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Semiclassical study
of shape resonances in the Stark effect

Kentaro Kameoka

Abstract. Semiclassical behavior of Stark resonances is studied. The complex distortion
outside a cone is introduced to study resonances in any energy region for the Stark Hamilto-
nians with non-globally analytic potentials. The non-trapping resolvent estimate is proved
by the escape function method. The Weyl law and the resonance expansion of the propaga-
tor are proved in the shape resonance model. To prove the resonance expansion theorem,
the functional pseudodifferential calculus in the Stark effect is established, which is also
useful in the study of the spectral shift function.
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1. Introduction

In this paper, we study the semiclassical behavior of the resonances for the Stark
Hamiltonian:
P(h) = —h*A + Bx; + V(x),

where V(x) € C°(R";R) is a non-globally analytic potential and g > 0.
Throughout this paper, the constant 8 > 0 is fixed.
We set the cone

C(K,p)={xeR"||x'| < K(x1 + p)},

where x’ = (x3,...,X,), and denote its complement by C(K, p)¢. We denote
the set of all bounded smooth functions with bounded derivatives by Cp*°. Our
assumption on the potential V' is as follows:

Assumption 1. The potential V(x) € C°(R"; R) has an analytic continuation to
the region {x € C" | Rex € C(Kj, po)¢, |[Im x| < 8o} for some py € R, Kg > 0
and §p > 0, and 0V (x) goes to zero when Re x — oo in this region.
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We introduce the complex distortion outside a cone to study semiclassical
Stark resonances. This reduces the study of resonances to that of eigenvalues of
a non-self-adjoint operator Pyg. We take any K > K, and sufficiently large p > 0
(such that Lemma 2.1 holds) and deform P (%) in C(K, p)¢. Take a convex set
C(K, p) which has a smooth boundary such that C(K.p)is rotationally symmetric
with respect to x” and C~’(K, p) = C(K,p)inx; > —p + 1. We define

F = —(1+ K™2)2 dist(s, C(K, p)) * ¢,
where ¢ € CZ°(R"), supp¢ C {|x| <1}, ¢ > 0and [ ¢ = 1. We also set
v(x) = (vi(x),...,v.(x)) = dF(x) € C;°(R"; R").
We next set
Dy(x) = x + Ov(x).
This is a diffeomorphism for real 8 with small |#]. We set
Us f(x) = (det @ (x))? f(®y(x)),
which is unitary on L2(R"). We define the distorted operator
Py(h) = Ug P(W)U, .

The Pg(h) is an analytic family of closed operators for 6 with [Imf| <
So(1+K _2)_% and |Re 8| small (Proposition 2.1). Moreover, Py(#) withIm6 < 0
has discrete spectrum in {Imz > gIm@} (Proposition 2.2). We note that we
exclude the condition that |6| is small by repeated applications of the Kato—Rellich
theorem. We also note that we do not require that # is small.

We set

LE . .={f¢€L?|supp f C C(K,p) for some K, p}
(in the following, we can replace Lfne by Lfomp). We also set
Ri(z,h) = (z—P)!
for Imz > 0. Then we define the (outgoing) resonances of P by meromorphic

continuations of cutoff resolvents:

Theorem 1. Suppose that Assumption 1 holds. Fix any h > 0. Then for any
X1.x2 € LY (R") such that y; # 0 on some open sets, the cutoff resolvent
X1R+(2)x2 (Imz > 0) has a meromorphic continuation to Imz > —f68y with
finite rank poles. The pole z is called a resonance and the multiplicity is defined

by
1
m; = rank i 95 X1R+(¢) x2d¢.
i
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The set of resonances is independent of the choices of y1 and y, including
multiplicities and denoted by Res(P). Moreover, Res(P) = o4(Py) including

multiplicities in {Imz > BImO} if 0 > Im6O > —Go(1 + K_z)_% and |[Re 8| is
small.

We emphasize that there is no restriction on Re z in Theorem 1. Local singular-
ities of the potential may be allowed if we employ the perturbation argument. The
resonances are also described including multiplicities in terms of meromorphic
continuations of the matrix elements of the resolvent ( f, R4 (z)g) for f. g € LY.
(Proposition 2.3) or f,g € A = {u € L? | supp1i is compact} (Proposition 2.4).
The latter formalism based on analytic vectors for %8 shows that our definition of
resonances coincides with that based on the global analytic translation when the

potential is globally analytic (Corollary 2.2).

The resonances for the Stark Hamiltonians have been investigated by many
authors. Avron and Herbst [1] defined the Stark resonances by the translation
analyticity. Herbst [11] defined the Stark resonances by the dilation analyticity.
Herbst [12] discussed the exponential decay of matrix elements of Stark propaga-
tor and its relation with Stark resonances.

The resonance of —A+V (x)4fx; near a negative eigenvalue £ of —A+V(x)
and the exponentially small estimate of its width in the limit § — 0 are stud-
ied by Sigal [23] and Wang [28] (see also Briet [2] and Hislop and Sigal [15,
Chapter 23]). These works employ the complex distortion in the half space. Res-
onances for many body Stark Hamiltonians have been also studied (see Herbst and
Simon [13], Sigal [22], and Wang [29]).

Dimassi and Petkov [7] studied resonances of —A2A + V(x) + x; and its
relation with the spectral shift function in the semiclassical limit (A — 0). In [7],
resonances are defined and studied in the region Rez < R by the complex
distortion in the region x; < R. While high energy resonances are also defined by
this distortion (see [14, Chapter 23]), the semiclassical study of them will require
some additional arguments such as the non-trapping estimate in the region x; > R,
|x’| > 1. Our distortion outside a cone simplifies the study of high energy Stark
resonances.

We next state the non-trapping resolvent estimate in our setting. We denote
the trapped set for the classical flow in the energy interval [a, b] by K[, ). Thus
K4 is the set of all (xo,&) € T*R”" such that a < p(x9.§) =< b and
sup;eg |x(t)] < oo, where (x(¢), £(t)) is the solution of the Hamilton equation
for p(x,£) = |£]> + Bx1 + V(x) with the initial value (xo, &).
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Wang [27] proved the non-trapping limiting absorbtion principle bound for the
Stark Hamiltonians, that is, the O(A~!) bound of R, (z, %) for Imz > 0 with suit-
able weights (see also Hislop and Nakamura [14]). The following bound implies
the bound for the analytically continued cutoff resolvent yRy(z,h)y for Imz >
—Mhlogh™!, where y € L, .(R"), since yRy(z,h)x = y(z — Py(h)) "Ly if Py
is constructed by the deformation outside supp y.

Theorem 2. Suppose that Assumption 1 holds and K, p1 = 9. Then for any
0 < M <« M there exists C > 0, which also depends on the construction of Py,
such that for small h > 0 and z € [a,b] + i[-Mhlogh™!, 0o0),

I(Po(h) — 2)7"|| < C exp(C(Imz)_/h) /A,
where (Imz)_ = max{—Imz,0} and @ = —i Mhlogh™".

The proof of Theorem 2 is based on the escape function method as in [18]
and [24], where the same result is proved for decaying potentials. Theorem 2
implies the non-trapping time decay estimate (Corollary 3.1) as in [19].

Our principal motivation comes from the shape resonance model. Denote the
full potential by Vg = Bx; + V.

Assumption 2 (shape resonance model). Fix a < b. We assume
{X e ]Rn | Vﬂ(X) < b} — 9int U 9ext’

where G'" is compact and non-empty, G is closed, and G™NG! = @. Moreover,
we assume

Kiapy N{(x,8) | x € % = 0.

Our first main theorem is the Weyl-type asymptotics for the Stark shape reso-
nances:

Theorem 3. Under Assumptions 1 and 2, there exists S > 0 such that
lim k)" #(Res(P () N ([a, b] —i[0,e5")) = Vol(K(q.p1)-
—0
Our second main theorem is the resonance expansion theorem for Stark prop-

agators (in this paper, the symbol O for some operator means O;2_, ;2 unless oth-
erwise stated).
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Theorem 4. Suppose that both Assumption 1 and Assumption 2 hold. Then for any
Vv € CX([a,b]), § > 0and y € CP(R")N LG, (R"), there exista(h) € (a—46, a),

b(h) € (b,b + §) and C > 0 such that fort > C,

xe Py y(P) =) " Rese—; e YR () x Y (P) + O(™),
zeRes(P (k)N (k)

where Q(h) = [a(h), b(h)] — i [0, 7].

