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Self-adjointness of two-dimensional Dirac operators
on corner domains
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Abstract. We investigate the self-adjointness of the two-dimensional Dirac operator D,
with quantum-dot and Lorentz-scalar §-shell boundary conditions, on piecewise C2 do-
mains (with finitely many corners). For both models, we prove the existence of a unique
self-adjoint realization whose domain is included in the Sobolev space H /2, the formal
form domain of the free Dirac operator. The main part of our paper consists of a descrip-
tion of the domain of the adjoint operator D* in terms of the domain of D and the set of
harmonic functions that verify some mixed boundary conditions. Then, we give a detailed
study of the problem on an infinite sector, where explicit computations can be made: we
find the self-adjoint extensions for this case. The result is then translated to general domains
by a coordinate transformation.
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1. Introduction

In this paper, we study the self-adjoint realizations of the two-dimensional Dirac
operator with boundary conditions on corner domains.
The free massless Dirac operator in R? is given by the differential expression
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where 0 = (01, 02) and the Pauli matrices are defined as
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The Dirac operator describes the evolution of a relativistic particle with spin % It
also arises as an effective description of electronic excitations in materials with a
hexagonal lattice structure, such as graphene. The free operator in R? can be seen
to be self-adjoint on D(H) := H!(R2, C?), since it is equivalent to multiplication
by o - k after Fourier transform. For more details, see for instance [26].

Let Q C R? be a connected domain with ¥ := 9. Throughout, y is the trace
at . We denote by n the outward normal and by # the tangent vector to X chosen
in such a way that (n,¢) is positively oriented. In this paper, we will study two
perturbations of the free Dirac operator related to the domain €.

The quantum-dot operator arises when the Dirac fermions are confined by a
termination of the lattice or by some type of potential. The best-known example of
these boundary conditions is the one known in different communities as infinite
mass, armchair, MIT-bag or chiral, as introduced in [8] for theoretical reasons,
or experimentally studied, for instance in [22]. In [24], it was shown that this
operator is the limit (in a suitable sense) of the free Dirac operators perturbed by
a mass term localized outside the domain € when this mass tends to infinity. The
quantum-dot operator D€ acts as H on the domain

D(D?) = {ue H(Q.,C»: PLyu = 0}. (1.2)
Here, the boundary condition P,,Q is parameterized by n € [0, ), and it is given

by
PCyu = L(1— A2 AL =i 1.3
YU = 5( —A7)vu, = sin(n)o - £(s) + cos(n)o3. (1.3)
Throughout this paper we assume that n € (0, ). The case n = 0 is known as

zig-zag boundary value conditions. Mathematically speaking, it is very different
from the other cases and we plan to study corners in this model in the future.
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The §-shell interaction arises as a limiting case of the free Dirac operator
perturbed by a potential that is strongly localized on the curve ¥. Formally, one
can think of this perturbation as a potential that is a constant matrix times the
Dirac § distribution on X. In order to make sense of this mathematically, it has
to be considered as a boundary value problem. The action of the §-shell operator
on a function defined on the whole space can be seen as the direct sum of the
action of the free Hamiltonian on the restriction of the function on € and its
complement €. Along the curve X, both functions are linked by a special type of
transmission condition given in (1.5). In dimension three, in [18, 17] it is shown
that this type of operator is exactly the limit of the operators with smooth potentials
that approximate a delta function on the surface. The case that we study here, is
the case where this potential takes the form of position-dependent mass term, or
formally m8xo03. We call this model the Lorentz-scalar §-shell (as opposed to an
electrostatic delta-shell generated by Véx1¢2), since it is invariant under Lorentz
transformations. We study the Lorentz-scalar §-shell operator D%, defined as the
action of H on pairs of spinors u,u_ defined in Qt = Q and Q= = R?\ Q,
with domain

D(DY) = {(us.u_) € HY(QT, CH)x HY(Q™,C?): PL(yus.yu_) =0}, (1.4)

where the boundary condition PML is parameterized by u € (—1, 1), and defined
as the orthogonal projection on pairs of spinors satisfying

leyu++M;yu_=O, Miﬁ = (tio -n+ uos). (1.5)

For the physical interpretation, 2u is the mass of the §-shell. Throughout this
paper, we assume that u # 0 since the case u = 0 coincides with the free Dirac
operator on R2.

When Q is a C? domain, both operators are self-adjoint. In other words, the
boundary value problem has an elliptic regularity property. For the quantum-dot
model, this was shown in [7]. The §-shell interaction has been studied previously
in dimension three, but the 3-dimensional theory also applies in dimension 2. Self-
adjointness for 3-dimensional §-shell interactions has been obtained in [12, 2, 3,
4,20, 6, 5, 14], in increasingly general settings, and we refer to [19] for a review
on the topic.

In this paper we are interested in relaxing the smoothness hypothesis on the
domain: we consider domains with corners. This is justified by several reasons:
first the fact that for numerical approximation, smooth curves are approximated
by polygons. Second, from a mathematical point of view this turns out to be an
interesting question, and it goes beyond a mere generalization of the methods in
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previous works. Indeed, if we compare the same problem for the Schrodinger
operator, we obtain that for convex corners the operator admits a one-parameter
family of self-adjoint extensions. Any element in this set is the norm resolvent
limit of a suitable sequence of Friedrichs—Dirichlet Laplacians with point interac-
tions, see [23]. Although we can expect the existence of a family of self-adjoint
extensions, they cannot correspond to point interactions, since the point interac-
tion for the Dirac operator is not well defined in dimension greater than one.

To our knowledge, boundary value problems on corner domains for the 2-di-
mensional Dirac operator have been treated in only two works. In [16], the case of
polygons has been treated for the MIT-bag model, a particular case of quantum-
dot boundary conditions. In the case where €2 is a sector, the authors prove that the
operator defined on H! is self-adjoint for opening angles in (0, ) and it is not self-
adjoint for opening angles in (i, 277). In the latter case, it admits a one-parameter
family of self-adjoint extensions and among them, only one has domain included
in the Sobolev space H 1/2 1n [9], the authors study the case of two-valley Dirac
operator on a wedge in R? with infinite mass boundary conditions, with an ad-
ditional sign flip at the vertex. They parameterize all its self-adjoint extensions,
proving that there exists no self-adjoint extension, which can be decomposed into
an orthogonal sum of two two-component operators. This property is related to
the valley-mixing effect.

These two papers strongly depend on the radial symmetry of the domain.
We generalize the results in [9, 16] to more general boundary conditions and
curvilinear polygons. Our main result, Theorem 1.2, states that for a general
bounded and piecewise C2-regular domain Q with finitely many corners, the
operators D and D € have a unique self-adjoint extension with domain contained
in H'/2, the natural form domain of H. The Sobolev space H!/? is highly
significant in the framework of the Dirac operator and it appears naturally in
related models, such as the Coulomb interaction, see for instance [11] and the
references therein. Since functions in H'/2 do not necessarily have boundary
traces, we need to introduce some definitions before stating this precisely. The
proofs in [16, 9] use an exact decomposition of the operator on the wedge in
angular momentum subspaces. This strategy could also work for the operator
under consideration here. However, we chose a different method that can be seen
as a Dirac analogue of the tools developed in [13] for the case of second-order
elliptic operators on corner domains. Indeed we characterize the domain of the
adjoint operator in terms of the operator defined on H! plus the set of C2-valued
harmonic functions that verify some mixed boundary condition, see Theorem 1.6
for more details. This fact holds independently of details about the domain and
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may generalize to other boundary conditions or the three-dimensional case. The
bottom line is that one has to obtain information about harmonic spinors near
corners to completely solve the problem.

Before stating our main theorem, following [13], we define precisely the class
of domains under consideration.

Definition 1.1. Let Q@ C R? be a bounded and simply-connected domain and let
Y = 0Q. We say that Q is a curvilinear polygon of class C? if and only if for
every x € X there exists a neighbourhood V of x in R? and a mapping y: V — R?
such that

(i) ¥ is injective;
(ii) ¥ and ¥~ (defined on vy (V)) are of class C?;
(iii) denoting with v; the j-th component of ¥, @ N V is
(a) either {y € V:yna(y) < O0};
(b) {y € V:vn(y) <Oand y2(y) <0
(©) or{y € Q:y1(y) <0Ooryz(y) <0}

For x € X, we say that x is a convex corner in case (b) and a non-convex corner
in case (c).

