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Jacobi matrices on trees generated by Angelesco systems:
asymptotics of coefficients and essential spectrum
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Abstract. We continue studying the connection between Jacobi matrices defined on a tree
and multiple orthogonal polynomials (MOPs) that was recently discovered. In this paper,
we consider Angelesco systems formed by two analytic weights and obtain asymptotics of
the recurrence coefficients and strong asymptotics of MOPs along all directions (including
the marginal ones). These results are then applied to show that the essential spectrum of
the related Jacobi matrix is the union of intervals of orthogonality.
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1. Introduction

It is well known [1] that the spectral theory of one-sided self-adjoint Jacobi
matrices can be naturally studied in the context of orthogonal polynomials on the
real line and, conversely, many results in the latter topic find an operator-theoretic
interpretation. In [8], we discovered that a wide class of multiple orthogonal
polynomials (MOPs), e.g., celebrated Angelesco systems, is connected to self-
adjoint Jacobi matrices defined on rooted Cayley trees. The present paper makes
a further step in this direction. We perform a case study of Angelesco systems
with two measures of orthogonality given by analytic weights. Our analysis
of the related matrix Riemann—Hilbert problem provides the asymptotics of the
recurrence coefficients and strong asymptotics of MOPs for all large indices. One
application of this precise asymptotic analysis is a characterization of the essential
spectrum of the associated Jacobi matrix.

We start this introduction by recalling some definitions and main relations
connecting Jacobi matrices on trees and MOPs and then state the main re-
sults of the paper. In what follows, we let N := {1,2,...} and Z5¢ =
{0,1,2,...}. We write |ii| :==ny +---+ng forii = (ny,...,ng) € Z¢,, and let
é1=(1,0,...,0),....84=(0,...,0,1),1=(1,...,1) = & +--- + &4. Givenan
operator A in the Banach space, the symbols o (A) and oegs(A) will denote its spec-
trum and essential spectrum, respectively [41]. In a metric space, B, (X) denotes
the closed ball with center at X and radius r. For a complex number z, Rz and J z
are its real and imaginary parts, respectively. For a function f(z), holomorphic in
CT, the upper half-plane, its boundary values on R are denoted by f4 (x).

1.1. Jacobi matrices on trees. Denote by T an infinite (d + 1)-homogeneous
rooted tree (rooted Cayley tree) and by V the set of its vertices with O being the
root. On the lattice IN¢, consider an infinite path {ﬁ(l), ﬁ(z), ...} that starts at 1 (.e.,
7" = 1) and satisfies iV TV = ﬁ(j)+5kj,kj e{l,...,d}foreveryj =0,1,....
Clearly, these are paths for which, as we move from Tto infinity, the multi-index of
each next vertex is increasing by 1 at exactly one position. Each such path can be
mapped to non-selfintersecting path in 7 that starts at O (see Figure 1 for d = 2)
and this map is one-to-one. This construction defines a projection IT: V — IN¢ as
follows. Given X € 'V, we consider a path from O to X, map it to a path on N and
let IT(X) be the endpoint of the mapped path. Every vertex Y € V,Y # O, has
the unique parent, which we denote by Y(;,). This allows us to define the following
index function:

1:V—{l,...,d}, Y +—ysuchthat TI(Y) = II(Y(p)) + &, . (1.1

and therefore to distinguish the “children” of each vertex ¥ € 'V by denoting
Z = Y(h),, WhenY = Z,), see Figure 1 (for d = 2).
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(1,1) ~ 0 =Yy,

(1,2) ~ Y = Och),2

(2,2) ~ Yehy 1 (1,3) ~ Yich).2

Figure 1. Three generations of T (for d = 2).

LetP := {aﬁ,,- y bﬁ,i }ﬁEZd

4 iell,..d} be a collection of real parameters satisfying
conditions

0<aj;,;, foralliieN? ie{l,....d},

sup az ; < 00, sup |bj ;| < oo. (1.2)

ineNd ie{l,....d} nezd g iefl...d}

For a function f on V, we denote by fy its value at a vertex ¥ € V. Given P
satisfying (1.2) and ¥ € R? with |¢| = 1, we define the corresponding Jacobi
operator J; by

d
. 1/2 1/2
@z Ny = aniy, ).y o) T On@epar Jr + > arigryi [ Y # 0,

i=1

d d
@z fo =Y kibi_; fo+ Y ai'? fou ., Y = 0.
i=1

i=1
(1.3)
Thus defined operator J; is bounded and self-adjoint on £2(V).

The spectral theory of Jacobi matrices on trees enjoyed considerable progress
in the last decade, see, e.g., [3, 14, 19, 22, 23, 25, 30, 31, 32, 33]. In this paper, we
study Jacobi matrices on trees that are generated by multiple orthogonality condi-
tions. For this class of Jacobi matrices, one can study subtle questions of spectral
analysis, such as the spatial asymptotics of Green’s function, by employing the
powerful asymptotical methods developed in the context of multiple orthogonal
polynomials (see, e.g., formulae (4.30) and (4.31) in [8]). In the current work,
we focus on characterizing the so-called R-limits and on detecting the essential
spectrum in the case, when the multiple orthogonal polynomials are given by the
Angelesco system with analytic weights.
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1.2. Multiple orthogonal polynomials and recurrence relations. In [8], we
investigated properties of the operator J; in the case when the coefficients P are the
recurrence coefficients for MOPs. We now recall some basic facts about multiple
orthogonal polynomials.