In the decaying potential case, Helffer and Sjostrand [10] and Stefanov [25]
and [26] proved Theorem 3. Nakamura, Stefanov, and Zworski [19] provided
a simplified proof of Theorem 3 and proved Theorem 4 after the work of Burq
and Zworski [3]. We follow the general line of [19] with a minor simplification
given by direct resolvent estimates (Proposition 4.1), which does not depend on
the maximal principle technique (see Datchev and Vasy [4] and [5] for related
resolvent estimates). Note that Theorem 4 is the resonance expansion in the limit
h — 0 while the resonance expansion in Herbst [12] is valid in the limit t — ooc.

To prove the resonance expansion theorem, we study the pseudodifferential
property of ¢ (P). The symbol class is defined by

S(m) ={a(e;h) € C(T*R") | |05 ga(x.§:h)| < Cam(x.§)}.
The Weyl quantization is defined by

X +
2

aV (x, hD; hyu(x) = Qrh) ™" //a( y,g;h)e"<x—y=5>/hu(y)dydg.

We set
o(x,§:y.m) = (£ y)—(n.x).
The composition of Weyl symbols is

(afth)(x, £) = e FOPwPEPYLD G (x £ (y, n)|ymr.n=t

1 /ih k
~ 3 (50D D Dy D) a OBy mrm
k>0

which makes sense also for the formal power series. We denote
Op S(m) = {a" (x,hD:h) | a € S(m)}

and

S(mim;>) = ﬂ S(mim; ™).
N>0
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In the case where § = 0, the usual functional pseudodifferential calculus
implies f(P) € Op S({£)°°) with the principal symbol f(|§|> + V(x)) for
f € CX(R) (see [8, Section 8]). In the case where § > 0, this does not hold
since P is not elliptic in the semiclassical sense. In fact,

FUEP + Bx1 + V(x)) & S(m)

for any tempered m since 8‘; f(I€]* + Bx1 + V(x)) involves the term

plelge plaD (g2 4 Bxy + V(x))

and || can be arbitrary large on the support of f(|£|> + Bx; + V(x)) when
x1 — —oo. Thus f(P) & Op S(m) for any tempered m.

Nevertheless, we can treat the weighted function f(P)y and the difference of
functions f(P,) — f(P1). We set

m = [§> + (x1),
where
1
(x) = (1 +|x*)2.
Take w € C*°(R"*;R>1) depending only on x; and w = |x4]| for x; < —2 and
w =1 forx; > —1.
For the weighted function f(P)y, we prove the following. Suppose that
V e C°(R"; R) and set

P(h) = —h%A + Bx1 + V(x).
Theorem 5. Let y € S(w=°(x')™") for some s’ € Rand f € C°(R). Then
F(PYYW = aV (x,hD:h) witha € S(m=(x')™) for 0 < h < 1. Moreover,

a has an asymptotic expansion a ~ Z;io hla; in S(m=>(x’ )="), which is the
composition of the formal asymptotic expansion of the symbol of f(P) and y.

_ We note that Theorem 5 holds true for %" f(P) since it is the adjoint of
fP)v.

Remark 1.1. In particular, ag = f(|€]® + x1 + V(x)) x(x, £) and

suppa; C supp x N ( | supp f @ (&P + 1 + V(x)))
k>1

for j > 1. This implies that

(1 —&)(Pm)x" f(P(h)) = #> Op S(m™>)
for f,g € CX(R) with g = 1 near supp f. This is used in Subsection 4.3.
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For the difference of functions f(P,)— f(P;), we prove the following. Suppose
Vi € C°(R"; R) and set

P;(h) = —h*A + Bx; + Vj(x), where j = 1,2.

Theorem 6. Suppose Vo — Vi € S(w=°(x")"*) for some s’ € R and let
J € CZ([R). Then
f(Py) = f(P1) = a" (x,hD;h)

witha € S(m_“(x/)_sl)for 0 < h < 1. Moreover, a has an asymptotic expansion
a~ ;io h'a; in S(m=°(x’)=%"), which is the difference of the formal asymp-
totic expansion of the symbols of f(P,) and f(Py).

Corollary 1.1. Suppose that the assumption in Theorem 6 holds with s’ > n — 1.
Then the derivative of the spectral shift function &' defined by

(€. f) =u(f(P2) = f(P1)

for f € C2°(R) has an asymptotic expansion

g~ Qi)"Y Wy inD'(R)

Jj=0

(the space of distributions), where

(0. f) = / (FEP + Bxr + Va) — F(EP + 1 + Vi))dxdE

and t; = 0.

We can also discuss the spectral shift function by the formula (see [21])

tr(f(P) = f(Po)) = —tr((9x, V) f(P))

and Theorem 5, where
Py = —th + /3)61.

Dimassi and Petkov [7] and Dimassi and Fujiié [6] proved many properties of the
spectral shift function by constructing an elliptic operator P such that

—t((@x, V) f(P)) = = (3, V) f(P)) + O(h).

Remark 1.2. The trace class property and finite terms in the asymptotic expansion
can be discussed even if we only assume V; — Vs € S(w=™ (x')~*") for large M
and s’ >n — 1.
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This paper is organized as follows. In Section 2, we define the Stark resonances
in various manners and in particular prove Theorem 1. In Section 3, we prove
the non-trapping resolvent estimate for the Stark Hamiltonian (Theorem 2). In
Section 4, we study the shape resonance model in the Stark effect and prove the
Weyl-type asymptotics (Theorem 3) and the resonance expansion (Theorem 4). In
Section 5, we prove the functional pseudodifferential calculus in the Stark effect
(Theorems 5 and 6). In Appendix A, we justify the commutator calculations of
the Stark resolvent in Section 5.

2. Definition of resonances
Throughout this section, we assume Assumption 1.

2.1. Complex distortion. We prove Theorem 1 in this subsection. Recall
that F = —(1 + K22 dist(e, C(K,p)) * ¢, v(x) = (01(X),...,vn(x)) =
OF (x), p(x) = x + Ov(x), Up f(x) = (det @} (x))2 f(®y(x)), and P(h) =
Ug P (1) Ue_l. We first note that F € C®°(R"; R) is concave since C(K, p) is con-
vex and the convolution with a positive function preserves convexity. We have
v1(x) > 1 on C(K, p + 1)¢ by the coefficient (1 + K‘z)% in the definition of F.
Moreover, (x1)-d%v; is bounded for |«| > 1. This follows from the replacement
of C(K, p) by C(K, p) for |o| = 1 and from the mollification for |a| > 2. We also
note that &, = I + 03%F is symmetric. A calculation (using the invariance of
Laplace—Beltrami operator) shows that

_1 1 i _1
Po(h) = —h*Y g " 0igz gy 0jg, " + Bx1 + BOv1 + V(Pg(x))

129)
= —h> " digg 9 + h?re(x) + Px1 + POvL + V(Dp(x)),
i,j

.. 1 1 .. 1
where (g4) = ()72, go = det(®p)*> andrg = — >, g, *(3i(g5 87 ;84 *))-
This expression defines Py (%) as a differential operator for complex 6 with small
[Ref|and Im6b| < (1+ K _2)_%80. We denote the semiclassical principal symbol
of Py(h) by

po = (I +O0F") e, (I +0F")T'E) + fx1 + BOv1 + V(P (x)).
An advantage of our definition of Pg (%) is as follows:

Lemma 2.1. ForIm6 <0, Im(—#*}_, 3,-g2j d;) < 0 in the form sense. If p > 0
is large and Im 6 < 0, then Im pg < —%,B|Im9|vl(x) <0onT*R".
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Proof. Since F is concave, Im(((1 + OF")7'&,(I + OF")~'£)) < 0 by diag-
onalizing F”. This also implies the first statement. We have |Im V(®g(x))| <
[Im 6| sup [0V (y)-v(x)|, where y ranges over a small complex neighborhood of x.
Thus for large p, |[Im V(®Pg(x))| < ¢|Im8]||v(x)|,e < 1. Since vy(x) > c|v(x)|,
we have Im(B6v; + V(®p(x))) < —3B[ImO|v1(x) < 0. O

We next study the operator-theoretic property of Py. Since (Pouq,uz) =
(w1, Pguz) for uy,uy € C2°, Py(h) is closable on C2° and the closure is also
denoted by Py(#). We first prove the analyticity of Py with respect to 6.

