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Abstract. We consider the Fokker—Planck operator with a strong external magnetic field.
We show a maximal type estimate on this operator using a nilpotent approach on vector
field polynomial operators and including the notion of representation of a Lie algebra. This
estimate makes it possible to give an optimal characterization of the domain of the closure
of the considered operator.
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1. Introduction and main results

1.1. Introduction. The Fokker—Planck equation was introduced by Fokker [4]
and Planck [14], to describe the evolution of the density of particles under Brow-
nian motion. In recent years, global hypoelliptic estimates have experienced a
rebirth through applications to the kinetic theory of gases. In this direction many
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authors have shown maximal estimates to deduce the compactness of the resolvent
of the Fokker—Planck operator and resolvent estimates to address the issue of re-
turn to the equilibrium. Hérau and Nier in [10] have highlighted the links between
the Fokker—Planck operator with a confining potential and the associated Witten
Laplacian. Then, in the book of Helffer and Nier [5], this work has been extended
and explained in a general way, and we refer more specifically to Chapter 9 for a
proof of the maximal estimate.

In this article, we continue the study of the model case of the Fokker—Planck
operator with an external magnetic field B,, started in [12], and we establish a
maximal-type estimate for this model, giving a characterization of the domain of
its closed extension.

1.2. Statement of the result. For d = 2 or 3, we consider the Fokker—Planck
operator K with an external magnetic field B, defined on T¢ := R?/Z¢ with
values in R4@—1/2 guch that

K=v-Vi—(WAB,) -Vy—Ay+0%/4—d/2, (1)

where v € R represents the velocity, x € T¢ represents the space variable and
t > 0 is the time. In the previous definition of our operator, we use (v A B,) - V,
to mean

b(x)(v10y, — v20y,) ifd =2,
(U N Be) : Vv = bl(x)(v28U3 — 1)381,2) + bz(x)(v38vl — v18U3)
+b3(x) (V1 9y, — V20y;) ifd = 3.

The operator K is considered as an unbounded operator on the Hilbert space
H = L*(T?¢ x R?) whose domain is the Schwartz space D(K) = $(T¢ x R?).
We denote by
e Kpnin the minimal extension of K where D (Kpjy) is the closure of D(K) with
respect to the graph norm on H x H;

e Kpnax is the maximal extension of K whose domain D (Kpnqx) is given by

D(Kmax) = {u € L2(T? x RY): Ku € L*(T? x RY)}.

From now on, we use the notation K for the operator Kpiy.

The existence of a strongly continuous semi-group associated to the operator
K is shown in [12] when the magnetic field is regular. We improve this result by
considering a much lower regularity. In order to obtain the maximal accretivity,
we are led to substitute the hypoellipticity argument by a regularity argument for
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the operators with coefficients in L°°, which will be combined with more classical
results of Rothschild and Stein in [16] for Hormander operators of type-2 (see [11]
for more details of this subject).

Theorem 1.1. If B, € L°°(T¢, R4@=1/2) then K is maximally accretive.

This implies that the domain of the operator K has the following property:
D(K) = D(Kmax)- 2)

In this work, we are interested in specifying the domain of the operator K
introduced in (2). To accomplish this, we will obtain maximal estimates for K,
using techniques developed initially for the study of hypoellipticity of invariant
operators on nilpotent groups.

Notation 1.2. Before we state our main result, we establish the following nota-
tions.
e B2(RY) (or B2 to indicate the name of the variables) denotes the space
B2(R?) := {u € L2 (R?Y): for all (a, B) € N*4,
| 4 |B] < 2,v%3Bu € L2(RY))},
which is equipped with its natural Hilbertian norm.

e BX(T? x RY) is the space L*(T%, B2(R?)) with the following Hilbertian

norm:
BXT? xR 2 u — Julga = [D vedbul2.
jal+181<2

where |.| is the L2(T¢ x R?) norm.

e Lipsch(T?) is the space of Lipschitizian functions from T with values in
RA@=1/2 equipped with the following norm:

|u(x) —u(y)|
lllLipsenray = llullLoo(ra gaw-ns2y + sup  —7———,
’ x,y€T4 x#y d(x,y)
where d is the natural distance in T¢ and | - | is the Euclidean norm in

RE@-1)/2

We can now state the main theorem of this article:
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Theorem 1.3. Let d = 2 or 3. We assume that B, € Lipsch(T¢). Then for any
C1 > 0, there exists some C > 0 such that for all B, with || Be || ipsch(ray < C1,and
forallu € 8(T¢ x RY), the operator K satisfies the following maximal estimate:

[(v- Ve — (A Be) - Vo)ull + [lul g2 = C(IKul| + [[ul). 3)
where ||| is the L? norm.
By complex interpolation theory, we can prove the following result:

Corollary 1.4. For all u € $(T¢ x R?), there is a constant C' > 0 such that the
Jollowing estimate is satisfied

2
CHVRull < llv- Vaull + lull g2 = C'(I1Kull + flul).

Another result can be deduced from Theorem 1.3.

Corollary 1.5. Given the density of S(T¢ x R%) in the domain of K, we obtain
the following characterization of the domain of K:

D(K) = {u € BX(TY xRY)/(v-Vx — (v A Be) - Vo)u € L2(T¢ x RY)).

Organization of the article. In the next section, we recall the notion of maximal
hypoellipticity, and more specifically, we give some results of maximal hypoellip-
ticity for polynomial operators of vector fields with the nilpotent approach. Then,
in Sections 3 and 4, we use these techniques to prove the main result Theorem 1.3,
beginning with d = 2 and continuing with d = 3. Finally, in the appendix we
give the proof of Theorem 1.1.

2. Review of maximal hypoellipticity in the nilpotent approach

2.1. Maximal hypoellipticity for polynomial operators of vector fields. We
are interested in the polynomial operators of vector fields. We consider p + ¢ real
C° vector fields (Xi,..., Xp.Y1,...,Y,) on an open set Q C R4,

Let P(z,¢1, ..., p+q) be anon commutative polynomial of degree m in p + ¢
variables, with C*° coefficients on €2, and let PP be the differential operator

P=P(EZ1...2piq) = Y aa(2) Za, .. Zoy» 4)

le|<m
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foralle € | J7_o{l...., p+q}*, where, for £ € {1,..., p+q}, the vector field Z,,
is defined by

Zy= Xy, foralld =1,...,p,
Zy=Y_p, foralll=p+1,...,p+q,
and where, for o € | [{_o{1,...,p + ¢},

{1 ifa; €{1,....p}

m
ol = d((xk) with d(Ol) = .
| Z / 2 1faj€{p+1,---,l7+¢]}-

k=1
It is further assumed that the vector fields Z; with j € {1,..., p + ¢} satisfy
the Hormander condition in :

Condition 2.1. There exists an integer r such that the vector space spanned by
the iterated brackets of the vector fields Z; of length less than or equal to r, in
each point z of Q, is all of T, 2.

