J. Spectr. Theory 11 (2021), 1107-1143 © 2021 European Mathematical Society
DOI 10.4171/1ST/367 Published by EMS Press
This work is licensed under a CC BY 4.0 license.

Recovery of time-dependent coefficients
from boundary data for hyperbolic equations

Ali Feizmohammadi,! Joonas Ilmavirta,? Yavar Kian,3 and Lauri Oksanen#

Abstract. We study uniqueness of the recovery of a time-dependent magnetic vector-
valued potential and an electric scalar-valued potential on a Riemannian manifold from
the knowledge of the Dirichlet-to-Neumann map of a hyperbolic equation. The Cauchy
data is observed on time-like parts of the space-time boundary and uniqueness is proved up
to the natural gauge for the problem. The proof is based on Gaussian beams and inversion of
the light ray transform on Lorentzian manifolds under the assumptions that the Lorentzian
manifold is a product of a Riemannian manifold with a time interval and that the geodesic
ray transform is invertible on the Riemannian manifold.
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1. Introduction

1.1. Statement of the problem. Let (M, 2) be a 1 + n dimensional Lorentzian
manifold with boundary. Throughout this paper, we will assume that (M, g) has
a global product structure, that is to say M = [0,T] x M, g = —dt?> + g,
where 7 > 0 and (M, g) denotes a smooth compact connected Riemannian
manifold of dimension n = 2, with smooth boundary dM. We assume that
g € C%M;Sym>M), where Sym*M denotes the bundle of symmetric two-
tensors over M. We denote by Az the Laplace-Beltrami operator given by
Ag :=divz V&, where div z (resp., V&) denotes the divergence (resp., gradient)
operator on (M, g). In local coordinates (x® := ¢,x',...,x") and for each
u € C%(M) we have

n
Agu =" |gI785 (12?8 o),

i,j=0
where
g = (g‘ij)osi,jsn and |[g| := |detg].
As g = —di* + g, we have A; = —03? + A, where A, is defined analo-

gously. Consider a complex-valued scalar function ¢ (¢, x) (electric potential) and
a complex-valued one-form A (magnetic potential), such that the following regu-
larity assumptions are satisfied

geCM) and A e C'OM;T*M). (1.1)

In local coordinates, the one-form A can be expressed as

A(t,x) = b(t,x)dt + Zw,- (t,x)dx’ = b(t,x)dt + o(t, x), (1.2)

i=1

where o is a time-dependent one-form on (M, g). Given A and ¢ as above, We
consider the initial boundary value problem (IBVP)

—Agu+AVEu +qu=0 onM,
u=n on (0,T) x oM, (1.3)
u(0,-) =0, 0u(0,)=0 onM,
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with non-homogeneous Dirichlet data 1 € Hj ((0, T) x dM). Note that in local
coordinates, AVE&u = —b d,u + ot g w; 3;u. We introduce v, the outward
unit normal vector to (0, 7') x dM , and define the hyperbolic Dirichlet-to-Neumann
(DN in short) map, given by

(Av)u

2 )‘(O,T)XBM

Aag:hvr— (8\-,74 -

where u solves problem (1.3). This is well-defined as equation (1.3) admits a
unique solution u € C(0,T; H'(M)) N €'(0, T; L2(M)), with d5u| ryxom €
L?((0, T)xdM). This follows from [29, Theorem 2.1] as explained in Section 2.1.
The goal of this paper is to study the unique recovery of the complex valued
coeflicients A and ¢ given A 4 4, up to the natural obstructions discussed in the
next section.

1.2. Natural obstructions. The first obstruction concerns the recovery of the
magnetic potential A. Indeed, for j = 1,2, fix (A}, g;) defined as above and
assume that there exists ¥ (7, x) € C2(M) with V| ryxam = 0, such that

A=Ay +2dY, g1 =g+ Agy — A VEY — (VEY, VEY)z,  (1.4)

where d denotes the exterior derivative on M, that acts on f € C (M) through
df = 9;fdt + df with d denoting the exterior derivative on M, and (-, F
denotes the inner product on (M, g). Then, for u; the solution of (1.3) with
A = Aj,q = q;, j = 1,2, it holds that u; = e¥u, and, using the fact that
Yi0,7)xam = 0, we obtain

A1v)u A1v)u Arv)u
douy — L Gepuy — 2y 2Dz
2 2 2
This proves that A 4, 4, = Au,.,qg,, but Ay # A, as soon as ¥ does not vanish

identically. In other words, the DN map A 4,4 is invariant with respect to the
gauge transformation given by (1.4) and the best we can expect is the recovery of
the coefficients A and ¢ from A 4 , modulo the gauge invariance (1.4).

The second obstruction to our problem is due to finite speed of propagation for
the wave equation. Let us define the set

D = {(t,x) € M | dist(x, M) < ¢ < T — dist(x, IM)}.

Due to domain of dependence arguments (see [25, Section 1.1] and [26, Sec-
tion 1.1]), it is not possible to recover the restriction of any of the coefficients A
and g on the set M \ D from A 4 4. Therefore, for our problem, the best we can
expect, is to recover the coefficients modulo the gauge invariance above, on the
set D.
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1.3. Main result. Before stating the main result, we need to recall the definition
of the geodesic ray transform on the (spatial) Riemannian manifold M. For each
(y,v) € SM, with SM denoting the unit tangent bundle of M, let y(-; y, v) denote
the unit speed geodesic starting at point y, in the direction v, that is,

Viv(iyv) =0, y0:y.v) =y, pO:y.v)=v.
For any (y,v) € SM, we define ti((y, v) through
Texit(y, v) :=inf{t > 0 [ y(15y,v) € IM, y(t:y,v) & Ty1;y,0)0M }.
We now define
0_SM :={(y,v) e SM |y € IM, (v,v(y))g <0, Texit(y,v) <00}, (1.5)

where v denotes the outward normal unit vector on dM . Henceforth, for the sake
of brevity, we use the term maximal geodesic to refer to the geodesics y(:; y, v)
(or y(-) in short) with (y, v) € d_SM, over their maximal interval of definition in
Mi"t that is the interval I := (0, Texit).

Definition 1.1. Let (y,v) € 0_SM and let y(-; y,v):I — M. We define the
geodesic ray transform of (f, o) € C(M) x C(M; T*M), as follows:

Iy(fa) = /[f()/(t)) +a(y@)y@]dr.

1

We also need to recall the definition of the solenoidal component, «*, of a
one-form « with local representation & = Y _, o dx*. Let

n
1 .
Sa =Y —di(J/28" )
i,j=1 Ve
denote the divergence operator on M sending one-forms to functions. Given any
a € L?2(M; T*M), it can be uniquely decomposed as

a=0ao +dy, (1.6)

where §a* = 0and ¥ € Hj (M) solves Ay = §a in the weak sense on M. This
is called the Helmholtz decomposition (see for example [41]). We will be working
with C'(M) one-forms. In this case, one can immediately see that since Sa €
C(M) C L™(M), elliptic regularity implies that v € W2"(M) C CY(M). We
will use this observation later in the paper to derive the smoothness properties for
the gauge. With these notations, we can now state the main geometric assumption
on (M, g).
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Hypothesis 1.2. Let (M, g) be a compact connected Riemannian manifold with
smooth boundary. We say that the geodesic ray transform is injective on M with
respect to functions f € C(M) and one-forms o € C(M; T*M), if the following
holds:

Jyeywy(fia) =0forall (y,v) € 0_SM = f =0ande’ =0.

According to Theorems 3 and 4 in [36], Hypothesis 1.2 will be fulfilled if M
is simple. This condition can also be fulfilled by a non-simple manifold. We refer
to Section 2.2 for a more detailed discussion about this aspect.

