J. Spectr. Theory 11 (2021), 847-872 © 2021 European Mathematical Society
DOI 10.4171/JST/359 Published by EMS Press
This work is licensed under a CC BY 4.0 license.

Invertibility issues
for a class of Wiener—Hopf plus Hankel operators

Victor D. Didenko! and Bernd Silbermann

Abstract. The invertibility of Wiener—Hopf plus Hankel operators W (a) + H (b) acting on
the spaces L?(R1), 1 < p < oo is studied. If @ and b belong to a subalgebra of L°(R)
and satisfy the condition

a(t)a(—t) = b(t)b(—t), teR,

we establish necessary and also sufficient conditions for the operators W(a) + H(b) to be
one-sided invertible, invertible or generalized invertible. Besides, efficient representations
for the corresponding inverses are given.
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1. Introduction

Let R~ and R™ be, respectively, the subsets of all negative and all positive real
numbers and y g refer to the characteristic function of the subset £ C R —i.e.

1 ifrekE,

1EW = {o ifreR\E.

In what follows, we often identify the spaces L?(R") and L?(R™), 1 < p < o0
with the subspaces yp+L?(R) and yr—L?(R) of the space L?(R), which consist
of the functions vanishing on R~ and R, respectively.

1 The work of Victor D. Didenko was supported by the Special Project on High-Performance
Computing of the National Key R&D Program of China (Grant No. 2016YFB0200604), the
National Natural Science Foundation of China (Grant No. 11731006) and the Science Challenge
Project of China (Grant No. TZ2018001).
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Let F and 7! be the direct and inverse Fourier transforms — i.e.

Fo(t) = / () dx, TP = 5 / eTERy () dE. x € R.

Consider the set £ of functions ¢: R — C such that ¢ = Fk with k € L'(R), and
let APw (R) C L*°(R) be the set of functions a: R — C having the representation

a(t) = Zajei‘gf’, t €R, (1)

JEZ

with absolutely convergent series (1). It is assumed that §; € R for all j € Z
and 8; # Oy if j # k. Following [17, Chapter VII], we denote by G the Banach
algebra of all functions g = g(¢), ¢t € R, such that

g=a+c, acAPyR),cel,
a(t)y =Y aze'™'. c(t) = (Fh)®0), 2)
JEZ

equipped with the norm

Il =3 laj| + / k(o)) d.

JEZ

We also consider the subalgebra G* (G™) of the algebra G of functions (2) such
that all numbers §; are non-negative (non-positive) and the functions ¢ = JFk
such that k() = 0 forall t < 0 (¢ > 0). The functions from G* and G~ admit
holomorphic extensions respectively to the upper and lower half-planes and the
set G N G~ contains constant functions only.
Any function a € G generates an operator W%(a): LP(R) — LP”(R) and
operators W(a), H(a): LP(R*) — L?(R") defined by
Woa) =T 'aFo,
W(a) := PW°a),
H(a) == PW%a)QJ,
where P: f — yr+f and Q := I — P are the canonical projections on the
subspaces L?(R*) and L?(R™), correspondingly, and J: L?(R) — L”(R) is the
reflection operator defined by J¢ := ¢. Here and in what follows, ¢(¢) := ¢(—t)

for any ¢ € L?(R), p € [1, o0]. The operator W(a) is called the convolution on
the semi-axis Rt or the Wiener—Hopf operator, whereas H (a) is referred to as
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the Hankel operator. It is well known [17] that for @ € G all three operators are
bounded on the space L? for any p € [1, 00).
The operators W° and W(a) can be also represented as

Woa)e(t) = Zajgo(t 3;) + /k(t —s)p(s)ds, teR,

j=—00

W(a)p(t) = Zaj Bs, (1) + /k(l —s)p(s)ds, teRT,

Jj=—00
where
Bs,o(1) = ¢(t — §)) if §; <0,
0, 0<t<gdj,
Bs, (1) = - = ifs > 0.
p(t—=368;), t>4;,

Moreover, for a = Fk the operator H(a) acts as

H(a)p(t) = / kGt + 5)p(s) ds

and for a = €% as
§—1), 0<t<6§,
H@gy= P00 0=E=0 yei
0, t >4,
H(a)p(t) =0, teRT, if§<o.

Let us now recall a few useful identities involving the operators mentioned. It is
easily seen thatif a, b € G, then

WO(ab) = WO (a)WO(b).

Wiener—Hopf operators W (a) generally do not possess this property, but according
to [3, pp. 484, 485] we still have

W(ab) = W(a)W(b) + H(a)H (b),

- 3
H(ab) = W(a)H () + H@W(). ©)

Moreover, if b € G, ¢ € Gt and ¢ € G, then

W(abc) = W(a)W(b)W(c).
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The operators W(a) are well studied. For various classes of generating func-
tions a, the conditions of Fredholmness or semi-Fredholmness of such opera-
tors can be efficiently written [3, 4, 6, 14, 15, 16, 17]. Moreover, Fredholm and
semi-Fredholm Wiener—Hopf operators are one-sided invertible, the correspond-
ing one-sided inverses are known and there is an efficient description of the kernels
and cokernels of W(a), a € G.

Consider now the Wiener—Hopf plus Hankel operators W(a, b): L?(R*) —
LP(R™) formally defined by

W(a,b) = W(a) + H(b), a,be L®(R). )

The study of such operators is much more involved. Nevertheless, Fredholm
properties of (4) can be established either directly or by passing to a Wiener—Hopf
operator with a matrix symbol. Thus Roch et al. [20] studied the Fredholmness
of Wiener—Hopf plus Hankel operators with piecewise continuous generating
functions, acting on L”-spaces, p € [1, c0). Another approach, called equivalence
after extension, has been applied to operators with generating functions from
a variety of classes. Nevertheless, in spite of a vast amount of publications,
this method is mainly applied to the operators of a special form, namely, to the
operators W(a,a) = W(a) + H(a) acting on the L2-space. It turns out that
the Fredholmness, one-sided invertibility and invertibility of such operators are
equivalent to the corresponding properties of the Wiener—Hopf operator W(aa™!),
so that they can be studied. However, even if an operator W (a, a) is invertible, the
corresponding inverse is not given (see, e.g. [5, Corollary 2.2] for typical results
obtained by the method mentioned). If a # b, then hardly verifiable assumptions
concerning the factorization of auxiliary matrix-functions are used. To study the
Wiener—Hopf plus Hankel operators of the form I + H(b), another method has
been employed in [18, 19], where the essential spectrum and the index of such
operators are determined.

