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Abstract. We prove quantum ergodicity for the eigenfunctions of the pseudo-Laplacian on
surfaces with hyperbolic cusps and ergodic geodesic flows.
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Quantum ergodicity states that for quantum systems with ergodic classical
flow, almost all high-frequency eigenfunctions are equidistributed in phase-space.
Quantum unique ergodicity corresponds to equidistribution of all high-frequency
eigenfunctions. The main examples are given by compact Riemannian manifolds
(X, g) with ergodic geodesic flows, where one considers eigenfunctions of the
Laplacian A, associated to the metric, and negatively curved metrics are the
typical models for ergodic geodesic flows.

The first results in this direction are due to Shnirelman [12], and later by
Zelditch [13] and Colin de Verdiere [6], who proved quantum ergodicity for
closed manifolds with ergodic geodesic flows. In the case of manifolds with
boundary, similar results were shown by Gérard and Leichtnam [9] and Zelditch
and Zworski [16].

In this work, we consider instead non-compact manifolds, and the first exam-
ples one has in mind are surfaces with finite volume. In general, non-compactness
often produces an essential spectrum for the Laplacian, and this is indeed the case
for the simplest model of finite volume surfaces, namely hyperbolic surfaces re-
alised as quotients I'\IH? of the hyperbolic plane by Fuchsian subgroups with a
finite index. In this setting, there is however a way to get rid of this essential spec-
trum by a simple modification of the Laplacian, that is called pseudo-Laplacian,
introduced by Colin de Verdiere [3, 4]. This operator was very useful for obtaining
a meromorphic extension of the Eisenstein series and the resolvent of the Lapla-
cian, with important generalisation to the higher rank case by Miiller [11]. In this
case of hyperbolic surfaces with cusps, Zelditch’s approach [14] gave additional
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results about the equidistribution of Eisenstein series and cusp forms (eigenfunc-
tions corresponding to the embedding eigenvalues). That result has been recently
generalised by Bonthonneau and Zelditch [2] to variable curvature and all dimen-
sions. The strongest quantum ergodicity result was proved in the case of arithmetic
surfaces by Lindenstrauss (see [10] and the references given there for earlier con-
tributions).

The problem of quantum ergodicity for the eigenfunctions of the pseudo-
Laplacian was first proposed by S. Zelditch [15]. This pseudo-Laplacian, that
we will denote A, is defined as an unbounded operator on L? with domain D,
and it has discrete spectrum. Here, Op,, will denote a semiclassical quantization
for symbols that are compactly supported in space, see Section 1. Our main result
is the following quantum ergodicity statement for this operator:

Theorem 0.1. Let X be a Riemannian surface with a finite number of constant
curvature hyperbolic cusps such that the geodesic flow on S*X is ergodic. Let
uj € D, be an orthonormal family of eigenfunctions of A, — % with eigenvalues
A% < A2 < A3 <., covering all the eigenvalues of A, — % except a finite number
of non-positive ones. Let a € S°(T*X) be compactly supported in space.

Then, as A — oo, we have

1

where N(A) = [{j:A; < A}|and hj = )Lj_l.

2
— 0,

(Opy, @nizuj) = [ a

S*X

For a precise review of the geometry of the considered Riemannian manifolds,
we refer to Section 1.1, while the definition of the pseudo-Laplacian will be
given in Section 1.2. There are very natural examples of such manifolds given
by negatively curved surfaces with finite volume and hyperbolic cusps.

Let us make several remarks about the Theorem. First, by a standard argument
(see for instance [17, Section 15.5]) Theorem 0.1 implies that

(Op(a)u;,uj) — /a
S*X
for a sequence of density one, when a has compact support. Moreover, since we
are only interested in quantizing symbols with a compact support in the space
variable, we can use a standard quantization procedure, see for instance [17,
Section 14.2]. That means however that the estimates are not uniform far in the
cusp.
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In the same geometric setting, we also mention that there are other works by
Dyatlov [8] and Bonthonneau [1] on the microlocal limits of non-L? eigenfunc-
tions of the Laplacian but with complex eigenvalues, where one instead get a sort
of “quantum unique ergodicity.”

For simplicity, the proof will be presented in the case where there is one cusp,
the argument being the same with several cusps. The method of proof follows the
scheme from [16] and has two steps.

1) A pointwise “ellipticity bound” that states that the eigenfunctions are mi-
crolocalized on the cosphere bundle. This implies that in the limit A — oo,

2

1
M(a,2)* = ma,z;a‘(ophj(a)uj’uj) —/a

S*X
is controlled by [|ajs«x||7,.

2) Taking a symbol with average zero, we propagate it by the geodesic flow to
get anew symbol that is small on the cosphere bundle (by the L? ergodic theorem).
We prove, using a “flow invariance” result, that this does not modify M (a, A).

We stress that working with a pseudo-Laplacian entails new difficulties that
are not apparent in the compact setting. For the first step, since we are working
with a pseudo-Laplacian, the pointwise ellipticity bound (and the subsequent
microlocalization) works only outside the singular circle, and we need to prove
that the needed correction is small enough. This requires a precise control of the
eigenfunctions of the pseudo-Laplacian.

For the second step, it is important to notice that the eigenfunctions we are
interested in are not eigenfunctions of the propagator we are using for the proof.
We are able to prove that M(a, A) does not change much when replacing a by
a o @' if ®' is the geodesic flow, but we have to assume that the symbol a is
supported quite far away from the singular circle. Since the admissible support
has full measure, the L? control of lim sup M(a, A) we still get at step 1 leads to
the same result.

