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The massless Dirac equation in two dimensions:
zero-energy obstructions and dispersive estimates
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Abstract. We investigate L! — L°° dispersive estimates for the massless two dimensional
Dirac equation with a potential. In particular, we show that the Dirac evolution satisfies
the natural =2 decay rate, which may be improved to =277 for any 0 < y < % at
the cost of spatial weights. We classify the structure of threshold obstructions as being
composed of a two dimensional space of p-wave resonances and a finite dimensional space
of eigenfunctions at zero energy. We show that, in the presence of a threshold resonance,
the Dirac evolution satisfies the natural decay rate except for a finite-rank piece. While in
the case of a threshold eigenvalue only, the natural decay rate is preserved. In both cases

we show that the decay rate may be improved at the cost of spatial weights.
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1. Introduction

We consider the linear Dirac equation with a potential

10:Y(x.1) = (D + V)Y (x.1),  ¥(x.0) = Yo(x). ey

Here the spatial variable x € R?, and v (x,t) € C?. The free Dirac operator D,
is defined by

2
Dy =—ic-V+mB=—i)» o +mp )
k=1
where m > 0 is a constant, and the 2 x 2 Hermitian matrices oo := B and «;
satisfy
oo + apoj :28jk102, j,k 6{0,1,2}. 3)

We consider the massless case, when m = 0. For concreteness, we use

10 0 1 0 —i
=0 2 e=(o) == 5) @

There is much interest in the massless case due to its connection to graphene,
see [26] for example. The Dirac equation was derived by Dirac as an attempt
to connect the theories of quantum mechanics and special relativity. Dirac’s
derivation allowed for a model that is first order in time, as required for quantum
mechanical interpretations while having a finite speed of propagation and allowing
for external fields in a relativistically invariant manner. For a broader introduction
to the Dirac equation, we refer the reader to the excellent text of Thaller, [33].
The following identity,! which follows from (3),

(D = AD(Dpp + A1) = (=i V- mf = M) (—ie-V +mp+ 1)
A2 (5

allows us to formally define the free Dirac resolvent operator Ro(A) = (D, —A) ™!
in terms of the free resolvent Ro(1) = (—A — A)~! of the Schrédinger operator
for A in the resolvent set:

Ro(A) = (D + A Ro(A> —m?). (6)
For the massless equation, when m = 0, we have

Ro(A) = (—ia -V + M) Ro(A?) := (Do + A)Ro(A?).

1 Here and throughout the paper, scalar operators such as —A + m? — A2 are understood as
(—A + m? — A*)1¢2. Similarly, we denote L? (R?) x L?(R?) as L? (R?).
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Much of the analysis in this paper will be based on properties of Ro(41) asA — 0. It
should be emphasized that while the Dirac and Schrédinger resolvents are closely
related by (6), the massless Dirac operator has very different behavior from the
massive Dirac or Schrodinger operators in the low energy regime. For example,
Ro(0) exists as a well-defined operator while Ro(A?) has a logarithmic singularity
at the origin and the resolvent of a massive Dirac operator has a logarithmic
singularity at the threshold A = +m. These differences carry over into the low-
energy asymptotic structure of resolvents of Dy + V' (x), which is again distinct
from the threshold expansions for either Schrodinger or massive Dirac operators,
[20, 21].

Detailed asymptotic expansions for the resolvents of both Dy and its pertur-
bations are computed in Section 3. For certain choices of potential, the operator
Do+ V(x) has an eigenvalue at zero. It is also possible for zero to be a non-regular
point of the spectrum without an eigenvalue present, a phenomenon known as a
resonance. We classify zero energy resonances and eigenvalues in terms of dis-
tributional solutions to Hy = 0 in Section 7. We say that zero energy is regular
if there are no distributional solutions to Hy = 0 with ¥ € L*®°(R?), which
may also be characterized by the uniform boundedness of the perturbed resolvent
(Do +V —2A)"tas A — 0. We show that the classification of resonances for
the massless Dirac equation and their dynamical consequences do not follow the
same patterns as the Schrodinger equation.

Before stating the dynamical results, we introduce some notation that will be
used throughout the paper. The function y(A) will denote a smooth, even cut-off
around the origin in R. Thatis, y(1) = 1if |A| < A7 and y(A) = O if |A| > 21,
for a sufficiently small, fixed constant A; > 0. The complementary cut-off is
7 = 1— x. We use the notation (y) := (1+ Iyl)%, and write H := Do+ V for the
perturbed Dirac operator. We also write |V (x)| < (x)™# to indicate that the entries
of the potential all satisfy |V;;(x)| < (x)™P,1 <i,j <2, where A < B denotes
that there is an absolute constant C so that A < CB. We define the weighted
spaces LYY = {f: ()Y f € LY(R?)}, and L7 = {f:(-}77 f € L®(R?)}. Our
main results are the following small energy bounds:

Theorem 1.1. Assume that V is self-adjoint and |V (x)| < (x)75.

i) Assume that zero is regular. If B > 2, then

—i _1
le™ X (H)llp1 00 < (1)72,

Further, for 0 <y < %, if B >2+ 2y, then

_ 1
le ”HX(H)||L1sV—>L°°s—V Sy 27
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ii) If zero is not regular, then for fixed 0 <y < 1,

— _1l_
e ”HPacX(H) — Fillpiyspee—y S ()7 277,

~

provided that B > 3 + 2y. Here F is a finite-rank operator, which satisfies
the bounds sup, ||Fi|p1sp00c S 1 and if |t| > 2 one has ||Fi|p1poo S
(log e

iii) If there is only an eigenvalue at zero, then F; = 0.

We emphasize that our main results are the low energy bounds presented above.
We also provide an explicit construction of the operator F;, see (70) below. For the
sake of completeness, we include the high energy result stated below. Throughout
the paper we use the notation a— to mean a — € for an arbitrarily small, but fixed
€ > 0.

Theorem 1.2. Assuming V is self-adjoint, has continuous entries satisfying
|V(x)| < (x)P and there are no embedded eigenvalues in the real line. If B > 2,
then
_itH ~ o _1
le™ R (H)(H) > |10 S (£)72.

Further, if0 <y < % and B > min(2 + 2y, 3), we have
_itH ~ o _1_
le™ ™ Z(H)(H) > [y poo—y S ()27

We note that the assumption of a lack of embedded eigenvalues is not needed
for our low energy results in Theorem 1.1, as the spectral properties in a neigh-
borhood of zero are dictated by the threshold behavior. The lack of embedded
eigenvalues has been established in the massive case, [10], and in the massless
case for a sufficiently small potential, [13].

We establish the dispersive bounds by employing the functional calculus for the
Dirac operator. For the class of potentials we consider, H is self-adjoint and the
spectrum of H coincides with the real line. Under these circumstances, see [31],
the Stone’s formula for spectral measures yields:

e—itHPac(H)f — ﬁ / e—itl[gz;(k) _ R;(A)]f dl (7)

R

Here the perturbed resolvents are ﬂ%fﬁ (M) =lim g+ (Do +V — (A +i€))™!, and
their difference provides the spectral measure. The operator P,.(H) is needed
in the event that there is an eigenvalue at zero energy. We take advantage of the
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identity (6) to develop the spectral measure from Schrodinger resolvents. The
Schrodinger free resolvent

RE(A?) = lim (-A — (A2 +ie)7!
e—>0+
and the perturbed Schrodinger resolvent operators

RE(A?) = egrél+(—A +V—-@A%+tie)!

are well defined as operators between weighted L?(IR?) spaces, see [2].

To the authors’ knowledge, this is the first study of dispersive estimates for
the two dimensional massless Dirac equation. A recent paper of Cacciafesta and
Seré [12] investigated local smoothing estimates for the massless Dirac equation
in dimensions two and three. The massive Dirac has been studied by the Erdogan
and Green [21], with Toprak [22]. The three-dimensional massive Dirac equation
is more studied going back to the work of Boussaid [9], and D’Ancona and
Fanelli [15]. The evolution kernel for the free Dirac operator in three dimensions
was developed in [4] through the Feynman path integral. Levinson’s Theorem for
a massless three dimensional Dirac equation with spherical potential was studied
in [8] through a careful study of the Jost functions. Here it was noted that the
low energy behaves quite differently in the massive and massless cases. The
characterization of threshold obstructions and their effect on the dispersive bounds
have recently been studied by the Erdogan, Green, and Toprak [23]. Much of the
work has roots in the study of other dispersive equations, notably the Schrodinger
[30, 32, 24, 19, 20, 16, 34] and wave [15, 28, 5] equations.

Our low energy results in Theorem 1.1 establish the natural time decay (t)_%
for the Dirac evolution while assuming less decay of the potential than has been
required in the massive case. The improvement comes from using a more delicate
argument based on Lipschitz continuity of the spectral measure, rather than direct
integration by parts in the Stone’s formula. A similar argument was used in [19].

In addition, this is the first result in which all the slow time decay caused
by a p-wave resonance is controlled in a finite rank term. Previous works on
the Schrodinger or wave equation, [30, 20, 28], did not observe this asymptotic
structure. Even in the weighted L? setting, [30], finite rank leading order terms
had an error whose decay was only logarithmically better. The method we develop
for computing spectral measures here can recover an analogous result (finite
rank leading order, with polynomial decay of the remainder) for the Schrodinger
evolution as well.