On the other hand, recently the Wiener—Hopf plus Hankel operators (4) have
been studied under the assumption that the generating functions a and b satisfy
the condition

ad = bb. (5)

In particular, if a, b € G, then the Coburn-Simonenko Theorem for some classes
of operators W (a, b) is established [7], and an efficient description of the space
ker W(a, b) is obtained [12]. The aim of this work is to find conditions for
one-sided invertibility, invertibility and generalized invertibility of the operators
W(a, b) and to provide efficient representations for the corresponding inverses
when generating functions a and b satisfy the condition (5). Similar problems for
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Toeplitz plus Hankel operators have been recently discussed in [1, 2, 8, 9, 10, 11].
The situation with Wiener—Hopf plus Hankel operators has some special features.
The main problem is that the operators here can also be semi-Fredholm — i.e. in
general, they may have infinite kernels and co-kernels. This creates additional
difficulties. Therefore, in some cases, the results obtained are not as complete as
for Fredholm Toeplitz plus Hankel operators.

This paper is organized as follows. Section 2 contains known results on
properties of Wiener—Hopf operators, Wiener—Hopf factorization of functions
g € G such that g(t)g(—t) = 1,t € R and the description of the kernels of
Wiener—Hopf plus Hankel operators W(a) + H(b), the generating functions of
which satisfy the condition (5). In Section 3, we establish necessary conditions
for one-sided invertibility of the operators W(a, b). Section 4 provides sufficient
conditions for one-sided invertibility and presents efficient representations for
the corresponding inverses. In Section 5, we construct generalized inverses for
Wiener—Hopf plus Hankel operators. The invertibility conditions presented in
Section 6 are supported by simple examples.

2. Auxiliary results

Let us recall the properties of Wiener—Hopf and Wiener—Hopf plus Hankel oper-
ators with generating functions from the algebra G. It was shown in [17] that for
invertible functions g the operators W (g) are one-sided invertible. More precisely,
ifa € APy, c € L and g = a + ¢ is invertible in G, then the element « is also
invertible in G. Therefore, the numbers

1 1
v(g) = lim farga()]y. n(g) = 3-larg(l +a OO o (6)

27
are correctly defined. Moreover, the function g admits a factorization of the form

£ = &0 (1) g0, —o0 <1 < o0, @
t+i
where g£! € GT, g*l € G7,v = v(g) and n = n(g).
Let —oo < v < oo be a real number. On the space L?(R™) we consider the
operator U,, defined by

e —v) if max(v,0) <1,
0 if 0 <t < max(v, 0).

Urp)(t) := {
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It is easily seen that for any v > 0, the operator U, is left invertible and U_, is

one of its left-inverses. Moreover, U, = W(e*”) and I — U, U_, is the projection
operator,

) if 0<t<v,

(I = U, U-)p)() :== {

0 if v<t<oo.

We also consider operators V and V1) defined by

t [ee]
Vo0 =90 -2 [ eprds. (V90 =g -2 [ o) ds
0 t

Set V™ = y™if m > 0and V™ = (VED)™ if i < 0. Tt is known that if
m € N, then V™Y — [ sothatform > 0the operator P, := [—y my (=m)
is a projection [17, Chapter 7].

The factorization (7) is used to construct one-sided inverses for the Wiener—
Hopf operators W(g).

Theorem 2.1 ([17]). Ifg =a+c € G, a € APw,c € L, then the operator W(g)
is one-sided invertible in LP(R™), 1 < p < oo if and only if g is invertible in G.
Moreover, if g € G is invertible in G and v := v(g), n := n(g), then

(i) Ifv > 0andn > 0, then the operator W(g) is left invertible and
Wit(e) = W(gZhV U, W(gZh ®)

is one of its left-inverses.

(i) If v > 0 and n < O, then the operator W(a) is left invertible and one of its
left-inverses is

W N (g) = W(gi" ) — U—, P_,Uy) ' U, V" W(gTh), ©)

where -
(I —U_yPyUy) " =) (U Py Uy, (10)

j=0

and the series in the right-hand side of (10) is uniformly convergent.

(iii) Ifv < 0 and n < 0, then the operator W(a) is right invertible and
W, (g) = W(gZHV U W(gZ") (1)

is one of its right-inverses.



Invertibility issues 853

(iv) Ifv < 0 and n > 0, then the operator W(a) is right invertible and one of its
right-inverses is

W, g) = W(gZHV UL (I — U, P,U-) 'W(gZh). (12

V) Ifv=0andn <0 (n > 0), then the operator W(g) is right (left) invertible
and one of the corresponding inverses has the form

W1(g) = W(giHv T w(g™h. (13)

Let us point out that there is also an efficient description of the kernels of the
operators W(g), but the structure of ker W(g) depends on the indices v(g) and
n(g) and will be considered later on.

As far as the Wiener—Hopf plus Hankel operators W(a, b) := W(a)+ H () are
concerned, here we always assume that the generating functions a, b belong to G
and satisfy the matching condition (5). In this case, the duo (a, b) is referred to as a
matching pair. Moreover, in what follows, we will only consider the matching pairs
(a, b) with the element a invertible in G. Notice that if W(a, b) is semi-Fredholm,
then a is invertible in G and the matching condition yields the invertibility of »
in G.

Let us introduce another pair (c, d) with the elements ¢ and d defined by

c:=ab ! = &_ll;, d:=ab ' =a'p.

This duo is called the subordinated pair for (a, b). The functions ¢ and d possess
a number of remarkable properties —e.g. ¢¢ = 1 = d d. Following [7], any
function g € L (R) satisfying the condition gg¢ = 1 is called matching function.
In passing note that if (¢, d) is the subordinated pair for a matching pair (a, ),
then (d, ¢) is the subordinated pair for the matching pair (a, b), which defines the
adjoint operator .

W*(a,b) = W(a) + H(b) (14)

for the operator W (a, b).
The next proposition comprises results from [7, 12]. For the reader’s conve-
nience, they are reformulated in a form suitable for subsequent presentation.

Proposition 2.2. Assume that g € G is a matching function —i.e. gg¢ = 1. Then

(i) Under the condition g_(c0) = 1, the factors g4 and g_ in the factoriza-
tion (7) are uniquely defined — viz. the factorization takes the form

t—i

t+i

g() = 6 & ) () g1 0), 1)
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(ii)

(i)

(iv)

)
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where v = v(g),n = n(g), 6(g) = (=1)"g(0), ' (1) € G~ and g_(1) =
o(g) g;l(z). The number o (g) takes on only the values 1 and —1 and is
called the factorization signature.