We use lowercase letters like u, v, ..., to refer to spinors in L2($2, C?) or pairs
of spinors in L2(QT, C?)x L?(2~, C?). When we have to distinguish components,

u= (“1), ui € L4, 0)
2%

in the first case, and

u= Uty u)= ((Zi;) (Z:;)) uz,; € L*(Q*,C)

in the second case.

From time to time, we omit the superscripts Q and L for statements that apply
to both D and DL. We define the maximal domain of the differential expression
H for a domain O C R2, by

K(9) := {u € L*(0,C?): Hu € L*(0, C?))}.

Since D(Q,C?) C D(DQ), the adjoint operator (D2)* acts as H and one has
DD2)*) € K(RQ). Analogously D((DL)*) ¢ K(Q1) x K(R7). We can now
state our main result.
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Theorem 1.2. Let Q be a bounded and simply connected curvilinear polygon
of class C?. Let the operators D2 and DL be defined respectively as in (1.2)
and (1.4). The operators D2 and D™ admit self-adjoint extensions DOQ and D¥
with domains

D(DOQ) — (u e HV2(Q, %) N K(Q): P,,Qyu — 0},
D(DE) = {u = (us.u) € (H2QF, ) nK(@")
x (H'Y2(Q™, %) nK(Q)):
P (yus,yu-) =0}

Remark 1.3. The functions in X(Q2%) do not have H! regularity and so, a priori,
the boundary conditions are ill-defined. Nevertheless, we will see in Lemma 2.3
that the boundary trace can be defined in a weaker sense. Also, away from the
corners, elements of D(DOQ) are H'! and thus the boundary conditions hold in the
usual sense in any subset of ¥ not containing corners.

Theorem 1.2 is a consequence of a more general result about the decomposi-
tion of the domains of the adjoint operators (D<)* and (D%)*. We first define
the localized operators close to each corner and the spaces of solutions of the
corresponding adjoint problems.

Definition 1.4. Let Q be a curvilinear polygon of class C2 and let D be defined
asin (1.2) and (1.4). Let C be the finite set of the corners of X and let p > 0 small
enough such that for all distinct corners ¢;,c¢; € C, B(c;,3p) N B(c;,3p) = 0.
Then, for any ¢ € C we define

N2(c) :=={u € K(Q N B(c. p)):
Au=0and P2yu = PLy(Hu) =00n XN B(c.p)},
NE(e) :={u= (ut u") e XK(QF N Bc. p)) x K(Q™ N B(c. p)): (1.6)
Au = (Aut, Au”) = 0and P;f)/u = P,,Ly(Hu) =0
on X N B(c, p)}.
So, the spaces N,(c) contain harmonic functions in a neighborhood of the corner

¢ satisfying some mixed boundary conditions. We will also need to extend these
functions to the entire domain. To this end, fix a radial cut-off ¢ such that

1 for|x| < 1/3,

(1.7)
0 for|x|>2/3.

¢ € C®°(R2,[0,1]) and ¢(x) = {
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We define
xX—c

Noe) = {g(

where, for u defined in B(c, p), u denotes its extension by zero.

)uE(x):u € Np(c)}, (1.8)

Remark 1.5. Since H? acts as —A, if u € N,(c) then Hu € X and the boundary
trace of Hu is well-defined in the generalized sense.

With these definitions, we can state the following theorem.

Theorem 1.6. Let Q be a curvilinear polygon of class C? and let C be the finite
set of its corners. Let D be defined as in (1.2) and (1.4), and let N,(c) be defined
as in (1.8). Then, we have a decomposition:

D(D*) =D(D) + Y _ Ny(c). (1.9)

ceC

The paper is organized as follows: we prove Theorem 1.6 in §2. In §3, we
use separation of variables to compute a basis of N,(c) in the case of a wedge
with straight edges. This allows to obtain the complete description of self-adjoint
extensions for corners with straight edges. In §4, we obtain a unique self-adjoint
extension with domain D(D*) N H'/2 for curvilinear polygons. Some of the
more technical and computational proofs are left for the appendices. Appendix A
groups some technical proofs needed in §2, Appendix B contains the explicit
computations of harmonic spinors in the straight wedge, and in Appendix C we
construct an explicit coordinate transformation and corresponding transformation
of spinors to translate results from the straight wedge to curvilinear polygons.

2. General considerations and proof of Theorem 1.6

In this section, we group some properties of the operators D€ and D, their ad-
joints, and finally prove Theorem 1.6. We assume that €2 is a bounded curvilinear
polygon of class C2.

We start with some identities that are well-known from the smooth case. In
order to simplify the computations, we rewrite the boundary conditions defined
respectively in (1.3) and (1.5). Throughout the paper, we use the canonical
identification R? ~ C: for any x € R2, we will denote x := x; + ix; € C.
In particular, with this notation n = n; + in, and t = t; + it,, where n is the
outward unit normal and ¢ = (—n», ny) is the tangent vector with our choice of
orientation.
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For the quantum-dot model, P,2 (}%4!) = 0 if and only if

yu, = Btyu;, where B := ﬂ.
1 —cosp
So we can use equivalently
D(D9) = {u e H'(Q,C?): yu, = Btyu,}. 2.1)

From (2.1), the operator D€ depends on a parameter B > 0. We use the notation
D28 to stress this dependence. Setting

B2 0
Mp = ( 0 BI/Z)’

D28 = MpD2 ' Mp.

we have that

Since the matrix Mp is Hermitian and invertible, the problem of the self-
adjointness for the operator D28 is equivalent to the problem of self-adjointness
for the operator D2>!. For this reason, from now on we only assume that B = 1
or equivalently n = w/2. This kind of boundary condition is called infinite-mass
boundary condition. Finally, for the sake of clarity, we identify P2 = P,,Q/2-

For the Lorentz-scalar §-shell, by using the identity io-n 03 = o -t , we obtain
that M, Fyuy + M yu_ = 0 if and only if

yu— =—(M;) "M yu; = cosh(a)yuy —sinh(a)o -t yuy.,
where 5
tanh(ar) = ——.
1+ pu?

Again, we will mainly use this characterization of the domain
D(DY) = {(us,u-) € HY(QT,C}) x H'(Q™, C?):

(2.2)
yu_ = (cosh(a) — sinh(a)o -t )yu4}.

Next, we list some useful identities. For smooth u, v, they follow from the
divergence theorem and identities of the Pauli matrices. They follow for general
u, v by an approximation argument that requires some extra care in the case of
limited boundary regularity. We provide a detailed proof in Appendix A.

Lemma 2.1. Let O be a piecewise C! domain, ny the outward normal. Let
Q be a curvilinear polygon of class C? with boundary X. We define, almost
everywhere on X, k = t- dsn, which equals the piecewise continuous curvature
of the boundary, up to a sign depending on the orientation.
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(i) Forallu,ve H'(0),

(u, Ho)p 20y — (HU, ) 12(0) =1 / (0 -nou,v)e2; (2.3)
a0

(i) forallu,v e H'(0),

(Hu, Hv)12(9y = (Vu, V)29 + / (u,i030¢, V)2 ; 2.4)
90

(iii) forallu,v € D(D2),

K
(DQM, DQU)LZ(Q) = (VU, VU)LZ(Q) + / 5 <u, U)CZ; (25)
z

(iv) forallu,v € D(DL),
(DYu, D*v) 12 g+yxr2 )

= (Vu, Vv) 2@ +)x12(@-) — sinh(a) / kK{(U—,0-tvy)e2. (2.6)
b

With these identities, we check that the operators defined previously are sym-
metric.

Proposition 2.2. The operators D2 and D, defined in (1.2) and (1.4) respec-
tively, are symmetric and closed.

Proof. Tanks to (2.3), the operator D€ is symmetric if

/(«; ‘nxu,v)e2 =0, forallu,ve D?.
)

Letu,v € D(D2), then Pyu = P2yv = 0, where P is defined in (1.3) for
n = /2. Since o - ny anti-commutes with both o3 and o - ¢y, it anti-commutes
with A€ and so

P% -ny =0 -nx(1— P9).