There is also much interest in the study of non-linear Dirac equations. See [25,
6, 14, 11] for example. There is a longer history in the study of spectral properties
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of Dirac operators. Limiting absorption principles for the Dirac operators have
been studied in [35, 27, 17, 13]. In particular, the recent work [17] of the
authors applies in all dimensions » > 2 for both massive and massless equations,
while the recent work of Carey et. al. [13] applies to massless equations. The
lack of embedded eigenvalues, singular continuous spectrum and other spectral
properties is well established, [7, 27, 3, 13, 10]. In particular, for the class of
potentials we consider, the Weyl criterion implies that o,.(H) = o(Dg) =
(—00,00). There are no embedded eigenvalues provided the potential is small,
see Theorem 3.15 in [13].

The paper is organized as follows. We begin by proving the natural dispersive
estimates for the free massless Dirac operation in Section 2. In Section 3 we
develop a variety of expansions for the free resolvent that will be needed to study
the spectral measure in (7). In Section 4 we prove Theorem 1.1 when zero energy
is regular. In Section 5 we establish more delicate expansions of the perturbed
resolvent around the threshold in the presence of resonances and/or eigenvalues
so that we may prove Theorem 1.1 when the threshold is not regular in Section 6.
In Section 7 we provide a characterization of the threshold obstructions that
relates them naturally to the various subspaces of L? that arise in the resolvent
expansions. Section 8 provides the high energy estimates to prove Theorem 1.2.
Finally, Section 9 contains the various integral estimates needed throughout the

paper.

2. Free Dirac dispersive estimates

Due to the relationship between the massless free Dirac evolution and the free

wave equation, D3 f = —Af, we can expect a natural time decay rate of size
1 . . . o
||72 as one has in the wave equation (when m = 0) provided the initial data

has more than % weak derivatives in L!(IR?). In the case of Dirac equation, as
in Schrodinger equation, the time decay can be improved at the cost of spatial
weights.

Theorem 2.1. We have the estimate
_ _3_ _1
le™"*PO (Do) 37 |1 oo S 172
Further, one has

3
forany (0 <y < 3.

—y i 2 — _1_
(X) 77 e PODO) (M) T I pee S (1),
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The proof of this theorem is based on asymptotic expansions of the spectral
measure of the free Dirac operator, both at low energies and high energies. To best
utilize these expansions, we employ the notation

f) = 0(g(X))
to denote

d’ d’ .
mf:0<mg), j:O,1,2,3,....

The notation primarily refers to derivatives with respect to the spectral variable
A in the expansions for the integral kernel of the free resolvent operator. In the
context of (6), due to the gradient, we use the O(g) to refer to |x — y| as well. If
the derivative bounds hold only for the first £ derivatives we write f = Ok (2).
In addition, if we write = O (1), we mean that differentiation up to order k is
comparable to division by A and/or |x — y|. This notation applies to operators as
well as scalar functions; the meaning should be clear from the context.

Proof of Theorem 2.1. First note that in the free case the Stone’s formula, (7), is
e P = / e MR — RGI(A) dA. ®)
R

We consider the low energy first. Using (26), the formula [Rar —Ry1A*)(x,y) =
%Jo(Mx — y]), and the asymptotics for the Bessel functions, see [1, 32], we can
write the integral kernel of the difference of the resolvent operators as

[Rg — Rg 1A (x. y)
= (—ia-V 4+ D[R — RF1(A*)(x. y)

i a2 ~ | ©)
o= S (=) + O x ) if Al -yl < 1,

O{ .
={2 4
MG (Mx — y) + e VG (Ax - y)) ifAx —y| 2 1
where @ (A|x — y|) satisfies
- ~ _1
Ox(Alx —y[) = O(A|(1 + [Al[x — y)™2).
Let uo(A)(x,y) := )(()L)[ng_ — Ry 1(A)(x, y). The formula (9) implies that
_1
lo(A)(x, y)I < [AI(L + [Aflx — y[)”2, (10)
02106, I S (1 + [Allx = )2, (11)

9210 (x. )| S |x = y1(1+ Allx — y])2. (12)
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Thus, using (10) and (11) we have

oA (x, ¥) — o(Aa) (x, )| S A1 — Aal 3 [Aa]2, (13)

for |A1] < |A2] < 1. To obtain this consider the case [A; — A5| ~ |A2| and
the case |A; — A3| < |Az| separately. In the former case the bound follows
from (10). In the latter case, the mean value theorem and (11) give the bound
[A1—=A2|(14+|A2]|x—y |)% . Interpolating this with (10) and noting that |A{| ~ |A2],
we obtain (13).

We also state two other bounds for po which will be useful in later sections.
The interpolation argument above also implies that

_ 1
o) (6. ) — oA (x| S A1 — A2 A, 2 Y (x —y)?, 0<y < >
(14)
Similarly, using (11) and (12) we obtain the bound
18210(A1) (x, ¥) — Bajto(A2) (x, )|
0 1 0 2 (15)

1
St = lx =y + [A2flx —yD2. 0=y =L

Using the support of y(A) in the definition of p,, it is easy to see that

‘ / o (M) (x. y) dx‘ <1
R

For |¢t| Z 1, again using the support of y(A) and (13), we have
—i 1 —i T
‘ [ e ey dx‘ - 5‘ [ e o) = o2 - 7)(x,y>)dx‘
R R

1
e / 1dA < |t|2.

-1

A

(16)

For the weighted bounds, after two integration by parts, we have

—i 1 —i 1 3 3
‘/e Ho)x3) 43| = 5| [ PR dA| £ 0P,
R R

a7
Interpolating these bounds we conclude for any y € [O, % that

» (0
‘B[e o a5 o (F2)
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For large energies, to prove the first claim it suffices to bound

o0

/ ¢T3 R 2  DIRE — RG1A)(x, y) dA|. (18)

—00

sup
L>1

Noting that Rf — Ry = [Do + A]Jo(A|x — y|) is comparable to AJo(X|x — y|),
see (9) and [1]. Using Lemmas 3.2 and 5.3 in [28], we have the bounds

-,
AT Y ydys 1 1>2
73_'__2’

12 4

However these estimates rely on oscillation that may not be present when ¢ is
small. To obtain a uniform bound for small times, the integrand must be absolutely
convergent. Given the growth of |wi(A|x — y|)| < |A|, we need a multiplier that
decays like |A|~2~ to conclude

sup / AT X/ DRE — Ry (x. ) dA| < 1

uniformly in x and y for small z. The additional powers of A correspond to extra
mollification in the x variable, using (Do) ~2" instead of (Do)_%_. O

3. Free resolvent expansions around zero energy

In this section we study the behavior of the free Dirac resolvent more carefully by
using the properties of free Schrodinger resolvent Rg(1) = (—A—2)~!. Following
[32, 19, 20, 22], we have the following expansion for the Schrodinger resolvent.
These results have their roots in work of Jensen and Nenciu, [29].

Lemma 3.1. Let 0 < A < 1. For A|x — y| < 1, we have the expansions
Ry (A%)(x.y) =g () + Go + 02(A%|x — y[* log(Alx — y|))
=g* () + Go + g7 WG1 + 1G> (19)
+ 03(A*x — y[*log(Alx — y|)),

where (with y denoting Euler’s constant)

g0 = —5-(log(A/D) + 1) £ 1. 20)
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A2 A2
+ +

) =-"gf) - 2
g 78 -

Gof(x) = —5= [ loglx =17 dy,
R2

G f(x) = / x — yRF () dy.
]RZ

G2f () = 5= [ 1=yl loghe =yl £ () dy.
R2

For A|x — y| Z 1, we have

REOQP)(x,y) = eF ¥V, (A]x — y)),

) 1 .
Iwg)(y)|$(1+|y|) 277, j=0,1,2,....

Using (6) we have

RE(W)(x,y) = [<ia -V + A RE(A?)(x. y)

We write (for |A||x — y| < 1)

where

RED) = Go.0 + A¢EA)G11 + AG10 + g5 (M) G20 + 2220
+ 0,(A3x — y[*log(Alx — y|)).

io-(x—y)

G0.0(x,y) = Ro(0)(x, y) = —ia- VGo(x,y) = 2r|x — y|?’

91,1(x’y) = 1’

1
G1,0(x,y) = Go(x, y) = —3—log|x — y| = (=A)7(x, p).
92,1()(, y) =—ix- VGI('X’ y) = 2ia- (x _)’)’

. ia-V(x —y|?log|x —
G o(t, y) = —ict- VGa(x, y) = — (|x — y|*log|x — y|)

8

2

(22)

(23)

(24)

(25a)
(25b)

(26)

27)

(28)
(29)
(30)
€1V

(32)

The subscripts indicate the powers of A and logA multiplying each operator

in (27).
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Lemma 3.2. We have

REM)(x, ¥) = Go,0(x, ¥) + O(AI(1 + (IAl]x — y)*7))

(33)
- O()L + |x —y|)’

0, RE M), )] < (A — DO + (Allx — yD?2, (34)

2RE M), )] < AT (Al = yD° + A2 — |3 (35)

Proof. The expansions follow from (27) when |A||x — y| <« 1. Recall that when
|Al |x — y| Z 1, we have the representation

Ry W) (x.y) = eV, (Ax — y)),
where @ (A|x — y|) satisfies
G+ lx — y) = O(AI(L + [Allx — y)~3). (36)
Also using (28), the error in (33) is bounded by
Fx = yDUAZ | = 172 + x — y|7Y) < 1AL

The bounds (34) and (35) for [A| |x —y| Z 1 follow similarly using the high energy
representation of RF above. O

As a corollary we have the following Lipschitz bounds. The %—Lipschitz bound
cannot be improved without growth in |x — y|, which leads to weights in the
dispersive bounds, due to the large A|x — y| term.