Proposition 2.1. For 0 < h < 1, Py is an analytic family of type (A) with respect
to 0 with [Im 6| < 8o(1 + K‘z)_% and |Re 0| small. That is, D(Py) = D(P) and
Pyu is analytic with respect to 0 for any u € D(P) = D(Pg). Thus, (Pg —z)™!
is analytic with respect to 6. Moreover, Py = Pj.

Proof. We prove ||[(Pg — Po)u| < C|0 — €'||| Pou| + C|lu| for u € C, where
C is independent of # and 6’. We only have to estimate ||(%> >, 0i gg d;

h? D 8,g9,8 Ju||. Take w € C*°(R"; R>1) depending only on x; and w = |xq]
for x; < —2and w = 1 for x; > —1. Since (x;)-0d%v; is bounded for |«| > 1 and
ReZg;jSiSj > ¢|£|? for small |Re 6],

| s =3 i)
< Clo—#llw

<Clo—0'|w™'h2 > ;g 0ul + Cl1O —'|[w ™ u|
i,j
< Cl0—0'||lxiw™ul + C|0 — 0’| |lw™" Poul| + Cllu].

The first term can be estimated as follows. We take y(x;) such that y(x;) = 0
for x; < 1 and y(x;) = 1 for x; > 2. Then ||[x;w™ u| < C|lx1yu| + Cllu| <
CllPyyul+Cllull = Cl[[Po. xJul+C| Poul + Cllull < C|[Poul+ Clul, where
the last inequality follows from the standard elliptic estimate.

Repeated applications of Kato—Rellich theorem ([20, Section X.2]) to ( 0 1:)9 )

show that Py is closed on D(Pg) = D(P) and Pz = P, for small |Re@| and
IIm6| < (1 + K~2)"26,.

Since Pgu is analytic with respectto 6 foru € C£°, an approximation argument
shows that Pgu is analytic with respect to 6 for u € D(P). This implies that
(Pg—z)~ ! is analytic with respect to # by the general theory (see [17, Sections 7.1
and 7.2]). O
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We next prove the discreteness of the spectrum of Py in {Imz > §Im6}.

Proposition 2.2. Fix 0 with —§¢(1 + K _2)_% < Im# < 0 and |Re 8| small. Then
for 0 < h < 1, Py — z is an analytic family of Fredholm operators with index 0 on
{Imz > BIm 0} and invertible for Imz > 1. Thus (Pg —z)~! is meromorphic on
{Imz > B1Im @} with finite rank poles.

Remark 2.1. In fact, Pg—z is invertible for Im z > 0 by Theorem 1, Corollary 2.1
and Remark 2.4.

Proof. Set Py = Py —iM$(x/M)p(hD/M)2¢(x/M), where M > 1,0 < ¢ €
CX(R"), ¢ = 1 near {|x| < 1/3}, supp¢ C {|x| < 1} and [¢ = 1. Take
Q € {Imz > BIm6}. We prove that [(Pg—z)"Y | <CforO<h<landz e Q
for large M > 1.

Take 1| < R < M and let y1, yo € Cp°(R") be cutoff functions near
C(K, R) and C(K, R)° respectively. We first note that — Im(y,u, (Pg — z) you) >
cllx2ull* — O(R™Y|ju||? since Im(BOv1 + V(g (x)) —z) < —c near C(K, R)° by
Lemma 2.1 and rg(x) = O(R™!) near C(K, R). Thus we can take large R > 0
such that || (Py — 2) xau|| = ¢|| xaul.

We next prove ||(Pg — z) y1u| = c||x1ul for large M > R. We take small
e > 0and set y;m = 7;(G(x)/ M), where 11 € C.°(R) is a cutoff near (—oo, €],
72 € Cp°(R) is a cutoff near [2¢, 0o) and G(x) = (1 + K‘z)% dist(e, C(K, R)) * ¢,
where ¢ is as above. Then y1.um, xa.m € C°, 10%gjmlloc = O(M™Y) for
le| > 1, y1,m = 1 near suppdy;, you@ = lon C(K,R + 2eM)¢, yoom = 0
on supp x1 and supp x1,a N supp y2,m = @. Take w € C*°(R";R>) depending
only on x; and w = |xq| forx; < —2and w = 1 for x; > —1. Weset Q =
Py —z+ Byamw—iMys. 3. We now prove that Q1 HF — H;f“ is uniformly
bounded with respect to large M > 1 for any k, where H,{‘ = (hD)7*L2.

Denote the seminorms in S((§)") by |a|na = sup,¢ [ cal/(E)V. We set
Q =¢". Then

q=>_ g5 &k + Bx1—iMp(x/M)*$(E/M)* + Proygw —iMyz s + kn (. 6).

where kjs is bounded in S(1) with respect to M > 1. We note that for
|| > 1, suppysy IMp(x/M)>$(5/M)*|o,q < 00, SUPpssy [f2,MW]0,0 < 00 and
SUPpsq [IMx2,m0,e < 00 since suppdyz,m C {x1 > —CM}and [|0%x2,m |00 =
O(M 1) for |a| > 1. We also recall that Re Y g §i€; > c|£|? for some ¢ > 0 and
Im)" g/ && <0.Thus |g7"| 2,4 < Csup, ¢ Be(x.£) for |a| = i if we set

Be=(6)T?/1cIEP+Bx1—i M (x/ M) (/M) + y2,m Bw—iMyz pr+kn |
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We have R"” = {|x| < M/3} UC(K,R + 2eM)¢ U {x; > cM} for some
¢ > 0 since ¢ is small. Take large C; > 0. For |x| < M/3,|§| < CiM'/?, we
see B, < CM®+2/2/p e+l — CM—*/2 in view of iM¢(x/M)?¢p(£/M)?. For
x| < M/3,|E| > CYMY2, we see Be < CIE[T2/(c|E] — BM + kpg)+! <
C|E[<T2/|E[2**2 = ClE|™* < CM~*/2 since c|&|> > BM by C; > 1. For
x € C(K, R+ 2eM)¢, we see B, < C{£)T2/|c|§|> —iM + kp|T! in view of
x2.m Bw — i M2 p. This is bounded by CM ~/2 by considering |§| S C; M /2.
For x; > cM, we see B, (x,£) < C(E)*T2/(|E]> + M + kpr)*T! < CM /% by
considering |§| S C; M /2,

Thus we have proved |¢7'| 2. = O(M~1*/2). Thus we see that the map
(¢YW:Hf — HF? is uniformly bounded with respect to M > 1. We also
see that limy00q1 = 0in S(1) if ¢7'g = 1 + g1 since 3y ¢q is bounded
in S((€)%) with respect to M and limp -0 dxeq™' = 0 in S((§)72). Thus
(1 +¢)"":HF — HF is uniformly bounded with respect to large M > 1.
Thus Q~': H¥ — H¥*? is uniformly bounded with respect to large M > 1
(in fact Q~! € Op S({£)~2) uniformly for large M by Beals’s theorem). Thus
aull = 107'Qxull < ClQxiull = C|(Ps — z)x1ul| since y2.m = 0 on
supp x1- Thus,

lell < " lxjull < € D NPy — 2)xjull < C(Pg — 2)ull + C Y [ Po. xjlull-

We finally estimate [ Pg. xjlull. Since x1 a = 1 near supp dy; and dg(pg —z)
is bounded in S({£)) with respectto M > 1, we have

10Pe, xTull < N[Pa. x1x1.aauell + IPa, x;1(1 = x1an)ul
< Cllxumull gy +OM™=)lull 2.