When ¢ = 0 and the vector fields Z; satisfy Condition 2.1, the operator P is
called a differential operator of type 1. Thus the Hérmander operator f - X ].2
(case g = 0) is called a type 1 Hormander operator.

When ¢ = 1 and the vector fields Z; satisfy Condition 2.1, the operator P is
called a differential operator of type-2. The operator also studied by Hormander

7_1 X7 + Y1 (case ¢ = 1) is called a type 2 Hormander operator.

Now we introduce the following definition.

Definition 2.2. Let m € IN*. The operator P is maximal hypoelliptic at a point z
of @, if there is a neighborhood w of z, and a constant C > 0 such that

llon ey < CUPUIR2g, + o)) forallu e CP@).  (5)
where || - ||5¢m (o) denotes the standard norm whose square is defined by
= U3y = Y N Zar - ZagtlF 2y foralla €{l,....p™.  (6)
o] <m

It has been shown by Helffer and Nourrigat in [6] that if the Hormander
condition is verified at z, then the maximal hypoellipticity at z implies that P
is hypoelliptic in a neighborhood of z, which justifies the terminology.

It has also been shown by Rothschild and Stein in [17] that if the homoge-
neous operator associated to P (i.e. Y, @a(2)Z%) is hypoelliptic at a point
zp, in the sense introduced by L. Schwartz, then P is maximal hypoelliptic in a
neighborhood of z.
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2.2. Nilpotent and graded Lie algebras. We refer the reader to [9, Chapter 2]
for more details on this subject.

Definition 2.3. We say that a Lie algebra G is graded nilpotent of rank r, if it
admits a decomposition of the form

5=G1®---8 G,
[S5:.9/1C Giy;, ifi+j=<r and [9%. 9]=0 ifi+j>r

Definition 2.4. Let G = G; & --- ® G, be a graded nilpotent Lie algebra with
rank r.

(1) We say S is stratified of type 1 (or simply stratified) if it is generated by 9.
(2) We say § is stratified of type 2 if it is generated by G; & G,.

From now on, § will always refer to a graded nilpotent Lie algebra of rank r.

2.3. Representations theory on Lie algebras. Among the representations, the
irreducible unitary representations play a crucial role. Kirillov’s theory allows us
to associate to every element of the dual §* of G an irreducible representation.
Moreover, this theory says that any irreducible unitary representation can be
represented in this way.

To be more precise, we give a definition of an induced representation. The
starting point is a subalgebra 7 C G and a linear form £ on G such that

L([3, H]) = o.

We will then associate a representation 7y 9¢. of the group G := exp(9) in
Ve := L?*(R¥™) which is uniquely defined modulo unitary conjugation, where
k() is the codimension of J{ in G. For this construction and using the nilpotent
character, we can find k = k() linearly independent vectors ey, . . ., ex such that
any a € G can be written in the form:

g :=exp(a) = hexp(sker) ... exp(sier), @)

and such that, if
.Aj = %@Rel @"'@REk_j+1,

then A;_; is ideal of codimension one in A;.
With this construction, we can obtain that g — (s, k) is a global diffeomor-
phism from G to R¥ x 3. The induced representation is given by

(regc(expa) f)(2) = expi{L, h(t,a)) f(o(t, a)),
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where h(t,a) and o (¢, a) are defined by the following formula:
exp ek ...exptierexpa = exp(h(t,a)) expor(t,a)ey ...expoi(t,a)e;.

We also note my_g¢ the representation of the associated Lie algebra defined by

d
meoc@u = - (reoe™ )| . ®)

where the representation g 5¢ can be defined on the set of u € V5 such that the
mapping s > g gc(e®)u is of class C'. We will actually work on the space 8,
of the C* representations 7y _g.

More explicitly, we have

k
megcla) = i(C (L a)) + Y of(t.a)dy;.

Jj=1

where i’ and o’ designate
d
/ ——
W(t.a) = —=(hit.sa)| .

d
/ —
o'(t,a) := 7 (a(t,sa))‘szo.
In addition, o has the following structure:

oj(tj,....t1,a) =tj + Y (tj—1,....t1,a), )

where y; are polynomials on R¥, depending only on the given variables, with real
coefficients.

We know from Kirillov’s theory that, in the nilpotent case, the irreducible
representations are associated with elements of §* and that, when 7 is irreducible,
the space Vy identifies with L2(R¥") where k() is a integer with L2(R%) = C
by convention. We denote by G the set of irreducible representations of the simply
connected group G := exp G associated to G. It is also important to note that in
the case of an irreducible representation, S, identifies with the Schwartz space
S(R¥(),

Returning to the induced representations 7y _g¢, two particular cases will inter-
est us.

When £ = 0, we obtain the standard extension of the trivial representation
of the H subgroup of G. We can consider this as a representation on L?(G/H).
An interesting problem (which is solved in [9]) is to characterize the maximal
hypoellipticity of 7g,5¢(P) for P € U, (9) (elements of U(G) with degree m).
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The second case is when the subalgebra H C G is of maximal dimension, for
a fixed form £ € G*, with the above property. In this case, we can show that the
representation is irreducible. Moreover one can thus construct all the irreducible
representations (up to unitary equivalence). Starting this time with an element
£ € §*, we can construct a maximal subalgebra V; such that £([V;, V;]) = 0. We
can also show that the codimension k(£) of V; is equal to %rank B¢, where By is
the 2-form defined by

GxG— L[X,Y]).

For a € G, we define by (ada)* the adjoint of ada:b > § — (ada)b := [a,b]
which is an endomorphism of §* defined by

(ada)*((b) := {([a, b]).

The group G then naturally acts on §* by

g+ gl = Z Sl ) (ada)*ke
k=0

with g = exp(a).

This action is called the coadjoint action. Kirillov’s theory tells us that if
¢ and { are on the same orbit for the coadjoint action, then the corresponding
unitary representations are equivalent. Conversely, two different orbits give two
non-equivalent irreducible representations. We can thus identify G with the set of
irreducible representations of G with the set of G-orbits in G*:

G = 5*/G.

In the proof of the main theorem, we find a class of representations of a Lie algebra
G in the space S(R¥) (k > 1) that have the following form:

Definition 2.5. For all X € G, we define the representation w as follows

n(X) = Pl(X) —|—P2(y1,X) + ot Pe(Y1ses V-1 )—
Yk (10)

+i0W1, .., Y X),

where Pj(y; X) and Q(y; X) are polynomials in y € R¥, depending only on the
given variables, with real coefficients, depending linearly on X € G and the linear
forms {X +— P;j(0; X)}1< <k are linearly independent in G*.
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We note that the induced representations always have this form. Conversely, it
is natural to ask if the representation defined in Definition 2.5 actually an induced
representation?