Corollary 3.3. For |A1| < |Az| £ 1, we have
RE D@ y) = RE 21| S A1 = AalH AP~ + x =y ). (37)
and more generally

|RE A1) (x, ) — RF (A2)(x. y)]

1y 1., 0— 1 (38)
S A= A22TV A 27 (Ix = y Y + x = 7). 0§V<5-
Moreover for each 0 <y < 1, we have
02RG (A1) (x. y) — Ry (A2)(x, ) 39)

1
S =l (x =y T+ Ix—y2Y), 0<y <1
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Proof. Note that (37) follows from (38) with y = 0. When |A; — 15| = |A2],
the bound (38) follows from (33) since the leading term Gy o cancels out. When
A1 —Az| < |A2], using the mean value theorem, (34), and noting that |[A1| & |42],
we obtain

RE A1) (%, ¥) — REA2) (0| S A1 = ol (([Rallx = ¥ + (Aallx — yD?).
Also note that when |A,||x — y| = 1,
RFAD(x, ¥) = R Q) (. Y] < A2l2]x — p| 72,
and when |A;||x — y| < 1 by (33)
RS (A1) (x. ¥) = R (A2) (x. )| S [A2](1 + (Azlx = y)*7).

Interpolating these bounds, we obtain (38). The proof of (39) is similar using (34)
and (35). O

In the case when zero is not regular, see Definition 4.1 below, we will need a
further expansion of R¥:

Lemma 3.4. We have the expansion for the kernel of the free resolvent

Ry (D) (6. 7) = So0,0(x, 1) +Ag* (M)S1.1(x, 1) +AG 100 ) +EF (D) (x. 7). (40)
Further, when |A| < 1, the error term satisfies
|EG M), 0] S IMAx —y)*, 0<k <1
Moreover, for 0 < y < % and |A 1| < |Az] < 1, we have

1

B (o) (. 0) = E Q) (e 0] S = Ral 2 7 a2 R r—p)f, S <k <1,

Proof. The first bound for the error term follows from (27) when |A||x — y| < 1.
When |A||x — y| Z 1, it follows by writing

Al

(1 + [Allx = y])?
< MR x = y)X,

|E§ W)(x,»)] < +|x = yI7" + Al log(IAllx — y1)
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provided that k > 0. Similarly, note that when |A||x — y| < 1 we have
925 M)l S (Allx—yD*. 0<k <1,

and for [A||x — y| = 1 we have

02 E5 ). )] < (Allx = yD? + [log(Allx — y)) < (Alx —yDF. k= %

Using these bounds with % < k < 1, we obtain the Lipschitz bound by
interpolating the trivial bound,

E5 (1) = E5 (A2)(x. 9| S [22](A2l{x — ),
with the bound we obtain using the mean value theorem:

LEE (M) — EF ()] (x, )| < 11 — Aal([A2l(x — y)¥. O

4. Small energy dispersive estimates when zero is regular

As usual, see for example [32, 20, 21, 23, 22], we use the symmetric resolvent
identity to understand the low energy evolution. In the Dirac context the potentials
are matrix-valued, and we have the assumption that the matrix V:R? — C?*2 is
self-adjoint. Hence, we may use the spectral theorem to write

_ *é‘l 0
V=B (O §2)B

with ¢; € R. To employ the symmetric identity, with n; = || %, we write

V:B*(’71 O)U('“ O)B:v*Uv,
0 n 0 n
where

_ (sien@) 0 _(a b ._(m O
U—( 0 sign(éz)) and v—(c d) '_(O flz)B' 41

Note that the entries of v are < (x)™#/2, provided that the entries of V are < (x)™#.
Define the operators

MEQ) = U + vRE)w*, (42)

and let
T :=U + vG0,00* = M*(0). (43)
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Definition 4.1. We make the following definitions that characterize zero energy
obstructions.

i) We define zero energy to be regular if T = M *(0) is invertible on L?(R?).

ii) We say there is a resonance of the first kind at zero if 7" is not invertible on
L2, but S1v9;1,1v*S; is invertible on Sy L? where S; is the Riesz projection
onto the kernel of 7.

iii) We say there is a resonance of the second kind at zero if S1vG; 1v* S is not
invertible.

iv) Let S, be the Riesz projection onto the kernel of S1v5;,1v*S1, then S; — S>
has rank at most two and S; — S, # 0 corresponds to the existence of
“p-wave” resonances at zero. S, # 0 corresponds to the existence of an
eigenvalue at zero. In contrast to the massive case, see [21], there are no “s-
wave” resonances in the massless case. See Section 7 below for a complete
characterization.

v) Noting that vGg0v* is compact and self-adjoint, T = U + vGgov* is a
compact perturbation of U. Since the spectrum of U is in {1}, zero is an
isolated point of the spectrum of T and the kernel is finite dimensional. It
then follows that S is a finite rank projection, and since S, < Sy, so is S>.

We employ the following terminology from [32, 19, 20]:

Definition 4.2. We say an operator 7: L2(R?) — L?(R?) with kernel T(-,-) is
absolutely bounded if the operator with kernel |7 (-, -)| is bounded from L?(R?) to
L?(R?).

We note that Hilbert—Schmidt and finite-rank operators are absolutely bounded
operators. Recall that the Hilbert—Schmidt norm of an integral operator 7" with
integral kernel T'(x, y) is defined by

17135 = / T (e, )P dx dy.
]R4

We now concentrate on the case when zero is regular. The following expan-
sions for M * (1) around zero energy suffice in this case.

Lemma 4.3. Assume that |V (x)| < (x)72.

i) If B > 2, then
MEQ) =T+ 0A). (44)



The massless Dirac equation in two dimensions 949
ii) If B > 2+ 2y for some 0 <y < L thenfor0 < |Ai| <|Az] < 1, we have
ME (A1) — M*(A3) = O(JA1 — Aa| 317 |Aa]2777). (45)
iii) If B > 3, then
RMENL) = 0(A"). (46)
iv) If B > 34 2y for some 0 < y <1, then for 0 < |A1| < |A2| S 1, we have

RMER) — B MEA2) = O(1A — A" A7), A7)

In all statements above the error terms are understood in the Hilbert—Schmidt
norm.

We note that the uniform L' — L* bound requires only the bounds (44)
and (45) with y = 0, hence only requiring that the entries of V' satisfy |V (x)| <
(x) 727

Proof. Using (42), (43), and (33), we have

[MEA) — T](x,y) = v(x) (R (A) — Go,0)(x, ¥)v*(»)

1+|x—y|°‘>

R Crres

This yields (44). To obtain (45), we use (38):

[M*(1) — ME(A2)](x. y)
= v(X)(REA1) — RF (L2))(x, )v*(»)

_x =yl +x— yl"‘)
<x>1+y+<y)1+y+

= O(IA1 = 2247 a5

1+|x—y|°‘)

1 1
= O(|A1 — A2V Ay 277 T ——— ).

This yields (45). Similarly, writing
M*(M)(x,y) = ()R (M) (x, y)o*(¥),
we note that (46) follows from (34), and (47) from (39). O

The following lemma establishes analogous bounds for (M * (1))~ when zero
is regular.
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Lemma 4.4. Assume that |V(x)| < (x)™# and that zero is a regular point of the
spectrum. If B > 2, then M* (L) is invertible with a uniformly bounded inverse
provided that 0 < |A]| < 1.

i) If B >2+42y forsome0 <y < % then for 0 < |A1| < |Az| < 1, we have
(MEQ) ™ = (ME(2) ™" = 0(A — 2TV A2 777). (48)

ii) If B > 3, then
h(MEQ) = 00"). (49)

iii) If B > 3 + 2y for some 0 <y < 1, then for 0 < |A{| < |A2]| K< 1, we have

NMEAD)) T = (MEL2))™ = 01 — L7 ] 7). (50)

In all statements above the error terms are understood as absolutely bounded
operators.

Proof. When zero is regular, the operator T is invertible with an absolutely
bounded inverse. The absolute boundedness of this operator is shown in the
massive case in Lemma 7.1 in [21]. When m = 0 the proof is simpler and
can be proven as in the Schrodinger case, see Lemma 2.7 in [16]. Therefore, by
Lemma 4.3, M * (1) is invertible with a uniformly bounded inverse provided that
0<|Al < land|V(x)| < (x)72".

Using resolvent identity, the boundedness of (M +)~1 and (45) we obtain (48):

(MEQD)) ™ = (MEQ) ™ = (MEQL) T [ME () — MEQDIMEA) ™!
= O(Ih1 = Ao 272 3777),

To obtain (49), we use (46) and the identity
NMEA) = —(MFW) T @OMTA)N) M)
Finally, (50) follows from (48), (46), and (49) after writing

NMEQ)) ™ = (MF(X2)”!
= (M=)~ = (M= (A1) @M F () (M*(A2)"
+ (M= (A1) 02 (MF(X2)) — (A ME (A1) (MF (X))~
+ (M*A) T @O MEQIME(A2) ™ = (MF ()7 m
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We are now ready to prove the small energy assertions of Theorem 1.1 when
zero is regular by studying the small energy portion of the Stone’s formula, (7),

[ RS - R A

—0o0
In particular, we will prove the following family of bounds, which includes the
uniform bound when y = 0.

