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1. Introduction and results

1.1. Quasiperiodic Schrödinger operators. For x 2 T WD R=Z, ˛ 2 .RnQ/=Z
and V WR=Z ! R a C k function, k 2 N [ ¹1; !º, we consider the following 1D

quasiperiodic Schrödinger operator

HV;˛;xW l2.Z/ �! l2.Z/;

.un/n2Z 7�! .unC1 C un�1 C V.x C n˛/un/n2Z:

We shall call V the potential, ˛ the frequency and x the phase. The spectrum
spec.HV;˛;x/ of the operator HV;˛;x is a nonempty, compact subset of R and

when ˛ is irrational it does not depend on x; we shall often denote it by †V;˛.

To investigate the spectral properties of the operator HV;˛;x it is often useful

to introduce its spectral measure �V;˛;x; this is the probability measure on R

defined as follows: if ıi 2 l2.Z/, i D 0; 1 are defined by ıi .n/ D ıi;n, one sets

�V;˛;x D .1=2/.�V;˛;x;ı0
C �V;˛;x;ı1

/ where the probability measures �V;˛;x;ıi

i D 0; 1 are uniquely defined by

h.HV;˛;x � z/�1ıi ; ıii D
Z

R

d�V;˛;x;ıi
.t /

t � z for all z 2 C; =z > 0:

An important question in the theory of quasiperiodic Schrödinger operators is to

investigate the topological nature of the spectrum†V;˛ (is it a Cantor set?) and the

spectral type of the spectral measure �V;˛;x (does it have absolutely continuous,

singular continuous or atomic components?). In this paper we shall be interested

on the possible coexistence of absolutely continuous (pure ac) and pure point (pp)

components of the spectrum in the following sense: there exist disjoint nonempty

open intervals Iac and Ipp such that �V;˛;xjIac is absolutely continuous (with

respect to the Lebesgue measure) and �V;˛;x jIpp is pure point. When this is the

case we shall say for short that the spectrum of HV;˛;x has disjoint ac and pp
components.

In the preceding questions, the regularity and the size of the potential V on the

one hand and the arithmetic properties of the frequency ˛ on the other hand play

an important role. Let us mention two general results. Assume that V is of the

form V D �v where vWT ! R is a fixed real analytic function and � 2 RC.

Small real analytic potentials, Eliasson’s Theorem [12]. When ˛ is diophantine,
ˇ

ˇ

ˇ˛ � k

l

ˇ

ˇ

ˇ � �

l�
for all .k; l/ 2 Z � N�; (DC1.�; �/)

and when � is small enough (the smallness depending on the preceding diophan-

tine condition), Eliasson has proved that the spectrum of H�v;˛;x is absolutely
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continuous. His result extends to the case of small smooth potentials V D �v and

to the multifrequency case (vWTd ! R). In the one-frequency case (d D 1) and

when v is real analytic, Bourgain and Jitomirskaya [10] proved that the required

smallness condition on � could be chosen independently of the diophantine con-

dition.

Large real analytic potentials, Bourgain–Goldstein Theorem ([9]; see also [13]).

Bourgain and Goldstein proved in [9] that there exists �0.v/ > 0 and a set of full

Lebesgue measure (depending on v) such that for any frequency ˛ in this set and

any � > �0.v/ the spectrum of H�v;˛;0 is pure point. Moreover, H�v;˛;0 satisfies

Anderson Localization: all the eigenvalues of H�v;˛;0 decay exponentially fast.

The analytic regularity of v is here essential. If V D �v is only smooth and ˛ is

diophantine one can only establish the existence of some point spectrum (cf. [23],

[16], [25], and [6]).

A fundamental example in the preceding setting is the case v D 2 cos.2� �/
(one then speak of H�v;˛;x as the Almost Mathieu Operator (AMO)) where the

transition between “small” and “large” potentials occurs at � D 1 ([21]). Notice

that in this case Anderson Localization of H�v;˛;0 for � > 1 holds for any

diophantine frequency ˛.

A natural question is to provide examples of analytic potentials and frequencies

for which the spectrum of the corresponding quasiperiodic Schrödinger operator

has both absolutely continuous (ac) and pure point (pp) spectral components.

Natural candidates for such potentials are perturbations of the AMO at the critical

coupling � D 1. Indeed, Avila [1] constructed examples of potentials which

are real analytic perturbations of 2 cos.2� �/ and for which the spectrum of the

corresponding Schrödinger operator has both ac and pp components; in fact these

ac and pp components can be produced in many alternating intervals on the real

axis. Previous examples of quasiperiodic potentials with two frequencies were

constructed by Bourgain [8]. For other types of coexistence results, we refer to [14]

(coexistence of absolutely continuous and singular spectrum), [7] (coexistence of

regions of the spectrum with positive Lyapunov exponents and zero Lyapunov

exponents) and [27] (which elaborates on [7] to give examples of coexistence

of absolutely continuous and pure point spectrum and coexistence of absolutely

continuous and singular continuous spectrum).

1.2. Main results. The aim of this paper is to present another type of potentials

for which coexistence of absolutely continuous and pure point spectrum holds.

These potentials are not particularly big (they cannot be too small by Eliasson’s

Theorem [12]) but have a “peaky” shape. The sets of admissible frequencies for
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which our Theorems hold have positive Lebesgue measures and are located close

to rational numbers.

More precisely, we define the set P1 of smooth “peaky” potentials V 2
C1.T;R/ by V 2 P1 if and only if

(1) V � 0;

(2) the support supp.V / of V is a proper subset of T;

(3) V has a unique maximum at some point x�;

(4) and for any x 2 interior.supp.V // n ¹x�º one has V 0.x/ ¤ 0.

For V 2 P1 we denote by L.V / the length of the support of V and K.V / D
maxT V . For " > 0 and k 2 N we define P!.V I k; "/ as the set of real analytic
potentials zV WT ! R such that

kV � zV kCk WD max
0�l�k

max
x2T

.j@l .V .x/ � zV.x//j/ < ":

We now describe the set which will essentially be our set of admissible fre-

quencies. We define for � > 0, p=q 2 Q the setDp=q.�/

Dp=q.�/ D
ip

q
� �;

p

q
C �

h

\ DC1.�
2; 3/:

where DC1.�
2; 3/ is the set of ˛ 2 T such that

ˇ

ˇ

ˇ˛ � k

l

ˇ

ˇ

ˇ � �2

l3
for all .k; l/ 2 Z � N�:

The set Dp=q.�/ is a set of positive Lebesgue measure for � small enough, cf.

Lemma 3.1.

Our main Theorem is the following.

Theorem A. There exists s0 2 N� such that the following holds. Let V 2 P1

and q 2 N� be such that K.V / > 10 and L.V / < 1=q. Then, there exists " > 0

such that for any zV 2 P!.V I s0; "/ there exists a set of frequencies Aq. zV / of full
Lebesgue measure in

Sq�1
pD0Dp=q.�/ such that for any ˛ 2 Aq. zV / the spectrum of

H zV;˛;0 has disjoint absolutely continuous and pure point components.

Remark 1. The preceding Theorem combined with the acritality result of Avila [1]

shows that there is a prevalent set zU � P!.V I s0; "/ such that for any zV 2 zU and

any ˛ 2 Aq. zV /, HV;˛;0 has no singular continuous spectrum.



Coexistence of ac and pp spectrum 1219

Remark 2. Let Prat .V I s0; "/ be the subset of all functions of the form P=Q in

P!.V I s0; "/ where P and Q are trigonometric polynomials. A simple Fubini

type argument shows that there exists a set Aratq of full Lebesgue measure in
Sq�1
pD0Dp=q.�/ such that for all .˛; zV / 2 Aratq � Prat .V I s0; "/, the spectrum of

H zV;˛;0 has disjoint absolutely continuous and pure point components.

We can also prove a similar result for a specific class of examples.

Let � and K be two positive constants and let VK;�WR=Z ! R be the real

analytic potential defined by

VK;�.x/ D K

1C 4� sin2.�x/
:

Theorem B. Let K be large enough and � large enough depending on K. Then,
there is a set A2 � T of positive Lebesgue measure such that for any ˛ 2 A2 the
operator HVK;�;˛;0 has both absolutely continuous and pure point spectrum.

1.3. Dynamics of cocycles and spectral theory. The proofs of the preceding

Theorems are based, as is now often the case in the study of 1D quasiperiodic

Schrödinger operators, on the study of the so-called family of Schrödinger co-
cycles associated to the operator. This is the family of skew-product diffeomor-

phisms .˛; SE�V /WT � R2 	, .˛; A/.x; y/ D .x C ˛; SE�V .x/y/ where E 2 R

and SW denotes the matrix
�

W �1
1 0

�

2 SL.2;R/. The dynamical behavior of the

family of cocycles .˛; SE�V /, E 2 R is closely related to the spectral properties

of the family of operators HV;˛;x, x 2 T. One usually distinguishes two different

kinds of dynamical behaviors:

Reducible or almost-reducible dynamics. The cocycle .˛; SE�V / is C k-reducible,
k 2 N [ ¹1; !º if there exists B WR=2Z ! SL.2;R/ of class C k such that

B.� C ˛/SE�V .�/B.�/�1 is a constant C 2 SL.2;R/ or equivalently if .0; B/ ı
.˛; SE�V / ı .0; B/�1 D .˛; C /. This notion is particularly useful when C is an

elliptic matrix because then the iterates .˛; SE�V /n DW .n˛; S .n/E�V / are bounded

in the sense that the products (n � 1)

S
.n/
E�V .�/ D SE�V .� C .n � 1/˛/ � � �SE�V .�/

are uniformly C k-bounded: indeed, S
.n/
E�V .�/ D B.� C n˛/�1C nB.�/. An equally

important notion is that of almost-reducibility: the cocycle .˛; SE�V / is almost-
reducible if there exists a sequence BnWR=2Z ! SL.2;R/ of class C k such that

.0; Bn/ ı .˛; SE�V / ı .0; Bn/�1 converges to a constant (elliptic or parabolic)
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cocycle.1 In many cases, almost-reducibility of .˛; SE�V / implies slow growth

of the iterates .˛; SE�V /n. In turn, the boundedness (or the slow growth) of the

iterates of the cocycles .˛; SE�V / provides useful spectral informations: if this

occurs at a point E in the spectrum then, assuming ˛ diophantine, there exists an

interval containing E on which the spectrum of HV;˛;x is absolutely continuous

(for all x 2 T), cf. Theorem 2.3.