Since Q~': H;”' — H! is uniformly bounded with respect to large M > 1 we
have ||X1,Mu||H£ < C||QX1,M“||Hh—1- Since supp y1,m Nsupp y2.m = 9, we have

1Qxumull g1 = 1Py = 2)xvanull gy < NPy — 2)ull 2 + 11Po. xuaalul g 1.
Since d¢(pg—z) is bounded in S((§)) withrespectto M > land dy1,p = O(M ™)
in S(1), we have ||[ Py, Xl,M]uHHh—l < CM~"||u||;2. Thus we have || (Py—z)u| >
cllu| forlarge M > 1and 0 < % < 1.

We also have ||(Pg — z)*u|| > cllu| for large M > 1 since (Py — z)* =
Pz + zM¢(x/M)¢(hD/M)2¢(x/M) — Z by Proposition 2.1. Banach’s closed
range theorem thus implies that Py — z is invertible and |(Py — z)~!|| < C for
0 <h <landz € Q for large M > 1. Since M¢p(x/M)p(hD/M)>*¢(x/M)
is compact, Pg —z = (1 + iM¢p(x/M)p(hD/ M) (x/M)(Py — z)" 1) (Py — z)
is Fredholm with index 0. Finally, Py — z¢ is invertible for Imzo > 1 since
—Im(u, (Pg — z)u) > Imzo|ju|*> — CH?||u||?> by Lemma 2.1. O
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Remark 2.2. The proof will be simplified if we assume that 0 <7 < 1.

Proof of Theorem 1. Take any 0 < 6; < 8o. Take 1, x2 € L&,.(R") such
that y; # 0 on some open sets. Construct Py outside supp y; and C(K, p) with
(1+K~2)7289 > 6;. Then y1 R+(2)x2 = 11Us R4 (2)U;  y2 = x1(z— Po) ' 12
for real 6 and Imz > 0. The right hand side has an analytic continuation with
respect to 6 with [Im6@| < &; and |Ref| small by Proposition 2.1. This in
turn implies that the left hand side has a meromorphic continuation to Imz >
—p61 by Proposition 2.2. If z & o,;(Py), this is analytic near z. Suppose that
z € 04(Py). Then the multiplicity of the pole z of y;R4+(z)y2 is given by
rank 57 6 1R+ () x2d¢ = rank 5z 6 x1(§ — Po) ™' x2d¢ = rank y111¢ 2,
where TT1¢ = 2—71” ¢.(L— Pg)~'d ¢ is the generalized eigenprojection of Py atz. We
have (Py —z)*T1¢ = 0 for some k by the general theory of closed operators. Then
the repeated applications of the unique continuation theorem for second order
elliptic operators imply that rank y; TT = rank IT?. Since (I1%)* = Hg, the same
argument for the adjoint implies that rank y, Hg = rank y; Hf x2. This proves that
the definition of resonances is independent of y, y» and the multiplicity is given
by m, =rank1'[§. O

Remark 2.3. The facts that || (Pg —z)"!|| = O(1) for z € Q and ||(Py — z0) || =
O(1) if Im z¢ > 0 in the proof of Proposition 2.2 imply the following general upper
bound on the number of the resonances; if 2 € {Imz > —f86p}, then

#([Res(P(h)) N Q) = OH™)

and the following a priori resolvent bound; if z € Q € {Imz > SImé6},
0 < §(h) < c < 1 and dist(z, Res(P(h))) > 8(h), then

1
1(Pg —2)"1|| < Cexp (Ch log 8(h))'
See [9, Section 7.2] for the proof.

2.2. Meromorphic continuations of matrix elements. The resonances are also
described by meromorphic continuations of the matrix elements of the resolvent.

Proposition 2.3. The matrix element of the resolvent ( f, R+(z)g) has a meromor-
phic continuation to Imz > —B8, for any f, g € L2,,.. For z withImz > —B3,,
2

z is a resonance of P if and only if z is a pole of ( f, R+ (z)g) for some f,g € Lz, ..
and the multiplicity m, is given by the maximal number k such that there exist

. k
Fioweo fe 81 8k € Llone with det (55 6.(fi. Ry (9)g)d?); ,_, # 0.



Semiclassical study of shape resonances in the Stark effect 689

Moreover, for any non-empty open bounded U C R" and an orthonormal
basis { f;} of L>(U), m, = rank (2—71” é.(fi. R+(§‘)fj)d§)f3.=1.

Proof. Take x1, 2 asin Theorem 1 and set T12""*> = -1 ¢y, Ry (¢) x2d¢. Then
m, = rank I1¥""*?>. We have

(g = (£ Re@undts) = 5 P £ RO 1010

V4

The proposition easily follows from this. O
Corollary 2.1. Res(P) N R = 0,,(P).

Proof. This follows from Proposition 2.3 and the formula
lim e(f.(P—A—ie)”'g) =i(f. Eng)- O
e—>+0

Remark 2.4. The absence of embedded eigenvalues 0,,(P) = @ for the Stark
Hamiltonian was proved by Avron and Herbst [1].

The resonances are also described based on analytic vectors. Set
A ={u e L*>(R") | supp# is compact},

which consists of analytic vectors for the generators of the translations

(llal, . lla)

Proposition 2.4. The matrix element of the resolvent ( f, R+ (z2)g) has a meromor-
phic continuation to Imz > —B8g for any f, g € A. For z withImz > —B6, z is
a resonance of P if and only if z is a pole of (f, R+(z)g) for some f,g € A
and the multiplicity is given by the maximal number k such that there exist

froeoos S g1eee gk € Awith det (54 6. (/i Re(Dg))d?)f _, #0.

Proof. Take any 0 < §; < 8y and construct Py outside C(K, p) satisfying the
condition (1 + K _2)_%80 > §1. We first note that Uy f (f € A) has an analytic
continuation for small |Re 6| by the definition of A. Take f, g € A. Then

(f: R+(2)g) = (Up f. UgR+(2)Ug ' Ugg) = (U f.(z — Pg)~ ' Upg)

for real 6 and Imz > 0. The right hand side is analytic with respect to 6 by
Proposition 2.1. This in turn implies that the left hand side has a meromorphic
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continuation to Imz > —f6; by Proposition 2.2. Then we have
1 1 -
57 PU R Q9L = 5= P(Up .~ o) Vag)dt = (U f. s
z z

We note that if we replace ¢(x) by &"¢(ex) in the definition of F(x), v(x)
and Py, the Lipschitz constant of v(x) is bounded by Ce for some C > 0. Thus
taking ¢ > O sufficiently small and arguing as in [16, Theorem 3], we see that
{Ug f | f € A}isdensein L2. These prove the proposition. O

Corollary 2.2. In addition to Assumption 1, suppose that V has an analytic
continuation to |Imz| < &y and is bounded in this region. Then for —6¢ <
Im6 < O, the resonances of P in Imz > B1Im@ coincide with the eigenvalues
of Py = —h*A+ Bxi + B0+ V(x1 + 0, X') including multiplicities. In particular,
Res(—h2A + Bxy) = 0.