The positive answer is given by Helffer and Nourrigat in [9]. By requiring, for
alX € G

(€, X) = 0(0: X), (In

and denoting by J{ the subspace of X € G such that P;(0; X) =0(j =1,...,k),
these authors prove the following proposition:

Proposition 2.6. Under the assumptions above,

i) the subspace H is a subalgebra of G, and we have

L, X, Y]) =0 forall X,Y € H; (12)

ii) the representation w is unitarily equivalent to wy 5¢. There exists a unitary
transform T such that

wpc(expX)Tf =Tr(expX)f, forallX €9, f € S(RM),

where

o T is defined by
TF(t) = D £(0(1)). forall f € S(R¥), t € RF
where ¢ is defined by
o) = {£,y@) = Q(0: y(1)),
with y(t) is an element of G such that
expy(t) = (exptxg Xg) ... (expt1 X1).
o 0(t) = (61(t),....0c(1)) is global diffeomorphism of R* defined by

01(t) =11,
0;t)=ti+H;(tr,....tj—1), forallj=2,... k,

e Hj are polynomials.

In particular T sends S(RF) into $(R¥).
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Note that 6 is a global diffeomorphism of R¥, whose Jacobian is 1. We thus
pass without any problem from one maximal inequality to the another by a change
of variables which preserves Lebesgue measure.

We finish this part by proving a specific property that will be used later.
Proposition 2.7. Let & be a representation defined by (10). Then for every X € G,

the operator 7w (X) is formally skew-adjoint for the usual scalar product defined
on the space L2(RF), i.e.

(r(X)u,v) = —(u, 7(X)v) forallu,v € S(RY).
Proof. Letu,v € $(R¥). For X € G, we have
Q0w v) = [ 7COuR a.

RK

by performing an integration by parts as a function of y; with j = 1,...,k and
using the fact that P;(y; X) are polynomials with real coeflicients that depend only
onyi,...,yj—forall j =1,... .k, we get

k
0
rOou )= =3 [P e 05 0) dy
.ilek Vi

+ [ ) ETO0n e TG d.
RK
since Q(y; X) is also a polynomial with real coefficients. Then by reusing the
definition (10) of the representation 7 (X ), we obtain

(r(X)u,v) = —(u, 7 (X)v), forallu,v e S$(RF),
which implies the result. O

Remark 2.8. Proposition 2.7 is in particular true for any induced unitary rep-
resentation 1wy g on G. As noted above, the induced representations indeed sat-

isfy (10).

2.4. Characterization of hypoellipticity in the case of homogeneous invariant
operators on stratified groups. The purpose of this part is to provide the nec-
essary and sufficient conditions for a polynomial operator of vector fields to be a
maximal hypoelliptic operator.
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Definition 2.9. Let G be a graded real Lie algebra which is stratified of type 2. We
define the enveloping algebra U(9) as the non commutative algebra of polynomial
expressions of the form

P = ZaaY“, (13)

loe| <m

where a, € C, Y;j (i = 1,...,pjand j = 1,2) denotes a basis of §;, @ =
(a1, ....ox) is a k-uplet of couples (i, j)withi € {1, ..., p;}, and

k
Y =Y ... Yo withla| =) j(e).
I=1

When in equality (13), we consider only terms with |o| = m, the set of polynomial
expressions of this form is denoted by U, (9).

It is noted in [9, Chapter 2] that the representation my 5 of the algebra G
naturally extends to a representation of the enveloping algebra U(G). For all 1 > 0,
we define an automorphism &, of G by the condition

§;(a)=t'a iface 9.

One can of course extend the definition of 8, (called family of dilations) to the
enveloping algebra U(9) by setting

§:(P)= Y aa(8,Y)* = Y ant"™y® fort > 0.
la|<m la|<m
We note that,
PEUn(§) < 8:(P) =) aa(8,Y)* =1"P, forallt>0.
lat|=m

To any element Y of G, we can associate a left-invariant vector field A(Y) on the
group G defined by

AY)H(m) = %f(u-exp(zY))‘tzO, forall f € HY(R¥), u € G.

This correspondence makes it possible to identify the enveloping algebra U(G)
with the algebra of all the polynomials of left-invariant vector fields. To P € U(S),
defined in (13), we can associate

A(P) =" aad(Y)".

le|<m
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We recall the theorem conjectured by Rockland in [15], proved by him in
the case of the Heisenberg group, then in the general case by Beals [1] for the
necessary condition and by Helffer and Nourrigat in [9] for the sufficient condition.
Note that the case of rank 3, which ultimately is the only one that will be useful
here, was previously obtained in [6]. Combined with a result of Rothschild and
Stein [17] in the particular case where the order m of the operator P is even and
the Lie algebra is stratified of type 1 or 2, the Helffer-Nourrigat Theorem takes the
following form.

Theorem 2.10. Letr G be a graded and stratified Lie algebra of type 1 or of type 2
and let P € U,,(G) with m even (just in the case of type 2). Then the following
assertions are equivalent:

(1) the operator P defined in (4) is hypoelliptic in G;
(2) the operator P defined in (4) is maximal hypoelliptic in G;

(3) for any & non-trivial irreducible and unitary representation in G, the oper-
ator 7(P) is injective in S, where 8 denotes the space of the C* vectors of
the representation.

Remark 2.11. When the Hormander condition 2.1 is satisfied, the condition (3)
will be called the Rockland condition. To verify this condition, we observe that for
any non-trivial irreducible and unitary representation w in G it suffices to show
that if u satisfies w(P)u = 0, then

e in the stratified case of type 1,
n(Yj)u=0, forallj=1,...,p;
o in the stratified case of type 2,
7(Xy) =0and n(Y;) =0, forallt=1,....,pj=1,....q.
This implies indeed in the two cases that
a7(Y)u =0, forallY €.
Then, assuming that  is irreducible and not trivial in Theorem 2.10, we get u = 0.

We will finish this part by quoting another result, from Helffer and Nourrigat
in [7], which appears in the proof of their theorem and which will be very useful
to us.
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Theorem 2.12. If P € U,,(9) is a maximal hypoelliptic operator, then there exists
a strictly positive constant C such that, for any induced representation w = my g,
for all u in S(R¥™), we have the following maximal estimate:

Z ””(Ya)u”iZ(]Rk) = C(”n(fp)u”iZ(Rk) + ”u”iZ(]Rk))'

|| <m

2.5. Application to the maximal hypoellipticity of vector fields. We assume
that the fields X; and Y; fori € {l,...,p}and j € {l,...,q} satisfy the
Hormander condition (2.1) in zg. To the operator defined in (4), we first associate
in z, an element of the enveloping algebra U(G) where G denotes the free nilpotent
Lie algebra with p + g generators (Z1, ..., Z,+4) with rank r. Here, we follow
Rothschild and Stein’s approach in [17]. We associate to the operator P an element
P2, of U (G) defined by
Pz = Zaa(zo)Z“,
|a|=m

and we recall a result based on the articles [16], [8], and [2]:

Theorem 2.13 (Theorem 0.7 in [16]). Let P be the operator defined in (4) sat-
isfying the Hormander condition 2.1 at zo € Q. If P, satisfies the Rockland’s
Criterion then the operator P is maximal hypoelliptic in a neighborhood of zy.

