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Trace class properties
of the non homogeneous linear Vlasov—Poisson equation
in dimension 1+1

Bruno Després

Abstract. We consider the abstract scattering structure of the non homogeneous linearized
Vlasov—Poisson equations from the viewpoint of trace class properties which are emblem-
atic of the abstract scattering theory [13, 14, 15, 19]. In dimension 1+1, we derive an
original reformulation which is trace class. It yields the existence of the Moller wave op-
erators. The non homogeneous background electric field is periodic with 4 + & bounded
derivatives.
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1. Introduction

It has been observed many times in the literature that linear Landau damping
for the linear Vlasov—Poisson equation presents many similarities with abstract
scattering theory: some references in this direction are [2, 5, 9]. However it seems,
let us refer to [17], that it is has rarely been shown that the linear Vlasov—Poisson
can be analyzed within abstract scattering theory [13, 14, 15, 19]. A recent attempt
is nevertheless [8] with a technique based on a complicated Lipmann—Schwinger
equation.

The purpose of this work is precisely to analyze the abstract scattering structure
of the non homogeneous linear Vlasov—Poisson equation from the viewpoint of
trace class structures which are emblematic of the abstract scattering theory [13,
14]. We will show that the model Vlasov—Poisson equation (rewritten in Vlasov—
Ampere form) does not satisfy naturally the trace class property, but an original
reformulation (denoted as the reduced equation) satisfies it. It yields the existence
of the wave operators by means of the Kato—Birman theory, and consequently,
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shows that the absolutely continuous part of the spectrum is unitarily equivalent
to the one of free transport. One technical crux of proving the trace class property
is the Diperna—Lions Theorem of compactness by integration which provides the
required small gain of regularity. In this work, the techniques employed to prove
the trace class are strongly restricted to dimension 1+1, that is one in space and
one in velocity: in particular the derivation of the reduced Vlasov equation is made
possible by means of a specific Ricatti equation which has no simple equivalent
in higher dimensions; and also the version of the Diperna—Lions Theorem of
compactness used to provide the required small gain of regularity is [10, Remark 6,
p. 741], which is an one dimensional argument. An explicit form of the wave
operators exists [17, 7] in the special case of an homogeneous vanishing electric
potential (po = 0), even if the notion of wave operators is not explicitly mentioned
in these references.

The original results summarized in Theorem 1.1 are general in the sense that,
for establishing the unitary equivalence of the absolutely continuous part of the
spectrum of the full problem with the one of free transport, no structure on the
background electric potential is needed expect that being periodic and having 4+-¢
bounded derivatives.

General considerations. The starting point is the Vlasov—Poisson equation for
one species of negatively charged particle (electrons) in a plasma. For simplicity
we consider functions which are 1-periodic in space, that is g(x + 1) = g(x) for
all quantities g = f, E, pref, -..: the torus will be denoted as T = [0, 1]. The
kinetic density of electrons is f(¢, x, v) > 0. The given stationary fluid density of
static ions is pref(x). The total mass of electrons is [ . finidxdv = [} pref(x)dx.
The electric potential is ¢(z, x) and the electric field is E(z, x) = —dx¢(t, x). As
a consequence of a Vlasov equation for electrons and of the Gauss law, one has
the fundamental identity

0x (0 E —/fvdv) = 0;0,FE —8x/fvdv = —8,/fdv - 8x/fvdv =0.
R R R R
So one can write the Ampere law under the form
0 E = 1*/vfdv
R

where we will note
1*: L*(T) — L%(T)
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the usual projection operator such that

1*g = g—/g(x)dx.
T

We introduce the operator 1* in the Vlasov—Ampére system
0 f +vox f—Edf =0, t>0,(x,v) e TxR,

BEzl*/vfdv, t>0,xel,
' R (1)

Ox E = pref(X) —/fdv, t>0,xel.
R

The solutions of this system preserve the physical energy

1 1
5//fv2dvdx+§/E2dx.

T R T

They also preserve the mass of electrons

//f(t,x,v)dxdv://fmi(x,v)dxdv

T R T R

and the zero mean value of the electric field [ E(t,x)dx = 0. In this work,
the initial data (f, £) will be considered as a small perturbation of a stationary
state (fo. Eo) such that vdx fo — Eo(x)d, fo = 0 with Eg = —¢;. The natural
Boltzmannian hypothesis to represent such stationary states is

2

folx.v) = exp (= 5 + po()

where ¢ is the reference electric potential: the Boltzmannian hypothesis is a
strong hypothesis that probably can be modified [3, 4, 11] or relaxed as in [16]:
however we keep it in this work for the simplicity of the physical interpretation.
Consider a linearization under the form f(¢,x,v) = fo(x,v) + g(¢, x,v) and
E(t,x) = Eo(x)+ F(¢, x), injectin (1) and drop the quadratic terms. It yields the
system

0;8 +v0xg — Egdyg — Fdy fo =0, t>0, (x,v) e TxR,
3,F=1*/vgdv, t>0,xeT,

R
3xF=—/gdv, t>0, xeT.

R
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Model problem. Define

M(x,v) =/ fo(x,v) = exp( v? + (po(x)>

4 2

and the function u = £-. Using that (vd, — E¢dy)M = 0, one gets the model
M

linear Vlasov—Ampere system studied in this work
diu + vdyu — Egdyu = —vMF, t>0, (x,v) e TxR,
8,F:1*/udev, t>0 xeT.

R

The initial data satisfies

T

The energy is preserved
d
E(//uzdvdx—i—/dex) =0.
T R T

0 F = —/uMdv
R

The Gauss law

//M(x,v)uini(x,v)dxdv =0 and /Fmi(x)dx = 0.
R T

2

3)

“)

®)

is understood as a constraint satisfied by the initial data and propagated by the

equation. It can be characterized in the weak sense

/u(x,v)M(x,v)go(x)dxdv —/F(x)go/(x)dx =0 forallg € HY(T). (6)

TxR T

The integrals (3) and the energy (4) are integral invariants of the system (2). The

Gauss law (5)—(6) is an integro-differential invariant.
Functional setting. Define the space

L3(T) := {F e L*(T) ‘ /F(x)dx = 0}.
T

Define the space

L%(T x R) := {u e L*(T x R) ‘ /M(x, v)u(x,v)dxdv = 0};

TxR
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it expresses that the physical perturbation has zero mass. Consider the first line
of (2) where the operator vM € L(L3(T), L3(T x R)) shows up. One has the

identity
//u(vMF)dvdx =/1*(/udev)Fdx
T R

T R
which shows that the adjoint operator of v M is

(wM)*:ur—1* / vuMdv € L(L5(T x R), L5(T)).
R

Define for convenience the space of complex-valued functions
X = LT x R) x L(T).