Non-Uniform Hyperbolicity (NUH). A cocycle .˛; SE�V / is Non-Uniformly Hy-

perbolic if its (upper) Lyapunov exponent

LE.˛; SE�V / D lim
n!1

Z

T

1

n
ln kS .n/E�V .x/kdx

is positive and if it is at the same time not uniformly-hyperbolic or equivalently

if E 2 †V;˛. The Theorem of Bourgain and Goldstein [9] is in fact the statement

that if for all E and all ˛ the Lyapunov exponent of .˛; SE�V / is positive then the

operatorHV;˛;0 has pure point spectrum for Lebesgue a.e. ˛. The same statement

holds if the preceding conditions are satisfied for allE and all irrational ˛ in some

nonempty open intervals. Proving for a given (analytic) cocycle that LE.˛; SE�V /
is positive is usually done via Herman’s subharmonicity trick [20].2

To produce mixed spectrum in Theorem A one idea is thus to produce ranges of

the energy parameterE for which .˛; SE�V / has a reducible (or almost-reducible)

behavior and other ranges for which it has a NUH behavior. It turns out that if V

is in the class P1 with L.V / < 1=q, this is the case for the family of cocycles

.˛; SE�V /q at least if ˛ is very close to a rational of the form p=q. Indeed, in this

case .˛; SE�V /q will be of the form .q˛; S
.q/
E�V / where for E in some range of

parameters one has

i. maxx2T j trS
.q/
E�V j < 2,

and for some other range of parameters E

ii. the image of T by trS
.q/
E�V contains strictly Œ�2; 2�.

This leads to the study of cocycles that we shall call totally elliptic in case (i) and

regular of mixed type in case (ii). The relevant theorem attached to case (i) is

Theorem 3.1 proved in Section 3. By using a method of algebraic conjugation

1 When k D ! we require the convergence to hold on some fixed analyticity band .R C
i Œ�h; h�/=Z (where i D

p
�1).

2 Another method is provided by [26] with less regular potentials but with diophantine

conditions on the frequency and weaker conclusion.
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(also known as the Cheap Trick, [14], [3]) we can reduce the analysis of an a
priori non-perturbative situation to the more classical one of the perturbation of

a constant cocycle (Eliasson’s Theorem). The theorem that allows us to prove

positivity of the Lyapunov exponents in case (ii) is Theorem 4.1 of Section 4. The

method, though it relies on subharmonicity, is different in spirit from Herman’s

method and closer to the acceleration theory developed by Avila in [1] even if we

don’t need the full strength of this theory.

The dynamical analysis in the proof of Theorem B uses results of Section 3

and Herman’s subharmonicity trick.

As a final comment, we mention that the current method we use does not allow

us to produce many alternating absolutely continuous and pure point components.

The analysis of a more general situation than (ii), namely that of cocyles of mixed

type which are not regular (if the cocycle is not regular this only means that the

image of T by trS
.q/
E�V contains 2 or �2) is then necessary. We defer this analysis

to another paper.

1.4. On the genesis of the paper. The results in the present paper are based on

questions that arose when we numerically investigated the Lyapunov exponent of

the Schrödinger cocycle .˛; SE�VK;�
/ with the “peaky” potential

VK;�.x/ D K

1C � sin2.�x/
:

When fixingK > 5 and taking � large, the simulations indicated that the potential

VK;� behaves both as a “large” potential (in the region jEj > 2 C ") and as

a “small” potential (on regions inside the interval jEj < 2j). More precisely,

we noted that the Lyapunov exponent LE.˛; SE�VK;�
/ seems to be positive for

E outside Œ�2:1; 2:1�; but inside Œ�2; 2� it looks like there are values of E for

which the Lyapunov exponent vanishes (see Figures (1) and (2); in Figure (1)

we have also included a plot of the rotation number �˛.E/ WD �.˛; SE�VK;�
/.

This seemed unexpected. Since the potential is not small, we could not explain

this latter observation by directly applying reducibility results (such as Eliasson’s

theorem [12]). Provided that the numerical experiments showed a correct picture,

there had to be some resonance phenomena going on. This is where our journey

began.

Our Theorem B explains this phenomenon for ˛ diophantine very close to 1=2.

It would be nice to have an explanation for the Golden Mean ˛ D .
p
5 � 1/=2,

a number of constant type. Maybe the renormalization techniques of [4] and [5]

can be of some use to tackle this question.
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(a) E 7! LE.˛; SE�VK;�
/ on the interval .�3; 10/.

(b) E 7! �˛.E/ on the interval .�3; 10/.

Figure 1. Numerical computations of (a) the Lyapunov exponent LE.˛; SE�VK;�
/ and

(b) the rotation number �˛.E/ for ˛ D .
p
5 � 1/=2;K D 10 and � D 10000.

Figure 2. Numerical computations of E 7! LE.˛; SE�VK;�
/ on the interval Œ�2; 2� for

˛ D .
p
5 � 1/=2;K D 10 and � D 10000.
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2. Criteria for ac and pp spectrum

2.1. Background

2.1.1. Norms. If f WR=Z ! R is a C1-function we define its C k norm kf kCk

(or for short kf kk) by

kf kCk D max
0�l�k

sup
x2T

j@lf .x/j:

If f WR=Z ! R is a real-analytic function having a bounded holomorphic exten-

sion Qf on a complex strip .R C i Œ�h; h�/=Z we define

kf kh D sup
z2.RCiŒ�h;h�/=Z

j Qf .z/j:

We denote by C!
h
.T/ the set of all such functions.

2.1.2. Cocycles. A C k (k 2 N [ ¹1; !º) quasiperiodic cocycle is a map

Td � R2 	, .x; y/ 7! .x C ˛; A.x/y/ where ˛ 2 Td and AWTd ! SL.2;R/ is

of class C k. If A is a constant map we say that the cocycle .˛; A/ is constant and

we say that it is respectively elliptic, unipotent or hyperbolic if A is respectively

elliptic (j tr.A/j < 2), unipotent (j tr.A/j D 2) or hyperbolic (j tr.A/j > 2).

Two cocycles .˛; Ai/, i D 1; 2, are said to be conjugated if there exists a map

B W .R=2Z/d ! SL.2;R/ of class C k such that .0; B/ ı .˛; A1/ ı .0; B/�1 D
.˛; A2/ or equivalently A2.�/ D B.� C ˛/A1.�/B.�/�1. A cocycle .˛; A/ is said

to be C k-reducible if it can be conjugated to a constant cocycle and C k-almost
reducible if there exists a sequence of maps BnW .R=2Z/d ! SL.2;R/ of class

C k such that the sequence Bn.� C ˛/A.�/Bn.�/�1 converges in C k-topology3 to a

constant elliptic or unipotent cocycle4 as n goes to infinity.

2.1.3. Lyapunov exponent. The (upper) Lyapunov exponent of a cocycle .˛; A/

is the nonnegative limit

LE.˛; A/ WD lim
n!1

1

n

Z

Td

ln kAn.x/kdx

where .n˛; An/ D .˛; A/n (equivalently forn � 1,An.�/ D A.�C.n�1/˛/ � � �A.�/).

3 When k D ! we require the convergence to hold on some fixed analyticity band .R Cp
�1Œ�h; h�/=Z.

4 We exclude constant hyperbolic cocycles in this definition just to have nicer statements in

the paper.
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By Kingman’s Ergodic Theorem, when the translation x 7! x C ˛ is minimal

on Td one has for Lebesgue a.e. x 2 Td

LE.˛; A/ D lim
n!1

1

n
ln kAn.x/k: (1)

If furthermore LE.˛; A/ > 0 there exists for a.e. x 2 Td a measurable decompo-

sition

R2 D Es.x/˚Eu.x/ (2)

such thatA.x/Es;u.x/ D Es;u.xC˛/ and for any v 2 Es.x/ (resp. v 2 Eu.x/) the

limit of .1=jnj/ ln kAn.x/vk when n goes to 1 (resp. �1) is equal to � LE.˛; A/.

When LE.˛; A/ > 0 and the convergence in (1) is uniform (the decompo-

sition (2) is then continuous) one says that the cocycle .˛; A/ is uniformly hy-
perbolic (UH). If LE.˛; A/ > 0 and the cocycle .˛; A/ is not UH we say it is

non-uniformly hyperbolic (NUH).

2.1.4. Rotation number. A continuous cocycle .˛; A/WTd � R2 	 naturally

defines a projective cocycle f.˛;A/WTd �S1 	, .x; y/ 7! .xC˛; A.x/y=kA.x/yk).

Let � WR ! S1 be the projection y 7! .cos.2�y/; sin.2�y//. If the map AWTd !
SL.2;R/ is homotopic to the identity, there exists a lift F.˛;A/WTd �R 	, .x; y/ 7!
.x C ˛; g.x; y//, g being continuous of the form g.x; y/ D y C '.x; y/ where '

is 1-periodic in y, such that �.g.x; y// D A.x/y=kA.x/yk. If ˛ has rationally

independent coordinates one can prove ([20]) that the following limit

r.˛;A/.x; y/ WD lim
n!1

g.F n
.˛;A/

.x; y// � y
n

(3)

exists for all .x; y/ and is independent of .x; y/. This limit is denoted by N�.˛; A/
and its class modulo 1 is denoted by �.˛; A/ (it is independent of the preceding

construction) and is called the fibered rotation number (for short the rotation

number) of the cocycle .˛; A/.

We extend the preceding definition when d D 1 to the case where ˛ is rational.

If ˛ D 0 the limit r.0;A/.x; y/ in equation (3) is defined for any x 2 T and any

y 2 R, is independent on y but then depends on x. We define

N�.0; A/ D
Z

T

r.0;A/.x; y/dx:

When ˛ D p=q is rational .p; q/ 2 Z � N�, (p ^ q D 1) we define

N�.p=q; A/ D 1

q
N�..p=q; A/q/:

The value of �.˛; A/ WD N�.p=q; A/ mod 1 does not depend on the preceding

construction.
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2.1.5. Schrödinger cocycles. A cocycle of the form .˛; SV / with SV D
�

V �1
1 0

�

where V 2 C k.Td ;R/ is said to be a Schrödinger cocycle. The family .˛; SE�V /,
E 2 R is called the family of Schrödinger cocycles associated to the potential V .

When ˛ has rationally independent coordinates, the dynamics of this family of

cocycles is intimately related to the spectral properties of the family of Schrödinger

operator HV;˛;x, x 2 Td . For example E … †V;˛ if and only if .˛; SE�V / is

a uniformly hyperbolic cocycle. Another example of such a correspondence is

the following. Define the probability measure �V;˛ WD
R

T
�V;˛;xdx. Then for

any E 2 R, the rotation number of .˛; SE�V / is related to the density of states
�V;˛.� � 1; E�/ by

�V;˛.�� 1; E�/ D 1� 2�.˛; SE�V /: (4)

2.1.6. Diophantine conditions. For d 2 N�, � > 0; � � d C 1 we denote by

DCd .�; �/ the set of ˛ 2 Td such that

jhk; ˛i � l j � �

jkj��1 for all .k; l/ 2 .Zd n ¹0º/� Z:

For � > d C 1 and � small enough this is a set of positive Lebesgue measure and

the set DCd .�/ D
S

�>0 DCd .�; �/ is a set of full Lebesgue measure. An element

˛ 2 Td is said to be diophantine if it is in the set DCd D
S

��d�1 DCd .�/.

