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Introduction and main results

Since the early 2000s, a certain amount of attention of the mathematical com-
munity has been attracted by the spectral properties of complex (non-selfadjoint)
perturbations of model operators from mathematical physics. Among relatively
recent papers in this direction, we quote articles by Demuth, Hansmann, and Ka-
triel [13], Frank [19] and [20], Frank and Simon [22], Frank and Sabin [21], Frank,

1 The research is partially supported by ANR-18-CE40-0035 grant.
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Laptev, and Safronov [23], Fanelli, Krej¢ifik, and Vega [15] and [16], Mizu-
tani [40], Fanelli and Krejcitik [17], Cuenin and Kenig [10], and Lee and Seo [38],
dealing with spectral properties of complex Schrédinger operators. Similar prob-
lems for Dirac, fractional Schrodinger and other types of operators were treated in
Cuenin, Laptev, and Tretter [8], Cuenin and Seigl [9], Dubuisson [14], Cuenin [6]
and [11], Cossetti [12], Ibrogimov, Krej¢itik, and Laptev [34], and Hulko [30]
and [31]. A series of results on spectral analysis of Jacobi matrices can be found
in Borichev, Golinskii, and Kupin [4] and [5] and Golinskii and Kupin [26]-[29].

In the present article, we are interested in the study of perturbations of bilayer
graphene Hamiltonian given by

2
m 482j|’ 0

D =
bg.m |:48§ —m
where m > 0 and

1 . 1 .
9, = 5(8x1 +i0y,), 0z:= 5(8x1 —10x,).

As usual, we let

L2(R2: ) = {f _ [Q]: 1718 = [ 170 dx < oo}
]R2

to be the standard space of measurable vector-valued functions; here

] = (AP + @),

Furthermore, let

H?*(R* C?) = {f € L*(R%: CO): | fll3> = /(1 +EP?1 )1 dE < 00}
R2

be the corresponding second order Sobolev space, where f denotes the Fourier
transform of a function f, see Section 1.1 for more notation. It is not difficult to
see that

Dpg,m: H*(R?; C?) — L*(R*; C?)
is a selfadjoint operator. Since

Dy = (A2 +m?) I,

the spectral mapping theorem yields o (Dpg, ) := (=00, —m] U [m, +00). The
resolvent set of Dyg ;, is denoted by p(Dypg, m) := C\o (Dpg,m)-
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Detailed discussion of this and other similar operators from the physical point
of view can be found in the book of Katznelson [36].
We consider the perturbed operator

Dbg := Dogm + V 2)

with V € L9(R?;Mat, »(C)), ¢ > 1. Since the perturbation V is not assumed
to be selfadjoint, the operator Dy, may be non-selfadjoint as well. For the formal
definition of Dy, ,, + V for the class of potentials considered here we allude to
the “factorization method” of Kato [35]; see also Gesztesy, Latushkin, et al. [24].
A version of Weyl’s theorem [24, Theorem 4.5] asserts that

Oess(Dbg) = Oess(Dbg,m) = (—00, —m] U [m, +00), (3)

where we adopt the convention that gess(Dpg) := 0(Dpg)\0g(Dpg) and the dis-
crete spectrum o4 (D) is the set of isolated eigenvalues of D of finite multiplicity.

We shall be interested in distribution properties of the discrete spectrum
04 (Dypg) of the perturbed operator Dyg. Note that o4 (Dyg) can only accumulate
t0 Oess(Dbe), and we want to find some quantitative characteristics of the rate of
accumulation.

The first step in this direction is to understand better the localization of the
discrete spectrum o4 (Dy,g). The well-established Birman—Schwinger operator

BS; := [V|V2(Dpgm —2)"'VYV2, 2 € p(Dbg.m), 4)

plays a key role in this problem, see original references by Birman [3] and
Schwinger [43]. Here, V(x) = |V(x)|U(x) is the polar decomposition of the ma-
trix V(x), |V(x)| := (V(x)*V(x))"/? and U(x) is the corresponding partial isom-
etry. So, V1/2(x) := |V(x)|"2U(x) for a. e. x € R2. The Birman—Schwinger
principle [24, Theorem 3.2] says that z € p(Dyg, ) is an eigenvalue of Dy, if
and only if —1 is an eigenvalue of the operator BS.. In particular, we have the
inclusion
04(Dvg) C {z € p(Dbg,m): [| BSz || = 1}.

Laptev, Ferrulli, and Safronov [18, Theorem 1.1] obtain the following interesting
result.

Theorem 0.1 ([18]). Let Dyg m. Dvg be as above and V € L%(R*; Mat, »(C)),

1 <q <4/3. Then,

(1) forZ € :O(Dbg,m)’

(|z—m|+ |z + m|)?
|Z2 _ m2|q—1/2 ’

®)

IBS |7 = [[V"*(Dgm — 2) V21 < Cy V|4
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(2) in particular,

— q
(zm+Eamt

0Dy <z GV I 5 s

Slightly later, the Cuenin [7, Theorem 1.1 and Proposition 2.4] improved the
resolvent bound in several respects. First, he showed that the norm of the Birman—
Schwinger operator BS; in the left hand side of (5) can be taken in an appropriate
Schatten—von Neumann class 8,, p = p(q); second, the range of parameter ¢ is
extended to 1 < ¢ < 3/2. It was observed that these results were optimal in a
certain sense. We mention also that [7, Proposition A.5] addresses more general
situations as compared to [18, Theorem 1.1]; in particular, the former is valid for
more general differential operators than the bilayer graphene Hamiltonian.

The key to the Lieb—Thirring type inequalities obtained in this article is a claim
similar to [7, Proposition 2.4]. We feel that it is appropriate to give a detailed and
a self-contained proof of this result, see Theorem 0.2 below. As compared to [7,
Proposition 2.4], we extend the range of parameter g to 1 < g < oo.

Theorem 0.2. Let Dyg . Dyvg be defined in (1), (2), and m > 0. For g > 1 and
e >0, set

S Y 1<q<4/3,
2—¢q
p=pg.e):= 2L, 4/3<q <32, (6)
—q
2q, q > 3/2.