Finally, in a compact manifold, M(1, A) is defined and easily shown to vanish,
which is the last step of the proof of the main theorem of [16]. Since we only use
symbols with a compact support in space, we cannot use this argument. Our proof
has a third step which consists in finding symbols ¢ with average close to 1 such
that lim sup M(a, A) is arbitrarily close to zero. For that purpose, we shall prove
that the modes of the eigenfunctions of the pseudo-Laplacian are microlocalized
in the cusp.
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1. Preliminaries

1.1. Notations. We let X be a Riemannian surface with one hyperbolic cusp,
i.e. a cusp with constant curvature. This means that X can be split into two parts,
X = Xo U Xi, where X; is a compact Riemannian surface with boundary, and
Xo = (co, 0),x(R/Z)g with metric dr?+e~2"d6?. Using the notation édr +nd@
for cotangent vectors in Xy, the Hamiltonian induced by the metric in the cusp is
given by
p(r.0:6.m) =& + &>,

In Xy, my function u € leoc (Xo) can be expanded into Fourier series in the 0
variable:

u(r,0) = Z up (r)eimn8

nez
where the u, are in leoc ((co, 00); e~ "dr). The metric induces a natural measure pu,
called Liouville measure, on the unit cotangent bundle S* X and for simplicity we
shall normalize it so that it is a probability measure. The projection 7*X — X
on the base will be denoted by . Finally, C > 0 will denote a generic constant
that is independent of the parameters we consider (except when indicated), and
that will change from line to line.

As a Riemannian surface, X has a positive Laplacian, which we denote as A.

1.2. Definition of the pseudo-Laplacian

Definition 1.1. Let ¢ > ¢o. Let us denote L§ . (resp. H, ) the space of all
u € L?(X) (resp. u € H'(X)) such that uo(r) = 0 for every r > c. The pseudo-
Laplacian A, is the unbounded non-negative self-adjoint operator on Lg’ . defined
using the Friedrichs method by the quadratic form

q(u) = / IVEulZdv, forallu € Hy..
X
The Riemannian measure d v, and the gradient are with respect to g.
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We note that the spaces Lj . and H; . are closed vector subspaces of L*(X),
and H'(X). The circle r = ¢ in X, will be referred to as the singular circle.
The following results are proved in [5, Theorem 2].

Proposition 1.2. The operator A, is an unbounded, non-negative, self-adjoint
operator with compact resolvent and discrete spectrum.

We will denote (u;); an orthonormal family of eigenfunctions with positive
eigenvalues of A, — %, that is, Acu; = (A2 + })u;, where (4;); is a positive,
non-decreasing sequence going to +oo such that Ao > %. Note that the orthog-
onal of Span{u;, j > 0} in Lg’c is a finite-dimensional space that possesses an
orthonormal basis of eigenfunctions of A.. We will denote, for each j > 0,
hj = Aj_l.

Note that we extend A, as an unbounded self-adjoint operator from L2 to L?
with compact resolvent by declaring that A.v = 0 whenever v € L2(X) has

support in {r > ¢} and v does only depend on r.

1.3. Review of semiclassical analysis. We shall use the following semiclassical
quantization procedure, which is similar to [17, Chapter 14.2]: we fix a locally
finite cover by countably many relatively compact open sets U; of X, i > 0,
with diffeomorphisms ¢;: U; — V;, where the V; C R? are open sets, and
take a partition of unity (y7); associated with it. A compactly supported symbol
a € SGmp(X) is a smooth function a € C*°(T™*X) whose support projects to X
into a compact set and satisfying uniform bounds

9%92a(x. §)] < Cop(6)" !

m

for all multi-indices «, B. Then for any symbola € S&,,

support, and & > 0, we define

Opy(a) := Y xi(pi)*((¢1) @) (x, h D) (i)« Xi-

(X)) with compact space

where

e (¢;)«a is the symbol defined on T*V; = V; x R? by composing a with the
enhanced symplectomorphism ¢; ': T*V; — T*U;;

e for f:U; — Cand x € V;,

fop'(x)
| detd,,—1(¢i|1/2’

(i)« f(x) =
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e for f:V; - Cand x € U;,
(01)* f(x) = | detdxgi|"*(f 0 i (x)).

When U; N z(supp(a)) = @ (which always happen but for a finite number
of i), i does not contribute to the sum, because ((¢;)xa) = 0. In any case,
(¢i)wa € SI(V2).

The specific choice of the partition of unity is not important, because the
difference between two different such quantizations is then an O(h);2_, ;2 for any
Scoomp(X ) symbol. We shall thus make the following choices:

Y VO = Vl = (C—28,C+28) X(O,l),
e Uy=(c—2¢ec+2e)x(0,1) C(co,00) x R/Z and ¢y is the identity;

e Uy = (c—2¢e.c+26) x(—3.+3) C (co,00) x R/Z and ¢; is a shift in the
second coordinate only;

® X009, = x1097h

o foreveryi >2, y; =0in{c—e <r <c +¢};

e every V; is convex (so that we can apply verbatim the formula for Weyl
quantization given that we have partitions on unity).

With this procedure most of the useful properties (about composition, Lie
brackets, L? operators bounds for S° quantized symbols) hold: the proofs from
[17, Chapters 14, 15] still apply when the symbols are compactly supported in X,
however the constants depend on the size of the supports. We notice, however, that
this quantization has an exact duality property (because our pull-backs and push-
forwards are actually acting on half-densities and therefore are L2-isometries)
and, applying [17, Theorem 4.3], an exact identity Op,(a)u = au if a is a S°
symbol depending only on the space variables. Moreover, this procedure also
behaves reasonably well with respect to the Laplacian: if 1 is a smooth compactly
supported function on X, then Op, (¥ (x)|£|?) is A%¥ (x)A up to higher-order
terms (that is, an O;2_, g—1(h) operator, with the constant depending only on /).