Proposition 4.5. Fix0 <y < % and assume that |V (x)| < (x)7272Y~. If zero is
regular, then we have the bound
o
‘ /6_”’1)(()&)[9@; — RPIA) (x. y) dA| < (x)7 ()7 (1) 727 (51

In [21], the authors studied the solution operator as an operator H! — BM O
because the operator Go,¢ is not bounded from L' — L? or from L? — L.
Simple use of iterated resolvent identity was not enough to deal with this problem
in the massive case since one relies on the orthogonality properties of the most
singular terms in the expansion of the operator M*(1)~! = (U + vRE(1)v*)~!
to get uniform estimates in x, y. In [22], this problem was overcome by selectively
using the iterated resolvent identity for M *(1)~! only for certain terms arising in
the expansion.

Since we do not rely on orthogonality arguments here, we need only use the
iterated symmetric resolvent identity:

RE = RE - REVRE + REVREVRE — REVREv* MTWREVRE.  (52)

We consider the contribution of the first three summands in (52) to the Stone’s
formula.

Lemma 4.6. Let 't = ngE — R? VngE + ngE VngE Vﬂ%i Then provided that
[V(x)| < (x)"272~ for some 0 <y < 3, then we have the bound

‘ [ e i - r—](n(x,y)cu‘ < ) ) () E
R

Proof. The contribution of the first term is the free evolution which was dealt with
above in Theorem 2.1. We note the following useful algebraic identity

M M M {—1 M
[T4i =TT = (T 40)ai —ap( T148). 63
k=0 k=0 =0

(=0 k= k={+1
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It suffices to consider the contribution of the following to the integral
T = puoVRE + o VRIVRE + Ry VioVRE,

where (o(A) = )(()L)(JQ(J{ (A)—Ry (A)). The remaining terms have similar structure
with differences o on the right instead of the left.

Using the bounds (10) and (33), and noting Lemma 9.2, we see that the kernel
of I' is bounded in A, x, y and it is supported in |A| < 1. Therefore, we restrict our
attention to the case |z| > 1.

We start with the case 0 < y < % Using the Lipschitz bounds (14), (38), and
the pointwise bounds (10), (33), Lemmas 9.2 and 9.3 we see that for |A;| < 1,
Jj =12,

T, y) = TA2) (0] £ 1A — A2 217 ()7 ().

Therefore, as in (16), we have

/e—imf(x)(x,y)dx - % / e—"’l[f(x)(x,y) — f‘(A — %)(x,y)]d)&
R Ais1

= 0(l1]7277)(x)" ().

The case % < y < 32 is similar after an integration by parts. That is, we need to

2
bound

/e—”"f‘(k)(x,y)dl — %/e—itkalf‘()&)(x,y)d)&
R R

To do this, we need Lipschitz bounds on 3, I". Writing
T =3 (oVRE) + (o VRIVRE) 4 92(Rg VitoVRY) := Ty + T + T3,

we seek to bound I';j (A1) — I'; (A2) for j = 1,2, 3. We consider I't, the others are
similar. Note that

[1(A1) —T1(A2) = [0ap0(A1) — 31#0(12)]V916F(11)
+ 90 (A2) VIR (A1) — Ry (A2)]
+ [ro(A1) — o(A2)]V ARG (A1)
+ 1o(A2) V[ RG (A1) — 8 Rg (A2)].

(54)
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Letyg € [0, 1) besuchthaty = yo+ % and using (15) and (39) (for consistency,
we take |A1| < |Az2)),

|0apo(A1)(x, y) — dapo(A2)(x, y)]
< 1= Aal"x =y (1 + [Aa]lx — y])?
S A= A0 (x)Y ()7,
A RE (A1) (x, ) — 3 R5 (A2)(x, )]
< = a0 [0 ([x — y|°7 + [x — y[2H70)
S AL = A0 |Aq [T ()Y (p)Y (1 + |x — »[%).
In addition using (14) with y = 1 we have
1 1
[Lo(A1)(x, ¥) — o(A2)(x, ¥)| S A1 — A2l{x — y)2 < |A1 — A2 (x) 2 (y)

Where the last bound follows since [A; —A,| < 1 and y < 1. Similarly, using (38)
with y = 2— we obtain

[l

1

1,01 _
RS AD G y) = R5A2) (0. p)] S A1 = A2 {x) 2 (1) 2 (1 + x = y[*),
Finally by (10) and (33), we have
o), M S 1, RGeS (14 |x =y 7).
Putting this all together and using Lemma 9.2, we see that

I[C1(A1) — T1(A2)](x, y)|

S A1 = A2 A1 [T (x)Y ()Y /(yl)_2_(1 + 1y = y1l™Hdy
R2
<AL= A0 Aq T (x)Y ()
Similarly, using Lemmas 9.3 and 9.4, we see that I'; and I'; satisfy the same
estimate. Thus

/ e AT (M) (x, y)dA

R 1 . _

= E/e_”’lakF(A)(x,y)dA
R

= = e—"’l[aﬁ(k)(x, ) — axf(x — %)(x, y)]dA
[AIS1
= O(|t]|~"770) (x)” (y)”

= 0(|1]277)(x) (). O
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The lemma below takes care of the contribution of M~! term for 0 < y < %
In contrast to the massive case [21, 22] or Schrodinger [19], for the massless Dirac
bound, the argument employed here does not require any cancellation between the
“+” and “-” terms in the Stone’s formula, (7).

Lemma 4.7. Fix0 <y < 1. Assume that |V(x)| S (x)">72~. Let T() be an
absolutely bounded operator satisfying ( for |A|, |A1], |A2] < 1 with |A1| < |A2])

T Mlz2mz2 S AT,
T 1) = Tl z20z2 S A7 Ay — Aa[2 7,

Then

‘/e—mx(x)[gz;)tnggtv*Tvﬂzgtmgt](x)(x,y)dk <7 )Y
R

Note that the hypothesis is satisfied by the mean value theorem if T (1) =
0, (1~27F) as an absolutely bounded operator. That is to say, |T(1)| < A~2+
and |0,T(1)] < A=3+. Also note that when zero is regular M ~! satisfies the
hypothesis provided that |V (x)| < (x)™272Y~, see Lemma 4.4.

Proof. Dropping = signs, let R := vRoV Ry. Using the support of y(1) as well
as the bounds (33) and (38) for the free resolvent and the integral estimates in
Lemmas 9.4 and 9.3 we have (provided that [V (x)| < (x)™2"2~,0 <y < 1)

ROy ) < L+ [y = y[°)n) ™ (55)

IR0, 9) — RO 01 )] S 1A = A2 a2 () 1) ™. (56)

Note that (55) and Lemma 9.2 imply that Li , horm of R(X)(»1, y) is bounded
uniformly in y and A, while (56) implies that the Lil norm of R(A1)(y1,y) —
R(2)(y1. y) is bounded by (y)? |21 = Aa| 347

Using these bounds and the hypothesis for 7', using (53) we see that (with
= REVREV* ToREVRE)

IT(A)(x, y) = T(A2)(x, y)]
SE OV =2 AT, A < 1= 1,2,



The massless Dirac equation in two dimensions 955

We use (33) and (38) for the free resolvent terms. Therefore, by applying the
Lipschitz argument as in (16) and the proof of Lemma 4.6, we bound the integral
by

I T as ey, o

1
74y )7 [ (min (121
21

For 1 <y < 3, we have the following lemma which we state only for M~
We dropped =+ signs since we will not rely on any cancellation between =+ terms.

Lemma 4.8. Fix 3 <y < 3. Assume that |V(x)| < (x)"272~. Then

‘ / e—”*x(x)[momov*M—lvﬂzomol(x)(x,y)dk‘ ST )
R

Proof. We only need consider the case 1] > 1. Letyo = y — % After an

integration by parts, and ignoring the case when the derivative hits the cutoff y, it
suffices to prove that

‘/ e_i’AX(l)Bx[RoVﬂzov*M_lvﬂ%oVﬂzo](l)(ﬂ)’)‘M‘ <70 ()
R

Let R := vRoV Ry as in the proof of Lemma 4.7. Since |V (x)| < (x)"272~, the
bound (55) is valid. Using (56) with y = yo — 1 for yo € (3,1) and with y = 0
for y € (0, 1], we have

~ ~ _1 -
IRAD (1. y) = RA2) (1. »)| S 1A = 2270 (1 + (p)072) (y1) ™!
Using (33), (34), and integral estimate Lemma 9.3 (with y = %), we have
DR 1. ) S AP~ ()2 ()71 (57)

Finally we need a Lipschitz bound for d; R. First note that using (38) with
Y =yo— 3 for yo € (3. 1) and with y = 0 for yo € (0, 3], we have

_1 _
IRG (A1), ¥) = R (A2) (6, )] S JAx = A270(1 + (x = y)7072 + |x = y|*).
Moreover, recalling (39), and taking |A1| < |A;| as usual, we have

[0ARE (A1) (x, ) — 2 RE (A2) (x, »)

o . (58)
S A= A2 77 (Ix =y 77 4 [x =y V).
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Using these, (33), and (34), we obtain
0, R(A ) (y1.y) — 02 R(A2) (1. )]
< A = A2 7707

x / 00 (1 — yal ™ Iy — ) a2
R? x (ly2 = y|7" + [y2 — y|")dy2

< 1A= A TOT ()Y (L4 |y = P T

Where the spatial integral is bounded by noting that |[x — y|¥ < (x)¥(y)” and
using Lemma 9.3. Using these pointwise bounds we have

IRz S0 1ROz, < ),
IRADG1 ) = R0 Wz < 120 =227 ()7
192 R 1) (1. ¥) — A R(A2) (31, ez = 14— Ao (A1 [TTOT ()Y

Finally note that by Lemma 4.4, M~! satisfies similar bounds (without x, y
dependence) as an absolutely bounded operator. Therefore, letting

I' = 8A[R0VR0v*M_IUR0V:Ro],
we see that
IT(A1)(x, y) = T(A2)(x, )| < |41 — 270 A 7707,

This finishes the proof using the Lipschitz argument as in (16) and the proof of
Lemmas 4.6 and 4.7. O

We now prove Proposition 4.5.