Proof. Arguing as above, the eigenvalues of P, are described by the meromorphic
continuation of (f, R+(z)g) for f,g € A and thus coincide with Res(P) by
Proposition 2.4. O

3. Non-trapping estimates

Proof of Theorem 2. We only sketch the proof since it is similar to that of [24,
Theorem 1]. The non-trapping assumption enables us to construct an escape
function G € CX(T*R") such that {p,G} > 1 on p‘l([d,B]) N {|x| < R} for
somed <a<b< 15, where R > 0 is large. We set

Py, = B_EGW/theaGW/h,
where M1 < ¢ < |Imf| and M; > 1. We consider z witha < Rez < b and

(Imz)- K e.
Take microlocal cutoffs W, ¥,, and W3 near

{x1 > Ri} U{lx1] < Ry, |x'| < R, p(x.§) & [a,b]},

{Ix1] < R1,|x'| < R', p(x.,§) € [a,b]}.

and
{x1 < =R} U{|x1| < Ry.[x"| > R},

respectively, where 1 <« R; < R’ <« R. The elliptic estimate implies



Semiclassical study of shape resonances in the Stark effect 691

|(Pge — z2)Wiul| > c||¥u| — O(>®)|u| for Ry > 1. Lemma 2.1, the con-
struction of G and the sharp Gérding inequality imply that ||(Pp — z)Woul|| >
ce||Woul| — O(A*)|lu| for M; > 1 and (Imz)- < . Since Py is not elliptic
in the semiclassical sense, we estimate Wsu by considering quadratic form. Then
Lemma 2.1 implies ||(Pp,. — z)W3u| > c|Im ||| ¥3u|| for Imz)- < ¢ < [Im¥6)|.
Thus

lull < Ce™" Y [[(Po,e — 2)Wju]
< Ce'|[(Pge—2)ull + Ce™' > [|[Poe. ¥jlul
< Ce7Y[(Poe — 2)ull + Ch/e(|(Po,e — 2)ull + [lul).
Choosing M; > 0 large and substituting C#/¢||u| < 1/2|u||, we obtain
I(Pg,e — 2)ull = cellul|.
For (Imz)_ < Mh, we take ¢ = My with My > M; and we have
I(Po—2)7"| = CA™! < Cexp(C(mz)_/h)/h

since ||ei8GW/h|| <C.

For Mih < (Imz)_ < Mhlogh™!, we take ¢ = C(Imz)_ with large C > 0
and we have ||(Py —z)7!|| < Cexp(Ce/h)/e < C exp(C(Imz)_/h)/(Imz)_ <
C exp(C(Imz)_/h)/h since [|eT¢C" /|| < exp(Ce/h). O

Corollary 3.1. Suppose that Assumption 1 holds and K, p1 = 9. Then for any
v € CX(la,b]) and y € L, (R"), there exists C > 0 such that

cone

xe Py (PYy = 02 12 (((t = C) 4 /h) ™),

where (t — C)4+ = max{t — C, 0}.

Proof. This follows from Theorem 2 employing Stone’s formula, an almost ana-
Iytic extension of ¥ and Green’s formula. Since the proof is the same as that of
[19, Lemma 4.2], we omit the details. O

4. Shape resonance model

In this section, we discuss the shape resonances for the Stark Hamiltonian gen-
erated by potential wells. Recall that p(x,§) = |§|> + Va(x), Vg = Bx1 + V
and K|, p is the trapped set in the energy interval [a, b]. Throughout this section,
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we assume Assumption 1 and Assumption 2. Note that Assumption 2 implies
Kiap) = {(x,6) | x € §" a < p(x,€) < b}. We fix sufficiently small § > 0.
Then Assumption 2 holds true with [a, b] replaced by [a — 8, b + §].

Fix a cutoff function yo near G™ such that

suppdyo € {x € R" | V(x) > b + 25}.

Complex distorted operators in this section are constructed outside supp yo. Let
V¢*!(x) be a potential obtained by filling up the wells: VX' = V near supp(1— yo)
and V' > b 4 28 near G™, and P! = —A%A + V! with the corresponding
distorted operator Pg*'. Let Vint(x) be a potential flattened outside the wells:
Vint(x) = Vg near supp yo and V" (x) = b + 2§ outside a small neighborhood of
supp xo, and P = —42A 4 Vint,

In the following we set a(h) = € and y(h) = Mhlogh™', or a(h) = Ch
and y(h) = M#h. Then Theorem 2 implies that [|(P§*'(h) — z)7'|| = O(a(h)™)
fora—8§ <Rez<b+8,Imz>—y(h)and § = —i Mhlogh™'.

Remark 4.1. The results in Subsections 4.1 and 4.2 remain true if we replace
the non-trapping condition outside the wells by a resolvent assumption as follows:
there exist a(#), y(#) and real numbers a < b with a(h), y(h) > e~5/% for any
S > 0 such that |(P§*(h) — 2)7!| = O(a(h)™!) fora —8 < Rez < b + § and
Imz > —y(#h).

The basic estimate in this section is the following Agmon estimate which is
valid in more general settings (see [30, Section 7.1]).

Lemma 4.1. For any open set U with U C {x € R" | V(x) > b + 28}, any
z€[b—Co,b+ 8]+ i[-Co, Co] and small h > 0, there exists So > 0 such that

Il g2y < €S Ml 2wy + CICP = Dull 2y,
where Uy is any open set with U C UL.

This is also valid for Py if U is away from the region of deformation in the
definition of Py. In the following we fix So such that Lemma 4.1 holds true where
U is a small neighborhood of supp dy¢, and moreover Lemma 4.1 with P replaced
by P " holds true where U is a small neighborhood of supp(1 — yo).

4.1. Resolvent estimate. In [19] the resolvent estimate is obtained by the ab-
stract method based on the maximum principle technique. In the shape resonance
model, we give more direct resolvent estimate based on the commutator calcula-
tion and the Agmon estimate.
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Proposition 4.1. For small # > 0,
I(1 = x0)(Pe —2)'I| < Ca(®) ™", xo(Ps —2)!|| < C dist(z, o (P™))™
ifa—8 <Rez<b+8 Imz > —y(h) and dist(z, o (P ™)) > ¢~So/*,
Proof. We have

I = x0) (P —2)7H || = (P — 2)7' (Pg™ = 2)(1 = o) (Pg —2) |
< a7 (Po—2)(1 = xo)(Po —2)7'|
< a1+ [|[Pe, xol(Ps — 2)7"II)
< Ca(m)™ (1 + 7%/ (Pg —2)7!]))
< Ca(m)™ (1 + 7% xo(Pg —2)7").
The third inequality follows from the Agmon estimate. The last inequality follows
if we subtract Cor(h) e ™S0/% || (1= yo)(Pg—z)~'|| < 2111 = x0) (P —2)~ || from
both sides for small 2 > 0. We also have
I x0(Pe —2)~" | = |(P™ = 2) 7' (P™ = 2) xo(Pg — 2) 7|
< dist(z, o (P™) 7" [[(Pg — 2) xo(Po — 2) 7'l
< dist(z, 6 (P™) 7' (1 + [I[Pg, xol(Ps —2)~')
< Cdist(z,a (P™) ™' (1 + he S50/ (Pg — 2)™"|)
< Cdist(z,a(P™) ™' (1 + he™0/*|(1 = x0)(Ps — 2)"|)-
The third inequality follows from the Agmon estimate. The last inequality follows
if we subtract C# dist(z, o(P™))~1e=S0/% || yo(Pg — z)~'|| < Chllxo(Py —2)7 !
from both sides for small 7z > 0. Substituting the left hand side of each inequality

for the right hand side of the other inequality and subtracting the small remainder
from both sides, we obtain the desired results. |

Remark 4.2. This proposition shows the dichotomy for resonances:

Res(P(h) N ([a —8.b + 8] —i[e 5% y(#)]) = @ for small # > 0.
As in [26] and [19], we decompose resonances into clusters.

Lemma 4.2. For small h > 0, there exist aj(h) < bj(h) < aj41(h) such that

J(h)

(Res(P (7)) U o (P™)) N ([a Sy i] So/"’]) U Q; (),
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where
Qj(h) = [a; (h), b; ()] — i[0,e™ 50",
bj —a; < Ch_ne_SO/h,
ajp1— by > 2e750MM,
2 1
ai € (a — 58,41 — 58)
1 2
by € (b + 350+ g5),
and

Res(P) N ((far — ch",a1] —i[0, e 5] U ([byaay. by + ch"] — 1[0, e50/*]))
= 0.