Finally, this quantization has the following exact trace formula:

Proposition 1.3. Let a € C°(T*X). Then Opy,(a) is trace class and
1
Trzaess2 (Opy(@) = s / a(x, ) dxd.
T*X

Proof. Let i > 0 and let us consider A; = y;(@i)*((@;i)xa)¥ (x, D) (@)« xi-
Let I = (¢i)«:L*>(U;) — L?(V;) be the isometry previously defined (with
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inverse (¢;)*), R be the natural restriction L?(X) — L*(U;), x} = yio¢; ' €
CX(Vi),a; = ((gi)«)a, sothat A; = R*I*(x;a}’(x,hD)y;)IR. Thus A; is trace
class if yia} (x,hD)y; is trace class, and these operators have the same trace.
Now xlia¥(x,hD)y}:L*(V;) — L?(V;) is a kernel operator with smooth
compactly supported kernel (x,y) + xi(x)xi(»)di(3E2. x — ), where g
is the inverse Fourier transform of a; with respect to its second variable. Its
trace is the same as that of the operator 4}: L*(R?) — L?*(R?) with the same
(smooth, compactly supported) kernel (meaning that one operator is trace class
iff the other is, and if so, their traces are equal). By [7, (9.3)], A4} is trace
class with trace [p» x/(x)2%d;(x,0)dx = Q2rh)™2 [ga xi(x)?a;(x,§)dxd§
(2mh)™?2 Jru, x7(x)a(x, £)dxd§ because the variable change a + a; is induced

by a symplectomorphism. To conclude, we note that 4; = 0 when U; does
not meet the support of a (which occurs every time but finitely many) and that
Yixi=1 O

2. Estimates on the singular circle

2.1. Riemannian Laplacian of the eigenfunctions. In this section, we study
the family (A — A% — ;)u;. We will denote by §. the Lebesgue measure with total
mass 1 on the 01rcle r = c of the cusp of X.

The following lemma is an easy application of Stokes’s theorem.

Lemma 2.1. Let ¢ be a smooth function on X such that ¢(r, 0) = ¢(r) in the cusp
onr > c —¢forsome0 < g < c—cy, where ¢:(cy,00) — C is smooth. Assume
that $(c) = 0, then A(y=c9) = 1,2 Ap — e~ <@ (¢)8,..

Now, we can write the Laplacian of u; as a function of its zero mode.

Corollary 2.2. For j > Oand hj = A} 1 we have (uj)o(r) = aje’/?sin’ Cfor
some a; € R in the regionco <r <c, zt vamshes when r > ¢, and

(A Az 4)”1 = Qjdc.
where Q; = —I—e_c/zZ—j.

Proof. On {co < r < c}, (u;) is an eigenfunction of the positive Riemannian
Laplacian A with eigenvalue 17+ 3. In our coordinates, A = —97+9,—e>"33. On

the zero Fourier mode of u;, dg acts as 0, thus (—92 +9,) (u;)o = (A, + %)z(uj)o.
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Setting (u;)o(r) = vo(r)e’/? yields —32vy = AZvo. The boundary condition
(4j)o(c) = 0 then gives the formula for (u;)o.
From the proof of Theorem 4 in [5],

. T—c
i = uj + L>caje’?sin

J

1

is a non-L? eigenfunction of the positive Laplacian with eigenvalue )sz- + 7

Therefore, using lemma 2.1,

(A—A)u; = (A A3 %)uj
- (A A3 - %)(uj —ul)
= —q; (A — A7 - i)(lrzcer/z sin rh_ C)

J

%

— —|—€_C/2
h;

8(;.

This completes the proof. |

To estimate the Au;, we need an adequate description of the constants «; from
Corollary 2.2.

Proposition 2.3. There exists a smooth compactly supported function ¢ on X,
and a sequence (1;);>o such that

Liaj = (u;, §)
(it is the L? inner product) for every j > 0 and
Ij = —h; + O(h$°).

Proof. Let ¢ be any smooth compactly supported function on R such that

C();—C);

e ¢ =0o0n (- oo,
* ¢(c)=1;
e forevery p > 1,¢?”(c) = 0.

Let ¢(r, 0) = ¢’/2¢(r) (and ¢ is zero outside the cusp), such that ¢ is well-defined
on X, smooth, compactly supported. Now, since ¢ has no non-zero #-Fourier
mode, using its support property and the nature of the hyperbolic metric, we know
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that (u;, ¢) = a; I;, where

c
I = /¢(r)sinr —Car
hj

(cotc)/2
C
= /q&(r) sin
—00
C

=—h; +h; / ¢'(r) cos

r—c
d
n,

r—=c¢

J

Set ¢1(r) = ¢(r + c). There exists ¢, € C°(R; R) such that ¢ (r) = ¢ (r) if
r <0and ¢,(r) = ¢1(—r) if r > 0 (recall that all derivatives of odd order of ¢}
vanish at 0). Then

0 0o
2(I; + hj) = h,-/¢2(r)e"/hfdr +h,~/¢2(r)e”/hfdr
—00 0

1
=1 52)(-) = 005)
and we are done. O

Corollary 2.4. We have
> 10, Pk} < 0.
J

Proof. Since h; ~ —I; as j goes to infinity, and since Q; = Fo;(h;)~!
for some constant F, we find that |Q;|*h} is positive and is equivalent to
|FPPa? 1} = |F[*(u;, $)?* (with the above notations). Now, since the (u;); form
an orthonormal family in L2,

> (. §)? < 11$]72 < oo,
J
which proves the claim. t

2.2. Pseudo-differential operators acting on §.. Following up on the previous
subsection, we have:
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Proposition 2.5. Leta € Sc_ofnp(X) with w(supp(a)) C {c—¢e <r < c+e¢}. Then,
for some C > 0 not depending on a, for every 1 > h > 0,

C
lopy@3cls = 5 [ [ laPte.6.6.00d5d6 + Clal},
R/Z R

where || - ||g—2 is some S™2 seminorm (in every estimate of that kind in the
Jollowing, the seminorm will have to be universal).