Proof of Proposition 4.5. Using the expansion (52), we see that the first terms
are controlled by Lemma 4.6. Then it remains only to control the tail of the
Born series, with the operators M*(1)~!. By the expansion for M*(1)~! in
Lemma 4.4, we see that Lemma 4.7 suffices to establish the desired bound for
0<y< % The case % <y< % is established in Lemma 4.8. O

5. Small energy resolvent expansion when zero is not regular

We now consider the case when zero is not a regular point of the spectrum. We
first provide the necessary expansions to develop the spectral measure when there
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are eigenvalues and/or resonances at zero energy, then establish the dispersive
estimates. We re-emphasize here that this is the first result, to our knowledge, in
which the contribution of a “p-wave” resonance is controlled in a finite-rank term.
Previous results in the Schrodinger (or wave equation) context, [30, 20, 28], have
not achieved this. Even in the weighted L? setting, [30], any finite rank pieces
had an error whose decay was only logarithmically better. This argument can be
modified to apply to the Schrédinger evolution as well.

With S; being the Riesz projection onto the kernel of 7', define (T + S;)™! :=
Ti. One can see that S; 77 = 7151 = S1. Then, we have the following variations
of Lemma 4.3 and Lemma 4.4.

Lemma 5.1. Assume that |V(x)| < (x)78. If B > 2 + 2k for some 0 < k < 1,
then
MEQ) =T + AgE ()G 1v* + A0Sy ov* + EE(M),

where

A

IEEM) s < 1AM

Moreover, for fixed 0 < y < % and% <k < L ifB > 2+ 2k, then (for
Al =[A2] S 1)
1 1
IEFQ) = EF(A)llas < 14— 22277 Ao 2775,

Proof. The lemma immediately follows from the bounds in Lemma 3.4 noting
that EF (1) = vEZF (A)v*. a

Lemma 5.2. Assume that |V(x)| < (x)™# and that zero is not a regular point of
the spectrum.

i) If B > 2 + 2k for some 0 < k < 1, then M*(X) 4+ Sy is invertible with a
uniformly bounded inverse provided that 0 < |A| < 1, and we have

(MEQ) + S1)™' = T1 = AgF (W) T1wG1,1v*T1 — AT1vG1,00* Ty + E5 (M),
(59)
where
E5(2) = O(|A]'*5).

ii) If B > 2+ 2y for some 0 <y < L thenfor0 < |1i| <|Az| < 1, we have
(ME1) + S1) ™" = (M*(A2) + S1)7" = O(A1 — 2|27 |Aa]2777). (60)

Moreover, for fixed 0 < y < %and% <k <1 ifB > 2+ 2k, then (for
A1l = [A2] < 1)

EF(01) — EX(h2) = Oy — Ao 2T [Ap] 277Ky, 61)

All bounds above are understood in the sense of absolutely bounded operators.
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Proof. The first assertion follows from the invertibility of 7 + S, (44) and a
Neumann Series computation. Recalling that 7, = (T + S;)~!, the expansion (59)
follows from Lemma 5.1 noting that
(MEQ) 4+ S)7 =T + 81 + AgEM)vG11v* + MGy ov* + EEV)] !
=[I + AgEM) TG 1v* + AT G 0v* + THEEW)]TITY
=T1 — AgE (W) T1v51,1v* Ty — AT Gy 0v* Ty — THEE (W) T,

o0
+ Y (=1)/T/T,
Jj=2

where I' = AgE (M) T1vG1,1v* + AvT1G1,0v* + T EE (L) = O(|A|'7). Therefore
(since k < 1),

o0
EF() = -TEEfWT1 + ) (=1)/T/ Ty = O(A]'HF).
j=2

The proof of (60) is identical to the proof of (48). Finally (61) follows from the
Lipschitz bound for E in Lemma 5.1, the bound I' = O(|A|!7), and by noting
that the first two terms in the definition of I' satisfies the Lipschitz bound

Ay — Ao 37 [Ap]2 777 O

To invert M*(A) = U + vagE (A%)v, for small A, we use the following lemma
(see Lemma 2.1 in [29]) repeatedly.

Lemma 5.3. Let M be a closed operator on a Hilbert space H and S a projection.
Suppose M + S has a bounded inverse. Then M has a bounded inverse if and

only if
B:=S—-SM+S)7's

has a bounded inverse in SH, and in this case

M'=M+S)""'+ M+ S 'SB7IS(M + )7L,

We apply this lemma with M = M*(1)and S = S;. The fact that M*(1)+ S
has a bounded inverse in L?(IR?) follows from Lemma 5.2. We also need to prove
that

By =S —Si(MEQ) +S)7'S) (62)
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has a bounded inverse in S;L?(R?). We have, using (59) and the fact that
S$11h = Sy,

B*() = S1 = Si(M* () + S)7'Sy
= 81— Si[T1 — AgE W) Ty v5) 1v* Ty — AT1vG ov* Ty + E;(A)]Sl
= 2gE(N)S1v511v*S) + AS1vG1 0v*S) — SlEiJC(A)Sl-
We write
BE() = A4 — S1EE (L) Sy, (63)
AFQ) = 510(gF (M) G1a + G1,0)v* 81 (64)
The remainder of this section is devoted to inverting A* (1) in a neighborhood of

zero under different spectral assumptions.

Proposition 5.4. Assume that |V(x)| < (x)72". For sufficiently small A, the
operators AT (1) are invertible on S\ L?. Further,

AEM) T = [S2051,00*S2] 7! + Op((log M) ™),
as an operator on S1L?. Morever
AT =AW = 01((log 7).
Furthermore, if S1 = S, we have
AW = [S2v51,00*Sa] 7,
which is independent of A and the choice of sign.

We note that these operators are finite rank on L2 since S;L? is a finite-
dimensional subspace.

Proof. We begin by writing the projection S; = Q & S, where Q is orthogonal
to S2. We note that by Lemmas 7.2 and 7.5, Q corresponds to a projection onto
the p-wave resonance space. By Corollary 7.3, Q has rank at most two. We first
note that when Q = 0, the statement follows (64) and the orthogonality property
that S,vG;1,1 = 0. The invertibility of the resulting operator is guaranteed by
Lemma 7.6. The following lemma implies the proposition when S, = 0.

Lemma 5.5. When Q # 0, the operator Q AT (1) Q is invertible for sufficiently
small A. Further,

(QATM)Q)~" = O1((log )™,

as an operator on QL?. Morever

(QATMQ)™' = (24~ (1 Q)" = O1((log)™~?).
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Proof. We begin by showing that Q A% (1) Q is invertible on QL2 In the case that
Q has rank one, then using (64) we can see that Q A% (1) Q is a scalar of the form

(c1gE(M) +¢2)0, c1 e R\ {0}

Which, by (20), suffices to show our desired results.

We now consider the case when Q has rank two. We may select an orthonor-
mal basis for QL?, {¢1,¢>}. We claim that G; jv*¢; and G 1v*¢p, are linearly
independent. Assume they are not, and let ; = —So,0v*¢;, j = 1,2. Then for
some c,

V1 — ¢y = Go,00™ (¢ — 1) = (90,0 — 21.7:[(—;6))291,1>U*(C¢2 —¢1) e L?

by the proof of Lemma 7.1. By Lemma 7.2, ¢ (x) = 2_ni(0§)xZ G1,1v%¢ + I'; with
I, € L2. Hence {¢1, ¢»} can only span a one-dimensional subspace of QL?2. This
proves our claim.