(I) Let 1 < q < 3/2. There exists a C3 > 0 such that, for any A, B € L?%(R?;
Mat, »(C)), one has

IA(Dvg,m —2) "' Blls, < C3®(2)|| All2¢ )| Bll2g. (7

where | L |
zZ+m|+|z—m
O(z) = Dy(z2) := 22— 2] ,

z € p(Dvg,m) and g1 :=1—1/(2¢q).
(I) Let ¢ > 3/2. There exists a C4 > 0 such that, for any A, B € L?*1(R?;
Mat, »(C)), one has
lA(Dog,m —2)"' Blls, < Ca¥(z) [[All2g | Bll2g- ®)

where

(Iz +m| + |z —m|)? 1
\I] = \I] = )
@) q(Z) |22 _m2|1/q dl_qz(Z,U(Dbg,m))
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z € p(Dvg,m) and q2 := 3/(2q) < 1. Here, d(z,0(Dyg,m)) is the distance
from z to 0(Dyg,m). The constants Cs,Cy depend on m,q, e, but not on
A, B € L?1(R?; Maty »(C)).

The above result along with discussion on Birman—Schwinger operators pre-
ceding Theorem 0.1 provides the following corollary.

Corollary 0.3. (1) For 1 < q <3/2andV € L1(R?; Mat, »(C)),
04(Dpg) C{z: C32(2)[|V[lg = 1}

In particular, the discrete spectrum o4 (Dy,g) is bounded.
(2) Forq > 3/2and V € L(R?;Mat, »(C)),

04(Dpg) C{z: Ca¥(2)|IV g = 1}.

Theorem 0.2 combined with techniques developed in Borichev, Golinskii, and
Kupin [4] and [5] implies the following result.

Theorem 0.4. Let Dyg . Dyvg be defined in (1), (2), and m > 0. For g > 1 and
e >0, set

4g-5 2¢-—1 4
2(;] ) 612 g, 1<q<§,
— o —q q
5 _qu_'
22—q) 3 2

Assume that |V|, < 1. Then the Lieb—Thirring inequalities for the discrete
spectrum o4 (Dyyg) hold:

(D for1 <q<3/2

D d' (0 (Dogm)) 187 —m?)P < Cs||V ]lg: (10)
{€0q(Drg)
1) forq > 3/2,
{2912 d2072F (¢ 6(Dyg,m)) [§2 — m?|
(1 + |é-|)2q+1+a

=GCsVig. (A1
{€0q(Drg)

The constants Cs and Cg depend on m, q, &, but not on V € L(R?; Mat, »(C)).

The counterparts of the above theorems for the case m = 0 are given below.
Their proofs are similar to Theorems 0.2, 0.4, and therefore they are omitted.
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Theorem 0.5. Let Dyg o, Dvg be given by (1), (2), and z € p(Dyg,0) := C\R.
Take an ¢ > 0 and put p = p(q, €) as in (6).
() Let 1 < g < 3/2. There exists a C; > 0 such that, for any A, B € L*1(R?,
Mat, »(C)), one has

_ _(1—1
|A(Dvg,0 —2) ' Blls, < ClzI7 || All2g| Bl 24- (12)

(1) Let g > 3/2. There exists a C; > 0 such that, for any A, B € L*1(R?;
Mat, »(C)), one has

_ _ 1 _(1—-3
IA(Dpg,0 —2) " Blls, < C4lz|727 [Imz| "3 | A || Blog.  (13)

Above, |Imz| = d(z,R) is the distance from z to the real line R. The
constants C} and C, depend on q, ¢, but not on A, B € L*1(R*; Mat, »(C)).

Similarly to Corollary 0.3, we can describe the regions containing the discrete
spectrum o4 (Dypyg) for m = 0. In particular, the set is bounded for 1 < g < 3/2
and V € L4(R2; Mat, »(C)).

Theorem 0.6. Let Dy o, Dy be defined as above. Let g > 1 and ¢ > 0 be
small enough. Assume that ||V ||, < 1. Then the Lieb—Thirring inequalities for the
discrete spectrum o4 (Dyg) hold:

(D for1 <q<3/2
> g < CVly: (14)
{€oq(Dyg)

{I) forq > 3/2,
[lm¢[> 77+

= GVl (15)
_3 — ¥6 q
ZGO‘d(Dbg) (1 |§|)1 2q+28

The constants C. and C{ depend on q, ¢, but not on V € L1(R*; Maty »(C)).

Remark 0.7. (1) In order to prove the above theorems we need the §,-norm of
the Birman—Schwinger operator ||V2(Dpg,m — z(iy)) "' Vi]|s, to go to zero when
y — 400, see (45). For this reason inequality (10) is obtained for 1 < g < 3/2,
even though the case ¢ = 1 is treated in Theorem 0.2.

(2) The assumption ||V'||; < 1 does not mean that the perturbation is small.
Theorem 0.4 holds uniformly over any bounded in L? set of potentials V, i.e.,
1 can be replaced with a constant C(gq, m, ¢).
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The paper is organized in the following manner. We start Section 1 recalling
some basic facts and notation on differential operators. The second part of Sec-
tion 1 is devoted to the proof of Theorem 0.2. The proof of Theorem 0.4 is in
Section 2. Section 3 is an appendix containing results on interpolation between
8p-spaces and the Kato—Selier-Simon lemma.

The space of infinitely differentiable functions on R? is denoted by C *°(RR?);
C$&°(R?) are infinitely differentiable functions with compact support. The notation
LP(R?), 1 < p < oo, stays for the familiar space of p-summable measurable
functions. L3 (IR?) refers also to functions from L (R?) with compact support.
Meaningful constants are written as C;, C/, j = 0, 1,...; technical constants are
denoted by ¢, C, and they change from one relation to another.

1. Resolvent bounds for the bilayer graphene Hamiltonian

1.1. Fourier transforms. The purpose of this subsection is to fix some notation
and recall some basic properties of the Fourier transformation. For this purpose
we temporarily consider the case of arbitrary dimension n. At the end of the sub-
section we will compute Fourier transforms of some tempered distributions (ho-
mogeneous distributions and surface-carried measures) that will play an important
role in the next subsection. We refer to Héormander [32] and Sogge [45] for more
details on the subject.
The Fourier transform of a function f € L!(R") is defined as

(9fx9x=f@>r:]iﬂxk—”fdm
]Rn

Let § = §(R") denote the Schwartz space, i.e., the space of rapidly decreasing
smooth functions on R”. The Fourier transformation is an isomorphism F: § — §,
and its inverse is furnished by the Fourier inversion formula,

1
(2m)"

Fx) = ‘/f@k”fdn
]Rn

We use the standard notation f := F~! f. Hence, J may be extended to the dual
space §’, the space of tempered distributions, by setting u(¢) = u($) foru € 8,
¢ € §. Moreover, Plancherel’s formula,

1fll2 = Q)| fla.  f €S8, (16)

gives rise to a continuous extension F: L2(R") — L?(R").
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Let D = V be a formal differential operator. The Fourier multiplier
m(D):§ — §'
associated to a tempered distribution m € §' is the operator

m(D)f :=FYmf), feS,

and (16) shows that m is bounded on L?(R") if and only if m € L*®°(R"), and
[m(D)] = ||m|co. We also have

mwwxm=M*¢=/m@—wmw@,¢e& (17)
]Rn

with the understanding that x: §’ x § — § is the convolution between a Schwartz
function and a tempered distribution. The second identity in (17) is in general
only formal, but it is rigorous if #1 is a regular tempered distribution. To simplify
notation, the expression (m(D))(x), refers to the convolution kernel m2(x) of the
integral operator in (17).