Lemma 2.6. Leta € Sg (R?), with n(supp(a)) C (c —&,¢ +¢) x (0,1). Let

x:R — R be smooth and zero outside (0,1). Let (v, ) = fol x(@o(c, 0)do.
Then, for some constant C > 0 depending only on seminorms of y,

C
la® e hDy I, = 5 [ late.0.6.0)Px(@)F dbdg + Clal-

0<6<1
EeR

Proof. We may assume that a is compactly supported, if we find out that C does
not depend on the support of a. A computation gives

(hm)*|a® (x, hD)v| 7,

1
= [ [ [rom@ra(E 2 en)a(hE S e y)

0 R R6 .
xexp (1 ((r =) —§) + 6 1)
1 + (@' — ¢m) )drdgdg/dndy/d dgde

::/E[I(h,é, 0)dedo

0

Let g o(r.§".¢.¢".n.n) = (r —c)(§ = §) + 0(n—n) + (¢'n" — ¢n). The
gradient of ¢¢ ¢ vanishesonly when§’ =&, n=n"=0,¢'"=¢ =0, r = c. At
that point, the Hessian matrix of ¢¢ g is

0 -1 0 0 0 O
-1 0 0 0 0 O
0 0 0 0 -1 0
0O 0 0 0 0 1}
0 0 -1 0 0 O
0 o0 o0 1 0 O
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so it has full rank and we see from the stationary phase method (say, [17, Theo-
rem 3.16]), that for some constants F, C,

lall—

1+ €%

The conclusion is easily drawn from this. |

[1(h,§.0) — Fh|a(c,0.£.0)x(0)’| < Ch*

Now let us prove proposition 2.5:

Proof. Let ¢ be a smooth function on X such that ¥ = 1 on {2|r — ¢| < &},
and with support in {|r — ¢| < ¢&}. Then write a = a(l — ¥) + ay¥. The
support 7 (supp(a(l — ¥))) is at distance at least £ from {r = c}. Therefore,
I Opp(a(l — ¥))scll7, < Cllallz—,, for some universal constant C > 0. Now,
apply lemma 2.6 to the explicit quantization (as explained in Section 1.2) of ay
(where the only non-vanishing terms are for the charts 0 and 1). O

3. Ellipticity and variance bound

In this section, we complete what we have called in the introduction the first step
of the proof. We use the results of the former section, as well as an ellipticity
estimate similar to the one from [16], to prove that the microlocalization of the
eigenfunctions on the energy surface still holds, albeit on average only.

Definition 3.1. We define, for any symbola € S  (X)andforany s > 0,1 > 0,

comp
NG = [/, Ay < A1, (1)
Ywmy=h¢ 11 Opy, @iy 2. @)
h/2<h;<2h

2

3)

(Opy, @niz. ) = [ a

S*X

M(a,}) := ﬁ >
Js

/lj 5}»
Remark. The bound M(a + b,t) < M(a,t)+ M(b, t) holds, and similarly for Y.
Let us mention the following very important result:

Proposition 3.2 (Weyl law for Pseudo-Laplacians). There is a constant C > 0
such that N(A) ~ CA? as A — oo. As a consequence, there are C; > 0,C> > 0
such that for all h > 0 small

Cih™2 <|{j e N; h/2 < hj <2h}| < Coh™2.
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Proof. Actually, N(X) is, up to some additive constant, the number of eigenvalues
of A, that are not greater than 12 + %. The result is then proved in [5, Theorem 6].
O

3.1. Ellipticity in the mean

Lemma 3.3. Leta € Sé’omp (X) be a symbol and assume that a|s~x = 0. Then

la(c.0.§.0)?

EEEE dgdo + 0(h7), (4

109y, (@1 < €10, |
Z R

where the constant in the O(hjz-) depends only on some S° seminorms of a and on
n(supp(a)), C is universal and Q; is the constant of Corollary 2.2.

Proof. Write

a(x, &) = b(x, O)(x(x) (€[> = 1)),
where a and b have same (compact) space support and b is 72, y is a smooth
compactly supported function on X thatis 1 on the support of @ and on the singular
circle. Then Ophj (a) = Ophj (b))((x)(hf.A — 1) + O(hj), the O referring to
L? — L? operator norm, and the constant depends only on S° seminorms of
a and on z(supp(a)). From corollary 2.2, (hjz.A —Du; = thf-SC + thZMj. Thus

Opy,, (@)u; = Q;h7 Opy, (b)Sc + Opa(hy).
Let ¥ be a smooth function on X that is 1 everywhere, except on the set
{¢ —e <r < c+ ¢}, and that is zero on {2|r — ¢| < €}. Then

Opy,, (@u; = Q;13 Opy,, (b¥)5c + Q;h2 Opy (b(1 — Y))5e + Op2(hy).

with the O(h;) depending only on S° seminorms of @ and 7 (supp(a)), yielding

10y, (@u;lI72 < 210,71 Opy, (b(1 —¥))écI7 -
+ 410,121} Opy, (bY)Sc |72 + Op2(hF).

The wave front set of é. is {r = ¢, n = 0}, which does not meet the phase space
support of byr. Thus Ophj (byr)éc is a smooth Op2(h;) function. The constant
depends only on S™2 seminorms of by, m(supp(hyr)) and /2, a lower bound
on the distance between supp(by) and the wave front set of §.: so, in the end, it
depends only on 7 (supp(a)) and some S° seminorms of a. Finally, Proposition
2.5 gives us the upper bound

C
109y (1~ v3cls = o [ [ 160 = 9. .6.00d8a0 + Clali.
J]R/Z R
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and we conclude by saying that (|Q;[*h});, being a £' sequence because of
Corollary 2.4, is bounded by a constant depending only on X and c. |

Proposition 3.4 (ellipticity in the mean). Leta; € SO (X) for every j > 0 and

comp

assume that | J i (w(supp(ay))) C X for some fixed compact set X C X and that
the family is bounded in S°. Assume that for each j, (a;)|sxx = 0. Then

B> Y 110py, (@)ujll7. < Chsuplla;llzo) + O,
h/2<h;<2h

where || - || g0 is some S® seminorm, C is universal, and the constant in the O(hjz.)
depends only on X and sup{||a; ||§0 }

Proof. Let I be the supremum over j > 0 of the

la(c. 0.£.0)2
c | Ger—nz 5%

R/Z R

where C is the constant in (4) and K is the constant in the (D(hjz.) of (4), which
depends only on X and sup | a; ||§0 for some S° seminorm. Then, using Weyl’s
law and corollary 2.4,

WY 11Opy, (@pullz. < h Y [211Q,1*h} + 2Kh*] < 2hC'T + K'R?,
h/2<h;<2h h/2<h;<2h

and we conclude by considering that for some suitable || - || g0, I < sup{||a;, ||§0}.
O

3.2. Bound on the variance. In this section, we shall prove some bounds on the
variance M (a, A) defined in Definition 3.1.