Let it := (u1,...,1q), d € IN, be a vector of positive finite Borel measures
defined on R and 7i be a given a multi-index in Z<, |ii| > 1. Type I MOPs
{A’({ )}j.’=1 are not identically zero polynomial coefficients of the linear form

d
0;(x) := Y AV ()dp;(x), degAY <n;, ie{l.....d}.

Jj=1

defined by the conditions
/le,;(x) =0, [<li|-1, A%"jgi = 0. (1.4)
Type Il MOPs P;(x), deg(P;) < |#|, are not identically zero and defined by
/Pﬁ(x)xldu,-(x) =0, l<n;, iell,....d}. (1.5)

The polynomials of both types always exist, but their uniqueness is not guaranteed.
If deg(P;) = |ni]| for every non-identically zero polynomial P;(x) satisfying (1.5),
then the multi-index 7 is called normal. In this case P;(x) is unique up to a
multiplicative factor and we normalize it to be monic, i.e., P;(x) = T
turns out that 7 is normal if and only if the linear form Q; (x) is defined uniquely
up to multiplication by a constant. In this case, we will normalize it by

/xlﬁl_lQﬁ(x) =1. (1.6)

We call a vector i perfect if all the multi-indices 7 € Zgo are normal.
When fi is perfect, it is known [43] that the polynomials P;(x) and the forms
0; (x) satisfy the following nearest-neighbor recurrence relations (NNRRs):

d
2P;(2) = Piys, (2) + b Pa(2) + Y a5, Pig, (2),
=l . (1.7)
20i(2) = Qiicg, (2) + bz, ; Qi (D) + D _ a5 Qi (2),

i=1
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for each j € {1,...,d}. For the coefficients {a
tions [8]:

b; i}, we have representa-

i,is

[ Paor a0

as ; =

’ /Pﬁ_é'j (x) x”f_ld,uj(x)’ (1.8)

iz = [ 10500 = [ 105 5, (o).

If d > 1, unlike in one-dimensional case, we can not prescribe {a; ;} and {b; ;}
arbitrarily. In fact, these coeflicients satisfy the so-called “consistency conditions”
which is a system of non-linear difference equations. This discrete integrable
system and the associated Lax pair were studied in [9, 43].

1.3. Angelesco systems and ray limits of NNRR coefficients. We recall that i
is an Angelesco system of measures if

suppu; = Aj = e, Bil: AinAj =@, i#j, i,je{l,....d}, (1.9)

i.e., the supports of measures form a system of d closed segments separated by
d — 1 nonempty open intervals. We can always assume without loss of generality
thatﬁj <ojy1,j € {1,...,d —1}.

Angelesco systems form an important subclass of the perfect systems. They
were studied by Angelesco already in 1919 [4]. It is not difficult to see [8] that
the corresponding NNRR coefficients satisfy conditions (1.2) and thus define the
Jacobi matrix J; by (1.3).

The asymptotic behavior of these coefficients {a;; ;, by ;} for the ray sequences
regime, namely when

d

Nz ={n}: ni =ciln|+o(m), ie{l,...,d}, |c|:= Zci =1, (1.10)
i=1

was studied in [8] for ¢ = (c1,....cq) € (0, 1)? (hereafter, limyy,; stands for the

limit as |77] — oo, n € Nz). The following theorem was proved.

Theorem 1.1 ([8]). Let ji be an Angelesco system (1.9) such that for each i €
{1,...,d} the measure |; is absolutely continuous with respect to the Lebesgue
measure on A; and the density y;(x) := du; (x)/dx extends to a holomorphic and
non-vanishing function in some neighborhood of A;. Then the ray limits (1.10) of
coefficients {ay, ;, b; ;} from (1.7) exist for any ¢ € (0, 1)4:

limaﬁ,l- =A5,i and limb,;,i =B5,i’ i G{l,...,d}. (1.11)

C NC



1516 A. 1. Aptekarev, S. A. Denisov, and M. L. Yattselev

This result and expressions for Az ; and B;; were obtained from the strong
asymptotics of the MOPs also established in [8] (along theray ¢ = (1/d,...,1/d)
the limits in (1.11) can be deduced from the results in [10]). As it happens, the
numbers Az, and B;; depend only on the vector ¢ and the intervals {Ai}flzl

c,i

(see (2.5) for the case d = 2 where ¢ = (c,1—c) and Az; = A¢;, Bz; = Be,i).

1.4. Results and structure of the paper. In this paper, we restrict ourselves to
the case d = 2. Our main technical achievement is an extension of the results
in [8] on the strong asymptotics of the Angelesco MOPs to the full range of ¢:
¢ € [0, 1]?. As a corollary of this extension, we get the following result.

Theorem 1.2. Let ji be as in Theorem 1.1 with d = 2. Then the ray limits

lji\fl'flaﬁ’i = A.; and lji\fr?bﬁ’i = B¢ (1.12)
exist for any ¢ € [0,1] and i € {1,2}, where N. := N 1—¢) Is any sequence

satisfying (1.10).

Theorem 1.2 can be used to characterize the essential spectrum of the Jacobi
operator Jg, defined in (1.3), generated by an Angelesco system.

Definition. Let P := {a; ;, 5h"i }ﬁeZiO,i=l,2 be a set of real numbers that sat-
isfy (1.2) for d = 2 and the constants {A¢ 1, Ac,2, Bc,1, Be2}eelo,1] be limits
from (1.12) (notice that P does not have to be a set of the recurrence coeflicients of
any Angelesco system, but the limits {A¢ 1, A¢c,2, Be,1, Be,2}cefo,1] are generated
by some A and A;). We say that P € Papg(Ag, A) if P satisfies

lji\fr:l&ﬁ’i = Ac,i and lji\rl?bﬁ’i = Bc,i (1.13)

for any ¢ € [0,1] and i € {1, 2}, where, again, N := N, 1—) is any sequence
satisfying (1.10).