The inverse is not true in general. It is the whole purpose of the book [9] to
give necessary and sufficient conditions for this maximal hypoellipticity.

3. Proof of Theorem 1.3 whend = 2

For technical reasons, it is easier to work with
K:=K+1,

it is clear that is equivalent to prove the maximal estimate for K.

The proof consists of constructing 9, a graded and stratified algebra of type
2, and, at any point x € T2, an element X, of U5 (9) which is hypoelliptic. The
maximal estimate obtained for each JVCX will then be combined to give a maximal
estimate for the operator K.

To define Jvi, we replace B.(x) by a fixed constant b € R, and we will show
a global estimate for the following model:

Kp:=v:Vx + b0y, —v20y,) — Ay + v2/4, in R? x R?,

which appears as the image by an induced representation of K.
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Then we will use a partition of unity and check the errors coming from the
localization of the estimates.

3.1. Application of Proposition 2.6. We will show that we can put ourselves
within the framework of this proposition. We therefore look for a graded Lie
algebra G of type 2, a subalgebra H, an element Ky, in U, (S) and a linear form £
such that

7e,5¢(Kp) = Kp.

For this, one determines the necessary conditions on the brackets between the
generating elements of this algebra. In the writing of K} we can see the differential
operators of degree 1 with the following polynomial coefficients:

Xiy=0v, X{;=iv, (14)
X5 =0v,, X5, =ivy, (15)
X1,2 = U.Vx. (16)

Ky is indeed written as a polynomial of these five differential operators

2
1 .
Ky = X125 — Z ((Xl/m)z + Z(Xllc/,l)z) - lb(X{,1X§/,1 - Xé,lX{/,l . (17)
k=1

We now look at the Lie algebra generated by these five operators and their brackets.
This leads us to introduce three new elements that verify the following relations:
Xop = [X{,I’X{/,l] = [Xé,l’Xé/,l] =1,
Xi13:=[X12, X1 1] = 0x,, X2,3 1= [X12, X 1] = 0xs.
We also observe that we have the following properties:
[Xi,l’Xé,l] = [X{/,lvxﬁ/,ﬂ =0,

(X} 1. Xk3) = [X]). Xk 3] = [Xi3. Xap] =--- =0, forall jk=1,2.

We then construct a graded Lie algebra G verifying the same commutator
relations. More precisely, G is stratified of type 2, nilpotent of rank 3, its underlying
vector space is R®, and §; is generated by Y{ |, Y; |. Y{"; and Y}, G, is generated
by Y1, and Y, and G3 is generated by Y7 3 and Y» 3. The laws of algebra are
given by

Yop0 = [Yl/,l’ Yl/il] = [Y2/,1v Y2//,1]’ Vi = [Yl,z, Yll,l]’ Yo3 = [Yl,z, Yzl,l]v (18)

[Yl/,l’ Y2/,1] = [Yl/ilv Yz//,l] =0, (19)
Y/ Yis] = [Y/). Yas] = Y3, Yap]l =--- =0 forall j,k=1,2. (20)
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We check that the mapping = (with the convention that if ¢ = @ there is no
exponent) defined on its basis by
n(Y?) =X7; withi =1,2,j =1,2,3and o € {@,/,7}. (21)
defines a representation of the Lie algebra §.
We now see that our representation & can be rewritten in the following form
7(Y) = Pi(Y)0y, + P2(v1:Y)0y, + P3(v1,02;Y)0x, + Pa(v1,v2,x1;Y)0x,
+iQ(vy,v2,x1,%2;Y),
where for all Y € G, there are a, b, c,d,a, B, y, and § € R such that
Y =a¥Y| | +bY, +c¥{ +dY;,
+aYiz+ BY22
+yY13 +8Ya3,
and the polynomials P; with j = 1,...,4 and Q are defined by
Pi(Y) =a,
Py(v1;Y) = b,
P3(v1,v2:Y) = avy +,
Py(v1,v2, x1;Y) = ava + 6,
and
O(,x;Y) =cvy +dvy, + B.
We can now apply Proposition 2.6. We then obtain & = 7y 5¢ with
e g™ (.Y)=0(0:Y) =B,
H:={Y € G/P1(0:Y) =--- = P4(0:Y) = 0} = Vect(Y{'|. Y} . Y15.Y2).
Let’s go back to our operator K} which was written as a polynomial of

the vector fields {X; 2, X 3, XJ/.’I, X}f1}1'=1,2 in (17). We then define Ky, as the

same polynomial but in this time the operator is function of the vector fields

!/ 1
{Y)2, Y3, Y1, Y/ }j=1,2 defined as

2
~ 1 .
Ky =Y — Z ((Ylé,l)z + Z(Y,Z,l)z) - lb(Yl/,le//,l - Y2/,1Y1/:1)v
k=1
such that
7¢,9¢(Kp) = Kp.
Note that, with the notation used in the introduction to the section, we have

j%x = EBg(x)-
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3.2. Verification of Rockland’s criterion. To prove the maximal hypoelliptic-
ity, we must check the Rockland criterion (see Theorem 2.10) for Eb. Let 7 be a
unitary irreducible non-trivial representation of G in V;. We will show that the
operator 7(Kp) is an injective operator in the space S, which identifies when 7
is irreducible to S(R¥). Let u € S(R¥™) such that

7 (Kp)u = 0.
On the one hand, we have
Re(r(Kp)u, u) = 0.
On the other hand, by integration by parts and by using that the operator 7 (Y) is

a formally skew-adjoint operator (see Proposition 2.7), we obtain

2

Re(m(Kp)u.u) = Re(w(Yi2)u.u) + Y (lw (Y Dull® + |7 (¥, pull?)
—I,_/ =1

- bReU(”(Yl/,l)?T(Yz//,l) - ”(Yz/,l)”(Yl/il))“a u).

1I

First, we will calculate the term I. Using the fact that the operator 7 (Y7 ) is skew-
adjoint according to Proposition 2.7, we obtain

(r(Y12)u,u) = —(u, w(Y12)u) = —(w(Y12)u, u).
Therefore, we have
(H(Yl,z)u, u) + <7T(Y1,2)u, u) =0,

S0
[ =Re(n(Y12)u,u) = (z(Y12)u,u) + (r(Y1,2)u,u))/2 = 0.

Then we go to calculating the term II. Using that & is a representation and the
relations of the given commutators in (19), we get

[7(¥] ), n(¥3 )] = =([¥] . ¥5,]) = 0,
[7(¥;.). n(¥]{ )] = n([V5,. ¥{1]) = 0.

Then the operators in (Y} )7 (Y, ;) and in (Y, )7 (Y{,) are skew-adjoint on the
space S, with the scalar product of V, for any representation x. By integration
by parts, we have

(i (V] (Vg s u) = —(ix (Y] ) (Y5 . ).

(i”(Yz/,l)”(Yl/fl)% u) = _<in(Y2/,1)7T(Y1/il)u’ u),
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and then,
Re(ir(¥{ ) (V4 ) = Refie(¥3, ) (¥{ ) = 0.
Therefore, we have
o= Re<i(7T(Y1/,1)JT(Y2//,1) - ”(Yz/,l)”(Yl/il))u’ u) =0.