The subspace GL C X characterizes pairs which satisty the Gauss law in the weak
sense
GL = {(u, F) € X, the weak Gauss law (6) holds} . @)

We will need two hermitian products. The first one is the classical quadratic
product for square integrable functions

(u,w) = u(x,v)w(x, v)dxdv, u,w e L*(T x R).
I

The second one is, in view of the energy identity, the natural one for (u, F) € X
and (w,G) € X

(@ F).(0.6)) = @) + [ F@IGT. ®)
T
From now on, one systematically introduces the pure imaginary number i2 = —1

to obtain compatibility with more standard notations in scattering theory [13, 15,
19]. One recasts the linear Vlasov—Ampere equations (2) as 0, U(t) +iHU(t) = 0
where the unknownis U = ( ) € GL and the anti-symmetric operator is formally

. vix — Eody | vM
H = .
! (—1*fva\ 0 )

One has the decomposition of operators iH = iHy + i K where

ity = (2= B [0} 0__JeM )
0o |0 —1*
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In terms of the scattering theory, the main question is to explore the dynamics of
the full Hamiltonian e ~*#* with respect to the dynamics of the reduced Hamil-
tonian e’ However the dynamics attached to Hy does not preserve the Gauss
law (5) so one can expect troubles with this way of writing the scattering structure
in L?(T x R) instead of GL. And indeed, we will show that this decomposition
does not have the trace property, even if it almost trace-class (this will be precised).

This is why another framework will be introduced in Section 3. The idea is to
consider a new kinetic function

w(x,v) =u(x,v) + y(x)M(x,v)F(x)

and the 1-periodic function y solution to the Ricati equation
2,2 1

Oxy +a“y exppo =1, o= 2nr)%.

If the pair (u, F) satisfies (2)—(5), then purely algebraic manipulations show that
w is solution to the autonomous equation

wt)=iHwi), H=Ho+X

where iHy = vd, — Eody is the transport operator and i X is integral operator
defined by

iKw =y(vM/dev—M/vadv)—i—yM/vadv—( /wyM)Mv.
R R RxT TxR

This is an equivalence, that is there is a bijection between GL (7) and
X :={we L*TxR), (w.yM) =0} C L*(T x R).

The function yM which enters in the definition of the space X will be shown to be
spectral, that is HyM = 0. The main result obtained in Section 4 is that the trace
class property holds for this decomposition. It yields the

Theorem 1.1. Assume the electric potential is smooth ¢y € W4T&(T). Then
the wave operators W1 (H, Hy) exist and are complete. In particular one has
the orthogonal decompositions between spaces associated to absolute continuous,
singular continuous and discrete parts of the spectrum

LA(T xR) = X5 @ X @ XL = X @ > @ XPP (10

and there exists two complete wave operators W. isometric on X
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A direct consequence is that the space X* (associated to the absolute con-
tinuous part of the spectrum of iH ) is in bijection with a space isometric to X
(associated to the absolute continuous part of the spectrum of the free transport
operator i Hy).

This result describes the strong constraints on the absolutely continuous part
of the spectrum of the operators. Essentially, they are the same. However more
information on the singular continuous part and on the pure point spectrum is
needed to describe completely the decomposition (10). As usual for problems
which come from classical physics, one can expect that the singular continuous
part is empty, that is X7 = X% = @. Standard explicit representation prove it is
indeed the case for some reasonable electric potential ¢o. The pure point spectrum
which corresponds to classical eigenvectors of the operators can be studied by
direct means which are outside the scope of the present paper.

There are two cases where we know exactly the absolutely continuous part of
the spectrum of the different operators. The first one is the homogeneous case Ej,
and the spectral decomposition of Hy and H is explicitly calculated in Section 2,
so one knows the absolutely continuous part of the spectrum. The second case is
in the recent work [8] where the explicit and complete calculation of the spectral
decomposition is performed for a non homogeneous one-bump (in space) back-
ground electric field: a phase portrait method gives the spectral decomposition of
Hy and the absolutely continuous part of the spectrum; then a method based on a
Lipmann—Schwinger equation gives the spectral decomposition of H.

Organization. The plan of this paper is detailed below. After providing in
Section 2 the reader with elements of abstract scattering theory, we will show in
Proposition 2.9 that the operator i K is not a trace class perturbation of i Hy: this
will be proved in the homogeneous case (¢p = 0). However, for homogeneous
profiles, Fourier decomposition is available, and, Fourier mode per Fourier mode,
iK is shown to be a trace class perturbation of i Hy. The conclusion is that, in the
general case for which simple Fourier decomposition is not possible, i K is not a
trace class perturbation of i Hy. In Section 3, one introduces a further reduction
of the Vlasov—Poisson-Ampere model (operators become i H, i Hp and i ). Then
in the next Section, one proves that i X is a trace class perturbation of i Hy. This
reduction is written as a linear Boltzmann operator where the integrals are only in
the velocity variable. The proof is based on an original reformulation (28) of the
equations plus a careful study of the regularity of the operators. A key instrument
is the Diperna—Lions compactness by integration Theorem [10]. The main result
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is Proposition 4.8. The last part of the main Theorem is proved and a classical
technical result is provided in the appendix.

2. Elements of Kato—-Birman theory

We use the definitions, notations and results from [19, 13, 15]. In this section we
work in the space X.

The operators H and H, are understood in this section as operators with
domain in X and value in X. The transport operator is denoted as D = vd, —
Eo(x)dy. The domainof H: X — X and Hyp: X — X is

D = {(u, F) € X, Du € L*(T x R)}.
The condition Du € L?(T x R) is understood in the sense of distribution.

Lemma 2.1. The operators Hy and H are closed.