By Theorem 1.2, the class Papg (A1, Az) is not empty since the recurrence
coeflicients of any Angelesco system with analytic weights supported on A; and
A belong in Papg(A1, Az). Consider Jacobi matrix J; defined in (1.3) with
coefficients in Pang(A1, Az). The following result gives characterization of its
essential spectrum.

Theorem 1.3. Let J; be the Jacobi operator defined by (1.3) and corresponding
to a collection of parameters P € Pang(A1, Az), then oess(dz) = A1 U Az In
particular, the essential spectrum of the Jacobi matrix generated by an Angelesco
system with analytic weights supported on A1 and A, is A1 U A,.
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We prove this theorem in Section 2. The necessary definitions and statements
of the main results on strong asymptotics of MOPs are adduced in Section 3.
Auxiliary results and their proofs are relegated to Sections 4 and 5. Proofs of the
main results can be found in Sections 6 and 7.

2. Expressions for the ray limits and proof of Theorem 1.3

2.1. Expressions for the ray limits. In this subsection we give formulae for the
limits in (1.12).

Let Ay = [o1, B1] and A, = [z, B2] be two intervals on the real line such
that 81 < ap. Denote by w; and w, the arcsine distributions on A; and A,,
respectively. It is known [40] that

E(wi,0i) < E(v,v),  E(n,v):= —/loglx — yldp(x)dv(y),

for any probability Borel v measure on A;. The logarithmic potentials of these
measures satisfy
Ei —V® =0 on Ai,

for some constants ¢; and £,, where V" (z) := — [log|z — x|dv(x). Now, given
¢ € (0, 1), define
M. = {(v1,v2):supp(vi) C A;, |lvill =c, ||v2ll =1—c}. 2.1

It is known [26] that there exists the unique pair of measures (wc,1, wc2) € M,
such that

I(we,1, wc,2) < 1(v1,v2),

I(vi,v2) :=2E(v1,v1) + 2E(v2,v2) + E(v1,v2) + E(v2,v1),
for all pairs (vi,v2) € M.. Moreover, supp(we,1) = [o1,Bc1] =: Ac and

supp(we,2) = [cte,2, B2] =: Ac,2. Similarly to the case of a single interval, there
exist constants £, ;, 7 € {1, 2}, such that

2.2)

leg — V2@eat@e2 — 0 on supp(we,1),

2.3
lep — V@e1129c2 — 0 on supp(we.2). @3)

The dependence of the intervals A.; on the parameter ¢ is described in greater
detail in Section 4.

Let R, ¢ € (0,1), be a 3-sheeted Riemann surface realized as follows: cut
a copy of C along A.,; U A 2, which henceforth is denoted by 9{20), the second
copy of C is cut along A, ; and is denoted by 9%21), while the third copy is cut
along A, and is denoted by %22). These copies are then glued to each other
crosswise along the corresponding cuts, see Figure 2.
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RO

1 g of1 @2 ._.\¥> 2 ¢
I /—— I ; | m(l)

| 1 1 1 C
— . ao

Figure 2. Surface R, when .1 = B1 and a¢ > = a5.

It can be easily verified that thus constructed Riemann surface has genus 0.
We denote by 7 the natural projection from 93, to C and employ the notation
z for a generic point on R, with 7(z) = z as well as z%) for a point on D%Ei)
with n(z(i)) = z. We call a linear combination Y _n;z;, n; € Z, a divisor. The
degree of Y n;z; is defined as Y_ n;. We say that ) n;z; is a zero/pole divisor of
a rational function on R, if this function has a zero at z; of multiplicity n; when
n; > 0, a pole at z; of order —n; when n; < 0, and has no other zeros of poles.
Zero/pole divisors necessarily have degree zero. Since R, has genus zero, one
can arbitrarily prescribe zero/pole divisors of rational functions on 2R, as long as
the degree of the divisor is zero. A rational function with a given divisor is unique
up to multiplication by a constant.

Proposition 2.1. Let R, ¢ € (0, 1), be as above and y.(z) be the conformal map
of R onto C such that

1) =240 asz - . (2.4)
Further, let the numbers A¢,1, Ac,2, Be,1, Be2 be defined by
xe(@D)y = Boi + Aciz7 ' +0(z72) asz—o0,i€f{l,2). (2.5)

Finally, let w;(z) := /(z — a;)(z — Bi) be the branch holomorphic outside of A;
and normalized so that w;(z)/z — 1 as z — oo, in which case

Bi + i
2

wi(2) =5 (- Fui(e) 2.6)
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is the conformal map of C \ A; onto the complement of the disk B(g;—q;)/4(0)
satisfying ¢;(z) = z + O(1) as z — oo. Then, it holds that

Aca = [(B2 — 052)/4]2 =: Ao,
. Bep = (B2 +a2)/2 =: Bo2,
lim
c—>0 Ac,l =0=: AO,I,

Be,i = Bopa + ¢2(a1) =: Bo,1,

2.7)

and analogous limits hold when ¢ — 1. Moreover, all the constants Ac1, Ac,2,
Bc.1, B¢ are continuous functions of the parameter c € [0, 1].