We now write with respect to the basis {¢1, ¢ }:

1G1,10*¢1 |2 (91,1v*¢1,91,1v*¢2>02:|
+ A4,
(G1,1v*¢1, G1,1v*¢2) 2 1G1,10*¢2|?

where A is a 2 x 2 matrix of constants given by the contributions of ¢; vG; 0v*¢;.
Since G1,1v*¢; and G1,1v*¢, are linearly independent, the first matrix above is
invertible, and hence, for sufficiently small A, QA* (1) Q is invertible. Moreover
the entries of its inverse are rational functions in log(4), and the degree of the
denominator is at least one more than the degree of the numerator. In particular,
they are of the form O, (mgﬁ)‘

The final claim follows from the resolvent identity and (20), since (AT —A7) (1)
is independent of A. A

QA*(1)0 =g* (V) [

We now consider the case when both Q, S, # 0. We employ the Feshbach
formula, see for example Lemma 2.3 in [29]. If A(A) = [ g1} 2 |, the invertibility

azy azz
of A(A) follows if both ays is invertible and a := (a11—a12a5, a>1)~" exists. Then,
—1
_ a —dadiyd
A = | . 2 (65)
—05, 0210 U5, 0210412055 + Aoy

In our case az; = S2v91,0v*S2 which is invertible by Lemma 7.6. Moreover,

a=(QAFTA)Q — QuG1,0v*S2(S2051,00*S2) "1 S2vG1,0v* Q) !

exists for sufficiently small A since QA% (1)Q is invertible by Lemma 5.5, while
the second summand is a A independent 2 x 2 matrix. O
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Lemma 5.6. Assume that |V(x)| < (x)™# and that zero is not a regular point of
the spectrum. If B > 2 + 2k for some 0 < k < 1, then for 0 < || < 1, we have

By = 2 AT + B (D),

where EE (L) = O(|A|71%%) as an absolutely bounded operator.
Moreover, for fixed 0 < y < % and% <k < L ifB > 2+ 2k, then (for
A1l = [A2] € 1)

EX (A1) — EF (M) = O(|A1 — 22|27 |24 [7377FF), (66)
Proof. Using (63), Proposition 5.4, and Lemma 5.2, we have

BLO)™ = 21— AR ) S B OSIT AR()
- %Ai()&)_l + % 3 (%Ai(k)_lSlEf(A)Sl)in(A)_l.
j=1

The series converges since AT(1)~™! = O(1) and EZi()L) = O(|A|'F%) by
Proposition 5.4 and Lemma 5.2 respectively. Moreover,

1 /1 j
+01) — & VeI + -1 —1+k
Ef() = AJ; (FAEQOT'SIEFMS1) AFQ)T = 0AIT).

This also implies the Lipschitz bound when |A; —A,| = |A,|. The Lipschitz bound
when [ — 15| < |A2| & |A1] follows by noting that in this case

A0 =42 02) T = 00l Aol 7Y = O =422 [ 727), (67)

457 =277 S A1 = Ao F Y A3

and by using the bounds in Lemma 5.2 for EX(}). a

We are now ready to obtain a suitable expansion for M *(1)~! when zero is
not regular. Note that Proposition 5.4 and its proof gives detailed expansions for
A*(A)7', in particular, the projection Q corresponds to the contribution of p-
wave resonances and the operator [Szvgl,ov*Sz]_l to the threshold eigenspace,
see Lemma 7.7 below.

Lemma 5.7. Under the hypothesis of Lemma 5.6, for 0 < |A| < 1, we have
1
MEW)™ = 25145 W) 7S+ EF (),

where E f (L) satisfies the same bounds as E3i (A) in Lemma 5.6.
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Proof. Using Lemma 5.3 with M = M*()) and S = S, and recalling that
T1S1 = S1Ty = Sy, writing (M*(A) + S1)7! = [(M*(A) + S)™' = T1] + T4,
we have
M*EQ)™ = MFQ) + S)T + (MEQ) + S) TS B SI(MEM) + S
= S1By'S1+ (M*() + Sp~!
+IMEQ) + ST =TS BE Si(ME (L) + S1)7!
+ SiBI'S1(M*) + S =T
Using Lemma 5.6, we have
MEG)T = A0S+ B,
where
EE(A) = SIEE WSt + (ME) + S~
+IMEQ) + ST =TS BI Si(MER) + S1)7!
+ S1BI'SI[(MEQ) + St =Tl

Since by Lemma 5.2 the operator (M *(1)+S1)~! satisfies better Lipschitz bounds
than £ ;t (4), and since the last two terms are similar, we concentrate on the term

[(MFQ) + S)7" = TiIS1BE' Si(M*(2) + S~
By Lemma 5.2, specifically(59), we have (M*(1) + S;)~! = O(1), Combining
this with (20) we see that (M *(1) 4+ S;)~! — T} = O(]A|'7). Also noting that
B;' = O(]A|™") by Lemma 5.6, we have

[(MEQ) + 5D = TiIS1BE' Si(M*(2) + S~

=0(A) = oA, 0<k <1,

The Lipschitz bound follows by using the bounds above and in addition the bounds
in Lemma 5.2 for (M*()) + S;)~!, and by noting that

1 1
Bi(A1)7' = Bi(Ap)! = )L—Ai()tl)_1 - )L—Ai()&z)_1 + EFX (A1) — Ex (L),
1 2

The contribution of E5 is controlled by the bound in Lemma 5.6, specifically (66).

For the contribution of the remaining terms, we note

1 1 1 1 1
— AT Q)T AT Q) T = (= ) AT ) T (A ) T AT () Y.
T AT A0 = (o)A T (AR T AT
Then (67) suffices to control the second term, while the first term is controlled by
using (A*(1))~' = O(1) by Proposition 5.4 and the simple bound

AT = A5 S g = Ao YA R O
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6. Small energy dispersive estimates when zero is not regular

In this section we study the small energy portion of the Stone’s formula, (7), when
zero is not regular:

o0

/ eIy (VRS — RFIA)(x, ) dA.

—0oQ
In particular, we prove the following result.

Proposition 6.1. Fix0 < y < % Assume that |V(x)| < (x)™B~. If zero is not

regular and B > 3 + 2y, there is a finite-rank operator F; with

sup
x,y

/e_imxm[gz; — R (x. y) dA — Fy(x, p)| < (6)7277 (x)7 ()7,

(68)

where Sup; .y |Fe(x, )| S 1, and if |t] > 2, supy |F(x,y)| < (loglth™L
Furthermore, if there is an eigenvalue only at zero, the bound (68) remains valid
with F; = 0.

In fact, when zero is not regular we explicitly construct the finite rank operator
F;, see (70) below.

Proof of Proposition 6.1. Recall (52). As in the regular case, Lemma 4.6 suffices
to control the first few terms arising in (52), hence we turn our attention to the tail.
Recall that by Lemma 5.7 we have

1 _
MEQ)T = XSlAﬂE(A) IS, + EE().

The contribution of the second term in the Stone’s formula is taken care of by
Lemma 4.7 by taking k = % + y+ in the error bounds for £ (1). This requires
that 8 > 3 + 2y.
It remains to consider the contribution of
1

Aﬂzgt VREV*S1 AT W) LSvRTVRE.

If we replace at least one of the free resolvents with 92? — Go,0, we obtain
further A smallness which allows us to obtain the desired (l)_% bound with minor
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modifications of the proof of Lemma 4.7. In particular, we note that

1
XﬂzatVﬂzatv*SlAi(A)_lSlvﬂ%Vﬂ%at
1
= XngE1/90,01)*51Ai(x)—lslvagEI/ngE
1 . _
+ XR(?V(R?,E —G0.0)0*S1 4TV I S1vREVRE.
Further,
1
;ﬂzgtvgo,ov*slAi(A)—lslvﬂzgtmgt
1 . _
= TR0V G0,0v"S1AT(A) T S1050,0VRT
1
+ XR(fVSO,Ov*SlAi(k)_lSlv(R(f — S0,0) VRS
Iterating this process, we may write

1

AJQgEVSQ?,Ev*SlAi(A)_ISlvR(?VSQ(T

| (69)
= 190,0V90,ov*5114i(l)_151090,0V90,0 + Exy().

We first consider the contribution of the first term to the Stone’s formula. When
there is a p-wave resonance at zero, when S1 — S # 0, using Proposition 5.4, the
=+ difference easily yields a finite rank term with logarithmic decay in time since

. ~ 1
ey (L) 0 d
/ ) l(klogzk)

R

satisfies the desired bound by Lemma 9.1.
So when there is a “p-wave” resonance at zero, we can explicitly construct the
operator F; by

T ATQ)T = A= ()7
F, :=/e_lm)(()t)So,oVSO,ov*Sl( @) 7 @) )Slv9o,0V90,0 dA.
- (70)

In the eigenvalue only case, when S1 = S, # 0, by Proposition 5.4 the leading
term in (69) disappears by =+ cancellation since A*(1)~! is independent of the
choice of sign in this case. Therefore F; = 0.

For the terms in €, (1), we have the following variant of Lemma 4.7 (we drop
the £ signs since we do not rely on cancellation):
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Lemma 6.2. Fix0 <y < % Assume that |V(x)| < (x)™272Y~. Let T(A) be an

absolutely bounded operator satisfying (for |A|, |A1], |[A2] S 1 with |A1| < |A2])
NTMl2mre S 1A

_3_ 1
T (A1) = TA2)lll2mr2 < A]7277 A1 = A2 277

~

Then

‘/ e )RV Rov* TvR VR (x. y)dA| 5 (1) 377 (x)7 ()7
R

where R; = Ro, Go,0, or Ro — 0,0, j = 1,2,3,4, and at least one of them is
Ro — So,0-

Note that the hypothesis is satisfied by the mean value theorem if T (1) =
O1(A71) as an absolutely bounded operator, in particular when 7'(1) = %Ai(l)_l.