We say that � 2 R is in DS˛.�/ if

min
l2Z

j2� � hk; ˛i � l j � �

jkjdC2 for all k 2 Zd n ¹0º;

and we set DS˛ D
S

�>0DS˛.�/. Elements of DS˛ are said to be diophantine
with respect to ˛. It is easy to check that DS˛ is a set of full Lebesgue measure.

2.2. Criterium for ac spectrum. We first recall the following fundamental

result by Eliasson:

Theorem 2.1 (Eliasson, [12]). Let d 2 N�, ˛ 2 DCd .�; �/ and h > 0. There
exists "0.�; �; h/ such that if V 2 C!

h
.Td ;R/ satisfies kV kh � "0 then the spectral

measure �V;˛;x is absolutely continuous for any x 2 Td .

Remark 3. Strictly speaking, Eliasson’s Theorem is proven in [12] for quasiperi-

odic 1D-Schrödinger operators on the real line (continuous time) with diophan-

tine frequency vectors and with small real analytic potentials.5 The analysis of the

1D discrete quasiperiodic Schrödinger operators onZ with diophantine frequency

vector and small real analytic potential is done in [17].

5 The theorem is also true for any real analytic potential and for large energies in the spectrum.



1226 K. Bjerklöv and R. Krikorian

The proof of the preceding result is based on a KAM-type inductive procedure

that allows for a very precise description of the dynamical properties of the family

of Schrödinger cocycles .˛; SE�V /: in this perturbative regime these cocycles

are always uniformly hyperbolic (which is equivalent to E … †V;˛) or almost-

reducible. The KAM-type inductive scheme of [12], [17] and the description of

the dynamics of the family of Schrödinger cocycles can be extended to the smooth

case (cf. [14] and Section 3.2) and a close look at Eliasson’s proof of [12] shows

that the spectral result of Theorem 2.1 can as well be extended to the smooth case.

Indeed, the following more general version of Theorem 2.1 is valid:

Theorem 2.2. Let d 2 N�, ˛ 2 Td be diophantine, V 2 C1.Td ;R/ and assume
that there exists B 2 C1..R=2Z/d ; SL.2;R// such that, for E in some interval
� xE � ı; xE C ıŒ (ı > 0), B.� C ˛/�1SE�V .�/B.�/ is of the form A.E � xE/eFE.�/

where E 7! A.E/ 2 SL.2;R/ and E 7! FE .�/ 2 C1.Td ; sl.2;R// are real
analytic and such that

d

dE
�.˛; A.E//j.ED xE/ ¤ 0

and

kFE .�/kC0 D O..E � xE/2/:

Then, there exists a nonempty open interval I containing xE on which �V;˛;x is
(non trivial and) absolutely continuous for all x 2 Td .

The preceding theorem holds true at least on intervals of energies where the

cocycle .˛; SE�V / is almost-reducible.

Theorem 2.3 (extension of Eliasson’s theorem). Let V 2 C1.Td ;R/ and ˛
diophantine. If for some E� 2 R the cocycle .˛; SE��V / is C1 almost-reducible
then there exists a nonempty open interval Iac such that for all x 2 Td , the
restriction of the spectral measure �V;˛;x to Iac is (non-trivial and) absolutely
continuous.

Proof. See Appendix D. �

2.3. Criterium for pp spectrum. We recall the following criterium for the ex-

istence of pure point spectrum in some interval due to Bourgain and Goldstein [9]

(see also the nice survey [22]).
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Theorem 2.4 (Bourgain–Goldstein theorem). Let V 2 C!.T;R/, Ipp and J be
two nonempty open intervals. Assume that for all .E; ˛/ 2 Ipp � .J n .Q=Z// one
has LE.˛; SE�V / > 0. Then, there exists a set BG � J , Leb.J n BG/ D 0, such
that for all ˛ 2 BG, the restriction of the spectral measure �V;˛;0 to Ipp is pure
point (and satisfies Anderson localization).

3. Totally elliptic cocycles

We say that AWT ! SL.2;R/ is totally elliptic if for any value of x, jtrA.x/j < 2.
This is equivalent to the fact that for any x, A.x/ is an elliptic matrix (a matrix

in SL.2;R/ which is conjugated to a rotation matrix different from ˙I ). If p=q

is a rational number and
Q0
kDq�1 A.� C kp=q/ is totally elliptic, we say that the

cocycle .p=q; A/q is totally elliptic.

For � > 0; � � 2 we recall that DC1.�; �/ is the set of ˛ 2 T such that

ˇ

ˇ

ˇ˛ � k

l

ˇ

ˇ

ˇ � �

l�
for all .k; l/ 2 Z � N�;

and we denote by Dp=q.�/

Dp=q.�/ D
ip

q
� �;

p

q
C �

h

\ DC1.�
2; 3/:

Lemma 3.1. For any 0 < � < 1=2,Dp=q.�/ is a set of positive Lebesgue measure.

Proof. We have to prove that the Lebesgue measure of

E WD
ip

q
� �;

p

q
C �

h

n
[

.k;l/2Z�N�

ik

l
� �2

l3
;
k

l
C �2

l3

h

is positive. This measure can be bounded below by

2� �
1

X

lD1
l
2�2

l3
� 2�.1� 2�/: �

This section is dedicated to the proof of the following theorem.

Theorem 3.1. There exists s0 2 N for which the following is true. Let p=q be
a rational number, I � R a compact interval with nonempty interior and a map
I � T ! SL.2;R/, .E; x/ 7! AE .x/ which is homotopic to the identity, C 1 in E
and smooth in x. Assume that

� for any E 2 I , ..p=q/; AE/q is totally elliptic;

� the map I ! R, E 7! �.p=q; AE/ is not constant.
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Then, there exists �0.maxE2I kAEkC s0 ; q/ > 0 such that for any 0 < � � �0 and
any ˛ 2 Dp=q.�/ there exists a positive Lebesgue measure set E˛ � I such that
for anyE 2 E˛, the cocycle .˛; AE/ is reducible (conjugated to a constant elliptic
cocycle).

3.1. Periodic approximations. Let R' be the matrix

R' WD
�

cos' � sin'

sin ' cos'

�

:

Proposition 3.2 (periodic approximation). If AWT ! SL.2;R/ is homotopic to
the identity, smooth and satisfies tr j

Q0
kDq�1A.� C kp=q/.�/j < 2, then there exist

smooth maps B WT ! SL.2;R/ and 'WT ! R such that

B
�

� Cp

q

��1
A.�/B.�/ D R'.�/:

Proof. We notice that if we denote A.q/.�/ D A.� C .q � 1/p=q/ � � �A.�/ then

A.q/
�

� Cp

q

�

D A.�/A.q/.�/A.�/�1: (5)

By assumption, for all x 2 T one has jtrA.q/.x/j < 2 so by Lemma B.2 there exist

smooth maps B WT ! SL.2;R/, aWR ! �0; �Œ such that

B.�/�1A.q/.x/B.x/ D Ra.x/ for all x 2 T;

and from (5) we get

Ra.�Cp=q/ D
�

B
�

� Cp

q

��1
A.�/B.x/

�

Ra.�/
�

B
�

� Cp

q

��1
A.�/B.x/

��1
:

But since for any x 2 T, 0 < a.x/C a.xC p=q/ < 2� and A is homotopic to the

identity, Lemma B.1 applies and we get the existence of a smooth 'WT ! R such

that

B
�

� Cp

q

��1
A.�/B.x/ D R'.�/: �

3.2. Quantitative Eliasson theorem. Let � > 0. We say that � 2 R is in DS˛.�/

if

min
l2Z

j2� � k˛ � l j � �

jkj2 for all k 2 Z�;

and we set DS˛ D
S

�>0DS˛.�/. Elements of DS˛ are said to be diophantine
with respect to ˛. It is easy to check that DS˛ is a set of full Lebesgue measure.

We recall the following quantitative version of Eliasson’s theorem proved

in [14].
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Theorem 3.2. There exist two constants C1; C2 > 0 such that the following holds.
Let yA 2 SL.2;R/ and � > 0, be fixed. Then there exists �.�; yA/ > 0 such that if a
cocycle .˛; A/ 2 R � C1.T; SL.2;R// satisfies

� ˛ 2 DC1.
; �/;

� �.˛; A/ is Diophantine with respect to ˛;

� kA � yAkC0 � 
d0� and kA � yAkC s0 � 1 , where d0 D C1� , s0 D ŒC2��

then .˛; A/ is C1 reducible (conjugated to a constant elliptic cocycle if one has
�.˛; A/ ¤ 0).

Notation. Till the end of Section 3 we denote the C s-norm k � kC s by k � ks.

3.3. The cheap trick. We denote by s0 D Œ3C2� where C2 is the constant of

Theorem 3.2. The aim of this section is to prove the following proposition.

Proposition 3.3 (cheap trick). Let p=q be a rational number and AWT !
SL.2;R/ such that 2 � ı WD maxTjtr.

Q0
kDq�1 A.� C kp=q//j < 2. Then, there

exists �0.kAkC s0 ; q; ı/ > 0 such that for any 0 < � � �0, and any ˛ 2 Dp=q.�/,
there exists B 2 C1.R=2Z; SL.2;R// such that B.� C ˛/�1A.�/B.�/ is a constant
matrix in SO.2;R/ provided �.˛; A/ 2 DS˛ n¹0º.

Proof. The proof of the proposition is a consequence of Corollary 3.6 below

which itself is deduced from the following two lemmas.

Lemma 3.4 (inductive step). Let 'WT ! R be smooth and assume that  .�/ WD
Pq�1
kD0 '.�Ckp=q/ satisfies ı WD minx2R;k2Z j .x/�k�j > 0. Then, given r 2 N�,

there exists �0 2�0; 1� such that for any ˛ 2 T and any F 2 C1.T; sl.2;R//
such that kF kr � �0, the following is true: there exist Q' 2 C1.T;R/, zF; Y 2
C1.T; sl.2;R//, such that

.0; e�Y.�// ı .˛; eF.�/R'.�// ı .0; eY.�// D .˛; e
zF.�/R Q'.�//

with

k Q' � 'kr � C .3/.r; k'kr ; ı/kF kr ; (6)

kY kr � C .3/.r; k'kr ; ı/kFkr ; ; (7)

k zF kr�1 � C .3/.r; k'kr ; ı/kF kr
ˇ

ˇ

ˇ
˛ � p

q

ˇ

ˇ

ˇ
; (8)
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where C .3/.r; s; t / is a positive non-decreasing function of r , s and t�1 that we
can assume6 to be � 1.

