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On operator error estimates
for homogenization of hyperbolic systems
with periodic coefficients
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Abstract. In L>(R¥; "), we consider a selfadjoint matrix strongly elliptic second order
differential operator A, ¢ > 0. The coefficients of the operator A, are periodic and depend
on x/e. We study the asymptotic behavior of the operator AZl2 sin(rﬂé/ %),z € R, in
the small period limit. The principal term of approximation in the (H! — L,)-norm
for this operator is found. Approximation in the (H> — H')-operator norm with the
correction term taken into account is also established. The error estimates are of the sharp
order O(g). The results are applied to homogenization for the solutions of the hyperbolic
equation 8% u, = —Agsu. +F. As examples, we consider the acoustics equation, the system
of elasticity, and the model equation of electrodynamics.
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Introduction

The paper is devoted to homogenization of periodic differential operators (DO’s).
A broad literature is devoted to homogenization theory, see, e.g., the books [7, 8,
39, 50]. We use the spectral approach to homogenization problems based on the
Floquet-Bloch theory and the analytic perturbation theory. The main results of
the paper are briefly announced in [36].

0.1. The class of operators. In L,(R%;C"), we consider a matrix elliptic sec-
ond order DO A, admitting a factorization A, = b(D)*g(x/e)b(D), ¢ > 0.
Here b(D) = Z}i:l b;jDj is an (m x n)-matrix-valued first order DO with con-
stant coefficients. Assume that m > n and that the symbol b(§) has maximal
rank. A periodic (m x m)-matrix-valued function g(x) is such that g(x) > 0;
2,87 ! € L. The coefficients of the operator A, oscillate rapidly as & — 0.

0.2. Operator error estimates for elliptic and parabolic problems. In a series
of papers [9, 10, 11, 12] by M. Sh. Birman and T. A. Suslina, an abstract operator-
theoretic (spectral) approach to homogenization problems in R was developed.
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This approach is based on the scaling transformation, the Floquet-Bloch theory,
and the analytic perturbation theory. Surely, the spectral approach was applied
to homogenization problems before papers by Birman and Suslina, see, e.g.,
[2, 3, 22, 41, 51]. But the reminder estimates in the operator norm were not
discussed in these papers. Moreover, in [2, 3, 22, 41, 51] only scalar problems
were considered, while Birman and Suslina deal with systems. (In the scalar case,
application of the analytic perturbation theory with respect to the quasimomentum
simplifies significantly.)

A typical homogenization problem is to study the behavior of the solution u,
of the equation A;u, +u, = F, where F € L>(R%; C™), as ¢ — 0. It turns out that
the solutions u, converge in some sense to the solution ugy of the homogenized
equation A%ug + ug = F. Here A° = h(D)*g°h(D) is the effective operator
and g° is the constant effective matrix. The way to construct g° is well known in
homogenization theory.

In [9], it was shown that

[ue — o, way < CellF|lL,ma)- 0.1)

This estimate is order-sharp. The constant C is controlled explicitly in terms of the
problem data. Inequality (0.1) means that the resolvent (A, + I)~! converges to
the resolvent of the effective operator in the L,(R¢; C")-operator norm, as ¢ — 0.
Moreover,

I(Ae + D7 = (A% + D 7ML,y Lowa) < Ce

Results of this type are called operator error estimates in homogenization theory.
In [12], approximation of the resolvent (A¢ + 1)~! in the (L, — H')-operator
norm was found:

I(Ae + D71 = (A + D7 = eK(©) |, ety 11 vy < Ce

Here the correction term K (¢) is taken into account. It contains a rapidly oscillat-
ing factor and so depends on ¢. Herewith, [[eK(e)|1,— g1 = O(1). In contrast to
the traditional corrector of homogenization theory, the operator K(¢) contains an
auxiliary smoothing operator I1, (see (9.6) below).

To parabolic homogenization problems the spectral approach was applied
in [42, 43, 44]. The principal term of approximation was found in [42, 43]:

_ o0 _
e~ — ™A l2,Re)>L, ey < CeT 2 ¢r>o0.

Approximation with the corrector taken into account was obtained in [44]:

1/2

le™™e — 7™ — e X (e, Ol,@dy-mi@ay < Ce(r™ +7713), 0<e<c!/2
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Another approach to deriving operator error estimates in R? (the so-called
modified method of first order approximation or the shift method) was suggested
by V. V. Zhikov [52, 53] and developed by V. V. Zhikov and S. E. Pastukhova [54].
In these papers the elliptic problems for the operators of acoustics and elasticity
theory were studied. To parabolic problems the shift method was applied in [55].
Further results of V. V. Zhikov and S. E. Pastukhova are discussed in the recent
survey [56].

Operator error estimates were also studied for problems in a bounded domain.
The first results were obtained by G. Griso [28, 29] who studied the scalar elliptic
problems by using the unfolding method [19]. Close results were obtained in [52,
54]. The periodic elliptic systems were considered in [32] and [37, 46, 47].
Parabolic problems in a bounded domain were discussed in [27, 35].

Now, operator error estimates (and close results) are a hot topic in homogeniza-
tion. Recently, a progress in the high-contrast case was achieved by K. D. Chered-
nichenko and S. Cooper [18], in the locally periodic case—by S. E. Pastukhova
and R. N. Tikhomirov [38], D. I. Borisov [15], and N. N. Senik [40]. For almost
periodic case, some advances were obtained by S. N. Armstrong and Z. Shen [6].
For stochastic problems, some results were obtained in [4, 5]. Note, finally, that
the unfolding method was very recently transferred to the stochastic case, see [30].
Surely, this survey is incomplete.

0.3. Operator error estimates for homogenization of hyperbolic equations
and nonstationary Schrodinger-type equations. For elliptic and parabolic
problems operator error estimates are well studied. The situation with homoge-
nization of nonstationary Schrodinger-type and hyperbolic equations is different.
In [13], the operators e "¢ and cos(tAL/?) were studied. It turned out that for
these operators it is impossible to find approximations in the (L, — L;)-norm.
Approximations in the (H*® — L,)-norms with suitable s were found in [13]:

—itAg

—j 0
||e —e A ||H3(]Rd)—>L2(]Rd) < CS(l + |‘E|), (02)

| cos(zAY?) — cos(t(A%) /)| g2 may o Lymay < Ce(l + |T]). (0.3)

Later T. A. Suslina [48], by using the analytic perturbation theory, proved that
estimate (0.2) in the general case cannot be refined with respect to the type
of the operator norm. Developing the method of [48], M. A. Dorodnyi and
T. A. Suslina [23, 24] showed that estimate (0.3) is sharp in the same sense. In
[23, 24, 48], under some additional assumptions on the operator, the results (0.2)
and (0.3) were improved with respect to the type of the operator norm. In [13, 24],
by virtue of the identity As_l/ 2 sin(rAé/ 2) = for cos(%A;/ 2) d7 and the similar



Homogenization of hyperbolic systems 591

identity for the effective operator, the estimate

JAZ 2 sin(xAL?) = (A%) 72 sin(r(A%) ') | g2ray> Loy < Coll + J2))?
0.4)
(with v € R) was deduced from (0.3) as a (rough) consequence. The sharpness
of estimate (0.4) with respect to the type of the operator norm was not discussed.
Estimates (0.3) and (0.4) were applied to homogenization for the solution of the
Cauchy problem

{afug(x, 1) = —Asug(x, 7) + F(x, 1), 05)

u(x,0) = (x),  0:u:(x,0) = ¥ (x).

0.4. Approximation for the solutions of hyperbolic systems with the correc-
tion term taken into account. Operator error estimates with the correction term
for nonstationary equations of Schrodinger type and hyperbolic type previously
have not been established. So, we discuss the known “classical” homogenization
results that cannot be written in the uniform operator topology. These results con-
cern the operators in a bounded domain O C R¢. Approximation for the solution
of the hyperbolic equation with the zero initial data and a non-zero right-hand
side was obtained in [8, Chapter 2, Subsection 3.6]. In [8], it was shown that the
difference of the solution and the first order approximation strongly converges to
zero in L,((0, T); H'(0)). The error estimate was not established. The case of
zero initial data and non-zero right-hand side was also considered in [7, Chap-
ter 4, Section 5]. In [7], the complete asymptotic expansion of the solution was
constructed and the estimate of order O(e!/2) for the difference of the solution
and the first order approximation in the H !-norm on the cylinder O x (0, T') was
obtained. Herewith, the right-hand side was assumed to be C °°-smooth.

It is natural to be interested in the approximation with the correction term for
the solutions of hyperbolic systems with non-zero initial data, i.e., in approxima-
tion of the operator cosine cos(rﬂé/ %) in some suitable sense. One could expect
the correction term in this case to be of similar structure as for elliptic and para-
bolic problems. However, in [14] it was observed that this is true only for very
special class of initial data. In the general case, approximation with the corrector
was found in [16, 17], but the correction term was non-local because of the disper-
sion of waves in inhomogeneous media. Dispersion effects for homogenization of
the wave equation were discussed in [1, 20, 21] via the Floquet-Bloch theory and
the analytic perturbation theory. Operator error estimates have not been obtained.
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0.5. Main results. Our goal is to refine estimate (0.4) with respect to the type
of the operator norm without any additional assumptions and to find an approxi-
mation for the operator A /2 sin(zAL/?) in the (H? — H')-norm. We wish to
apply the results to problem (0.5) with ¢ = 0 and non-zero F and .

Our first main result is the estimate

A2 sin(r.AL?) — (A% ™Y2sin(t (AN | g1 gy Lo ey < Ce( + |2)).
(0.6)

with e > 0, r € R. (Under additional assumptions on the operator, improvement of
estimate (0.6) with respect to the type of the norm was obtained by M. A. Dorodnyi
and T. A. Suslina in the paper [25] that is, actually, major revision of [24].) Our
second main result is the approximation

A 1/2 sin(rAL/?) — (A%) ™2 sin(c(A%)"?) — e K(e, Dl oy 11 (1) ©7)
< Ce(1 + 1)), '

with ¢ > 0, © € R. In the general case, the corrector contains the smoothing

operator. We distinguish the cases when the smoothing operator can be removed.

The results are applied to homogenization of the system (0.5) with ¢ = 0.

A more general equation Q(x/)0%u.(x,7) = —Aue(x,7) + Q(x/e)F(x, 1) is

also considered. Here Q(x) is a I'-periodic (n x n)-matrix-valued function such

that Q(x) > 0 and Q, Q! € Ly. In Introduction, we discuss only the case
0 =1, for simplicity.

0.6. Method. We apply the method of [13, 24] carrying out all the construc-
tions for the operator AE_I/ 2 sin(rAé/ 2). To obtain the result with the correction
term, we borrow some technical tools from [44]. By the scaling transformation,
inequality (0.6) is equivalent to

I(A™Y2sin(e T AY?) = (A%) 72 sin(e ™" 7(A)/?))
e(=A + 1) gy Ly (0.8)
< C(1+ 7)),

with 7 € R, & > 0. Here A = b(D)*g(x)b(D). Because of the presence
of differentiation in the definition of H!-norm, by the scaling transformation,
inequality (0.7) reduces to the estimate of order O(¢):

ID(A™Y2 sin(e ™'t AY?) — (A%) "2 sin(e 7 7 (A%)Y?) — K(1, ')
(A + D)7, mdy> Lo we) (0.9)
< Ce(l + |1)).
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with 7 € R, ¢ > 0. For this reason, in estimate (0.9), we use the “smoothing oper-
ator” e2(—A + ¢21)~! instead of the operator &(—A + £21)~'/2 which was used
in estimate (0.8) of order O(1). Thus, the principal term of approximation of the
operator As_l/ 2 sin(rﬂé/ 2) is obtained in the (H! — Lj)-norm, but approxima-
tion in the energy class is given in the (H? — H!)-norm.

To obtain estimates (0.8) and (0.9), using the unitary Gelfand transformation
(see Section 4.2 below), we decompose the operator A into the direct integral of
operators A(K) acting in the space L, on the cell of periodicity and depending
on the parameter k € R? called the quasimomentum. We study the family A (k)
by means of the analytic perturbation theory with respect to the onedimensional
parameter |k|. Then we should make our constructions and estimates uniform in
the additional parameter § := k/|Kk|. Herewith, a good deal of considerations can
be done in the framework of an abstract operator-theoretic scheme.

0.7. Plan of the paper. The paper consists of three chapters. Chapter I (Sec-
tions 1-3) contains necessary operator-theoretic material.

Chapter II (Sections 4-8) is devoted to periodic DO’s. In Sections 4-6, the
class of operators under consideration is introduced, the direct integral decompo-
sition is described, and the effective characteristics are found. In Section 7 and 8,
the approximations for the operator-valued function .A~1/2 sin(¢~'7.A'/?) are ob-
tained and estimates (0.8) and (0.9) are proven.

In Chapter III (Sections 9—11), homogenization for hyperbolic systems is con-
sidered. In Section 9, the main results of the paper in operator terms (esti-
mates (0.6) and (0.7)) are obtained. Afterwards, in Section 10, these results are
applied to homogenization for solutions of the hyperbolic systems. Section 11 is
devoted to applications of the general results to the acoustics equation, the opera-
tor of elasticity theory, and the model equation of electrodynamics.

0.8. Acknowledgement. The author is grateful to T. A. Suslina for attention to
work and numerous comments that helped to improve the quality of presentation.

0.9. Notation. Let $ and $).. be separable Hilbert spaces. The symbols (-, )¢
and || - || mean the inner product and the norm in $), respectively; the symbol
|l - ll§—5. denotes the norm of a bounded linear operator acting from ) to .
Sometimes we omit the indices if this does not lead to confusion. By / = 15 we
denote the identity operator in §. If A:$) — $ is a linear operator, then Dom A
denotes the domain of A. If 9 is a subspace of $), then

Nt =Hoen
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The symbol (-, -) denotes the inner product in C”, | - | means the norm of a
vector in C"; 1,, is the unit matrix of size n x n. If a is an (m x n)-matrix, then
|a| denotes its norm as a linear operator from C” to C™; a* means the Hermitian
conjugate (n X m)-matrix.

The classes L, of C"-valued functions on a domain O C R are denoted by
L,(0;C"), 1 < p < oo. The Sobolev spaces of order s of C”-valued functions
on a domain O C R are denoted by H*(O;C"). By 8$(R¢;C") we denote the
Schwartz class of C”*-valued functions in R¢. If n = 1, then we simply write
L,(0), H*(O) and so on, but sometimes we use such simplified notation also for
the spaces of vector-valued or matrix-valued functions. The symbol L, ((0, T); ),
1 < p < oo, stands for L,-space of §)-valued functions on the interval (0, 7).

Next, X = (x1,...,xg) € R4, iD; =3, = d/oxj, j =1,....,d,D = —iV =
(D1.....Dg). The Laplace operator is denoted by A = 9%/0x} + -+ + 9%/0x3.

By C, C, €, ¢, ¢ (probably, with indices and marks) we denote various constants
in estimates. The absolute constants are denoted by 8 with various indices.

Chapter I
Abstract scheme

1. Preliminaries

1.1. Quadratic operator pencils. Let $) and ). be separable complex Hilbert
spaces. Suppose that Xo:$) — §. is a densely defined and closed operator, and
that X;: 9 — $. is a bounded operator. On the domain Dom X(¢) = Dom X,
consider the operator

X(t):=Xo+1tX1, teR.
Our main object is a family of operators
A@R) = X®)*X(@), t€R, (1.1)

that are selfadjoint in $) and non-negative. The operator A(¢) acting in $) is
generated by the closed quadratic form || X (¢)u ||%*, u € Dom Xj. Denote

A(O) = X;X() =: Aop.

Put
N := Ker 49 = Ker Xp, N, := KerX,.
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We assume that the point Ao = 0 is isolated in the spectrum of Ay and
0<n:=dimMN <oo, n<ne:=dimMN,e < oo.