Let us stress that the numbers A.; and B.; defined in (2.5) are precisely the
ones appearing in (1.12). Even though the expression for By ; might seem strange,
it has a meaning from the point of view of spectral theory of Jacobi matrices,
see (A.8).

We prove Proposition 2.1 in Section 5. It is worth noting that the constants
Ac,1 and A, are always positive (except for Ag,1 and A4, of course). Indeed,
denote by a1, B¢,1, ®c,2, B2 the ramification points of PR, with natural projections
a1, Be,1, 0,2, B2, respectively. Then the symmetries of SR, and y.(z) yield that
Xc(z) is real and changes from —oo to co when z moves along the cycle

0) 2)

00® — @y —> 0o — Be1 — 02— 0o — B — 00©®
whose natural projection is the extended real line. Thus, y.(z) is increasing when
it moves past co™ and co®, which yields the claim (this argument also shows

that Bc,l < Bc,z).

2.2. Proof of Theorem 1.3. Our proof will be based on a characterization of the
essential support of a Jacobi matrix on a tree obtained in [13, Theorem 4]. We need
some preliminaries to formulate this result. Suppose T is a 3-homogeneous rooted
tree with root at O (a binary tree), which means that O has two neighbors and any
other vertex has three neighbors. Later in the text, we will use the notation Z ~ Y
to indicate that vertices Z and Y are neighbors and the symbol V will denote the
set of all vertices of T. Given a real function V' defined on V and a real positive
function W defined on all edges, we make an assumption

sup |Vy| <oco, 0< Wzy, sup Wzy < oo, (2.8)
Yev Z~Y,YeV
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to introduce g, a bounded self-adjoint Jacobi matrix

@y =Vefy + Y Wiifz. Yev 2.9)
zZ~Y

defined on £2(V). One example one can think of is J; introduced in (1.3). Consider
a set of distinct vertices (a path) {Y,},n € N, in V such that Y,, ~ Y, 4+; for every
n. Clearly, every such path on the tree escapes to infinity, i.e., dist(O, ¥;) — oo,
n — oo. We want to define R-limit (or “right limit”) of J along this path. To do
that, suppose G is a 3-homogeneous tree (without a root), O’ is a fixed vertex on
G, and J’ is a bounded self-adjoint operator on G. Recall that B, (Y') stands for the
ball of radius r centered at ¥ and denote the restriction operator to this ball by
Ppg, (v). Consider two finite matrices: Pp. (v, dPB, (v and Pg, (0J' P, (0. If
we identify £2(B,(0’)) and £>(B,(Y,,)) by following the structure of the tree (and
there are many ways to do that), then these matrices are defined on the same finite
dimensional Euclidean space. If this identification can be done so that all sections
of J’ appear as the limits, we call ' an R-limit or right limit:

Definition. We say that J’ is an R-limit of J along {Y,} if there is a subsequence
{nj} such that

Py, (v,,)3 P8, (v, ;) — PB.0nd PB. (0 a5 —> 0
for every fixed r € IN. Matrix J’ is called simply an R-limit of J if there exists a
path along which ' is an R-limit of J.

Remark. For the rigorous definition of R-limit on more general graphs, see [13].

Theorem 2.1 (Theorem 4 in [13]). We have

Oess(d) = UCT(H/) .

g’ is an R-limit of J

Remark. Theorem 4 of [13] was stated for the regular trees only, but the proof is
valid for rooted trees as well.

Auxiliary operators Lgl) and LEZ). Recall that T denotes the 3-homogeneous
rooted tree with the root denoted by O and 'V stands for the set of all its vertices.
There are two edges meeting at the root O. We label one of them type 1 and the
other one — type 2. Now, consider two vertices that are at distance 1 from O. Each
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of them is coincident with exactly three edges. One of the edges for each vertex
was labelled already, and we label the remaining two as an edge type 1 and an edge
of type 2. We continue inductively by considering all edges that are at distance
2,3, etc. from O and calling one of the unlabelled edges type 1 and the other
one type 2. Now that all edges of T have types assigned to them, we continue by
labeling the vertices. If a vertex ¥ meets two edges of type 1 and one edge of
type 2, we call it a vertex of type 1; otherwise, if it is incident with two edges of
type 2 and one edge of type 1, we call it type 2. We do not need to assign any type
to the root O. At a vertex Y # O of type iy, see (1.1), we define both operators
Lgl) and LE?) by the same formula:

COVy = 3 VA Uy + Bey Yy, 1€ {1.2); (2.10)
je{1,2},Y'~Y,
type of edge (Y,Y")=j

and at the root O we define the operators Lgl) and ng) differently from each other
by
LPV)o =Y VAc ¥y + Beao. 1 €{1.2}.

je{1,2},Y'~O0,
type of edge (0,Y’)=j
Notice that these operators represent Jacobi matrices on 7 when ¢ € (0, 1).
However, if ¢ € {0, 1} either A.; or A.» becomes zero and Lgl), LE?) are no
longer Jacobi matrices, strictly speaking.

Remark. The operators Lgl) and ng) already appeared in [8] as the strong limits
of Jacobi matrices on finite trees that correspond to { P;}, the polynomials of the
second type (see formula (3.3) and Subsection 4.5 in [8]). We defined Lgl) and
ng) by assigning the “types” to vertices of the tree and then defining the Jacobi
matrix accordingly. This is an example of more general construction that generates
trees satisfying a finite cone type condition. The Laplacian defined on trees with
finite cone type and its perturbations were studied in, e.g., [31, 33, 32].