Proof. This is immediate by construction for Hy for which there is no condition
on F. Indeed let (uy,an) — (u,a) in L3(T x R) x LZ(T x R) be such that
Du,, = a, in the sense of distributions. Passing to the limit in the sense of
distributions, one gets that Du = a. So Hj is closed. Concerning H, write
H(% ) = (3') in the sense of distributions against a pair (¢, ¥) of smooth test
functions with compact support in velocity for . One gets

—Z/un(Dgo—l—leﬂ)—l—l/Fngo—/an(p—l-/b (/2
TxR T TxR

Passing to the limit
(Mn, Fn,an, bn) I (M, F,a,b)

in LZ(T x R) x L3(T) x L3(T x R) x L3(T), one gets
—z/u[Dg0+vM¢]+z/FvM<p—/ago+/btp (11)
TXR T TXR

for all admissible test functions. There exists G € H(T) such that F = —9,G
One notices the identity

D(MG) = GDM + MDG = 0—vMF = —vMF.
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Plug in (11) and take ¥ = 0. One gets

—i/uDgo—i/D(MG)gz):/ago,

TxR T TxR

that is after integration by parts,

—i/(u—MG)Dcp:/ago.

TxR TxR

So D(u—MG) = —ia € L?>(T xR) which turns into Du € L?(T x R). Therefore
(u, F) € D(H) and the proof is ended. |

Lemma 2.2. The operators Hy and H are self-adjoint.

Proof. The proof below uses the Stone’s theorem [15, 19] which is convenient for
problems coming from transport equations. Since H is a bounded perturbation of
H,, it is sufficient to show that Hj is self-adjoint. And actually it is sufficient to
show that 3y = iD with domain D(Hy) = {¢ € L*>(T x R), Dy € L*(T x R)}
is self-adjoint. The proof will be performed with the regularity assumption ¢y €
W?2:%°(T), which is enough in view of Theorem 1.1.

It is convenient to introduce the semi-group

U(t): L*(T xR) — L*(T x R)

obtained by firstly constructing the characteristic lines and secondly transporting
data at time ¢ = 0 along the characteristic lines until time ¢ > 0. The characteristic
lines are defined by ¢ — (X¢(x,v), Vi(x,v)) for t € R where %X,(x,v) =
Vi(x,v) and %X,(x, v) = —Eo(X,(x,v)) with initial data Xo(x,v) = x and
Vo(x,v) = v. Let ¢ € L2(T x R), then the semi-group is defined by

Uy (x.v) = ¥ (X (x,v), Vi (x,0)).

By definition U(z)™! = U(—t). One has the invariance of measure dX,;dV, =
dxdv, so by construction, U(t) is unitary. The semi-group is also strongly con-
tinuous (it is sufficient to verify this for data with compact support, and this is
evident). By the Stone’s theorem [15, 19], there exists a self-adjoint operator A
such that U(t) = e't4. More precisely, see [19, Theorem VIIL7, p.265], the
domain of A (denoted as D(A)) is equal to the set v € L?(T x R) such that
lim,_, o+ U(’t)_l Y = iAY exists in L?(T x R) (a similar reasoning is used in [6,
Proposition 1, p. 219]).
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To identify this limit, one can perform the following calculation. Let us take
two smooth functions ¢ and ¢. One has

(U(l)lif—l/” ) _ ;//(w(X_,(x,v),V_,(x,v))—W(X,v))ﬁl)(x’v)dxa'v

—_///(DW)(X—S(X v), Vos(x,v)p(x,v)dxdvds.
S

By the invariance of measure, one gets the identity

0
U
( (l)l,tﬁ w ///(Dlﬁ)(x V)o(Xs(x,v), Vs(x,v))dxdvds

= —(Dl/r, - / U(—s)gods) (12)

0
v+ (0w [t0-U0ds)

Let us now take ¥ € D(A), ¢ a smooth test function with compact support
and do an integration by parts in the right hand side of (12)

0
U — 1
(W@ — (¥, Do) — (w, - /(D(p — DU(—S)QD)dS)-

One can pass to the limit ¢ — 01. Since Ey € W1°(T), one can show that
D — DU(=$)@llL2(rxr) < C(@)s. It shows that lim U(’W ¥ — _Dvy in the

t—0+
sense of distributions. Therefore, in the sense of d1str1but10ns, iA = —D that is

A = Hy, and also D(A) C D(Hy).
Reciprocally, take ¥ € D(Hy). From the identity (12), one derives the estimate

‘(M,g{))-ﬁ-(Dl/f go)‘ |D1/f||—/||¢) U(—s)g||ds

which makes sense for ¢ € L?(T x R). Since the semi-group is strongly continu-
ous, one gets that w — D in L?(T x R). Therefore ¢ € D(A).
Therefore D(A) = D(Hyp) and the operators coincide in the sense of distribu-
tion. So Hy = A is a self-adjoint operator.
Finally Hy and H are self-adjoint operators. |
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Therefore, [15, 13, 19], the spectrum of the operators can be decomposed in
terms of theory of measure. Below, we characterize the results for the operator Hy.
There is a orthogonal decomposition of the Hilbert space X into the orthogonal
sum of invariant subspaces of the operator H

X =X’ X< Xy (13)

where X2 (resp. X3¢, resp. X§¥) corresponds to the absolutely continuous (resp.
singular continuous, resp. pure point) part of the spectrum. The pure point
subspace X, (;))p is spanned by the eigenvectors

Xgp = Span{y € X, ¢ = Ay for some A € R}.
The subspace X§€ is characterized by the existence of a dense set D* C X% such
that
Co.a
Je
This result is proved in [12](see also [13]). Mutatis mutandis, this characterization

hold also for H.
Let Py be the projection operator onto the X§°.

peD* = ||(Hy—A=xie) lg| < forAeRand0<e<1. (14)

Definition 2.3. The limit Wy = 5 — lim;_ 4o €' e~1tHo Py, (if it exists) is called
the wave operator. If W, exists, it is isometric on X§°.

Definition 2.4. If ran W1 = X%, then Wy is said to be complete.

If the wave operators exist and are complete, then Hy and H are unitarily
equivalent and their absolutely continuous spectrum is the same (as a subset of R).
In the context of this study, it has the following interesting consequence. Let
f € X?, so there exists g+ € X such that Wygy = f. It yields that

f — lim e”He_”HOPogi
t—=o0

which is rewritten as

lim |le™" f —e7"HoPyg. | =0.
t—too
In other words, the long time dynamics of the full Hamiltonian applied to f € X
is identical to the long time dynamics of the simplified Hamiltonian for g . Linear
Landau damping is just a corollary of this property for initial data in the absolutely
continuous part of the spectrum.
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However it is necessary to prove the existence and completeness of the wave
operator. The celebrated Kato—Birman theory brings a criterion, see Theorem 2.5
below. It is based the trace class criterion for a compact operator 7

1T = 4(T*T)? < o (15)

where the (4;); e is the sequence of all non negative eigenvalues of the compact
operator 7*T. Actually || - ||; is a norm, refer to section X.1.3 in [13]).