Since P2 is a hermitian matrix on €2, we conclude that
0= (PQyu,a ‘AxyV)e2 = (0 -nxyu, (1 — PQ)yv)Cz = (0 -ngyu, yv)ce.

Thus D€ is symmetric.
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Let us analyse DZ. Thanks to (2.3) we have that D% is symmetric if and only
if
/(a “nxyuUs, Yv4)e2 — (0 -nsyu_,yv_)e2 =0, forallu,ve D(DY).
by
Since o - ny anti-commutes with o3 we have that
MEy=MF, MH ' =w*-1)"'ME MFo-nys=—-0-nsM].
Using these properties, the boundary condition can be rewritten as
u-(x) = —(M) T Mg (x) = (1= i) M Mjuy (x), x €,
and the same holds for v. Thus, we compute
(yu-, o nsyv_)es = (1= ) 2(Mg M yus, o ns Mg MFyvy)co
= (1 —u>) 2 (yuy, M;M/j'a -n;;MM_M/j'var)@z
=(1— ) {yus.0 -nsMiIM MM yvy) e
= (Yu4.0 -nyyvi)ee.

Therefore, the boundary term vanishes and D’ is symmetric.
Finally, to obtain the closedness of D2, we start from (2.5). There exists a
constant Cxy, > 0, depending only on the curvature of X, such that

lullZ1 gy < 10 %ulZ2gy + ]2y + CellyvlZss,
< 1D%u) 256 + 1l220) + Cxllullm e lull 2
< 1DCullZa gy + (1 + € Co)llull3aiq) + €Cxllully i o
Thus, taking € sufficiently small, we find a constant C such that

lull 1) < CUIDullr2@) + lullL2@y)- 2.7

Let (un)n C D(D2) be a Cauchy sequence in the graph norm for D2. Then (2.7)
implies that (u,), is a Cauchy sequence in H'(Q2, C?) and so there exists u €
H'(Q, C?) suchthatu, — uin H'. Since the boundary trace map y is continuous
from D(D?) to H'/2(X) , we have that yu, — yu, and so yu verifies the
quantum-dot boundary conditions. Thus, D€ is closed.

The proof for D% is analogous. We start this time from (2.6) to conclude that
there exists a constant such that there exists Cy, > 0 only depending on X such
that

2
”u ”Hl (Q-i—)le Q)

L
= ”D u||22(9+)xL2(Q—) + ”u”iZ(Qﬂ—)xLZ(Q—) + CZH)’””ZZ(E)-
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This expression can be bounded in a completely analogous way to obtain

||u+||H1(S2+) + ”u—”Hl(Q—) = C(”DLu”iZ(Q-F)XLZ(Q—) + ||ul|iZ(Q+)xL2(Q—))'
(2.8)

Reasoning as before, we conclude that D’ is closed. |

Now, we move on to study D(D*). Since test functions are included in
the domain of D, its adjoint D* acts, in distribution sense, as the differential
expression H. Therefore, the domain of the adjoint is included in the maximal
domain X of the elliptic differential expression H. Spinors in the maximal
domain have boundary traces, as is the case for functions in the maximal domain
of second-order elliptic operators, see e.g., [13, Section 1.5.3]. Furthermore,
functions in the domain of the adjoint satisfy boundary conditions in a weak sense.

Lemma 2.3. Let O be a curvilinear polygon of class C'. The operator
o-ny: H(0,C?) — L%*(90,C?)
extends to a bounded operator
T:K(O) — H™ Y230, C?).

We defer the proof of Lemma 2.3 to Appendix A. We are ready now to give a
first characterization of D(D™*).

Proposition 2.4. Let D€ be the quantum-dot operator defined as in (1.2). Then
D((D?)*) = {u € K(Q): PLo-nTu = 0}, (2.9)

where the boundary conditions hold in the sense that, for all f € H'V?(Z,C?)
such that P,,Qf e HY2(Z, C?), we have

Tu[(1-P2)f]1=0.
Let DL be the Lorentz-scalar §-shell operator defined as in (1.4). Then
D((D")*) = {u = (uy,u_) € K(QT) x K(Q7): PLTu = 0}, (2.10)

where the boundary conditions hold in the sense that, for all f+ and f_ in
HY2(Z, C?) such that MF f+ € H'V?(S, C?), we have

Tu M, [T+ Tu_[M} f]=0.
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Remark 2.5. If v € D((D)*) is supported away from the corners, multiplication
of Tvbyo-n and P,,Q makes sense and the boundary conditions hold in the usual
sense.

Remark 2.6. Let C be the set of corner points of d0. If f and PnQ f are in
H'Y2(30), then f vanishes on € in the sense that it can be written as a H'/2-
limit of functions with compact support in 90 \ C.

Proof of Proposition 2.4. Since H} (22, C?) C D(DQ), for v € D((D2)*) we
have
(D9)*v = Hv,

which implies that D((D2)*) C K(RQ).
Set
D* = {u € K(Q): PnQa-n Tu = 0},
and let us prove first that D* ¢ D((D2)*). Let v € D*, then for allu € D(D2),
yu = (1—P2)yu € HY/2(S). By (A.1),
(DQu, U)L2(s‘z) —(u, HU>L2(Q) =0,
sov e D((D2)*).
For the opposite inclusion, let v € D((D2)*) and f € H'/2(Z, C?) such that

P2f e HV2(2,C?. Thenu = £(1 — P2) f € D(D2), where the morphism
£:H'2(Z,C?) — H'(Q,C?) is a bounded extension operator, and therefore,

Tv[(1 = P2) f1=i(v, D%)2(q) — i (D2)*v.u)2¢q) = 0.
The proof (2.10) is completely analogous. |

The next lemma is the final ingredient for the proof of Theorem 1.6. Its goal
is to study localized versions of the operators that we are considering, near each
corner. The main advantage of the localized setting, is that we can use the compact
embedding of L2 in H!.

Lemma 2.7. For p > 0 small enough and for every ¢ € C let Ny(c) be defined as
in (1.6). Define D gc and D [;, . as the action of H on the domains
D(D2,) :={u € H'(2 N B(c,p), C*):u® € D(D?)};

D(Df.) = fu=@hu") e H'(QF N Bc.p).C?) o1
x H'(Q™ N B(ci, p), C?): '
uf e D(DL));

and let Dy . be its adjoint. Then



Self-adjointness of Dirac operators on corner domains 1055

(1) Dy, is closed and symmetric;
(ii) Ran(D,) is closed and Ker(D, ) = {0};
(iii) Ker((D;‘,c)z) = Ny(c).

Proof. Let us analyse Dgc. For all u € D(D gc)’ the extension by zero uZ is in

D(D?). Thanks to this it is easy to see that D pQ,C is symmetric. By applying (2.7)
to uE, we find that a constant such that

)l 11 @By < CUDLulr2@nBe.p) + 1l L2@nBE.p)- (2.12)

Let (un), < D(D ,,Q,C) be a Cauchy sequence in the graph norm for D gc.
Then (2.12) implies that (u£), is a Cauchy sequence in H (R, C?) and so there
exists u € H'(Q, C?) such that uf — w in H'! and supp(u) C B(c, p). Since
the boundary trace map y is continuous from D (D ,,Q,C) to H'/2(X) , we have that
yu, — yu, and so yu verifies the quantum-dot boundary conditions. Thus, D,,Q,c
is closed.

Next, since D(D pQ,c) is compactly embedded in L2(2, C?) and D ,,Q,C is closed,
thanks to (2.12), and the Peetre characterization theorem for semi-Fredholm op-
erators (see for instance [25, Theorem 2.42]) we conclude that DpQ,C is semi-
Fredholm, i.e., D gc has closed range and a finite dimensional kernel. Let us now
prove that Ker(D ,,Q,c) = {0}. Assume that u is an eigenfunction of D gc with
eigenvalue A € R. Then we have uf € D(D?) and may apply (2.3). Since D2
anti-commutes with o3, we obtain

2A (u, 03U) 12(@NB(c.p)) = (DQuE,cr3uE)L2(Q) — (u, DQ03u)Lz(Q)

= —i /(uE,a-n 03uE)Cz

=
= /(uE,a-t uf) o,
=
where in the last line we used
ionos =o0-t. (2.13)

Using the boundary condition P 2yu = 0, with P€ defined in (1.3) for n = 7/2,
finally gives

1
2)L(uE,cr3uE)L2(Q) = /(uE,a't ub)ee = E/(ME,{a-t uE) 2
b b

— WP ot 48 ) = [ F Fea
>

(2.14)
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If A = 0, we conclude that u € Ker Dgc implies that yu = 0. In addition, the
components of u are (anti-)holomorphic in the interior of 2, which implies u = 0.