The identity

2
Re(m(Kp)u, u) = Y (| (Y Dull® + 7 (¥ Dull?),
k=1

implies
n(Yjpu=m(Y/Du=0, forall ;=12 (22)

It remains to consider Y} », for which we can notice that

2
~ 1 .
Yio=Kp + E ((Ylé,l)z + Z(Ylé/,l)2> +ib(Y{ Y, = Y5, Y]).
k=1

Applying 7 and by action on u, we have

2
T(Y12)u = 7w (Kp)u + I; 7 (v )%+ i(Y,é:l)z)u
+ibr(Y{ 1Yy — Y, Y )u
=0.
From Remark 2.11 in the stratified case of type 2, we deduce that
7(Y)u =0, forallY €,

which implies, 7 being assumed to be non trivial, v = 0.

The operator 7(Kp) is therefore injective in the S, for any irreducible and
non-trivial representation 7. Therefore, according to Theorem 2.10 the operator
Ky is maximal hypoelliptic in the group G. By applying Theorem 2.12 with
Kp = T[L:}((Eb), we obtain the existence of C > 0 such that

2 2
X120l + Y UG )l + I D) + Y I1XG, X7 ul
k=1 k=1 23)

< C(l|Kpull + [ulD).

the previous inequality is verified.
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3.3. Proof of Theorem 1.3

3.3.1. Firststep. We fix xo € R? and we write B.(x9) = by € R. We recall that
K:=v-Vy—(vABe) Vy— Ay + v?/4.

We begin with u € 8§(R? x R?) with P;(Suppu) C B(xo,€), where Py is the
standard projection P; (x, v) = x and ¢ > 0 a constant which will be chosen later,
we have

Ku = (K — Kpy)u + Kpyu.

On the one hand, we have by definition of K and Kj,
”(Kv — Kpo)ull = [[(Be — Be(x0))(v10y, — 020y Ju|
< IV Belloo|x — Xo (018, — v20y ul| (24)
< €[ VaBe|[Loo [[(v18u, — 020 ul.

We then obtain the following estimate:

(K = Kbo)ull < &l BellLipsenr2) 14 52

On the other hand, by the inequality (23) and Theorem 2.13 at the point xo, we
obtain that the operator Ky, is maximal hypoelliptic in B(xo, €). So the operator
Kb, verifies, for a constant C > 0 large enough, which depends on the coefficients
of the polynomial operator of vector fields Ky, the following estimate:

2
1 1
| Knoull + el = S 1X12ull + = UG Dl + 1))
k=1 (25)

2
1
+ C Z ”XI/C,IX(//,IMH’
k=1
Finally, we observe that
| Kull = [|Knoull — (K — Kig)u]|,
Using the inequalities (24) and (25) and choosing
O0<e< !
8 —7
C| B ”Lipsch(”ﬂ“z)

we get C > 0 such that for all u € S(R? x R?) with P; (Suppu) C B(xo, €)

2

2
X120l + > UGG D2l + 1O Dl + Y1 X qul
pane Pyt (26)

< C(|Kull + ul).
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3.3.2. Second step. We have shown that for each xo, € T? there exists a
B(x0, &(x0)) such that (26) applies. T? being compact, then there exists a smooth
partition of unity (¢;)72; in the variable x € T? such that

no
@; € C(T?)  and Zgof = lonT?,
j=0

and the inequality (26) holds on each Supp ¢; (with a uniform constant since the
collection of ¢; is finite). More precisely, we take ¢ = inf{e;, j = 1,...,n9} > 0,
where ¢; is the radius of the ball centered at a point x; whose (26) holds, such that

Supp@; C B(xj.€) C B(xj.¢e;) forall j € {l.....no},
where the ball B(x;, ¢) is defined by forall j =1,...,n9
B(xj, &) = {x € T?/d(x, x}) < &}.

Intermediate step. The purpose of this step is to show the following two esti-
mates:

o for all n > 0, there exitsts C;, > 0 such that
i3y < nlluly, + Cyllul® forallu e B 27)
o forall ¢ € C>®(T?), there exists C, > 0 such that

I[K, ¢lull < Cyllull g forallu e B, (28)

where B! is the space L2® B with the Hilbertian norm
ull%, =" [v*05u|?, forallu € B'.
lael+B1=1
According to the definition of | - [| 1, we have for u € 8(T? x R?) and x € T?

lue )Gy = D I aulx. )72,
lel+IBl=<1

= Z(vo‘af}u(x, ), v“B’,fu(x, ))-

| +1B]<1

By an integration by parts with respect to v and by applying the Cauchy—Schwarz
inequality, then there exists a constant C > 0 such that

e, MGy = Cllux )l lux. )l g2
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Finally, by the Young inequality we obtain that for all n > 0, there exists C,, > 0
such that

et I3y < alluGe. 12, + Cyllutx. )2 forall g > 0.

Then, by integrating in x on the torus T2, we deduce the estimate (27).
Now, we note that the commutator is

[K.¢] = [v- Vi, 0] = vV,

according to the previous equality and applying Holder’s inequality (p = 1 and
g = 00), we obtain
1K @lull = [|lv- Vepull < V@l oo ez lvul2er2xr2)

= IVxe@llLoor2) llull 51
=< Collullz1-

End of the proof. Let B, € Lipsch(T?) and u € 8(T? x R?). By the partition
of unity and by application of the inequality (26) with w = u¢g;, we obtain that
there exists C > 0 such that

lul%, Z lojuls, < C Z(nmunz + llgul?). 29)
j=1

Using the definition of the commutators, we get

no no
Y IKgul® <23 (il Klull> + llg; Kul®).
ji=1 j=1

According to the estimates (27) and (28), we obtain, for every > 0, the existence
of C, > 0 such that

no
Y IKgpull® < 2| Kul® + 2nllul%, + Cyllul. (30)
Jj=1

By inserting inequality (30) into inequality (29), we deduce that, for every n > 0,
there exists C; > 0 such that

lull%, < 2CIKull® + 20C Jully, + Cyllul,
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Then, using the same techniques, we have

no
o Vaul® = 3l (v - Vi)
j=1

<23 (g v- Valul? + 10 - Vo) (@) ).
j=1

Using the inequalities (30) and (26), we get C’ > 0 and for all n’ > 0, C,y > 0
such that

no
o Vul> < > (Cllg; Kull® + 7'l g + Colgjull?)
j=1

< C'lIKull? + n'llull%, + Cyllu])?.

It remains to estimate the following term:
no
||Be(vlav2 - U2av1)u||2 = Z ”Be(vlavz - U28v1)(§0ju)||2-
j=1

By direct application of the inequalities (26) and (30), we obtain that there exists
C,C” > 0 and for all n” > 0, C,» > 0 such that

no
1Be(v10u, — v20 )ul®> < C Y (1 K(@jw)l|* + [|ul|*)
j=1

< C"IKull® + 0" llull %, + Cor lull®.