Theorem 2.5 (Kato—-Birman). Suppose that (H —z)™ —(Ho—z)™" is trace-class
for some n € N* and all z with Imz # 0. Then the wave operators Wo(H, Hy)
exist and are complete.

Let us now derive a partially negative result which concerns the homogeneous

case, that is £y := 0 and
2

v
M :=ex ( — —)

P75
In this case one can split the operators along a Fourier decomposition (mode

k € Z) so as to define

-r
HE = i’i and H* = Hf —i5; Ovz e (16)
010 —[ve™ 7 -dv ‘ 0

where §o = 0 and §; = 1 for k # 0. In this case the orthogonal decompositions
are easy to determine.

Lemma 2.6 (operator H? = H® = 0, thatis k = 0). The orthogonal decomposi-
tion of the space L(R) x{0} is given by (XJ)* = (XJ)* = (XO)* = (X°)* =0
and (XJ)PP = (X°)PP = LZ(R) x {0}.

Lemma 2.7 (operator Hé‘ for k # 0). The orthogonal decomposition of the space
L?(R) x C is given by

(X5)* = L*(R),

(X5)* =0,

(XEPP = Ker(HE) = {0} x C.

Proof. Characterization of the kernel Ker(Hé‘) = {0} x C is immediate. Next
u € Y = L>(R)NL>(R) whichis a dense subsetin L?(RR). Then the criterion (14)
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holds with D =Y x {0} because

u(v)]?

Hf -2 +io w0 = | ——2F——
||( 0 +l£) (u )” (vk—k)2+82
R

2
B
) (wk—2X1)2+ &2

R

2
_ el oy
|kle
Since L2(R) x {0} ® Ker(HX) = L?(R) x C is the full space, it is the orthogonal
decomposition of the claim. In passing it shows there is no singular continuous
part of the spectrum. O

Lemma 2.8 (operator H* for k # 0). The orthogonal decomposition of the space
is given by
(X5 = (X)) and (X< =0,

where

2
(X*)PP = Ker(HX) = Span(uz) where uy = (i exp ( - ”—),k).

Proof. Note uy = (ag, Fr). The equation Hruj = 0 reduces to

vkak—ivexp(—v;)Fk =0

and

/vexp ( — ?)ak(v)dv =0,

which yields kay = i exp (— %)F . One obtains the eigenvector
2

g = (i exp(— %),k)t. (17)

Therefore Ker(Hé‘) = Span(ug).
Next take (u, F) € Ker(Hé‘ )1 in the orthogonal of the Kernel

02
—i / u(x, v) exp(— I)dxdu + Fk =0. (18)
TxR
This identity is the translation in Fourier that the pair (u, F) satisfies the Gauss
law. Let us consider a pair (g, h) € Ker(H(’,‘)J- and a pair (u, F) (necessarily
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in Ker(HX)1) such that (H¥ — A —ie)(u, F) = (g,h). We try to verify the
criterion (14). Note that

Ll)2
(wk—A—ig)u(v) —iFve ¥ =g

and that F' can be determined with the Gauss law under the form (18).

To check the criterion (14), one can use a method originally due to [18] which
has been adapted in [7] to the quadratic framework. It corresponds to the definition
of the operator Ly

(Lew)(v) = (k2 + g)u(v) — ve~ P.V. / L uw)e ¥ du

where
w w2

qg(v) = P.V./ e Zdw.
W —
R
For k # 0, the operator Ly is bounded in H(R) — H*(R) for all s > 0, is
invertible with inverse (L)™' also bounded in H*(R) — H*(R) forall s > 0. Let
z = Liu. With [7, pp. 2566-2567], it is an algebraic exercise to show the identity
(vk — A —ie)z = Lyg. Take g € H'(R), then Lyg € H'(R). Since H'(R) C Y
(defined in the proof of Lemma 2.7), then ||z || 2(r) < % Invertibility of L and
the Gauss law show that a similar bound is satisfied by (u, ) which is the searched
criterion (14). It shows that Ker(H(’,‘ )L € (X*)2 which ends the proof. O

The negative result is the following.

Proposition 2.9. For all n € IN*, the operator (H — z)™ — (Ho — z)™" is not
trace class.

Proof. If the trace class property is proved for one z with Im(z) # 0, then it holds
for every non real z, see [13, Lemma 4.11, p. 547]. For practical convenience one
can take z = iff with B € R*, and note T% = (H* —z)™ — (Hf — z)™. Its
maximal singular value u; = /Ay is given by

k(12 ky |12
77wl [T ukll

Ak =
wro NwlZ = flugl?

Uy given in (17).

One has

'U2 'U2
||Tkuk||2:/|(—Z)_”—(vk—z)_”|2e_2dv and  |lug|? :/e_Zdv + k2.
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Since z = in with § € R*, one gets

Tk 2
lim (k2|z|2nm) = V2x.

k|00 g |12

1
By definition (15) of the trace, one gets ||T'||; = @m)2 > k£0 ﬁ = +o0 due to

|z]"
the logarithmic divergence, so the proof is ended. |

The conclusion is that the 7 is not globally trace-class because of the logarith-
mic divergence. However, Fourier mode per Fourier mode, the operators (T%)¢z
are trace-class individually because the extra-diagonal perturbation in (16) is of
finite rank [7]. In this sense, T is “almost” trace-class. Inspection of the struc-
ture (16) of H* — z shows that the lack of a differential operator on the bottom
right part of the matrix is involved in the fact that the trace class property does
not hold. This is also related to the fact that the Gauss law is not preserved by the
dynamics of Hy, that is Ho(GL) ¢ GL.

3. The reduced Vlasov-Poisson-Ampere model

The reduced Vlasov—Poisson—Ampere model (also called the reduced equation)
is obtained after a purely algebraic manipulation. Technically it allows to hide the
electric field F into a new kinetic function w (19) so the compatibility issue with
the Gauss law emphasized above is no more an issue.

3.1. Reduction. Let (u, F) € X. The idea is to find a weight x — y(x) > 0 and
a new function w

w(x,v) =u(x,v) + yx)M(x,v)F(x) (19)

//wzdvdx ://uzdvdx+/F2. (20)
T R T R T

Lemma 3.1. Assume the I-periodic function y is solution to the equation

such that

Oy +a’ylexppo =1, a= (27r)21f. 21)

Assume (u, F) € GL satisfies the Gauss law. Then the identity (20) holds.
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Proof. One has
2

M* = exp (= + 9o()).
SO
/Mz(x, v)dv = o exp(@o(x)).
R

Therefore

//wzdvdx
T R
=//u2dvdx +2/yF/uMdvdx +a2/y2erxpgoo(x)dx
T R
=//u2dvdx —I—Z/yF(—axF)dx +a2/y2F26xp(po(x)dx
T R

://uzdvdx +/F28xydx +a2/y2erxp<p0(x)dx,
T R

from which the result proceeds.