By dy we denote the distance from the point zero to the rest of the spectrum of
Ao and by F(t,s) we denote the spectral projection of the operator A(¢) for the
interval [0, s]. Fix § > 0 such that 8§ < dy. Next, we choose a number ¢, > 0 such
that

to < 8" IX1ll5 5, (1.2)

Then (see [9, Chapter 1, (1.3)]) F(¢,8) = F(¢,36) and rank F(¢,5) = n for
|t| < to. We often write F(¢) instead of F(z,8). Let P and P, be the orthogonal
projections of $ onto 91 and of . onto ., respectively.

1.2. Operators Z and R. Let
D :=Dom Xy N ‘ﬁl,

and let u € $.. Consider the following equation for the element v € D (cf. [9,
Chapter 1, (1.7)]):
X§ (Xoy —u) =0. (1.3)

The equation is understood in the weak sense. In other words, ¥ € D satisfies the
identity
(Xow, Xoé‘)ﬁ* = (u,Xoé')yJ*, for allé‘ e D.

Equation (1.3) has a unique solution v, and || Xo¥' || s, < |[4]l5,- Now, let w € 9N
and u = —X;w. The corresponding solution of equation (1.3) is denoted by ¥ (w).
We define the bounded operator Z: §) — $) by the identities

Zo=Y(w), we Zx=0 xeN

Note that
ZP =27, PZ=0. (1.4)

Now, we introduce an operator
R: 9T — M,
(see [9, Chapter 1, Subsection 1.2]) as follows:
Ro = Xoy¥(w) + X100 € Ns.
Another description of R is given by the formula

R = P.X{|m.
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1.3. The spectral germ. The selfadjoint operator
S:=R*RN—MN

is called the spectral germ of the operator family (1.1) at ¢+ = 0 (see [9, Chapter 1,
Subsection 1.3]). This operator also can be written as

S = PX}PuXi|m.

So,
ISI < 1 X11> (1.5)

The spectral germ S is called nondegenerate, it Ker S = {0} or, equivalently,
rank R = n.

In accordance with the analytic perturbation theory (see [31]), for |7| < t, there
exist real-analytic functions A;(¢) and real-analytic $)-valued functions ¢;(¢) such
that

A1) =L @Oi(t), 1 =1,....n, |t]| <to,

and ¢;(¢),l = 1,...,n, form an orthonormal basis in the eigenspace F(¢)$). For
sufficiently small 7. (< t9) and |¢| < t«, we have the following convergent power
series expansions:

Ai(t) =yt + wt® + - =0, eR I =1,...,n (16)
() =ap+ 19 + 2P 4 I=1,....n

The elements w; = ¢;(0),/ = 1, ..., n, form an orthonormal basis in 91.
In [9, Chapter 1, Subsection 1.6] it was shown that the numbers y; and the
elements w;, | = 1,...,n, are eigenvalues and eigenvectors of the operator S:

Sw; =y, 1=1,...,n. (1.7)

The numbers y; and the vectors w;, [ = 1,...,n, are called threshold character-
istics at the bottom of the spectrum of the operator family A(¢).

1.4. Threshold approximations. We assume that
A(t) = eI, |t] < to, (1.8)

for some ¢, > 0. This is equivalent to the following estimates for the eigenvalues
A;(t) of the operator A(t): A;(t) = c«t?, |t| < to, | = 1,...,n. Taking (1.6)
into account, we see that y; = c«, [ = 1,...,n. So, by (1.7), the germ S is
nondegenerate:

S = culo. (1.9)
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As was shown in [9, Chapter 1, Theorem 4.1],
IF () — Pl < Cile].  t] < to. (1.10)

with
Cy = B8 12| X, .

Besides (1.10), we need a more accurate approximation of the spectral projection
obtained in [10, (2.10) and (2.15)]:

F(1) =P +1F1 + F(1), [F20)| < Cat?, |t] < 10, (1.11)

where
Co = B8 X112

and
FL=ZP + PZ*. (1.12)

From (1.4) and (1.12) it follows that
FiP=2ZP. (1.13)
In [9, Chapter 1, Theorem 5.2], it was proven that
ICA@) +EDTHF(@) = (2 SP + DT P < Gafef(ent® + 071 (114)
with £ > 0, |t| <o and

Cs = B8 V2 X1 (1 + e 1 XA ). (1.15)
According to [13, Theorem 2.4], we have
IA@) 2F (1) — (128) /2P| < Cat®, 1] < to; (1.16)
with
Cy:= Ba87 2 X1 2(1 + e 21 X0 ). (1.17)

Combining this with (1.5), we see that
IA@ PF@I < [21IS1'? 4+ Cat®> < (1Xall + Cato)lt], 1] < to.  (1.18)

We also need the following estimate for the operator A(¢)'/2F,(r) obtained
in [12, (2.23)]:
1A 2 Fa(0) |55 < Cst?, |t] < 1o, (1.19)

where
Cs := Bs8712| X1 2.
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1.5. Approximation of the operator A(t)~1/2F(t) for t # 0

Lemma 1.1. For |t| < tg and t # 0 we have
IA()"Y2F(@t) — (128)" V2P| < Cs. (1.20)
The constant Cg is defined below in (1.23) and depends only on é, || X1 ||, and c«.

Proof. We have
1 o0
A)V2F@) = —/;‘1/2(A(z) + e F@)de, t #0. (1.21)
b
0
(See, e.g., [49, Chapter III, Section 3, Subsection 4]). Similarly,

(t28)"'V2p = ! / CYV2(2S 4 tlp) TP de
s
° (1.22)
_! / cV2(2SP 4 ¢1) P e,
g
0

Subtracting (1.22) from (1.21), using (1.14), and changing the variable
£ = (cut)7'E,

we obtain

/A

14072 E @O - )7 < 2 [ eVl + 07 dg
0

o0
=2 [errasyta
b
0

1 o0
< 20;1/2(/5—1/2075+/é:—3/2dg)
T
0 1

= 47r_1c*_1/2C3.
We arrive at estimate (1.20) with the constant

Co = 4n V2. (1.23)
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2. Approximation of the operator A(¢)~1/2sin(rA(¢)1/?)
2.1. The principal term of approximation

Proposition 2.1. For |t| <ty and © € R we have

1(A@) ™2 sin(zA(1)?) — (128) 72 sin(z (128) /2 P)) P || < C7(1 + |z|Jt]).
2.1)

The constant C7 depends only on §, || X1||, and c«.

Proof. For t = 0 the operator under the norm sign in (2.1) is understood as a limit
for t — 0. Using the Taylor series expansion for the sine function, we see that this
limit is equal to zero.

Now, let ¢ # 0. We put

E(t) i= e TAO2 4712 p(p) — o =it@)2P(26)=1/2p. (0 9y

B(1) 1= TP p (g

2.3
— eir(ZZS)1/2Pe—irA(t)l/2A(t)—l/ZF(t) _ (ZZS)_I/ZP. ( )

Then
$(0) = A(1)"V2F(t) — (128)"\/2P (2.4)

and
by . )
d d(f) — ielr(tzS)l/ZP((tZS)l/2P _ A(z)1/2F(t))e_’TA(’)I/ZA(Z)_1/2F(I).
T

(2.5)
By (1.8) and (1.16), the operator-valued function (2.5) satisfies the following
estimate:
dX(7)
||
Then, taking (1.20), (2.3), (2.4), and (2.6) into account, we see that

< Cat?[|A@) V2| < CacVPNt), el <to, 1 #£0. (2.6)

IE@] = 1Z@) < CacIe]le] + 20 < Cs(1 + [z]lz]), (2.7)
with |¢| < 1y, # 0, and
Cg := max{Csc;/?; Cq). (2.8)
(Cf. the proof of Theorem 2.5 from [13].) So,

IA@6)™ sin(zA() /2 F(t) — (t*S) ™"/ sin(c(t2S) 2 P) P || < Cs(1 + |z |Jt]).
(2.9)



600 Yu. M. Meshkova

By virtue of (1.8) and (1.10), from (2.9) we derive the inequality
I(A@) ™2 sin(z A1) /?) — (128) ™2 sin(¢ (¢25) /2 P)) P||
< Cg(1 + [t][t]) + [ A@) ™ sin(x A1) /?)(F (1) — P)| (2.10)
< G7(1 + [z]le]),
with |t| <t and

Cy:= C8+C*_1/2C1. O

2.2. Approximation in the “energy’” norm. Now, we obtain another approxi-
mation for the operator A(t)~'/?sin(tA(¢)'/?) (in the “energy” norm).
Proposition 2.2. Fort € R and |t]| < 1y,

A2 (A@) V2 sin(z A1) V?) — (I +1Z2)(128)™ 2 sin(¢ (1285) /2 P)) P ||
< Co(Jt] + |]t?).

(2.11)
The constant Co depends only on §, || X1||, and c«.
Proof. Note that
A(t)1/2e—i‘[A(t)1/2A(t)—l/2P
. . ' (2.12)
= A(1)2e7ITAO2 g ()12 F () P 4 eITAOY2 (p _ F(g))P.
By (1.10),
leTAOY (P — F()P|| < Cilt], T €R, |1] <o (2.13)
Next,
A2 1TAOY 4 (V2 E (1) P
() () () 2.14)

= A()2F(1)e T PP (125)"12p 4 A1) 2 F(t)E(7) P,
where E(t) is given by (2.2). By (1.18) and (2.7), fort # 0
lA@) 2F()E(r) Pl < Cs(|| X:ll + Cato) (] + |7]t?). T €R, (2.15)

with |t| < t9, t # 0. For ¢t = 0 the operator under the norm sign in (2.15) is
understood as a limit for 1 — 0. We have e—i740"* (t) > P,ast — 0. Next,
by (1.9) and (1.16),
”A([)I/ZF([)e—i‘c(t2S)l/2P([2s)—1/2P _ e—ir(tzS)l/zPP ”
= |A@)V2F(1)(128)72P — P|| < ¢V2C4lt], T €R,
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with |t] < 9. Using these arguments, we see that the limit of the left-hand side
of (2.15) as t — 0 is equal to zero.
According to (1.11) and (1.13),
A([)I/ZF([)e—ir(t2S)l/2P([2s)—1/2P_A([)I/Z(I + tZ)e_”(tzs)l/zP(tzS)_l/zP
= A2 Fy()e TP (125)712 p,

(2.16)
By (1.9) and (1.19),
1A 2 Fy(1)e T @92 P (1228) 712 || < ¢ V2Cs 1], (2.17)
with T € R, |¢| < t9p. Combining (2.12)—(2.17), we arrive at
[ 4@ O AT — (1 +12)eTEEER )PP
< Go(lt] + Izlr?),
with T € R, |t] < 19, and
Co := Cy + ¢;"2Cs + Cs(|| X1 ]| + Cato).
(Cf. the proof of Theorem 3.1 from [44].) O

2.3. Approximation of the operator A(¢)~!/2sin(e~1tA(t)!/?)P. Now, we
introduce a parameter ¢ > 0. We need to study the behavior of the operator
A(t)"V2sin(e "'t A(r)V/?) P for small . Replace t by e 'z in (2.1):
(A@) "2 sin(e ™'t A(t)"/?) — (t28) "V sin(s7 1 (¢25) /2 P)) P||
< C7(1+ &7 ellr)),
with |t] < tg, € > 0, t € R. Multiplying this inequality by the “smoothing” factor

e(t? + £2)~1/2 and taking into account the inequalities £(> 4+ £2)~'/2 < 1 and
|7]|2](t? + €2)~Y/2 < ||, we obtain the following result.

Theorem 2.3. Fort € R, ¢ > 0, and |t| < tg we have
I(A@) V2 sin(e 7't A1) %) — (¢28) V2 sin(e 11 (128) 2 P))e(:? + £2)7V/2 P|
< C(1 + |2)).

Replacing 7 by ¢!z in (2.11) and multiplying the operator by £2(¢2 + £2)~!,
we arrive at the following statement.
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Theorem 2.4. Fort € R, ¢ > 0, and |t| < ty,

| 4@ (A0 sin(e™ A0 ) — (I +12)(128) "2 sin(e ™ 2(125) /2 P))
.82(12 + 82)_1P||
< Coe(1 + [)).

3. Approximation of the sandwiched operator sine

3.1. The operator family A(¢t) = M *A (t)M. Now, we consider an opera-
tor family of the form A(r) = M *ff(t)M (see [9, Chapter 1, Subsections 1.5
and 5.3]).

Let ) be yet another separable Hilbert space. Let X(t) = Xo+tX1:9 — 9
be a family of operators of the same form as X(¢), and suppose that X (¢) satisfies
the assumptions of Subsection 1.1.

Let M:$H — 5% be an isomorphism. Suppose that M Dom Xy = Dom )?0;
Xo = XoM; X, = X; M. Then X)) = )?(I)M. Consider the family of operators

Aty =XO)*X(1):H — 9. (3.1)
Obviously,
A(t) = M*A()M. (3.2)

In what follows, all the objects corresponding to the family (3.1) are supplied
with the upper mark “"”. Note that N =MN,A=n, Ny =Ny, Ax = ny, and
P, = P.

We denote

0:=MM*"'=MH""M1H— 8§ (3.3)

Let Qg be the block of O in the subspace N: Og5 = P |5 9T — <N. Obviously,
Qg is an isomorphism in N. Let
= (Qs) /%N — M.

As was shown in [43, Proposition 1.2], the orthogonal pI‘Q]eCthIl P of the space
onto 91 and the orthogonal projection P of the space HontoN satisfy the following
relation: P = M~ (Qg)~ 1p(M*)~!. Hence,

PM* = MY (Q5)"'P = MT'MZP. (3.4)

According to [9, Chapter 1, Subsection 1.5], the spectral germs S and S satisfy
S =PM*SM|n.
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For the operator family (3.1) we introduce the operator Z o acting in $ and
taking an element i € §) to the solution ¢ of the problem

X5(Xogo + X10) =0. Q¢ LM, (3.5)

where & := Pii. Equation (3.5) is understood in the weak sense. As was shown
in [10, Lemma 6.1], the operator Z for A(¢) and the operator Z ¢ satisfy

Zo=MZM™'P. (3.6)

3.2. The principal term of approximation for the sandwiched operator
A(t)"/%sin(rA(¢)!/?). In this subsection, we find an approximation for the
operator A(t)~'/2sin(tA(¢)'/?), where A(t) is given by (3.2), in terms of the
germ S of A(t) and the isomorphism M. It is convenient to border the opera-
tor A(t)~1/2sin(zrA(t)"/?) by appropriate factors.

Proposition 3.1. Suppose that the assumptions of Subsection 3.1 are satisfied.
Then for T € R and |t| < ty we have
IMA@) 2 sin(zA(0) )M~ P
— Mo(t> MoS Mo)™"/? sin(t(t> Mo S Mo) /)M ' Pll5_ 5 (3.7)
< GIMIIM I+ ez

Here ty is defined according to (1.2), and Cy is the constant from (2.10) depending
only on é, || X1||, and cx.

Proof. Estimate (3.7) follows from Proposition 2.1 by recalculation. In [13,
Proposition 3.3], it was shown that

M cos(z(128)/2P)PM* = My cos(z(t>*MoS M)/ *) Mo P. (3.8)

Obviously,
z
(t28)"2sin(z(128)/?P)P = /cos(%(tzS)l/ZP)P dz. (3.9)
0
Similarly,
z
(12 Mo S Mo) ™2 sin(t (12 Mo S Mo)/? )Mo P = /cos(%(z2M0§Mo)1/2)M0ﬁ di.

0
(3.10)
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Integrating (3.8) over 7 and taking (3.9) and (3.10) into account, we conclude that

M(t28)" 2 sin(z(128) /2 P)PM*

. . . (3.11)
= Mo(t>MoS Mo) ™2 sin(t(:2Mo S M)/ ?) M, P.