Proof. We set � WD kF kr and we assume � � 1. Let us consider the cocycle

.p=q; eF.�/R'.�//. Its q-th iterate .p=q; eF.�/R'.�//q is of the form .0; eG.�/R .�//
where  .�/ D

Pq�1
kD0 '.� C kp=q/ and GWT ! sl.2;R/ satisfies (as can be seen

from Lemma 9 of [14]): for any 0 � j � r

kGkj � Krq
jC1.1C �/q�2.1C k'kj /� � Cr .q; k'kj /�

where .x; y/ 7! Cr.x; y/ is bounded on compact sets. Using Lemma B.3 we

deduce that if

Cr .q; k'kj /� � � (9)

(� from Lemma B.3) there exists Q and Y such that

eG.�/R .�/ D eY.�/R Q .�/e
�Y.�/

or equivalently

.p=q; eFR'/
q D .0; eY / ı .0; R Q / ı .0; e�Y / (10)

with

kY kr � C .1/.r; k'kr ; ı/�; k Q �  kr � C .1/.r; k'kr ; ı/� (11)

for some C .1/.r; s; t / (.r; s; t / 2 R2C� �0; 1�) that we can assume to be increasing

in r; s; t�1 and � 1. In particular one has

kY k0 � 1; �2 < trR Q < 2 (12)

provided

C .1/.r; k'kr ; ı/� � min.ı=2; 1/: (13)

From (10) and (12) we deduce using Proposition 3.2 that there exists a smooth

Q'WT ! R such that

.0; e�Y / ı .p=q; eFR'/ ı .0; eY / D .p=q; R Q'/:

6 Any nonnegative function f WR2
C� �0; 1� ! RC bounded on compact sets is bounded

above by a function Qf WR2
C

� �0; 1� ! RC, .r; s; t/ 7! Qf.r; s; t/ that we can assume to be � 1

and nondecreasing in r; s; t�1: choose for example

Qf.r; s; t/ D max.1; sup
0�r0�r;0�s0�s;t 0�t

f.r 0; s0; t 0//:
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From the previous identity

e�Y.�Cp=q/eF.�/R'.�/e
Y.�/ D R Q'.�/ (14)

and inequalities of the form keA.�/ � idkr � xCr .kAk0/kAkr we infer (cf. (11))

that provided (9), (13) hold one has kR Q'�' � idkr � C .2/.r; k'kr ; ı/� (for some

C .2/.r; s; t / that we can assume to be nondecreasing in r; s; t�1 and � 1) and

changing Q' into Q' C 2�m, m 2 Z, if necessary, we get

k Q' � 'kr � C .2/.r; k'kr ; ı/�: (15)

Now, from equation (14)

e�Y.�C˛/eF.�/R'.�/e
Y.�/ D e�Y.�C˛/eY.�Cp=q/R Q'.�/ WD e

zF.�/R Q'.�/; (16)

and since equalities of the form eW.�/ D eU.�/eV.�/ imply

kW kr � C .0/r .kU k0; kV k0/kU C V kr (17)

(for some C
.0/
r .x; y/ that we can assume � 2 and nondecreasing in x; y; r) we get

(recall that kY k0 � 1)

k zF kr�1 � C .0/r .1; 1/k@Y kr�1
ˇ

ˇ

ˇ˛ � p

q

ˇ

ˇ

ˇ

� C .0/r .1; 1/kY kr
ˇ

ˇ

ˇ˛ � p

q

ˇ

ˇ

ˇ:
(18)

To conclude, we observe that if we define

C .3/.r; s; t / D max.C .0/r .1; 1/� C .1/.r; s; t /; C .2/.r; s; t //

(it is � 1 and nondecreasing in r; s; t�1) then inequalities (6)–(8) are satisfied

(cf. (11), (15), and (18)) provided kF k � �0 with

�0 D min..Cr.q; k'kj //�1 � �; .C .1/.r; k'kr ; ı//�1 � min.ı=2; 1//

(cf. (9) and (13)) 4

Lemma 3.5. Under the assumptions of the preceding lemma, given r 2 N�, there
exists �1 > 0 such that for any ˛ 2 T and any F 2 C1.T; sl.2;R// such that
kF kr � �1 the following is true: for any 0 � j � r , there exist 'j 2 C1.T;R/,
Fj ; Zj 2 C1.T; sl.2;R//, such that

.0; e�Zj .�// ı .˛; eF.�/R'.�// ı .0; eZj .�// D .˛; eFj .�/R'j .�// (19)
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with

k'j � 'kr�jC1 � C .4/.r; k'kr ; ı/kF kr (20)

kZj kr�jC1 � C .4/.r; k'kr ; ı/kF kr ; (21)

kFj kr�j � C .4/.r; k'kr ; ı/kF kr
ˇ

ˇ

ˇ
˛ � p

q

ˇ

ˇ

ˇ

j

; (22)

where C .4/.r; s; t / is a positive nondecreasing function of r , s and t�1 that we can
assume to be � 1.

Proof. We use the notations of Lemma 3.4 and its proof, in particular for the

constants �0, C
.3/ and C .0/ (defined by (17)).

We set '0 D ', Z0 D 0, F0 D F and we assume that we have already

constructed for 0 � l � j , j � r � 1, sequences 'l , Zl , Fl satisfying

.0; e�Zl.�// ı .˛; eF.�/R'.�// ı .0; eZl.�// D .˛; eFl.�/R'l .�//; (23)

k'l � 'kr�lC1 � lC .3/.r; 2k'kr ; ı=2/lkF kr ; (24)

kZlkr�lC1 � lC .0/r .1; 1/lC .3/.r; 2k'kr ; ı=2/lkF kr ; (25)

kFlkr�l � C .3/.r; 2k'kr ; ı=2/lkF kr
ˇ

ˇ

ˇ˛ � p

q

ˇ

ˇ

ˇ

l

: (26)

Let us denote

 j .�/ WD
q�1
X

kD0
'j .� C kp=q/; ıj WD min

x2R;k2Z
j j .x/ � k�j:

We observe that supx2R j j �  j � qk'j � 'k0; hence, if

max..2=ı/qrC .3/.r; 2k'kr ; ı=2/r ; ��1
0 C .3/.r; 2k'kr ; ı=2/r/kF kr � 1; (27)

one has

kFj kr�j � �0; ıj � ı=2 (28)

and if

rC .3/.r; 2k'kr ; ı=2/rkF kr � k'kr=2; (29)

rC .0/r .1; 1/rC .3/.r; 2k'kr ; ı=2/rkF kr � 1 (30)

one has

k'j kr�j � 2k'kr ; kZj kr�j � 1: (31)

We assume from now on that (27), (29), and (30) hold (hence (28) and (31)).
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From inequalities (28) we see that we can construct, using Lemma 3.4, 'jC1,
Yj , FjC1, ZjC1 such that

eZj C1 D eZj eYj ;

.0; e�Yj .�// ı .˛; eFj .�/R'j .�// ı .0; eYj .�// D .˛; eFj C1.�/R'j C1.�//; (32)

and

k'jC1 � 'j kr�j � C .3/.r � j; k'jkr�j ; ı=2/kFjkr�j ; (33)

kYjkr�j � C .3/.r � j; k'jkr�j ; ı=2/kFjkr�j ; (34)

kZjC1kr�j � C .0/r .kYjk0; kZjk0/.kZjkr�j C kYjkr�j / (35)

kFjC1kr�j�1 � C .3/.r � j; k'jkr�j ; ı=2/kFjkr�j
ˇ

ˇ

ˇ
˛ � p

q

ˇ

ˇ

ˇ
: (36)

From .24/lDj , .25/lDj , .26/lDj , (30), (31), and C .3/.r � j; k'jkr�j ; ı=2/ �
C .3/.r; 2k'kr ; ı=2/ we get

k'jC1 � 'kr�j � .j C 1/C .3/.r; 2k'kr ; ı=2/jC1kF kr ; (37)

kYjkr�j � C .3/.r; 2k'kr ; ı=2/jC1kF kr � 1; (38)

kZjC1kr�j � C .0/r .1; 1/.kZjkr�j C C .3/.r; 2k'kr ; ı=2/jC1kF kr/; (39)

kFjC1kr�j�1 � C .3/.r; 2k'kr ; ı=2/jC1kF kr
ˇ

ˇ

ˇ˛ � p

q

ˇ

ˇ

ˇ

jC1
; (40)

and from (39)

kZjC1kr�j � .j C 1/C .0/r .1; 1/jC1C .3/.r; 2k'kr ; ı=2/jC1kF kr : (41)

Inequalities (37), (40), and (41) complete the induction and show that (23)-(26)

hold for any 0 � l � r provided the smallness conditions (27), (29), and (30) are

satisfied, hence provided kF kr � �1 for some �1 > 0. To get the conclusion of

the Lemma it is enough to define

C .4/.r; s; t / D rC .0/r .1; 1/rC .3/.r; 2k'kr ; ı=2/r : 4

Corollary 3.6. Let p=q be a rational number, s; m 2 N, and AWT ! SL.2;R/

such that 2 � ı WD maxT
ˇ

ˇ tr
� Q0

kDq�1 A.� C kp=q/
�ˇ

ˇ < 2. Then, there exist
�0.s; m; kAksCmC7; q; ı/ > 0 such that for any 0 < � � �0, and any ˛ 2 Dp=q.�/
there exist B 2 C1.T; SL.2;R// and A0 2 SO.2;R/ such that

kB.� C ˛/�1A.�/B.�/� A0ks � �m: (42)

and
kBks � ��3:
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Proof. Let us define r D sCmC7 and j D mC2. By Proposition 3.2 there exist

B1 2 C1.T; SL.2;R// and ' 2 C1.T;R/ such that B1.� C p=q/�1A.�/B1.�/ D
R'.�/ and thus B1.�C˛/�1A.�/B1.�/ D eF.�/R'.�/ with kF kr�1 � C4�j˛� .p=q/j
where the constant C4 depends indeed on kB1kr , r and ı. Since

ˇ

ˇ

ˇ cos
�

q�1
X

kD0
'.� C kp=q/

�ˇ

ˇ

ˇ D
ˇ

ˇ

ˇ tr
�

0
Y

kDq�1
A.� C kp=q/

�ˇ

ˇ

ˇ;

we see that minT;l2Z
ˇ

ˇ

�
Pq�1
kD0 '.�Ck˛/

�

�l�
ˇ

ˇ � ı and we can apply Lemma 3.5 to

.˛; eFR'/ (with r�1 in place of r): if C4�0 < �1 then kF kr�1 � C4j˛�.p=q/j �
C4� � �1 and there exist 'j 2 C1.T;R/, Fj ; Zj 2 C1.T; sl.2;R//, such that