O
Let y > 0 be a solution to (21) (we do not know yet if it exists). Set g = % >0
which is a formal solution of the equivalent Ricati equation g’(x) + g(x)? =

o> exp (¢o(x)).

Lemma 3.2. There exists a I-periodic positive solution g = % > 0 of the Ricati
equation.

Proof. The proof of the existence is by a shooting method. Consider the solution
given by the Cauchy-Lipshitz theorem of the equation

{gg(x) = a2 exp (¢o(x)) — ga(x)?, 0<x <1,
ga(O) =a

and define the function Z(a) = g,(1). The objective is to find a solution to
the equation Z(a) = a. Take K > O sufficiently large. For a € [0, K] then
ga(x) € [0, K] for all x: this is evident since if g,(x) = 0 then g/ (x) > 0, and
if g4(x) = K then g/, (x) < 0 (because K is large). Therefore Z[0, K] C [0, K].
Since Z is a continuous function, there exists & € [0, K] such that Z(b) = b.
Therefore the trajectory such that g, (0) = b is periodic. Of course b cannot be
equal to zero, nor to K. The trajectory is globally positive (it can be proved it is
unique). O



Trace class properties 725

Note that [|[yM || 2(pxr) = 1: indeed
”VM”iZ(Tx]R)
= //y(x)zM(x, v)2dvdx
T R

= /y(x)zaze"’“(x)dx
T

— [a-duax
T

= 1.

Assume the Gauss law (19) and take w = A(u, F). One has

/dev = /uMdv + ya?e?F = -0, F + l(1 —0xy)F.
R R v
So one can write
y/dev=—8x(yF)+F. (22)
R
Using that F has zero mean value and is periodic, one gets the orthogonality
identity [} [ wyMdxdv = 0 by integration with respect to x. It shows that

AGL) C X :={w € L*(T xR), (w,yM) =0}

where
A:GL — X,

(u, F) —> w defined by (19).
One has more precisely the following result.

Lemma 3.3. A is a bijective isometry from GL into X. An explicit form of the
inverse given in (23-24).

Proof. Onehas |A(u, F)|x = ||(u, F)||x in view of (20). It remains to prove that
A is onto: that is one takes w € X and tries to solve the equation (19) where u and
F are the unknowns. One has

/wM(x, v)dv = /uM(x, v)dv + ya? exp(go(x))F
R R
= —0xF + o’y (x) exp(go(x)) F

1
= —0.F + —(1 — dyy)F
14
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where one recognizes (22). One obtains an equation for F which is

ox(yF)—F = —y/wM(x,v)dv.
R

This equation is solvable for F € L3(T) due the hypothesis

/(V/wM(x,v)dv) o

T R

Set for convenience G = yF which is introduced to write explicitly the form of
the solution F. One has

G — %BXG = —y(x) / wM(x,v)dv
R

and

X X

dy Y G O
Bx(exp (_/W)G) = exp( O/Y(y))y(x)E[wM(x,v)dv.

0

One gets

. 1 x
(e_é v _ I)G(O) — _/ (exp (—/ %)y(x)/wM(x, v)dv)dx.
0 0 R

Since :
dy )
expl— ] — ) <1
p( 0/)/(y)

as a consequence of y > 0, the Cauchy data G(0) is uniquely determined, which
is enough to construct G. So F can be written as

F(x) = K(x,y)( wM(y,v)dv)dy (23)
[renl]

where the kernel K € L°°(T x R) is explicitly calculable. After that u is recovered
as
u=w-—yx)M(x,v)F. (24)

By construction, it satisfies
1

/uMdv=/ wMdv—a?ye?F = —3,F + —(1—0,y)F —a?ye?F = —3,F,
Y

and u € LZ(T x R). The proof is ended. O
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3.2. Construction of an autonomous equation for w = A(u, F). Since the
system (2) preserves the quadratic norm of the pair (u, ) (which is equal to the
quadratic norm of w), it is not surprising w is the solution of an autonomous
equation where the operator is closed, self-adjoint and can be decomposed in two
operators which are also closed and self-adjoint over X. The construction of the
corresponding operator is performed in several steps.

By symmetry with the usual notation in scattering, let us note

iHo =D =vdy — Eg(x)0y
and let us define the operator Hyync by

i HiruncW =i}COw—I—y(le*/dev—M/vadv).

The subscript -yunc indicates that the operator is truncated with respect to the
complete definition (25).

Lemma 3.4. Assume (u, F) € GL satisfies (2). Then w = A(u, F) satisfies
atw + ig_(:truncw == O.

Proof. Indeed
d;w + Dw = d;u + Du + yM(x,v)1* / uvMdv + D(y(x) FM(x,v))
= —vMF + y(x)M(x, v)l*/udev + MD(y(x)F)
= —vMF—I—yM(x,v)l*/vadv
- yM(x,v)l*/(yFM)dev + Mvoy(yF).

One has that
/vM2(x, v)dv = 0.
R

So

diw + Dw = —vMF—i—yMl*/vadv+Mv)/8xF+MvF8xy
= —vMF—i—yMl*/vadv

— Mvy / uMdv + MvF(1 — oy exp(go))
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:yM(x,v)l*/vadv—ny/uMdv—MvFazyzexp(%)
=yM(x,v)1*/vadv—va/dev

+ yoM /(yMF)Mdv - MvFoz2)/2 exp(¢o)
:yM(x,v)l*/vadv—va/dev,
which yields the claim. O

Lemma 3.5. Consider that w satisfies 0;w + i Hyuncw = 0. One has the identity
< wie), yM) =0
—(w(1), =0.
dt v
Proof. It is sufficient to show that
/yM(?Cmmcw)dvdx =0.
TxR
One has

/yMDwdvdx= / yD(Mw)dvdx

TxR TxR

= —/MwDydvdx
TxR

= —/vaaxydvdx
TxR

=—/8xy(1*/va)dvdx.
1 R

A trivial identity is

(oo fos = () s =

TxR

A third identity is

/)/M()/(Ml*/va))dvdx :/yzaze‘pO(x)(l*/va)dx.
T

TxR
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So by summation

/ yM (i Hyuncw)dvdx

TxR
:—/8xy(1*/va)dvdx—/yzaze‘pO(x)(l*/va)dx
1 R T
=—/(1*/va)dx
T
=0,
which ends the proof. O

Define for convenience the bounded operator
i KipuneW = y(vM / wMdv — M1* / vadv)
so that one has the decomposition Hune = Ho + Kirunc-
Lemma 3.6. The operator Kiunc is closed and self adjoint in X.