Finally, let us introduce the set & C D where we recover the coefficients. For
any x € M, we define

Dg(x) :=sup{texit(y,v) | (y,v) € 0_SM, xisiny(:;y,v)}

and let
Dg(M) :=sup{Dg(x) | x € M}.

For T > 2Dy (M), we define
E:={(t,x) e M| Dg(x) <t <T — Dg(x)}.

Theorem 1.3. Let g € CO(M;Sym>M), A1, As € C'(OM:; T*M) and q,,q> €
C(M). Assume that supp (A1 — Az) C &, supp(q1 —¢2) C &, and

Ai(t,x) = Ax(t,x) forall (t,x) € (0,T) x IM.

If Hypothesis 1.2 holds, then Ay, 4, = Aa,q, implies that there exists ¢ €
C2(M) with V|0, 1yxam = 0, such that (1.4) holds.

The proof of this theorem relies in part on injectivity of the so-called light ray
transforms of vector valued functions. Recall that a curve 8 in M is a null geodesic
(or a light ray), if Vg B = 0and (B, B) ¢ = 0. Given the product structure of M,
we can parameterize maximal null geodesics through B(¢) = (7 +1,y(t)),t € I
where y is a unit speed maximal geodesic in M and 7 € R. We define the light
ray transforms £, and £ 4 of ¢ € C(M) and A € C(M; T*M) as follows:

Lg(B) = / gB@)di and La() = / A.
B

1

We have the following proposition, that will be proved in Section 5.
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Proposition 1.4. Let (¢, A) € C(M)xCH(M; T*M) be such that supp g, supp A C €.
If Hypothesis 1.2 holds, then we have the following statements:

(i) if L4(B) = 0 for all maximal null geodesics B in M, then q¢ = 0 on M;

(i) if La(B) = 0 for all maximal null geodes_ics B in M, then there exists
Y € C2(M) vanishing on M such that A = dyr on M.

1.4. Previous literature. Results related to the recovery of coefficients for
hyperbolic equations can in general be divided into two categories of time-
independent and time-dependent coefficients. Starting with the seminal works
[4, 6], there is an extensive literature related to the recovery of time-independent
coefficients for hyperbolic equations. These results usually rely on the Boundary
Control method, developed in [4, 6] and a time sharp unique continuation theo-
rem [40], which provide the building blocks of very general results. We refer the
reader to [27] for an introduction to the method and to [28] for an example of a
state of the art result in this direction. We also refer to [5, 21] for review. The
unique continuation theorem in [40] fails if the dependence of the coefficients on
time is non-analytic and therefore extension of these results for general time de-
pendent coeflicients is not possible (see e.g. [1, 2]). We refer the reader to [17]
for a uniqueness result, when the dependence of the coefficients on time is real
analytic. Starting with [12], methods based on Carleman estimates have also been
quite fruitful in deriving uniqueness results for time-independent coefficients of
hyperbolic equations. Contrary to the Boundary Control method, where the best
known stability estimates are double logarithmic [11], these methods tend to give
strong stability estimates. We also mention [30] where Boundary Control method
is combined with complex geometric optics and stronger estimates are obtained
for low frequencies.

In the time-dependent category, most of the results are obtained for the recon-
struction of the zeroth order term, ¢, and are based on a use of geometric optic so-
lutions for the wave equation. Let us mention that this approach has also been used
in the time-independent category [8, 9, 23, 37] to obtain strong stability estimates
although they suffer from considerably stronger geometric assumptions compared
to the Boundary Control method. Methods based on geometric optics were used in
the context of recovery of time-dependent coeflicients starting with [35]. Among
the literature of results in this direction, we refer to [10, 19, 24, 32, 33]. The lead-
ing coefficients for the wave equation in all these results are constant. Uniqueness
of zeroth order coeflicient ¢ for a variable coefficient wave equation was consid-
ered in [26] where the recovery of the potential was based on inversion of geodesic
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ray transform for scalar functions. It should be noted that even in the case where
A = 0, the result in this paper is a significant improvement of [26], since there
(M, g) was assumed to be simple.

Approaches based on global geometric optic solutions fail if the Riemannian
manifold (M, g) is not simple (see Section 3.5). This motivates the use of Gaussian
beams in the current paper. Gaussian beams were introduced in [3, 34] and
they were first used in the context of inverse problems in [7, 20]. We refer the
reader to [21] for a thorough presentation in the case of a wave equation with a
smooth metric, a smooth electric potential and no magnetic potential. This paper
is concerned with the reconstruction of time-dependent vector valued coefficients
for the wave equation under weak geometrical assumptions on the spatial manifold
(M, g) and weaker regularity assumptions on the coefficients. We use Gaussian
beams to reduce the inverse problem to the inversion of the light ray transform
of the unknown coefficients. The closest previous work to this reduction is [39],
where the authors study the problem of recovery of the geometry along with a
time-dependent magnetic potential A and an electric potential g in a Lorentzian
manifold from a micro-local formulation of a Cauchy data set on the boundary.
It is shown that if g,.A,q belong to some C¥, with k sufficiently large, then
this Cauchy data set uniquely determines the scattering relation of g along with
light ray transforms of A, g. Their approach is based on the study of Fourier
Integral Operators and propagation of singularities. The inversion of the light
ray transform on a general Lorentzian manifold is left as an open problem. Our
Gaussian beam construction makes the reduction to the light ray transform more
explicit in terms of the smoothness required. We also succeed in the inversion of
the light lay transform, in the sense of Proposition 1.4. Our inversion method for
the light ray transform was inspired in part by techniques developed in the context
of the Calderén problem [13].

1.5. Outline of the paper. This paper is organized as follows. In Section 2,
we discuss the forward problem (1.3) and also discuss the Hypothesis 1.2. In
Section 3, we present the Gaussian beam construction near a null geodesic in M.
In Section 4, we show the reduction step from the knowledge of the Dirichlet-
to-Neumann map A 4 4, to the knowledge of the light ray transforms of A, g and
conclude that Theorem 1.3 follows from Proposition 1.4. Finally, Section 5 is
concerned with the proof of Proposition 1.4.
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2. Preliminaries

2.1. Direct problem. Let
Xu = AVE&y + qu,
where A and ¢ satisfy (1.1). We consider the wave equation

—Agu+ Xu=F in M,
Ulxeom = h on (0, T) x IM, 2.1)

Ul;=0 = Ug, OsU|;=0 =u; onM.
It is classical that u is in the energy space
e([o, T]; H'(M)) N €' ([0, T]; L*(M)) (2.2)
whenh =0, F € L>(M), ug € H} (M) and u; € L*>(M). The wave equation

—Agv =F in M,
V|yeors = h on (0, T) x M, (2.3)

V|t=0 = Ug, O0sV|;=0 =u; onM,

was considered in [29]. It was shown there that if F and u; are as above, and
uo € H' (M) and h € H'((0, T) x dM) satisfy the compatibility condition

hli=0 = uo|xeom - (2.4)

then the solution v is the energy space (2.2), and 9;v|,eanr € L2((0, T) x dM).