.0; e�Zj .�// ı .˛; eF.�/R'.�// ı .0; eZj .�// D .˛; eFj .�/R'j .�//

with

k'j � 'kr�j � C .4/.r; k'kr ; ı/C4�; (43)

kZj kr�j � C .4/.r; k'kr ; ı/C4�; (44)

kFj kr�j�1 � C .4/.r; k'kr ; ı/.C4�/jC1I (45)

to simplify the notations we used the fact that

C .4/.r � 1; k'kr�1; ı/ � C .4/.r; k'kr ; ı/:

From (43) we see that k'j kr�j � C .4/.r; k'kr ; ı/ C k'kr provided C4� � 1

and since ˛ 2 Dp=q.�/ � DC.�2; 3/, there exist �.�/ 2 C1.T;R/ such that the

following cohomological equation is satisfied

'j .�/ D �.� C ˛/ � �.�/C
Z

T

'jdx

with the estimate7

k�kr�j�4 � ��2k'j kr�j � ��2.C .4/.r; k'kr ; ı/C k'kr /:

As a consequence, if we define Bj .�/ D eZj .�/R�.�/ and �0 WD
R

T
'j .x/dx one has

.0; Bj .�//�1 ı .˛; eF.�/R'.�// ı .0; Bj .�// D .˛; e
zFj .�/R�0

/

7 This is a classical fact that is easily established by introducing the Fourier series of � and

'j .
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with

k zFj kr�j�4 � C .5/.r; k'kr ; ı/�j�1

kBjkr�j�4 � C .5/.r; k'kr ; ı/��2

(for some positive constant C .5/.r; k'kr ; ı/) which is the desired conclusion if �

is small enough. 4

We can now prove Proposition 3.3. Using the notations of Theorem 3.2 we

choose � D 3, s D s0 D ŒC2�� D Œ3C2�, d0 D C1� D 3C1, m D d0 C 1, and

apply successively Corollary 3.6 and Theorem 3.2. �

3.4. Variation of the rotation number. The following lemmas are proved in

Appendix C.

Lemma 3.7. If I � R is an interval and AW I � T ! SL.2;R/, .E; x/ 7! AE .x/

is continuous and homotopic to the identity, then the map T � I ! R, .˛; E/ 7!
�.˛; AE/ is continuous.

Lemma 3.8. Assume that the map A is Lipschitz with respect to E (uniformly
in x). If there exists E0 2 I for which .˛; AE0

/ is C 0-conjugated to a constant
elliptic cocycle, then there exists a constant CE0

such that for any E 2 I

j�.˛; AE/ � �.˛; AE0
/ � CE0

jE � E0j:

3.5. Proof of Theorem 3.1. By assumption, there exists a non empty open

interval J such that J � ¹�.p=q; AE/; E 2 I º. From Lemma 3.7 there exists some

�1 such that for any ˛ 2�p=q � 2�1; p=q C 2�1Œ, J � ¹�.˛; AE/; E 2 I º. From

Proposition 3.3 we know that for any 0 < � < min.�0; �1/ and any ˛ 2 Dp=q.�/

the cocycle .˛; AE/ is C1-conjugated to a constant elliptic cocycle provided

�.˛; AE/ 2 DS˛.�/ n ¹0º for some � > 0; choose such an ˛. Since
S

�>0DS˛.�/

has full Lebesgue measure, there exists � for whichM WD DS˛.�/\J has positive

Lebesgue measure. If f W I ! R is defined by f .E/ D �.˛; AE/, Lemma 3.8 tells

us that for any E 2 f �1.M/ there exists a constant CE such that for any E 0 2 I ,

jf .E 0/ � f .E/j � CE jE 0 �Ej. We apply to this situation the following lemma:

Lemma 3.9. Let I; J be two intervals of R and f W I ! J be a continuous map.
Assume that there exists a setM � J , of positive Lebesgue measure, such that for
everyx 2 f �1.M/ there is a constantCx > 0 such that jf .x/�f .x0/j � Cx jx�x0j
for all x0 (close to x). Then f �1.M/ has positive measure.
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Proof. The proof goes by contradiction. Assume that f �1.M/ has zero measure.

Let

Kn D ¹x 2 f �1.M/WCx � nº; n 2 Z:

Then we have Kn � KnC1, and
S

n�1Kn D f �1.M/. By assumption we also

have that each Kn is of measure zero.

For any fixed n � 1, we can cover the zero measure set Kn by smaller and

smaller intervals (onKn we have a uniform upper bound on the Lipschitz constant

of f ) and thus show that the measure of f .Kn/ must be zero.

Thus it follows that the set
S

n�1 f .Kn/ has zero measure. Since we have

M D f
�

[

n�1
Kn

�

D
[

n�1
f .Kn/;

we hence get the contradiction. �

As a consequence, the set of E 2 I for which .˛; AE/ is conjugated to a

constant elliptic matrix is of positive Lebesgue measure.

4. Regular cocycles of mixed type

We denote by �h D .R C i Œ�h; h�/=Z and �C
h

D .R C i.0; h�/=Z.

4.1. Regular cocycles. We have already defined the notion of a totally elliptic
map AWT ! SL.2;R/: for any x 2 T, A.x/ is elliptic. Changing “elliptic”

to “hyperbolic” would lead to the notion of a totally hyperbolic map. We say

that a map AWT ! SL.2;R/ is of mixed type if there exists x 2 T for which

jtrA.x/j D 2. Similarly, if AW�h ! SL.2;C/ is holomorphic and real on �0

we say it is of mixed type if its restriction to T is. Furthermore, we say that

AW�h ! SL.2;C/ is regular if there exists 0 < h0 � h and a holomorphic map

�AW�C
h0 WD .R C i.0; h0�/=Z ! C, such that for any z 2 �C

h0 , j�A.z/j > 1 and

¹�A.z/; �A.z/�1º are the eigenvalues of A.z/. In that case the spectral radius,

rspec.A/, of A is equal to j�A.z/j. Notice that h0 WD h0.A; h/ can be chosen to

depend continuously on A 2 C!
h
.T; SL.2;R// regular.

We say that a cocycle of the form .0; A/ is regular (resp. has mixed type) if the

same is true for A.

Here is a criterium for regularity.

Lemma 4.1. Let A 2 C!
h
.T; SL.2;R//. If for any x 2 T such that jtr.A.x//j � 2

one has j d
dx

trA.x/j > 0 then A is regular.
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Proof. Let us fix � > 0 such that
ˇ

ˇ

d
dx

trA.x/
ˇ

ˇ � ı > 0 for jtr.A.x//j � 2 C �.

We just have to prove that on some �C
h0 , h

0 > 0, one can follow the eigenvalues

of A in a holomorphic way and it is enough to prove that for any z 2 �C
h0

A.z/ has no eigenvalue lying on the unit circle. If h0 is small enough, this is

clear on ¹x C iyW jtr.A/.x/j > 2 C �; 0 < y � h0º. On the other hand, if

x C iy 2 ¹x C iyW jtr.A/.x/j � 2 C �; 0 < y � h0º then trA.x C iy/ D
trA.x/C d

dx
trA.x/ � .iy/CO.y2/. But, if one eigenvalue of A.x C iy/ is on the

unit circle trA.xC iy/ is real and in Œ�2; 2�; thus 0 D = d
dx

trA.x/ �.iy/CO.y2/ D
d
dx

trA.x/y CO.y2/ (since d
dx

trA.x/ is also real). But for 0 < y < h0, h0 small

enough this is impossible since
ˇ

ˇ

d
dx

trA.x/
ˇ

ˇ � ı > 0. �

The main result is the following:

Theorem 4.1. Let .p; q/ 2 Z � N�, A 2 C!
h
.T; SL.2;R// and assume that

.p=q; A/q is regular and of mixed type. Then, there exists �2 WD �2.A; h; q/ > 0,
continuous with respect to A 2 C!

h
.T; SL.2;R//, such that for any ˛ irrational

satisfying 0 < j˛ � .p=q/j < �2 one has

LE.˛; A/ > 0:

4.2. Complex extensions. Let ˛ 2 .R � Q/=Z and AWT ! SL.2;R/ a real

analytic map admitting a holomorphic extension on a complex strip �h D .R C
Œ�ih; ih�/=Z (h > 0). For j�j � h define A�.�/ D A.� C i�/WT ! SL.2;C/. As

usual LE.˛; A�/ is the limit of
R

T
.1=n/ log







Q0
kDn�1 A.xC i�Ck˛/





dx. Notice

that when ˛ D p=q is rational this limit coincide with

.1=q/

Z

T

log rspec

�

0
Y

kDq�1
A.x C i� C kp=q/

�

dx:

We shall need the following fact:

Lemma 4.2. For any ˛ 2 T, the map L˛W Œ�h; h� ! RC, � 7! LE.˛; A�/ is an
even convex function.

Proof. For z 2 �h, n 2 N the map MnW z 7! 1
n

log






Q0
kDn�1A.z C k˛/





 is

subharmonic, hence the map Ln.˛; �/W � 7!
R

T
Mn.� C i�/ is convex as well as

� 7! limn!1Mn.�/. It is even because A is real on the real axis. �

Though we will not need it, we mention that a much stronger (and more difficult

to prove) statement is the following theorem due to A. Avila [1].
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Theorem 4.2 (Avila). The map L˛W Œ�h; h� ! RC, � 7! LE.˛; A�/ is an even
piecewise linear convex function the slopes of which are integer multiples of 2� .
Moreover, if � 2 .0; h/ has an open neighborhood on which L˛.�/ is linear, the
cocycle .˛; A�.�// is uniformly hyperbolic. The slope of L˛ at 0C is called the
acceleration.

4.3. Consequencesof regularity. WhenA is regular and ˛ D 0 one can improve

the result of Lemma 4.2.

Lemma 4.3. If A 2 C!
h
.T; SL.2;R// is regular, the map L0 restricted to Œ0; h0� is

a nonnegative, non-decreasing affine function.

Proof. Indeed, in that case for any 0 < � � h0, L0.�/ D
R

T
log j�A.x C i�/jdx.

Since �A.�/ is holomorphic on �C
h0 and non zero, log j�A.�/j is harmonic on �C

h0

and hence L0 is affine on Œ0; h0�. Since L0 is convex and even on Œ�h0; h0� it has to

be non-decreasing on Œ0; h0�. �

Notice that there exist rA 2 Z and a holomorphic �AW�C
h0 ! C such that for

any z 2 �C
h0 ! C

�A.z/ D exp.2�irAz C �A.z//:

By Cauchy formula
R

T
�A.xC i�/dx is independent of �; let us call N�A this value.

We have
Z

T

log j�A.x C i�/jdx D 2�rA� C < N�A

and since this quantity is nonnegative and non-decreasing on .0; h0�we have rA � 0

and < N�A � 0. When A is of mixed type < N�A > 0.
When A is regular we can diagonalize A in a holomorphic way:

Lemma 4.4. If A 2 C!
h
.T; SL.2;R/// is regular on�C

h0 , then for any 0 < � < h0,
there exists B� 2 C1.T;GL.2;C// such that B�.�/�1A.� C i�/B�.�/ D D�A.�Ci�/
where we use the notation D� D diag.�; ��1/.