Moreover,
11 = x0)(Pg — 2)7'|| < Ca(n)™', z € 0Q;(h),

where
Q;(h) = [aj(h) — e™50/% b;(h) + ¢S50/ 4 i[—2eS0/% ¢=Solf],
Proof. The first statement follows easily from the fact that
#o(P™yNla—68,b+68]) =0Fr™)

and Proposition 4.1 (or Remark 2.3). The second statement follows from Propo-
sition 4.1. |

4.2. The Weyl law. We prove Theorem 3 in this subsection. Set

1

0 _ -1

I; = i /(Z—Pg) dz
3%

and |
Hi_nt:_/ _Pint —ld .
Tl S ) dz

A%

Since supp yo N supp(Py — P™) = @, we have

M- = o [ P = (P = P - P
A%,
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Proposition 4.2. Forany 0 < S < Sy,
¢ = " + 0(e™5/").
Remark 4.3. In the decaying potential case, we immediately have
|(Po = PR (z = PRYT! | < e™%/R)jz = PPN+ C < C

for z € 3Q; by the Agmon estimate for PI™ and dist(z, o (P™)) > e¢=50/% since
Py — P has bounded coefficients. This and Lemma 4.2 imply

¢ — M| < C1a&; ()™ = O(e™5/™).
Since Py — P™™ has an unbounded coefficient in our case, we need additional

arguments.

Proof of Proposition 4.2. Since z — P" is elliptic near supp(Py — P™),
I(Pg = P™)(z = P™™) ™ o
< Cliz = P™)(Pg = P™)(z = P™) Yol Loy 2
= CIlP™. Py — P™(z = P™) xoll 2y g2
< Ce™ Mz - P~ < C,
where the last two inequalities follow from the Agmon estimate for P™ and

dist(z, o (P™)) > e=S0/% (note that [P™™, Ps — P™] has bounded coefficients).
This and Lemma 4.2 imply

|07 = T xoll < €192 ler() ™ = 0(e75/%).
Finally, we have [|T1? (1 — xo)|| < C|0Q;|(h)~" = O(e5/*) by Lemma 4.2, and
1 — yo)TMY| < CA e S0/ = 9(e~5/) by the Agmon estimate. O
(1= xo)TI} y g
Proof of Theorem 3. Proposition 4.2 implies that rank HJG. = rank H}m for small

# > 0. Thus the Weyl law for discrete eigenvalues of P'" completes the proof. [

4.3. Resonance expansion. We prove Theorem 4 in this subsection. Theorem 5
and Theorem 6 are used in this subsection. In the following, we take

v e CX(la,b]) and y e Cp°N Lg,
as in Theorem 4. We take

a(h)zal(h)—%h” and b(h):bj(h)Jr%hn
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(see Lemma 4.2), and set
Q(h) = [a(h), b(h)] —i[0, 7).
We first prove Theorem 4 after large time t > #~"+17¢ (see Burq and Zworski [3]).

Proposition 4.3. Under the above notation and for any & > 0,
xe Py (P) = "Resg—z e YR () W (P) + O(h™)
z€Res(P () NQ(h)
fort > hnT17E
Proof. This is proved by Stone’s formula, the almost analytic extension technique
and Green’s formula. If we employ Proposition 4.1 as the resolvent estimate, the
claimed result follows. Since the argument of the proof is the same as [3], we

omit the details. We note that calculations involving the energy cutoff ¥ (P) are
justified by Theorem 5. |

Remark 4.4. If we employ Remark 2.3 as the resolvent estimate, the result
of Burq and Zworski [3] is obtained for the Stark Hamiltonian case. Namely,
Proposition 4.3 remains true under Assumption 1 for # > A~% for some choices
of (k) and L > 0.

We move to the proof of Theorem 4 up to large time C < ¢ < /2" We first
prepare the Agmon estimate for continuous spectrum ([19, Lemma 4.3]):

Lemma 4.3. If jo € CX(R") is a cutoff near suppdyo and y1 € CZ(R) is
supported near [a, b],

Fov1(P(h)), 7oy (P™(h)), oy (P (h)) = @Lz_)Hg(e—So/Zh)‘

Proof. This follows from the Agmon estimate, the almost analytic extension
technique and Green’s formula. Since the proof is the same as [19, Lemma 4.3],
we omit the details. O

We next compare the different quantum dynamics [19, Lemma 4.4].

Lemma 4.4. For Y1 € C°(R) supported near [a,b] and t € R,
(1= x0)e " P/hy (P) o = O(lt]e™50/2") + O(5),
Hoe Py (P) = yoe P Ay (P 4 O(t e 50/2) + 0h),
(1= xo)e Py (P) = (1 — yo)e P Ry (PO + O(Jr]e=50/2h) + O().
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Proof. The proof relies on Duhamel’s formula as in [19]. Lemma 4.3 implies that
both (1= xo)e P/ i (P) yo and yo(e ™ /i (P) — =P /i (P1)), as well
as (1— yo)(e 121y (P) — e~ 1tP™ /Ry (PXY)) applied by i £, — P from the left
are Op2_, ;2 (e=50/2h),

As for the initial values, we have (1 — xo)¥1(P)xo = O(A°°) by Theorem 5,
xo(W1(P) — Y1 (P™)) = O(h%) by Theorem 5 and the usual functional calculus
for elliptic pseudodifferential operators, and (1— yo) (Y1 (P)—v¥1(PY)) = O(R*)
by Theorem 6 (Theorem 6 is used only at this point). |

Proposition 4.4. Under the above notation and for any 0 < S < So,

xe Py (P) =Y Resg—z e i Ry (C ) 1y (P)
zeRes(P(R)NQ(H)
+ 20(((t = C)4/h)"F) 2 (P) + O(h™)
for0 <t <eS? where y1 = yxoand x> = x(1 — xo).

Proof. We only sketch the proof since it is the same as [19]. Lemma 4.4 and
Theorem 5 show that

Xe_itp/h)(l/f(P) — Xle—itPim/hwl(Pin[)Xll/,(P)
+ X2€_itPeXt/hwl(PeXt)XZw(P) + O(hOO)’

where 1 = . The second term is estimated by Corollary 3.1. The eigenfunc-
tion expansion of the first term is approximated by the first term of the right hand
side of Proposition 4.4 by the same argument as in Proposition 4.2 with

| . 1 -
M= — | (z—Pp)"'dz and TN =_—— /(Z —P™)~ldz
7T i J 27i
A<y 8%,
replaced by
1 ; 1 ~ i
— [ e Mz —Py)T'dz and —— / ez — P14z
2mi 2mi
aQ; 8%,
respectively. O

We next estimate the residue outside the well.

Lemma 4.5. Forany y € C;° N L, and any 0 < S < S,

cone

D Resg—z e My R ()7 = 0(e5M)
z€Res(P(h))NK; (1)

for0 <t < eSt where X2 is as in Proposition 4.4.



698 K. Kameoka

Proof. Since |e~"*%/%| is bounded on szj for0 <t < e5/" by Lemma 4.2

1

o [ = G - Pz

%

< Ca(h)713%;| = 0. O

Proof of Theorem 4. Proposition 4.3 proves Theorem 4 for ¢ > #~"*17¢_ Propo-
sition 4.4 and Lemma 4.5 prove Theorem 4 for C <t < ¢5/?%, O

5. Functional pseudodifferential calculus in the Stark effect

In this section, we prove Theorem 5 and Theorem 6. In Subsections 5.1 and 5.2,
we set P(h) = —h2A + Bx; + V(x), where V € C;P(R™; R). The commutator
calculations below are justified by Corollary A.1 in Appendix A.

5.1. Weighted resolvent estimates. We estimate the weighted resolvents in this
subsection. Take w € C*°(R";R>;) depending only on x; and w = |x;| for
x1 <—-2and w =1 for x; > —1.