Next, since My = (Qsﬁ)_l/z, using (3.4), we obtain PM*MO_ZJ6 = M~'P. So,
by (3.11),
M(t2S)" V2 sin(z(:28) /2 P)yM~' P

. A . (3.12)
= Mo(:2MoS Mo) ™2 sin(z (12 MoS Mo) /2 )My P.

Thus,

MA@)™ Y2 sin(zA()Y*)M~' P
— Mo(1?MoS Mo) V2 sin(z (12 Mo S Mo)/?)M; ' P
= M(A@t)"Y?sin(zA()*) P — (128)"V?sin(z(128)/>P)P)M ' P.
(3.13)

Using Proposition 2.1 and (3.13), we arrive at inequality (3.7). O

3.3. Approximation with the corrector

Proposition 3.2. Under the assumptions of Subsection 3.1, for t € Rand |t| <ty
we have
IA)Y>(MA@) Y2 sin(zA()V>)M ' P
— (I +1Zg)Mo(t>MoS Mo) /% sin(z (1> MoS M) /*) My P) |5, 5
< Col|MH|(Je] + Iz]e?).
(3.14)

The constant Cg is the same as in (2.18) and depends only on 8, || X1||, and cx.

Proof. Estimate (3.14) follows from Proposition 2.2 by recalculation. According
to (3.6) and (3.12),

1 Z oMo (t*MoS Mo)™"/2 sin(r(t2MoS Mo) /) M§ ' P
= tMZM ™" My(1>MoS Mo)~" /2 sin(z(12Mo S Mo) /> )M;' P (3.15)
= tMZ(t2S) " ?sin(z(t2S)/?)PM ' P.
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Combining (3.15) with (3.2) and (3.13), we obtain
|A()Y>(MA@) ™2 sin(zA()/>)M ' P
— (I +1Z)Mo(t*MoS Mo)™ "/ sin(z(t2MoS Mo) *)My ' P)| 5, 5
= | A@0)"/>(A(1)"*sin(zA(t)"/*) P
— (I +1Z)(2S) 2 sin(x(12S) /) PYM ' Pl5_, .
Together with Proposition 2.2, this implies (3.14). |

3.4. Approximation of the sandwiched operator A(t)~1/2sin(e~17A(t)1/?).
Writing down (3.7) and (3.14) with 7 replaced by £ !z and multiplying the
corresponding inequalities by the “smoothing factors,” we arrive at the following
result.

Theorem 3.3. Under the assumptions of Subsection 3.1, for t € R, ¢ > 0, and

lt] <10
|(MA®) ™2 sin( A ) )M~ P
— Mo(t*MoS Mo)™"/?sin(e ™" ¢(t> Mo S Mo)/*) My ' P) (3.16)
e(t?+ )7 V2P 55
< MM+ [e)),
and

IA)Y2(MA@) ™2 sin(e cA()/>)M ' P
— (I +1Zo)My(1>MoS My)~/?
-sin(e 1T (12 Mo S Mo)V2) M P) (3.17)
2.2 2\—1p
'8(t +8) PH}%—)}%
< Co| M~ He(1 + [z]).

The number tq is subject to (1.2), the constants C7 and Cy are the same as in (2.10)
and (2.18).

Chapter II
Periodic differential operators in L,(R%; C")

In the present chapter, we describe the class of matrix second order differential
operators admitting a factorization of the form A = X*X, where X is a homoge-
neous first order DO. This class was introduced and studied in [9, Chapter 2].
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4. Factorized second order operators

4.1. LatticesT and T'. Let T be alattice in RY generated by the basis ay, . .

d
r:= {aeRd:a: Zvja,-, v; € Z},
j=1

and let 2 be the elementary cell of the lattice I":
d 1 1
Q= {xe RY:x = Zg“jaj, —3 < §i < —}.

“ 2
j=1

The basis by, ...,bs dual to a4, ..., a, is defined by the relations
(bl, aj) = 2”51‘,-.

This basis generates the lattice I" dual to I':
d
I':= {b eR%:b = Zujbj, Wnj € Z}.
j=1
Let Q be the first Brillouin zone of the lattice T':
Q:={keR%|k|<|k—b|,0£beTl}.
Let |2| be the Lebesgue measure of the cell Q:

|2] = meas 2,

and let
|2| = meas Q2.

We put
2ry := diam Q.

,ag.

4.1

The maximal radius of the ball containing in clos € is denoted by ro. Note that

2rop = min_|b|.
0#bel’

With the lattice I', we associate the discrete Fourier transformation

v(x) = [Q72) pe!™¥. xeQ,
bel

4.2)

4.3)
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which is a unitary mapping of I>(T’) onto L, ():
[ weorax =3 1oP (4.4)
Q

bel

Below by H'(Q2; C") we denote the subspace of functions from H'(S2; C")
whose T-periodic extension to R¢ belongs to HILC(Rd; C™). We have

ID+Wul?, o =D [b+kPlap>, uwe H'(Q:C"). keR?, (45
bel
and convergence of the series in the right-hand side of (4.5) is equivalent to the
relation u € H'(Q; C"). From (4.1), (4.4), and (4.5) it follows that
D+ Kyl = > kP = kP|ulf,q). weA'(Q:C"). ke,

pel*
(4.6)

If ¥ (x) is a [-periodic measurable matrix-valued function in R¢, we put

7= |s2|—1/w<x) dx
Q

-1
Y= (|Q|_1/w(x)_1 dx) )
Q

Here, in the definition of v it is assumed that ¢ € L 1oc(R?), and in the definition
of ¥ it is assumed that the matrix ¥ (x) is square and nondegenerate, and Yyl e
Ly ,loc (Rd)-

and

4.2. The Gelfand transformation. Initially, the Gelfand transformation U is
defined on the functions of the Schwartz class by the formula

V(k.x) = (U)(k,x) = |Q71/2) e Xty (x 4 a),

ael

with v € $(RY; "), x € Q, k € Q. Since

//Iﬁ(k,x)Fdxdk:/|v(x)|2dx,
d

g Q
the transformation U extends by continuity up to a unitary mapping

W: Lo(RY; C™) —>/®L2(§2;C”)dk.
)
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The relation v € H'(R?; C") is equivalent to v(k,-) € H'(2; C") for a.e. k € Q
and

//(|(D + Kk)v(k, x)|* + [V(k,x)|?) dx dk < oo.

G Q
Under the Gelfand transformation, the operator of multiplication by a bounded
periodic function in L,(RR¢; C") turns into multiplication by the same function on
the fibers of the direct integral. The operator D applied to v € H'(R¢;C") turns
into the operator D + k applied to v(k, -) € HY(Q:C™).

4.3. Factorized second order operators. Let (D) be a matrix first order DO of
the form Z;'i=1 b;D;,where b;, j =1,...,d, are constant matrices of size m x n
(in general, with complex entries). We always assume that m = n. Suppose that

the symbol b(§) = Z}i:l bi&i, & € R4, of the operator h(D) has maximal rank:

rank b(£) = n for 0 # & € R?. This condition is equivalent to the existence of
constants «g, &3 > 0 such that

aol, <b(@0)*b(0) <ail,, 0 €S9 0<ay<a <. (4.7)
From (4.7) it follows that
bl <al? j=1,...d. 4.8)

Let I'-periodic Hermitian (m x m)-matrix-valued function g(x) be positive
definite and bounded together with the inverse matrix:

gx)>0; g, g_1 € Loo(Rd). 4.9)

Suppose that f(x) is a I'-periodic (rn x n)-matrix-valued function such that
fi f71 € Loo(RY). In Ly(R?;C"), consider DO A formally given by the dif-
ferential expression

A= fx)"bD)"g(x)b(D) f(x). (4.10)

The precise definition of the operator A is given in terms of the quadratic form
afu, u] := (gbD)(fw), bD)(f W)L, Ra).

with
u € Doma:= {u e L,(RY;C"): fue H'(R%;C")).

Using the Fourier transformation and assumptions (4.7) and (4.9), it is easily seen
that

aollg T L I WIT ey < 0w u] S a1llgllie IDFWIT gay 411

with u € Dom a. Thus, the form af-, -] is closed and non-negative.
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The operator A admits a factorization of the form A = X*X, where

X := g(x)"/?b(D) f(x): Ly(R%; C") —> Lr(R%:C™), DomX = Doma.

5. Direct integral decomposition for the operator A
5.1. The forms a(k) and the operators A (k). We put
9= La(Q:C"), 9« 1= La(2;C"), (5.1)
and consider the closed operator
X(k): H —> Hx, keRY,
defined on the domain
DomX(k) = {u € H: fue H(Q;C")} =:0

by the expression
X(k) = g(x)"/*b(D + k) f(x).

The selfadjoint operator
Ak) := X(k)*X(k)

in L,(€2; C") is formally given by the differential expression
Ak) = f(®)*b(D + k)" g(x)b(D + k) f(x) (5.2)

with the periodic boundary conditions. The precise definition of the operator A(Kk)
is given in terms of the closed quadratic form

a(k)[u,u] := ||DC(k)u||32-,)*, ueo.

Using the discrete Fourier transformation (4.3) and assumptions (4.7) and (4.9),
it is easily seen that

aollg HIZL 1D + K (W), o) < ak)[u.u]

, (5.3)
s arflgllLe i + K (fWIIZ, ),

with u € 0. So, by the compactness of the embedding I-11(§2; C") — Lo (R2;C"),
the spectrum of A(K) is discrete and the resolvent is compact.
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By (4.6) and the lower estimate (5.3),

AK) = cx|k|?I, keclosQ, (5.4)
where
e = aollg Iz I THIEE -
We put
1 := Ker A(0) = Ker X(0). (5.5)
Then
N={ue l(Q;C"): fu=ceC"}. (5.6)

From (4.2) and (4.5) with k = 0 it follows that

IDVIZ, @) = 45 IVIZ, @) V= fue Al @0, / v(x) dx = 0.
Q

Combining this with the lower estimate (5.3) for k = 0, we see that the distance
do from the point zero to the rest of the spectrum of A(0) satisfies

do = dery. (5.7)

5.2. Direct integral decomposition for A. Using the Gelfand transformation,
we decompose the operator A into the direct integral of the operators A(K):

UAU! = / SAK) dk. (5.8)

Q

This means the following. If v € Dom a, then

V(k,)) = (Uv)(k,-) €0 forae. ke Q, (5.9)
a[v,v] = / a(k)[V(k, -), V(k, -)] dk. (5.10)
G

Conversely, if v € fﬁ D L,(2; C") dk satisfies (5.9) and the integral in (5.10) is
finite, then v € Dom a and (5.10) holds.

5.3. Incorporation of the operators A (k) into the abstract scheme. Ford > 1
the operators A (k) depend on the multidimensional parameter k. According to [9,
Chapter 2], we consider the onedimensional parameter

t .= |k|.
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We will apply the scheme of Chapter 1. Herewith, all our considerations will
depend on the additional parameter

0 =Kk/|k| € $¢71,

and we need to make our estimates uniform with respect to .
The spaces $ and ), are defined by (5.1). Let

X(t) = X(1,0) := X(0).

Then X(t,0) = Xo + tX1(0), where Xo = g(x)'/2h(D) f(x), Dom X, = 9,
and X; (@) is a bounded operator of multiplication by the matrix-valued function
g(x)'/2b(0) f(x). We put

A(t) = A(t,0) == A(t0).

Then A(¢,0) = X(¢,0)*X(z,0). According to (5.5) and (5.6), 2t = Ker Xy =
Ker A(0), dim 9t = n. The distance d from the point zero to the rest of the spec-
trum of A(0) satisfied estimate (5.7). As was shown in [9, Chapter 2, Section 3],
the condition n < ny = dim Ker X is also fulfilled. Thus, all the assumptions of
Section 1 are valid.

In Subsection 1.1, it was required to choose the number § < dy/8. Taking (5.4)
and (5.7) into account, we put

8= curg/4 = (ro/D 0l g ™ IZLILA M I (5.11)
Next, by (4.7), the operator X;(0) = g(x)'/2b(0) f(x) satisfies
1X1 @) < oy Ngl 21 f Lo (5.12)
This allows us to take the number

—1/2 —1/2 —
to :=82a 211221 £IIZL

(5.13)
1/2 —1/2 —1/2 —1y—1/2 — 10—
= (ro/ 2oty llgl g PN A I 1AM IZL

in the role of 7 (see (1.2)). Obviously, fy < ro/2, and the ball |K| < 1y lies in Q.
It is important that c4, §, and 7o (see (5.4), (5.11), and (5.13)) do not depend on
the parameter 6.
From (5.4) it follows that the spectral germ S(#) (which now depends on ) is
nondegenerate:
S0) = cilm. (5.14)

It is important that the spectral germ is nondegenerate uniformly in 6.
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6. The operator A. The effective matrix. The effective operator

6.1. The operator A. TInthe case where f =1, we agree to mark all the objects
by the upper hat “~”. We have $) = § = L,(2; C"). For the operator

A = b(D)*g(x)b(D), (6.1)
the family
AK) = b(D +k)*g(x)b(D + k) (6.2)
is denoted by ff(t; 0).If f = 1,, the kernel (5.6) takes the form

N={ue L (QC"):u=ceC". (6.3)

Let P be the orthogonal projection of $ onto the subspace M. Then P is the
operator of averaging over the cell:

Pu=|Q™! /u(x)dx, ue L,(Q2:;C). (6.4)
Q

From (5.4) with f = 1,, it follows that
fl(k) = ff(t, 0) = ¢.t%1, k=10 €clos<, (6.5)

where

AL —1=1
Cx = aollg™ zo,-

6.2. The effective matrix. In accordance with [9, Chapter 3, Section 1], the
spectral germ S(0) of the operator family A(1,0) acting in 91 can be represented
as

S(0) =b(0)*g°b(0), 6 S5, (6.6)

where h(0) is the symbol of the operator 5(D) and g° is the so-called effective
matrix. The constant positive (m x m)-matrix g° is defined as follows. Assume
that a I'-periodic (n x m)-matrix-valued function A € H!(€2) is the weak solution
of the problem

b(D)*g(x)(B(D)A(X) + 1) = 0, / A(x)dx = 0. (6.7)
Q

Denote
g(x) := g(x)(b(D)A(X) + 1n). (6.8)



Homogenization of hyperbolic systems 613
Then the effective matrix g° is given by

¢ = Q! / (%) dx. 6.9)
Q

It turns out that the matrix g° is positive definite. In the case where f = 1,,
estimate (5.14) takes the form

NOEYSY (6.10)
From (6.7) it is easy to derive that
IBMD)AllL,@) < 192172m" g2 11g™ 12 (6.11)

We also need the following inequalities obtained in [11, (6.28) and Subsec-
tion 7.3]:

IA Loy < 121Y2My, My = m"?@ro) ey Pllgl 2 187112 (6.12)
IDA ||, < 1Q172Ma, Mo i=m"2ag Pligll 2 187112 (6.13)

6.3. The effective operator A, By (6.6) and the homogeneity of the symbol
b(Kk), we have

Sk):=125(0) = b(k)*¢°b(k), keR? t=|k|, 0 =k/|k|. (6.14)
The matrix S (k) is the symbol of the differential operator
A° = h(D)* g (D) (6.15)

acting in L, (IR?; C"*) on the domain H2(R?; C") and called the effective operator
for the operator A.

Let A° (k) be the operator family in L, (£2; C") corresponding to the effective
operator A%, Then A°(k) = b(D + Kk)*g°(D + k) with periodic boundary
conditions: Dom A% (k) = H?(Q2; C"). So, by (6.4) and (6.14),

S(k)P = A°K)P. (6.16)
From estimate (6.10) for the symbol of the operator A0 (K) it follows that

A°K) = &, k]2 I, ke Q. 6.17)
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6.4. Properties of the effective matrix. The effective matrix g° satisfies the
estimates known in homogenization theory as the Voigt—Reuss bracketing (see,
e.g., [9, Chapter 3, Theorem 1.5]).