We move on to the localized Lorentz scalar operator Dﬁ .- Again, it is sym-
metric and thanks to (2.6), there exists Cx > 0 only depending on X such that to
obtain

2
el (Q+NB(c,p))xH (Q—NB(c,p))

= ” DLME ||i2(Q+)XL2(Q—) + HME ||i2(Q+)XL2(Q—) + CE ”VME ”22(2)
This expression can be bounded in a completely analogous way to obtain

lu+ll g1 @+nBee.p) T IU=Ila1 @B, p))

0 (2.15)
< CUIDScull2@+yxr2@-) + lullL2@+yxr2@-))-

Reasoning as before, we conclude that D CL o 18 closed and semi-Fredholm.
Now if u is an eigenfunction for D CL , With eigenvalue A, we apply the previous
identity to v+ and u_ separately to obtain

2A(uE,a3uE)Lz(Q+)XLz(Q—) = /(uf,a‘t U)oz — (Wl o-tu)eo.
b

The boundary conditions give

/(uf,a-t uf)eo
Z  —((cosh(a) —sinh(a)o -t )u%, ot (cosh(e) — sinh(a)o -1 Juf) o
= /wf,a.t (1 — cosh?(e) — sinh?(@))u% ) 2
4 (uf,2sinh(a) cosh(e)uf) e

= 2 sinh(@) /(uf (—sinh(a@)o -t + cosh(oz))uf)@z.
b

Since cosh(«) > [sinh(«)]|, the matrix — sinh(«)o ¢ + cosh(w) is positive definite.
As before we deduce that if A = 0, the traces must vanish, which implies again
uy =u_=0.

Finally, the proof of (iii) follows from the same reasoning as the proof of
Proposition 2.4 and the fact that H2 = —A. O

With these preliminaries, we can prove Theorem 1.6.
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Proof of Theorem 1.6. Fix ¢ € C and p > 0 small enough. We write ¢, .(x) =
¢ ((x —c)/p). As we have established in Proposition 2.2, D(D) C D(D*). Let us
prove that N,(c) C D(D*). We will denote O = Q or O = Q1 x Q™ depending
on the quantum-dot or Lorentz scalar case. Let ¢, .uf € N,(c) with u € N,(c),
and v € D(D). Since Ny(c) C D(D, ) by definition, we find

(Dv, ¢p,cuE)L2(o) = (D¢p,cv, ”E)LZ(O) —(v,i(o- vd’p,c)“E)LZ(o)
= (Dp,c(Pp,cV)- U)2(0nB(c.p) + (1 (0 Vp,e)V, U)12(0nB(c.p)
= (V. ¢p.eD) ) 120nBe.p) T (10 Vpe)V. U 12(0nB(c.p)
= (v, D*($p,cu")) 12(0-

Now, we move on to the opposite inclusion. Fix w € D(D*) and fix a corner
¢ and p > 0. We will show that we can decompose ¢, cw = WE + ¢, uf, with
W € D(D,.c) and u € Ny(c). Let wR be the restriction of w to B(c, p). Then,
w® e D(D%,) and D} .wR® = (D*w)R. By Lemma 2.7, D, :Ran(D,.) —
D(Dp,) is well-defined and bounded and Ran(D, ) is a closed subspace of
L?. We decompose D;,CwR by projecting on this subspace and its orthogonal:
D wR® = Dy + v, with v € Ran(D, )+ = Ker(D} ). We setu := w — 0
and claim thatu € Ker((D;,C)z). Indeed, since both w® and 10 belong to D(D,.c)s
we have u € D(D] ). In addition, we have

Hu=Hw— Hw = v € Ker(D} ),

sou € Ker((D;‘,c)z) = N,(c). Thus, we have obtained the required decomposi-
tion for ¢, cw. If there is more than one corner, we repeat the previous argument
with (1 — ¢, )w. Iterating the argument for each corner, we are left with a de-

composition
w=Y"@F +puf) + ([]0 = o).
cel cel

The last term is localized away from all the corners and so itis in H! by the results
for smooth domains, see [20, 7]. O

3. Separation of variables on the wedge

In this section, we study N,(c) for the case that & N B(c, p) coincides with a
truncated wedge with opening angle w. We first give some definitions and state
the results. In §3.1, we obtain a precise description of N,(c). In §3.2, we use
this description to classify self-adjoint extensions for domains with straight edges



1058 F. Pizzichillo and H. Van Den Bosch

close to the corners. At the end of this subsection, we also discuss the behaviour
of these extensions under charge conjugation. Without loss of generality, we can
pick coordinates such that c is located at the origin. In standard polar coordinates

(r, 6) defined by
. X1
ri=,/x?+x3, 0 :=sign(x,)arccos (7)

the neighborhood of the corner coincides with the wedge W,,, defined as
Q N B(0, p) = W, N B(0, p), Wy i={(r,0) e C*r > 0,0 <6 <w}. (3.1

In order to express the Dirac operators in polar coordinates, we define

X1 X2 X2 X1
ey = \—,— ), ey = D B
ror ror

Furthermore, we abbreviate 9, = e, - V and dg = ey - V, and obtain
H=—i(o-€, 0, +r 1o-e9dg) = —io-e, (0, +ir lozdg), (3.2)

where in the last equality we use (2.13).
We will need the following functions in order to state our results.

Definition 3.1. Let w € (0,27) \ {r}, and @ # 0.
¢ Quantum-dot: for all k € Z, define ka: [0, w] — C? as follows
1 oA 0

ka(G) = E (e_MkQG) , )LkQ = 2k + 1)% —1/2.

o Lorentz—Scalar: forall k € Zset fiF = (fi&,, fi£):[0, 0] — C* with

L (nLe—iw/z(/l,‘;+1/2))ei)L,1€9
fk +(0) = Ck k . L L ,
) (lez(u/2(lk+1/2))e iri 0

i L iy L
fL (0) . e—thr)Lk Qlemke
k=70 = Ok —2imaf g —idko )

where

A=k cosh(a)e /24 +1/2) _j sinh(a)e'@/ 23k +1/2),

B = —nk sinh(a)e_"“’/z(kléﬁ/z) +i cosh(a)eiw/z(A/%H/z),
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A,ﬁ are the solutions to the transcendental equation

2l eos(m(Af +1/2))|
L+ 2 Jsin((r — )AL +1/2)]

[tanh(a)| =

counted in such a way that AOL is the unique solution in (—1/2,0) and such
that —Af —1 =A%, |, and
ny = sign(asin((r — o)(AF + 1/2))),

ek = ¢!k ™4 [2 cosh(a) (cosh(e) — sinh()nk sin(w(AE + 1/2))]V/2.

Finally let
ug(r, 0) = ¢(r/p)r’ fi(6). (3.3)

where ¢ is the cut-off function defined in (1.7).
With all definitions in place, we can give a precise description of N, (0).

Theorem 3.2. Letw € (0,2n)\{n}, Q asin (3.1). Let N,(0) be defined as in (1.8)
and uy, be defined as in Definition 3.1. Then

N,(0),/(N,(0) N H') = span{uy: Ax € (—1,0]}.

For w < 7 (a convex corner), there are none of the AkQ’s in (=1, 0], while for

w > 7, we have only )LOQ and Agl in (=1, 0]. In the Lorentz—Scalar case, A and
AL, lie in (-1, 0], regardless of the value of w. Thanks to this and combining
Theorem 1.6 and Theorem 3.2 we directly have the following results:

Proposition 3.3. Let w € (0,27) \ {n}, let Q be a piecewise C? domain with a
single, straight corner of opening w, that is Q verifies (3.1). Let D€ and D™ be
defined respectively as in (2.1) and (2.2) and let uy be defined as in Definition 3.1.
Then the following properties hold true.

(i) Quantum-dot. For0 < w < m,
D((D?)*) = D(DO);
form < w < 2m:

D((D2)*) = D(D2) + span(ug ,u?)).
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(ii) Lorentz—Scalar. For w #
D((DL)*) = D(DL) + span(uf . ut)).