Proof. Let C� be the circle .R C i�/=Z. For any z 2 C� the eigenvalues �A.z/,

�A.z/
�1 of A.z/, are distinct and we can thus define

E˙.z/ D ker.A.z/� �˙
A .z/I / � C2;

the corresponding one-dimensional complex eigenspaces. The maps C� 3 z 7!
E˙.z/ 2 P1.C/ are smooth and define two smooth complex line bundles EC !
C� and E� ! C� . The existence of a smooth function B� WC� ! GL.2;C/
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such that on C� one has B�.�/�1A.�/B�.�/ D D�A.�/ is equivalent to the fact

that there exist two nonzero smooth sections C� 3 z 7! u˙.z/ 2 E˙.z/. To

conclude, we could just argue that any complex fibered bundle over the circle

is equivalent to a trivial one (see for example [18]) but here we can give a

direct argument. Since the manifold C� has real dimension 1, P1.C/ has real

dimension 2 and E˙WC� ! P1.C/ are smooth, there exists a complex line

P1.C/ 3 ˇ D Œˇ1; ˇ2� … E˙.C�/. For each point t 2 C� the affine lines of

C2, E˙.t / and ¹.u1; u2/ 2 C2Wˇ1u1Cˇ2u2 D 1º intersect in a single point which

depends smoothly on t . This defines the searched for smooth sections u˙.�/. �

We use the same notations as before.

Lemma 4.5. Let " > 0 and 0 < � < h0 < h, p=q 2 Q, A 2 C!
h
.T; SL.2;R//

and assume that .p=q; A/q is regular. Then, there exists �0 WD �0.A; q; "; �/ > 0,
continuous with respect to A 2 C!

h
.T; SL.2;R//, such that for any irrational ˛

satisfying 0 < j˛ � .p=q/j < �0 one has

jLE..˛; A.� C i�//q/ � LE..p=q; A.� C i�//q/j � ":

Proof. Define A.q/ by .p=q; A/q D .0; A.q//; by assumption this is a regular map.

The previous Lemma shows that there exists B� 2 C1.T;GL.2;C// such that

.0; B�/
�1 ı .p=q; A�/q ı .0; B�/ D .0;D�

A.q/.�Ci�/.�//, thus

.0; B�/
�1 ı .˛; A�/q ı .0; B�/ D .q˛;D�

A.q/.�Ci�/.�/P.�//

where the perturbation P WT ! SL.2;R/ satisfies

kP � Ik0 . qj˛ � p=qj.1C kAkh/qh�2kB�k0kB�1
� k0:

Since the matricesD�
A.q/ .�Ci�/ are uniformly hyperbolic8 it is not difficult to show

that the cocycle .˛; A�/
q is uniformly hyperbolic if qj˛ � p=qj is small enough

and that its Lyapunov exponent is "-close to LE..p=q; A.� C i�//q/. �

Proposition 4.6. Let q 2 N�, A 2 C!
h
.T; SL.2;R// be such that .p=q; A/q is

regular and let " > 0. Then, there exists �1 WD �1.A; h; q; "/ > 0, continuous with
respect to A 2 C!

h
.T; SL.2;R//, such that for any 0 < j˛ � .p=q/j < �1 one has

q LE.˛; A/ � LE..p=q; A/q/ � ":

8 minT j�A.q/.� C i�/j > 0.
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Proof. Choose 0 < �1 < �2 < h
0 with �1 D h0=4, �2 D h0=2 and introduce

zLq˛.�/ D LE..˛; A.� C i�//q/ D q LE.˛; A.� C i�//:

zL0.�/ D LE..p=q; A.� C i�//q/ D LE.0; A.q/.� C i�//:

From Lemma 4.2 we know that � 7! zLq˛.�/ is a convex function and by

Lemma 4.3 that � 7! zL0.�/ is an affine function. We now define �1 D
min.�0.A; �1; "=3/; �0.A; �2; "=3// and we apply Lemma 4.5: for any irrational

0 < j˛ � .p=q/j < �1, j zLq˛.�j / � zL0.�j /j � "=3, j D 1; 2. The function

� 7! zLq˛.�/ is convex on � � 0, hence for t < 0,

zLq˛.�1 C t .�2 � �1// � zLq˛.�1/C t .zLq˛.�2/ � zLq˛.�1//

� zL0.�1/C t .zL0.�2/ � zL0.�1//C .2t � 1/"=3

and since � 7! zL0.�/ is affine one has for t D ��1=.�2 � �1/ D �1,

zLq˛.0/ � zL0.0/ � ": �

4.4. Proof of Theorem 4.1. We can now complete the proof of Theorem 4.1.

Indeed, if A.q/ is regular and of mixed type LE.0; A.q// > 0 and we can apply the

previous Proposition with " D LE.0; A.q//=2.

5. Coexistence of ac components and pp components

Let .p; q/ 2 Z � N�, p ^ q D 1, and V WT ! R a nonnegative smooth function

the support of which is included in �0; 1=qŒ. We shall assume in Sections 5.3 and

5.4 that in addition V 2 P1.

5.1. Computation of .p=q; SE �V /q . We introduce the matrices

CE D
�

E �1
1 0

�

; SE�V .x/ D
�

E � V.x/ �1
1 0

�

and

A
.q/
E .x/ D SE�V .x C .q � 1/p

q
/ � � �SE�V .x/:

Denote by Ij the arc Œj=q; .j C 1/=q�, 0 � j � q� 1 and let N| 2 ¹0; : : : ; j � 1º be

such that N|p � j mod q (if Np is the inverse of p in Z=qZ, N| D j Np). Notice that

if x 2 Ij ,

A
.q/
E .x/ D C

q�1� N|
E SE�V . Qxj /C N|

E (46)
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where Qx is the point of the orbit of x under x 7! x C .p=q/ that lies in

I0 and as a consequence the trace �E .x/ of A
.q/
E .x/ is equal to the trace of

�

E�V. Qx/ �1
1 0

��

E �1
1 0

�q�1
.

Lemma 5.1. If E D 2 cos � (resp. E D 2 cosh �) one has

tr.A
.q/
E .x// D �V. Qx/sin.q�/

sin �
C 2 cos.q�/;

resp.

tr.A
.q/
E .x// D �V. Qx/sinh.q�/

sinh �
C 2 cosh.q�/:

Proof. We assume that E D 2 cos � , so the matrix CE WD
�

E �1
1 0

�

is elliptic with

eigenvalues e˙i� . We find that .m1 / and
� xm
1

�

are the eigenvectors corresponding

to ei� and e�i� where m D ei� . Hence

CE D 1

m � xm
�

m xm
1 1

�

�

ei� 0
0 e�i�

�

�

1 � xm
�1 m

�

and, if we denote ' D .q � 1/� , then

C
q�1
E D 1

2i sin �

�

ei� e�i�

1 1

��

ei' 0

0 e�i'

��

1 �e�i�

�1 ei�

�

:

We find

C
q�1
E D 1

sin �

�

sin.� C '/ � sin.'/

sin ' sin.� � '/

�

:

So
�

E � V. Qx/ �1
1 0

��

E �1
1 0

�q�1

D 1

sin �

�

.E � V / sin.� C '/ � sin' �.E � V / sin' � sin.� � '/

sin.� C '/ � sin'

�

:

Using that ' D .q � 1/� and E D 2 cos � this last matrix can be written
0

B

@

cos.q�/C .cos � � V /sin.q�/
sin �

V
�sin.q�/

sin �
cos � � cos.q�/

�

sin.q�/

sin �
cos.q�/ � sin.q�/

sin.�/
cos �

1

C

A
;

and thus

�E .x/ D �V.zx/sin.q�/
sin �

C 2 cos.q�/:

Notice that the same computations with E D 2 cosh � will give

�E .x/ D �V.zx/sinh.q�/

sinh �
C 2 cosh.q�/: �
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5.2. Existence of ac spectrum. Let �k D �k=q, 0 � k � 2q � 1. Close to

each �k, 1 � k � 2q � 1, there exist closed intervals with nonempty interior Jk,

such that for every � 2 Jk
� the quantities sin.q�/= sin � and cos.q�/ have the same sign;

� .maxT V /j sin.q�/= sin.�/j < 1=2;
� 2 > j2 cos.q�/j > 3=2.

Let ık D min�2Jk
2 � 2j cos.q�/j.

Lemma 5.2. For any E 2 2 cosJk , the cocycle .p=q; SE�V /q is totally elliptic
and E 7! �.p=q; SE�V / is a real analytic non constant function on 2 cosJk.

Proof. For the first part of the statement we observe that since the function V is

nonnegative we have by Lemma 5.1 that for any E 2 2 cosJk and any x 2 T

j tr.A
.q/
E .x//j � 2� ık:

For the second part we observe that

�.p=q; SE�V / D .1=q/�.0; A
.q/
E /

and notice that if �E .x/ D tr.A
.q/
E .x//

�.0; A
.q/
E / D 1

2�

Z

T

arccos.�E .x/=2/dx

which is certainly a non-constant real analytic function of E 2 2 cos.Jk/. �

We now get as a corollary of Theorem 3.1:

Corollary 5.3. There exist �ac > 0 and in each interval 2 cosJk a set Ak of
positive Lebesgue measure such that for all ˛ 2 Dp=q.�ac/ and all E 2

S

k Ak,
the cocycle .˛; SE�V / isC1 conjugated to a constant elliptic cocycle with rotation
number in DS˛ n¹0º. The same conclusion is true for any smooth perturbation zV
of V which is sufficiently C s0 -close to V .

We deduce from the last corollary and the criterium for absolutely continuous

spectrum Theorem 2.3 the following corollary.

Corollary 5.4. Let zV 2 C!.T;R/ be such that k zV � V kC s0 is small enough.
Then, for any ˛ 2 Dp=q.�ac/ there exist nontrivial intervals Iac;k � 2 cosJk such
that for any x 2 T the restriction of the spectral measure � zV;˛;x on each interval
Iac;k is absolutely continuous.
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5.3. Existence of pp spectrum. Let zV 2 C!.T;R/ be such that k zV � V kC s0

is small enough; there exists h > 0 such that zV 2 C!
h
.T;R/. We define zA.q/E by

.p=q; S
E� zV /

q D .0; zA.q/E / and we recall that we denote byK WD K.V / D maxT V .

Lemma 5.5. For E D 2 cosh � 2 Œ10;K � 10� the map zA.q/E is regular and of
mixed type.