Ifv < Oorifv = 0andn < 0, then W(g) is right-invertible and the
operators PE,

Py = (1/2)(I = JQBW°(g)P):ker W(g) —> ker W(g).

considered on the kernel of the operator W(g) are complementary projec-
tions.

If (c,d) is the subordinated pair for a matching pair (a,b) € G x G such
that the operator W(c) is right-invertible and W' (c) is any right-inverse of
W(c), then

ot =g @) = S T OWE) — JOW OO P W)
+ %JQWO(d‘l),

is an injective operator from ker W(d) into ker(W(a) + H(b)).
If (¢, d) is the subordinated pair for the matching pair (a, b), then

(a) if the operator W(c): LP(Rt) — LP(RY), 1 < p < oo is right-invert-
ible, then

ker(W(a) + H(b)) = ¢ (imP}) + imP_; (16)

(b) if the operator W(d): LP(RT) — LP?(R™), 1 < p < oo is left-invert-
ible, then

coker(W(a) + H(b)) = ¢ (imP¥) + im P>, (17)

where the operator ¢ in (17) is defined by the matching pair (a, l;).

Let A be the normalized Laguerre polynomials and the functions \;, j € Z 4,
be defined by

V2eTPA;(2t), ift >0,
. = = 0, 1,...- 18
1/’10) {0’ ift <0, J (18)

Then for v = 0 and n < 0, the following systems B1(g) of functions
W(g:_l)l//j form bases in the spaces im Pfg,t:
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(@) ifn =—-2m, m € N, then

Bi(g) = {W(EF) Wmi—1 FO(@Vmir) 1k =0,1,....,m—1},

and
dimim Py = m; (19)

(b) ifn =-2m—1,m € Z, then

B1(g) = {WEL) Wmtk F 6 (D¥m—i):k =0,1,...,m}\ {0},

and
1Fo
(g)‘

dimim Pfgt =m >

(20)
Remark 2.3. If v < 0, the corresponding spaces im Pfgt are also described in [12].
However, these representations are not used in what follows so that they are not
included to the above proposition.

3. Necessary conditions for one-sided invertibility

From now on we always assume without mentioning it specifically that the gen-
erating functions a and b constitute a matching pair. Moreover, let us also recall
that if an operator W(a) + H(b),a, b € G acting in the space L?(R™), p € (1, 00)
is Fredholm or semi-Fredholm, then the generating function «a is invertible in G.
Therefore, the elements ¢ and d of the subordinated pair (c, d) are also invert-
ible in G and the Wiener—Hopf operators W(c) and W(d) are Fredholm or semi-
Fredholm. Let v; := v(c), n1 := n(c), va := v(d), and n, := n(d) be the
corresponding indices (6) of the functions ¢ and d. We start with necessary con-
ditions for one-sided invertibility of the operators W(a) + H () in the case where
at least one of the indices vy, v, is not equal to zero. The situation v; = v, = 0
will be considered later on.

Theorem 3.1. Leta, b € G and the operator W(a)+ H (b) be one-sided invertible
in LP(R™) and at least one of the indices vy or vy is not equal to zero. Then,

(i) either vivy > 0o0rvy > 0and vy, < 0;

(i) ifvi =0and vy, > 0, thenn,; > —1, orny = —land o (c) = —1;

(iii) ifvi <O0andv, =0, thenny, < 1,0rn, = lando(d) = —1.
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Proof. (i) Assume that viv, < 0. If v < 0 and v, > 0, then the operator W(c)
is right invertible whereas W(d) is left invertible. Moreover, the kernel of the
operator W(c) and cokernel of W(d) are infinite-dimensional [17] and so are
the spaces im P, and im Pdi [12, Theorems 2.4 and 2.5]. Taking into account
Proposition 2.2(iv), we obtain that ker(W(a) + H (b)) # {0} and coker(W(a) +
H (b)) # {0}, hence the operator W(a) + H(b) is not one-sided invertible.

(ii) Let v, > 0. By Proposition 2.2(iv), the operator W(a) 4+ H(b) has a non-
zero cokernel. If, in addition, n; < —1orn; = 1 and o (c) = 1, then (19) and (20)
show that in both cases, im P, # {0}. Therefore, according to (16), the operator
W(a) + H(b) also has a non-trivial kernel and is not one-sided invertible.

Assertion (iii) can be proved analogously. |

Let us briefly discuss the case where v > 0 and v, < 0. As was men-
tioned in [12], in this situation it is not clear whether the corresponding Wiener—
Hopf operator is even normally solvable. Nevertheless, the kernel and cokernel
of W(a) + H(b) can still be described. This allows to establish necessary condi-
tions of one-sided invertibility. However, they are not as transparent as before and,
in addition to the relations between the indices vy, v2, 11, 12, the corresponding
conditions can include information about the factors in the Wiener—Hopf factor-
izations of the subordinated functions ¢ and d. We consider one of possible cases.

Theorem 3.2. Let vy > 0, vy <0, ny = ny = 0 and let N, v > 0 denote the set
of functions f € LP(RY) such that f(t) = 0 fort € (0,v).

() If the operator W(a) + H(b): LP(R*) — L?(R"), 1 < p < oo is invertible
from the left, then
pt®PHN Ny, =10}, (21)
where gt = @t (ae™ V112 peivit/2),

(ii) If the operator W(a) + H(b): LP(R*) — LP(R™), 1 < p < oo is invertible
from the right, then
e ®HNN? = 1{0}, (22)

where gt = @t (Gei"!/2, ge—ivzt/2)'

Proof. Letvy > 0, v, < 0,n; = ny = 0 and W(a) + H(b) be a left-invertible
operator. It can be represented in the form

W(a) + H(b) = (W(ae™"/?) + H(be'™"/?)W(e1"/?). (23)
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Direct computations show that (ae™"1*/2 he?V1%/2) is a matching pair with the
subordinated pair (c1,d;) = (ce ™1, d). Since v(c;) = 0, n(c;) = n; = 0,
the kernel of the operator W(cy) is trivial. Consequently, ker P, = {0} and the
relation (16) yields

ker(W(ae™™1"/2) + H(be'"1"/?)) = ¢ (imP})

with the operator 97 = @t (ae™"17/2 beiV11/2). Therefore, taking into ac-
count (23), we obtain

ker(W(a) + H(b)) = {n = W(e ™" ?u:u € o* (P}) Nim W(e™1"/?)}.