Consider now a smooth real-valued function p which we think of as (a normal-
ized power of ) a Hamiltonian. Then, for A € R, we define the level sets of p (i.e.,
the sets of constant energy) as

S = p"'A) = {E e R":p(§) = A}, (18)

These sets play a crucial role in scattering theory, see e.g. Hormander [33, Chap-
ter XIV]. In the present paper the main feature of S, is its nowhere vanishing
Gaussian curvature. To ensure that S is in fact a manifold (a curve) we make the
assumption that p is normalized such that |[Vp| = 1 on S,. In the following we
will only deal with! p(&) = |£|, in which case S is just the sphere of radius A. Let
dog, be the canonical surface measure on S. As usual, Lz(dcrsk) is the space of
measurable square-summable functions on S,. The Fourier restriction operator
for S, is defined by

RA)g := ¢|S)\’ ¢ € S(R™).

Its formal adjoint (the Fourier extension operator) is given by

R(\)*g = gdos,. ¢ SR).

1 The fact that £ — |£| is not smooth at £ = 0 is irrelevant for our purposes since (by homo-
geneity) we will only need smoothness in a neighborhood of the unit sphere S; ={&: |§|=1}.
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Here, the Fourier transform of the measure ¢ dog, is defined as

¢ dos, (x) = / g (E)dos, ().
]Rn

The multiplier corresponding to the function £ — || is denoted by +/—A. Denote
by E j/—x(4) the (operator-valued) spectral measure associated to this operator,
viewed as an unbounded selfadjoint operator on L2(IR"). Since its spectrum is
absolutely continuous we may write

dE —~(\)
A
dE /() = —T=d ),

where the convolution kernel of the density is given by

dE /()

A=) = @n [ o, 6,

[El=A
By a change of variables £ = L&', |€'| = 1, we see that

dE ;=x(A) A1
. Qnye

where R(A) is the restriction operator discussed above. It is also plain that

R f =2T"RM(SG1)).

R(A)*R(A), (19)

Define
15(1) =100y (0)t”/T(w+ 1), weC,

where I" is the usual Gamma function.

Lemma 1.1. Let z,{ € C, Imz > 0. The one-dimensional inverse Fourier
transform of the function

Nze(x):=(x—2)7%, xeR,
is given by

Ny (1) = e 78/2720) )81 () (20)

Proof. After a change of variables, this follows immediately by applying the
inverse Fourier transformation to the following identity (see [32], specifically the
explanation after Example 7.1.17)

Fx > e pZ () (E) = e mTETD2(6 i)™l €50,z €C. O
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Lemma 1.2. Let B € Cg°(R") and let Sy be the unit sphere in R". Then the inverse
Fourier transform of the surface measure dy := B dos, admits the representation

du) = Y e Wlag () = e Mlay (fx)) — e ¥a_(|x).
+

where ax € C*®°(R4) satisfy the symbol bounds
s ()] < Cea(l + [s)™"T %, 1)
Proof. This is a special case of [45, Theorem 1.2.1]. |

Lemma 1.3. Let y € Cy°(R") be supported in the annulus {1/2 < |&| < 3/2},
and S = {{:a < Rel < b} be avertical strip in C. Then

‘/ —ix§___A\S) X(g) d%’ < Cen2|Im§|2(1 + |x|)—%+Re§’ é’G S. |Z| =1,
(&l -2t

where the constant depends on a,b and finitely many derivatives of y, but is
independent of ¢, z.

Proof. It suffices to prove this for |x| > 1 since the case |x| < 1 is trivial. Writing
the integral in polar coordinates and using Lemma 1.2 we find that

—ix-&__A\S) X(‘i‘_) :tzrlxlr ai(r|x|)
R[e (e[ - 2)% Z/ ot

where the function r +> r"lay(r|x|) is supported in a neighborhood of r = 1
and it satisfies

" ag (rlx))] < CA+ |x) T

for any fixed Schwartz norm | - |. Hence, by Lemma 1.2 again, its inverse Fourier
transform is bounded by

1T — " las(rlx)) ()] < O+ [tV A + |x]

for any N > 0. The convolution theorem and Lemma 1.1 yield

:I:lrlxlr aﬂ:(r|x|) ‘
‘ / -

< Cye™M™EI(1 4 [x )T / (I + e = kD™ x5 @ de

< Cem M D)7 (1 4 x])E Re
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The claim now follows from the estimate |'(¢)™!| < Ce™ ltP; see e.g. for-
mula (11.21) in Muscalu and Schlag [41]. O

1.2. Resolvent bounds in S, -norm for bilayer graphene. We now return to the
case n = 2 and the bilayer Hamiltonian. The coming bound is a special case of
[7, Lemma A.6]. It is crucial for coming resolvent estimates.

In the following, we fix a function y € C&°(R?) supported in the annulus
{1/2 < |&| < 3/2} such that, in addition, y(§) = 1 for 3/4 < |§] < 5/4.

Proposition 1.4. Let 1 <a <3/2,t € R, and z € R4. There exists a constant
C{ > 0 (depending on y only) such that

. C/ 7212
|x(D)(A2—z)—<"+”>(x>|5(1 1€ xeR zl=1. (22)

+ |x[)3/2=a’
Proof. Set z1/* = |z|V/4e(@Ar22)/4 (Clearly the 4-th power complex roots of z are
given by {i”z'/4}, m = 0,1,2,3. Without loss of generality, we suppose that
m = 0 and |Argz| < m, or |Argz!/#| < m/4, the other cases being analogous.
Writing

3
(Iel* = 2) = (g1 - = ([Tl - i*217%)
k=1

and absorbing the second factor into y, we see that it suffices to prove
~ 2.2

R (G N

(|z§| _ Zl/4)a+it - (1 + |x|)3/2—a’

whenever y(£;a,t) satisfies the bounds
S 1107 @, ) oo < Cye™
lo]<N

for a fixed, sufficiently large N > 0. This follows directly from Lemma 1.3. O

Remark 1.5. In view of the identity
1 1 271/2

EP =22 P22 T e 2
inequality (22) also follows from a two-dimensional version of estimates (2.23)
and (2.25) in Kenig, Ruiz, and Sogge [37]; see also (44) in Frank and Sabin [21].
To keep the article self-contained, we provided the above proof which rests only
on the stationary phase method (Lemma 1.2) and formula (20).
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Proposition 1.6. Fix an ¢ > 0 and set the function y as above. For q > 1, let

9 e 1<q<4/3,
2—q
p=rg.e = ZL 4/3<q<3/2, (23)
—q
2q, q > 3/2.