Lemma 2.1. If J has coefficients in Pang(A1, A2), then the R-limits of J and the
R-limits of Lgl), 1 € {1, 2}, are related by the following identity

(@9 is an R-limit of £} = {3": 3" is an R-limit of J}. (2.11)
ce€l0,1]

Proof. This follows from the definition of the R-limit, construction of Lgl)
and ng), and from the assumption (1.13). O
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We further study auxiliary operators £ and £ in Appendix A.

Proof of Theorem 1.3. Assumptions (1.13) characterize the behavior of the coeffi-
cients at infinity. Thus, Weyl’s theorem on the essential spectrum [41] implies that
any two Jacobi matrices with parameters in Pang (A1, A3) have the same essential
spectra. Moreover, by the same Weyl’s theorem, this essential spectrum is inde-
pendent of the choice of parameter « in (1.3). Hence, it is enough to prove the the-
orem for the Jacobi matrix J; generated by some Angelesco system with analytic
weights and with ¥ = 5. In [8, Section 4] we established that A; U A, € 0(J;,).
Thus, AjUA; C 0ess(d3,) as follows from the definition of the essential spectrum.

To prove the opposite inclusion, take any J for which the coeflicients belong
to Pang(A1, Az). The application of Theorem 2.1 and Theorem A.1 to Lgl) gives

UO’(E]/) = O'ess(Lgl)) = Ac,l ) AC,21
9’ is an R-limit of £V

which yields an inclusion

U U@ < JAeaUA) =A1UA,, (2.12)

cef0,1] 7 is an R-limitof £ cef0,1]

where the last equality follows from the properties of A.; and A, (which we
also discuss later in Proposition 4.1). Moreover, since

Oess(J) = U UU(g/)

c€[0,1] g’ is an R-limit of /JE”

by Theorem 2.1 and (2.11), we get from (2.12) that oegs(d) € A U Ay, which
proves the theorem. U

3. Multiple orthogonal polynomials for Angelesco systems

In this section we state the results on asymptotic behavior of the forms Q;(x) and
polynomials P;(x) defined in (1.4) and (1.5), respectively, along ray sequences
Ne = N(c,1—¢) defined in (1.10) under the assumption that the measures of or-
thogonality are as in Theorem 1.1. The study of strong asymptotics of multiple
orthogonal polynomials has a long history, see for example [29, 36, 6, 45]. Below,
we follow the Riemann—Hilbert approach used in [45], where the strong asymp-
totics of MOPs was derived for Angelesco systems with analytic weights for non-
marginal ray sequences. Here, we extend the results of [45] to marginal sequences,
which is a non-trivial problem requiring new ideas.
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As before, we assume that the intervals Ay = [&q, f1] and A, = a2, B2] are
disjoint and 81 < a». In accordance with the definition of the intervals A 1, A¢ 2
after (2.2), we shall also set

Ao, :=Ha1}, Agp:i= Ay
and
A=A, Api={B2}).

Throughout the paper, we use the following notation: given a system of Jor-
dan arcs and curves X, we denote by X° the subset of X consisting of points that
possess a neighborhood that is separated by X into exactly two connected compo-
nents. In particular, A? = (o;, i), i € {1,2}.

3.1. Fully marginal ray sequences. In this subsection we consider solely infi-
nite ray sequences of the form

N;_1 = {n:there exists C > O such thatn; < C}, i €{1,2}. (3.1

To describe the asymptotics we need to introduce the so-called Szegd functions
of the measures (1, (. To this end, let us set

pi(x) = =2mip}(x), x € A;. (3.2)

Observe that (p;w;+)(x) > 0 for x € A} := (;, B;), where w; (z) was introduced
in Proposition 2.1. Put

_ wi(z) [ log(piwi+)(x) dx .
Sp;(2) = exp{ i / p— wi+(x)}’ i €{1,2}. (3.3)
A;

Then each Sy, (z) is a holomorphic and non-vanishing function in C\ A; that is
uniquely (up to a sign) characterized by the properties!

(3.4)

(Spi+Sp—)(X)(piwi+)(x) =1, x € A7,
1Sy, (2)] ~ |z — x| 714, as z — xx € {a;, Bil.

Notice also that if p; (x) is replaced by p;(x)/w;+(x) in (3.3), then Sy, /u,  (2)
retains all the described properties except it is actually bounded around B; and «;.
The following theorem holds.

1 A(z) ~ B(z) as z = zo means that the ratio A(z)/B(z) is uniformly bounded away from
zero and infinity as z — zo.
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Theorem 3.1. Under the conditions of Theorem 1.2, it holds that

P;(z) = (14 0(1))(Sp,(2)/Sp, (00))S™ (2 1) (z — 1) 3 (2)
uniformly on bounded subsets of C \ (Ao,1 U Ay) along any Ny satisfying (3.1),
where ¢, (z) was introduced in (2.6) and

¢2(z) — ¢2(xo) <P2(x0)€02(2))1/2’ 2 e\ Ay,
P2(x0)g2(z) — Ao z—xo
Xg € (—00,00) \ A and the root is chosen so that S(oco; xo) = 1. An analogous
asymptotic formula holds along N satisfying (3.1).

S(z:x0) 1= ( (3.5)

Since @a (x)@2—(x) = Ao,z for x € Ay, an explicit computation shows that
S(x:x0)4S(x:x0)— = |S(x: x0)+|* = —@2(x0)(x —x0)™'.  x € A

As S(z; xo) is non-vanishing and holomorphic in C\ A, as well as bounded around
a2, B2 a standard argument shows that

S(z5%0) = Sp(2)/Sp(00), S5 (00) = v/ —g2(x0),  0(x) := (x —x0)/wa+(x),

where S,(0c0) > 0 when xo < o, while S,(c0) € iR when xo > B, with the
choice of the square root depending on the determination of log(x — x¢) used. We
prove Theorem 3.1 in Section 6.