Proposition 6.1. Let g° be the effective matrix (6.9). Then

g<g’<yg (6.18)
If m =n, then g° = g.
From inequalities (6.18) it follows that
8% < lgliees 1) < llg™ oo (6.19)

Now, we distinguish the cases where one of the inequalities in (6.18) becomes
an identity. See [9, Chapter 3, Propositions 1.6 and 1.7].

Proposition 6.2. The equality g° = g is equivalent to the relations
b(D)*gr(x) =0, k=1,...,m, (6.20)
where g, (X), k = 1,...,m, are the columns of the matrix-valued function g(x).
Proposition 6.3. The identity g° = g is equivalent to the relations
L(x) =1 +bD)w, 19eC” wpe H(Q:C™"), k=1,....,m, (6.21)

where I (x), k = 1,...,m, are the columns of the matrix-valued function g(x)~'.

7. Approximation of the sandwiched operator A (k)~1/2sin(e~ 1t A(k)1/?)

Now, we consider the operator A(k)~'/2sin(e~'tA(k)'/2) in the general case
where f # 1,. Recall that A(k) is the operator (5.2). Then

AK) = f(%)*AK) f(x). (7.1)

7.1. Incorporation of A (k) in the framework of Section 3. As was shown in
Subsection 5.3, the operator A(K) satisfies the assumptions of Section 1. Now the
assumptions of Subsection 3.1 are valid with $ = H = Lo(2;C") and H« =
L»(§2; C™). The role of A(¢) is played by A(z, 8) = A(t6), and the role of A(¢) is
played by A(¢,0) = A(t0). An isomorphism M is the operator of multiplication
by the function f(x). Relation (3.2) corresponds to the identity (7.1).
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Next, the operator Q (see (3.3)) is the operator of multiplication by the matrix-
valued function

o) = (f(x) f(x)")7". (7.2)

The block Q4 of Q in the subspace N (see (6.3)) is the operator of multiplication
by the constant matrix

0=/ =la! /(J’(X)f(X)*)_1 dx.
Q

The operator
Mo := (Qg)~"/2

acts in 91 as multiplication by the matrix

fo:= (@712 = (ffH'V2

Obviously,
ol 1 MLeer 1o 1S I koo (7.3)
Now, we specify the operators from (3.16) and (3.17). By (6.14),

> MoS(0)Mo = fob(K)*g°b(K) fo, ¢ = |k|, & =Kk/[K|. (74)
Let A° be the following operator in L, (R%; C"):
A% = fob(D)*g°h(D) f,, DomA° = H2(RY:;CM). (7.5)

Let A°(k) be the corresponding operator family in L, (2; C™) given by the expres-
sion
A%(K) = fob(D +K)*g°b(D +K) fo (7.6)

with the periodic boundary conditions. By (6.16), (6.17), (7.3), and the identity
Co = O f1 ”Zi , the symbol of the operator A° satisfies the estimate

Job(&)*g°b(K) fo = cx[k|*1,, ke R? (7.7)

Hence, using the Fourier series representation for the operator A°(k) and (4.5),
we deduce that
A%(k) = ci|k|?I, keclosQ. (7.8)

By (6.4), (7.4), and (7.6), we obtain 12MyS (0)Mo P = A°(k) P, whence
Mo(t2MoS(0) Mo)~"? sin(e ™ 1 (t2Mo S (0) Mo)2) My ' P

- 7.9
= foA’(k)"1/2sin(e 71T A% (k) V/2) £, L P. 7:9)
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In accordance with [11, Section 5], the role of Z o is played by the operator
Zo(0) = Aoh(0)P. (7.10)

Here A ¢ is the operator of multiplication by the I'-periodic (n x m)-matrix-valued
solution A g (x) of the problem

bD)*g(x)(bD)A o(x) + 1,,) = 0, / O(X)A o(x) dx = 0.
Q

Note that
Ao(x) = AX) + A, A :=—(0)(OA). (7.11)

where A is the ['-periodic solution of problem (6.7). From (7.10) it follows that
1Zo(0)P = Aph(K)P = Agh(D +Kk)P.
7.2. Estimates in the case where |k| < 9. Consider the operator

Ho = —A

acting in L,(R?; C"). Under the Gelfand transformation, this operator is decom-
posed into the direct integral of the operators H (k) acting in L, (€2; C") and given
by the differential expression |D + k|? with the periodic boundary conditions. De-
note

R(K, &) := e2(Ho(k) + 21)" L. (7.12)

Obviously,
Rk, e)P =212 +5)7'P, |kl =1. (7.13)

In order to approximate the operator f.A(k)~/2sin(e~'tA(k)"/2) f~!, we ap-
ply Theorem 3.3. We only need to specify the constants in estimates. The con-
stants ¢, 8, and 7 are defined by (5.4), (5.11), and (5.13). Using estimate (5.12),
we choose the following values of constants from (1.10), (1.11), and (1.15):

Cr = Bi5 2 gl 21 f e
Ca = a6 enllglll £ 12
Cs = P36 2y Plgl 2 Lo (1 + e enllgllac £ 1)

Similarly, we choose the constants from (1.17) and (1.19)

_ — 1/2 1/2
Ca = Bad™ o lgloc I/ 17 (14 €5 2o 2Nl 211 llec).
Cs = Bs8 ™ 2anllgllia 1 £ 1.,
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Using these Cq, C3, C4, and Cs, we fix the constants from (1.23), (2.8), (2.10),
and (2.18):

Ce = 4n_1c*_1/2C3,

Cr:=Cs +c;'7Cy,

Cs := max{Csc; /?; Cs}.

Co 1= Cy + ¢;2Cs + Cs(oy g2 11 f 1w + Cato).
By Theorem 3.3, taking (7.9), (7.10), and (7.13) into account, we have

I(fAMR) T sin(s" TA®M) ) £ = foA° ()T 2 sin(e™ A1) ?) f57)
Rk, &)'?Pll 1, @) 1o @)
S Gl f ool f " Lo (1 + 12D,

(7.14)
fort e R, e >0, |k| <1, and
1AM 2(f AR~ ? sin(e ™ T AK) /) £
— (I + Aob(D + k) fo A" (k)™ ?sin(e ™'t A(K) /) f57) 715

- R(K, &) Pll 1, (@) Lo (@)
< Coll f Mz (1 + 7)),

fort € R, e > 0, K| < 1.

Using (7.11), we show that A can be replaced by A in (7.15). Only the
constant in the estimate will change under such replacement. Indeed, due to
the presence of the projection P, taking (4.7), (6.2), (7.3), and (7.13), and the
inequality | sinx|/|x| < 1 into account, we have

IAK)ZAGbD + k) foA°(k)~/2
-sin(e ' TAY(K)'/?) £ R(K. &) P Ly (@)~ Lo ()
< gl 2 1bR)AYb(K) foA (k)™ (7.16)
-sin(e" ' TA(K)'?) £ R(K. €) Pl Ly @) Lo ()
< arllgh 2 IAY K Lol f " izooltle(k? + €27 e >0,

with 7 € R, k € clos . Next, according to [11, Section 7],

IAY] < m'2@ro) oy gl 2 e 2 1A 1E 1M (7.17)
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Combining (7.11) and (7.15)—(7.17), we arrive at the estimate
IAK) 2 (f AM) ™2 sin(e T AK) /) £
— (I + Ab(D +K)) foA°(K) "2 sin(e 17 A0 (k) /2) £571)
Rk, &) Pl Ly @)~ 12@)
< Croe(1 + [7]),

(7.18)

with e > 0, 7 € R, k € clos S~2, k| < 1o, and
C1o 1= Col f M Lo +m'2(2ro) "oy et lglLallg 12 1A IE 1 7ML
7.3. Approximations for |k| > #9. By (5.4) and (7.8),

LA 2 Ly Lo@ < 225t 1A ™2 | Ly@ s Lo < 2P

(7.19)
fork € clos @, |k| > 1. By (7.13),
IR, &) Pl @)>L@ < 1. keclosQ. (7.20)
Combining (7.3) and (7.19) and (7.20), we obtain
1A 2 sin(e T A®K) /) £
— foA%() ™2 sin(e™ T A (R)2) £ 721

- R(K, 8)1/2ﬁ||L2(Q)—>L2(Q)
<2¢; 27 fllLeoll f ™ Lo
with e > 0, 7 € R, k € clos §~2, |k| > to. Bringing together (7.14) and (7.21), we

conclude that
I(fAK) Y2 sin(e e Ak)Y2) 71 = foA0(k) "2 sin(e 710 A (k) Y/2) £571)
- R(K, &) 2P| @)= Lo@)
< max{C7;2¢; 2t M f oo | f oo (1 + |2,

(7.22)

fore>0,treR, ke clos Q.

Now, we proceed to estimation of the operator under the norm sign in (7.18)
for |K| > fo. By (7.13) and the elementary inequality 1> + &2 > 2¢tq, t > to, We
have

IR(K, &) Pl o> L) < 2t0) ', >0, keclos, k| >1. (7.23)
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By (7.1) and (7.23),

IAK) Y2 £ AK) Y2 sin(e ™ AK) Y2) fTIR(K, €) Pl @)— L)
= || sin(e "1t AK)Y2) F TIR(K, &) Pl L, 2)— Lo (@) (7.24)
< eto) M Moo

with e > 0, 7 € R, k € clos S~2, k| > 1.
From (6.19), (7.3), (7.6), and (7.23) it follows that

LA fo A% (k)12 sin(e ™! A (K)/2) £y ' R(K, €) Pl Ly@)> Loc@)
<e(2t0)" [ g"/2b(D + k) fo sin(e™ T A ()2 A ()2 £ Pl Ly@)> L@
<o) gl 2 e 2
A H) Y sin(e ™! TAY () 2) AR T £ Pl s @) Lo @)
<eo) Mgl 2 1 21 o
(7.25)

fore > 0,7 € R, k € clos 2, |k| > 1.
Next,

AEK)ZAbD +K) foA° (k)2 sin(e ' A (k) /?) £ R(K, £) P
= (A(K)2A P,))b(D + k) foA°(K) ™/ sin(e ' T A (K)/?) £y ' R(k. ) P,

where P,, is the orthogonal projection of the space . = L»(2; C™) onto the
subspace of constants. According to [12, (6.22)],

IA®K) A Pl y@)>La@) < Car ke, (7.26)

where the constant Cx depends only on m, ag, o1, ||g]lLe> ||g_1||Loo, and the
parameters of the lattice I'.

By (6.19), (7.3), (7.6), (7.23), and (7.26),

IA(K)V2Ab(D + k) foA (k)72 sin(e 7 e A (K)/2) £ R(K, £) Pl Ly@)> Lo (@)

< Callg 12 1 Lo 210) e,
(7.27)

fore>0,treR, ke closﬁ, and |k| > to.
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Combining (7.18), (7.24), (7.25), and (7.27), we conclude that
IA®K)Y2(fAK) "2 sin(e T AK)/2) £
— (I + Ab(D +K)) foA°(K) "2 sin(e " 7 A0 (k) /2) £571)
- R(K. &) P Ly@)> L)
< Crie(l + [1]),

(7.28)

with e > 0,7 € R, k € clos Q. Here
Cr1 = max{Cio: (20) " [ £ Lo + g2 g7 12 + Callg™ I/}

7.4. Removal of the operator P. Now, we show that, in the operator under the
norm sign in (7.22) the projection P can be replaced by the identity operator.
After such replacement, only the constant in the estimate will be different. To
show this, we estimate the norm of the operator R(k, £)'/2(1 — 13) by using the
discrete Fourier transform:

IRk, &)2(I — P)|Ly@)—>La(@) = r;gxfe(lb +k? + &%)V <ergt, (7.29)
0 [S

with ¢ > 0, k € clos Q. Next, applying the spectral theorem and the elementary
inequality | sinx|/|x| < 1, x € R, we conclude that

A2 sin(e™ TAK) ) Lo @ La@) < €'l (7.30)
Similarly,
A () ™12 sin(e ™! A ®) ) | Ly @) L) < €7l (7.31)
Bringing together (7.3) and (7.29)—(7.31), we arrive at the estimate
I(FAGR) ™2 sine™ tA®K)' ) £ 71 = foAO(K) T2 sin(eT T A (K)'2) £

Rk, )21 = P)|| Ly @) Lo@)

<2 1 f oo f Ml s T
Combining this with (7.22), we see that
I(fA®R) 2 sin(e e AK) Y2 71 — foA°K) T2 sin(e T e A (k) V2) £

R, )| Lo @)= L (@)
< Cia(1 + |7)).
(1.32)
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withe > 0,7 e R, k € closs~2,and

Crz = Q2rg " +max{C7; 2¢. 15 DI f ool f M 2o

Now, we show that the operator P in the principal terms of approxima-
tion (7.28) can be removed. Let us estimate the operator R(K, ¢)(/ — P) using
the discrete Fourier transform:

IR(K, &) (I — P)|Lo(@)—>La(@) = max, E(b+k>+&) " <erg', (7.33)
0#bel’

for & > 0, k € clos €. By (7.1) and (7.33),

IA®K)Y2 £ AK) ™2 sin(e ™ cAK)Y2) fTIRK, ) (T — Pl (@)>1()
= || sin(e7 't AK)?) f IR, &)(I — P)ll1r(@)>Lo@) (7.34)

-1 —1
S /7 lzectro

with e > 0, 7 € R, k € clos Q. Next, by (6.2), (6.19), (7.3), (7.6), and (7.33),
IA®K)'? foA° (1) /? sin(e ' TA (K)'/2) £ ' R(k, &) (I = Pl Loy La(@)
< lglZ2 g 20 zsers™
(7.35)
withe > 0,7 € R, k € clos Q. Combining (7.28), (7.34), and (7.35), we get

IAK) Y2 (fAK) "2 sin(e " e AK)V2) £
— (I + Ab(D +K)P) foA° (k)2 sin(e LA (K)/2) £;71)
(7.36)
‘R(K, &)Ly @)~ Lo (@)

< Crze(1 + [z)),
withe > 0, 7 € R, k € clos §~2, and

Ci3:=Cui+ 75 1 f M lzee (1 + gl g

8. Approximation of the sandwiched operator A~1/2 sin(e~17.A1/2)

8.1. Let A and A° be the operators (4.10) and (7.5), respectively, acting in
L>(R4; C"). Recall the notation H{y = —A and put

R(e) 1= *(Ho + 21)7 L.
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Using the Gelfand transformation, we decompose this operator into the direct
integral of the operators (7.12):

R(e) = u—l( /@R(k, €) a’k)u. 8.1
Q
In L,(R%; C"), we introduce the operator
0 := U '[P]U.

Here [13] is the projection in [g @®L»(Q2; C") dk acting on fibers as the operator
P (see (6.4)). As was shown in [11, (6.8)], IT is the pseudodifferential operator
in L,(R?; C") with the symbol 15 (&), where yg is the characteristic function of
the set 2. That is

(Huﬂx)=(2nr”*{/e“&“ﬁ@)da

Q
Here (%) is the Fourier image of the function u € L,(R%; C").
Theorem 8.1. Under the assumptions of Subsection 8.1, for e > 0 and © € R we
have
I(f A2 sin(e™ e A/?) £
— fo(AN) T2 sin(e (AN 2) f57)

12 (8.2)
“RE) N LRy Ly (RY)
< Cia(1 + |7)).
and
||-/2[1/2(f.A_1/2 sin(s_er1/2)f_1
— (I + Ab(D)TI) fo(A%) "2 sin(e7 2 (A%)V2) f;7h) 83)

R L, (R)—> Lo (RD)
< C138(1 + |‘E|)

The constants C1, and Cy3 depend only on m, ag, @1, |€llLeo 1€ I Leos |/ 1| Leos
| £ YL, and the parameters of the lattice T.