For A, B € L?4(R?), the following bounds hold true:
@ for1 =q=3/2

|Ax(D)(A* —z)7'B|s, < C7 [|All2||Bll2g. |z = 1 (24)

1) forq > 3/2

Cs
2 -1 _
|Ax(D)(A®—z)" " Bls, < d(z. Ry 3/ [All2g | Bll2g, |z] = 1.

(25)

Here, C; = Cj(q,¢), j = 1,8, are independent of A, B, and z.

Proof. The proof relies heavily on interpolation between Schatten—von Neumann
classes §,, p > 1, presented in Section 3. It is convenient to separate part (I)
of the proposition in two cases: Case I.1 for 1 < ¢ < 4/3 and Case 1.2 for
4/3 < q < 3/2. We begin with the proof of Case 1.2.

Casel.2: 4/3 < q <3/2. Without loss of generality we may assume that A > 0
and B > 0. At the moment, we suppose also that A, B € L?7(R*) N L (R?). We
wish to apply Corollary 3.4 to the analytic family of operators given by

T; := A y(D)(A% —2)"* B¢
on the strip
S = S04, :=10:0<Rez <ag}, withl <ag <3/2.

Here,{ =a +it,0 <a <agp,andt € R.
We start by checking assumptions of Corollary 3.4, see also Theorem 3.3. For
arbitrary f, g € L?(R?) we have, by Plancherel’s identity,

(Tt f.g) = / XE)(E* — 2)F BE £ () Abg(6)dt.

R2
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which shows that ¢ — (7% f. g) is analytic in S. By the Cauchy—Schwarz inequal-
ity,

(T £ < Illooll (- 1* = 2" Mool BS £ 112 14 ¢ -

Since | arg(|€|* — z)| < 27, we have that
(1€]* = 2)7°| = | exp(—(a + it)(log [|€]* — z| + i arg(|E|* — 2))]
< (|€]* = 2)[7* expm|¢]).

Observe that a varies over a compact interval and z is fixed. Putting all this
together, we obtain that

(Te £.8)] = CE™M xllooll AN BN fll2lgll2. & = a+it,

showing that (61) is satisfied. It also yields that
Ttlls., < Ce?™mél (26)
QSIS

for Re { = 0. Note that T is compact since we have the Hilbert-Schmidt bound

ITe 13, = / / |ASCOPIF (- 1* = 2)75) (x — ») P45 (x) [Pdxdy
R3 R3

— 2R 2R
< HImEl) (| [ — 2) RG24 28 g 2Rt

’

and the right hand side is finite by the assumption that A, B € L{°(R?).
On the vertical line {{:Re¢ = ag}, Proposition 1.4 and Hardy-Littlewood-
Sobolev inequality (see Lieb and Loss [39, Section 4.3]) yield that

I Taosie3, < / / 2(D)(A% = 2)~@0H0 (x _ y)P|A(x) 2| B(y) 2 dxdy

R2 R3

2,2 1
= [ [ A P B dxdy
R3 R3
2.2
< Ce P APl | B

where 2/s + (3 —2a¢)/2 = 2,0ors = 4/(1 4+ 2ay). In particular,

2, 2
APy = [AIZ2 1 4200y

the same equality holding for |||B|??°||;. Hence, gathering the above computa-
tions, we arrive at the bound

2 2
ITells, < Ce™ MmE| 4|50 1B

8ao/(142a0) forRe¢ =ao. (27)

ao
8ap/(14+2agp)
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We recall now Corollary 3.4 (see also Theorem 3.3) with parameters chosen
as

1 11—
é‘::l’ 1:V.a0+(1_)/).0’ _:Z+( V)ZZ’
Sy 2 00 2

to interpolate between (26) and (27). Solving first for y and then for s, yields
y = 1/ag and s, = 2ay. Corollary 3.4 then implies that

1Ax(D)(A? = 2)7' Blls,,, < C7 [l Allsag/(1+2a0) | Bllsao/(1-+2a0)-

which is exactly (24) with 4/3 < g < 3/2 if one puts 2q = 8ao/(1 + 2ayp).

To sum up, we proved (24) for4/3 < ¢ <3/2and 4, B € L?4(R*)N LP(R?).
It remains to get rid of the assumption that A, B € L3°(R?). The proof relies
essentially on the fact that the constant C; from (24) does not depend on A, B.
We proceed by a limiting argument. Let A, B € L?4(IR?). For n € I, define

E, = {x € R%: |x| + |A(x)| + |B(x)| < n}
and set the “truncations” of A, B to be
A, = Alg,, B, = Blg,.
Let P,: L?>(R?) — L?(R?) be the corresponding orthogonal projection
Puf =1g,f. [ € L*R?).
The elementary properties of L24-integrable functions yield that

lim |P,f — flo=0 forany f e L*(R?).
n——+o0o

Recalling [25, Theorem 5.2] and inequality (24) for functions from L29(R?) N
L (R?), we obtain
14x(D)(A? = 2)"'Blis, = sup | Pa(Ax(D)(A? —2)7' B) Pulls,,
n
= sup ”An)((D)(A2 - Z)_an “Sp
n

< C7llAnll2¢ | Bnll24
< C7[|All2¢ 1 B l2q-

Case 1.2 follows.
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Case II: ¢ > 3/2. As before, we may assume without loss of generality that
A, B € L*1(R?) N LP(R?), and that A, B > 0.