3.2. Szeg6 functions on MR.. Letus set A.; = 7w 1(Ac;), i € {1,2}, and
orient it so that mg‘” remains on the left when the cycle is traversed in the positive
direction. Put

We,i(z) = \/(z —tei)(z—Bci) =z+0(), z— o0, (3.6)

to be the branch holomorphic outside of A, ;. In what follows, it will be convenient
to introduce the following notation

FOGz) .= F®), ke{0,1,2),

for a function F(z) defined on PR; \ (A¢,1 U A 2). Then the following proposition
holds.

Proposition 3.1. Given ¢ € (0, 1) and functions p1(x) and p»(x) as in (3.2) and
Theorem 1.1, there exists a function S.(z) non-vanishing and holomorphic in
R\ (A1 U Acp) such that

SO ) = SQ ) (piweir)(x), x € Acy,
(555 = 1. zet, (3.7)

1S9(2)| ~ |z — xo| 1/ asz — xo € {o1, Be.1, 0en. Bal.
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Properties (3.7) determine S.(z) uniquely up to a multiplication by a cubic root
of unity. Moreover, if c — c« € (0, 1), then

SP @) =11 +o()ISP(2), (3.8)

locally uniformly in C \ Ac, k when k € {1,2}, and in C\ (A, 1 U A, 2) when
k = 0. Furthermore, it holds that
SPZ(Z)/SPZ(OO)7 k = 0’
=({1+o0(1)31, k=1, (3.9
sz(oo)/sz(z), k=2,

5P (2)

5P (00)

as ¢ — 0, where o(1) holds locally uniformly in C \ A1 when k € {0, 1} and
uniformly in C when k = 2 (that is, including the traces on A,), while it also
holds that

liII(l) SC(O)(oo)cl/3 =VS,,(c0),
c—
lim S0 (c0)e 23 = v 2, (3.10)

lim 5P (00)c!/? = V/S,,(c0),

where V 1= (2w (ozl)|w2((x1)|Sp2((x1))_1/3. Limits analogous to (3.9) and (3.10)
also hold as ¢ — 1.

The construction leading to Proposition 3.1 is not new. As soon as strong
asymptotics of MOPs became a question of interest, it was well understood that
classical Szegd functions need to be replaced by solutions to a boundary value
problem (3.7). The original approach reformulated (3.7) as a certain extremal
problem, see [6]. Another approach using discontinuous Cauchy kernels on the
corresponding Riemann surface was developed in [11]. The latter construction is
exactly the one we adopt in Section 5 to prove Proposition 3.1. Even though out
of necessity, but unlike previous works, we do examine here what happens to the
Szegd functions S¢(z) when one of the intervals A, 1, A2 is collapsing.

3.3. Non-fully marginal and non-marginal ray sequences. In this section we
assume that sequences N, ¢ € [0, 1], satisfy

g7 = 1/min{ny,no} — 0 as |ii| = oo, i1 € Ne. (3.11)

We start by introducing an analog of the functions ¢ (z), ¢»(z) in the non-fully
marginal and non-marginal cases. Given a multi-index 7, let

¢ = ny /|l (3.12)
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To alleviate the notation, in what follows we shall use the subindex 7 instead of
¢y for quantities depending on ¢j; such that R; = R.., S;(z) = Sc.(2), etc.
We shall denote by ®;;(z) a rational function on 9R; which is non-zero and finite
everywhere except at the points on top of infinity, has a pole of order |ii| at co(©®,
a zero of multiplicity n; at co® for eachi € {1, 2}, and satisfies

@Yoo (z) =1, zeC. (3.13)

Equality in (3.13) is a simple matter of a normalization since the logarithm of the
absolute value of the left-hand side of (3.13) extends to a harmonic function on C
which has a well defined limit at infinity and therefore is a constant.

Theorem 3.2. Under the conditions of Theorem 1.2, let P;(z) be the polynomials
satisfying (1.5). Given ¢ € [0,1], let N, = {n} be a sequence for which (3.11)
holds. Then 1 € N, we have that

P;i(2) = (1 + 0(1)y;(S; 7) @ (2),
Pi(x) = (1 4+ 0(1)yi(Si®) P (x) + (1 4 0(1)) 7 (S5 @) (x),

where the relations holds uniformly on closed subsets of C \ (A¢,1 U Ac) and
compact subsets A | U A¢ ,, respectively, and y; is the constant such that

lim ;2" (859)@(2) = 1.

When ¢ # c*, c**, see Proposition 4.1 further below, the error rate o(1) can be
replaced by O.(e;;), where the dependence of O.(g;;) on c is uniform for ¢ on
compact subsets [0, 1]\ {c*, ¢**}.

In the above theorem the functions Séo) (z) could be replaced by their limits as
discussed in Proposition 3.1. However, we can do this only at the expense of the
error rate O, (g5).