If the operator W(a)+ H (b) is left invertible, its kernel consists of the zero element

only. However, since im W (e!V17/2) = ‘J‘(fl /, and

ker W(e "2y n (o @ NN ) = {0},

the assumption
gT®HNNT L # (0}

yields the non-triviality of the kernel of W(a) 4+ H (b), so that (21) holds.
The second assertion in Theorem 3.2 comes from the first one by passing to
the adjoint operator (see (14)). O

Remark 3.3. Theorem 3.2 raises an interesting question: Do there exist invertible
operators W(a) + H(b), such that

dim coker W(c) = dimker W(d) = oo?

If v(c) = v(d) = 0, we conjecture that for any prescribed natural number N one
can find invertible operators W(a) + H(b) for which

ind|W(c)| > N, ind|W(d)| > N. 24)

Note that the set of Toeplitz plus Hankel operators possesses the property (24) — cf.
[13], but for Wiener—Hopf plus Hankel operators, this problem requires a separate
study.

Remark 3.4. Although the description of the spaces im Pji' and im Pg' is avail-
able [12], the verification of the conditions (21)—(22) is not trivial. It depends on
the properties of Wiener—Hopf operators constituting the operator ¢ and may
require a lot of effort.
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Remark 3.5. If v; > 0, v, < O but n; # 0 or/and n, # 0, the necessary
conditions of one-sided invertibility have the same form (21) and (22) but the
representation (23), spaces M and operators ¢ should be redefined accordingly.

‘We now consider the situation when both indices v; and v, vanish. Let us start
with an auxiliary result.

Lemma 3.6. If (a,b) € G x G is a matching pair with the subordinated pair
(c, d), then for the factorization signatures of the functions ¢ and d the equation

o(c)=0(d) (25)
holds and the indices ny and n, are simultaneously odd or even.

Proof. Letn(a) and n(b) be the corresponding indices (6) for the functions a and
b, respectively. Then

ny =n(c) =n(ab™) = n(a) —nb), n,=n(d) = n(ag_l) =n(a) + n(b).
(26)
Therefore,

7(0) = (1)) = (1)@ Pa©)57 0)
o (d) = <1y Pd(0) = (~1)" @+ D a () 0).

and since b(0) = l;(O) and the numbers n(a) — n(b) and n(a) + n(b) are simulta-
neously odd or even, the equation (25) follows.
Moreover, using the relations (26) again, we obtain

ny 4+ ny = 2n(a),
so that 77 has the same evenness as 75. O

We start with the left invertibility of the operators W(a, b).

Theorem 3.7. Ifa,b € G, vi = v, = 0, np > ny and the operator W(a) + H (D)
is invertible from the left, then the index ni satisfies the inequality

np >—1

and ifny = —1, theno(c) = —1 and ny > ny.
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Proof. If n; < —1, the operator W(c) is right invertible. By Proposition 2.2(v),
the image of the projection P, contains non-zero elements, and by (16) so is
ker(W(a) + H(b)). This contradicts the left invertibility of the operator W(a) +
H(b), hence ny > —1.

Assume now that n; = —1 and o (c) = 1. Using (16) and Proposition 2.2(v)
again, we note that imP_ # {0}, so that the operator W(a) + H(b) has a non-
trivial kernel and, therefore, it is not left-invertible. Hence o (c) = —1. Assuming,
in addition, that n, = —1 and ker(W(a) + H (b)) = {0}, we obtain

o(c)=-—1, o(d)=1,
which is not possible by Lemma 3.6. Hence, ny > nj. O

Theorem 3.8. Ifa,b € G, vi = v, =0, ny > n, and the operator W(a) + H (D)
is invertible from the left, then the inequality

ny>1
holds. Moreover, the index n, is either non-negative or n, < 0 and ny > —n,.

Proof. If n; <0, then n, < —2 —cf. Lemma 3.6, and W(a) + H(b) has a non-
trivial kernel, which contradicts the left-invertibility of this operator. On the other
hand, if 1 < n; and 0 < n,, then W(a) + H(b) is clearly left-invertible, so we
proceed with the case n, < 0. By Lemma 3.6, both numbers n; and n, are either
even or odd. In both cases the proof of the fact that the indices n; and n, satisfy the
inequality n; > n, is similar, but each situation should be examined separately.
Here we only analyse the case where n; and n, are odd numbers. Considering
ind W(c) := k; = —ny we chose k; € Z such that

2k1 +k; = 1.
Then, according to [12, Theorem 3.2], we have
ker(W(a) + H(b))
t—i\—ki
=)

(2D e iepo) ot m P} 0 imW((fli)kl)}{m

where the operator ¢ = ¢ T (a;, b1) is defined by the matching pair

@b = (a0 (5) b0 (5)")
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and c is the plus factor in the Wiener—Hopf factorization (15) of the function c.
The function v is defined in (18) and using another representation of the Laguerre
polynomials — cf. [12, eq. (2.5)], one can show that

im W((; 4—_11)"1) = clos span p g-+y{Vi, . Vi, +1- - - }-

Thus if a function

ueimw((;;i)k‘)

is expanded in a Fourier series of the Laguerre polynomials ¥, j = 0,1,..., its
first k1 Fourier-Laguerre coeflicients are equal to zero. If we now assume that the
dimension of the subspace

1+o0(c)

S(c,d) = { :

WO} + o™ (mPY)}

is greater than ki, then there is a non-zero function uy € S(c,d), the first k;
Fourier-Laguerre coefficients of which vanish. Hence, (27) shows that the kernel
of W(a)+ H (b) contains a non-zero element. This contradicts the left invertibility
of the operator W(a) + H (b). Therefore,

k1 > dimS&(c, d), (28)
and taking into account eq. (20), we rewrite the inequality (28) as

- 14+a(c)

ki > 2 + ko, (29)

where
1—0(d)

ky=r+ B

and —ny = 2r 4+ 1. Since k; = (1 —ky)/2 = (1 +ny)/2, the inequality (29) takes
the form
l+n _ l40o() —-nr—1 1—0(d)
>
2~ 2 + 2 + 2

or

ny > —-ny+o(c)—o(d).

A%

Since o (c¢) = o (d) by Lemma 3.6, the proof is completed. O
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Theorems 3.7, 3.8 provide necessary conditions for the left invertibility of the
operators W(a, b) = W(a) + H(b). Passing to right-invertible operators, one can
recall the simple fact that the operator W (a, b) is right-invertible if and only if the
adjoint operator W*(a, b) is left invertible. Relation (14) shows that

W*(a,b) = W(a, b).