Proof. By (5.8), the similar identity for A°, and (8.1), from (7.32) we deduce
estimate (8.2).
From (7.36) via the Gelfand transform we derive inequality (8.3). O
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8.2. Removal of the operator II in the corrector for d < 4. Now, we show
that the operator I1 in estimate (8.3) can be removed for d < 4.

Theorem 8.2. Under the assumptions of Subsection 8.1, let d < 4. Then, for
O<e<landt eR,

||ﬁl/2(fﬂ—l/2 Sin(E_lf.Al/z)f_l

= (I ADD) fo(A) 2 sin(e™ T (AN T o

‘R Ly (RI)—> Lo (RY)
< C148(1 + |‘E|)

The constant Cy4 depends only on m, n, d, oo, &1, ||8||Leo lg! |Loor I f oo
| £ Y Lo, and the parameters of the lattice T .

To prove Theorem 8.2, we need the following result, see [44, Proposition 9.3].

Proposition 8.3. Let ! = 1 ford = 1,1 > 1 ford = 2, and!l = d/2 for
d = 3. Then the operator fll/z[A] is a continuous mapping of H'(R?; C™) to
L,(R%; C"), and

A2 1A a1ty Loty < Ca- (8:3)
Here the constant C4 depends only onm, n, d, ao, a1, |gllLews 1€ Loy, and the
parameters of the lattice T; for d = 2 it depends also on .

Proof of Theorem 8.2. Taking into account that the matrix-valued function (7.4)
is the symbol of the operator A° and the function g (&) is the symbol of TI,
using (4.7), (7.3), and (7.7) we have

I6D)(I — TI) fo(A%) "2 sin(e™ T (A)?) f5 ' R(e) | Lo mety> 2 (1)
< sup (1+[&1)16(§)I(1 — x5(8))] fol

£ecRd4
(fob(8)*g°b(&) fo) V211 f5 (& + )7
< sup (1+ [EP) ey *1E1Lf looes PIET S T Lo (&P + 27" (8:0)

|&=70

1/2 — — —
<22 Fllaoll f 7 eee? sup (1+ [E2)]E[2

|&|=ro
<22 el f 7 w52 + e,
For d < 4, we can take / < 2 in Proposition 8.3. So, combining (8.5) and (8.6),
we have
[AT2AJ D)~ 1) fo(A%) ™12 sin(e™ (A 2) f5 R sty Lo

2/
Sy C141
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where
1/2 — — —
Clyi= e (g% + DCaN f ool f ™ e

Combining this with (8.3), we arrive at estimate (8.4) with
Ci4 := C13 + Cy,. O

8.3. On the possibility of removal of the operator II from the corrector.
Sufficient conditions on A. It is possible to eliminate the operator I1 for d = 5
by imposing the following assumption on the matrix-valued function A.

Condition 8.4. The operator [A] is continuous from H2(R¢; C™) to H'(R4; C").

Actually, it is sufficient to impose the following condition to remove IT for
d = 5.

Condition 8.5. Assume that the periodic solution A of problem (6.7) belongs to
La(R2).

Proposition 8.6. For d = 3, Condition 8.5 implies Condition 8.4.
To prove Proposition 8.6 we need the following statement.

Lemma 8.7. Letd = 3. Assume that Condition 8.5 is satisfied. Then the operator
g'2b(D)[A] is a continuous mapping of H*(R%; C™) to L,(R?; C™) and

lg" 2o D)ANl g2y Lorey < Ca (8.7)

The constant € 5 depends only ond, ag, a1, gl Loos 18 oo 1AllL, (@), and the
parameters of the lattice T.

Proof. The proof is quite similar to the proof of Proposition 8.8 from [45].
Letvj(x), j = 1,...,m, be the columns of the matrix A(x). In other words,
v; is the I'-periodic solution of the problem

b(D)*g(x)(bD)V;(x) + €;) = 0, /v, (x) dx = 0. (8.8)
Q

Here {e;}_, is the standard orthonormal basis in C™. Letu € H 2(R%). Then

d
g'?bD)(vju) = g2 (bD)v)u + Y g bi(Dyu)v;. (8.9)
=1
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We estimate the second term on the right-hand side of (8.9):

d 1/2

Hzgl/2bl(l)’”)vf'HL2<Ra) < ||g||;{ia}/2d1/2(/|Du|2|vj|2dx) . (8.10)
I=1 d
R

Next,

/|Du|2|vj|2dx=z /|Du|2|vj|2dx. @.11)
RY aerl Q+a

By the Holder inequality with indices s = d/2 and s’ = d/(d — 2),

2/d (d-2)/d
/|Du|2|vj|2dxs (/|v,-|d dx) ( /|Du|2d/(d_2)dx) . (8.12)
Q

+a Q+a

By the continuous embedding H'(Q2) <> Lag/(a-2)(R2),

(d—-2)/2d
( /|Du|2d/(d_2) dx) < CalDull g1 @1a)- (8.13)
Q+a

The embedding constant Cg depends only on d and 2 (i.e., on the lattice I').
From (8.11)—(8.13) it follows that

[ i ax < Bl 12 el (8.14)
R4

Using (8.10), from (8.14) we derive the estimate

d
1/2 1/2
| e Py, < gl e 2d 2 Calv; ey @l 2y (8.15)
=1

Next, equation (8.8) implies that
d
/ ((g(x)b(D)vj, bDYW) + > (b g(x)e;, D,w)) dx =0 (8.16)

]Rd =1

for any w € H'(R¢; C") such that w(x) = 0 for |x| > R (with some R > 0).
Letu € C$°(R?). We put w(x) = |u(x)|?v; (x). Then

d
bW = [u[>bD)v; + D bi(Du*)v;.
=1
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Substituting this expression into (8.16), we obtain

d
[ ([s00p@v;. b @ + 3 bi(Dyfulyv)
=1

R4 d
+ Y (b gy, Di(uf?y)) ) dx = 0.
=1
Hence,
o= [ 1gM3@W; Pluf? dx = gy + 2 (8.17)
]Rd
where
d
h= = [ (20, 3 g b (Diulyv; .
a I=1
d
Jy=— / S (b} g0 Dy((ul’v,)) dx
na =1
d
= _/Z(bl*g(x)ej, Di(vju)u® + vju(Dju*)) dx.
na =1
By (4.8),

il < llgl 2oy ?d / 2g"2b(D)v; |[ul[Du|lv; | dx
]Rd
1
<5 [ 163 Pl ax + 2glecond [ Dul iy dx.

R4 R4

Combining this with (8.14), we see that
1 D) 2 2 2
|1l < EJO + ||g||Looa1dCQ”Vj”Ld(Q)”u”HZ(]Rd)' (8.18)
Now we proceed to estimating the term J,. By (4.8),

[ 167 500, Plul? dx < gl
Rd
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Then

d
|J2| < Z lub; ge€jll L, wa)I1 D1 (i)l L, way + 11V (D) L, way)
=1

< M”D(Vju)”iz(]}{d) + (4_1 + (4N)_1)d0‘1 ||g||ioo ”u”iz(]gd)

+ / Iv; [2[Du* 2 dx
R4

for any 1 > 0. By (8.14),

12| < pIDOV W17 gay + (71 + ()™ Dden |1gl7

(8.19)
+C3llv; ||id(g))||u||§12(]Rd)-
Now, relations (8.17), (8.18), and (8.19) imply that
2o < uIDOGIE oy + (Q@glzaenrd + DCRIV I
5 oM J L>(R4) 8llLo®1 QUYJTIL ()
1 1 X , (8.20)
(5 g0 ) el e
Comparing (8.9), (8.15), (8.17), and (8.20), we obtain
lg" 2DV, ra)
< 200 + 2018 lLac 1 d C3 IV, 12, o 1122,
< 4M||D(Vju)”i2(Rd)
+((10]gllzeetrd +HDCGIVSIZ ) + (1 + ™ DderllglF Dlulfp gay-
(8.21)

By (4.11) (with f =1,),
DT ey < 410 g o llg PEMD) V)17 ra)
= 2182012,
for u = gaollg™" I, Together with (8.21) this implies
lg" 2 b)YV W)17 gay < CF 11l G20

where

C} = (20 gllord + 8)CSIIViIIT (@) + 2+ 1605 I L) dar g7 . -
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Thus,
lg" bM)WVl g2(ray> Lomay < €jr J =1.....m,
whence
12 mn 2
g 2b)[All fr2re ) Loy < (Z 2) " = e
i.e., (8.7) is true. O

Proof of Proposition 8.6. Letu € H?(R?). Similarly to (8.11)—(8.14),

||VJ“||L2(]Rd) C3llv; ”Ld(Q)”u”Hl(]Rd)

Here v;(x), j = 1,...,m, are the columns of the matrix A(x). Thus,
m
NATI2, gty < €3 IV, o 1l - (8.22)
j=1

By (4.11) with f =1,,, and Lemma 8.7,

ID[AJUlI], gy < @0 g™ ool 2oM)ANN] | ay

N (8.23)
S lg™ ||L°O€ ”u”HZ(]Rd)
Combining (8.22) and (8.23), we obtain
NAT 21 gy < (CQva] 1 0@ + @5 18 Mo @R) 1122
j=1
for u € H*(R?). O
Theorem 8.8. Let d = 5. Under Condition 8.4, for0 < e < landt € R,
||ﬁ1/2(fﬂ_1/2 sin(s_lrﬂl/z)f_l
=+ MDD fo(AN) P sine T AN D

‘RO L@ )>Lr®a)
< Crse(l + |7)),

where the constant Cys depends only on m, oo, a1, ||€lLes 1€ e | 1Laos
| f Y Loo, the parameters of the lattice T, and the norm ||[A] | 2R y— B (RD)-
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Proof. Under Condition 8.4, by (4.7), (6.1), and (8.6), we have

”ﬁl/Z[A]b(D)(I _ H)fo(ﬂo)_l/z sin(g_lf(ﬂo)l/z)fo_ljz(é‘)”Lz(]Rd)—)Lz(]Rd)

1/2 1/2 1/2 — — _
< llgly2 o IDIAN 2y Lymeyt! 262 V21 f oo | f T Lo (g 2 + De?

where

— 1/2 — —
Cis == aicy 1/2||g||L/OQ AN Lool f ™ oo HAT 2y 1 Ry (g >+ D).

Combining this with (8.3), we arrive at estimate (8.24) with the constant
Ci5:=C13+ CI/S' O

For d = 5, removal of the operator I1 in the corrector also can be achieved by
increasing the degree of the operator R(¢). In the application to homogenization of
the hyperbolic Cauchy problem, this corresponds to more restrictive assumptions
on the regularity of the initial data.

The proof of the following result is quite similar to that of Theorem 8.2.

Proposition 8.9. Let d = 5. Then for t € R, 0 < ¢ < 1, we have

IAY2(f A2 sin(e T AY?) f1
— (I + AbD)) fo(A%) ™2 sin(e 12 (A)Y?) f3)

- R(E) )| Ly mty> Ly (1)
< Ciee(1 + [2)).

The constant Cyg depends only on m, n, d, ao, o1, |€llLees 1€ e | 1Laos
| f Y Lo, and the parameters of the lattice T.

Chapter II1
Homogenization problem for hyperbolic systems
9. Approximation of the sandwiched operator .A;l/ 2 sin(r.A;/ 2)

For a I'-periodic measurable function ¥ (x) in R? we denote

vE(x) = v(e'x), e>0.
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Let [°] be the operator of multiplication by the function ¥¢(x). Our main
object is the operator Ag, ¢ > 0, acting in L,(R?; C") and formally given by
the differential expression

Ae = [5(x)"b(D)"g* (X)b(D) f*(x). ©.1)

Denote ~
Ae = b(D)*g*(x)b(D). 9.2)

The precise definitions of these operators are given in terms of the corresponding
quadratic forms. The coefficients of the operators (9.1) and (9.2) oscillate rapidly
ase — 0.

Our goal is to approximate the sandwiched operator Ag_l/ 2 sin(rﬂé/ 2). The
results are applied to homogenization of the solutions of the Cauchy problem for
hyperbolic systems.

9.1. The principal term of approximation. Let 7 be the unitary scaling trans-
formation in L,(R4; C"):
(Tou)(x) := ¥?u(ex), &> 0.
Then A, = ¢ 2T*AT;. Thus,
A7V2sin(rAY?) = eTF ATV 2 sin(e 71 AY2)T,.
The operator A satisfies a similar identity. Next,
(Ho + I)7V2 = eTX(Ho 4 21)7 V2T, = TFR(e) /2T,
Note that for any s the operator (o + I)%/? is an isometric isomorphism of the

Sobolev space H*(R?; C") onto L,(R4; C"). Indeed, for u € H*(R%; C")

1(FHo + 1)*"ull7 gay = / (&2 + D@ dg = lullfsgay 93
Rd
Using these arguments, from (8.2) we deduce the following result.
Theorem 9.1. Let A, be the operator (9.1) and let A° be the operator (7.5). Then,
fore >0andt e R,
£ AT 2 sin(e A2 ()7 = oA T2 sin(r (A ) fo 1wty Loy
< Crae(1 + |7)).
9.4)

The constant C1y is controlled in terms of ro, @0, @1, ||€l|Les 1€ Lo | f | Laos
and || f 7 Leo-
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By (7.3) and the elementary inequality |sinx|/|x| < 1, x € R,

LFEAZ Y2 sin(rAY ) (f6) 7 = fo(AY) T2 sin(r(A2)Y?) f57 Ly ey Lo ()

<2 f Lol f T ool el-
9.5)

Interpolating between (9.5) and (9.4), we obtain the following result.

Theorem 9.2. Under the assumptions of Theorem 9.1, for 0 < s < 1, T € R, and
e >0,

LFEAZY 2 sin(rAY2) (£ = fo(A%) ™2 sin(t(A%)Y?) 5 s ety Ly )
< E(s)(1 + e,

where
€1(8) := QS Nzl f ™ o) T CHy.

9.2. Approximation with corrector. Now, we obtain an approximation with the
correction term taken into account. We put

M, := T}MT.,.

Then I1, is the pseudodifferential operator in L, (R¢; C") with the symbol 15 /8(5),
ie.,

(M) = @)~ [ & *0ace) de. 9.6)
Q/e
Obviously, [1,D°u = D°I1,uforu € H* (Rd; C") and any multiindex o of length
|o| < «. Note that

I Tell o ray—>peray < 1, kK € Ziy.

The following results were obtained in [37, Proposition 1.4] and [12, Subsec-
tion 10.2].

Proposition 9.3. For any functionu € H'(R?; C") we have
ITleu —ull,,gway < erg ' DU, ga), &> 0.

Proposition 9.4. Let ®(x) be a T-periodic function in R? such that ® € L,(Q).
Then the operator [®¢]11, is bounded in L,(R%; C"), and

IO ||, (rety> Lo ety < 1221 @10 @), € > 0.
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Theorem 9.5. Let A(X) be the I'-periodic solution of problem (6.7). Let I1, be
the operator (9.6). Then, under the assumptions of Theorem 9.1, for ¢ > 0 and
telR

1£o AT 2 sin(A ) ()7
— (I +eA* b)) fo(A%) 2 sin(e(A)?) £~ | 2wyt ey O7)
< Crre(1 + 1)),
where the constant C17 depends only on m, ag, @1, |€l|lLes 1€ i 1 1Loos
| £ Y Lo, and the parameters of the lattice T .
Proof. By the scaling transformation, (8.3) implies that
IAY?(f AT sin(r Al (f9) !
— (I + eA*hD)I1,) fo(A%) ™/ ?sin(z(A%)/?) £
(3o + D7 lyma) > Loma)
< Cize(1 + 7).
Note that, by (4.7), (4.9), and (9.2),
EslDull} ) pay < 1420} qay we H' (RECH, 9.9)
where the constant ¢, is defined by (6.5). From (9.8) and (9.9) it follows that
ID(feAY? sin(eAY) ()7
— (I + eA*bD)IL) fo(A%) 2 sin(z(A)?) i)
“(Ho + D7 Lo medy>Lome)
< &2 Ce(1 + ).