Let S := S04y :={a +it:0 <a <ag =2q/3,t € R}. Notice that ¢ > 3/2
implies that a9 = 2¢/3 > 1. Consider the analytic family of operators

Ty = A* x(D)(A? —z)"' BY,

defined on S. For Re{ = ay, inequality (24) applied with po = 3,90 = 3/2
instead of p, g yields

1Tz lls, < C3142973)|5]|B%4/3||5 = C5]| 4157 B2 (28)

for Re{ = ag. On the other hand, since for Re{ = 0 we have |4%| = |[B%| = 1
a.e. on R2, we also see that

Il
T; — 29
ITellsw < 20 29)

by the spectral theorem for A2. Compactness of T follows by the same argument
as in Case I.1. Interpolating in between (28) and (29), with

2q 2q
fi=1, 1=—-y+0-(I=-y)=—v
3 3
we get y = 3/(2¢) € (0, 1) and consequently
1 1—
L_r U= _v
poy 3 00 3
which means that po, = 2¢. That is,
[4X(D)(A2 = 2 Bllsy, < ——5 Al B
X z qu — d( R )1 y 2q 2q’

By the same limiting argument as before, we get relation (25).

Case I.1: 1 < ¢ < 4/3. Let y be a cutoff function with the same support
properties as y and such that y = 1 on the support of y; in particular, y y = y.
Let A, B € L?(R?). We start by proving that

—a(A) _
1420) 2D 5) B, < C A5, (30)
Indeed, using (19), we re-write the operator on the left hand side of (30) as

ag(0y EvEmD o g o A

d G RO2(DIA RAWUDIB). (D)
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The kernel of the operator R(1) y(D)A: L?2(R?) — L?(S}) is given by
(RM)(D)A)(E. x) = x(E)e™A(x). x eR>§€S),
and thus
IROXDIAIR, = [ [ @400 dxdas, © = 11las, 1415 = CIAIE:
R3 Sa ¢

Since the same bound holds for R(A)y(D)B, Holder’s inequality for §,-classes
yields (30).
Set 0 < ag < 1. Using the formula

(A% —z)~(@0+iD = / (A —2)T@WHDAE =z (M),
R

inequality (30) and the fact that the functions | ;| s, are supported on the set
where 1/2 < A < 3/2, we get the bound

27 |t|

|Ax(D)(A? — 2)~ @+ Dy (D)B||s, < C —
(1 —ao)

On the other hand, from (22), we see that

IAl20Bll2.  (32)

H(D)(A? = 2)2Hit ()] < Cfe™",
that is, the kernel of y(D)(A2 — z)~3/2%(x) is uniformly bounded with respect
to the “space variable” x € R2. The Hilbert-Schmidt bound for integral operators
implies immediately
| Ax(D) (A% —2)732F 1 B||s, < C || All2] B]l2. (33)

Let 0 < & < 1/2 be fixed. Suppose, as in Cases 1.2 and II, that one has
A, B € L2(R%) N L§(R?). Furthermore, set

Ty := Ay(D)>(A%2 —z)*B

and S = Sy,.5, := {:a0 < Re{ < by} to be the vertical strip with
(1—2e)
= 1, bp=3/2>1.
aop s < 0 /2 >

As previously, the family (7%) on S, 5, satisfies the assumptions of Theorem 3.3
and we can interpolate between (32) and (33). More precisely, for the parameters
of the corollary we take ¢ := 1 and

1= 2e
C1-—c¢

3
1 ~(1—
V+2( ),
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i.e., y = (1 —¢)/(1 + ¢). Hence the relation

1 _V+(1—V)

sy 1 2
gives s, = 1 + . To sum up, we arrive at
|AX(D)(A* = 2)7' B|s,,, < Ce~ 07O/ 0+| 4|5 B . (34)

We interpolate once again in between (34) and (24) for ¢ = 4/3 to obtain (24) for
1 < g < 4/3. Passing from 4, B € L?>7(R*)NLP(R?) to general A, B € L?1(R?)
is carried out as in the previous cases. |

We introduce some notation before going to the proof of Theorem 0.2. Let
ku)* := (u? —m?),

where we use the principal branch of 4-th complex root, so that one has k(1) =
(u? —m?)/* e Ry foru = x € R, x > m. Furthermore,

u+m_<u+m

1/2
) , UuUF Etm
u—m

with the standard choice of the branch of the square complex root.

1.3. Proof of Theorem 0.2. In order to distinguish the variable referred to in
operators 0., d; and the spectral parameter of the operator Dy, »,,, the latter will
be denoted by u € p(Dyg, ) in this subsection.

We consider first Case I of the theorem, i.e., 1 < g < 3/2. Let A, B € L?4(R?;
Mat, »(C)), that is

A(x) = [4j1(0)]ji=12. X = (x1.x2) € R?,
and A4;;(x) € L?4(R?). Recalling the identities
49,0z = 40:0, = (07, + 93,)% = A%,

we readily see

m 4927
leg,m —u’ = [482 _ni] —u?
zZ
A%+ (m?* —u?) 0
= 0 A2 + (m? — u?)

= (A% — k)" .
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For k(u)* € C\R, we have
(Dogm —u) ™" = (A% —k(u)*) " (Dog,m + u).

We are interested in Schatten—von Neumann properties of Birman—Schwinger
operator of the bilayer Hamiltonian, i.e.,

BSy := [BSy ji1lji=12 = A(Dbgm —u) "B = A(A* — k(u)*) "' (Dvg,m + u) B.
Of course, a bound of the form
IBSy lls, = C)||All2¢ ] Bll2g-
see (7) and (8), will follow if we prove it “entry-by-entry”, that is
IBSu,ji lls, = Ca)llAll2gll Bllzg. Jj.1 =1.2.

We shall do the computation for the entry BS,, ;1; the bounds for other entries of
the operator BS,, are obtained in a similar way. We have
BSu,11 = (m 4+ u)A11(A* —k(w)*) "' By
+ 4411 (A% — k(u)*) "' 92 By
+4A412(A% — k(u)*) 7192 B
+ (m —u) A1z (A% — k()" ™' By

(33)

To simplify the following computations, we use the following homogeneity argu-
ment. Let f € L5(R?),s >0, f = f(x),x € R% Setx =ay,a >0,y € R
We write g(y) = f(ay); to make the writing of differential operators more pre-
cise, we write x- or y-subindex to indicate the variable the differential operator is
computed with. For instance Ay and A are the Laplacians computed with respect
to x and y, respectively.

It is plain that for j = 1,2

dy;8(y) = adx; f(ay) = ady; f(x),
aizg()’) = Cﬂaiz_f(“)’) = a2832€2f(x).