We note that (a, I;) is also a matching pair with the subordinated pair (¢q,d;) =
(d, ), so that

v(er) =v(d) = —va, v(d1) = () = —v1,
n(cr) = n(d) = —ny, n(dy) = n(€) = —ny,
o(c1) =o0(d), o(dy) =o(c).

Now Theorems 3.7 and 3.8 can be used to write the necessary conditions for
the right invertibility of the operators W(a) + H(b). Let us just formulate the
corresponding results.

Theorem 3.9. Leta,b € G, vi = v, = 0, ny < n, and the operator W(a) + H(b)
be invertible from the right. Then

n, <1

andifny, =1, theno(d) = —1 and ny < n,.

Theorem 3.10. Leta,b € G, vy = v, = 0, n1 > ny, and the operator W(a)+ H (b)
be invertible from the right. Then the inequality

ny, < —1

holds. Moreover, the index ny is either non-positive or ny < —nj.

4. Sufficient conditions of one-sided invertibility
and formulas for one-sided inverses

Our next goal is to establish sufficient conditions for one-sided invertibility of
the operators W(a) + H(b). In fact, many necessary conditions above are also
sufficient ones.
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Theorem 4.1. Let a,b € G and the indices vi,v2, n1 and ny satisfy any of the
following conditions:

(i) vi <0andv, < 0;

(i) vi > 0, v, < 0, ny = ny = 0, the operator W(a) + H(b) is normally
solvable, has a complementable kernel, and satisfies the condition (22).

(iii) vi <0, v, =0andn, <lorn, =1ando(d) = —1;
@iv) vi =0,n; <0andv, <O0;
V) vi =0and v, =0

(@ n1 =0,n, <0,

(b) n1 <0,np=1ando(d) = —1.

Then the operator W(a) + H(b): LP(R*Y) — LP(R"), 1 < p < oo is right
invertible.

Proof. The claim follows from the representation (41) below, the factorization

—-W(d) 0\(0 -1 W) 0
movenm = ()0 w07 )

and consequent application of Proposition 2.2. |

Sufficient conditions for the left invertibility of the operators W(a) + H(b) can
be obtained from Theorem 4.1 by passing to the adjoint operators and we leave it
to the reader.

In the remaining part of this section we deal with the construction of right
inverses for the operators W(a) + H (b). Recall that one-sided inverses of Wiener—
Hopf operators can be easily determined from the Wiener—Hopf factorizations of
the corresponding generating functions — cf. Theorem 2.1. However, finding the
inverses for Wiener—Hopf plus Hankel operators is a much more difficult problem
and to the best of our knowledge, so far there was no efficient representation of
the corresponding inverses even for the simplest pairs of generating functions.
Now we want to establish formulas for the left and right inverses of the operators
W(a) + H(b) in the case of matching generating functions.

Let us assume that the operators W(c) and W(d) are invertible from the same
side. This condition is not necessary for the one-sided invertibility and note that
the corresponding inverses can be also constructed even if the condition mentioned
is not satisfied.
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Theorem 4.2. Let (a,b) € G X G be a matching pair such that the operators W(c)
and W(d) are invertible from the right. Then the operator W(a) + H(b) is also
right invertible and one of its right inverses has the form

B:= (I — H@E)A + H@a YW, (d), (30)
where A = W He)W@ HYw;1(d).
Proof. The proof of this result uses equations (3). Consider the product (W(a) +
H(b))B,

(W(a) + H(b))B 31)
= (W(a) + H(b)(I — H(E)A + (W(a) + H(b))H(a~ YW, (d).

It follows from (3) that
H((b)H () = W(bc) — W(b)W(c) = W(a) — W(b)W(c),
W(a)H(¢) = H(ac) — H(a)W(c) = H(b) — H(a)W(c).
Therefore, the first product in the right-hand side of (31) can be rewritten as
(W(a)+ H(b))(I — H()A = (W(D)W(c) + H(a)W(c))A
= (W(b) + H(a))W(c)A
= (W) + H@)W(e)W, (W@ Hw, ' (d)
=wh)yw@"Hw ' (d) + Ha)w@ " yw, ' (d).
(32)
Analogously,
W(a)H(@ ') = H@a ") — H@W@™ ') = —H@@)W(@"),
HMb)H(@™") = Wkba ) —wb)yw@") = wd) - whm)yw@"),
and the second product in the right-hand side of (31) has the form
(W(a) + H(b) H(a~ YW, (d)
= —H@W@ "W, ' (d) + W)W, (d) - WHW@E YW, (d)  (33)
=1 - H@W@"w, '(d)-wmyw@a"Hw, ).
Combining (32) and (33), one obtains
(W(a) + H(b))B =1,

hence B is a right inverse for the Wiener—Hopf plus Hankel operator W(a) +
H(b). O
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Corollary 4.3. Let a,b € G and the indices vy, v, n1 and n, satisfy one of the
following conditions:
(1) vi <0and v, < 0;
(i) vi <0, v, =0andn, < 0;
(iii)) vi =0,n; <0and v, <O.

Then W(a) + H(b) is invertible from the right and one of its right inverses can be
constructed by formula (30).

Example 4.4. Let us consider the operator
W(vy,vp) = W(e) + H(e™?'), teR, (34)
where v and v, are real numbers such that

V1 — vy <0, (35)
V1 + vy <O0. (36)

In passing note that the conditions (35)—(36) are equivalent to the inequality
v < —|va|,

so that v; < 0. Consider now the generating functions a(t) = e’’’ and b(t) =
ev2! They satisfy the matching conditions (5), namely,

a(t)a(—t) = b(t)b(~t) = 1.

The elements ¢ and d of the subordinated pair for the matching pair (e?”1?, e?2")
are
C([) — ei(vl—\)z)t’ d([) — ei(v1+v2)t.

Taking into account the conditions (35)—(36), we observe that the corresponding
Wiener—Hopf operators W(c), W(d) are right invertible and have infinite dimen-
sional kernels. In order to construct a right inverse of the operator (34) one can use
Theorem 4.2. Let us recall some simple properties of Wiener—Hopf and Hankel
operators with exponential generating function. Thus for the generating function
a(t) = ™! one has:

(i) if v < 0, then the operator W(e'"?) is right invertible and one of its right
inverses is
Wr—l(eivt) — W(e—ivt);
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(i) if v > 0, then the operator W(e?"?) is left invertible and one of its left inverses
is
VVI—I (eivt) — W(e—ivt);

(iii) if v <0, then H(e'**) = 0.