9.8)

(9.10)

Now, we estimate the (L, — L,)-norm of the correction term. Let ng’")
be the pseudodifferential operator in L,(R¢; C™) with the symbol Xa,:(8). By
Proposition 9.4 and (6.12),

IAS IS 1y (rty o Ly ey < M. (9.11)
Using (6.19), (7.3), (7.5), and (9.11),
leA*BD) I, fo(A®) ™2 sin(r(A%)2) f57" (Ho + 1) 1,y Lyme)
< e AT, ey Lo 8)
16M) fo(A%) ™ sin((A")'?) 57 (Ho + D7 Mlzyme)> Lo RY)
< eMyllg7 2 1 sin(r(A2)2) £ (Ho + D) 7MLy me)s Lo@e)

<eMillg 21 7 L.
(9.12)
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Combining (9.3), (9.4), (9.10), and (9.12), we arrive at estimate (9.7) with the
constant C17 := & Cr3 + Cra + Myl 12 1 f | oo O

By interpolation, from Theorem 9.5 we derive the following result.
Theorem 9.6. Under the assumptions of Theorem 9.5, for 0 < s < 1, 7 € R, and
O0<e<l
|L£e A2 sin(rAY2) (£5) 7!
— (I + eA*b(D)TL,) fo(A)™Y/2 sin(r (A2 f57 | grs1 maty 11 ey
< G (s)(1 + |z))e’.
(9.13)

Here the constant €,(s) depends only on s, m, oo, ||g||Leo, lg™! lLoo | fLoos
| f Lo, and the parameters of the lattice T.

Proof. Let us estimate the left-hand side of (9.13) for s = 0. By (4.7), (9.1), and
the elementary inequality |sinx|/|x| < I, x € R,

£ A2 sin(@AY2) ()7 gt wey 11 R
SN flzoollf M Lol el + D FEATY 2 sin(rAY ) (£ gt vty Lo R4
— —1/2 — 1/2 —
<N Nzoolf " Hzsoltl + o 21 121 Lo

(9.14)
Similarly, by (4.7), (7.3), and (7.5),
I fo(A%) ™12 sin(z(A%)/2) £ 1 (R y— 1 (R
NS ool " oottt + o0 g™ 21 ™ i O
From (6.19), (7.3), and (9.11) it follows that
leA®BD)TT, fo(A%) ™2 sin(z(AN)?) f57 | a1 (wety— 11 (m)
< eMilg 20 " ew
+ [[DA*HD)TT, fo(A%) 2 sin(r(A")Y?) f57 | g1 gty Lo ety
<eMillg 21 o 10
+ DAY BMD)II, fo(A") /2 sin(z(A")?) f57 | 1wty Lo (rY)
+ el A*DbD)TLe fo(A%) ™2 sin(x (AN ) f57 | 1 ety Ly m)-
By Proposition 9.4, (6.13), (6.19), (7.3), and (7.5),
IDA)*BMD)IT, fo(A%) ™2 sin(z(A2)?) fo7 |l 1 ety Lo ey 017

—1n1/2 —
< Mallg™ 12 1 f 7 ke
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Next, according to (6.19), (7.5), and (9.11),
el A*DBD)TL, fo(A%) ™2 sin(x (A7) f5~ 11 ety 1o (e
< eMyg™! ||i/oi ID sin(z(A)"2) f57 | 51 ety Lo (R -

Since the operator A° with constant coefficients commutes with the differentia-
tion D, we have

(9.18)

D sin(z(A%)Y?) || g1 gy Lymay < 1-

Together with (7.3) and (9.16)—(9.18) this yields

leA*BD) T fo(A%) ™2 sin(r(A%)2) f57 a1 ety 11 (1)

< @eMy+ Mo)llg 12 1 M liee-
Relations (9.14), (9.15), and (9.19) imply that
ILfEAZY 2 sin(eAY ) ()7
— (I +eA*bD)TL) fo(A%) ™ sin(x(A)"?) f57 1 ety > 1 (v
< Cis(1 + 7)),

(9.19)

(9.20)
witht € R,0< e <1, and
Cis := max{2|| f ool f " lzeos Qe V2 + 2My + My) | g™ IIi/i 1 e}
Interpolating between (9.20) and (9.7), we deduce estimate (9.13) with
C2(s) := C,5 °C;,. O
9.3. The case where d < 4. Now we apply Theorem 8.2. By the scaling
transformation, (8.4) implies that
A (f AT sin@Ay ) (f) !
— (I +eA°b(D)) fo(A%) ™/ ? sin(x(A)"?) f77)

_1 (9.21)
“(Ho + 1) Lomd)—> L, ®e)
< Crae(1 + 7)),
for 0 < ¢ < 1, € R. Combining this with (9.9), we obtain
ID(FEAS Y2 sin(rAY?)(f6) 7
— (I +eA°b(D)) fo(A%) ™2 sin(z(A%)12) f5!
( D)) fo(A”) (A ) fo ) 9.22)

(Mo + D7l pymd)>Lo@ma)
< &V2Ce(l + 1)),

for0<e<l1,7eR
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Let us estimate the (L, — L,)-norm of the corrector. By the scaling transfor-
mation,

e A°b(D) fo(A%) ™2 sin(z(A%)?) £57 (Ho + 1)l Ly we)o Lo e
= & Ab(D) fo(A%) ™2 sin(e™ T (A%)2) £ R(e) | Ly (ret)> L, (RA)-

The (H® — Lj,)-norm of the operator [A] was estimated in [44, Proposi-
tion 11.3].

(9.23)

Proposition 9.7. Lets =0ford = 1,s >0ford =2, s =d/2—1ford = 3.
Then the operator [A] is a continuous mapping of H*(R%;C™) to L,(R%; C™),
and

IAI s (R y—> L, ey < €as

there the constant €4 depends only on d, m, n, &g, ||gllLes, 1€ Loy, and the
parameters of the lattice T'; in the case d = 2 it depends also on s.

Now we consider only the case d < 4. So, by Proposition 9.7,
A g jey—>1,mey < €ar d < 4. 9.24)

Thus, we need to estimate the operator b(D) f5(A%) ™2 sin(e 71 7(A%)/2) £, 1 R(e)
in the (L, — H')-norm. By (6.19), (7.3), and (7.5), for any d we have
16MD) fo(A%) ™2 sin(e ™ T(A%)2) £ R(E) | L, met ) 11 (R
< bD) fo(A%) ™2 sin(e™ T (AN)Y?) £ R(@) | Ly ey Lo (w4
+ [DbD) fo(A%) ™2 sin(e™ T (AN)Y?) £ R(e) | Ly met ) Lo (RE)

<2g 2N i, TER, O<esl.

(9.25)

The following result is a direct consequence of (9.4) and (9.22)—(9.25).

Theorem 9.8. Let d < 4. Under the assumptions of Theorem 9.5,
|£e A 2 sin(r A2 (£
— (I +8A*bD)) fo(A") ™/ ?sin(x(A")?) f5 M | r2rays 1 rey - (9:26)
< Crog(1 + [7]),
with 0 < ¢ <1, T € R. The constant

Cro:=¢,V2C14 + C1p +2€4)1 g7 ||i/oi 1f MLe

depends only on d, m, n, oo, a1, 18llLees 18 Lcer I f oo | f 7" |2 oo, and the
parameters of the lattice T.
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9.4. Removal of I1, from the corrector for d = 5. The following result can be
deduced from Theorem 8.8.

Theorem 9.9. Let d = 5. Let Condition 8.4 be satisfied. Then, under the
assumptions of Theorem 9.5, for 0 < ¢ < 1 and © € R we have

AT sin(zAY ) ()7
— (I +eA°b(D)) fo(A") " sin(e(A)") fo 2wy mri ey (9-27)
< Cooe(1 + [,

where the constant Caq depends only on m, ao, @1, |€l|lLes 1€ N I1f11Loos
| f Y Loo, the parameters of the lattice T, and the norm 1A g2 y— m1 (RE)-

Proof. The proof is similar to that of Theorem 9.5. Combining (6.19), (7.3), (7.5),
(8.24), (9.4), and (9.9), we arrive at the estimate (9.27) with

Cao = &;12C1s + Cra + ANl go ety 1 ey I ||i/oi||f_1||Loo- O
Theorem 9.10. Let d = 5. Under the assumptions of Theorem 9.5, for 0 < ¢ < 1
and t € R we have

| £eAZ 2 sin(r A2 (£)7!
— (I + eA®b(D)) fo(A%) ™2 sin(t(A%)2) f5 | aro ety i1 ey (9-28)
< Core(1 + |2)).

The constant Ca1 depends only on d, m, n, ao, o1, |€llLews 1€ e IS 1 Leos
| £ Y Lo, and the parameters of the lattice T.

Proof. By the scaling transformation, from Proposition 8.9 it follows that
A (AT sine Ay ) (£
— (I + eA*b(D)) fo(A%) 2 sin(r(A%)2) £;71)
- (Ho + 1)_d/4||L2(]Rd)—>L2(]Rd)
< Cree(1 + 1)),
with 0 < & < 1, 7 € R. By (9.9),
ID(FeAZY2 sin(rAY2)(£5) 7
— (I + eA®b(D)) fo(A) ™2 sin(z(A%)/?) f7h) 9.29)
“(Ho + D™ 1,y Lo we)
< é7V2C16e(1 + |1)),
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with 0 < ¢ < 1, v € R. By Proposition 9.7, and (6.19), (7.3), and (7.5),
IA%bD) fo(A") ™2 sin(x (A7) f571 (o + D)™l Ly ) Loway
< €q[lbM) fo(A) ™2 sin((AN)Y2) f57H (3o + D7 Lty sz
< Callg 2 1 " Lo 1o + D™ Ly ey rara—1 gay

<€l 21 L
(9.30)

Combining (9.4), (9.29), and (9.30), we arrive at estimate (9.28) with the constant

Co1 = V2C16+ Cra + €47t ||i/oi 1™ Lo u

9.5. Removal of I1.. Interpolational results. To obtain the analogue of Theo-
rem 9.6 with I1, replaced by / we need the continuity of the operator

e[A*]b(D) fo(A®) ™2 sin(z(A%)/?) f5!

in H'(R%;C"), i.e., we need the boundedness of DA g1 (rdy—> 1,y and
AN L, re)—>L,@a)- Due to Parseval’s theorem, [[[A®]llL,rd)—r,@md)y < OO
holds if and only if the matrix-valued function A is subject to the following
condition.

Condition 9.11. Assume that the I'-periodic solution A(x) of problem (6.7) is
bounded, i.e., A € Loo(Rd).

Under Condition 9.11, the operator [(DA)¢] is bounded from H! to L, due to
the following result obtained in [37, Corollary 2.4].

Lemma 9.12. Under Condition 9.11, for any functionu € H'(R?) and & > 0 we
have

/ (DAY ()Pl dx < e ul? g, + 26 AIG _ IDU]? -

R4

The constants ¢; and ¢, depend onm, d, oo, a1, |gllLe, and |8 | Lo -

Some cases where Condition 9.11 is fulfilled automatically were distinguished
in [12, Lemma 8.7].
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Proposition 9.13. Suppose that at least one of the following assumptions is

satisfied.:

1°) d <2;

2°) the dimension d = 1 is arbitrary and the operator A has the form A, =
D*g®(x)D, where g(x) is symmetric matrix with real entries;

3°) the dimension d is arbitrary and g° = g iL.e., relations (6.21) are true.

Then Condition 9.11 is fulfilled.

Surely, if A € L, then Condition 8.5 holds automatically. Then, by Proposi-
tion 8.6, for d = 5, the assumptions of Theorem 9.9 are satisfied.

We are going to check that under Condition 9.11 the analog of Theorem 9.6
is valid without any smoothing operator in the corrector. To do this, we estimate
the (H' — H')-norm of the operators under the norm sign in (9.26) (or (9.27)).
By (6.19), (7.3), (7.5), and Lemma 9.12, we obtain

leA®b(D) fo(A%) ™ sin(x(A)"?) fo ll a1 rety 1 r)

< 26l A Lo llg ™ 21 " Mzoo + 18721 " oo (1 + c2ll A2 )2,
(9.31)

with 0 < ¢ < 1, T € R. Combining (9.14), (9.15), and (9.31), we deduce that
[£eAZ 2 sin(r A2 (£)7!
— (I + eA°BD)) fo(A) ™2 sin(x(A)Y2) f5 1 gy mr1 ety 9:32)
<Cp(l+]t]), 0<e<l, 7T€R,
where
C2 = || f 7 |Loo max{2]] f |z
le™ 172 oy % + 2] AllLee + (61 + 2l A7) )
Interpolating between (9.32) and (9.26) for d < 4 and between (9.32)
and (9.27) for d = 5, we arrive at the following result.
Theorem 9.14. Suppose that the assumptions of Theorem 9.1 are satisfied and
Condition 9.11 holds. Then, for0 < s < landt € R, 0<e <1
£eAZ 2 sin(r A2 (£)7!
— (I +eA°bD)) fo(A%) ™2 sin(@(A)"?) fo g+t @) 11 )
< G+ [e])e’,

where
C,55Csy ford <4,

E3(s) 1=
’ {c;;scgo ford = 5.
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9.6. The case where the corrector is equal to zero. Assume that g° = g, i.e.,
relations (6.20) are valid. Then the I"-periodic solution of problem (6.7) is equal
to zero: A(x) = 0, and Theorem 9.6 implies the following result.

Proposition 9.15. Suppose that relations (6.20) hold. Then under the assumptions
of Theorem 9.1, for0 < s < landt € R, 0 < & < 1 we have

1 £eA; 2 sin(rAY2) (£6) 7 = fo(AY) 2 sin(z (A2)Y2) fo s+ meyo 11 (m)
< ()1 + |z)e’.

10. Homogenization of hyperbolic systems with periodic coefficients

10.1. The statement of the problem. Homogenization for the solutions of hy-
perbolic systems. Our goal is to apply the results of Section 9 to homogenization
for the solutions of the problem

o2 “s(x D — b(D) " (b D, (x. 7) + O F(x. ).

Ju.(x,0)
= =Y.

where ¥ € Ly(R4;C"), F € Lyjoc(R; Lo(R%; C")), and Q(x) is a T-periodic
(n x n)-matrix-valued function (7.2). Substituting

z:(. 7)== (f) 7' ( 0)

into (10.1), we rewrite problem (10.1) as

0 (X)———

u.(x,0) =0,

(10.1)

PrbeD)  _ e0"bD)" 8 (0B(D) £z (x.7) + (0 B ),
0Z:(X, 0
nx,0) =0, 20D _ ey,
Then
z:(. 1) = A7V 2sin(r AV (&) 1y
+ / A2 sin((x = DALY (fO) TR, F) dE (102
and
u.(-, 1) = fEAZY2sin(r AV () 7y
(10.3)

+ / FEAZY2sin((r — DAY (f)TIF(. 1) dT.
0
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Let uy(x, 7) be the solution of the effective problem

2
Q—auo—(’z"f) = —b(D)*g’h(D)uo(x, 1) + OF(x, 7),
Py o 0) (10.4)
uo(x, 0) = 0, "T = Y (x),

where

0= |Q|—1/Q(x)dx.
Q

Similarly to (10.2) and (10.3), we obtain

uo (-, 7) = fo(A”) ™2 sin(x(A%)2) fy 'y
+ / fo(‘AO)—l/2 Sil’l((l’ _ %)(A0)1/2)f0_1F(-, ‘Z’) di. (10.5)
0

Using Theorems 9.1, 9.5, and identities (10.3), (10.5), we arrive at the follow-
ing result.

Theorem 10.1. Let u, be the solution of problem (10.1) and let ugy be the solution

of the effective problem (10.4).