Lemma 5.1. Foranyk >0, |z] S1and0 < h <1,
—k—1 N1k < -1 3k
lw™ 1P = )Tk o 2 < Iz (14 A/ Jmz

Proof. We first prove the case where k = 0. Take y € C°°(R") depending only
on x; and y =0for x; <1and y = 1for x; > 2. We set yr(x) = y(x/R).
I(hDY?w™ (P —2) " ul| >
< Clw™(hD)*(P —2)"'ul >
=Clw M (P—z4+z—Bx1 =V +1)(P —2)" ul
< Clixrx1(P —2)" ull 2 + Cllull > + CrIP — 2) " ull 2
< Clixrx1(P —2)" ull 2 + CrlImz |~ Ju] 2,
since |z| < 1. Since P (#) — z is elliptic near the support of y, we have
lxrx1(P —2)""ull2 < CI(P = 2)xr(P = 2)"'ul 2
< Clullz + CI[P, xrI(P —2)" ul 2.
Substituting
P, xRI(P —2) " ull 2 < CARTH|(hD)*w™ (P — 2)'u 2

for large R, the proof for k = 0 is completed.
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We next assume that Lemma 5.1 is true for k — 1. The case where k = 0
implies
O s PP
= |lw N (P —2) N (P —2)w k(P - Z)_lwk||L2_)H§
< Mmz[7Y(P — 2w (P —z2) " wk |2 2
< mz=! 4 (/im 2w P — 2T o g
We have
(h/ltm 2 w1 (P = ) w2,
< (h/[Imz|)|w™ (P —2)~" 2 m!
+ (/I 2 w1 (P = 27 [P WP = 27 oy

The first term can be estimated by |Im z|~!(%/|Im z|) by the case where k = 0.
The second term can be estimated by

(h/Imz ] |w ™ (P = 2) T BD) W o,y
< (/Imz)?w(P = 2)7 o, 2
+ (/|mz])*Jw ™ (P = 2)T [P (A DY TP = 2) T oy

The first term can be estimated by |Im z|~!(%/|Im z|)? by the case where k = 0.
The second term can be estimated by

(r/m z)*[w ™ (P = )T w T o g
+ (h/Im 2w (P — 2) T T o
Nw™ (ADYA(P —2) M2 2
< (/mz)*w™ NP = )T L

by the case where k = 0. The induction hypothesis completes the proof. O

Remark 5.1. Similar calculations show that

lw*(P — 27w o2 < [Imz] ™t (1 + 1 /[Im z])*
and

W = (P — )T w ™ o 2 < mz[7H (1 + h/[lm z[)*

for|z] Sland0 < A < 1.
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5.2. Weighted resolvents as WDQOs. We set
Ss(m) = {a(e:h) € C®(T*R") | 02 ca(x.&:h)| < Cuh™*Im(x.£)}.

The natural asymptotic expansion for a € Ss(m) with 0 < § < % is of the form

a~ Y h=207q; with a; € Ss(m). We set Ss(mim5>°) = (\y=o Ss(mimz™).
To simplify the statement, we introduce the symbol class for weighted resol-
vents Syk (m) = [Imz| 7K SQ,. (m), where
S&,R(m) = {a(x,é;z,h) ‘ |8$,Ea| < CylImz|~C@m(x, &) for |z| < 1and
a € Sg(m) uniformly for n < Imz|,|z] S 1forany 0 <§ < %}
We say that a € Sv_v]fz(m) has an asymptotic expansion a ~ Y h’a; in Sv_v]fz(m)

ifa; € SV_VIE_Zj (m)yanda ~ Y hia; = w7k 3" pU=207 k4208 g in 5=K8 §¢ (m)
uniformly for 2° < [Imz|, |z| < 1forany 0 < § < % We set

Swk (mim;>) = ﬂ Swe(mimyN).
N>0

In the following, we set m = |£]? + (x1).
Proposition 5.1. Ifb € SO (w™°m™*(x')™*"), then
(P —2)7'0" € Op Sk (w™®m ™ 1 (x')™).
Proof. Weset P = —h2A + B(x1)+ C, where C > 1sothat P~! € Op S(m™1).
Applying (x')$" P¥ from the right, we may assume that~ s’ =k = 0. Applying w~j P
from the right, we only have to prove (P —z)"'6" P € Op Syyk(1). Since P ~
P +2Bw, we only have to prove (P —z)~'pW (P —z) = bW +(P—2)" [, P] ¢
Op Syk(1) and (P — z)7'6" € Op Syk(1). For this it is enough to prove
(P —z)"Y(nD)b" € Op Sy (1). Let Iy, I, ..., Iy be linear forms on R?”. Then
adyw ( ip) - --adyw (o py (P = 2) 71 (hD)bW) consists of the terms such as
~(adyw ( 5py ady (s ppy PP — )7
adyw eapy PYP —2) 7 adyw 4y (RD)DY)
= (P~ 2™ @dyw sy PYw )@ (P — 2) @dyw 1y P 7)
. (w2(P — Z)_l (adl;/V(x,hD) aleV(x’hD) P)w_3) PN
S(wSTH(P - Z)_l(adl,‘(‘,’_l(x,hD) PYyw ™) (w*(P —z) Y (hD)w ™)
S(wStHAD) ! adllbv(x,hD)((hD)bW)),

where s < N. Lemma 5.1 and Beals’s theorem complete the proof. |
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We next calculate the asymptotic expansion of the weighted resolvent. Let
r(x,E,z,h) ~ 3 s h/r; be the formal symbol of (P —z)~! given by the standard

parametrix construction, which does not belong to any symbol class. We easily

see that ro = (p(x.§) —2)1 and 1y (v.6,2) = LEED

qj(x.§.2) = Y0 g, ©)2F with g (x. §) € Sm> ).

for j > 1, where

Proposition 5.2. Suppose that b has an asymptotic expansion ~ Y h'b; in
S&,R(w_c’om_k (xY™*"). Then the symbol of (P — z)~'b" has an asymptotic
expansion ~ (X 1/ 1)t (X 7 b;) in Sk (w™Pm™*=1(x) ).

Proof. Take 0 < § < % and consider z with A% < |Imz|,|z| < 1. Borel’s
theorem enables us to take a € A% Ss(w™°m*~1(x’)~*") such that ¢ has an
asymptotic expansion a ~ #70( 3 AU720Ip@ITVE (5 (172007278 p) ) in
A8 Ss(w="°m~*=1(x"}=%") which is uniform with respect to z. Then

4

(P —2)a" =b" +48®°0p S(w=m™*(x')™*)

since
(p=28(( X )8( X w78y))
~ (=28 wn))s(Xw'ty)
~ > Wb
in the formal power series sense. Thus,
aV(x,hD;h) = (P —z2) 'Y + (P —2)"'h® Op S(w™®m % (x')™")
=P =2 + 1 0p S(w™®°m ¥ (x")™).

The last equality follows from Proposition 5.1. |

5.3. Proofs

Proof of Theorem 5. Applying (x')*" from the right, we may assume that s’ = 0.
We take an almost analytic extension f € CX°(C) of f: 0 f = O(|]Imz|*) and
fIr = f. The Helffer-Sjostrand formula shows

FP)A" = ﬁ / 5 7(2)(z — Py dz A dE.

Take 0 < § < 3. Proposition 5.1 implies (z — P)™' x" € Op Sy (w™>°m™1).
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Thus

FPYY =a (x,hD;h) € Op S(w™®m™")
and the integral for [Im z| < k% contributes only as 2% Op S(w~*m™"). Proposi-
tion 5.2 implies that (z— P)~'x" has an asymptotic expansion in =S5 (w=°m~")
which is uniform with respect to z with |Im z| > 4. Thus

a4~ (h—s Z hj(l—zS)h(1+zj)8a~j>nX
in 778 S5(w™>°m™1), where

- _ 1[5z qj(x.§,2) .
aj = 5] /Bf(z)(z_p(x’g))wﬂdz/\dz.