Proof. Let R = vR3VR4. Since each Ry, Go,0, and Ry — Go,o satisfies the
bounds (33) and (38), the operator R satisfies the bounds (55) and (56) in the
proof of Lemma 4.7. In particular, the L§1 norm of R(A)(y1,y) is bounded
in y and A, and the L2 norm of R(A1)(y1.y) — R(A2)(y1.y) is bounded by
D) [ = Ao 247|277
If R3 or Ry is equal to Rp — Go,0. Then, by (33),
Ro(x,y) = So.0(x,¥) = O(IA]'""(1 + |x — y|*7).

Therefore R satisfies the following improved pointwise bound

RO IS I+ [y = y* )™ (71)

In particular, the L§1 norm of R(1)(y1, y) is bounded by |A|'~.
Using these bounds and the hypothesis for 7', we see that

T (x| < 147,

with T := Ry VRv*TvR3V Ry4. This implies the uniform bound when 7 is small.
Also using this in the case |[A; — A2| Z |A2| we obtain

IT(A1) = T(A2)| S JA1 — Ao 2 TY|A, 727~
When |1 — 43| < |A2] &~ |A1], we estimate [["(A1) — ['(12)](x, y) by
A2 A = A2 A = A2 A 2T ()Y ()Y A

<AL= ATV IA T ()Y ()Y
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The first summand above corresponds to the case when the difference is on T
and the second summand corresponds to the remaining cases. Combining these
bounds for 0 < y < 1 we have

IF (A1)~ TN Y] S ()7 () A = 22127 07y <1, j =12,

Therefore, by applying the Lipschitz argument as in (16), we bound the integral
by (1)72 7 (x)7 (3" A

This finishes the proof of Proposition 6.1. |

7. Threshold characterization

The characterization of the threshold is similar to the characterization for the
massive casein [21]. See [23] for the three dimensional threshold characterization.
These results have roots in the characterizations for Schrodinger operators may be
found in [24, 20, 16].

Lemma 7.1. Assume that |V(x)| < (x)™# for some B > 2. If ¢ € ker(T), then
¢ = Uvy with ¥ a distributional solution to Hyr = 0 and € L?(R?) for all
p>2.

Proof. Take ¢ € ker(T), ¢ € L?. Then
0=T¢ =Up+vG0,00"¢p =0 = ¢ =—-UvGpov*¢.
Define ¢ := —Gg,0v*¢, then ¢ = Uvy. Now, with H = Do+ V = —ia-V+V,
HYy = (—ia-V+ V)W =—ia- V¢ + v *Uvy =ia-V(Go,0v p) + v*¢
Here, recalling (28) and (3), we have
ia-V(So0v*p) =ia-V(—ia-VGev*p) = A(—A)"w*¢ = —v*¢
distributionally. So,
Hy =ia-V(S0,00"¢) +v"¢p = —v"¢ +v7¢ =0.

That is, if ¢ € ker(T') we have Hy¥ = 0. Now, to show that ¥ € L”, we have
¥ = —Go,0v*¢ with ¢ € L?. We can bound |G ,0(x, y)| < |x — y|™! to employ a
fractional integral operator argument. So that,

_1_
fy 600l dy
X

Sl
-y

q

1Wlly = IS00v"dlly < H /
]R2
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for 2 < g < oo. Furthermore, since ¢ = Uvyr we have y = —Gg,0V ¥, and
< )" < —liy=2—), <
W] < 1900VVI| < x _y||¢(y)|dy S sl =707l = 1.
R2
Thus, ¢ € L? forall p > 2. O

Lemma 7.2. Assume that |V(x)| < (x)7 for some p > 2. If $ = Uvyr € S;L?
then .
—ia-x
== * r
V) 2n(x)291’lv vl

where T, € L2 N L.

Proof. By the last lemma, we have € L*°. We recall that = —Gg ov*¢ and
the kernel of G; 1 is 1, so

i fa-(x=)y) .

Y(x) = v (y)¢(y)dy

2 ) =y
]RZ
_ 1 a-(x—y) X7 « ia-x .
= [ - S o ay - S sune.
R2

The first term is in L? (see Lemma 7.3 in [21]). Combining this with ¥ € L*®
finishes the proof. We note that the assumption that § > 2 suffices here, the
logarithmic terms in the massive case considered in [21] required further decay of
the potential. These terms do not occur in the massless case, specifically we need
only (68) in [21] for which B > 2 is sufficient. O

Corollary 7.3. The rank of Sy is at most two plus the dimension of the eigenspace
at zero.

We note that the at most two dimensional space of resonances correspond to
the p-wave resonances in the massive Dirac, [21], and Schrédinger [20] operators.
We again note that there are no “s-wave” resonances in the massless case.

Lemma 7.4. Assume that |V(x)| < (x)7P for some B > 2. If HYy = 0 with
¥ € L2 4 Ny L?, then ¢ = Uvyr € S1L2, i.e. T = 0.

Proof. Using Hy = 0, we have i - V{y = Vi = v*¢p. We first show that
Vv = —SGo,0v*¢. Since ¢ = Uvy € L2, we have that v*¢ € L!. Recalling (28),
Go,0 = —ia - VGy, 80

—ia - V[ + Go,0v*P] = —ic - VY + AGov™¢p = v*¢p —v* ¢ = 0.
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Thus,
—ia - V[{ + G000 ¢l =0 = ¥ + Go,0v*d = (c1,¢2)T.

Since ¥ € L? 4+ Npe2.00L? and Go0v*¢ € L? for all p > 2 by the proof of
Lemma 7.1, we have (cl,cz)T elL? + Npe(2,00] L. Therefore, ¢; = ¢, = 0, and
¥ = —Go,0v*¢ as desired.

Next, to show T¢ = 0, we note that Up = U?vyr = vyr. Also recalling that
T =U +vYGp0v* and ¥ = —Go,0v*¢, we have

To =Up+ vG0,0v*¢p = vy —vy =0. O

Recall that S, is the projection onto the kernel of S1v3; ;v*S;. We have the
following classification for S, L?:

Lemma 7.5. Assume that |V(x)| < (x)™# for some B > 2. Fix¢p = Uvy € S{L2
Then ¢ € SoL? if and only if € L2.

Proof. By Lemma 7.2, ¥ € L? if and only if §; ;v*¢ = 0, which is equivalent to
¢ being in the kernel of S1v5;,1v*S;. O

We now prove that S,v51,0v* S, is always invertible on S,L2.

Lemma 7.6. Assume that |V(x)| < (x)™# for some p > 2. For ¢ € S,L?, we
have the identity

(S0,0v @, G0,0v™ @) = (V¥ ¢, G1,00™ ). (72)
Furthermore, the kernel of S>v51,0v*S> is trivial.

Proof. First note that by Lemma 7.5, we have ¥ = —Ggov*¢ € L2. On the
Fourier side,

(Go,0v™ @, Go,00™ ) :/#<(g i)@ (2 (E))ﬂ>@2 dé

R2

1 — —
=/W(v*¢,v*¢)cz dt.
R2

Using the expansion

Ro(—=2%) = g(M)G1.1 + Go + OA°F|x — y|°h)
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and §;,1v*¢ = 0, we have

(v, 51,007¢) = (¢, Gov™¢) = lim (v, Ro(— A*)v*¢)

=1 , d , d
fi%/muxz e dt = /|s|2 e dt

by monotone convergence theorem. This implies the identity (72).
Take ¢ in the kernel of S>vG1,0v*S>, then by the identity (72),

117> = (So,0v*®. So.0v*¢) = 0.
Thus, ¢ = 0and ¢ = Uvy = 0. O
Lemma 7.7. The projection onto the zero energy eigenspace is
Py = G0,0082[S2v51,00*S2] " S2v*Go,0.

The proof follows along the lines of Lemma 7.10 in [21]. For the sake of
brevity, we omit the proof.

8. High energy dispersive estimates

We now provide a proof of Theorem 1.2, the high energy dispersive estimate. The
theorem follows from

Proposition 8.1. Under the hypotheses of Theorem 1.2, we have the bound

< ()73, (73)

sup
x,y

/ e F IR — RpI(A) (x. ) dA

. —2— 3
provided |V(x)| < (x)™2~. Furthermore, for 0 < y < 5 we have

‘ [ g 0RE — i 0 3] 5 A

provided |V (x)| < (x)7 for some B > min(2 + 2y, 3).
We employ the resolvent identity twice to write
REA) = REQ) —REQWVRFA) + REMVREM)VRE (V). (74)

By virtue of Theorem 2.1, we need only bound the second and third summands.
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Lemma 8.2. The contribution of the second term in (74) to (73) satisfies the decay
bounds in Proposition 8.1.

Proof. We write the free resolvents as
Ry (M. ) = RE(Alx = y]) + Rig (Alx = ).
where

REAx — y)) = x(Mx — yDREA|x — y))
and

REAx — y]) = F(Alx — yDREA|x — y)).