Proof. The closedness of the bounded operator Ky is immediate. It is sufficient
to check its symmetry. For w, z € X, one has

(Kigunew,2) = i ! ( E[ pustao)( [ zvman )ax
(e ) T
() e
([ e

T R

_ T/ ( ﬂ[ wadv) (W)dx
_/ (]R/vadv) (i/dev)dx

T

= (w s j<:truncz) .

It yields the claim. U
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A simple transformation of Kync yields a formulation which is fully symmet-
ric in L2(T x R) (not only in X) , it reveals more convenient for further manipu-
lations. Set

iXw = i Kunew — (iHo + ij{trunc)( / w)’M) yM (25)
TxR
and define two bounded and symmetric integral operators:

iXiw = y(vM/dev—M/vadv) (26)
R
and
iXow =yM / vadv—( / wyM)Mv. 27)
RXT TxR

Lemma 3.7. One has the identity X = K1 +X, and K is self-adjoint in L>(TxR).

Proof. One has the identity
(iHo + iKirunc)YM = Mv

which comes from
iHoyM = iMHoy = Mvoyy

and
i KiruncyM = VUM/]/MZ = MU)/ZOlze(pO.

So

iKXw =i Kyyncw — i(g‘fo + j<trunc)( / wVM) )’M

TxR
:iﬂctruncw—( / w)/M)Mv
TxR
=y(vM/dev—M1*/vadv)—( / wyM)Mv
R R TXR

=y(vM/dev—M/vadv)+yM / wyvMdv
R

(e

TxR

TxR

which yield the claim. O
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Define
iH: L2 (TxR) — L*(T xR) withiH =iHy+iX.
For w = A(u, F) € GL which satisfies (2), one finally obtains the formulation
dsw + iHw = 0. (28)

The interesting point is that X is bounded and self-adjoint operator in L2(T x R).
Of course only physically sound initial conditions wy € X make sense. Since
the equation propagates w(t) € X, we can work with the operators H, Hy and K
viewed as unbounded or bounded operators defined either in the space X or in the
space L2(T x R).

Two technical properties which will be used later follow.

Lemma 3.8. One has H = A~1HA:GL — GL.

Proof. Since A(GL) = X, it is sufficient to interpret the equality to understand H
as an operator in X. The equation (28) is rewritten as

ANdy(u, F) + iHA(u, F)=0
for all (u, F) € GL which satisty d,(u, F) + iH(u, F) = 0. So
(A™'HA —H)u,F)=0 forall (u,F) e GL.

That is
(AT'HA-H)A™ ' =0

from which is the claim. O
Lemma 3.9. One has H(yM) = 0.

Proof. The proof can be deduced from the previous material, but a more direct
path is possible. Set w(x, v) = y(x)M(x, v). One has

iKiw = y(vM/yMzdv — O) = oM y?e?0u?,

iKiw=0—vM /(yM)2 =—vM,
TxR
iHow = (vdx — Egdy)(yM) = M(vdx — Egdy)y = vM0yy.

Using (21), the sum of these three term cancels. O
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4. Trace class properties of (3, o)

Now that the Gauss law is hidden inside the definition of X, one is free to study
trace class properties of the pair (3, Hy) understood as unbounded operators in
the space L2(T x R), by means of standard techniques.

Take z € C with Im(z) # 0. Let us study the trace of (H —z)~! — (Ho —z)~L.
The complex number z € C is arbitrary: that is if the trace class property is proved
for one z with Im(z) # 0, then it holds for every non real z, see [13, Lemma 4.11,
p- 547]. For practical convenience we will take z = i with 8 € R* and || large
enough, typically

18] > C (| Eollw2.c0(r) + 1) for some C > 0, (29)

to have the benefit of the elementary regularity result of Lemma 4.5.
One has the identity

(H-—2)"'=(Ho—2)7" = (Ho—2)" (Ho = H)(H —2)""
= —(Ho—2) ' KH—-2)"!
= —(Ho—2)'K(Ho—2) " (H—2)—K) (H—-2)""
=—(Ho—2)'"K(Ho—z)' (I —K@FH —2)7")
= —(T+98)C,

where
T=(Ho—2)"K1(Ho—2)7",
8§ = (Ho—2)'Ka(Ho —2)7 1, (30)
C=1—-KFH-2)"L.
The operator € is bounded in £(X), since |1 —K(H —z)~ || < 1+ || K]||/|Im(z)].
So by inequalities (1.17) and (1.20) from section X.1.3 in [13], one gets

1T+ 8)Clly = [T ICl + ISl l€].

Therefore it is sufficient to study the trace of T and 8 separately to obtain the trace
class property of the pair (3, ). By definition (27) of X5, the operator S has
finite rank so has a finite trace, Lemma 4.9. All efforts must concentrate on the
analysis of T, and the main result will be that T is trace class, see Proposition 4.8.
It will prove Theorem 1.1.

4.1. Operator J in (30). The trace class property of T is proved in this section,
after a careful study the kernel of T and the construction of an original integral
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equation. For technical convenience, we will consider the family of Hermite
functions (¥,)nen, refer to [1, 7]. The family is orthonormal and complete in
L*(R): u(v) = Y_,50anV¥n(v) and ||u||i2(]R) = Y .50 lan|*. In particular, one
has ¥o(v) = exp (— %)/, ¥1(v) = vexp (— &) /a, and ¥, € H'(R) for all n.
One can rewrite X as

Xrw = —iayeo® (wl(v) [ oo = ) [, v)dv)-
R R

4.1.1. The kernel of J. Eigenvectors of 7*T associated to non zero eigenvalues
are the ones involved in the calculation of the trace of T'. Since T7*7 is a symmetric
operator, such eigenvectors belong to Ker(T*T)~ .

Lemma 4.1. One has Ker(T7*T) = Span,,., {(Ho — 2)an¥n,a, € H'(T)}.

Proof. In this notation, a, ¥, means the function (x,v) — a,(x)¥,(v). Take
n >2anda, € H'(T). One has

(Ho — 2)an¥n = (Vox — Eo0y)(an¥n) — zan¥n € L2(T x R).