To describe asymptotic behavior of the forms Q;; (x), we need to introduce one
additional function. Let IT;(z) be a rational function on 98;; with the zero/pole
divisor and the normalization given by

2(00® 4 00®) —ay — B —@ip— B2 and T (c0) = 1,

where a1, B 1,5 ., B2 are the ramification points of R;;. Then the following
theorem holds.
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Theorem 3.3. Under the conditions of Theorem 1.2, let Ag) (z) be the polynomials
defined in (1.4), i € {1,2}. Given ¢ € [0,1], let N, = {n} be a sequence for
which (3.11) holds. Then for i € N, we have that

. M w; ;)(z)
(1) nt
AP (@) = ~(L+ o) s

uniformly on closed subsets of C\ A, fori € {1,2} whenc € (0,1), i = 2 when
c=0,andi =1 whenc = 1, while

AD(2) = 0(1) (z (wy ;) (2)) 7",

uniformly on closed subsets of C \ Ag,y fori = 1 whenc = 0 and of C \ Aq
fori = 2 when ¢ = 1, where t; = y; S;EO) (00), i.e., it is a constant such that

lim; 00 rﬁ|z||ﬁ|d>;0) (z) = 1. Moreover,

(M w; )+ (%) (M w; ) (x)
o~ (o) s
Vi (S5 @)y (x) Vi (87 @)L (x)

uniformly on compact subsets of Ag ;, i € {1,2}. As in the case of Theorem 3.2, the
error rate can be improved to O, (e;) when ¢ € [0, 1]\ {c*, ¢**} with dependence
on ¢ being locally uniform.

AP (x) = ~(1+0(1)

Let (fi1, fi2) be a vector of Markov functions of the measures y;, that is,

[1:(2) ::/M—L PiY) 4o e T\ AL iell.2)

zZ—X 2ni ) x—z
A;

Observe also that (fi;+ — fii-)(x) = pi(x), x € A7, by Plemelj-Sokhotski
formulae. Then one can deduce from orthogonality relations (1.5) that there exist
polynomials ﬁ(’)(z) such that

R () = (Paji — PO)(2) = 0G""HD) asz — oo,

i € {l1,2}. The vector of rational functions (Pﬁ(l) /Py, Pffz) / P;) is called the
Hermite-Padé approximant for (fi, fi,) corresponding to the multi-index 7. It
further can be shown that

/ (Pnpl (X)

Rf;')(z)_ dx, zeC\A;ie{l2} (3.14)

2mi
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It also follows from (1.4) that there exists polynomial A; (x) such that
Ry Qi (x)
0 = Y (UPAIE) - 430 = L) = [ R0 @)
= z—Xx
where the asymptotic formula is valid for z — oo. Then the following result holds.
Theorem 3.4. Under the conditions of Theorems 3.2-3.2, it holds for n € N, that

RO (2) = (1 +0(1)y;(S; 27V (@)w3 (2).

uniformly on closed subsets of C \ A.;, that is, including the traces on A; \ A
fori € {1,2} whenc € (0,1), fori =2 whenc = 0, and fori = 1 whenc = 1,
while _ .

RY(2) = o170 ()w; 1 (2)

uniformly on closed subsets of C \ Ao, fori = 1 when ¢ = 0 and of C\ A, for
i =2 when c = 1. Moreover,

@)
Vi (S5 @7) O (z)”

uniformly on closed subsets of C \ (A¢1 U Ac ). As in Theorems 3.2 and 3.3 the
error rate can be improved to O.(e;) when ¢ € [0, 1]\ {c*, ¢**} with dependence
on ¢ being locally uniform.

Li(z) = (1 +o(1))

Theorems 3.2-3.4 are proven in Chapter 7.

4. On the supports of the equilibrium measures

In this section we discuss further properties of the vector equilibrium problem
(2.2)—(2.3) as well as prove some auxiliary lemmas needed later.

With the notation introduced in the beginning of Section 2.1, the following
proposition holds.

Proposition 4.1. There exist constants 0 < ¢* < ¢** < 1 such that

Bea < PB1, acp=az, 0<c<c*
Bea =P1. dcp =z, ¢* <c=c*,

ﬁc’l = /31, Qe > Q2, 1>c¢>c**.
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Moreover, it holds that?

*
Wej —> Weyiis, Oc2 —> e, 2, lgc,l — lgc*,ly

Zc,i N KC*,iy V@i — 5 VPcx.i

asc — c. € (0,1), fori € {1,2}, where the convergence of potentials is uniform
on compact subsets of C. Furthermore,

*

*
We2 —> W2, /36,1 — 1, Ec,z — 262, Zc,l —> sz(()ll), asc — 0,
We,1 —> W1, CQ¢co —> B2, Zc,l — 244, Ec,z — V®(By) asc—1,

and V®e.i — V@i uniformly on compact subsets of Casc — 2 —1i,i € {1,2}.

Further, recall the surface SR, constructed just before Proposition 2.1. Given
a rational function F(z) on R., we denote its divisor of zeros and poles by (F)
and write

(F)=myzy +---+mz;—kipr—-—kep:
to mean that F(z) has a zero of order m; at z; for eachi € {1,...,[}, a pole of
order k; at p; foreachi € {1,...,t}, and otherwise it is non-vanishing and finite,

where necessarily Zf.:l m; =i ki.
It can be easily checked using Schwarz reflection principle, as it was done in
[45, Proposition 2.1] for ¢ rational, that the function
_Vwc.1+wc.2(z) T &,1 + 60,2 zc 9‘5’0)
3 9 9
H.(z) := . . 4.1)
Voi(a) — i + L2 2 e MO, i e (1,2),

is harmonic on R \ {00 @, 0oV, 00} Therefore, the function
he(z) :=20,Hc(z) (where 20, := 0, —idy)

is rational on R.. In fact, it holds that

hO(z) = / d(wc’l;r_c{;m)(m’ z € C\ (Ac,1 UAcp).

| (4.2)
1) :/M 2€C\ Ay i €{1,2}.