Choosing 7, n’ and ” > 0 such that, 2Cn + n' + n” < 1, we thus obtain the
existence of a constant C > 0 such that, for all u € $(T? x R?),

(v - Vo = Be(01du, — v230))ull + Il g2 < C(IKull + llu]).

4. Proof of Theorem 1.3 whend =3

4.1. Preliminaries. We now present the proof of Theorem 1.3 when d = 3,
and explain the differences with the proof in the case d = 2. We first replace
B, (x) with a constant vector b = (b1, b, b3) € R3 fixed, and we show an overall
estimate for the following model:

Kp=v-Ve+ @WAb)-Vy,— A, +0v2/4—-3/2. (31)
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We define the transformation
ViR xR> — RP xR, (x,v) — Vi (x,v) := (Mx, (M~ ")'v),

where M is the rotation matrix that is obtained by multiplying the two matrices
of rotations R(6;) and R(6,) around the axes (Ox) and (Oz) with rotation angles
0, and 6, respectively

1 0 0 cosf, —sinb, O
R()):=|0 cosf; —sinf; |, R(0,):=]|sinb, cost, 0
0 sinf; cosO, 0 0 1

where both angles are defined by

0, = arctan(by /by), 6, = arctan(y/b? + b3 /b3).

We note that the following differential operators are invariant by conjugation by
the transformation V3, (by orthogonality of matrix M that is to say M ! = M?):

Ve (v - Vo) Vo1 = (M~ v - (M~ V,
=M YHYM .V, =v-V,,

Var(—Ay +02/4=3/2) V=1 = Vag (=Vy + 1/2) - (Vy 4+ v/2)Vy—1
= (M Y (=V, 4+ v/2)- M'(=V, + v/2)
= MM'(—A, +v*/4—-3/2)
=—A, +v%/4-3/2.

By construction of the matrix M, where |b| is the Euclidean norm of b € R3,
conjugation of the magnetic operator gives

V(@ Ab)-Vy Va1 = |b|(vlav2 - U28v1)~

Therefore, the conjugation of the Fokker—Planck-magnetic operator defined in
equation (31), by the canonical transformation operator Vs, gives us the following
operator:

lel = VuKpViy-1 =v-Vy + |b|(v18v2 — vzavl) — Ay + 1)2/4 —-3/2, (32)

Note that the space B2 is invariant by rotation. The maximal estimates for Ky,
are therefore equivalent to the maximal estimates for Q| (with uniform control
of constants).

As in the case d = 2, the proof consists in constructing a graded Lie algebra
G of rank 3, and, in every point x € T2, an element Q| of U»(G) hypoelliptic
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with b = B.(x). We deduce from the maximal estimate obtained for each Qp|,
a maximal estimate for the operator Q p,.

By conjugation by the canonical transformation V,,—1 of the operator Qp|, we
then have

3 3
1zl + 3 A%l + I Dl + 3 1, X7 qul
= i (33)

< C(| Kpu|l + ||u])), forallu € S(R? x R?).

4.2. End of the proof. For the rest of the proof, there is no difference with the
case d = 2, we use a partition of unity and we control the error, in order to
obtain the maximal estimate (3) for the initial operator K in the space 8(T3 x R?).
For more details on a similar result without a magnetic field but with an electric
potential, we refer the reader to Chapter 9 of the book of Helffer and Nier [5].

Appendix A. Maximal accretivity
of the magnetic Fokker—Planck operator with low regularity

A.1. Preliminary remark. By following the steps of the proof of the maximal
accretivity for the Kramers—Fokker—Planck operator without a magnetic field,
given in [5, Proposition 5.5], we need some local hypoelliptic regularity of the
following operator:

d
v'vx_(v/\Be)'vv_Av :Y0+ZYJ-2,
j=1
where

Yo=v-Vy—(AB,) -V,

and

Y; =8vj, forallj =1,...,d.

In the case where B, is C°°, this regularity results immediately from the hypoel-
lipticity argument of Hormander operators. The difficulty in our weakly regular
case is that the vector field Y, has coefficients in L*°. We can only hope for a
weaker Sobolev type of regularity.
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A.2. Review of Sobolev regularity for Hormander operators of type-2. In
this part, we will recall a result of Sobolev regularity for a relevant class of dif-
ferential operators. We consider the differential operator of type-2 of Hérmander
given by

n
L - ZX]'2+X07
j=1

where the vector fields Xy, ..., X, are real and C* on an open set 2 C R”. We

suppose further that the X; with j =0, 1, ..., n satisfy Héormander condition 2.1.

The hypoellipticity of these operators has been studied by Hormander in [11].
We denote by ﬂ-(l’gc(]RM ) the space of functions locally in " (R??) defined

in (6). (See [17] for more details of this subject). We recall from Rothschild and

Stein in [17] the following result.

Theorem A.1 (Theorem 18in [17]). If £, L f € L2 (), then f € H? (Q).

loc loc

This theorem is proven under the assumption that the polynomial operators of
vector fields are with C*° coefficients, a hypothesis that will not be satisfied in our
case. The case with weakly regular coefficients appears less often in the literature.
We note, for example, that the case of the operator of the following form:

n
Zai,inXj + Xo,
ij=1

with non-regular coefficients a; ; was studied by Xu in [19] and Bramanti and
Brandolini in [3], who prove results of regularity as in Holder and Sobolev spaces.
Readers are referred to the article [18] for the study of Holder regularity for the
particular case of Kolmogorov operators with Holder coefficients. None of these
theorems apply directly. Moreover, they require a hypothesis of Holder regularity
which will not made here.

A.3. Proof of the Sobolev regularity. To prove Theorem 1.1, we will show the
Sobolev regularity associated to the following problem

K*f =g with f,g e L2 _(R?*?),
where K* is the formal adjoint of K:
K*=—v-Vy—Ay+ (WAB,) -Vy+02/4—d)/2. (34)

The result of Sobolev regularity is the following:
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Theorem A.2. Let d = 2 or 3. We suppose that B, € L*(R¢, R4@=D/2) Then
forall feL? (R*?), suchthat K* f =g with g€ L2, (R??), then f e HZ (R?9).

Before proving Theorem A.2, it is important to reduce our problem to a
problem with regular coefficients, in order to prove partial regularity in v for the
following family of operators:

Proposition A.3. Let ¢c; € | Jg-g LR, L>({lv| < RY) forall j = 1,....d

such that
dy; (cj(x,v)) =0in D' (R2%), forall j =1,...,d. 35)
Let Py be the Kolmogorov operator
Py:=—v-V,y—A,. (36)
Ifh € L2 (R?) satisfies
d
Poh = "¢j(x,v)dy, hj + &,
= (37)
h;, g e L2 (R?) forallj =1,....d,
then Vyh € L2 (R?? RY).

Proof. Let h satisfy (37). We can work near a point (xo,v9) € R29 ie.
in the ball B((xg,vo), o) for some ro > 0. We show that V,/ belongs to
L2(B((x0,v0).70/2), RY).