3.1. Proof of Theorem 3.2. In order to prove Theorem 3.2, we need the follow-
ing lemma. The rather computational proof can be found in Appendix B.

Lemma 3.4. Let { 4 (0)}rez and {Ag}rez be defined as in Definition 3.1 and

define the angular operators Da%g and Dzﬁlg as the action of —i03dg on

D(DL,) :={f € H'([0,0],C%): £2(0) = £1(0), fa(w) =—' fi(w)},

D(DE )= {(f+,f—) e HY([0,w], C?) x H'(|w, 27], C?):

ang
_( cosh(a) —sinh(a)
J-@m) = (— sinh(a)  cosh(a)

_( cosh(e) e sinh(a)
f‘(“’)_(eiwsmh(a) cosh(a) )f+(“’)}’

)f+(0>,

respectively, in the Hilbert spaces:
HO = (L*([0, @], C?): ) 2).
HE = (L2([0, w], €?) x L ([0, 27], €?); (-, ") 12).

Then Dgang is a self-adjoint operator with an orthonormal basis of eigenfunctions
{fx }kez and eigenvalues Ay. Moreover, for any k € Z.

o-er fi = for—1- (3.4)
We can now prove Theorem 3.2

Proof of Theorem 3.2. Take u € N,(0). It has a decomposition in angular eigen-
functions

u(r,0) =Y he(r) fi(0)  with (h)gez € £2(Z, L*(Ry., 7 dr)).
keZ
Thanks to Lemma 3.4, Au = 0 reduces to

Ry(r) +r~'hy (r) — r222h(r) = 0.
The solution of this equation is /i (r) = agr*c + byr—* with some coefficients
ax.bg in C. Since u € L% we have ay = 0if Ay < —l and by = 0if Ay > 1.
Therefore, we obtain

u(r,0) =Y arr* fi() + Y ber ™ fi(6).

Ar>—1 A<l
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We also know that Hu = D7 qu is in L?. By construction,

H(h(r) fi(0)) = —io ey (; — Dang) (h(r) fic(6))

o . (3.5)
= —i(h'(r) = Akr—"h(r)) f~k-1(8),
where in the last line we used (3.4). So we obtain
Hu(r,0) =Y Qi d)ber ™7 for1(6). (3.6)

A<l

In order to be square integrable close to the origin, we need by = 0 for all values
of k with A; > 0. Therefore, we have obtained a decomposition

u(r,0) = arr* fi(0) + > axr™ fi(0) + Y br = fi(6).
Ax€(—1,0) Ax=>0 A <0

Individual terms in each of the last two series are in H !, but we still need to show
that the same holds true for the sum. We write

v= Y @ fil®), w= Y br T fi(6)
Ax=>0 Ak <0

and treat each of them separately. For w, we use the orthonormality of the angular
functions to write (with the understanding that both sides may equal +oc0)

2 2 -1 2
IVwllzz = 19, wllz> + 7" Dangw]|7

= > bP2R T /(O3

A <0
=172 Y [ Hr £ 0)2, = 1/2) Hul2,,
A <0

where the last line follows from (3.6). Since Hu is square integrable and Hv = 0,
this shows that w € H!. Now for v, we use the fact that u is in H! when local-
ized away from the corner and from dB(0, p), by the result for smooth domains.
Restricting to the Lorentz scalar case for simplicity of notation, we have that

2
IVUIZ2 @0 B0.20/30\B(0.0/3)
_ 2712 Ak—1 £Q 2
= Z lax 24517 7 O L2 @ B0.20/3)\B0.0/3)

Ax>0
= > larP2A2 200" (2p/3)*H — (p/3)**)
Ax>0
>1/C Y lax 225 2h) " (20/3)*4%
Ax>0

2
1/C ||Vv||L2(QﬂB(0,2p/3))'
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Here, 1/C = 1 — (1/2)* with A the smallest positive A¢. This is sufficient to
conclude, since supp(¢p,0) C B(0,2p/3). O

3.2. Characterization of self-adjoint extensions of D2 and DL. We can now
describe all self-adjoint extensions of D€ and D’ for domains with straight edges
in a neighborhood of each corner. For simplicity, we state the theorem for domains
with a single corner, but the generalization is straightforward.

Theorem 3.5. Let w € (0,27) \ {x}, Q as in (3.1). Let D2 and DL be defined
respectively as in (2.1) and (2.2) and let uy be defined as in Definition 3.1. Then
the following properties hold true.

(i) Quantum-dot. For 0 <w <, D? is self-adjoint. For 1 <w < 2t, D2 ad-
mits infinite self-adjoint extensions, and they all belong to the one-parameter fam-
ily {DIQ},E[O,,,) with domains

D(DL) = D(D?) + span(cos()ul + i sin(r)u?)). (3.7)

(ii) Lorentz—Scalar. DT has infinite self-adjoint extensions, and they all belong
to the one-parameter family {D,:L},e[o,n) with domains

D(DLy = D(DT) + span(cos(z)ub + i sin(r)ul,). (3.8)

Proof. If 0 < < m, then D€ is self-adjoint thanks to Proposition 3.3.

Since the approach is the same, now we analyse at the same time the quantum-
dot operator in the case that # < w < 2m, and the Lorentz-scalar operator.

Let u € D(D*). Then, by Proposition 3.3, u = @ + coug + c—ju—_1, with
u € D(D) and ¢y, c—1 € C. Since ug,u—; € D(D™*) and due to the symmetry of
D we have that

(D*u,u)p2 — (u, D*u) 2
= (coD*ug + c—1 D*u_y, coup + c—1u—1)p2

— {coup + c—1u—1, coD*ugp + C_1D*u_1)L2 .

Thanks to (3.5), we have that
D*ur(r,8) = —2¢'(r/ p)r** fy_1(0), fork =0, 1. (3.9)
0

Due to the orthonormality of fy and f1, and since ¢(0) = 1, one has

i} 0 ifk=1,
(D*ug.up) = for k.1 = 0,—1. (3.10)
i/2 ifk #1,
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Thanks to this, we can conclude that
(D*u,u) 2> — (u, D*u);>» = 2i Re(coc—1). (3.11)

Let now D be a non-trivial symmetric extension of D, thatis D € D. From 3.11),
ifu e @(5), then Re(coc=7) = 0. Following for instance [10, Lemma 3.2], we
conclude that there exists T € [0, ) such that ¢¢ = ¢ cos(r) and ¢; = ¢ sin(t)
for an appropriate ¢ € C. This means that the operator D, defined in (3.7) is
symmetric, and that if D is a non-trivial symmetric extension of D, then D = D,
for a certain t € [0, 7).

Let us prove that D is self-adjoint. By construction

D ¢ D, C D;cC D"

Letv = v + coup + c—ju—; € D(D7}) and take u = (costug + isintu_;) €
D(D-), with v € D(D) and ¢y, c—1 € C. Reasoning as before and thanks to (3.10)
we have that

0= (DJv,u);>— (v, D)2 = i/2(—iCosint + ¢_j cOS T),

that directly implies that co = ¢ cos T and c_; = ic sin 7 for an appropriate ¢ € C.
Then v € D(D-), and so D, is self-adjoint. O

For the cases where there are infinitely many self-adjoint extensions, we always
have Ag € (—1/2,0)and A_; € (=1, —1/2). Therefore, ug is in H'/2, while u_ is
not (see for instance [13, Theorem 1.4.5.3] for a proof of this). Thus, the restriction
of D* to H'/2 coincides with D;—o, and we have proven Theorem 1.2 for the case
of corners with straight edges. With our notation, Dy is the self-adjoint extension
of D with the most regular domain. An other criterion to select an extension is
invariance under charge conjugation, as proposed in [16].

In the model that we consider here, the anti-unitary operator of charge conju-
gation is given by

Cu := o1u. (3.12)

When dealing with 4-spinors, charge conjugation is related to the particle-antipar-
ticle interpretation of the Dirac field, see [26, Section 1.4.6]. In our model, it is just
a composition of time reversal (complex conjugation) and parity transformation
(swapping spinor components).