1°. Lety € H'(RY;C") and let F € Ly 1oc(R; H'(R¢; C")). Then for t € R and
& > 0 we have

ueC, v) =0, Dl p,may < Cr2e(W+ DUV | g1 way + 1F L, (0,0): 01 RY))-

2°. Let y € H*(R4;C") and let F € Ly joc(R; H2(R4; C")). Let A(X) be the
I-periodic solution of problem (6.7). Let I, be the smoothing operator (9.6).
By v. we denote the first order approximation:

Ve(X,7) ;= up(X, 1) + eA°h(D) T up (X, 7). (10.6)
Then for T € R and ¢ > 0 we have

e, 0) = Ve Dl giray < Crre(l+ DUV | m2wa) + 1Fl L, (0,052 @0))-
(10.7)

Remark 10.2. If d < 4 (ord = 5 and Condition 8.4 is satisfied), then we can use
Theorem 9.8 (respectively, Theorem 9.9), i.e., the estimate of the form (10.7) is
valid with v, replaced by

v (x, 1) := ug(x, 7) + eA*h(D)ug(x, 7). (10.8)
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Theorem 9.10 implies the following statement.

Proposition 10.3. Assume that d > 5. Let ¢ € H?/>(R4;C") and let F €
L1 10c(R; Hd/z(le; C")). Let u; and ugy be the solutions of problems (10.1)
and (10.4) respectively. Let v§°) be given by (10.8). Thenfort € Rand0 < e <1
we have

e, 7) = VO )l 1 ey

< Cae(l + [t DUV | garzway + 1FN L, (0,00 5472 maY))-

Applying Theorems 9.2 and 9.6, we arrive at the following result.

Theorem 10.4. Let u, be the solution of problem (10.1) and let ugy be the solution
of the effective problem (10.4).

1° Let ¢ € HS(R?;C") and F € Ly 1oc(R; H(R4;C")), 0 < s < 1. Then, for
teRande >0

us(, ©) —wo(, D)l L,y ey
<G OA + DUV s way + IFN L, 0,005 ®aY))-

Under the additional assumption that F € Li(R+; H*(R?; C")), for 0<s <1,
[t]=e7%0<e<1,0<a<s

ug(-, £e™%) —uo(-, £, re)

< 2€ () IVl gsray + IFllL, ;s may))-

2°. Lety € H'W*(R4;C") and F € Ly 1oc(R; H'TS(R;C")), 0 < 5 < 1. Let v,
be given by (10.6). Then, fort € Rand 0 <& <1

ue(-, 7) —Vs(wf)”Hl(Rd)
< GO+ TN Ul mr+s@ay + IFl L, 0,001+ ®aY))-

Under the additional assumption that F € L{(R+; H'7S(R?; C")), where
O<s<lLfort=27%0<e<],0<a<s

ug(-, £67%) — ve(-, :l:g_a)”Hl(]Rd)

<26 (I lgr+s@ay + IFlL, ;a1 +5@ay)-

By the Banach—Steinhaus theorem, this result implies the following theorem.
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Theorem 10.5. Let u; be the solution of problem (10.1), and let uy be the solution
of the effective problem (10.4).

1°. Let ¢y € Ly(R4; C") and F € L 1oc(R; L2(R4; C")). Then, for r € R

lim [[u (-, 7) = o, 7)1ty = 0.

2°. Let ¢ € Hl(le;C") and F € Ll,loC(R;Hl(IRd;C")). Let v, be given
by (10.6). Then, fort € R

1im [[ug (- 7) = V(s D)1ty = 0.
Applying Theorem 9.14, we make the following observation.

Remark 10.6. For 0 < ¢ < 1, under Condition 9.11, the analogs of Theorems
10.1, 10.4, and 10.5 are valid with the operator I1, replaced by the identity
operator.

10.2. Approximation of the flux. Let p.(x, 7) be the “flux”
P:(x, 7) 1= g°(X)b(D)uy(x, 7). (10.9)

Theorem 10.7. Suppose that the assumptions of Theorem 10.1(2°) are satisfied.
Let p; be the “flux” (10.9), and let g(X) be the matrix-valued function (6.8). Then
for T € R and ¢ > 0 we have

1P (- 7) = g°bD)Meuo (-, )l 1, re)

(10.10)
< Coze(1 + [TDUIY | m2ray + IF L, (0,0);52R4)))-

The constant Cp3 depends only on m, d, ao, o1, |€llLees 1€ e IS lLaos
| £ Y Lo, and the parameters of the lattice T.

Proof. From (9.3), (9.8), (10.3), and (10.5), it follows that

ALY (-, T) — (I + eA*BD) o (-, 7))l 1, ey

(10.11)
< Cize(1 + [T DY | g2way + 1Fl L, (0,0): H2(RAY))-

By (9.2) and Proposition 9.3,

IAY2(TL, — Do (- )l Lymey < gt 16 Mgl 2 ID?uo (-, )l yray- (10.12)
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Using (7.3), (10.5), and the inequality | sin x|/|x| < 1, x € R, we obtain

ID>uo (-, T)l £, ey
< [wo(, Dl g2 (ra) (10.13)
ST oo 1S ™ oo U L2y + IF L, (0,002 R )))-

Combining (10.9) and (10.11)—(10.13), we arrive at

Ipe(-. ) = g°bM)( + eA®b(D)) o (-, 7)l L, (ra)

(10.14)
< Coae(L + [T DUV | m2@ray + IFll L, (0,052 REY))-
where
Cas = Cusllglly? + ot P15 Mgl ool £ Lo 1 f Lo
‘We have
£g°b(D)A*H(D) [T uq (-, 7)
d (10.15)
= g°(b)A)*b(D)Teug (- 1) +£g° Y by A‘TII Dib(D)ug(-, 7).

=1

By (4.7), (4.8), (9.11), and (10.13),

d

|eg* Yo nA I Dp@yuo )|
— 2

< elgllLoeard > M ID*uo (-, D)l L, ey

< eltlond P Mgl oo | f ool f ™ Lo (1¥ I g2 ey + IFIlL, 0,002 REY))-
(10.16)

Now, relations (6.8) and (10.14)—(10.16) imply estimate (10.10) with the constant
Ca3 = Cog + o1d P Mil|gll oo f ool f 7 I oo- 0

Lemma 10.8. For ¢ > 0 and t € R we have
Igfb(D) fEA; 2 sin(AY ) (£6)!

— &b fo(A) ™2 sin((ANY?) 57 L, @)ooy (10-17)
$ C25.

Here

1/2 — 1/2 1/2 — 1/2 —
Cas = (lglly? + llgllzao g™ 172 en 21l 2 1lg™ 12 + D) " Lo
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Proof. By (9.1),

lg®bD) £2A; 2 sin(c A (f) 7 Ly ey Loway < NENE2 NS Lo

(10.18)

Next, by (6.19), (7.3), and (7.5),
185 TIIB(D) fo(A%) ™2 sin(t(A*)?) fo |, (re ) Lo (RA) (10.19)

<12 T L@y Ly 182 1 oo
Using Proposition 9.4 and (6.8) and (6.11), we obtain
18T ety Larey < N8 l2oe (12172 IBDIA Ly @) + 1) (1020)
< llgllzo (m 21l 2 1lg ™M 12 + D).

Combining (10.18)—(10.20), we arrive at estimate (10.17). O

Theorem 10.9. 1°. Let u, and ug be the solutions of problems (10.1) and (10.4),
respectively, for y € H*(R?; C") and F e L1 1oc(R; HS(R%; C")), where 0<s <2.
Let pe be given by (10.9) and let g(Xx) be the matrix-valued function (6.8). Then
for t € R and ¢ > 0 we have

Ipe (- 7) — &°b(D)TLeuo (-, 7) |, (re) (10.21)
< A+ 1T 22U s ey + IFILL, ,0:05 @ey)-

Here
Ca(s) := CL 282,

Under the additional assumption that F € L (R+; HS(R%; C")), where 0<s <2,
for|tl =% 0<e<1,0<a<1, wehave

[P, £e™%) — g°b(D) o (-, ™)1, (ra)

( (10.22)
< 22842 (|19 | s may + 1Ny v s rayy)-

2°. If ¢ € Ly(R;C") and F € Ly 1oc(R: Ly(R?; C™)), then

lim [[pe(-, ) = 2D Metlg (-, D, qay = 0, 7 € R.

3°. If ¥ € Ly(RY:; C") and F € L1(Rx; Lo(R?; C")), then

lin}) IPe(-, £67%) — g°b(D)Meuo(-, £ )|, re) =0, 0<e<I1,0<a<l.
e—>
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Proof. 1°. Rewriting estimate (10.10) with F = 0 in operator terms and interpo-
lating with estimate (10.17), we conclude that

lg*bD) fEA;? sin(xAY?)(f5)7!
— &M fo(A") ™2 sin(r(AN)Y?) f5 s wey> Lo )
< C215_S/2C§§2(1 + |_L,|)s/28s/2‘
Thus, by (10.3) and (10.5), we derive estimate (10.21).

2°. The assertion follows from (10.21) by the Banach—Steinhaus theorem.

3°. The assertion is a consequence of (10.22) and the Banach-Steinhaus
theorem. u

10.3. On the possibility to remove Il from approximation of the flux

Theorem 10.10. Under the assumptions of Theorem 10.7, let d < 4. Then for
teRand0<e <1

Ipe (. 1) = g°bD)uo (-, )l 1, ra)

(10.23)
< Cose(1 + [T DY | m2ray + 1Fll L, (0,0): H2(R4Y))-

The constant Cag depends only on m, n, d, ao, o1, |€llLees 1€ e | 1Loos
| f Y Lo, and the parameters of the lattice T.

Proof. The proof repeats the proof of Theorem 10.7 with some simplifications.
By (9.21), (10.3), and (10.5),

IAY2 (e, ) — (1 + eA®B(D))uo (-, ) 1, ey

(10.24)
< Crae(L + [TDUIY | m2ray + IF L, (0,0;52R4)))-
Then, according to (9.2) and (10.9),
IPe(, ) — g°bM)(I + eA*bD))uo(-, 7)1, wa) (10.25)
< ”g”i{:cl“e(l + |T|)(||'/’||H2(1Rd) + ||F||L1((0,r);H2(]Rd)))-
Similarly to (10.15),
eg®b(D)A°b(D)ug(-, 1) .
£ e e £ (10.26)
= g°(bD)A)*b(D)ug(-, 7) + £¢° Y byA*Dib(D)ug (-, 7).

I=1
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Let us estimate the second summand in the right-hand side. By (4.8),

d
|eg* Yo biA Db @)
=1 s (10.27)
< &l gllLo (do) 2| ASDBD)Yuo (-, 7|, (rer)
S SHg”Loo(dal)l/z”[A]”Hl(]Rd)—)Lz(]Rd)||Db(D)u0(" T)”Hl(]Rd)’
for 0 < ¢ < 1. By (6.19), (7.3), (7.5), and (10.5),
IDEDYuo ¢, D)1 ey < Mg~ 2 1S ™ oo U¥ 2ty +IFNLL, 0.0 2 1 )-
(10.28)
Combining (9.24), (10.27), and (10.28), we have

0 LT

< elglz (do) a2 1 f T oo (¥ ey + IFllL, 0.0 2R )s
(10.29)

for d < 4. Now relations (6.8), (10.25), (10.26), and (10.29) imply esti-
mate (10.23) with the constant

Ca6 = Cuallglly? + (da)?CaliglLo g 112 1 7 oo m

Let d = 5 and let Condition 8.4 be satisfied. Then, by the scaling trans-
formation, the analog of (9.21) (with the constant C;5 instead of Ci4) follows
from (8.24). We wish to remove I1, from approximation for the flux similarly
to (10.24)—(10.29). According to [34, Subsection 1.6, Proposition 1], Condi-
tion 8.4 implies the boundedness of [A] as an operator from H'(R?;C™) to
Lo(R?; C™) with the estimate [|[A]ll 71ra)— 1,y < CIAN g2may— 51 (re)-

The following statement can be checked by analogy with the proof of Theo-
rem 10.10.

Theorem 10.11. Let d = 5. Let Condition 8.4 be satisfied. Then, under the
assumptions of Theorem 10.7, for 0 < e < landt € R

||p8(" T) - gsb(D)UO(" T)||L2(Rd)
< Cyre(1 + [t DUV | g2ay + IF L, (0,0): 2 (R4 Y))-
The constant
Ca7 = Cusligly? + da) gl le ™ 112 1~ Lae AT Rty Lo )

depends only on a’, m, n, @0, @1, |1€llLeer 18 oo 1/ 1Loer 1/ Loor the
parameters of the lattice T, and the norm ||[A]l| g2rd)— g1 r4)-
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By analogy with (10.24)—(10.29), using Proposition 9.7, from Theorem 9.10
we derive the following result.

Theorem 10.12. Let d = 5. Let u, and ug be the solutions of problems (10.1)
and (10.4), respectively, where we suppose ¢ € H4/2(R%; C") andF € L1((0, )
H4/2(R4;C")). Let py be defined by (10.9) and let § be the matrix-valued
function (6.8). Then, for0 <e <landt € R

[P (-, ) — g°b(D)uo (-, )l 1, ra)
< Cose(1 + [t DY | garzway + IF| L, (0,00;5472RAY))-

The constant Cyg depends only on d, m, n, ag, &1, ||8||Leo ||g_1||Loo, | f L oo
| £ Y Lo, and the parameters of the lattice T .

To obtain interpolational results without any smoothing operator, we need
to prove the analog of Lemma 10.8 without IT,. le., we want to prove the
(L, — L)-boundedness of the operator

2°b(D) fo(A%) ™2 sin(r(A%)'?) f57". (10.30)

The following property of g was obtained in [44, Proposition 9.6]. (The one-
dimensional case will be considered in Subsection 10.4 below.)

Proposition 10.13. Let [ > 1 ford = 2, andl = d/2 for d = 3. The operator
[g] is a continuous mapping of H' (R%; C™) to L,(R%; C™), and

||[§]||H1(Rd)_>L2(Rd) < Q:;i.

The constant €/, depends only d, m, n, ag, o1, |g||Leor 18" |Loo» and the param-
eters of the lattice T'; for d = 2 it depends also on .

So, for d = 2, we can not expect the (L, — L;)-boundedness of the opera-
tor (10.30). The (H? — L5)-continuity of the operator (10.30) was used in Theo-
rem 10.10 and, under Condition 8.4, in Theorem 10.11. (The (H? — L;)-bound-
edness of [g] follows from [34, Subsection 1.3.2, Lemma 1].) So, without any
additional conditions on A, using Proposition 10.13, we can obtain some interpo-
lational results only for d < 3.