We consider the contributions of terms with at least one instance of ﬂ%fl, such as

[ [ a7 2R G i + Rl ) s
R R2 x V(xR (Alx1 — y|) dxida,

and the two terms with only the low-energy part of the resolvents,

/ / AT TR A — xa DRE (Rt — )
e C Ry (hx — 11 DRE 1 — YDV ) dxrdA

That is, we need only use the “+/-” on the “low-low” term. We consider the “low-
low” term first. By symmetry, we need only consider

[ [ it ar - uh - R Glx - ) (76)
A x V(x1)RL (A|x1 — y|) dx1dA.

From (9) and the support condition A|x — x| < 1, we see that
|05 [RS (Ax — x1]) = Rp A x —x1 D] S AYF, k=0,1,2.

While from Lemma 3.2 and the support condition, we see that

|RE(Ax1 — y])| <

X1 —yl’

RRE(A|xy — < -,

| A L( | 1 y|)| (A|X1_y|)0+
1

PZREM|x — <
| A L( |X1 )’|)| ~ A(A'Xl_y|)0+
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which implies that

1(76)] s//rl—m) 'V(f‘i' dxid).

|x1

R R2

We can see that the integral is bounded uniformly in x and y by Lemma 9.2. For
|t| > 1, by a single integration by parts, one has

0015 1 [ [ A IVl (o + s dndd S 7

lxi—yl - Ax —x DO ]
R R2

There are no boundary terms due to the cut-off. While integrating by parts twice
yields

1 o 1
(6] 5 5 [ A7 20V dxidh 5 5.

R

Alxy =y

We now turn to the contribution of (75), which necessitates spatial weights for
faster time decay. We have to control two terms. We first look at the “low-high”
interaction:

//e—it)k:l:iklm—yIA—Z—X(A):RZLt(MX —x1DV(x))o+(A|xy — y|)dxidr. (77)
R R2
Using (36), we see that
i [ [aiin—" s

1
lx — x1||x1 — y|2

R R2

The spatial integral is bounded by Lemma 9.2 with k = 1 and £ = %
For ¢t > 1, without loss of generality we work with the “+” case. We consider
two subcases based on the size of 7 — |x; — y|. In the case that |7 — |x; — y|| < £,

we have that |x; — y| 2 ¢. Using (36) we have |04+ (A|x; — y|)| < A2¢~2. Then,

1 3 V
7] <1 / / ) (x;)l'

|x —

|dx1d)L <173

R R2
Here the spatial integrals are controlled by Lemma 9.2. At the cost of spatial
weights, one may attain faster time decay. Furthermore, since |x; — y| = ¢, for
y > 0 we have
o =yl _ )7 ()
v~ v

1<
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Thus,
: Vv
izt [ ot i axa
|x — x1]
R R2
Y
5Z—é_l’<y>1’//}L_%_)?(A)%dxldkgt_i_ybj)y'
— X1
R R2

Provided V decays sufficiently, Lemma 9.2 controls the spatial integrals.
On the other hand, if [t — |x; — y|| > £ we integrate by parts twice. There are
no boundary terms due to the support of the cut-off, and we see

(7Dl <

——y)?
x / / BRI FOREA I — i DV ()Ll — ]| dxrdA
R R2
1 Vv 1
< —2//1—%—1(A) V) rdxidl < .
t lx1 — x|y — x1]2 !
R R2

The final term to consider is the “high-high” interaction in (75).

/ / e—it)k:l:i)k(lx—xl |+|x1—y|)A—2—)?(A)@i(A|x — X1 |) (78)
R R2 x V(x)wx(|x1 — y|)dx1d A

We consider the “+” case. The integral is bounded in ¢ as before. For ¢ > 1,
first we consider when |t — |[x — x| — |x1 — || < % In this case we have that
max{|x — x1], |x1 — y|} = ¢. The analysis then proceeds as in the bounds for (77)
in the analogous case.

Finally, if [t — |x — x;| — [x; — y|| = £ we may integrate by parts twice to
obtain

1
(t —x —x1| = |x1 —y]?
< [ [ 1030760 — nDVCrnww (i - yDlldxida
R R2

1 4
—2//)F3_ VOOl gryan <7
t

1 1
|x —x1]2|x1 — |2

|(78)]

A

A

R R2

This finishes the proof. |
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Lemma 8.3. The contribution of the third term in (74) to (73) satisfies the decay
bounds in Proposition 8.1.

Proof. We drop the + signs since one can not use the £ cancellation in this case,
and we consider only the “+” case.

Under the hypotheses of Theorem 1.2, we have the limiting absorption princi-
ple

1
sup |95 Ry (Ml 2o4im 20—k ST, 0> 2, k=012,
A>0

see [17]. The main obstacle at the moment is that Ro(A)(x, -) is not locally in L?
due to the | 7 singularity in Rz. We write

RoVRyVRo =R VRyVRL +RgVRy VR + R VRy VR + RgV Ry VRy.
Now, using the resolvent identity on Ry for terms involving R;, we have

RoVRyVRo = RLV[Ro — RoVRo + RoVRy VRe]VRL
+ RuV[Ro — Ry VRo]VRL
+ RLV[Ro — RoVRY]V Ry
+ RV Ry VRy.

(79)

The summands that do not contain Ry follow roughly the same argument as in the
previous lemma. Cancellation between terms (as in (76)) is not needed even at low
energy because the iterated integral [[p. Ix—x:/I(lii)—I;(lelziz— 5T dxy1dx, is bounded
uniformly in x and y.

We consider first the contribution of the final term in (79):

e—it/l~ A
/ AT{()RHVRVVRH(A)(X, V) dA

a (80)

- 22+ Cl)j:()\,lx—)(le[VRVV](xl,.Xz)

B / e tAu—ly—xil=lx2=xD) y(3)
RS X wL(A|lxz — y|)dxidxadA.

The boundedness of this integral follows from the bound in (36):

L2325
X Nlo+@l-=yDVOI, 2. 14.d2

601 % [ 22 Jor b= DVOl 2y 1201
R

N/)i()d)k<1

R
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To show the time decay, we do an analysis as in the proof of the “high-high” term
in Lemma 8.2. Let 1, ¥, be a partition of unity such that ¥;(z) + ¥2(z) = 1
with v, supported on |z| = 1 and 1 on |z| < 1. Using (36) we see that

W2 (x = x1l/Ds (lx =DVl g0 % PRI

)~1

o+ (Alxz = y)V(x2)| 2+ SAZ.

X2
Also using the limiting absorption principle, we estimate (80) in this case by
1 [ X))

A1+
R

I\)
I\J

t~ Z-ZdA <172,

To obtain the faster decay, note that for any y > 0,

[V2(]x — x1]/ D04 (Alx = x1 )V (x1) | [2h

)"1

X —X 1 _1_
Y s G =DVl g, 5247,
X1

< I —xil/0(—

The case ¥ (|x — x1|/t)¥2(]x2 — y|/¢) is treated similarly. It remains to consider
the contribution of 1 (|x — x1|/t)¥1(|Jx2 — y|/¢), which implies that

=[x —xi|=|x2—y[= L
2
Therefore, we can integrate by parts twice to obtain (with w(A,1, |x — x1]) =
Y1(|x — x1l/Do+(A]x — x1))
601 = | ‘ [ B (5ot lx = mbly R VI, )
/ 22+

x w1(A, 1, |x2 — y|)) dxy dxs| dA

< tiz/k 1—~(A)ZH V(x1){x1)~

= x1]2

12
P e

di < —.
L3, 12

H V(x2)(x) 3t

|Xz—y|2

We turn now to a “low-low” interaction term in (79):

/e_im)k_2_)f()t)fRLV:ROV:RVV:ROV:RL(A) dA (1)
R
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For the inner resolvents we use the following bounds for A > 1, which are not
sharp but suffice for our purposes

35 Ro Q) (. )| < A3 ( +lx—y[?), k=012

1
|x =yl
The boundedness and time decay follows from the limiting absorption principle
and the observation that

|5 RLY RoV (x| 544 S A2

1
2

The remaining terms in (79) can be treated similarly. O

9. Integral estimates

Finally, we provide proof of the integral estimates that are used throughout the
paper. We first provide the time decay estimate.

Lemma 9.1. We have the bound

. ~ 1 1 e,
e 2
J Alog” A (log |t~ for|t] > 2.

Proof. The boundedness of the integral follows from the integrability of the term
(A1logZ1)~! on the support of y. The large |¢| decay follows by dividing the
integral into |A| < |¢|~! and integrating by parts when |A| > |¢|~!, see Lemma 3.2
in [16]. O

Now, we catalog the spatial integral estimates we use. The first bound is a
special case of Lemma 6.3 in [18].

Lemma 9.2. ForO0<k,£ <2, 8>0sothatk +{+ 8 >2andk + £ # 2,

(x1) 7P~

<
1

A |X—x1|k|xl —)’|£
R

~

( 1 )max{O,k+€—2}
[x =yl '

We also state the following corollaries:
Lemma 9.3. For any y > 0, we have
/(Ix =21l =y )T (v = I+ =y Thdn
2
sy

(7.
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Lemma 9.4. The following integral bound holds

/(1 + 1y =22 2) A+ |y — [T Hdy2 S 1+ |y —y[*)
]R2

Proof. The proof follows using Lemma 9.2 provided we show

/ dys <1+ [y — 3]
[y1 — yzllyz -]

We note that

1 < 1 n 1 ’
ly1 — yally2 — I ly1 = yally2 — y 't ly1 = yally2 — yI1=

and Lemma 9.2 finishes the proof. |
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