Proof. For E D 2 cosh � > 2 we have

tr.A
.q/
E .x// D �V. Qx/sinh.q�/

sinh �
C 2 cosh.q�/

D �V. Qx/e.q�1/� .1C a.�//C eq� .1C b.�//

D e.q�1/� .�V. Qx/.1C a.�//C e� .1C b.�///

where ja.�/j � e�2� and jb.�/j � e�2q� . We observe that j tr.A
.q/
E .x//j � 2 if

and only if

1

1C a.�/
.e�.1C b.�// � 2e�.q�1/� / � V. Qx/

� 1

1C a.�/
.e�.1C b.�//C 2e�.q�1/� /:

The assumptions on V show that the last inequalities can only occur at points Qx
where V 0. Qx/ ¤ 0; at these points .d=dx/ tr.A

.q/
E .x// ¤ 0. Now if k zV � V kC1

is small enough the same conclusion will hold for zA.q/E : if j tr. zA.q/E .x/j � 2 then

.d=dx/ tr. zA.q/E .x// ¤ 0. By Lemma 4.1 we conclude that zA.q/E is regular. It is also

of mixed type as is clear from the previous inequalities. �

Corollary 5.6. Assume that k zV �V kC1 is small enough. There exists �pp.K; q/>0

such that for any E 2 Œ10;K � 10� and any ˛ 2 R nQ such that j˛� .p=q/j < �pp

LE.˛; SE� zV / > 0:

Proof. This follows from the previous Lemma and Theorem 4.1. �

Corollary 5.7. Given any zV 2 C!.T;R/ such that k zV � V kC1 is small
enough there exists a set BG. zV; p=q/ of full Lebesgue measure in �.p=q/ � �pp;

.p=q/C�ppŒ such that for any ˛ 2 BG the operatorH zV;˛;0 has pure point spectrum
in Œ10;K � 10�.

Proof. This follows from the previous Corollary 5.6 and Theorem 2.4. Notice

that by Lemma A.2 the intersection of the spectrum ofH zV;˛;0 with Œ10;K � 10� is
nonempty. �
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5.4. Coexistence of ac and pp spectrum – Proof of Theorem A. We can

now conclude the proof of Theorem A by combining Corollaries 5.4 and 5.7.

Indeed, for � WD min.�ac; �pp/ the setDp=q.�/\BG. zV; p=q/ has positive Lebesgue

measure and Lebesgue density one at p=q.

6. Proof of Theorem B

6.1. The ac part of the spectrum. We apply the results of the preceding sub-

sections to cocycles of the form .˛; SE�VK;�
/. The following two lemmas assure

that the cocycle .1=2; SE�VK;�
.�// satisfies the assumption of Theorem 3.1.

Lemma 6.1. For any K > 0 we have that

�.˛; SE�VK;�
/ �! 1

2�
arccos.E=2/ as � ! 1;

uniformly in ˛ and E.

Proof. We know that 1
2�

arccos.E=2/ is the rotation number of the free problem,

i.e., the case when there is no potential. Since, by taking � large, VK;�.x/ can

be made arbitrarily small outside any open interval containing x D 0, it follows

from the continuity of the rotation number (with respect to the fibered map), see

Lemma 3.7, that �.˛; SE�VK;�
/ must converge to the rotation number of the free

problem as � ! 1. �

Lemma 6.2. Given K � 2 we have that for all � large

tr.SE�VK;�
.x C ˛/SE�VK;�

.x// 2 Œ�2C 1=K2; 2� 1=K2� for all x 2 T;

for all E 2 Œ�3=.2K/;�1=K� and ˛ 2 Œ1=4; 3=4�. In particular, for any
x 2 T the matrix SE�VK;�

.x C 1=2/SE�VK;�
.x/ is elliptic (hence the cocycle

.1=2; SE�VK;�
/2 is totally elliptic).

Proof. We have

tr.SE�VK;�
.x C ˛/SE�VK;�

.x// D �2C .E � VK;�.x C ˛//.E � VK;�.x//
D E2 � S.K; �; ; x/E C P.K; �; x/� 2

where

S.K; �; x/ D VK;�.x/C VK;�.x C ˛/; P.K; �; x/ D VK;�.x/VK;�.x C ˛/:
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Recall that

VK;�.x/ D K

1C 4� sin2.�x/
2 Œ0; K�I

hence, for ˛ 2 Œ1=4; 3=4�, one has

lim
�!1

sup
x2R

K�2P.K; �; x/ D 0; 0 � K�1S.K; �; x/ � 2:

If E D t=K, with t 2 Œ�3=2;�1� we thus have

�ES.K; �; x/ 2 Œ0; 3� P.K; �; x/ 2 Œ0; K2".�/�

with lim�!1 ".�/ D 0. Hence (K � 2)

�2CK�2 � tr.SE�VK;�
.x C ˛/SE�VK;�

.x//

� 1C .9=4/K�2 C ".�/K2

� 2 �K�2

if � is large enough. �

Corollary 6.3. There exists �ac such that for any � > �ac, there exists �ac > 0

such that for any 0 < � � �ac and any ˛ 2 D1=2.�/ the operator HVK;�;˛;x has
some absolutely continuous spectrum in Œ�3=.2K/;�1=K� for all x 2 T.

Proof. This follows from Theorems 3.1 and 2.3. �

6.2. The pp part of the spectrum. Next we prove the following:

Proposition 6.4. For every " > 0 there is a �pp D �pp."/ > 0 such that for all
� > �pp we have for all irrational ˛

LE.˛; SE�VK;�
/ > 0 for all jEj > 2C ":

Remark 4. Note that the constant K does not appear in this estimate, nor the ˛.

Proof. We let

f .z/ D K

1C �.2� z � 1=z/ :

Then f .e2�ix/ D V.x/. The function f has exactly two poles:

z0 D 2�C 1�
p
4�C 1

2�
; z1 D 2�C 1C

p
4�C 1

2�
:
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Note that 0 < z0 < 1 < z1 and z0; z1 � 1 if � � 1. With this notation we can

write

f .z/ D � Kz

�.z � z0/.z � z1/
D Cz

.z � z0/.z � z1/
;

where C D �K=�. We let

BE .z/ D
�

E � f .z/ �1
1 0

�

; ME .z/ D
�

E.z � z0/ � Cz
z�z1

�.z � z0/
.z � z0/ 0

�

:

Then

BE .z/ D 1

z � z0
ME .z/:

Note that ME .z/ is analytic in the disc jzj < z1, and recall that z1 > 1.

Let ej D e2�ij˛ (j D 1; 2; : : :), and let

BnE .z/ D BE .en�1z/ � � �BE .z/;

M n
E .z/ D ME .en�1z/ � � �ME .z/:

Then BnE .e
2�ix/ D SnE .x/.

We now use Herman’s trick. We have

1
Z

0

log kSnE.x/kdx D
1

Z

0

log kBnE .e2�ix/kdx

D
n�1
X

jD0

1
Z

0

log je2�i.xCj˛/ � z0jdx C
1

Z

0

log kM n
E .e

2�ix/kdx

� log kM n
E .0/k;

since each term in the sum is equal to zero, by Jensen’s formula, and since

log kM n
E .z/k is subharmonic in jzj < z1. We note that

ME .0/ D z0

�

�E 1

�1 0

�

and

M n
E .0/ D zn0

��E 1

�1 0

�n

:

For jEj > 2 the matrix ME .0/ has an eigenvalue �.E/ such that

j�.E/j D z0

� jEj C
p
E2 � 4
2

�

:
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Thus, by the spectral radius formula,

lim
n!1

1

n
log kM n

E .0/k D log j�.E/j:

We have hence shown that

LE.˛; SE�VK;�
/ � log j�.E/j for all jEj > 2: �

We thus get from Bourgain–Goldstein ([9]) and Lemma A.2

Corollary 6.5. For � > �pp and a.e. ˛ 2 T, the spectrum of the operator
HVK;�;˛;0 in the interval Œ3;1/ is pure point, and the eigenfunctions decay ex-
ponentially fast.

6.3. Proof of Theorem B. Just take � > max.�ac; �pp/.

Appendices

A. Locating the spectrum

We recall that if ˛ is irrational spec.HV;˛;x/ is independent of x. We call †V;˛

this non-empty, compact subset of R.

Lemma A.1. Let ˛ be irrational and V WT ! R be continuous. Then for any
E 2 ŒminT V;maxT V � one has

ŒE �
p
2; E C

p
2� \†V;˛ ¤ ;:

Proof. Let x be such that V.x/ D E. If E 2 spec.HV;˛;x/ there is nothing

to prove. Otherwise, HV;˛;x � E is invertible with bounded inverse and by the

Spectral Theorem (HV;˛;x is bounded symmetric)

k.HV;˛;x �E/�1k � 1

dist.E;†V;˛/
: (47)

We now observe that if ık is the delta function at k 2 Z (ık.n/ D 1 if n D k and

ık.n/ D 0 otherwise) one has v WD .HV;˛;x �E/ı0 D ı1C ı�1C .V .x/�E/ı0 D
ı1 C ı�1. By (47) one has

kı0k D k.HV;˛;x �E/�1vk � 1

dist.E;†V;˛/
kvk

and since kı0k D 1, kvk D
p
2 one gets

dist.E;†V;˛/ �
p
2: �
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As a corollary we get:

Lemma A.2. Let V WT ! R be a continuous function such that V.T/ D Œ0; K�

with K � 5. For all ˛ 2 R n Q, †V;˛ \ Œ3; K � 2� ¤ ;.

B. Conjugating elliptic matrices to rotations

Lemma B.1. If '; Q'WTd ! R are smooth functions satisfying

.cos. Q'.x// � cos.'.x///2 C .sin. Q'.x//C sin.'.x///2 ¤ 0

(or, equivalently, '.x/ C Q'.x/ … 2�Z for all x 2 Td ) and if C WR ! SL.2;R/

satisfies
R Q'.x/ D C.x/R'.x/C.x/

�1

then there exists a smooth function  WR ! R such that C.�/ D R .�/. Further-
more, if C is Z-periodic and homotopic to the identity then  is also Z-periodic.

Proof. The first part is a simple computation and the second is just due to the fact

that if R is periodic and homotopic to the identity then  has to be Z-periodic.

�

Lemma B.2. Let AWT ! SL.2;R/ a smooth map such that

max
x2T

jtr.A.x/j < 2:

Then, there exist smooth maps B WT ! SL.2;R/ and aWT ! �0; �Œ such that for
all x 2 T

B.x/�1A.x/B.x/ D Ra.x/:

Proof. Let E D ¹A 2 SL.2;R/; jtrAj < 2º be the set of elliptic matrices of

SL.2;R/. The map S W SL.2;R/� �0; �Œ! E, .B; a/ 7! BRaB
�1 is a submersion.