By (6.19), (7.3), (7.5), and Proposition 10.13,

18°bD) fo(A%) ™2 sin(e(ADY?) 5t @ty Loty < Callg ™ 121 ™ oo
(10.31)
(Here [ is as in Proposition 10.13.)
Combining (10.18) and (10.31) and interpolating with (10.23), we obtain the
following result.
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Theorem 10.14. Let2 < d < 3, andlet1 <1 <2 ford =2and! = 3/2
ford = 3. Let 0 < s 1. Assume that 0 =1+ 2 —1)s ford = 2 and

= 3/2 4 s/2 for d = 3. Let u, and uy be the solutions of problems (10.1)
and (10.4), respectively, where ¢ € H?(R?; C") andF € L,((0,7); HY (R4; C")).
Let p; be the flux (10.9) and let g be the matrix-valued function (6.8). Then for
0 <e < 1andt € R we have

IPe(-, 7) — &b M)uo (-, V)l L, re)
< &) A+ 2D UVl goway + IFI L, (0,000 ®ay))-

<
<

Here
Cs(s) = C35(lgl 2 + <yllg /2 =tk

10.4. The special case. Suppose that g = g, i.e., relations (6.21) hold. For
d = 1, identity g° = g is always true, see, e.g., _[50, Chapter I, §2]. In accordance
with [11, Remark 3.5]: in this case the matrix-valued function (6.8) is constant and
coincides with g%, i.e., g(x) = g° = g. The following statement is a consequence
of Theorem 10.9(1°.) )

Proposition 10.15. Assume that relations (6.21) hold. Let u, and uy be the
solutions of problems (10.1) and (10.4), respectively, for ¥ € H*(R?;C") and
F e Ljjoc(R; H*(R?; C")), where 0 < s < 2. Let p, be given by (10.9). Then for

t€Rande >0,
Ips -, ) — g°b(D)ug (-, 77)||L2(1Rd) (10.32)
< &) (1 + [T (19l s ray + IF Nz, (0,005 R )-

Here
Co(s) := €a(s) + 2721 Pllgl 2 1 f 7 2o

Proof. We wish to remove the operator I1, from the approximation (10.21).
Obviously, || ITe — 1|1, rd)—1,®e) < 2. According to Proposition 9.3,
1T = Tl g2y > 1o@ay < 1Te = Il g1 may> 1o me) < €7 -

Then, by interpolation, [T — I'|| grsrd)— L, (rd) < 21-8/2, 75020502 0 < 5 < 2.
Combining this with (6.19), (7.3), (7.5), (10.5), and taking into account that the
operator A° with constant coefficients commutes with the smoothing operator IT,,
we obtain

lg°bD)(TLe — Duo (- ) L, (we)

<22 g2 1 7 oo™ 2N s rey + IFIL o.myers retyy)-
(10.33)

Now, from identity g® = g, (10.21), and (10.33) we derive estimate (10.32). O
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11. Applications of the general results

The following examples were previously considered in [9, 13, 25, 26].

11.1. The acoustics equation. In L,(R?), we consider the operator
A =D*g(x)D = —divg(x)V, (11.1)

where g(x) is a periodic symmetric matrix with real entries. Assume that g(x) >0,
2.8 ! € L. The operator A describes a periodic acoustical medium. The
operator (11.1) is a particular case of the operator (6.1). Now we have n = 1,
m =d,b(D) =D, ap = «; = 1. Consider the operator ﬁs = D*g?(x)D, whose
coefficients oscillate rapidly for small .

Let us write down the effective operator. In the case under consideration, the
I'-periodic solution of problem (6.7) is a row:

AX) =i0(x), P(x) = (P1(x),...,Pg(x)),

where ®; € H'(Q) is the solution of the problem

divg(x)(V®P,(x) +¢;) =0, / ®;(x)dx = 0.
Q

Here e;, j = 1,....d, is the standard orthonormal basis in RY. Clearly, the
functions &; (x) are real-valued, and the entries of A(x) are purely imaginary.
By (6.8), the columns of the (d x d)-matrix-valued function g(x) are the vector-
valued functions g(x)(V®;(x)+e;), j = 1,...,d. The effective matrix is defined
according to (6.9):

¢ = Q! / () dx.

Q

Clearly, g(x) and g° have real entries. If d = 1, thenm = n = 1, whence g° = g.
Let O(x) be a I'-periodic function on R? such that Q(x) > 0, Q, 07! € L.
The function Q(x) describes the density of the medium.
Consider the Cauchy problem for the acoustics equation in the medium with
rapidly oscillating characteristics:

821, (x,
050 e ® D iy et Vua(x.7), x€RY. 7 €R,
972 (11.2)
e (x, 0)

us(x,0) =0, 9y ¥ (x),
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where ¥ € L,(R?) is a given function. (For simplicity, we consider the homoge-
neous equation.) Then the homogenized problem takes the form

2
_8u07()2(r) —divg®Vup(x.7), xeR% reR,
. e (11.3)
u b
uo(x,0) =0, Oaif =V X).

According to [33, Chapter III, Theorem 13.1], A € L and the norm ||A| L.,
does not exceed a constant depending on d, ||gll..» € Lo, and €. Applying
Theorems 10.4 and 10.9(1°) and taking into account Remark 10.6, we arrive at
the following result.

Proposition 11.1. Under the assumptions of Subsection 11.1, let u, be the solution
of problem (11.2) and let ug be the solution of the effective problem (11.3).

1°. Let y € HS(RY) for some 0 < s < 1. Then for t € R and ¢ > 0 we have
lus (. 0) = uo (- Dllyway < Co()(1 + [TDE NV s may.-

2°. Let ¢ € HSYY(RY) for some 0 < s < 1. Thenfort € Rand 0 < & < 1 we
have

e, ) —uo (. 1) = @ Vo (- Dl griway < E7() (1 + 12DV || r1+sma)-

3°. Let ¢ € H*(R?) for some 0 < s < 2. Let Tl be defined by (9.6). Then for
7 € R and e > 0 we have

185 Ve (-, 1) = § e Vuo (-, Dl L, ey < Cs(s)(L + [T 22| || s ma)-

The constants €g(s), €7(s), and €g(s) depend only on s, d, | g|lLow> 1€ I Loos
and parameters of the lattice T.

11.2. The operator of elasticity theory. Let d > 2. We represent the operator
of elasticity theory in the form used in [9, Chapter 5, §2]. Let ¢ be an orthogonal
second rank tensor in R¢; in the standard orthonormal basis in R?, it can be
represented by a matrix { = {gjl}?, /=1~ We shall consider symmetric tensors ¢,
which will be identified with vectors ¢, € C™, 2m = d(d + 1), by the following
rule. The vector {4 is formed by all components ¢;;, j < /, and the pairs (j,/)
are put in order in some fixed way. Let y be an (m x m)-matrix, y = diag{ .},
where ;) = 1for j =1 and y;;y = 2for j <I.Then [{|* = (xl«, Lx)em.
Letu € H'(R4;C%) be the dlsplacement vector. Then the deformation tensor
is has the entries e;; (u) = ( FETRa duy ) The corresponding vector is denoted by
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ex(u). The relation b(D)u = —i e, (u) determines an (m x d )-matrix homogeneous
DO b(D) uniquely; the symbol of this DO is a matrix with real entries. For
instance, with an appropriate ordering, we have

& O
b(s)=%%, d=2

0 &

& 0 O

.

2 2

0 & 0
o=, & & d=3

2 2

0 0 &

5, &

2 2

Let o (u) be the stress tensor, and let o, (u) be the corresponding vector. The
Hooke law can be represented by the relation ox(u) = g(xX)e«(u), where g(x) is
an (m x m) matrix (which gives a “concise” description of the Hooke tensor).
This matrix characterizes the parameters of the elastic (in general, anisotropic)
medium. We assume that g(x) is I'-periodic and such that g(x) > 0, and
2.8 ' € L.

The energy of elastic deformations is given by the quadratic form

wlu,u] = %/(o*(u),e*(u))@m dx

]Rd

= %/(g(x)b(D)u,b(D)u)cm dx,

R4

(11.4)

for u € H'(R?;C?). The operator W generated by this form is the operator
of elasticity theory. Thus, the operator 2W = b(D)*g(x)b(D) = A is of the
form (6.1) withn = d andm = d(d + 1)/2.

In the case of an isotropic medium, the expression for the form (11.4) simplifies
significantly and depends only on two functional Lamé parameters A(X), L (X):

rofu, u] = / wele@ + | divu) ax
Rd

The parameter u is the shear modulus. The modulus A (x) may be negative. Often,
another parameter «(x) = A(X) + 2u(x)/d is introduced instead of A(X); « is
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called the modulus of volume compression. In the isotropic case, the conditions
that ensure the positive definiteness of the matrix g(x) are u(x) = puo > 0,
k(X) = ko > 0. We write down the “isotropic” matrices g ford = 2 and d = 3:

k+p 0 k—p
g= 0 4 0 , d=2;
k—pn 0 k4+pu

3k+4p 0 3k—2u 0 3k—-2pn O
0 121 0 0 0 0
g:l 3k—2pu 0 3k+4+4p 0 3k—2u O d=3
3 0 0 0 12u 0 0 '
3k—2u 0 3k—2u 0 3k+4u O
0 0 0 0 0 12

Consider the operator W, = %fls with rapidly oscillating coefficients. The
effective matrix g° and the effective operator W0 = %flo are defined by the general
rules (see (6.8), (6.9), and (6.15)).

Let Q(x) be a I'-periodic (d x d)-matrix-valued function such that Q(x) > 0,
Q.07 € L. Usually, Q(x) is a scalar-valued function describing the density
of the medium. We assume that Q(x) is a matrix-valued function in order to take
possible anisotropy into account.

Consider the following Cauchy problem for the system of elasticity theory:

2
Q’S(X)w = -Weu,(x,7), xeR?% 7 eR,
oz S (x.0 (11.5)
ug(x,0) =0, Jus(x,0) =Y(x),

ot

where ¥ € L,(R?; C?) is a given function. The homogenized problem takes the
form

_ 3%uy(x.
Fuokx7) _ —Woay(x,7), xeR? 7eR,
dt2
dup(x, 0
u(x,0) =0, % = ¥ (x).

Theorems 10.4 and 10.9 can be applied to problem (11.5). If d = 2, then Condi-
tion 9.11 is satisfied according to Proposition 9.13. So, we can use Theorem 9.14.
If d = 3, then Theorem 9.8 is applicable.

11.3. The model equation of electrodynamics. We cannot include the general
Maxwell operator in the scheme developed above; we have to assume that the
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magnetic permeability is unit. In L,(R3; C3), we consider the model operator
£ formally given by the expression £ = curl n(x)~! curl -Vv(x) div. Here the
dielectric permittivity n(x) is I'-periodic (3 x 3)-matrix-valued function in R3
with real entries such that n(x) > 0; 7,7~ € Loo; v(x) is real-valued I'-periodic
function in R3 such that v(x) > 0; v,v™! € Lo. The precise definition of £ is
given via the closed positive form

/((r;(x)_1 curlu, curlu) + v(x)|divu|?)dx, ue H'(R3 C?).

Rr3

The operator £ can be written as A= b(D)*g(x)b(D) withn = 3, m = 4, and

_ (—icurdl _(nx)"' 0
(D) = (—i div)’ s = ( 0 u(x))‘ (11.6)
The corresponding symbol of (D) is
0 & &
15 0 &
b)) = =5 & 0
&1 & &

According to [9, §7.2] the effective matrix has the form

(™o
go—( 0 y),

where 7° is the effective matrix for the scalar elliptic operator — div nV = D*nD.
The effective operator is given by

£ = curl(n®) ! curl =V div.
Letv; € H'(Q2;C?) be the I'-periodic solution of the problem
bD) gD, +e) =0. [ v, dax=0.
Q

Jj =1,2,3,4 Heree;, j = 1,2,3,4,is the standard orthonormal basis in Cc4.
As was shown in [11, §14], the solutions v;, j = 1,2, 3, can be determined as
follows. Let @; (x) be the I'-periodic solution of the problem

div 7(x)(V®; (x) 4 ¢;) = 0, /é,-(x) dx =0,
Q
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with j = 1,2,3, where ¢; = (n°)"'e;, and €;, j = 1,2,3, is the standard
orthonormal basis in C3. Let q; be the I'-periodic solution of the problem

Ag; = n(Vd; +¢)) —§;, /q/‘(X) dx = 0.
Q

Thenv; =icurq;, j =1,2,3.
Next, we have v4 = i V¢, where ¢ is the ['-periodic solution of the problem

Ap = vE) T -1, /¢(x)dx — 0,
Q

The matrix A (x) is the (3x4)-matrix with the columns i curl q;, i curl q», i curl g3,
iV¢. By ¥(x) we denote the (3 x 3)-matrix-valued function with the columns
curl q;, curl q, curl q3 (then W(x) has real entries). We put w = V¢. Then
AX)b(D) = ¥(x) curl +w(x) div.

The application of Theorems 9.1 and 9.8 gives the following result.

Theorem 11.2. Under the assumptions of Subsection 11.3, denote
L, = curl(n®) ™! curl —=Vve div .
Then, fort € R

14,172 sin(z.L12) — (£°) 712 sin( (L9 ?) | g1 w3y L @)

11.7)
< Crae(1 + 1)),

with € > 0, and

1£:Y2 sin(z£1/?)
— (I + eV* curl +ew* div)(£°) ™2 sin((L°) )| g2y 1 wsy (11-8)
< Croe(1 + 7)),

with 0 < & < 1. The constants C1, and Cyg depend only on |n||lLo, |7 | Le
V]| Logs IV Loy, and the parameters of the lattice T.

Also, we can apply (interpolational) Theorems 9.2 and 9.6. But in this case
the correction term contains the smoothing operator I1, (see (9.6)). We omit the
details.

It turns out that the operators £, and £° split in the Weyl decomposition
L>(R3; C?) = J @ G simultaneously. Here the “solenoidal” subspace J consists
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of vector functions u € L,(R3; C?) for which diva = 0 (in the sense of distri-
butions) and the “potential” subspace is G := {u = V¢:¢ € H] (R?), V¢ €
L,(R3; C3)}. The Weyl decomposition reduces the operators £, and L£°, i.e.,
Le =Ly ® Lo and L = LY @ LY. The part L, s acting in the “solenoidal”
subspace J is formally defined by the differential expression curl n¢(x)~! curl,
while the part £, ¢ acting in the “potential” subspace G corresponds to the ex-
pression —Vvé(x)V. The parts £4 and £ can be written in the same way. The
Weyl decomposition allows us to apply Theorem 11.2 to homogenization of the
Cauchy problem for the model hyperbolic equation appearing in electrodynamics:

02u, = —curl p*(x) "' curlu,, divu, =0, (11.9)

U (%,0) = 0, du,(x,0) = ¥ (x). |
The effective problem takes the form

02ug = —curl(n®) ! curluy, divuy =0, (11.10)

u(x,0) =0, 3d.up(x,0) = P(x).

Let P be the orthogonal projection of L,(R3;C3) onto J. Then (see [9,
Subsection 2.4 of Chapter 7]) the operator P (restricted to H*(R3; C?)) is also the
orthogonal projection of the space H*(R3; C?) onto the subspace J N H*(R3; C3)
for all s > 0.

Restricting the operators under the norm sign in (11.7) and (11.8) to the
subspaces J N H'(R3;C3?) and J N H?(R3; C3), respectively, and multiplying
by P from the left, we see that Theorem 11.2 implies the following result.

Theorem 11.3. Under the assumptions of Subsection 11.3, let u, and uy be the
solutions of problems (11.9) and (11.10), respectively.

1°. Lety € J N HY(R3; C3). Then for e > 0 and t € R we have
e 1) —wo . Dll,@3) S Crze(l + [TDINY |1 g3)-
2°. Lety € J N H?(R3;C3). Then for 0 < & < 1and t € R we have
e (-, 7) —ao (-, 7) — eW curlug (-, D) [ g1 w3y < Croe(l + [TDIV | a2 w3)-

According to (11.6), the role of the flux for problem (11.9) is played by the
vector-valued function

pe = g*h(D)u, = —i ((7}8)_1 curlug) _ ((7;8)_1 curl us)‘

Ve div u, 0
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To approximate the flux, we apply Theorem 10.10. The matrix g = g(1+b(D)A)
has a block-diagonal structure, see [11, Subsection 14.3]): the upper left (3 x 3)
block is represented by the matrix with the columns Vo i(x)+¢j,j =1,2,3. We
denote this block by a(x). The element at the right lower corner is equal to v. The
other elements are zero. Then, by (11.6) and (11.10),

a® curl uo)

gbmmo =i ("

We arrive at the following statement.

Theorem 11.4. Under the assumptions of Theorem 11.3, let y € J N H?(R3; C3).
Then for 0 < e < 1 and t € R we have

||(718)_1 curlug (-, 7) — a® curlug (., T)||L2(1R3) < Cree(1 + |T|)||¢||H2(1R3)-

The constant Ca6 depends only on ||| Leg, 11 Leor IV Loos 1V oo, and the
parameters of the lattice T.
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