Let us now set u = v — w where v is the solution of (2.3) with F, ug, #; and
h as above, and w is the solution of (2.1) with F = Xv € L>(M), ug = 0, u; =0
and & = 0. Then u satisfies (2.1) with the same F, uq, u; and % as in (2.3) for v.
As both v and w are in (2.2), so is u. But then —Agu = F — Xu € L*(M) and
dvt|xearr € L2((0, T) x IM). It is straightforward to turn this regularity result to
the corresponding estimate

llleqo.71: 112 et qo.71:22aryy T 13Ul L2(0,7)x00)

(2.5
< C(IFllL2omy + 1l m1o0,myxomy + 1ol g ary + uall2eany)s

for solutions u of (2.1) under the compatibility condition (2.4).
We write 1f(t) = fot f(s)ds, and show now that u satisfies the estimate

lullz2o0) = CITF 2200 - (2.6)
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when ug, u; and & vanish identically. The map taking F to u is continuous from
L?(M) to H' (M), and by considering its adjoint, we obtain also continuity from
H='(M) to L2(M). Let F € L?(M) and define v and w as above, but with ug, u;
and / vanishing also for v. Then —Az/v = I F and

IvliLzovey = 10:LvliL2vmy < C IHF 20 -

Moreover,

lwlzzony < C I Xvilg-100) < C VlL2000) 5

and the above two estimates imply (2.6).

2.2. On inversion of the geodesic ray transform. We are not aware of results
on inversion of the geodesic ray transform J,, ( f, «) when the metric tensor g is
assumed to be only C%-smooth. Therefore, for the purposes of the present section,
we assume g to be C>°-smooth.

It is well-known that simple manifolds satisfy Hypothesis 1.2, see Theorems 3
and 4 in [36]. It is also likely that the method to invert the geodesic ray transform
using convex foliations, originating from [42], can be used to show that Hypoth-
esis 1.2 holds under the assumptions that the boundary of M is strictly convex
in the sense of the second fundamental form, and that there is a strictly convex
function on M. In [31] this is shown under the further assumption that f and «
are smooth. Let us point out that, even when A = 0, combining Theorem 1.3
and [31] gives a result on unique determination of smooth ¢ that falls outside the
scope of the closest previous results [26].

Let us now describe a non-simple case satisfying Hypothesis 1.2 as studied
in [38]. There it is assumed that (M, g) satisfies the following:

(i) M and oM have real analytic atlases;

(ii) there is an open set of simple geodesics I on a slightly larger manifold (M, g)
such that T*M C {N*y |y e T'};

(iii) any path in M connecting two boundary points is homotopic to a path of the
form

caaUyrtUca Uy U---Uyr U ks,

where ¢; are paths on M and y; = y;|u for some y; € I". Moreover,
y;j intersects M only at its endpoints and is transversal to dM ;

(iv) g is generic in the sense of [38, Corollary 1].
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Here y € I' being simple means that the endpoints of y are in M\ M and there are
no conjugate points on y, simple geodesics are given topology in the sense of the
parameterization (2) in [38], and N *y denotes the conormal bundle of y, viewed
as a 1-dimensional submanifold of M.

3. Gaussian Beam solutions

The goal of this section is to construct the so called Gaussian beam solutions
u; € ([0, T); HY(M)) N €1([0, T]; L>(M)) for j = 1,2 of the problems

{—Agul + A1 VEu; + quuy =0, (,x) €M,

u1(0,x) = d,u;(0,x) =0, X EM,
) ) (3.1)
—Agus — AsVEuy + (=8A2 + q2)u, =0, (t,x) € M,
ur (T, x) = d,u(T,x) =0, X EM,
taking the form
up (1 x) = eP?CP (1, x) + Ry p(t.x),  (1.x) € M, 3.2)
up(t,x) = e PPEIGy (1, x) + Ry p(t, %), (1.X) €M, (3.3)

with p > 1. Here, § denotes the divergence operator on (M, g) sending one-forms
to functions. The two equations in (3.1) are in essence formal adjoints of each
other, with respect to the real L2(0M) inner product. The phase function ¢ will be
chosen so that both the oscillatory parts ¢?*? and e #¢ remain bounded in L?(M)
as p — oo and such that the principal terms |e???@*) v, (¢, x)| are concentrated
near a fixed maximal null geodesic in D. The remainder terms Ry ,, R, will
vanish in the limit p — oo.

3.1. Fermi coordinates. We will start by reviewing Fermi coordinates near a
fixed maximal null geodesic B:[t—,t+] — M, where we are using the time
coordinate ¢ as the parameterization for the null geodesic. Here, B(z-), B(t4)
denote the start and end points of the maximal null geodesic on the boundary
(0,T) x dM. Note, in particular, that 8(r) € D for all + € [t—, r4]. Fermi
coordinates were first introduced by E. Fermi [18]. In this paper, the geometry
has a product structure which makes the construction of Fermi coordinates slightly
easier. This is to some extent similar to [16, 22], where a coordinate construction
was carried out in the context of an elliptic partial differential equation on a
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Riemannian manifold with a product structure. We will therefore follow [16] with
some modifications.

Let us introduce notation that will be fixed throughout the remainder of this
paper. We begin by embedding (M, g) into a closed manifold (M , g) and extend
the null geodesic 8 to M := (0,T) x M such that B(r) is well-defined on the
interval [7_ — ¢, T4 + €] with ¢ > 0 a small constant. We also consider extensions
of the metric g and the coeflicients A1, Az, q1, ¢> to the bigger set M such that
the extended metric g is €® smooth and the extensions of the coefficients satisfy
the regularity assumptions in (1.1) with M replaced by M. Finally, for the sake of
convenience, we define the constants a, b, ag, by, s— and s as follows

a=2(t_—¢), b= 2(ty +¢),

a0 = V2(r- - g) I . %) (3.4)

and

S— = \/E‘E_, S+ = \/E‘L'_}_.

We will now present Fermi coordinates near the null geodesic 8 in M. In all the
following arguments, B(¢) denotes the parameterization of the null geodesic with
respect to the time coordinate in M.

Lemma 3.1 (Fermi coordinates). Let f: (17— —¢&, 74+ + €) — M be a null geodesic
as above. There exists a coordinate neighborhood (U, ®) of B ([r_ — 2,14 + %])

Vi=r,z2,..., 2" such that

denoted by (z° := s,z
e ®(U) = (a,b) x B(0,8") where a, b are given by (3.4) and B(0, §") denotes a

ball in R™ with a sufficiently small radius §' only depending on the geometry

M, g) and e.
o O(B(1)) = (v/21,0,...,0) forallt € (1_ —e, 14 +¢).
s,—/

Furthermore, the metric g in this coordinate system is C* smooth and satisfies

08k
azt Ip

glg = 2dsdr +) (dz’)* and

Jj=2

=0 forO0<i,j k<n.

Proof. Let us begin by defining IT: M —> M through IT(¢,x) = x. Note that
I18 = y where y is a unit speed geodesic passing through the point xo = I1(8(a)).
We choose {«5, . .., oy} such that the set {y(xg), a2, . . ., @, } forms an orthonormal
basis for TXOM . Let y1 denote the arc length parameter along the geodesic y from
the point xo. For each 2 < k < n, let ex(y1) € Ty(y,)M denote the parallel
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transport of «x along y to the point y(y1). Since y is also parallel along y, the
set {y(y1),e2(y1), ..., en(y1)} forms an orthonormal basis for 7,,(,,)M. We now
define the coordinate system (y°, . .., y") through F;: R" ! — M:

F10°% =y ) = (t, eXPy(y1) (Xn: ya"“(yl)»’
a=2

where exp, () denotes the exponential map on M at the point p. Let us remark
that since g € C%(M ; Sym?> M), the map 7 is locally in C° (see for example [14]).
We now define (s := z%,r :=z!,...,z") = F»(y°, ..., y") through

1 a
0 1
si=z = —(+ + =,
VAR
1 1
ri=z =—

V2

z/i=y/ forall j = 2.