Therefore,
Wr_l (C) — W(e_i(vl_VZ)t), Wr_l (d) — W(e—i(V1 +v2)t)'

Thus the operator (34) is subject to Theorem 4.2. In order to write the cor-
responding right inverse of W(a) + H(b), we first determine the operator A.
Simple computations show that

A= W(e_i(vl_VZ)t)W(e_ivzt).
Therefore the right inverse (30) for the operator (34) has the form

(W(eivlt) + H(ei\)zt)):l — (I _ H(e—i(vl—\)z)t))W(e—i(vl—v2)t)W(e—iv2t)
+ H(e_ivlt)W(e_i(vl—H)Z)t).

Moreover, using formulas (3), one obtains
H(e—i(vl—v2)t)W(e—i(v1—v2)t) =0, H(e—ivlt)W(e—i(V1+v2)t) — W(e_ivlt),
and the operator (W (e"1) + H(e'V2"))"! can be finally written as
(W(eivlt) + H(eivy‘)):l — H(e—ivlt)W(e—i(vl-H)z)t) + W(e_ivlt).
We now construct a left inverse for the operator W(a) + H(b).

Theorem 4.5. Let (a,b) € G X G be a matching pair such that the operators W(c)
and W(d) are invertible from the left. Then the operator W(a, b) = W(a)+ H(b)
is also left-invertible and one of its left-inverses has the form

Wi(a,b) = C(I — H(d)) + W N (c)H(@™), (37)
where C = Wl_l(c)W(&_l)Wl_l(d).

Proof. Recalling that the adjoint operator W*(a, ) to the operator W(a) + H ()
can be identified with the operator

Il
Qi
S~
iy

Il
S

W*(a,b) = W(a1)+H(b1), aq
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we note that (a1,b;) is a _rnatching pair with the subordinated pair (c1,d;) =
(d, ). Since W(cy) = W(d) and W(dy) = W(c) are invertible from the right, the
operator W*(a, b) is also right-invertible by Theorem 4.2 and according to (30),
one of its right inverses can be written as

(W*(a.b));" = (I = H@DA1 + H(ayHW, ! (d)

; (38)
= (I — H(d)A: + H@ Yw (@),

where
Ay =W eW@ YW, d) = W W@ W@, (39)

The left inverse to the operator W(a, b) can be now obtained by computing the
adjoint operator for the operator (W*(a, b));!. Since for any right-invertible
operator A one has

(A" =AM,
we can use the relations

W*(g)=W(Q@)., H*(g)=H(E). ge€G.
to obtain the representation (37) from (38)-(39). O

5. Generalized invertibility of Wiener—Hopf plus Hankel operators

An operator A is called generalized invertible if there exists an operator A;l,
referred to as a generalized inverse for A, such that

AAG'A = A.
If Agl is a generalized inverse for the operator A and the equation
Ax =y (40)

is solvable, then the element xoy = A;l y is a solution of equation (40).

Our next task is to determine generalized inverses for Wiener—Hopf plus Han-
kel operators W(a) + H (b) if the generating functions a and b constitute a match-
ing pair. For this we recall some useful formulas connecting Wiener—Hopf plus
Hankel operators and matrix Wiener—Hopf operators. According to [7, eq. (2.4)],
the diagonal operator diag(W(a) + H(b) + Q, W(a) — H(b) + Q) can be repre-
sented in the form

(W@+H@+Q 0

0 W(a)— H(b) + Q) = JA1 (W (V(a,b) + 9CT",

(4D
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where the operators A1, A, J, C = C(a,b),and V = V(a, b) are defined by

a

Ay := diag(I, I) — diag(P. Q)W°(b Z) diag(Q, P),

Ay = diag(I, 1) + PW°(V(a, b))Q,

(1 J
3'25(1 —J)

. 1 0
c@n = (o woa)

S
V(a,b) = (a bba bf‘_l),

ba! a

and
P :=diag(P, P), 9Q:=diag(Q, Q).

Using the notation
B .= W({V(a,b))+ Q, 42)
R :=diag(W(a) + H(b), W(a)— H(b)), R:=R+Q,
we write the equation (41) as
R=J§AA,BCT . (43)

Considering the operator R and taking into account the equation (43) and the
invertibility of the operators g, C, A; and A,, we write

R, =3CT B A AT
Observe that R;l is diagonal since so is the operator R. Thus
-1 _ -1 -1
R, = diag(F, ", K, "),
and it is clear that the diagonal elements F;l and K;l have the form
-1 _ -1 -1 _ -1
Fp=F"+0 K=K +0,

where F; !, K;': L?(R*) — L?(R™) are generalized inverses for the operators
Wi(a) + H(b) and W(a) — H(b), respectively.

In this section we construct a generalized inverse for the operator W(a) + H ()
provided that the operator B is generalized invertible and a generalized inverse of
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B can be represented in a special form. The following theorem has been proved
in [10] in the case of Toeplitz plus Hankel operators. For Wiener—Hopf plus
Hankel operators the proof literally repeats all constructions there and is omitted
here.

Theorem 5.1. Let (a, b) be a matching pair with the subordinated pair (c, d).
Assume that the operator B of (42) is generalized invertible and has a generalized

inverse B;l of the form
A B
-1 _
Bg—(D(J+Q (44)
where A, B and D are operators acting in the space L? (RY). Then W(a) + H(b)
is generalized invertible and the operator G,

G :=—-H@E (AU -H)-BH@"Y )+ H@"HYDU — H()) + W™,

(45)
is a generalized inverse for the operator W(a) + H(b).

Lemma 5.2. Let (a,b) € G x G be a matching pair such that one of the following
conditions holds:

(i) the operators W(c) and W(d) are right invertible;
(ii) the operators W(c) and W(d) are left invertible;
(iii) W(c) and W(d) are, respectively, left and right invertible operators.

Then the operator B of (42) is generalized invertible and it has a generalized
inverse of the form (44).