The charge conjugation operator anti-commutes with the free Dirac operator
in R? and also with its perturbation by mass terms of the form m(x)o3, where
m can be any real function. Since the quantum dot operator for B = 1 and the
Lorentz scalar delta-shell operator are limits of operators of this type, it is natural
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to expect that they are invariant as well. Indeed, a short computation suffices to
verify that CD(D) = D(D).

In Proposition B.1, we show that, with our choice of phase factor, Cuy = u.
Thus,

C(D(D7)) = D(r) + span(cos(t)ug — i sin(t)u—;) = D(D—;).

So we conclude that CD; = —D_.C. This means that Dy and D/, are the only
extensions that anti-commute with charge conjugation.

4. Curvilinear polygons

In this section, we deduce Theorem 1.2 from Theorem 3.5. We first check that the
operators with domains in H'/2
further, we assume that 2 has a single corner centred at the origin. The case of
several corners is again just a matter of extra notation.

are symmetric. In order to simplify the notation

Lemma4.1. The operators DE and DOQ , as definedin Theorem 1.2 are symmetric.

Proof. The proof is identical for the Lorentz scalar and quantum-dot case. We give
it here for the latter case, since the notation is more concise. Fix u,v € D(DOQ ).
By the result for smooth domains, u and v are in H1(Q \ B(0,r)) for all » > 0.
We apply (2.3) from Lemma 2.1 to conclude that

(u, Hv)r2(@\p(o,n) = (H, V) 12(@\B(0,r)
= —i / (u,0 -nQu)pa —i / (U,0 -€e,v)p2.
X\B(0,r) QNIB(0,r)

The first term vanishes because of the boundary conditions, that hold in the
classical sense away from the corner. In order to estimate the second term, we
average the identity over r € [s, 2s]. This gives

2s

l/‘ /(u,a-erv)cz

N
s QNiB(0,r)

dr

1
< = | lullv]

N
QNB(0,25)\B(0,s)

1
< ;||7/l||L4(Qmsz(o,2s))||U||L4(ng(o,2s))|Q N B(0,2s))|"/?

< CllullLs@nBo.290 1V L42nB0,25)) -
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The final bound tends to zero as s — 0, since u,v € L*(Q) by the Sobolev
embedding H'/2(Q) c L*(Q). O

This reduces the problem of self-adjointness to the issue of showing that
the domain of the adjoint operator stays in H'/2. We know already that the
domain of the adjoint is included in the maximal domain, so away from the
corners, elements in the domain of the adjoint are even H!. Close to the corners,
we have to transform coordinates to straighten the boundary. In general, this
transformation sets up a unitary equivalence between the Dirac operator on the
curvilinear wedge and the Dirac operator plus a perturbation on the straight wedge.
The unbounded part of this perturbation consists of derivatives of the first order,
multiplied by a function that measures the difference between the Jacobian matrix
of the coordinate transformation and the identity matrix. In the case of smooth
boundaries, this perturbation is irrelevant by the elliptic regularity of the Dirac
operator on the half-space.

Here, elliptic regularity does no longer hold, so we need a to work a little bit
more.

For the quantum-dot case, we can avoid issues by using bounded conformal
transformation to send the interior of the domain to a subset of the wedge. This
conformal transformation maps the maximal domain to the maximal domain on
the wedge, where the classification from Theorem 3.5 remains valid. This allows
for a classification of self-adjoint extensions for the quantum-dot operator as well.
For the sake of brevity, we have stated Theorem 1.2 for the extension with domain
in H'/2, and give a single proof that applies to both the Quantum-Dot and the
Lorentz-scalar model.

The case of the Lorentz scalar operator is more delicate, because it is not, in
general, possible to find a conformal transformation that maps both the interior and
the exterior of the curvilinear domain to the interior and exterior of the wedge. On
the other hand, it is always possible to find a C2 coordinate transformation that
achieves this, but in this case, we have to treat the perturbation terms carefully. We
choose a coordinate transformation with the perturbation of the Jacobian matrix
of order r, with r the distance to the corner. Combined with the H !/? regularity
in the whole domain, this gives us precisely what is needed to conclude. The
perturbation terms are finite and symmetric on the image of the original domain,
which allows to conclude that the image of the original domain is included in
D(D§) on the wedge. By using the decomposition of spinors in this domain
in a H'! part and a multiple of u’, we conclude that the perturbation terms are
relatively bounded with respect to the full operator, with a relative bound that can
be made smaller by taking a smaller neighbourhood of the corner. Note that this
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strategy does not give a classification of self-adjoint extensions, it only proves the
existence of a single extension with the domain in H /2,

We write Dé £ and Dé Mo 1o distinguish the operators DE acting on Q and
W, respectively. A first technical step is to construct a coordinate transformation
that maps the curved boundary inside this boundary to a straight boundary. An
explicit example is given in Appendix C. Having this transformation at hand,
we also have to transform spinors so that the transplanted functions satisfy the
boundary conditions on the new domain. This is achieved by means of point-wise
multiplication by a matrix that, at the boundary points, equals ¢??3"/2, where y
is the angle measuring the rotation to pass from the tangent vector to the curved
boundary to the tangent vector at the boundary of the wedge. We denote this
transformation by U. The map U can be chosen to be unitary. Again, details of
this transformation can be found in Appendix C.

The result of this rather technical construction is to set up a unitary equivalence
between Dé’g (after restriction to a neighbourhood of the corner), and an operator
in the wedge, that decomposes as

UDG®U* = H+ Y Lj(x)d; + M(x), 4.1)

j=12

with L; and M defined in (C.1). The matrices L; depend on the difference
between the Jacobian matrix of the coordinate transformation and the identity. The
matrix M is amultiplication operator containing first and second derivatives of the
functions giving the transformation. By the C? regularity of the boundary, M is
bounded, and the transformation can be chosen to tend linearly to the identity when
approaching the origin. A priori, the expression H + »; L;(x)d; has to be taken

in distribution sense, where only the sum of both is well-defined on U @(Dé ’Q).
What we use in the following, is that

ILj ()22 < Clx|, C >0. 4.2)

We first check that UD(],“ Ly, given by the differential expression (4.1), is well-
defined on D(DE W)

Lemma 4.2. Let Q be a corner domain and assume the corner is at the origin.
Assume that u € @(Dé’g) with support in B(0, R), where R > 0 is sufficiently
small such that the origin is the only corner in suppu. Then

[x[Vux)|lL2 < oo.
Proof. First, we note that

HxIVu@)lz2 < IVIx[uC)lz2 + lull],
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where the second term is clearly finite. Since u is H! away from the origin, we
may use (2.4) and (2.6) from Lemma 2.1 to write, for any r > 0,

/|V|x|u(x)|2dx

R2\B(0,r)
= /|DL(|x|u(x))|2 dx — / K|s|? (U, o314 )2 (5)ds
R2\B(0,r) Z\B(0,r)
-i-/r2 (ug,1030gu)c2 (r,0)do
3B(0,r)NQ
+ / r? (u—,io30gu—_)e2 (r,0)deo.
dB(0,r)\Q

Since DL (|x|u(x)) = |x|D%u + |x|~'o-x u, the first term is bounded indepen-
dently of r. The second term is bounded as well, by using the representation of
the boundary traces given in the proof of Lemma 2.3. Indeed, from (A.1), T is
bounded from H*(Q) to H5~Y/2(Q) for all s < 1, and thus, uy € H/2(Q,C?)
has boundary traces in L2(Z, C?).