For the sake of brevity, we will also use the notations z = (s,z’) = (s, r, z”) for
this coordinate system. Let us consider the composition map F: R!*” — M given
by F = F; 0 F, 1. Ttis clear that for all t € [t— — &, 14 + ¢

F(V2t,0) = Cﬂ(t,t —ag,O) =F1(t.1 — (v- —¢),0) = B(2),

implying that F(s, 0) is injective for all s € (a, b) as B is not self-intersecting on
the time interval [t_ — ¢, 4 + ¢]. Furthermore, for all s € (a, b) it holds that

%%, 0) = 12 (8 + ;‘/(g(s —~ a))),
(=0 + y’(?(s—a))),

= L6-w).

0
—F(s,0) =
ar (5. 0)

S-Sl

0
E&"(s,rva)

=

where v, denotes the ath coordinate vector in R”~2. Thus F(s, z’) is a locally
©> map in a neighborhood of the null geodesic B such that (s, 0) is injective and
D3J(s, 0) is invertible. The inverse mapping theorem applies to deduce that F(s, z’)
is a diffeomorphism on a neighborhood of [ag, bo] x B(0,§") with § sufficiently
small. We then choose ® = F~!. Note that ® € ©> near the null geodesic, and
since g € C%(M; Sym>M), we deduce that the pull back of the metric g, ®*7 is
©* smooth in the Fermi coordinate system.



Recovery of time-dependent coefficients 1119

Let us now study the form of the metric in this single coordinate chart (U, ®)
given by the z-coordinates. We will first derive the form of the metric in y-coor-
dinates which is just an affine transformation of the z coordinates (the linear part
of this affine transformation is unitary). To find the form of the metric in y-co-
ordinates, we note that F; preserves the product structure on M and therefore it
suffices to check the form of the Riemannian metric g near the geodesic y = I1(8)
in M. Let the indices i, j, k run between 1 and n and the indices «, 8 between 2
and n. Since the set {y(y1),e2(y1),...,en(y1)} is an orthonormal basis, we see
that gjx|, = d;k|,. This implies that d; g« |, = 0. Now note that

dagijly = (V5 0i,9;)gly + (i, V5 9j)ely,

where V¢ denotes the Levi-Civita connection on (M, g). Using the symmetry for
Levi-Civita connection, we see that

V§a81|]/ = Végl 8a|y = Vf(yl)ea(yl)h/ = 0’

which together with Vf)’/ = 0 implies that 0;g11|, = O for all j € {1,...,n}.
This implies that Fllj |, = 0 for all j, where I‘]’:k denotes the Christoffel symbol
for (M, g). Pick an arbitrary unit vector (v2, ..., v") € R""! and for each y! € R
consider the geodesic in M parametrized as h(F) = exp, ;) (F Y g—z v¥ea (1))
with the corresponding Fermi coordinates (y, 7v?,...,7v"). Note that ﬁ"‘(O) =
v¥, and h satisfies

0 = kg (F) + Thg(F)A®(F)RP (F) = Trz (A (F)RP (7).
since h"o‘lﬂ (7) = 0 in this coordinate system. Since v¥ is arbitrary, we deduce that
Thly =0 forl <k <nandall2<e. B <n.

To conclude that all the Christoffel symbols vanish on the null geodesic, we still
need to show F‘f‘ﬁ |, = 0. Using the definition of the Christoffel symbol, we see
that it suffices to show that dyg14], = 0. But,

dag18ly = <alvvgaaaﬂ>g|y = Falgﬂ|y = 0.

Thus in y coordinates g|g = n,x where 1, denotes the Minkowski metric on
R!'*" and 9;g;x|p = 0. Since the map y — z is affine, it is easy to verify that g
satisfies the claimed properties. O

It should be clear now that the constants a, ag, s—, s+, bg, b defined in (3.4)
merely denote the s-coordinates of the points f(t— —¢), B(t- — %), B(z-), B(14),
B(t+ + %), and B(r4+ + ¢) respectively.
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3.2. Eikonal and transport equations. Throughout this subsection we will
assume that § is a null geodesic in D that is extended to M as described above
with local coordinates (z°, ..., z") and that A, g satisfy (1.1). Let us consider the
differential operator
Lpg:=—Az +AVE +¢q.
We start the construction of the approximate Gaussian beam by defining the

set
V ={(z°%2) e M| z° € [ao. bo]. |Z| < 8. (3.6)

with 0 < § < §’ (see Lemma 3.1) sufficiently small such that the set V does not
intersect the sets {0} x M and {T'} x M (this can always be fulfilled as § C D).
We make a WKB ansatz of the form

u = ey, 3.7

such that u is an approximate solution to L 4 ,u = 0 as a formal power series in
p > 1. Here, ¢ € C3(V) and v € (V). We make the following ansatz for ¢, v
respectively:

= ] Ed
= s,2)) and v(s,z') = pFug(s —) 3.8
RPITICES (5.2) = pHvo(s) (5 (3:8)
where for each k = 0,1, 2, ¢ is a homogeneous polynomial of degree k with
respect to the variables z* withi € {1, ...,n}. The smooth function y: R — [0, oc]
satisfies y(¢) = 1 for |7] < %, and y(¢) = 0 for |¢| = %
Note that

Az ("PPv) = PP (—p*(dg.dp)zv + ip(2(de. dv)z + (Azp)v) + Agv).
Let us define
S¢ = (de,dp)z, and Tuv:=2(dy,dv); + (—AVEp + Azp)v.

Then:
Laq(e*Pv) = e (p>(Sp)v — ipTav + L 4v). (3.9
We require that S¢ = ZZ I=0 2¥9x ¢3¢ vanishes up to second order on the null
geodesic § with respect to the transversal directions (the case S¢ = 0 is known as
an eikonal equation). Put differently, in terms of the Fermi coordinates we require
that
9% 9%n

0z19%1 0z, %n

(8¢)(5,0,...,0) =0 foralls € (ao, bo), (3.10)

for all m = 0, 1, 2 and all choices of «y, ..., a, = 0 such that Z;l=1 oj =m.
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We will also require that the following transport equation holds along the null
geodesic f:
(Tav0)(s,0,...,0) =0 foralls e (ag, by)- (3.11)

3.3. Construction of the phase. We begin by solving equation (3.10). For
m = 0, we obtain the equation

" 00 0
(ngz_‘/’_‘/’)‘ =0 forl<i,j<n.
Prme 0z 0z;/ 18

Recalling that g|g = 2dz%dz! + (dz%)? + ... + (dz")?, this reduces to

n
2000019 + Y _ (0kp)* = 0. (3.12)
k=2

Similarly, for m = 1, we obtain (recall that for all i, j, k we have 9;g/%|5 = 0)

n
( Zg“a,iagoa,go)‘ —0 forl<a<n. (3.13)
k,[=0 A

Recalling the definition of the phase function ¢ from equation (3.8), it is clear that
equations (3.12) and (3.13) will be satisfied if we set 9 = 0 and ¢; = r. Next we
consider the case m = 2 in equation (3.10) and write

02(s.2') =Y Hyj(s)z'z7,
1<i,j<n
where H;; = Hj; is a symmetric matrix. Let us impose the auxiliary condition
that
ISH(s) >0 fors € (ag, bo). (3.14)

This assumption will lead to a Gaussian decay away from the null geodesic 8, but
we will also provide a geometric motivation behind this assumption in the next
section. We require

P (5 e o

=0 foralll <i,j<n.
92,02 0z 821)‘ﬂ craftsngsn

J=

This is equivalent to

(078" 0k 010 + 28 03,0 019 + 284 07,0 07,0 + 49,81 07,0 9190) g = 0.
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which again simplifies to
n
(aizjgll 4 2§1088ij90 +2 Z 8,%1.@ alzcj(p>‘ = 0.
k=2 b

We therefore obtain the following Riccati type ODE:

d
d_H +HCH+ D =0, sc¢€ (a(),bo), H(S_) = Hy, with IHy > 0,
s
(3.15)
where C is the matrix defined through
Cn =0,
C;=2 for2<i<n, (3.16)

Ci; =0 otherwise,

and D = (Dij)nxn := 5(0%8""|g)nxn forall i, j € {1,...,n}. Note that since g
is @* smooth in the Fermi coordinates, we have D € C?([aq, bo]; C"*"*). We now
recall two lemmas. For the proofs, we refer the reader to [21, Lemma 8, Section 8]
and [21, Lemma 10, Section 8] respectively.