Proof. For a matching pair (a, b) the operator W(V(a, b)) has the form

0 W(d) )

mvem =y e

Assume for definiteness that both operators W(c) and W(d) are right invertible.
Then the operator W(V(a, b)) is also right invertible and it is easily seen that one
of its right inverses is given by the formula

(Wﬂ@WWﬂwﬂw)—mﬂ@)+Q

-1 _
By = W=l(d) 0

g

where W, ~!(c) and W,~1(d) are right-inverses of the operators W(c) and W(d),
correspondingly. Thus in this case, condition (44) is satisfied with the operators

A=Wwlewa@a"hw'd), B=-W '), D=Ww'd). (46)
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The other cases are considered analogously. Thus if both operators W(c) and
W(d) are left invertible, then B is left invertible with a left-inverse having the
form (44), where

A=W ow@hHw(d). B=-W"(c). D=W'd)., @)

and if W(c) is left-invertible and W(d) is right invertible, then the corresponding
operators A, B and D in (44) are

A=W ow@hw ' d), B=-W "), D=Ww"1d), (48)
which completes the proof. O

Combining Theorem 5.1 and Lemma 5.2 one obtains the following result.

Theorem 5.3. Let operators W(c) and W(d) satisfy one of the assumptions
of Lemma 5.2 and A,B, and D be the operators defined by one of the rela-
tions (46)—(48). Then the operator W(a)+ H (b) is generalized invertible and (45)
is one of its generalized inverses.

Remark 5.4. We note that in cases (i) and (ii), the operator W(a) + H(b) is
one-sided invertible and the formulas for the corresponding inverses obtained in
Section 4 are simpler than the representation (45).

6. Invertibility of Wiener-Hopf plus Hankel operators

The results of the previous sections can now be used to establish various invertibil-
ity conditions for the operators W(a) + H(b) and write down the corresponding
inverses. Let us formulate one of such results and provide a few examples.

Corollary 6.1. Let (a,b), a,b € G be a matching pair such that the operators
W(c) and W(d) are invertible. Then the operator W(a) + H (b) is invertible and

(W@)+H®B)™ = ([ —H@OW (W@ Hw=(d)+H@ HW™'(d). (49)

Proof. If the operators W(c) and W(d) are invertible, then relations (2.7) and (2.4)
of [7] show that the operators W (a)+ H () is invertible and the result follows from
Theorem 4.2. U

Let us point out that this is a very surprising result. There is a vast literature
devoted to the study of the Fredholmness and one-sided invertibility of Wiener—
Hopf plus Hankel operators in the situation where generating functions satisfy
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the relation b = a or b = a. Of course, such generating functions constitute a
matching pair. The other case studiedis a(t) = 1 forallt € Rand b = b(¢) is a
specific matching function. However, to the best of our knowledge, so far there are
no efficient representations for the inverse operators. On the other hand, for a wide
class of generating functions g the inverse operators W ~!(g) can be constructed.
Therefore, formula (49) is an efficient tool in constructing the inverse operators
(W(a)+ H (b))~ ! in the case where a and b constitute a matching generating pair.

Example 6.2. Let us consider the operators W(a)+ H (b) in the case where a = b.
In this situation ¢(t) = 1and d(t) = a(t)a='(¢). Hence, H(¢) = 0, W(c) = I and
if the operator W(d) is invertible, then the operator W(a) 4+ H(a) is also invertible
and

(W(a)+ H(@)™ = (W@ "+ H@ YW (@a™).

Example 6.3. Let b = a. Then ¢(¢) = a(t)a~'(t) and d(¢t) = 1. Hence, if the
operator W(c) is invertible, then the operator W(a) + H(a) is also invertible and

W@+ H@) ' = -H@Ga YW aaHYw@a )+ Ha™").

Example 6.4. Leta(t) = 1 and b(¢)b(—t) = 1 for all € R. In this situation,
c(t) = b(t), d(t) = b(¢) and if the operator W (b) is invertible, then

(I +H®B) ™ =T - HO)YW ' G)W ().

Conclusion

For matching generating functions a,b € G, the invertibility of the operators
W(a) + H(b) can be described in terms of indices v and n of the subordinated
functions ¢ and d. Moreover, the corresponding inverses can be represented using
only auxiliary Wiener—Hopf and Hankel operators along with the corresponding
inverses of scalar Wiener—Hopf operators. This approach is efficient and can be
realised as soon as the Wiener—Hopf factorization of the functions ¢ and d is
available — cf. (8)—(13).

Acknowledgement. The authors would like to thank the anonymous referees for
valuable comments and suggestions.



(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

Invertibility issues 871
References

E. L. Basor, and T. Ehrhardt, Fredholm and invertibility theory for a special class of
Toeplitz+Hankel operators. J. Spectr. Theory 3 (2013), no. 2, 171-214. MR 3042764
Zbl 1282.47035

E. L. Basor and T. Ehrhardt, Asymptotic formulas for determinants of a special class
of Toeplitz+Hankel matrices. In D. A. Bini, T. Ehrhardt, A. Yu. Karlovich and
I. Spitkovsky (eds.), Large truncated Toeplitz matrices, Toeplitz operators, and re-
lated topics. The Albrecht Bottcher anniversary volume. Operator Theory: Advances
and Applications, 259. Birkhéuser, Basel, 2017, 125-154. MR 3644515

Zbl 06731149.

A. Bottcher and B. Silbermann, Analysis of Toeplitz operators. Second edition. Pre-
pared jointly with A. Karlovich. Springer Monographs in Mathematics. Springer-
Verlag, Berlin, 2006. MR 2223704 Zbl 1098.47002

A. Bottcher, Y. I. Karlovich, and I. M. Spitkovskii, Convolution operators and factor-
ization of almost periodic matrix functions. Operator Theory: Advances and Appli-
cations, 131. Birkhduser-Verlag, Basel, 2002. MR 1898405 Zbl 1011.47001

L. P. Castro and A. P. Nolasco, A semi-Fredholm theory for Wiener—Hopf—Hankel
operators with piecewise almost periodic Fourier symbols. J. Operator Theory 62
(2009), no. 1, 3-31. MR 2520538 Zbl 1211.47012

L. A. Coburn and R. G. Douglas, Translation operators on the half-line. Proc. Nat.
Acad. Sci. U.S.A. 62 (1969), 1010-1013. MR 0275228 Zbl 0181.40801

V. D. Didenko and B. Silbermann, The Coburn—Simonenko theorem for some classes
of Wiener—Hopf plus Hankel operators. Publ. Inst. Math. (Beograd) (N.S.) 96(110)
(2014), 85-102. MR 3244052 Zbl 1349.47041