In particular, 0, g = ad x f, 87 ,¢ = a*0} , f, Ag = a*A% f, etc.
Furthermore, one has

lglS = / g dy = / @) dy = a™ / P dx = a2 f]5. (36)
R} R? R3

or [lglls = a5 5.
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Suppose that k(1) # 0 and write k(u)* as k(u)* = |k(u)|*e’®. We assume also
that e’ # 1; the case e’? = 1 can be obtained by a standard argument passing to
the limit in relations (24), (25). So, putting a = 1/|k(u)|,

(A —k)*) f(x) = [k@)|*(k@)| AT — ') f(x)
= k@)[*(AT —e'*)g (),
where g(y) = f(ay), x = ay. In the same way,
02 f(x) = [k)? ,g(»), 8%, f(x) = [k@)[*3Z ,&(y).

Set A;;(y) = Aj;(ay) and Bj;(y) = Bji(ay) for j,I = 1,2. Turning back
to (35), we rewrite it as

BS,.11 =

e (T 03 =) B )

+ 4/?11()’)(A§ - eiw)—lag,ygﬂ(y)

~ o - 37)
+ 41‘112()’)(A2 — )19 Bii(y)
(m — 2 17
+ Alz(y)(A ') By1(y)).
|k Qu)|? )
Suppose momentarily that we could prove the following estimates,
IA11(A2 — €)' Biy s, < CllA11ll2q] B11ll2g.
IA11(A2 —e)™102  Baills, < CllA11ll2gll B2t ll2g. (38)

IA12(A2 —e)7192  Biills, < CllA12ll2gllBitll2g.

1A12(A2 — ') By s, < CllA12ll2¢ ]| B2 ll2g.

Recall that |(m 4 u)/|kw)|?| = [¢(u)| and [(m — u)/|k(u)|*| = ¢ (w)|~", while
1<C(t@)|+ L™, ueC.

Plugging these bounds in (37) implies

IBSu11lls, < (1 + 1800 + 1561 All2q 1B 1124

_C
kP
< Ty 801+ £ Bl (39)
= CULO01+ 18Ik P2 Alzg| Bll2g

where we used the rescaling (36) in the last line. We notice that
(C@) + £ HIk@)*47> < CO ), u € p(Dog,m)-

Hence (39) is exactly the formula claimed in (7).
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Consequently, it remains to prove (38). Set

1 (&1 +i&)?
(|E]* —ei®)’ (|€]* —ei®)

Furthermore, take y; € C{°(R?) with the properties: 0 < yq(x) < 1 for all
x € R2, y; is supported in {x € R?:1/2 < |x| < 3/2} and y;(x) = 1 for
x € {x € R%:3/4 < |x| < 5/4}. Let y» := 1 — yx1; by definition y; + y» = 1
is a smooth partition of unity. Rewriting (38) in terms of symbols of differential
operators, we shall show that

my(§) = ma(§) 1=

|4x1(D)m;(D)Blls, < CllAl2qlBll2g, 1.j =1.2.

For 1 < ¢ < 3/2, the bound for / = 1 is exactly Case I of Proposition 1.6.

Consider the case I = 2 now. Notice that for the range of ¢’s we are interested
in, one can always choose ¢ > 0 small enough so that p = p(q, &) > ¢g. Thus we
shall prove the bound

| Ax2(D)ym;(D)B|s, < Cl|All24llBll2g, =12,

which is stronger than (38). Notice that

_ x2(8) C
@m0l = | 5| = ey
ra@ma(n)] = |28 iifz)z‘ __c

14 —ele 1T (L+[E2)
Lemma 3.1 applied to the operator Ay>(D)m i (D)B gives

| Ay2(D)ym;j(D)Blls, < |1+ E1)) g I All2ql| Bllag. J = 1,2,

as needed.

Let us turn to Case II, ¢ > 3/2. The proof closely follows the proof of
Proposition 1.6, Case II. It consists in interpolation in between bounds for para-
meters ¢ = 3/2 (i.e., Case 1), and g = oc.

Assume that A > 0 and B > 0. Fix g > 3/2 and let p = p(q) := 2q. This
choice implies in particular that 2¢/3 > 1. Setag = 0,by = 2¢/3 and consider
the strip

S:={{=a+it:ap <a<by, t € R}

The family of operators

Ty = AZ(Dbg,m - u)_lBZ,
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is analytic on S. Apply (7) with go = 3/2 in place of g to the family 7; on
Re ¢ = by = 2¢q/3; that is

| 423 (Do — )™ BH 5, < CoQ)|Al155 7 BIZg . (40)

where we used that ||429/3+||; = ||A||§Z/3, and the same relation holds for B.
Notice that go; = 1 — 1/(2q0) = 2/3. For Re{ = ag = 0, we have the trivial

bound
1

Ait(Db _u)—lBit o D —
147 (Dg.m s = Gt (Dogm)

(41)

As in Proposition 1.6, we interpolate between (40) and (41) using Theorem 3.3
with parameters { := 1 and

2 1 3 1— 1
1=—qy—|—(1—y)0, —=—+( y)=_'
3 Dy VY 00 2q

Hence, y = 3/(2¢q) and p, = 24q. Claim (8) follows, and this finishes the proof
of the theorem. O

2. Lieb-Thirring inequalities for bilayer graphene

In what follows we always assume that m > 0. We begin with the standard
Zhukovsky transform

Z=z(w)=%(w+$), 42)

which maps the upper half-plane C onto the domain p(Dyg, ). Since

m
lz(w) £ m| = | lw + 1)2,
we have
m m
lz4+m|+]z—ml=—(w+17+w—1) = —1+ [w),
2|w] w]
1 m (43)
|22 =m?2 = S |w? 1
2|w]
The distortion [42, Corollary 1.4] for the Zhukovsky transform reads as
d(z.0(Dogm)) _ mw? —1| _ |22 —m?|'/2
—_— = = = , € Cy. 44
o |2 (w)] e ] weCy. (44
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2.1. Proof of Theorem 0.4, Case I: 1 < g < 3/2. We have, by (43),

|w|?1 1
p1:=2q1—1=1—->0.

P(z(w)) = C(1 + |w?) m, p

The bound (7) in the variable w reads

|w|p1

1Va(Dbg,m—z(W) " Wills, < Co(1+ [w|?) T2 1par

[Vilg: w€Cq, (45)
where V, = A := |V |2 and V; = B := V!/2, see the discussion preceding (4).
Forw =iy, y > 0,

Y

-1
1Va(Dogm =200 Vills, = Co( 53

D1 Cg
) Wle < S IVl (0

We proceed with the regularized perturbation determinant
H(w) := det(I + Va2(Dpg,m — z(w)"'V), weCy,
p

which admits the bounds, see [44, Theorem 9.2]

log |H(w)| < Ty | Va(Dogm — z(w)) ™ Vi I%, @7)
and
|H(w) — 1] < ¢(||Va(Dpg,m — 2(w)) ™ Vils,). (48)
where
p(x) == xexp{Tp(x + DP}, x>0.
Denote

H(yw) .
h(w) = hy(w) == —=—=, k(i) =1, (49)
g H(iy)
y > 11is chosen later on.
Proposition 2.1. Assume that
Vg = 1. (50)

Then there is a constant C19 = Cyo(m, q, €) so that for y = Cyo the following

holds
(1 + [w|)*?D

log [h(w)] < Cny (w2 = y-2ppar

Vi, weCs.