Step 1. Regular solution with compact support. We begin by assuming that /
is in H2(R??) and supported in B((xg, vo), ro) With o > 0 and we will establish
a priori estimates. We multiply equation (37) by 4 and integrate it with respect to
x and v, we obtain

U

(Poh.h) = (cjdy,hj. h) + (g.h), (38)

Jj=1

where (., .) denotes the Hilbertian scalar product on the real Hilbert space L2(IR?).
Let’s start by calculating the left side of the previous equality

(Poh.h) = ((v-Vx — Ay)h, h)
= / (v-Vih)hdxdv — /(Auh)h dx dv.

]de ]R2d
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Then performing an integrations by parts with respect to x and v in the previous
equality, we get

(Poh,h) = ||Vvh||iZ(JRZdJRd)’

we used that the operator v - V, is formally skew-adjoint in L2(R?%).
We now estimate each term in the right hand side of the equality (38). Using
Assumption (35) and performing integration by parts with respect to v;, we have

d

d
> {ejdu;hj k) == (cjhj. 0y, h).
j=1

Jj=1

Then applying the Cauchy—Schwarz inequality to the scalar product, we get

d d
‘ Z(cj(x, U)avjhjyh)‘ = Z lejhjllL2@eayll0v; il 224y
=1 j=1

Then we obtain that for all n > 0, there exists C;, > 0 such that

d d
| D46 0)00 )| = IV s gy + Co Y Ny 2y
Jj=1

Jj=1

Similarly, we get

~ 1, . 1
(g, h)| < EHg”iz(]de) + E”hHiZ(de)-

By choosing < 1, we obtain the existence of a constant C > 0 such that for any
h and h; satisfy the problem (37),

d
IVl 2 2gea gy = € (30 eihilZageay + 18122 gaay + 12y ) (39)
j=1

Step 2. General solution. Now, we consider the solution / of the problem (37)
in L2 _(R??) and show how to apply the result of Step 1 by using a cut-off and a

loc
regularization.

(A) General framework and useful remark. To have the regularity stated in
Proposition A.3 for a solution 4 € L2 (R2?) of (37), we introduce two cut-off
functions y; and y, such that

loc

11 12 € CZ°(R*T). Supp (1 C B((Xo. vo). 7o),
f1 = Lin B((x0.v0). 3) and 1 = 0in B> \ B((xo. vo). 70).

X1X2 = X1.
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Where ry > 0 is fixed at the beginning of the proof.
Let /15 be the function defined on R?? by

hs(x,v) = y2(1 = 8%Ax )V x1h, for§ >0, (40)

where the operator (1 — §2A, ,,)~! is defined via the Fourier transform.
Note that 15 € H?(R??) is supported in B((xg, vo), 7). Using the dominated
convergence theorem one can show

hs —> y1h in L2(R*?) when § — 0. (41)
We will now show that there is a constant C and g such that for all § € (0, &o]
IVohsllL2gea ray < C. (42)
Before giving the proof, we make the following simple remark:

Remark A4. If Q1 and Q, are two differential operators of order ki and k,
respectively with coefficients in C§° such that

kl + k2 =< k = 27
then there exists a constant C > 0 such that for all § > 0

101(1 = 82Ax,0) ™' Qoull pooay < C8 F|ullagay.  forallu € L2(R?).
(43)

(B) Reformulation and relations of commutators. Let’s go back to the proof
of inequality (42). We recall that & verifies

d
Poh = " ¢j(x,v)dy,hj + &. (44)

j=1
The goal is to follow the approach of the first step for zs with however some
differences. From (44), let’s look for the equation verified by i5. We have

Pohs = y2(1 — 8% Ax) " x1Poh + [x2(1 = 8%Axy) ' x1, Polh.  (45)

To control the commutator in the right-hand side, we will use the following
relations of commutators:

[, Pol = —App +v-Vep —2V,0 - V,, forall g € C(R??), (46)
[p.0y,] = —0,,0. forallp € CP(R*?), j =1.....d, (47)
d
[(1— 82Ax,v)’ Po] = 52[Ax,v, v V] = 28° Z avj an’ (48)
j=1

[(1—8%Ax0)™" Pol = —(1 = 8% Ay ) (1 = 8% Axp). Pol(1 — 8% Ax )"
(49)
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Using the relations of the previous commutators and equalities (44) and (45), we
rewrite Pohg in the following form:

d
Pohs = ZXZ(I - 82Ax,v)_1XICjavjhj + Bog

j=1 (50)
4+ Bih 4 2x2(1 = 82A,0) 'V y1 - Voh

+ Boh + 2V 2 - Vo (1 = 82Ax )" 1h).

Here the B; for j = 0, 1,2 are the uniformly bounded operators with respect to §
on L?(R??) (according to (43)).

By = X2(1 - SzAx,v)_l)(l’ (51)
By = x2(1 - SzAx,v)_l(Ax,le) + x2(1 — SzAx,v)_l(U “Vex1), (52)
By = 2(1 = 82Ax ) '8 R(1 =82 Ax ) 11, (53)

where R is the second-order operator

d
R =[Axy,v-Vx] = 22 Jy; Ox; - 54
j=1

(C) Proof of the uniform boundedness of ||V, A5 || 2(g2dy. In order to show (42),
we multiply equation (50) by &g and integrate, we obtain

QU

(Pohs.hs) = > (xa(1 = 86%Axu) ™" x1¢9u;hj. hs) + (Bog. hs)

/=1 (55)
+ (Bih,hs) + (2x2(1 = 82Ax ) ' V1 - Voh, hs)

+ <B2h7 hS) + <2vv)(2 : Vv((l - SzAx,v)_IXIh)y h8>1

and we estimate term by term of the right-hand side of the previous equality.
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For the first term, we use relation (47) to switch d, ; and yg for k = 1,2, and
obtain

(x2(1 =8> Ax0) " x1¢j0u,hj hs) = To + 11 + I,

where the /; for j = 0, 1, 2 are defined by

To = (3, (r2(1 = 82 A ) ' x1chy). hs). (56)
I = (x2(1 = 82 A ) ™ (B, x1)cs by hs), (57)
I = ((3v; x2)(1 — 8% Axv) " x1cshy ., hs). (58)

To estimate /o, we integrate by parts with respect to v;
Io = — (y2(1 =82 Ax ) yacihy, dv; hs),
and then, applying the Cauchy—Schwarz inequality, we get
(ol < | Bo(c;ihj)lIL2w2a)l10v; hs | 12 g2a)-

Then using the uniform boundedness of By we obtain that for all ° > 0, there
exists Cyy > 0 such that

|IO| = Cr]’chhj ”22(3((350’,,0)’,0)) + 77/||8vjh8||22(R2d)- (59)
The two terms |/;| and |/, | satisfy the following estimates:

1] < x2(1 = 82 Ax0) ™ O, x1)cihj |l 2ay sl L2 g2ay

(60)
< ClicihjlliL2B((xo.00),r00 1181l L2 (R24).
|12] < ||(3vj)(2)(1 —52Ax,v)_1)(1€jhj ||L2(1RZd)||h8||L2(1RZd) 61)
= ClicjhjllL2B(o.v0).ron 1151l L2 R24)-
Using (59)—(61), we get that for all n” > 0, there exists C;y > 0 such that
d
‘ D (21 =8 Ax ) x1¢j 0y, by hs)
j=1
d
=Cy Z ||thj HZZ(B((XO,UO)JO)) + 77/||Vvh8 ||iz(]de’]de) + Cn’”hS ||22(de),
j=1

(62)
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We show for the fourth and the sixth term of (55) that for all n” and "’ > 0, there
exists C,» and Cy» > 0 such that
(2)(2(1 - SzAx,v)_lval - Voh, h8)

2 " 2 2 (63)
= C”//||h||L2(B((x0,v0),r0)) +1n vahﬁ ”LZ(]de) + Cn”HhS ||L2(R2d)

<2vv)(2 ' Vv((l - SzAx,v)_l)(lh)y hz?)

64
< Cn/// ( )

"

”h”iZ(B((xo,vo),ro)) +7 ”Vvhﬁ ”iz(]RZd’]de) + Cn’”HhS ”iZ(RZd)-

It remains to estimate the three remaining terms corresponding to the following
scalar products:
[(Bog&. hs5)| = || Bogll L2 r2a)llhs || L2 r2a)
[(B1h, hs)| < || BihllL2mea) |75l L2 r2a),
[(B2h, hs)| < || B2hllL2m2a) s || 2 r2a)-

Applying (43), we obtain the existence of constants C; > 0 and C, > 0 such that
(Bog, hs) < CrllgllL2(B((xo,v0).r0)) 176 | L2(R24Y 5 (65)
(B1h, hs) < CallhllL2(B((xo.v0),ron 175 | L2(R24)- (66)

To estimate the norm || Ba/| 1 2(r2ay, We apply (43) (with Q1 = (1 —82Ax )"
and Q, = §2R where R is defined in (54)). We also obtain the existence of C3
and 8¢ > 0 such that for all § € (0, &]

[{(B2h, hs)| < CsllhllL2(B((x0,v0),ro0) 116l L2 (R24)- (67)

Finally, using the estimates (62)—(67), and choosing %', n” and n”" > 0 such that
n +n" + 1" <1, we get the existence of a constant C and §y > 0 such that for
all § € (0, 8o]

2
Vohs ”LZ(]RZd’]Rd)

d
~ 2 ~n2 2
= C(Z llej 7Nz B(xo.vor.ron T 1EIZ2B(x0.v00.r00 T ”h||L2<B<(xo,vo),ro))>'
i=1

(68)
This completes the proof of (42).

(D) Deduce the uniform local boundedness of Vyh. Let h € L2(R??) sat-
isfy (37). On the one hand, according to (41) we know that

hs —> y1h in L2(R?*?) when § — 0.
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This implies that
hs —> y1h and Vyhs — Vy(x1h) in D'(R?*?) when § — 0.

On the other hand, according to inequality (68), we obtain that (V,/45)s is bounded
in L2(R2%) for § € (0,8y]. By weak compacity, there is a subsequence (§x)xen
tending to 0 and a function u € L?>(R?¢, R?) such that

Vohs, — u in D'(R?*?) when k — +o0.
Hence V,(x1h) = u in D'(R24). Then V,h € L2(B((xo, vo). ro/2). R%).
Step 3. Conclusion. Taking the information obtained near each point (xg, vo),

we deduce that V, i € L2 _(R??, R¢), which finishes the proof of Proposition A.3.
O

We now give the proof of Theorem A.2.

Proof of Theorem A.2. The key idea of the proof is to decompose the operator K*
defined in (34) as follows:

K*=Py+ (WA B.)-Vy, +v%/4—d/2. (69)
Let f € L2 (R??) and B, € L®(R4, R4(@~1/2) guch that

loc

K*f =g withge L2 (R*?),

loc

the goal is to show that f € H2 _(R27).

Step 1. Reformulation of the problem. By following decomposition given
in (69) of the operator K*, we can consider our problem as a special case of the
following generalized problem:

d
Pof =) cj(x.v)dy;hj + &
ji=1

by = f € L) ™

loc

2 d
g=g—%f+§f e L2 (R?), forallj=1,....d,
where Py the Kolomogrov operator defined in (36) and

¢j(x,v) = —(v A Bp); € L°(R?, L2 (RY)), forallj=1,...,d,
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and where we denote by (L); the jth component of the vector L € R¢. Note that
the coefficients ¢; verify the condition (35) of Proposition A.3 because

dv; (VA Be); =0, forallj=1,....d.

then Proposition A.3 gives V, f € L2 _(R?? R%).

loc

Step 2. Application to Theorem A.1. Our operator Py can be written as
follows:

Poz—(fjxjuxo), (71)
j=1

where X; for j = 0,1,...,d are defined by

T vV, ifj =0.

According to Step 1, Problem (70) is a special case of the problem of regularity
of type Pof = h, with f and g € L2 (R?%) and h is given by

d 2
~ v d
h = E cj(x,v)avjf-i-g—ff—i-gf.
Jj=1

According to Step 1, we have shown that V, f € L2 _(R??, R?), which implies
that i € L2 (R?“). Hence, by applying Theorem A.1, we obtain f € HZ (R??),

which completes the proof of Theorem A.2. O

Remark A.5. In this part, we have shown a local Sobolev regularity on R*¢, we
actually need it only in Q x R? where Q is one of the open set of R? appearing
when choosing local coordinates for T¢.

A.4. Proof of Theorem 1.1. Finally, we are ready to give the proof of Theo-

rem 1.1. The accretivity of the operator K is clear. To show that the operator

is maximal, it suffices to show that there exists A¢ > 0 such that the operator

T = K + Aold is of dense image in L?(T% x R%). As in [5], we take 19 = % + 1.
Let f € L2(T? x R¥) such that

(u, (K + Aold)w) = 0, forall w € D(K), (72)

we have to show that u = 0.
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For this we observe that equation (72) implies that
(K* + % + 1)u — 0in D'(T? x RY)
= K*u= —(% n 1)u in D'(T¢ x RY),

where K* is the operator defined in (34).

Under the assumptions B, € L®(T¢, R4@=1/2) y e D(K) C L? (T4 x RY),
Theorem A.2 and Remark A.5 show that f € 3-61200 (T4 x R?). More precisely,
using the compactness of T¢, we have y(v)f € H*(T¢ x R?) for any y €
CP(RY). The rest of the proof is standard. The regularity obtained for f
allows us to justify the integrations by parts and the cut-off argument given in
[5, Proposition 5.5]. We note that in [5], a cut-off in x and v was necessary to
develop the argument whereas here it suffices to perform a cut-off in v. Here we

refer to [12, Proposition 3.1].
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