Lemma 3.2. The Riccati equation (3.15) has a unique solution. The solution H
is symmetric and S(H(s)) > 0 for all s € (ag, by). We have H(s) = Z(s)Y(s)™!
where Z(t) and Y (t) solve the following system of first order linear ODEs:

dy_cz. vso=1, (3.17)
ds
d
%Z = —DY, Z(S_) = H(). (3.18)

In addition, Y (s) is non-degenerate for all s € [ag, bg).

Lemma 3.3. The following identity is satisfied:
det(I(H(s)) - | det(Y(s))|* = det(3(Ho)).

Let us make some remarks about the regularity of the solutions Y (s), H(s).
Since C is a constant matrix, the matrix Y (s) also satisfies

2
%Y — _CDY, Y(s_)=1I, Y(s_)=CH, (3.19)
S

since D € C2([ag, bo]; C*"), we immediately deduce that Y € C*([ag, bo]; C"").
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Now considering the ODE for the function Z(s), we deduce that we have Z €
@3 ([ag, bo]; C™™). Finally, since H(s) = Z(s)Y !(s) and since Y(s) is non-
singular on [ag, bg], we conclude that

H € C*([ag, bo); €™™) and ¢ € C*(V) (3.20)

in the Fermi coordinates.

3.4. Construction of the amplitude. Let us study the transport equation (3.11).
First observe that in Fermi coordinates

N n
(Dgo)lp =Y 87050l = ) 50lp =Tr(CH).
i,j=0 j=2
Thus equation (3.11) simplifies to

205v0 + (Tre(CH) — A(s,0))vo = 0 s € [ao, bo], (3.21)
where AB := Ads; = (A, dz')z. We proceed to prove that

vo(s) = det(Y (s)) " Ze2 Ui A@OBAD ¢ 140 bl (3.22)
satisfies equation (3.21). Indeed, this follows immediately from the observation

Tr(C(s)H(s)) = Tr(C(s)Z(s)Y(s)™")
d
— Tr (d—ls/(s)Y(s)_l)
d
=7 log(det(Y (s))),

where we have used the fact that ‘fi—)s’(s) = C(s)Z(s). Clearly vy € C%([ag, bo)),
which together with the definition of v implies that v € €2(V). This concludes
the construction of the amplitude function and also the construction of u defined
by (3.7) which we refer to as an approximate Gaussian beam.

3.5. Geometrical interpretations. We will briefly discuss some geometrical
aspects of the approximate Gaussian beam construction. In particular, we will
discuss explicitly, how conjugate points on (M, g) manifest themselves in the
vector valued function Y (s) constructed above. First we note the following lemma.

Lemma 3.4. Let B be a null geodesic as above and let us consider the Fermi
coordinates near B. We have the following identity:
92511
8Zi 0z j B

= —2Roioj -
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forallindicesi, j € {1,...,n}, where R, denotes the curvature tensor for the
Lorentzian manifold (M, g).

Proof. First note that by Bianchi identities the expression is clearly symmetric
with respect to indices i, j. We let V& and I;J’: « denote the Levi-Civita connection
and the Christoffel symbol for (M, g) respectively. Recall that g%/ denotes the
inverse of the matrix g;; and since g|g = 2dz%:z' + (dz?)? + --- + (dz")? it
follows that
92511 %00
8Zi82j B o aZiaZj B

Since [0;, d;] = 0, we have
Roiojlg = (V5, V5 90.9;)zls — (V5 Vs d0.9;)¢lp-

Using the definition of the Levi-Civita connection, we have

5 V5 9o = Z(ao TX) o + Zr{;r O, (3.23)
k,m=0
and
V5 V5 99 = Z(a Tk)or + Z Tk, T, (3.24)
k,m=0

Recall that 9;g;x|g = 0. This implies that FJ’.k| g = 0 but since dg also denotes
the tangent vector to B, we observe additionally that dg F/’f ¢! = 0 which implies
that (3.23) vanishes along 8. Hence,

n
Roiojlp = —<I§) 0; 00k a./'>§‘ﬂ
n
—~(Santh),
1 n
= E(k,,,{:o gjkgkmagmgoo)‘ﬁ

n
= % Z 5jm3,~2m§00)‘ﬂ
m=0

| O
= Eal'zfgoohs

___az]glll u
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We can next use the above lemma in conjunction with the product structure of
the Lorentzian manifold M to derive the following corollary.

Corollary 3.5. For any null geodesic B as above, we have
92511
§ —0.
0z10z; 18

for all indicesi € {1,...,n}.

This corollary can be used to simplify the Riccati equation (3.15) further.
Indeed, Corollary 3.5 implies that D;; = O fori € {1,...,n} and since Cy; =
Cji =0forall j € {1,...,n}, we can simply take Hy; = s + ¢ for any constant
co with S(cg) > 0, Hyj = Hj; = Oforall j > 1andtake H;41 j4+1 := I-I,~,‘,- for
alli,j € {1,...,n—1} where H isa symmetric (n — 1) x (n — 1) matrix satisfying

d ~ ~ ~ ~ ~
aH +2H*+ D =0, H(s_)= H,, (3.25)

with 5,~j = Djy1,j+1foralli, j € {1,...,n—1}. This observation also simplifies
the construction of the matrix Y. Indeed, we can take Y1, = cpand Y;; = Y;; =0
forall j € {1,...,n}.

Note that a key ingredient in the construction of Gaussian beams is the re-
quirement that the matrix valued function Y(s) is non-singular. This is indeed
guaranteed in the above construction as a consequence of choosing J(Hp) > 0.
We will briefly discuss what happens when one pursues real valued solutions to
this linear system. Recall that Y (s) satisfies equation (3.19). This of course im-
plies that the columns of the matrix ¥ should also satisfy the same ODE. Let V' be
one of the columns of Y with representation V' = Z;’zl |24 (S)F"’j. Using the def-

inition of the matrix D and Lemma 3.4, we deduce that j—szz Vi= Y71 Roioj V.
Rearranging the indices and using the Bianchi identities, we obtain (recall that on
the null geodesic, dg = B):

2

D ..
SV ERV.pE=0.

This is the well-known Jacobi equation along . We therefore see that the columns
of Y are variation fields of some variation of 8 through null geodesics. In
particular, based on this geometric characterization of Y, one can deduce that if
there exists a point 8(s) on the interval [ag, bo] that is conjugate to 8(ag), then any
real valued solution Y (s) to (3.19) will always become singular at that point (see
for example [15, Section 5.5]). Therefore a global geometric optic construction
with a real valued phase function can not be achieved in the presence of conjugate
points on (M, g).
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3.6. Construction of the remainder terms. With the WKB construction com-
plete, we now return to the task of constructing solutions u;, u, to (3.1), concen-
trating on a null geodesic B € D. In particular, we will construct the remainder
terms in equations (3.2)-(3.3). We consider the differential operators L 4, 4, and
L%, ,, (formal adjoint of L4, 4, with respect to the real L? inner product). We
can use the previous discussion to obtain two families of approximate solutions
given by e?*?v; and e~'#?1, to these differential operators. Indeed, let

Fip=—La,q (€?vy), Fp= _lez,qz(e—zpwv—z)'

Applying equation (3.9), we obtain
Fip= _eip(p[/)z(&ﬂ)vl —ipTa,v1+ Lay,q V1),

e o ) (3.26)
Fpp=—e"P?[p*(Sp)v, + i,o‘T_;12 vy + Lzz,qz v2].