Lemma 3.5. Let b € CX°(T*X). Then, there is some universal constant C such
that for all h > 0 small

W 110p, ()7, < € / b]> + O(h).
j T*X
Proof. We write
h*> | Opy (b |72 < h2[| Opy, (b)IIfs = h* Tr(Opy (b)* Opy (b))
J
= h? Tr(Opy, (161> + /i)
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where f; are smooth functions such that supp f;, C supp b is compact, and
| fulls» = O(h) for each p € Z. Here HS means the Hilbert—-Schmidt norm.
We finally apply the trace formula of Proposition 1.3. O

Proposition 3.6. Leta € SCOOmp (X). There is a universal constant C such that for

all h > 0 small,
Y(a,.h)><C / lal® + O(h),

S*M
where Y is defined in Definition 3.1 by (2).

Proof. Let us denote f;(x,§) = f(x, &) for any t > 0 and any symbol f. Let
b € CX(T*X) be such that b(x,§) = x(|&])a(x, %), where y € C2((0,00)) is
non-negative and such that y = 1 on [2/5,5/2]. From Proposition 3.4 (with the

symbols a — b), we get Y(a — b, h) = O(h'/?), so
Y(a,h)? < 2Y(b,h)? + O(h'/?)? = 2Y(b, h)? + O(h).

So we may focus on Y (b, h).
Now, since Op;,,(f) = Op;,(fr) (because of the quantization procedure), let
us denote t; = h;/h. Then,

Y(b,h)> = h* Y || Opy(be ;72

h/2<h;<2h
<21 || Opy,, (b — by )ujl72 + 207 ) [ Opy (b7
h/2<hj;<2h h/2<h;<2h
Since
[er=c [
T*X S*X

by the previous lemma, it is enough to prove that

B> 110Dy, (b = b1jeuj 2 = O(h).
h/2<hj;<2h

Now, since 1/2 < 7; <2, the b—by; are bounded in § 0 have a uniform support
in space 7 (supp(b — by/;)) C m(supp(a)), vanish on {4/5 < [§| < 5/4} D S*X,
the result follows from Proposition 3.4. |

Proposition 3.7 (variance bound). If a € Scoomp(X ), then for some universal
constant C, as A — 00,

M@, )?<C / la)> + O(A™ 1)
S*X
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1 :=/|a|2,
S*X

let C,K > 0 denote the constants from Proposition 3.6, C being as in the
proposition, and K being the constant from the O (%) (for large enough /2, Y (a, h) =
0 so K exists; however, K depends on a). We get

Proof. Leth = 1/(21). Let

2

NOM(a, 1) =)

(Opy, (@)uj. uj) — / a

/ljik S*X
2
< Zz‘ / a| +2(Opy, (@)u;, u;)|?
Aj=A gxx
< " 21 +2||Opy, (@12
/‘Ljﬁ/l

by Cauchy-Schwarz (since S*X has measure 1)

= 2N(M)I +2) || Opy, (@)u;l7
hj22h

Now, we split the #; > 2h into intervals of I = 4Kh [1,2] fork > 1. As the &,
decrease, there is a maximal k¢ such that I, contains some ;.
By definition of Y and by Proposition 3.6,

Y(a, 4kh)? o o
> 110py,; (@ujl7> = ~aim =10 kp2C1 + 16 % h 244 K.
thIk
It follows
> 10y, (@2, < CIN2 Y 167% 4+ Ki™t " a7
hj=2h 1<k<ko 1<k<ko

<CIh?+ Kh ' =4CI\> + 2K,

thus N(A)M(a,A)?> < 2(N(A) + 4CA?)I + 4KA. We conclude using again
Proposition 3.2. U

4. Egorov theorem

This section deals with step 2: similarly to [16], we want to prove that propagating
some symbol a through the geodesic flow does not change M (a, 1) too much. The
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main difference here is the fact that the operator we study (the pseudo-Laplacian)
is not the generator of the propagator we use. From a geometric point of view,
we solve this by requiring that our symbols have a support far from the singular
circle.

The main result of this section is proposition 4.4, which gives a precise state-
ment about the idea above.

4.1. A good set for propagation. We define
7 ={(z.{) e T*X:forall [t| <T,9'(z,{) ¢ T*Xo N {n = 0}},

where @' is the geodesic flow on T*X and X the region where the coordinate 7
is defined in the cusp.

Proposition 4.1. X1 is an open set of full measure.

Proof. The flow ®: (1, (z,0)) € [T, T]|xT*X + ®!(z,¢) is continuous, thus the
inverse image of the closed set S = {¢ € T*X, ¢ € T*Xo N {n = 0}} is closed.
As [-T, T] is compact, the projection p:[-T,T] x T*X — T*X is closed, so
St = p(®71(S)) is a closed subset of T*X. Therefore X7 = T*X\Sr is an
open subset of 7* X . It remains to prove the “full measure” part: one easily notes
that
Sr = (@7 (T X\(T*Xo 0 {n = 0})).
|r|<T,re@

Now, T*Xo N {n = 0} has null measure, thus its complement has full measure,
and so has ®"(T*X\(T* Xy N {n = 0})) because ®” is a diffeomorphism. O

4.2. Flow invariance of the eigenfunctions

Lemma4.2. Let T > 0, leta € CX(T*X) with supp(a) C X7. Then there exists
some constant C > 0, depending only on a and T, such that for every j > 0, and
every0 <t <T,

{Opy,; (@)uj. u;) — (Opy, (@ 0 @)y, uj)| < Ch;.