One has K (Ho—z)"' (Fo — 2)an¥n) = Kian ¥, = 0in view of definition (26).
So (Ho — z)anyn € Ker(K1(Ho —z)~1) C Ker(T).

Reciprocally take w € Ker(T) = Ker(K;(Ho — z)~!). Using (26) one gets for
almost all x € 1

/ (%o — 2)™Hw) (x. v)Yo(v) = / (%o — 2)™Hw) (x. VY1 (V) = 0.
R R

So ((Ho — z)"'w)(x,v) € Span {Y(v), wl(v)}l for almost all x. One gets the
representation ((Fo — 2)~'w)(x,v) = Y=, an(x) ¥ (v), that is

w e Spannzz {(5{0 —z)anYn,an € HI(T)}

and the proof is ended. |

4.1.2. An integral equation. A technical lemma is the following.

Lemma 4.2. Assume w € X is even (resp. odd) with respect to the velocity v.
Then (H3 + |z|*) " w is even (resp. odd) with respect to the velocity v.

Proof. The operator Hy = vdy — Eo(x)0dy is odd with respect to v. So its square
is an even operator which preserves the parity with respect to v. It ends the
proof. O
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Lemma 4.3. Let A € R*. The equation (T*T)w = Aw for w # 0 is equivalent to

two decoupled integral equations

ye?Trye?Tia\ |, (a
(ye‘pO‘J'lye“’O‘J“zb =4 b)’ (@) # (0.0),

where T1, To: L>(T) — L?(T) are integral operators
Tat) = [ o) [0G + ) @vo)] (. v)dv.
R

Tob(x) = o / ) [0C + 1227 By (7. v)dv.
R

(€29)

(32)

Proof. Take w = (FHo — 2) 7! (a(x)¥o(v) + b(x)¥(v)), so that w € Ker(T*T)+

in view of Lemma 4.1. Then this representation shows that

T*Tw = (Ho—2) "' K (36 + 1z11) T K (36 + 12117 (@) Yo (v) + b(x) 1 (v))

and that

Aw = A(Ho — 2) " (@(x)Po(v) + b(x) Y1 (v)).

So the spectral problem T*Tw = Aw is equivalent to

Ky (3 + 1271 (06 + 12117 @) Yo (v) + b))y (v)

= Aa(x)Yo(v) + b(x)¥1(v)).

Take b = 0 and d(x, v) = a(x)¥o(v). By construction one has

Ky (H2 + |z>)~'d =ia2w1(v)ye"’°/wo(%3+ 1z1*) " ay
R

i yo(v)ye? / OC + 122 avo
R

R / Vo (32 + |2 "ae
R

=iye®yTa

(33)
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because the term [, 1 (H3+|z|*) "' ao vanishes due to the parity of Lemma 4.2.
A similar cancellation argument shows that

Ky + 122)71)2d = — yrye? / Vo2 + 12 (Trayvn
R

T Yoye® / 1 0G + |2P) 7 (Tra)vn
R

— Yoy / N8 + 122 Tayvn
R

= Yoye T (ye*Tia).

Plugging in (33) and simplification by ¥¢(v) yield the reduced eigenvalue equa-
tion ye?0T,ye¥*Tia = Aa. A similar algebra holds starting from d(x,v) =
b(x)yr1(v), but the operators T; and T, commute in the result. The proof is
ended. O

Lemma 4.4. The operators T1: L>(T) — L*(T) are self adjoint, bounded,
positive and injective.

Proof. We perform the proof for T, only (it is the same for T7). The operator T,
is symmetric since

(a,T2b) = /(alﬂl)(y,v)(%ﬁ + 1zH) 1 by (v, v)dydv

TxR

- / (3o — 2 @)y v) T = 27T B (v v)dydy
TxR

- / (I + 121" (@y) (. Y B (. v)dydy
TxR

= (a,Tob) foralla,b e LX(T).

The operator 75 is also bounded with || 75| < —5. So it is self-adjoint. It is

2|2
injective because
(@, 72) = |0 = )7 @) apy > 0 fora #0.
It ends the proof. O

We will use the following elementary result.
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Lemma 4.5. Assume Eqg € W5°(T) for s > 0. Take z = if with |B]| large

E IS
enough (for example |B| > M). Take d € H*(T) and a smooth
function ¢ exponentially decreasing at infinity and denote u(x,v) = d(x)p(v).
Then (Ho £ iB)~! preserve the regularity with respect to x:

1(Ho £ iB)  ullgsoxry < CE N | s my-
Proof. Consider (Ho £ iB)u(x,v) = d(x)@(v). One gets by differentiation

(Ho £ iB)(0xu) + iEy(x)dyu = d'(x)p(v),
(Ho £iB)(dvu) —idxu = d(x)¢' (v).

Multiply the first equation by d,u, the second equation by d,u and integrate in
space-velocity. One gets the natural bound

) IEollwicomy +1 >
loel [z 1 psry < N4@N a1 rxr) (U] (0xR) T+ > [l 51 (rxm)

where |u|g1 (g is the H ! semi-norm. The hypothesis yields the control of the
semi-norm and ends the claim for s = 1. For higher derivativess =n € IN, s > 2,
the result is proved after successive derivation. For s > 0, interpolation ends the
proof. O

Lemma 4.6. Assume (29) and Ey € WT1:°(T) for s > 0. Then there exists
Cs > 0 such that ||72b||HS+2(T) =< Cs”b”Hs(’]F)

2
Proof. We notice to ¥;(v) = ve 7 contains the monomial v and that this

function enters twice in the definition of 7>. The key remark is that it is possible
to convert v into a gain of regularity of one order. Since v is present twice, it
explains the gain of 2 orders of regularity.

Let b € H*(T). The definition (32) recasts as

2

Tob = /e_v42 v(D —B)"N(D + B) 'vb(x)e % dv.
R

One has

vdx(D = B)~ =14+ B(D —p)~" + Eo(x)3y(D — ).
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So one deduces

0u(T2b) = [ F 4B =D + B b do
R
" / T Eoi(D — B (D + B vb(xe™ % du

= /6_4(1 + B(D—B)"H(D + ﬁ)_lvb(x)e_%dv

R
+/%e_v42E0(x)(D—,3)_l(D—i—ﬂ)_lvb(x)e_vﬁtzdv
R
— [ ‘”T[lJrﬁ(D p
R

+ EEo(x)(D - ﬁ)_l](D + ﬁ)_lvbe_%dv

where an integration by part with respect to v is used to transform the integral
which contains a d,. One notices that the right hand side of this identity belongs
to H(T) for b € H*(T), so one has already T,b € H*TI(T) .