The phase function ¢ € C3(V) is chosen exactly as in Section 3.3 and adapting

equation (3.11) to this case, we make the following ansatz for vy, vs:

2|
)

such the functions v; o(s) satisfy the following transport equations:

v; = p%vi,o(s))(( ) fori =1,2,

205010 + (Tr (CH) — A1 B)v1,0 =0, s € [ao, bo),

_ . (3.27)
2851)2’0 + (Tr (CH) + .Azﬂ)l)z’() =0, s€ [ao, bo]
Using (3.22), we have
vio(s) = det(y(s))—%e%(fss_(ﬂlB)(T,O)dr)’
(3.28)

v2.0(s) = det(Y(s))"2e~ 2 U= (A2h) @0 dD),

Note that F ,, F>, , are compactly supported in a small tubular region around
the null geodesic where the Fermi coordinates are well defined. Also recall from
the previous discussions that vy, v, € C2(V) in the Fermi coordinates. Next we
define the expression R; ,, j = 1,2, as the solution of the following IBVP

LaygiRip= Fip, (t,x) e M,

Rip0,x) =0, 8Ri,0,x)=0, xeM, (3.29)
Ry (1, x) =0, (t,x) € (0,T) x M,

Ly, 5 Rop = F2p, (t,x) eM,

Ry ,p(T,x) =0, 0:Ry,(T.x) =0, xeM, (3.30)
Rz (2, x) =0, (t,x) € (0,T) x oM.



Recovery of time-dependent coefficients 1127

The energy estimate (2.5) in Section 2 implies that equations (3.29) and (3.30)
admit unique solutions

Rjp € C(0. T Hy(M)) N ([0, T]: L*(M)) j = 1.2,

with the estimates
||R/p||H1(M) C||F/p||L2(M) (3.31)
We claim that R; ,, j = 1,2, satisfy the following decay property

lim (IRjpll2on0) + 2~ IR0l 1 (0r) = 0. (3.32)
p—>+00

and showing this completes the construction of the solutions u;, u, of (3.1). Note
that for j = 1,2, using (3.10) and (3.11), we have the following bounds:

[vjile2vy < Cp*,

| /| 3.33
T, 5] < Cp3l2'|x (3.33)
1IS¢| < C|2/[2N(|Z')) forz eV,

where C > 0 only depending on the geometry and || A4 | e1, [|Az]le1. Here, N
denotes a continuous function depending on the geometry (M, g) and such that
N(0) = 0. Note that equation (3.14) implies that

|e7P¢] = |e71%) < PP, (3.34)

with D > 0 independent of p and only depending on the geometry. In particular,
these estimates imply that

—pplz2 2 (17l
e, = [ ot (2 az o),

v
12 .
0% (SP)e 2|12, < / 21 EN2 (|2 e PP 2 (22 ) dz = 0(p 7).
v
; n _ 2 |Z’| _
7,006 sy < [ 031272672022 (B )z = 007,
%

(3.35)
Combining these bounds with (3.26), we find

”FLP HL2(M) =o(p), j = 1,2, (3.36)
and using the estimate (3.31), we deduce that

lim p~ HR

p—>+00

C lim p~ HF,

p—>+00

=0, j=12.

J>p “Hl(M) P “L2(M)
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Therefore, in order to prove the bound (3.32), it only remains to prove that
lim [|RjsllL2on =0, j =12, (3.37)
p—>+00

Let us begin by stating the following two lemmas that will simplify the proof of
the estimate (3.37).

Lemma 3.6. Let ¢,V be as above. Then, d,¢ does not vanish in V.

Proof. Since we are considering the neighborhood V, we may use the Fermi
coordinate system (s, z’). Recall that in this coordinate system

p(z)=z"'+ Hij(ZO)ZiZj =r+ Hij(s)zizj

where i, j € {1,...,n}. Therefore,

\/Eat(p =050 — 0,0 =—1+ ZHij(S)ZiZj + 2ZHi1(S)Zi,

1<i,j<n i=1

which implies that for |z'| = /|z!|2 + -+ + |z|? < § sufficiently small we have
1

This proves the lemma. |

Lemma 3.7. Let ¢ be as above and suppose that f € C(V) with supp f C V. The
following estimate holds:

lim o4 =0. (3.39)

L2(W)

/f(r )elpw(f Vdr

Proof. Note that since f is supported near the null geodesic 8, we may use the
Fermi coordinate system (s, z'). Define §p: R"*! — R through

Lp(x) =k 1p"3 (0t 1x)),

with y defined as in (3.8) and k = || x|[1(gn). We define the smooth functions
Jo=T[x8 (s.2) eV
It is clear that f, is supported near the null geodesic f and

. k
pli)ﬁolo | fo— flleony =0, ||fp||Wk,oo(M) < Cyp4 forallk € IN. (3.40)
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We write
t
p%/f(f, e PP ¢ < + Iy,
L2(v)
0
where
t
h= ‘P%/fp(n )P dr :
L2 (M)
0
and
t
L= ‘ ot [(f = fir e ar
0 L2 (M)

For I,, we integrate by part in time using ¢/*¥ = —=-8,¢'#¢ and use Lemma 3.6

together with the fact that the set V does not intersect the sets {0} x M and {T'} x M
to obtain

t
n_ fo\ i
o4 IO/a’(ﬁ)ert

where we are using the first bound in (3.35) together with equation (3.40) to bound
the first term by p~! and the second term by p~2

p4
pd:g

Sp e,
L2(W)

Al

fpeip(p

el

d

L2(W)

7. For the term 5, we can use the
Cauchy—Schwarz inequality along with inequalities (3.35) and equation (3.40) to
obtain

L <Tlp*(f = fo)el2on

STl fo— flleoo - 1pFe™lL20r — 0 as p — 0. 0

Proof of Estimate (3.37). The result for R; , and R, , being similar, we will only
give a proof for R; ,. Using the energy estimate (2.6) in Section 2, together with
the fact that Ry , solves equation (3.30), it suffices to prove that

pli)ﬂgo [ Fxoll 20y = 0,

where
t

Fy p(t, x) ::/Fl,p(r,x)dr.
0

We have
Fiep(t,x) = 11(t,x) + L(t, x) + I5(z, x), (3.41)
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where
t

L(tx) = — / P9[0 (8) (1. X1 (1. 3)] d T

0

t
L(t,x) = /eip‘p[i,o‘fﬂlvl(r,x)]dr,
0

t

I5(t,x) = —/ei”‘p[(LAI,ql)vl(t, x)]dr.
0
We proceed to bound each of the above integrals using the Fermi coordinates (s, z”)
around S. This can be done since each of the above integrands is supported in a
small tubular neighborhood of 8. For the first integral, /1, we apply integration
by parts to obtain

t
. 2 .
I(t.x) = / p;;’ (3" S0)(r. 01 (. ) d o
0

=”’8t o + [ <ina (72 )] ]wx de

0

t t
_ ipe' _ o I:[(Sp)v1]
=50 (Scp)vl +z,00/ ")(a )2(8<p)vldt po/ p"’—atw dt
= S1(t, x) + Sa(t, x) + S3(¢, x).
(3.42)

Using (3.35), we deduce that |[S1[|z2¢py = o(1). For S2(z, x), we first use the
Cauchy—Schwarz inequality to observe that

. 82(p
[S2MlL2v) < PT||91W(3:W(&P)01 22 (v)-

Recalling that ¢ € C3(V) and applying the bound (3.35) again, we deduce that
[S2llL2(a) = o(1). For S3, we integrate by parts again to obtain

S3 = _eip(pat[(s(p)vl] +/eip(par|:ar((5§0)v1)

dt .= S Ss.
(9:9)? (0,9)? Jde =545

Using equation (3.10), it is clear that |0, (S¢)| < |z/|N(|z'|) and |0?(S¢)| < N(|Z’])
on the set V. Using this observation, together with bounds analogous to (3.35),
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we deduce that || S4| 20 = o(p_%) and || S5/ 2(5p) = o(1). Let us now consider
the function /,(¢, x). We have

Iz(l,X)

t
[ 0 ipTa v 0] d
) pdz¢

e’ t ipy
= ST - [ oo
0

{‘T.Al U1
dc

)] dt = Se(t, x) + Sq(t, x).