Proof. Let P := (hf-A — 1); then we have

2
Pu; = h]sz(Sc + T]uj,

and 8. is H™! (see the beginning of Section 2.1 for the definition) and (hjz. Q;);is
in £2(IN) (Proposition 2.4) hence bounded by D.
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Let 5; (1) := (Opy, (a o ®")uj, u;); every s; is smooth, and

51 (1) = (Opy, ({pra o @ s, )
= —ih; ([P, Opy, (@ o ®)uj, u) + ihj (R(h;, t)u;, u;)

—1 —1
—(P Opy,, (a0 ®)uj, uj) — —(Opy, (a o ®)Puj, uj)

- h./' h}
+ hj(R(h;, )u;, uj)
=U-V+W.

In this computation, for every 0 <t < T, R(h, ) € ¥;*°(X) is a pseudodifferen-
tial operator satisfying

sup{||R(h,t)|;212; 0 <h < ho,0 <t < T} < o0.

Therefore |W| < Cih;.
Next, we get
— 1 O t
V= h_j< Pp, (@ o @) Puj, uj)
h.
< hj|Q;{Opy, (a0 ®)sc,u;)| + TJHOPh,(a)uj’ uj)l.

Let us notice that WF;,(§.) C {r = ¢,n = 0}, whereas WF,(Op;,(a o ®*)) C
@~ (X7) is at positive distance from {n = 0} (uniformly in |¢| < T'). Therefore,
I Ophj (@ o @)z < C;(r)hz, where (CJ{(t))j’OstsT is bounded by B; > 0,
so that (hjz-QjC](([))jzl’OStsT is bounded by B, = ByD > 0. Thus for some
constant B > 0 depending only ona and 7', |V | < Bh;.

Finally, using our quantization procedure’s characteristics,

ihjU = (P Ophj(a o @t)uj, uj)

= (u;. Opy, (a0 ®)* Puy)

= (u;, Opy, (@ o @) Puj),
so the same argument as for V' canbe used to get |ih; U| < B/h]2- hence |[U| < B'h;.
So we have |0;s;(¢)| < (Cy + B + B’)hj = Ahj uniformly in 0 < ¢ < T, where

clearly Cy, B, B’ depend only on a and 7. This yields |sj () — s;(0)] < ATh;
when integrating. O
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A direct consequence is the following:

Corollary 4.3. Let T > 0, let a € C°(T*X) with supp(a) C Xr. There exists
some constant C > 0 such that for every j > 0,

(Opy, (@ — {a)r)uj, uj)l < Ch;j
with (a)7 := % [T a o ®dr.

An easy argument then yields (taking into account the fact that a — {a)r has
average zero):

Proposition 4.4. Let T > 0, let a € CX(T*X) with supp(a) C 7. Then, as
A — o0, M(a— {a)r,A) — 0.

5. Analysis far in the cusp

If we joined the main results of Sections 3 and 4, we would be able to prove the
main theorem for symbols with average zero. This will be done in section 6.

But if we want to prove the main theorem for general symbols in Sé’omp (X),
we have to find some symbols with non-zero average for which the result holds.
A direct proof turns out to be difficult: so we will exhibit symbols s with average
arbitrarily close to some non-zero constant and such that lim sup,_, ., M(s, 1) is

arbitrarily close to 0.

Before, we need to introduce some cutoff functions: let us set some R > e,
and yr be a smooth nondecreasing function such that

xr(r) =1on[R+1,00), xr(r)=0 on(—o0, R]. ®))

Let ¢r: X — [0; 1] be a smooth function that is zero outside the cusp and such
that if r > ¢o, 6 € R/Z, pr(r.0) = xr(r). Note that I — ¢% € C(X).
We will show the following:

Proposition 5.1. There exists a universal constant C > 0 such that for any
R > e,
limsup M(1 — ¢§Q,A) < Ce R4,

A—>00

Our first step is to understand where the mass of the u; is localized.



Quantum ergodicity for pseudo-Laplacians 1617

Let us write, for every j > 0,r > ¢, 0 € R/Z,

u;j(r,0) = e’/? Z vj,k(r)ezik”e.
keZ

This is similar to the expansion of u; as a Fourier series in 0, but the coeflicients
were renormalized, so that [y ;1> dvg = 3 4cz [vjx[*(r) dr. Note that by
definition of the pseudo-Laplacian, for r > ¢, vjo(r) = 0.

Let y; be a smooth nondecreasing function such that y; = 0 on (—o0, 0], and
x1 = lon[l,00). We will now denote xpx(r) = xi(—In2|klhm —r + R/2).
This function is going to be used to weaken the growth of the function (2kh)2e?",
which is not a symbol: indeed, yj x(r) = 0 as soon as (2whk)2e?” > ek,

Let y» be a smooth non-negative compactly supported function such that
x2 = 1on[-3,3],and y, = 0 outside (—4,4), and | y2| < 1.

We first have the following straightforward formula: for v € H'(X), in the
cusp,

[VEu|Z (r, 0) = |(3-u)(r, )] + €| (Bou) (r, )]*.

Corollary 5.2. For j > 0, the following bounds hold true:

o0

1
Z (27rk)2/ezr|vj,k|2(r) dr < A7+ T (6)

kez o

> /|Uj,k|2(r)dr <1, %

keZ ¢,

o0
> / V) [Py dr <227 +1 (8)

keZ ¢,

Proof. For the bound (6), we estimate

1
A7+ i (uj, Acuj) = [[Vu; 17

> / |Vguj|§, dvg

r>co

Z/(/e2r|89uj(r,9)|2d9)e_’dr

r>co R/Z

= Y @k [ el dr,

kez, r>co
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because of the normalization of v; ;. The bound (7) is a direct consequence of the
fact that ||u; ||i2 = 1. As for (8), note that in the cusp,

@ruj)(r.0) = />y ( vk + V), k)ezl"me,

keZ
o)
1 Vjk
A7+ 12 // 0,u;(r, 0)>dodr > Z /‘J—+v1k dr
co R/Z ke €Z ¢,
I [ 1
',k 2
> / sl =[5 ) ar 23 2 [ miaperar—y
keZ ¢,
and the proof is complete. |

Letnow /1 > 0 be very small, and A = =", Let o} = (hA;)?, for every j such
that 1/2 < h; < 2h (we say that j is in the range): then, w; is between 1/2 and 2.