Proof. Without loss of generality we assume that Co > 1. If y?1 > Co > Co||V ||4,
we have, by (46),

o C
1V2(Dogm = 23D ™ Valls, = 35 IV lla < IVllg < 1. 51)
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An obvious bound ¢(x) < exp{2?I',}x, 0 < x < 1, implies, in view of (51),

@([Va(Dpg,m — 2(iy)) " Vills,) < €7 [Va(Dogm — 2(iy)) " Vs,
and so, by (48),

. . Cgezprp 1
1 —|H(y)| < |H(iy)—1]| < B Vg < >

as soon as y#! > 2Cq exp{2”I',} =: C1». The case |H(iy)| > 1 being trivial, we
continue with the case % < |H(iy)| < 1. Hence,

1 Vv
)| 2 5. loglHy)| = (1~ [HG) = ~Co 1l ()

yPl
A combination of (47), (45), and (52) leads to the bound

log [h(w)| = log |H (yw)| —log |H (iy)|
(y|w[)PP1 » 1V llq
|y2w2_1|2pq1 ||V||q +C12 ypl
(1 + [w)>P|w|P Vg ||V||q]
|w2 _y—2|2PQ1 yPPI yP

1V lq [(1 + ()P [w[PP + ]
yPl |w2—y_2|2PQ1 ’

< C(1+ ylw|)*?

SC13[

<Cis

As2p + pp1 —4pg1 = —pp1 < 0, we have for y > 1
(14 [w)?P|w PPt + [w? — y 2P0 < (14 [w])?PFPP1 4 (1 4 [w])*P
<2(1 4 |w|)*rer,
The result follows with y = Cjo = Cllz/pl, Ci1 = 2Cy;. O

It is well known that the Lieb-Thirring inequalities agree with the Blaschke
type conditions for the zeros of the corresponding perturbation determinants. So,

the next step is an application of [5, Theorem 4.4] to the above function 4. The
input parameters are

a=0, b=2pq, ¢;=0; x;=y' x,=—y"1, K=C|V],

2qg — 1 4
+(2—=-)g, 1<qg<—,
q
dy =d, =d =2pq, 24 1 3
2q — 1
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The output parameters in [5, Theorem 4.4] are

I ={l}qe=0, (d—1+¢4= % +wge, L= 426]_—612 + 148,
with
3q—1’ 1< <i, 6q—1’ 1 <i,
oo = 73 = 73
1, i<q<§; 1, i<q<§
37772 37772
So, the Blaschke type condition of [5, Theorem 4.4] takes the form

(ImE)H_S B B
Y e e < Culvl, (53)
£eZ(h)

and, since the “test point” y in Proposition 2.1 does not depend on V, the constant
C14(m, g, ) does not depend on V either.
In terms of the zeros of H we have

EcZ(h) < yE=heZ(H) szﬁ,

and as y = Cj is a constant, condition (53) does not alter

Z (ImA)H_S |A2

Qg & T < GVl (54)

A€Z(H)

It remains to get back to the spectral variable z € p(Dyg, ), keeping in mind
that for the discrete spectrum of Dy, the equivalence holds

é’GOd(Dbg) < AeZ(H).

To make the final result transparent, we invoke the main result [7, Theorem 1.1],
which claims, in particular, that the discrete spectrum o (Dyg) is bounded, that
is, |¢] < Cye, for all { € 04(Dyg). In the Zhukovsky variable the latter means

0<c<|AM|<C <oo, forallA e Z(H). (55)
So we can neglect the term 1 + |A] in (53). Next, as in (43),
2 42 2
2 2, _ M A= —1]
Finally, the distortions (44) and (55) imply

d($,0(Dvg,m))
|£2 — m2|1/2

= ¢ A2=1 < |2=m*"V2 <C]A?—1].

c = A< <CImA.

Case I of Theorem 0.4 is proved. |
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2.2. Proof of Theorem 0.4, Case II: ¢ > 3/2. We use the distortion (44) to
obtain the bound similar to (45)

(1+[wp?e  Jw|”
(Imw)P2  |w? — 1|P4

1V2(Dvg,m — z(w) " Vills, < Co
where

3 5
= 2q, =1—qg,=1——>0, =2—-—, =14 —.
p q, D2 q> 24 p3 24 P4 +2q

Note that p3 — p» = p;. Forw =iy, y > 0, the bound is exactly the same as (46)

C
—IVlly- (57)

12 (Dogm = 2 Vals, <

We argue as in the proof of Proposition 2.1 to obtain the bound for & (49)

[wl??2 (1 + w])?PPs

log|a(w)] = Cn (Im w) PP [w? — y—2|pPa

1Vllg- (58)

Indeed,

log |h(w)| = log |H (yw)| — log |H (iy)]

(14 ylw))*P2 (y|w|)#P?
- (Im yw)PPZ |y2w2 — 1|I7P4

< 1[ (1 + [wp?Pew|P> ||[V]g IIVIIq]

1V g
V2 + Ci2 Nz

? (Im w)PP2|w?2 — y=2|PP4 yPPI yPI
Vg p_ (14 |w])>Pe2]w|?ra
= Cis [ ]
yrr Lmw)Przw? — y=2|7p4

Next,

(1 4 |w|)2pq2|w|pp3 4 (Im w)pp2|w2 _ y—2|pp4
< (1 [w])Pe2 [P 4 [w|PP2 (1 + Jw]) 7P
< [wlPP2((1 4 [w]) P2 ] P71+ (1 + fw])*77)

< 2?71+ ]2,

and (58) follows.
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The computation with [5, Theorem 4.4] is a bit more complicated now. The
input parameters are

a=ppr=29—3>0, b=pps=2q+1,
xp=yTl x=-yTh x =0
ci=ppr=a, ¢ =0, j]>2,
dy=dy=d = pps = b,

K =C|Vl,.
The output parameters in [5, Theorem 4.4] are
I=a, {llae=-a. (d—14ey=2q+e [} =2+4q+4e

so the Blaschke type condition takes the form

(Im E)a-f—l-}—s |E2 _ y—2|2q+s
Z (1 + |E|)2+4q+4£ |E|a

< CullVllg-
EeZ(h)