[Imz|>hS

We set

a; = L,/éf(z) q;(():é;)z)ljﬂdw\dz

= maz’(q,(x £ (D)i=p(x.)-

We easily see that (a;—a;)fiy € h*°S(w™>®°m~ 1) anda; € S(w™°m~). Thus we
have in facta ~ (Y #7a;) fiy in S(w™°m™1). We set fi(t) = (1 —i)* f(¢). Then
fx(P)x" has an asymptotic expansion in S(w~>°m~!) by the above argument.
Proposition 5.2 with z = i implies that f(P)x" = (P —i)™* fi(P)x" has
an asymptotic expansion in S(w~%°m k1), which coincides with the formal
one (Y #’aj)#y. Since k is arbitrary, f(P)x" has an asymptotic expansion in
S(w=®m™®) = S(m==>°). O

Proof of Theorem 6. The Helffer-Sjostrand formula and the resolvent equation
show that

f(Py) — f(Py) = % / f(2)z—P) '\ (Va—Vi)(z— P)"dz AdZ.
Take 0 < § < 1. We have
(V2= V)(z = P1)™" € Op Sk (w™m ™! (') ™)
by Proposition 5.1. Thus Proposition 5.1 again implies
(z = P2)"' (Vo= Vi)(z — P1)™" € Op Sy (w™°m™>(x') ™).
This implies that
f(P2) = f(P1) € Op S(w™®m>(x')™)

and the integral for [Imz| < h® contributes only as 2% Op S(w=®°m~2(x’)~").
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The twice applications of Proposition 5.2 show that (z—P,) ™' (V,—V1)(z—P;)~!
has an asymptotic expansion in 723 §5(w=°m=2(x’)~*") which is uniform with
respect to z with [Imz| > h%. Thus the similar argument as in the proof of
Theorem 5 shows that the difference f(P,)— f(P;) has an asymptotic expansionin
Op S(w~°m~2(x')~"). We next prove that f(P,) — f(P;) has an asymptotic ex-
pansion in Op S(w=®m~N (x’)~*") for any N. Suppose that this is true for N.
Applying this hypothesis to g(t) = (¢ + i) f(¢), we see that (P, + i) f(P2)—
(P1 + i) f(Py) has an asymptotic expansion in Op S (w=°m~" (x')~"). Proposi-
tion 5.2 shows that f(P,)— (P2 +i)~'(P;+i) f(P1) has an asymptotic expansion
in Op S(w=®°m~N=1(x')~%"). We observe that

f(P2) — f(P1)
= (f(P)— (P + i)' (P + i) f(P) + (P24 i) (Vi = Va) f(Py).

Theorem 5 and Proposition 5.2 show that the second term also has an asymptotic
expansion in Op S(w~®°m~°(x’)~*"). Thus f(P,) — f(P;) has an asymptotic
expansion in Op S(w~=®°m~N~1(x')~"). Thus f(P,) — f(P;) has an asymptotic
expansion in Op S (w=°m~(x")~*") = Op S(m~>°(x')~*"). Finally, we calculate
the asymptotic expansion of f(P,)— f(P1), whose existence has been proved now.
Take y € C°(R") which is equal to 1 on a large ball. We see from Theorem 5
that (f(P2) — f(P1))x has an asymptotic expansion in Op S (m~>°(x’ )=5") which
coincides with the formal calculation. Since y is arbitrary, we conclude that the
asymptotic expansion of f(P,) — f(P;) coincides with the formal one. |

Appendix A. Commutator calculation

In this appendix, we assume that V' € C°(R"; R) and set P = —A + Bx1 + V(x).
We denote Schwartz space and its dual by § and §’. To justify the commutator
calculations in Section 5, we prove the following;

Proposition A.1. ForImz # 0, (P —z)~! is continuous from § to §. Thus, there
is a unique continuous extension (P — z)™': 8’ — 8’ and this is the inverse of
P —z:8 — 8. Inparticular, Ker(P —z) = {0} on §'.

This enables us to compute the commutator with the resolvent.

Corollary A.1. For any linear operator T: 8’ — §’,
[T.(P—2)7"]=—(P —2)7'[T, P)(P —2)~"

as an operator from 8' t0 §'.
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Remark A.1. (1) We always have (P —z)[T, (P —z) ' lu = —[T, P](P —z) 'uif
u, Tu € L?. If we know that [T, P](P—z) 'u € L? and [T, (P —z) " 'Ju € L?, we
conclude that [T, (P — z)™'Ju = —(P — z)"![T, P](P — z)"'u since the domain
of Pis{u € L?>| Pu e L?}.

(2) If we only know that [T, P](P — z)"'u € L2, we cannot immediately
conclude that we have [T, (P — z)"!']lu € L? and that we have [T, (P —z) 'Ju =
—(P — 2)7YT, P](P — z)"'u. If we had a generalized eigenfunction v € §’
with (P — z)v = 0, there would be the possibility that [T, (P — z)"'Ju =
v — (P —z)7YT, P)(P — z)"'u ¢ L?. The above proposition excludes this
possibility.

To apply the perturbation argument, we introduce the Banach space
YN — ﬂ Hk,s’
k+s<N
where H* is the weighted Sobolev space
H* = {u e L | [ullk,s = [(D)*(x)°ul| 2 < oo}.
We only consider k, s € Zx¢. The following proposition implies Proposition A.1

since § = (g 550 ks including the topology.

Proposition A.2. ForImz # 0, (P —z)~1: YN — Y% is a bounded operator for
any N > 0.

Proof. We first give a formal proof without justifying the commutator calculation.
Take u € YN. Thenfork +s < N,

1P =2 ulles
= (D) (x)* (P —2)~Mul2
< I(P =) (DY x)*, PY(P = 2) Mtz + (P — 2) (DY (x) ull 2
< Jmz[ T [D)*x)*. PYP = ) ull2 + [Im 2|~ s

Since [(D)*(x)*, P] consists of the terms which can be estimated by (D)*~1(x)*
and (D)k-i-l <x>s—1’

(DY (x)*, PY(P =) ullp2 S NP = 2)  ullk—rs + 1P = 2) ttllitr,5-1

(if k=0 or s=0, the first or the second term does not appear). Since one computation
of the commutator adds |[Im z|~!, the repetition of this procedure shows that

I(P —2) "y~ sy~ < Cy|Imz|~" max{1, (1/|Imz])*"} (A.1)

if the above calculation is justified. We next give a rigorous proof.
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We first assume that V' = 0. We set Pp = —A + Bxi. Then we have an
explicit diagonalization Fy exp ( — D 3) Po exp( 37 D)F = & + Bx,
where F,- is the Fourier transform W1th respect to x’. Since Fy exp(—#Di”) and
(I€')> + Bx1 — z)~! preserve S, we conclude that (Py — z)~! preserves §. Thus
Proposition A.1 and Corollary A.1 are true for V' = 0. Then the above calculation
is justified and the estimate (A.1) is true for Py — z.

We next assume that V' € Cp°(R";R) and fix N > 0. We note that V' is a
bounded operator from Y* to Y. This and the estimate (A.1) for Py imply that
there exists pg > 0 such that ||(Py — z) "'V ||y~ y~ < 1 for [Imz| > po. Thus
the Neumann series argument shows that

(P—2)'=0+Po—2)"'V) {(Py—2)""

is bounded from Y~ to YV for [Imz| > po. Then the above calculation is justified
by Remark A.1(1) and the a priori estimate (A.1) (rather than the estimate from
the Neumann series argument) is true for P — z with |Imz| > po.

We next weaken the assumption that |[Im z| > pg. Take z¢ with [Im zg| > po.
If |z — zo|Cn [Im zo| 7! max{1, (1/[Im z9|)>"} < 1, the estimate (A.1) for P — zg
and the Neumann series argument show that

(P—2)"' =+ (20— 2)(P —20)") (P —z0)7"

is bounded from YV to YV. Thus the above calculation is justified by Re-
mark A.1(1) and the estimate (A.1) is true for P —z. Since |Im zg| > py is arbitrary,
(A.1) is true for P — z with |Im z| > p;, where

p1 = po — (Cnpy " max{1,(1/po)*"})~".

The repetition of this argument shows that the estimate (A.1) is true for P — z
with [Imz| > pj, where p; = pj—1 — (Cyp;, max{1. (1/pj—1)*¥ })~". We may
assume that Cy > 1 and thus p; > 0. Since pg > p1 > p2 > --- > 0, there exists
Poo = lim;j_, pj. To finish the proof, it is enough to show that po, = 0. Assume
on the contrary that po, > 0. Then

pi—1 = pj = (Cnp;ty max{1, (1/p;-1)*¥})™" > (Cn p5g max{1, (1/pec)*¥ )~

for any j. Thus lim; . p; = —oo, which is a contradiction. O

Remark A.2. All the results in this appendix are true for § = 0. The free diago-
nalization is of course the Fourier transform. If we replace |Im z| by dist(z, o (P))
in the proof, the results in this case are also true for any z in the resolvent set
C\o(P).
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