Lemma 5.3. In the cusp region r > cy,
(—h*3; — w7 + (2khm)*e* v = 0.
We can therefore extend v; . as a smooth function of the whole real line with the

same properties.

This will not be used in the paper, but one can notice that with the substitution
w(r) = vjx(2kme”), the differential equation becomes x?w”(x) + xw'(x) +
(A7 = x*)w(x) = 0, thus making w a solution of the modified Bessel differential
equation with pure imaginary parameter.

The following lemma means that microlocally, the mass of v; x is concentrated

near the curve > + (2khn)’e*” = w?:

Lemma 5.4. There exists a constant Cg depending only on R (and not on h) such
that for every j in the range, for every 1 < |k| < 34,

0P, (1 = x2)E xR () Xk (NP xRV 72
= CRh2||vj,k||22(CO’oo) + CRh4||vJ/',k”iz(00,oo)'

Proof. Let us denote here

f](,lc) := Op, (X R(N Xk (r)(§* — 0] + 2kh7)*e® ) (X RV &)
= 1R Xk () (=212 g (1)V] = W2 YR (F)v; 40),
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and

1 — x2(%) ) M

Using [17, Theorem 4.23], (inside the symbol, when (2|k|hm)e” > eR/2, the Ahk
factor makes everything vanish; moreover, when |§| < 3, the 1 — y, factor makes
everything vanish as well, so that the denominator of the symbol in the definition
of f;x is always bounded below by 5, so all relevant S° seminorms are bounded
uniformly in j, k, &, as long as i < |k|h < 3 and j is in the range) we may write,
for some constant Kz > 0 depending only on R:

2

1= x2(6) )

£2 - ow? + (2hkn)2e2’)fj k
1—x2(8) )

£2 — w? + (2hkm)2e?”

51 = lom Gt

L2

1 2
v ‘ Opy, (XR(”)Xh,k(”) Lz_)Lz”fjfllc)Hz

Sh“)

=< KR(HU,/',kHZZ((CO,OO) + ”vj/',k”iz((co,oo)))'
Now, when £ is small, 1 < |k| < 34, j is in the range, the symbols

1—x2(8)
£2 — w? + (2khm)2e?’
ay = YR(N) xep(r)(E* — of + 2khn)?e™),

as :=a_ay

a— = yr(r) xni(r)

are bounded by a constant depending only on R in respectively the class of symbols
S({£)72), S°((£)?), S(1) (using the notation of [17, Section 4.4.1]), thus by [17,
Theorems 4.18, 4.23] we have || Op;,(a—) Op;,(a+) — Opp(as)| 1212 < Crh, for
some constant Cg > 0 depending only on R. Therefore, we get that for some
constant Cg > 0 depending only on R,

1 Opp(ax) (X RV NI7 2 < 2CRA? || xRV N7 2 + 21 fke |3 2

< CROP [0k 2010y T 11V k1220 400y O

Corollary 5.5. There exists a constant Cg depending only on R such that, when
j is in the range and h is small,

Z Ilxr(r) Opy, (1 = x2)E) xR () x5k N (X RV T 2 < CrRI?.
1<|k[<3A
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Proof. It is a consequence of the previous lemma and of Corollary 5.2, more

precisely estimates (7) and (8).

The following result is the main property of localization we were aiming at. It
tells us that each ¢ xu; is localized along his lowest modes in the cusp, and each
of these modes is microlocalized in a compact zone that depends very little on j:
that is, v; x is microlocalized in the zone |§| <4, R <r < R/2—In2hl|k|r.

Let us first define the operator Ay, x := Opy, (x2(€) x%(r) Xk (r)?).

Proposition 5.6. Let j > 0 be in the range. For some universal constant C > 0,

and some constant Cr > 0 depending only on R > c,

lpgusll7> < 42 & () An k(xRN 2 + Ce R + Cri?.
1<|k|<3X

We split the proof in several steps.

Lemma 5.7. Let j > 0 be in the range. Then

D lxkviel?s < e 2R
|k|>3A

Proof. Using (6), we obtain the sequence of inequalities

o0
1 e (2km)?
S lkvials = 52 Y e RS /e2r|v,.,k|2dr
k|>3 lk|>32 R

oo

1
< SeoF > (2nk)2/ezr|v‘,-,k|2dr
keZ

co

2,1
< 2R Aita
36A2

< 6_2R

which proves the claim.

Lemma 5.8. Let j > 0 be in the range. Then the following holds true:

D k(= 27 0vikll72 < 40e™R + 3k,
1<|k|<3A
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Proof. Using again (6), if by is the maximum of R/2 — 1 — In2x|k|h and cy,

o0
Sk = vali =3 [loualerar
1<|k|<3A I=lk|=34 5.
o0
=53 e R@2emkn)?e? |vj i [2(r) dr
1<|k|<34
o0

< €2h2€_R Z(an)2/ e2r|v‘]_,k|2(r) dr

keZ co
1
< 40e R + Ze2—Rh2 < 40e~R 4 3p2
which proves the claim. O

Now, we can prove Proposition 5.6:

Proof of Proposition 5.6. One easily sees that

o0
4 2 8 2 4 2
kol = 3 [ 1@l Crdr = Y kol
k=1 % k=1

Now, we split the sum between the |k| > 3A, the sum of which is not greater than
e 2R (Lemma 5.7), and the 1 < |k| < 3. Moreover, if 1 < |k| < 31,

4 2 4 2 2 4 .2 2
||XRUj,k||L2 < 2| xr(1— Xh,k)vj,k |L2 + 2||XRXh,kUj,k||L2-

From Lemma 5.8 we see that the first term contributes at most 642 + 80e &, so
we have to bound the second term. Now,

20 x k1 xvikll72 < HlxRARK(XRV T
+ 4l xR OPR (1 = 2N A7 1 (M) xR (U RV 172

We saw from Corollary 5.5 that the second term is at most Cgh?, where Cg > 0
depends only on R, and this ends the proof. |