After the change of variable A = y £ = C1p&, we come to
(Im A)a-ﬁ-l-ﬁ-s |)L2 _ 1|2q+s

)Le;(:H) (1 + |)L|)2+4q+4s |)L|a

= Cis[|[Vllg- (39

As before, the final step relies on the distortion relations for the Zhukovsky
transform. Indeed, separate the upper-half plane C in three regions

Q:={AeCi:c <A ZC},
Qy:={AeCy:|A| = C},
Q3 :={AeCy:|A| <c},
with constants ¢, C chosenas 0 <c¢ <1 < C < +o0. It is clear that
(Imk)a—l—l—l—s MZ _ 1|2q+s

at+l+e (12 _ 1129+¢
D e D (e T
A€Z(H)NQ A€Z(H)NQ

On the other hand, one has |{(A)| < |A| for A € Q», and |¢(A)] =< |A|7! for
A € Q3. Using these relations along with inequalities given next to (55), we cut
the sum (59) in parts corresponding to domains €2;, i = 1,2, 3, and rewrite these
partial sums in terms of {-variable.

Case II of Theorem 0.4 is proved as well. O
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3. Some technical tools:
interpolation theorems and Kato—Selier—-Simon lemma

3.1. Kato—-Selier—-Simon lemma. Recall the notation introduced in Section 1.1.
We have the following proposition usually called Kato—Selier—Simon lemma.

Proposition 3.1 ([44, Theorem 4.1]). (1) Let f, g € L4(R%), d > 1. Then, for
2 <q < o0, f(x)g(D) €8y, and

I f(x)g(D)lls, < @)~ flgllgllg-
(2) Let f € LY(R¥), d > 1, and A, B € L*4(R%). For2 < q < 0o,

14 f(DYBOD s, < 21) 11 Fllg 1 All2q ]| Bll2g-

The first claim of the above proposition is in Simon [44, Theorem 4.1]; the
second claim is a “symmetrized” version of the first one and it is proved similarly.

3.2. Interpolation theorem for bounded analytic families. In this subsection,
we follow mainly the presentation of Zhu [47, Chapter 2].

Let Xo, X1 be two Banach spaces. We say that the pair Xy, X is compatible,
if there is a topological Hausdorff space X containing both X, and X;. We have
the following theorem.

Theorem 3.2 ([47, Theorem 2.4]). Let Xo, X1 be a pair of compatible Banach
spaces, idem for Yo, Y. Foray, 0 <y < 1, there are Banach spaces X,,Y,,

Xy = [X()’Xl]]/’ Y]/ = [YO’ Yl]]/’

interpolating in between X and X1 and Yy and Yy, respectively, in the following
sense.
LetT : Xo + X1 — Yo + Y1 be a bounded linear map such that

ITx]lvy < Collxlxo. x € Xo,

ITx[ly, < Cilx|x,, xe€ Xi.
Then T induces a linear map T,: X,, — Y,, with the property
1Tyl < clel™.

Saying “interpolation” we mean “complex interpolation” throughout the arti-
cle. For instance, we have

[L7°(RY), LPY(RY)], = LP" (RY), (60)
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where 1 < po.p1 < o0, 1/p, = y/po+ (1 —y)/p1, and d > 1, see [47,
Theorem 2.5].

It is important that a similar construction holds for “non-commutative”
LP-spaces as well. That is, denoting by §, the Schatten—von Neumann classes
of compact operators, we have

[Spov Spl]y = Spw

where 1 < po,p1 < ocoand 1/p, = y/po + (1 — y)/p1. A proof of this
result is in [47, Theorem 2.6]. Much more information and further references
on the interpolation theory of Banach spaces are in the monographs by Bennett
and Sharpley [1] and by Bergh and Lofstrom [2].

For 1 < po1, po2 < +00, it is plain to see that

LPV(RE) x LP2(RY) ~ LPoV(RY) 4 LP2(RY), x,y € R,

and so interpolation (60) holds for these spaces as well. This observation is often
applied to an operator A of the form

A: LPOY(RY) x LP2(RY) —> 84,,. 1 < qo1 < +00,

see Section 1.

3.3. Interpolation theorem for general analytic families. Following Gohberg
and Krein [25, Chapter II1.13], we present a generalized version of interpolation
in between 8,-spaces.

Leta,b e R,a < b, and

S ={ta =Rel < b}

be a vertical strip in the complex plane. For a Hilbert space H, we say that a
family of bounded operators (T¢)¢es, Te: H — H is is analytic on S, if (T¢ f, g)
is analytic on an open neighborhood of S for any fixed f,g € H.

Theorem 3.3 ([25, Theorem 13.1]). Let (T¢)¢es be an analytic family of opera-
tors. Assume that for any f,g € H

log |(Tt f. )| < Cy,pgeC2rsmil e (61)

where the constants C;.r,, ] = 1,2 depend on f, g, but noton ¢ € S, and

0§C2;f’g <

7
b—a’
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Furthermore, suppose that

(1) forRe¢ =a, Ty € §p,, with 1 < pg < oo and
IT¢ls,, < Co:

(2) forRel = b, Ty € §p,, with pg < p1 < oo and

IT¢ls,, < Ci.

Take an x € (a,b) and write itas x = ya + (1 —y)b, y € (0,1). For
¢ € §,Re{ = x we have that Ty € 8p,, and moreover

1_
ITells,, < CoCi”,
where 1/p, =y/po+ (1 —y)/p1.

We often use the following corollary of the above theorem.

Corollary 3.4. Let (T¢)ces be an analytic family of operators satisfying the
assumption of Theorem 3.3 with conditions (1) and (2) replaced by the following
assumptions:

(1") forRel =a, Tt € 8p,, with 1 < py < 0o and

1Tells,, < Cyedolimel?

(2') forRel = b, Ty € 8p,, with py < p1 < oo and

2
ITells,, < CreAlmer,

Jor some constants Ag, A1 > 0.

As above, foranx =ya+ (1—y)b € (a,b), y € (0,1)and{ € S,Re{ = x we
have that Ty € 8p,,, and moreover

1_
I Txlls,, < C"CJ €77,

where 1/p, = y/po + (1 —y)/p1. The constant C" depends on a, b, Cy, C1, Ao
and A;.

The corollary follows immediately by applying Theorem 3.3 to the analytic
family of operators Ty = em>(404DE* T, ¢ ¢ 5.
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