There thus exist smooth maps aWR ! �0; �Œ, zB WR ! SL.2;R/ such that

A.x/ D zB.x/Ra.x/ zB.x/�1 for all x 2 R: (48)

Since 2 cosa.x/ D trA.x/ we have a.x C 1/ D a.x/. Now, since A is 1-periodic,

identity (48) shows that for any x 2 R, zB.x/�1 zB.xC1/ commutes with Ra.x/ and

by Lemma B.1 there exists a smooth bWR ! R such that zB.x C 1/ D zB.x/Rb.x/.
It is not difficult to show that there exists a smooth map cWR ! R such that

�b.x/ D c.x C 1/ � c.x/. Setting B.x/ D zB.x/Rc.x/ we have

A.x/ D B.x/Ra.x/B.x/
�1 (49)
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with

B.x C 1/ D zB.x C 1/Rc.xC1/ D zB.x/Rb.x/Cc.xC1/ D zB.x/Rc.x/ D B.x/: �

In fact one can prove the following more quantitative lemma:

Lemma B.3. If 'WTd ! R smooth satisfies R'.x/ ¤ ˙I for all x 2 Td , then
there exists � > 0 (depending on ı WD distR=�Z.'.T

d /; 0/) such that for any
F WTd ! sl.2;R/ satisfying kF k0 � � one can find smooth maps WTd ! .0; �/,
Y WTd ! sl.2;R/ such that R'.�/eF.�/ D eY.�/R .�/e�Y.�/ and

k kk � Ck.k'kk ; �; ı/kFkk ; kY kk � Ck.k'kk ; �; ı/kFkk

C. Variations of the fibered rotation number

C.1. Dependence with respect to the frequency. We refer to [20] for more

details on the materials of this section. We denote by HomeoC.S1/ the group

of orientation preserving homeomorphisms of the circle and by D.S1/ the set of

orientation preserving homeomorphisms h of R such that h.�C1/ D 1Ch.�/. Any

f 2 HomeoC.S1/ has a lift Qf inD.S1/ (the projection is R ! R=Z, x 7! xCZ).

Let .X; T / be a uniquely ergodic topological dynamical system and f WX �
S1 ! X � S1, .x; y/ 7! .T x; f .x; y// a continuous homeomorphism, such that

for any x 2 X , y 7! f .x; y/ is an orientation preserving homeomorphism of

S1 and assume that the map X ! HomeoC.S1/, x 7! f .x; �/ is homotopic to

the identity (the groups HomeoC.S1/, D.S1/ are endowed with the topology of

uniform convergence; these topologies are metrizable). We denote by fx W S1 ! S1

the homeomorphism y 7! f .x; y/. Under these assumptions, f admits a lift
Qf WX�R 	, Qf W .x; y/ 7! .T x; yC'.x; y//where 'WX�R=Z ! R is continuous;

we shall use the notation Qf D .T; '/. The fibered rotation number �. Qf / is the

limit limn!1.1=n/. Qf n.x; y/ � y/ D limn!1.1=n/
Pn�1
kD0 '. Qf k.x; y// which is

independent of .x; y/. A useful fact is that this fibered rotation number coincide

with
R

X�S1 'd� for any f -invariant probability measure � on X � S1. We denote

�.f / D �. Qf / mod 1. When X is reduced to a point we recover the notion of the

rotation number of an orientation preserving homeomorphism of the circle.

In the case X D T and T D T˛WT ! T is the translation x 7! x C ˛, T˛ is

uniquely ergodic if and only if ˛ is irrational and in that case the unique invariant

measure by T˛ is the Haar measure on T. When ˛ D p=q is rational we extend the

definition of the rotation number by setting �. Qf / D .1=q/
R

T
rot. Qf .q/x/dx where

rot. Qf qx / is the rotation number of the q-iterate of the homeomorphism Qfx 2 D.S1/
defined by Qf qW .x; y/ 7! .x; Qf qx.y//.
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If ˛ 2 T and 'WT � R=Z ! R we denote by .˛; '/WT � R 	, .x; y/ 7!
.x C ˛; y C '.x; y//.

Lemma C.1. The mapˆWT�C 0.T; D.S1// ! R, .˛; h/ 7! �.˛; h/ is continuous.

Proof. Herman proved the continuity of this map restricted to .R � Q/=Z �
C 0.T; D.S1// ([20], Prop. 5.7.) so it is enough to prove that for any rational

number ˛ WD p=q, any h 2 C 0.T; D.S1//, any sequence of irrational numbers

˛n ! ˛ and any sequence hn 2 C 0.T; D.S1// converging uniformly to h, one has

ˆ.˛n; hn/ ! ˆ.˛; h/. Since for ˇ irrational �..ˇ; '/q/ D q�.ˇ; '/ it is enough to

treat the case ˛ D 0, what we shall do. Also, it is enough to establish that for any

such sequence, there is a subsequence for which the convergence holds. Let �n be

a sequence of probability measure invariant by .x; y/ 7! .x C ˛n; y C 'n.x; y//.

By unique ergodicity of x 7! xC˛n we have ���n D m where � W .x; y/ 7! x and

m is the Haar measure on T. For a subsequence nk , the sequence of probability

measures �nk
converges weakly to a probability measure � which is invariant

by .x; y/ 7! .x; y C '.x; y//. From ���nk
D m we get ��� D m. Thus,

the measure � can be decomposed as � D
R

T
dx ˝ �x and for Lebesgue a.e.

x 2 T, the probability measures �x are invariant by Qfx W y 7! y C '.x; y/; by

the theory of circle homeomorphisms (cf. [19])
R

'.x; y/d�x.y/ D rot Qf x, hence
R

'd� D �.0; '/. Since �nk
converges weakly to � and 'nk

converges uniformly

to ' we have �.˛nk
; 'nk

/ D
R

'nk
d�nk

!
R

'd� D �.0; '/, which is what we

wanted to prove. �

C.2. Lipschitz dependence of the fibered rotation number on parameters.

With the notations of section C.1 let us now assume that our homeomorphism

f WX � S1 	 depends on a parameter E 2 I where I is an interval of R; more

specifically, we assume that X � S1 � I ! X � S1, .x; y; E/ ! .T x; fE .x; y// is

continuous, that for any E 2 I and any x 2 X , fE .x; �/ 2 HomeoC.S1/, and that

for any E 2 I , X ! D.S/, x 7! fE .x; �/ is homotopic to the identity. We also

assume that f is Lipschitz with respect to the variable E, the Lipschitz constant

being uniform with respect to the variables x and y.

Lemma C.2. If for someE0 2 I there exists bWX�S1 	 continuous (with respect
to .x; y/), such that for every x 2 X , b�1

x is Lipschitz with respect to the variable
y (uniformly in x) and such that for any x 2 X , b�1

T x ı fx;E0
ı bx D .y 7! yCˇ/,

then the map E 7! �.E/ WD �.T; fE/ satisfies

j�.E/ � �.E0/j � C jE �E0j for all E 2 I;

where C D LipE f � Lipy b
�1.
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Proof. Let Qf WX �R�I ! X �R and QbWX �R 	 be lifts for f and b and denote
Nf WX � R � I W ! X � R, .x; y; E/ 7! .T x; b�1

Tx ı Qfx;E ı bx.y/; E/.
One can write

Qfx;E .y/ D y C ˇ C gE .x; y/

and a simple calculation shows that jgE .x; y/j � C jE �E0j where C D LipE f �
Lipy b

�1. Comparing the orbits of .x; 0/ under .x; y/ 7! .T x; y C ˇC gE .x; y//

and .x; y/ 7! .T x; y C ˇ/, and using the definition of the rotation number gives

the conclusion of the Lemma. �

As a consequence of the preceding lemma one gets the following lemma

that applies to the case of linear cocycles (consider the associated projective

dynamics):

Lemma C.3 (variation of the rotation number). Let be given I an interval and a
smooth map AW I � Td ! SL.2;R/, .E; x/ 7! AE .x/ such that for some E0 2 I ,
there exists a continuous B W .R=2Z/d ! SL.2;R/ for which .0; B/�1 ı .˛; AE0

/ı
.0; B/ is a constant elliptic cocycle. Then, for any E 2 I one has

j�.˛; AE/ � �.˛; AE0
/j � C jE �E0j

where the constant C depends only on the C 0-norm of B and on (the sup with
respect to x of ) the C 1-norm of E 7! AE .x/.

D. Proof of Theorem 2.3

Since .˛; SE��V / is almost reducible one has E� 2 †V;˛ and thus there exists E0

close to E� such that �.˛; SE0�V / 2 DS˛ n¹0º (the function E 7! �.˛; SE�V /
cannot be constant on an neighborhood of E� since E� 2 †V;˛ , cf. (4)); in

particular by Theorem 3.2 .˛; SE0�V / is C1-conjugated to a constant rotation

cocycle. Let I be a nonempty open interval containing E0, J D ¹�.˛; SE�V /;
E 2 I º and define f W I ! R by f .E/ D �.˛; SE�V /. For some � > 0 the set

M� WD DS˛.�/ \ J has positive Lebesgue measure. Lemma 3.8 tells us that

for any E 2 f �1.M�/ there exists a constant CE such that for any E 0 2 I ,

jf .E 0/ � f .E/j � CE jE 0 � Ej. By Lemma 3.9 we deduce that the set Z�

of E 2 I for which .˛; SE�V / is conjugated to a constant elliptic matrix with

rotation number inM� is of positive Lebesgue measure. In particular for E 2 Z� ,
L.˛; SE�V / D 0 and by a theorem of [11], for Lebesgue a.e. E 2 Z�

4� sin.2��.˛; SE�V //
d�.˛; SE�V /

dE
� 1: (50)
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Let xE 2 Z� be a point for which the preceding inequality is satisfied. Now,

let’s write S xE�V .�/ D B.� C ˛/A0B.�/�1 for some B 2 C1.Rd=2Zd ; SL.2;R//

and A 2 SO.2;R/. For E � xE small enough B.� C ˛/�1SE�V .�/B.�/ D A0 C
.E � xE/W.�/ is of the form A0e

.E� xE/FE .�/. Since �.A0/ 2 DS˛.�/ one can find

YE 2 C1.Td ; sl.2;R// such that Ad.A0/
�1Y.� C ˛/ � Y.�/ D F.�/ � yF .0/ and

thus

e�YE.�C˛/A0e.E� xE/FE.�/eY.�/ D A0e
.E� xE/ yF xE.0/C zFE .�//

where zFE .�/ is in C1.T; sl.2;R//, depends in an analytic way on E and satisfies

k zFE .�/k0 D O..E � xE/2/. Since �.˛; A0e
.E� xE/ yF xE.0// D �.˛; SE�V /� h˛; k0=2i

where k0 2 Zd is such thatB is homotopic toRhk0=2;2��i and since xE satisfies (50)

one has

d�.˛; A0e
.E� xE/ yF xE

.0//

dE

ˇ

ˇ

ˇ

ˇ

.ED xE/
¤ 0:

We now conclude by using Theorem 2.2.
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