(3.43)
Using (3.35) again, we deduce that |[Ssllz2(v) < p_%. For S7, noting that

9y (Tgtl(pv‘ ) € Cc(V), we can use Lemma 3.7 to show that lim, 0 [| 7]l 220p) = 0.
Finally, for the function I53(z,x), since ¢,v; € C3(V), we have L4, 4,v1 €
C(V) and that this function is supported near the null geodesic . Using this
observation together with Lemma 3.7, we conclude that lim, . || 13| L2(3) = 0.

This completes the proof. O

4. Reduction to the light ray transform

In this section we will obtain the light ray transforms of A and ¢ on null geodesics
from the knowledge of the Dirichlet-to-Neumann map A 4 4, and then use Propo-
sition 1.4 to prove Theorem 1.3. Proposition 1.4 will subsequently be proved in
the next section.

4.1. Recovery of the light-ray transform of A. From now on we fixq = ¢1—¢>,
A = A; — A, extended by zero to (R x M) \ M. We take 8 to be a maximal null
geodesic in D C M and extend it to M. For j = 1,2, we define

uj € ([0, T): H' (M) N €'([0, T]; L*(M))

a solution of (3.1) taking the form (3.2)—(3.3) with the properties described in the
previous section. We fix u3 the solution of (1.3) with A = A,, ¢ = ¢» and f
given by

F(t,x) :=ui(t,x) = v1(t,x)e"*®,  (t,x) € (0,T) x IM.
Then the function ¥ = u3 — u; solves

—Agu + Ax(t, x)VEu + qa(t, x)u = AVEu; + quy, inM,
u=0, on (0,T) x oM,
u(©0,) =0, du(0,-) =0 in M.

4.1)
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Moreover, since A; = A, on (0,7) x dM by assumption, we have dyu =
Opus —0sur = Ay g0 f —Aa,,q, f = 0. Multiplying (4.1) by u, and integrating
by parts, we obtain

/[AVguluz + quiuz]dV; =0, 4.2)
M
where dV;(t,x) = |§|%dt A dx denotes the volume form for g = —dt? + g.

Applying (3.32), we obtain

0= lim p~ /[Avguluz—i—quluz]dVg

p—>—+00

=i lim [ (AVEp)e 2@y 5, dVs.
p—>~+00

M

Recall that the functions v; and v, are supported in a small tubular neighborhood
of the null geodesic §. Thus the integrand in the above equation is supported near
B and we can the use Fermi coordinates

z=0%.. .. 2" =(s.2)=(s,r 2% ..., 2" = (5,1, 2")

to compute the limit. We have
|
ViU = ;021)1 0V2,0 X ( 5

) = o dery o))~ 507 (2).

where .
G(s) = e3 i-(A@Oh dr,

Note that ) .
(AVEp)(s,0)5(s) = 25(s).

Using Lemma 3.1, we have ||detg|(s,z’) — 1| < C|z’|?. Using the fact that
A, g = 0 on the set M \ M and the above two observations, we get

lim / /p79(s)e_2p“’(‘p)(det|Y(s)|) ! 2(|8/|)dS/\dz — 0.

p—>+00
ao |z/|<é8

Lemma 3.3 implies that

/
[ im0 ron e (B a = ¢+ o).

|z'|<8
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where C # 0 is a constant. Combining Fubini’s theorem and the above equation,
we have

bo sS4
0= / G(s)ds = / G(s)ds = G(s4+) — G(s-).

Since G(s—) = 1 by definition, we conclude that G(s+) = 1, which implies that
for any null geodesic § € D, we have

exp(%/ﬂ) = 1.

B

Since supp.A C &, we can conclude that

L. / AeZ, (4.3)
4mi
B

for any maximal null geodesic in R x M. Now consider equation (4.3) and write
B(t) = (f +t,y(t)), where t € I and 7 € R. We consider the family of null
geodesics Bs(t) = (s + ¢, y(¢)) and note that equation (4.3) holds for all s € R.
Since A is of compact support, we must have that |, p, A vanishes for |s| large.
Together with the continuity of A, we can conclude that it must vanish for all s.
Therefore, for any maximal null geodesic in R x M we have

[a=o
B

Finally, under the hypothesis of Theorem 1.3, together with Proposition 1.4, we
conclude that the first equation in (1.4) holds.

4.2. Recovery of the light ray transform of g. The previous discussion yields
that A — A, = dy for some ¥ € C2(M) with ¥[spc = 0. We define y = Ly,
and let

Ax(t,x) = Ax(t, x) + 2d Yy = A1 (1, x) for all (¢, x) € M,
Ga(t,x) = qa(t, x) + Az — A VEY — (VEY, VEy)z  forall (¢, x) € M.
(4.4)

The gauge invariance of the DN map implies that

Aavgi =Nj, 6, = Dara- 4.5)
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Furthermore, we also know that supp (G2 —¢q1) C €. We now proceed as in the
previous section. We start by fixing ¢ = ¢; — g». As before, we take f to be a
maximal null geodesic in D C M and extend it to M. For j = 1,2, we define

uj € C([0, T]; H' (M) N €([0, T]; L*(M)),

as the Gaussian beam solutions of (3.1) (with A, replaced with flz and g, replaced
with ¢,), taking the form (3.2)-(3.3). We fix u3 the solution of (1.3) with A = A,
q = g» and f given by

F(t,x) = ui(t,x) = vi(t,x)e"?®,  (t,x) € (0,T) x IM.
Then the function ¥ = u3 — u; solves

—Azu —i—f~l2(t,x)V§u + G»(t, x)u = qu;, inM,
u=0, on (0,T) x oM, (4.6)
u(0,) =0, du(0,)=0 in M.

Moreover, (4.5) implies
8{,14 = 8,—,u3 — 8{,141 = Aﬁz,ézf — Aﬂl,qlf =0.

Multiplying (4.6) by u, and integrating by parts, we obtain

/quluz dVz = 0. 4.7
M
Applying (3.32), we obtain
lim | ge™2¢v,5,dV; =0, (4.8)
p—>00
M

Here, we note that since sz = Ay, we have

- n - 2 |Z_/| _ n —-1.2 ﬂ
vt = plunotaer’ () = p¥ det(Y (9D ().
Thus, taking the limit p — oo and using Lemma 3.3, we deduce that
/q(,B(t)) dt = 0. (4.9)
tel

This equation only holds for maximal null geodesics in D, but since suppg C &,
we can conclude that this equation holds for all maximal null geodesics 8 in Rx M .
Together with Proposition 1.4, we conclude that ¢ = 0, thus completing the proof
of Theorem 1.3.
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5. Inversion of the light ray transforms

This section is concerned with the proof of Proposition 1.4. We start with the
inversion of the light ray transform of a scalar function ¢ satisfying suppg C €.