V. D. Didenko and B. Silbermann, Some results on the invertibility of Toeplitz plus
Hankel operators. Ann. Acad. Sci. Fenn. Math. 39 (2014), no. 1, 443-461.
MR 3186823 Zbl 1304.47037

V. D. Didenko and B. Silbermann, Structure of kernels and cokernels of Toeplitz plus
Hankel operators. Integral Equations Operator Theory 80 (2014), no. 1, 1-31.
MR 3248472 Zbl 1314.47041

V. D. Didenko and B. Silbermann, Generalized inverses and solution of equations
with Toeplitz plus Hankel operators. Bol. Soc. Mat. Mex. (3) 22 (2016), no. 2,
645-667. MR 3544158 Zbl 1394.47034

V. D. Didenko and B. Silbermann, Invertibility and inverses of Toeplitz plus Hankel
operators. J. Operator Theory 78 (2017), no. 2, 293-307. MR 3725508
Zbl 1399.47091

V. D. Didenko and B. Silbermann, Kernels of Wiener—Hopf plus Hankel operators
with matching generating functions. In V. Maz’ya, D. Natroshvili, E. Shargorodsky
and W. L. Wendland (eds.), Recent trends in operator theory and partial differential


http://www.ams.org/mathscinet-getitem?mr=3042764
http://zbmath.org/?q=an:1282.47035
http://www.ams.org/mathscinet-getitem?mr=3644515
http://zbmath.org/?q=an:06731149
http://www.ams.org/mathscinet-getitem?mr=2223704
http://zbmath.org/?q=an:1098.47002
http://www.ams.org/mathscinet-getitem?mr=1898405
http://zbmath.org/?q=an:1011.47001
http://www.ams.org/mathscinet-getitem?mr=2520538
http://zbmath.org/?q=an:1211.47012
http://www.ams.org/mathscinet-getitem?mr=0275228
http://zbmath.org/?q=an:0181.40801
http://www.ams.org/mathscinet-getitem?mr=3244052
http://zbmath.org/?q=an:1349.47041
http://www.ams.org/mathscinet-getitem?mr=3186823
http://zbmath.org/?q=an:1304.47037
http://www.ams.org/mathscinet-getitem?mr=3248472
http://zbmath.org/?q=an:1314.47041
http://www.ams.org/mathscinet-getitem?mr=3544158
http://zbmath.org/?q=an:1394.47034
http://www.ams.org/mathscinet-getitem?mr=3725508
http://zbmath.org/?q=an:1399.47091

872

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

V. D. Didenko and B. Silbermann

equations. The Roland Duduchava anniversary volume. Operator Theory: Advances
and Applications, 258. Birkhaduser/Springer, Cham, 2017, 111-127. MR 3587819
Zbl 1381.47021

V. D. Didenko and B. Silbermann, The invertibility of Toeplitz plus Hankel opera-
tors with subordinated operators of even index. Linear Algebra Appl. 578 (2019),
425-445. MR 3643925 Zbl 07099570

R. V. Duduchava, Wiener—Hopf integral operators with discontinuous symbols. Dokl.
Akad. Nauk SSSR 211 (1973), 277-280, in Russian. English translation, Soviet Math.
Dokl. 14 (1973), 1001-1005. MR 0355690 Zbl 0294.47026

R. V. Duduchava, Integral operators of convolution type with discontinuous coeffi-
cients. Math. Nachr. 79 (1977), 75-98, in Russian. MR 0500302 Zbl 0362.45004

R. V. Duduchava, Integral equations in convolution with discontinuous presymbols,
singular integral equations with fixed singularities, and their applications to some
problems of mechanics. Teubner-Texte zur Mathematik. BSB B. G. Teubner Verlags-
gesellschaft, Leipzig, 1979. MR 0571890 Zbl 0439.45002

I. C. Gohberg and I. A. Fel’dman, Convolution equations and projection methods
for their solution. Translated from the Russian by F. M. Goldware. Translations of
Mathematical Monographs, 41. American Mathematical Society, Providence, R.I.,
1974. MR 0355675 Zbl 0278.45008

N. K. Karapetiants and S. G. Samko, On Fredholm properties of a class of Hankel
operators. Math. Nachr. 217 (2000), 75-103. MR 1780772 Zbl 0966.45010

N. K. Karapetiants and S. G. Samko, Equations with involutive operators. Birkhduser
Boston Inc., Boston, 2001. MR 1836251 Zbl 0990.47011

S. Roch, P. A. Santos, and B. Silbermann, Non-commutative Gelfand theories. A tool-

kit for operator theorists and numerical analysts. Universitext. Springer-Verlag Lon-
don, Ltd., London, 2011. MR 2761883 Zbl 1209.47002

Received May 23, 2019

Victor D. Didenko, Department of Mathematics and SUSTech International Center for
Mathematics, Southern University of Science and Technology, 1088 Xueyuan Avenue,
Nanshan District, Shenzhen, China

e-mail: diviol @gmail.com

Bernd Silbermann, Technische Universitat Chemnitz, Reichenhainer Str. 39, Chemnitz,
Germany

e-mail: silbermn@mathematik.tu-chemnitz.de


http://www.ams.org/mathscinet-getitem?mr=3587819
http://zbmath.org/?q=an:1381.47021
http://www.ams.org/mathscinet-getitem?mr=3643925
http://zbmath.org/?q=an:07099570
http://www.ams.org/mathscinet-getitem?mr=0355690
http://zbmath.org/?q=an:0294.47026
http://www.ams.org/mathscinet-getitem?mr=0500302
http://zbmath.org/?q=an:0362.45004
http://www.ams.org/mathscinet-getitem?mr=0571890
http://zbmath.org/?q=an:0439.45002
http://www.ams.org/mathscinet-getitem?mr=0355675
http://zbmath.org/?q=an:0278.45008
http://www.ams.org/mathscinet-getitem?mr=1780772
http://zbmath.org/?q=an:0966.45010
http://www.ams.org/mathscinet-getitem?mr=1836251
http://zbmath.org/?q=an:0990.47011
http://www.ams.org/mathscinet-getitem?mr=2761883
http://zbmath.org/?q=an:1209.47002
mailto:diviol@gmail.com
mailto:silbermn@mathematik.tu-chemnitz.de

	Introduction
	Auxiliary results
	Necessary conditions for one-sided invertibility
	Sufficient conditions of one-sided invertibility and formulas for one-sided inverses
	Generalized invertibility of Wiener–Hopf plus Hankel operators
	Invertibility of Wiener–Hopf plus Hankel operators
	Acknowledgement
	References

