposition 17 from [28]. Thus we can apply results
from [10], [11], [18] to describe the asymptotic behaviour of the corresponding
resolvents.

In the forthcoming work we will prove the sharpness of polynomial growth of
Co-groups {e4k'};cr, {e4%"};cR.

Finally we note that, by virtue of Theorem 7.4 from [1] (p. 91), the weak
spectral mapping theorem holds for our classes of Cy-groups, since they are
polynomially bounded. In other words it means that for all t € R

U(eAkt) = et‘f(Ak)’ U(eZ;Ct) = etU(X;c)_
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