Proof of statement (i) in Proposition 1.4. We know that for any maximal geo-
desic Bin R x M,

/ g(B()) di = 0,

tel

Using the identification of maximal null geodesics 8 = (f +1¢, y(¢)) with maximal
geodesics in M, we conclude that

Lq(f,y) = /q(f+ t,y(t))dt =0, (5.1)
7

for all 7 € R and all unit speed maximal geodesics y in M. Taking the Fourier
transform of £(7, y) with respect to the variable 7 € R and using the fact that ¢ is
compactly supported, we deduce that

0= Ca(r.y) = / / g+ Ty (1) didi = / Gy (1)) d.
I R

1

where §(z, -) denotes the Fourier transform of ¢ with respect to the time variable.
Evaluating at t = 0, we get

/ G0, y(0)) di =0,

1

for all geodesics y in M. Using Hypothesis 1.2, we deduce that (0, -) = 0. Next,
we evaluate all the derivatives of £(z,y) att = 0:

0 = [8*2q (7, 1)]le=0

= [a’; / G (x. y (1) dz}
] v=0 (5.2)

k
> (5) fankratao ey
Jj=0 7

We now use induction on j to show that 8%6}(0, )y = 0 for all j € IN. This is true
for j = 0 as shown above. Suppose the induction hypothesis holds for all j < k.
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Then using (5.2) implies that

/ 3*%G(0,y(t)) dr = 0.
1

Together with Hypothesis 1.2, we conclude that 3*§(0, -) = 0. This completes the
proof by induction. Now, since ¢(¢, -) is a compactly supported function in ¢, we
know that §(z,-) is real analytic with respect to t and since all the derivatives
vanish at t = 0, we conclude that § vanishes identically, which implies that
q=0. O

It remains to prove the inversion of the light ray transform of a one-form A
satisfying supp A C & up to the natural gauge. let us begin with some remarks
and lemmas. We write A = b dt + . Similar to the proof above, we have

0= CA(r.y) = / i / G + 1. 7(1)) + o + 1. y(E) ()] d di,
R 1

for all maximal geodesics y € M. Since A is compactly supported, we can
interchange the order of integration to obtain

0= ZA(r.y) = / B y(0)) + by () dt.
1

where b and & denote the Fourier transform in time of the compactly supported
function b and the one-form w respectively. Evaluating at t = 0, we obtain

7, (b(0,y) + &(0,y)) = 0.

Using Hypothesis 1.2 together with smoothness properties of the Helmholtz de-
composition discussed in Section 1.3, we deduce that

b(0,x) =0, @&(0,x) = do(x), (5.3)

for some o € C'(M) vanishing on dM . Note that since w is @' smooth, and since
dyro(x) = &(0,x) € CY(M; T*M), it follows that

Yo € CX(M).
We have the following lemma.

Lemma 5.1. Let v_; := 0 and o be as above. There exists a sequence of
Junctions {Y}72, C C2(M) all vanishing on dM and such that for every k = 0,

*d(0,x) = dyr(x) and b0, x) = ikyr_i(x).
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Proof. We proceed by induction. The claim is true for k = 0 as discussed above.
Suppose it holds for all m < k. For m = k, we have

k

K TAW.y) = ( ) / (1Y [BEB(0. y (1)) + 0(0. () 7(1)] di = 0.
j=0

Now using the induction hypothesis, we can simplify this expression to obtain

/ [055(0. y (1)) + 8%(0. y(1))y (1)) dt
1

k-1
k ; .
=% () ( [ 16w + avponar),
j=0 J I
Now using the fact that [, 5=/ dvy;y(t)dt = — [,(k — j)t*=/~1y; dt, we can

simplify the right hand side of the above equation to

k—1 k . .
- ()( / G0 )1 = 07— )
Jj=0

k

:_Z( )(/[(zt)k T (i)W l]dt)—i-;( )(/[(U)(ll)k Ty l]dl)

— ik / Vit () d.
1

Hence we have

/ [055(0, y (1)) — ikyr—1 (y (1)) + 3G (0, y (1) 7 ()] dt =

1

Using Hypothesis 1.2 together with smoothness properties of the Helmholtz de-
composition in Section 1.3, we conclude that there exists ¥ € C'(M) vanishing
on dM such that

(0, x) = dy(x). and 3*H(0,x) = iky_; (x).
Since dy; = 3*@(0,x) € @' (M; T*M) and y;, € C'(M), we conclude that
Vi € C3(M).

This completes the induction argument. |
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Proof of statement (ii) in Proposition 1.4. Let us define

Y(t,x):= | b(s,x)ds = | b(s,x)ds, 5.4)
[reoe]

where we are using the fact that supp A C M. Note that since A has compact
support, equation (5.3) implies

v(t,x)=y(T, x) = /b(s,x) ds = I;(O,X) =0 fort=>T. (5.5)

Similarly, ¥ (t,x) = 0 for t < 0. Again, we let ¥ (t,x) denote the Fourier
transform of ¢ in the time variable. Note that since ¥ is compactly supported in
time, V¥ (z, x) is analytic with respect to t. Let us define the coefficients {1/7k},2°=0
through

W(T x) = Z Wk(x) &

We claim that ¥4 (x) = Y (x) holds for all k = 0 and all x € M. To see this
note that by definition d,9% = b. Hence i ¥ (7) = b(r). Now differentiating this
expression k + 1 times and evaluating at t = 0, we deduce that

iV =190 0) =i 00O = i,

where we used Lemma 5.1 in the last step. Thus, we have

W(T X) = ZWk(x) ok

Since w(t, x) is also compactly supported in ¢, Lemma 5.1 implies that

00 ak A
o)=Y er Z d‘”]g(x) o, (5.6)
k=0 ) k=0

Note that for every fixed x € M, the following estimate holds:

1950, )] < 056z 3) | ooy < / Flo, %) dt,
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which implies that the infinite series (5.6) is uniformly convergent with respect to
x € M, and therefore we can write

R 00 d o] R
o(t,x) = Z ka!(x)rk = d(Z w’;{(!x)rk> =dy(z,x).
k=0 k=0
Hence, w = dv, and subsequently
A=bdt +w = (0;¥)dt +dy = dy. (5.7)

Note that Y|, 7yxam = 0 as Yxlay = 0 for all £ = 0. We will now show that
¥ € C*(M). Indeed, it is clear from equation (5.4) that ¥ € €'(M). But then
since dy = A € C1(M; T*M) we may conclude that ¢ € C2(M). O

5.1. Remarks. With the proof of Theorem 1.3 complete, let us state a few
remarks. We start with the auxiliary condition that the coefficients A, g should
be known on the set M \ €. This is merely an artifact of the light ray inversion
method, as the Gaussian beam construction shows that the light ray transforms
of A and g can be obtained on the set D. As the ratio Dg(M)/T grows, the set
& grows and the coefficients are therefore recovered in a large set that is closer
in size to the optimal set D. The assumption that Dy(M) < oo in particular
implies that the manifold (M, g) should be non-trapping. To illustrate this remark,
consider M = [0,1] x S with S! denoting the unit circle and note that in this
case Dg (M) = oo.

Regarding the smoothness of the metric g, note that we only require the metric
in Fermi coordinates to be C* smooth. This however, can only be guaranteed if the
metric is a priori known to be C® smooth, as there could be some loss of regularity
in the angular directions of the exponential map of a Riemannian manifold. One
can in fact use a mollification of the phase function ¢ to improve the result to
g € C*(M;Sym>M). The key here is that there is no loss of regularity in the
direction tangent to the null geodesic in Fermi coordinates. We believe that the
result could be extended to g € C2(M ; Sym? M), but this will require mollification
of the metric, g,. Improvements beyond the €2-smoothness for the metric g could
be much harder.
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