To gain one more order of integration, decompose b = ¢+ d,d with ¢ the mean
value of b andd € HST!(T) with zero mean value: ||+ ||d || grs+1 a = 1bllasm-
One has the identity which is somehow dual of the previous one

02 v2
(D + B) tvbe™ T = (D + B) lvce™ T
02 02
+de” % —(D+pB) 'Bde™
2

—(D+ B Eo(x)d 3¢

One gets another identity

@b ) = [ 1+ o)
Y B -0+ p e ay
+/ UT[]+ﬂ(D B!

+ EE"(X)(D - /3)_1][1 —B(D + B)VJde™ % dv
_/e—%[l+ﬁ(D_ﬁ)_1

C A 2EMD - p] D+ B Eed e av.
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We notice that in these integrals the last terms vce_%, d e_% and Eg(x)d Ee_%
are HT! with respect to x (the hypothesis Eg € W*T1:°°(T) is used); the
operators (D £ 8)~! preserve the regularity the H* regularity with respect to x (cf.
Lemma 4.5). Therefore [|0x(T26) || gs+1(1y < C|bl|gs(r) which ends the proof of
the claim. |

Lemma 4.7. Under the same assumptions, there exists a constant Cs > 0 such
that

[Trall < Csllallzs (-

BT —
Proof. One has
Tia = /wo(v)u(x,v)dv
R

with
(D —Bu =g =—(D+ ) (ayo)(x, v).
By construction ||g||gs(rxr) + [4l|gsrxr) < Cllallmscr). Therefore one can
write
vixuU = g + PBu +0y(Eo(x)u).
S—— S——
=g1 =g

Note that ||gillzsrxr) < Cjlallas and [g2llgsxr) < CZllallmscr). For
s = 0, the Diperna—Lions Theorem of compactness by integration [10][Remark 6,
p. 741] yields the claim. For higher s, the result holds after differentiation with
respect to x and the regularity of Ej. O

Proposition 4.8. Assume Ey € W3T&%(R) with ¢ > 0. Then T is trace class.

Proof. We study the eigenvalues # 0 of the operators in (31). Set T3 the multi-
plication operator by ye“°. By definition and hypothesis T3: H*(T) — H*(T) for
0 <s <4 + ¢. The two problems (31) can be reduced to the same eigenproblem

1 1
(T2 T3T2T3T2)en = Ancn, 0% ¢y € LE(T), 1y > 0.
It is better for technical reasons to consider the square of this operator
1 1
T2T3 (T273717372) T3TZCn = fnCns  fin = A2

Using Lemmas 4.6-4.7, the operator R = T,7371737, is self-adjoint and compact
from L2(T) into H 4J“B(”JF) for some & > 0

R: L? (T) Hz(T) H? (T) H2+8(T) H2+8(T) % H*(T).
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For n € IN*, we consider V,, C LZ(T) any subspace such that dim(V,) = n and
note V,* =V, —{0}. The min-max principle [13, 19] yields

(S*RSc,c)

o = T e =73},
Since S is a bounded operator, one gets
(S*RSc,c) _ |Sc||? (R(Sc), Sc) < ||S||2(Rd’d).
lel? el IScl? 411>
Since S is injective, thend = Sc # 0. So u, < ||S||*> maxy, mingep» %,that

is ity < ||S||?0, where o, > 01is the n-th eigenvalue (counted in decreasing order).
Since R = R* > 0 is a compact hermitian operator from L2(T) into H**¢(T),
the technical Lemme A.1 yields 0 < pu, < C # forn € IN and & > 0. Finally

1 1L
DnAn =2, <CY, W;SM < 00, so the trace class estimate holds. O
4.2. Operator 8 in (30). The analysis of § is much simpler.

Lemma 4.9. One obviously has

Ker(8*8) = {w e LX(T x R), / wuvMdxdv = / wyMdxdv = 0}
TXR TR
= Span{vM, yM }*.

So the spectral problem 8*Sw = Aw can be reduced by looking only at
w = avM + ByM. It is a finite dimensional spectral problem, so the full
operator 8*8 is trace class and one obtains Theorem 1.1 about the existence of
wave operators.

5. Last part of the Theorem 1.1

One easily transfers Theorem 1.1 to the original Vlasov—Poisson equation. One
starts from the decomposition, where the orthogonal product (8) is

GL = X* @ X* @ XPP.
The operator A is an isometric bijection from GL onto

X =LYTxR)N{(w,yM) = 0} = (yM) .
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Since yM is in the kernel of H (Lemma 3.9), one gets the decomposition
X = X% @ X @ (XPP N (yM)*).

Lemma 3.8 yields that A (X ) = X%, A(X*°) = X* and A(XPP) = XPPN(yM)L.
Since X* is isometric to X due to the existence of the wave operators, then X
is in bijection with a space isometric to X°. It ends the proof of the last part.

Appendix A. A technical lemma

Lemma A.1. Let R = R* > 0 be a positive hermitian operator defined in L*(T).
Assume R is also bounded as an operator from L*(T) into H*(T), « > 0. Then
there exists a constant C > 0 such that the eigenvalues of R counted in decreasing
order satisfy 0 < 0p+1 < o < Wcﬁfor nelN.

Proof. Define the operator hermitian 4: L2(T) — H%(T) by

1
Av(x) = ZZ W(v’e”)e”(x)

where e, (x) = e27"* is the Fourier mode and (v, e,) = fol v(x)en(x)dx is the
corresponding coefficient of the Fourier decomposition v = ), ., (v, e5)e,. The
inverse operator A~': H*(T) — L?(T) is defined by

A w() = Y (Inf* + D(w. en)en ().

nez

By construction
lAv| ey < vl and A7 w2y < lwllge.
Take v € L?(T) and u € L?(T). One has
[(Av, A7 Ru)| < CllAv| 2y llull 2y = [(Rv,u)] < CllAV] 20 [l L2y

Since this inequality holds for all u € L?(T), it yields || Rv|| 2 = CllAv]L2(r)-
The min-max principle immediately gives an estimate of the eigenvalues o, of
R with respect to the eigenvalues t, of A4, thatis 0, < Ct, for n € IN. Since
Tont1 = Tan42 = swgg for n > 0, it proves the claim. O
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