In order to estimate the contribution from the boundary of B(0, r), we average
over r € (0,7) and write

t
1
L[ [ rusdiveie 0y a0dr < [l 000 o dr < s e

t
0 9B(0,r)NQ B(0,1)N2

The same argument works for u_. Putting everything together, we have shown
that, for all # > 0,

t
1
- / IV gy popy 4 < CUDE N2 + el g1/2).
0

Since || V|x|u(x) ||i2 (R2\B(O.r) increases as r decreases, this shows that the limit at
zero is finite. U

The previous lemma shows that U maps D(Dé ’Q) unitarily into @(Dé’W“’).
We can now use Theorem 3.5 to conclude that u € D(Dé ’Q) decomposes as

u=v+coU ub

for some v € H! and ¢y € C. This decomposition also allows to show that the
second term in (4.1) is relatively bounded with respect to the first one.
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Lemma 4.3. Letu € D(Dé ’W“’). Then we have

H 3L (x)a,-u(x)) <C( sup |[xDIDEYu| 2 +2C |lull2.  with C > 0.
J

L2 XEsuppu

Proof. By Theorem 3.2, any u € D(Dé’W‘”) has a decomposition ¥ = v +
ciul with v € H!. The key point is that the entries of |x|u’ (x) behaves as
A6 +1/20%(AG=1/2)6 anq therefore, |x|u(x) is in H'. In addition, u satisfies
boundary conditions, so |x|u € D(DL). Now, we use (4.2) and (2.6) with k = 0
to bound

| 3" Lj05),, = ClixIVul = CIVQxh)l2 + Clul2
= < D |xfull2 + Cllull.2
< ClllxIDEule +2C Tl 2. O

Proof of Theorem 1.2. We start by localizing the Dirac operator with an IMS-
type formula. Fix a cutoff ¢ as in (1.7). For p > 0 small enough, we write

$p(x) = ¢(x)/p. Then

H = ¢,Hep+ \J1 - $2H/T— 2. (4.3)

After replacing H by Dé’g in (4.3), the second addend describes a self-adjoint
operator, since the corner does not belong to the support of 1 — ¢§.

We now focus on the first addend. Since we are considering only functions that
are localized close to the corner, we can assume that Q2 = W, outside a sufficiently
large neighbourhood of the origin. Let U be the unitary transformation defined
in §C; by (4.1), (4.2) and Lemma 4.2, we have UD(D?) = D(DE"*). In
particular, from (4.2) we have that

UppDy $U* = §oDo "G+ ¢p Y Lidip + GoMby.  (4.4)
=12
with q~5p = ¢, 0 S~ ! and S the coordinate transformation defined in §C. The last

LWe,
two terms of the right-hand-side of (4.4) are symmetric on D(D, ) since both
Dé % and Dé o are symmetric. In addition,

165 L;3;dpullL> < IL;3;¢pull + ClIV,llzeellul 2

< LW T
< C( sup |x][¢Dg" " pputllr2 + 2C[|[Vp|lLocluf 2,
XEsupp ¢

where in the last line, we used Lemma 4.3. So we have that }_; GpL;0;dp +
¢, M $, is relatively bounded with respect to J),,D(f Mo ¢,. Choosing p sufficiently
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small, the relative bound can be made smaller than 1 and so, by the Kato—Rellich
theorem, see [15, Theorem 4.3 in Chapter V] for instance, we conclude that
¢pD§’Q¢p is unitarily equivalent to a self-adjoint operator. |

Appendices

A. Some technical identities

We prove some technical results from §2. We start with Lemma 2.1.

Proof of Lemma 2.1. The identity (2.3) follows from the divergence theorem. For
u,v € H2(0, C?), identity (2.4) follows from writing

(Hu, Hv)c2 = Z(Uj 0ju, 0k 0k V)2

J.k
=Y (0j0ju,0;0;v)c2 + »_(0j0ju. 04 0kv) 2
J

Jj#k
=:1+1I.
Then I = (Vu, Vv)2(), because the matrices o; are symmetric and 01.2 = 1. For
the second term, since 010, = —0,07 = i03, by the divergence theorem we have
that

II= Z/(a,-u,q,-okakv)@z

J#k o

=/(Blu,icr382v)@z—/(azu,ioﬁlv)cz

o) o
:/(u,io3(n182—n281)v)cz.
20

Finally, in dimension two:
(n182 — n281) =t-V,

that gives the required identity for u,v € H?(O,C?). By density, it extends to
u,v € H'(0,C?), upon interpreting the boundary term as the pairing between
u e HY2(90,C?) and 039;,v € H~Y/2(30, C?).

Identity (2.5) is just (2.4) restricted to functions satisfying boundary condi-
tions, which allows to rewrite the boundary term in a convenient form. Recall that
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k is defined as a piecewise continuous function on X. Since we are treating the
case B = 1 (infinite mass), for functions f,g € C!(Z, C?) that satisfy infinite
mass boundary conditions

f=o0tf, g=o0-tg,

we have, point-wise away from the corners,

(friosiig)es = § (o1 fiosbug)e + 5 (frioadi(ot £))eo
= Jlot fitosg)c + 5 (fiosot i) — 5 (fioso ng)e:
= 3 (filot o) + 5 (fiot g)ca
=3 (8-

Here, we have used 0,¢; = —kn; to obtain the second line, the anti-commutation

relations of the Pauli matrices and finally again the boundary conditions. For any
set O that does not contain corners, we find

. K
(f, lO'3atg)L2(Emo) = 5 (f. g)L2(z:mo) .

By density, this identity extends to all f, g € HY2(X N ) that satisfy boundary
conditions, in particular, one can take f = yu and g = yv, with u,v € D(D?).
By dominated convergence, one can increase the set O to obtain the integral over
all of X on both sides of the equality. For (2.6), we sum (2.6) with O = Q% and
O = Q7. Taking into account a change in sign of the tangent vector,

L L
(D u, D U)L2(9+)><L2(Q—)

= (Vu, Vo) 2+)xr20-) — 1 / (U4, 03004 )02 — (U=, 0307 V) 2)
by
Again, for functions f4, g4+ € C1(X), we define
f— = (cosh(x) + sinh(x)o-t) f+, g— = (cosh(a) + sinh(x)o-t)g+
and obtain the desired form of the boundary term away from corners:
— i (f+.030:8+)c2 +i (/- 03018-) 2
= —i (f+.030¢8+)¢2
+ i ((cosh(a) + sinh(«)o-t) f+, o3((cosh(e) + sinh(x)o £ )0 g+) 2
+ i sinh(«) (f=, 030 (0¢) g+ )2
=k sinh(a) (f=. 0t g4 )2 .
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As for the quantum-dot case, the result for all yu 1 and yv that satisfy boundary
conditions, follows from here by density and dominated convergence. O

We can now prove Lemma 2.3.

Proof of Lemma 2.3. We start noticing that, by the triangle inequality H'(0,C?) C
X (O) and there exists C > 0 such that

lullxco) = Clullaiy. forue H'(O.C?).

Moreover, H'(0, C?) is dense in K(O) with respect to the norm || - || sc(o), see [20,
Proposition 2.12]).
Fix a bounded extension operator (see [1, Section 5])

£ HY2(00,C?) — H'(0,C?).
For v € K(0O), we define Trv € H~/2(30, C?) by

Teolf]:=i (v, HE(F)) 120y — i (HV,E(f)) 120y, for f € H'?(30,C?).
(A.1)
Let us prove that T¢ has the necessary properties. Indeed

[ Tev[f1] = lvllz2c0) 1E () ooy + 1H V[ 2200y 15 () 220y
= ClED a1 @) IVl (0)
< Cell f g2y lvlixo),
for some g > 0, and so T is bounded from X(0) to H~/2(30, C?). Moreover,
by (2.3), it coincides with o -n y on H'(O, C?). Since H (0O, C?) is dense in K(O)

(see [20, Proposition 2.12]), ng is independent of the choice of E and it be denoted
by T to stress this. O

B. Properties of the angular operator

In this appendix we prove some technical results about the angular operator.

Proof of Lemma 3.4. Let us consider the quantum-dot case. The operator Da%g
in symmetric on H2. To prove the self-adjointness, we start noticing that by
construction D((nglg *) ¢ H'Y([0,w],C?). So, let g € H'([0,w],C?), then
integrating by parts we have that for any f € D(Da%g)

(—i0300 1, 8)12 — (/. —i03068) 12 = (—103 f(0). g(@))¢ — {~i03/(0), 8(0))c -
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Since f verifies the boundary conditions f>(0) = f1(0) and f>(w) = —e'® fi(w),
we have that g € D((D2¢)*) if and only if

(filw), g1(®) +e7"?g2(w))c — (f1(0), £1(0) — g2(0)) g2 = 0.