Now, we turn the pointwise localization estimate we have on the qu,‘e u; into an
average estimate on j. Thanks to Hilbert—Schmidt norm estimates (operators will
always be considered as from the relevant L2 spaces into themselves) we obtain
significantly better results.
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Let us define the operator 4, , := A xr, then let

Aw(r,0) = yr(r)e"? Y (Anr (xrRwi)) (r)eF70
1<|k|<3A

for every r > ¢, 0 € R/Z, where w(r, 0) = e’/? S ez wy (r)e2ikmd

Proposition 5.9. There exist constants C > 0 universal, and Cr > 0 depending
on R only such that

WY lpiuslzo < CrE? + Ce™® +4n% > " || 4} 1.
h/2<h;<2h 1<|k|<3A

Proof. From Proposition 5.6, we know that for any j in the range, |[¢pu;||> <
200e R + Crh* + 4| Au;|7,. So, using Weyl’s law, and the fact the (u;) are
orthonormal,

123 g2, < Ce™® + Crh? + 4h2| A,

h/2<hj;<2h
Now, let (f,) be an orthonormal basis of L?(R, 00), let (g4) be an orthonormal
basis of { f € L?(X), 1,=rf = 0}. Then the family of all e”/2 £, (r)e***™® and
the g, is an orthonormal basis of L2(X). Therefore, when f is an element of this
orthonormal basis, we realize that only when f = e™/2 £, (r)e?*79 1 < |k| < 34,
|Af||*> does not vanish. In that case, it will always be lower or equal than
l(xr o Anko xr) fp ”22(11{)‘ From this, it follows that

2 2 2
14IEs <D lxr o Aen o xrllfs < D 145 s
1<|k|<3A 1<|k|<34

which completes the proof. O

Now, it is easy to give an upper bound on the Hilbert—Schmidt norm of the
operators, and to turn it into a complete estimate:

Proposition 5.10. The following bound holds true for 1 < |k| < 3A:
14, 3 < 4(hx) " (~In2lk|hn — R/2)*

Proof. Let ¢ € CX(R?), ¥ be its Fourier transform with respect to its second
variable. Let T = Op,(¥) xg. Forany f € L*(R),

a0 = [Ty (ST ) 1) 1) dvds

R2

=/1ﬁ(x;y,yh;x)m(y)f(y)dy,
R
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therefore

&(x‘i‘y y—x

2
lohaT s = [ [0(*52 255 1a) dxay

R2

Y

R2

5h/|¢7(x,y>|2dydx = 2hr |2
]R2

&(x;y,y;x>‘2dxdy

Now, we obtain

X2 xz (A3 (= In2lk|hn —r + R/2)|7,

< /1{|S|54}1{r2R}1{r5R/2—1n2|k|hn} dédr < 8(—In2|k|hm —

R2

This completes the proof.

Corollary 5.11. The following estimate holds true:

4h® > | Aj s < Ce R/ + Crh,
1<|k|<3A

where C > 0 is universal and Cg depends only on R.

1623

R/2)*.

Proof. Using Stirling’s formula, assuming that 2whe®/2 < 1 (else the sum is zero

and the bound holds), for some universal constant C,

hm 5
5 D A4 s
1<|k|<3A

= > (= mn2khr - §)+
1<k<3A
<Y —In2khm — R/2

1<k<@n)"1Ae=R/2

1<k<@n) 1Ae R/2

Ae RI2Z ) e=R/2Z  )o—R/2 Le R/2 2)e R/2
< In ( ) +
2 2

+C
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Corollary 5.12. For some universal constant C > 0 and some constant Cg
depending only on R, one has

Y ¢k h) = h>Y _llppu;lz. < Ce™®/2 4+ Crh.
h/2<h;<2h

Proof. It is a consequence of all that precedes. |

Proof of Proposition 5.1. We write

1
— b8 )= —
M =9k ) = 55 A,ZSA
<1 3
~ N oot
2

2
— ;P dvy
N(A /

A,

2

(Opy, (1 = 9y 1)~ [ (1= 4
S*X
[ okt ave - [ o3
X S*X
2 2
+ 2( /¢§e)

S*X

2 2 o 2
+ Vol(X)( /¢RdVg) '
X

The second term is lower than some Ce~2% for some constant C independent
of R, because dvg(r,0) = e~ "drd6. The first term is not greater than

2

IA

/ 8l 2 dv,
X

22k—1

1 2
- 22—4]{}’2 Y/ 4 ,— ,
N(A) Z (¢R A )
1<4k <4hgA
which by Corollary 5.12 is not greater than (using again Weyl’s law)
C _ _ _ _ 1
ﬁ Zce R/222 4k)k2+CR21 2kl§Ce R/2+CRI.
1<4k <4hgr

This concludes the proof. |

6. Proof of the main theorem

Leta € S (X) and assume first that (., adu = 0. Welet T > 0 and & > 0.
S*X

comp
We may write a = a; + a, where a; € C°(T* X) and satisfies supp(a;) C Zr,

and [g. y laz|* < €. Then, as A — oo,
M(a,}) < M(a1, 1) + Ce + O~ < M({a1)7., ) + Ce + o(1)
<M({a)r,A) +2Ce +o(1) < C(|{a) Tl L2(s*x) + 28) + o(1),
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where we applied Proposition 3.7 to a,, then Proposition 4.4 to a, then Proposi-
tion 3.7 to (a»)r and to {a)7. We first take the lim sup as A — oo, then let € go to
zero, and finally let 7 go to oo, and the L2-ergodic theorem proves the result.

In the general case, leta € S, Omp(X ) and let & := [., a. Let us denote, for
every R > ¢, Ig 1= [q.y ¢%. Then Ir = O(e™X), thus, if R is large enough,
ar =a— = (1 - ¢}) belongs to G, (X) with

/aR:O.

S*X

Thus we have M(ag,A) — 0 as A — oo. Now, by Proposition 5.1

C|a| o—R/4
limsup M P, A1) < /4,
A—00 ( R ) 1_IR
Thus,
C|Of| o R/4

limsup M(a,) < ———
A—00 1—1Ig

Letting R — oo yields M(a, ) — 0 and the proof of Theorem 0.1 is complete.
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