Choosing firstly f such that f;(w) = 0 and f1(0) # 0, and secondly f such that
fi(w) # 0and f1(0) = 0, we deduce that g has to verify the boundary conditions
andso g € D(Da%g). The same proof can be adapted to prove the self-adjointness
of DL

ang*
Let us now find the eigenvalues of D,ng. The generic solution of

—io3dg f = Af

iAO
1(6) = (f;j_,-w)-

Let us impose the boundary conditions. For the quantum-dot case, in order to
satisfy the boundary conditions at 6 = 0, the eigenfunctions must take the form

irf
10 =er( o)

The boundary condition at § = w implies that A = Ay = 2k + 1)5> — 1/2,
while ¢ is determined by the normalization constant . To conclude, it is enough
to observe that the operator Dglg is self-adjoint and it has compact resolvent,
since @(Dglg) is compactly embedded in (2. Thanks to this, and by the spectral

is

theorem we can deduce that { ka Vkez is a basis of 7. Finally,

0 1 0 e-if oM 0 1 [ it 0
o-€eyr fk (0) = —7——\ .io ’ —i %99 = T —ix2 o)
V2w \ € 0 e Mk 2w \e k-1
where in the last equality we used that —)L,? —1= /\gk_l.

Let us consider the Lorentz-scalar case. Reasoning as before, in order to be an
eigenfunction the pair of spinors ( f(6), f—(6)) has to be of the form

£1(6) = (“*eiw )

bie—iAG

Let us impose the boundary conditions:
e?™q_\ ([ cosh(a) —sinh(a) (a+ (B.1)
e 127Ap_ ) 7 \—sinh(«) cosh(x) by ) '

eihg_ cosh(@) e '®sinh(a)) ( ¢'®*ay
—iwA = 1 . —iwl . (B.2)
e t®th_ e'® sinh(w) cosh(x) e '®4p,
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Combining (B.1) and (B.2), after few trigonometric identities, we have that

2i cosh(a)e ™A 7=®) cos(m(A + 1/2))
(—2 sinh(a)e!@/2+7D gin((r — w) (A + 1/2))

—2sinh(a)e = @/2+7) sin((r — w)(A + 1/2)) (a+) _ 0
—2i cosh(a)e!*@=®) cos(w(A + 1/2)) ) (b+) -

To get a non-trivial solution, the determinant of the matrix has to be zero, that is

(B.3)

cosh?(e) cos?(m(A + 1/2)) — sinh? (@) sin? (7 — @) (A + 1/2)) = 0.
We want to find the solutions of the following equations

cos(m(A + 1/2)) = |tanh(w)| sin(|7 — w|(A + 1/2)), (B.4)
cos(w (A + 1/2)) = — |tanh(x)| sin(|7 — w|(A + 1/2)). (B.5)

By using standards tools, it is easy to see that both equations admit a countable
family of solutions. Let {)&%n}nez be the family of solutions of (B.4) such that
A& is the unique solution in (—1/2,0). Moreover let {1} . },cz be the family
of the solutions of (B.5) such that AL, is the unique solution in (—1,—1/2). By
construction, for any k € Z, AX = —A%L, | — 1. With this notation, A5, A% are
the unique solutions to (B.4) and (B.5) that are in (—1, 0).

0 1/2

cos(w(A +1/2))
—— |tanh()| sin(|7 — w|(A + 1/2))
—— —|tanh()|sin(|7r — w|(A + 1/2))

Figure 1. The solutions of (B.4) and (B.5) in (—5/2,3/2), witha = 1 and w = 7 /4.

Assuming that (B.4) and (B.5) hold true, setting

nk = sign(esin((r — w)(AE +1/2))),
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we have that (B.3) is equivalent to

l-ei/lllga) _nke—ia)/2 ' ar\ B.6)
_ iw/2 —i/l,l(‘w b - :
nke ie +
whose solutions are
ag 4+ = crnpe @20 +1/2) b,y = icpel®20E 12 with e, € C. (B.7)

Then, thanks to (B.1) we have

ag,_ = cke—iZJ'[/l,I; (l Cosh(a)e—iw/Z(l/%-l—l/Z) — Mk sinh(a)eiw/z(ll&ﬂ/z)),
(B.8)
i2n’k,€

iw/2(0.E+1/2) —iw/2(/1,1<‘+1/2))‘

bi,— 1= cke (nx cosh(a)e — i sinh(a)e

Finally, let us write ¢y = pre’%k, for p; > 0 and ¢ € [0, 27), and set
pi o = (lag+ 1> + b+ + lag— > + i)/ B.9)
= [cosh(a)(cosh(a) 4 sinh(a)nE sin(w(AE + 1/2))]7/; '

At this point, arguing as before, we conclude that { ka Vkez is a basis of HL. To
conclude the proof, we only need to determine ¢ in order to verify (3.4). Since
—AE —1=2%, |, we have that

—k—1°
L
b et/l_k_19
L K.+
o-e 0) = -

r fk,:t( ) (ak’ie_“lfk—le
Since nx = —n—k—1 and px = p_x—1, we have thata_z_; 4 = b 4+ if and only if
—nel?—k—1 = je'%  Since ng = e!17")7/2 and i = ¢'™/2 we can conclude the
proof setting ¢ = ni /4. |

Proposition B.1. Let u; be defined as in Definition 3.1 and let C be the charge
conjugation operator defined in (3.12). Then

Cuy = ug. (B.10)

Proof. We start computing
Cug(r,0) = $p(r)r* o fi (6),

then it remains to prove o; fx(0) = f(0). For the quantum-dot case, it is trivial.
Let us consider the Lorentz scalar case. Then,
. bk ieikllgO
0) = - ,
) (mw%@
where ay 4 and by 4 are defined in (B.7) and (B.8), with¢; = pre'™/* and pg > 0
is defined in (B.9). Arguing as above one can see that ax + = by + and this
concludes the proof. |
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C. Straightening of a curvilinear wedge

Throughout this section, we consider a domain that is bounded by a pair of semi-
infinite curves of class C?2, intersecting at an angle w at the origin. We assume
that the tangent and curvature have left and right limits at the origin. Up to
interchanging the interior and exterior, we can assume that w € (0, 27). Contrary
to the previous convention, in this appendix, we take y-axis oriented along the
bisector of W,,. We orient 2 in the same way, with the angle of opening w at the
origin. Then, we assume that 2 is bounded by a pair of semi-infinite curves that
admit a parametrization (x, c¢(x)) for x > 0 and (x, c¢(x)), for x < 0 respectively.

The border of W,, is parameterized by (x, %)

(x, c(x))
Qb

[x]
¥ ()C, tan(w /2) )

Q-
Figure 2. The domain © and the wedge W,,.

Consider the coordinate transformation S:(x,y) € Q — S(x,y) € W,
defined by
| x|
Sx,y)=(x,y— —).
uy)(mydm+m@m)
Since the boundary of Q is C? except at the origin, where it is tangent to the
wedge,

SIENC) | 14 sup Je” (o)1

€' - tan(w/2) R\{0}

The Jacobian matrix of S is

1

0
K&ﬂz( ; )=1+mmy
—c'(x) + 22
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The relative angle of the rotation of the boundary tangent is
8(x) = sign(x) arctan(1/c’(x)) —w/2) and [§(x)| ~ |x|.
Now, foru = (u4,u_) € L*(W,)x L2(WS), we define Usu € L*(W,,) x L2(W,S)
by
ei8(x)/2

Usiya e,y = e Pussie ) = ()

0
e—i&(x)/z)ui(S(X’ y).

One checks that

, NN ~i(w/2+8)
pritor( O o (0 e |
el(t) 0 el(t) 0

If u+ have boundary traces that satisfy Lorentz-scalar boundary conditions at the
boundary of X, we have that
(—io -nw, + po3)y(Usu)+ — (—io - nw, — jo3)y(Usu)-
= e 0%2((~io -ng + po3)yu4(S(x.y))
— (=0 -ng — po3)yu—(S(x. y))) = 0.

We can also compute

6 , sign(x) 6

HUg(u) = ™3 Ug(Hu) — i ( —c(x) + m)ale’ ®)93/25 1o S
+ (8'(x)/2)01£8X)3/2

Then, expanding the first exponential around x = 0, we have

* |5 . sign(x) 2

USHUs = H + (€"°™% — 1)H —i(—c'(x) + rn(w/z))me’ oz,
+ (8'(x)/2)01€"8 ™3,

We recover (4.1), setting

L= —i(e"‘g(")"3 — 1oy,

e i (pi8(x)03 _ o Sign(x) i§(x)o3
Ly = —i(e Doy 1( (x) + rl(w/z))ale : (C.1)
M = (§'(x)/2)01e"0%.
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