X —2Z

*
2Given compactly supported measures v,, n € Zso, V, —> Vo as © — oo means that
[ fdv, = [ fdvo as n — oo for any compactly supported continuous function f.
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The importance of this function lies in the following: it was shown in [45,
Propositions 2.1 and 2.3] that

1

z
@ (z) = C; exp{|ﬁ|/hcﬁ(x)dx} and
B2

for z € 9R;, where the constant C; should be chosen so that (3.13) is satisfied.

Proposition4.2. Let D, := o1+ f.1+&c 2+ B2 be the divisor of the ramification
points of R. It holds that

(he) = 00@ + 00 4 00@ 4z, — D, (4.4)

for some z, € 9%20) such that z, € [B¢,1,dc,2]. Moreover, z. is a continuous
increasing function of ¢ and

{Zc = ,Bc,lv c <c*,

Ze =Qcp, C€>c**.

This proposition has the following implication: point z, uniquely determines
the vector equilibrium measure (w1, wc2). Indeed, choose z. € (a1, f2). Set
B« = min{fq, z,} and «,» = max{wy, z.}. Construct Riemann surface DR,
with respect to the cuts [o1, B+,1] and [o4 2, B2] as before. Let 4, (z) be a rational
function on 2R, with the zero/pole divisor

(h*) = OO(O) + Oo(l) + 00(2) + Zy —01 — ﬂ*,l _a*,z _ﬂZ’

where a1, 84,1, &« 2, B2 are the ramification points of R, and z, € 9%&0). Clearly,
ho(zO) + 1y (z) + 7y (z®) = 0 as this sum must be an entire function that
vanishes at infinity. Normalize /1 (z) so that 1, (z©®) = 1/z4+0(1/2z%) as z — oo.
Set ¢, 1= —lim, 00 zh.(z(). Then R, = R¢,, z. = z,, and respectively
h«(z) = he, (z). It further follows from Privalov’s lemma [39, Section II1.2] that

. . d
dwe, i (x) = (19 () = h2 ()=, i €{1,2},
2mi
and thus, we have recovered the vector equilibrium measure from z,.

Proof of Propositions 4.1 and 4.2. Besides relations (2.3), it also holds that the
left-hand sides of (2.3) are strictly less than zero on A; \ A1 and Ay \ Aca,
respectively, see [26]. In particular, we can write

V%“’c,l(x) + zinc,z(x) _ £C=1 {E 0 on supp(we,1),
C

2¢ >0 onA;\ supp(we1),
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which, in view of [42, Theorem 1.3.3], can be interpreted in the following way.
The measure %wc,l is the weighted logarithmic equilibrium distribution on A; in
the presence of the external field %V“’ﬂz(x). Hence, its support maximizes the
Mhaskar—Saff functional [42, Chapter IV]:

1
F.(K) :=logcap(K) — % / Ve 2dwg,

where K C [y, f1] is compact, cap(K) is the logarithmic capacity of K, and wg
is the logarithmic equilibrium distribution on K (when K is an interval, wg is
the arcsine distribution on K). As mentioned before (2.3), the maximizer of this
functional is an interval containing «; (this was proven in [26]). Therefore, it is
enough to consider compact sets K only of the form [, 8]. Thus, the functional
F(K) reduces to the function

B
. B — o 1 e dx
Fe() = log = e (FTrarnt

where we used explicit expressions for the logarithmic capacity and the equilib-
rium measure of an interval. To find the maximum of F,(8) on A1, let us compute
its derivative. To this end, it can be readily checked that

B+h

dx dx
(/f() JBTh—(x—an) /f( )n\/(ﬂ—x)(x—al))

8
1 d
=/h(f( ﬁ ) f())ﬁm

o]
for every differentiable function f(x) on A;. Observe also that V®¢2(x) is

harmonic off A, and therefore f.(x) := V®2(x) = — [log|x — y|dwe ()
is a smooth function on A;. Hence, by taking the limit as 7 — 0 in the above

equality, we get
1
1 , 061 ,3 + o 1+ x
F! \/ . 4.
() = a;  Ame / fe 2 ) 1 —xdx 4-5)

Itis also obvious that f(x) = [(y—x)"'dwc,2(y), which is an increasing positive
function on A;. Thus, F/(p) is a decreasing function of § and therefore has at most
one zero. Moreover, it holds that

<l <

—¢  xeA, (4.6)
Otz—,31
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Hence, F/(B1) < O for all ¢ small. As limﬂ_)a+ F!/(B) = 400, we get that
1

Bea € (a1, B1) for all ¢ small. Using F/(Bc,1) = 0 and the above estimates,

we get from (4.5) that

e (2 — B1) < PBeg—oay < 4—c(ﬂ2 —ay) 4.7)
—c 1—c¢

1

for all small c. This, in particular, implies that .1 — «; as ¢ — 0. An analogous
argument shows that a, » approaches 8, when ¢ — 1. It further follows from (4.6)
that f/(x) uniformly converges to zero on Ay as ¢ — 1. Thus, F/(f) > 0 for all
B € Apandall ¢ closeto 1. Thatis, A.;; = A; in this case. Similarly, we also get
that A;» = A, for all ¢ small.

Let us now describe what happens to the components of the vector equilibrium
measure and their potentials as ¢ — 0. Clearly, V®<1(z) — 0 uniformly on
compact subsets of C\ Ay ; in this case. To show that w. » 5 wy as ¢ — 0, notice

that
> infa, V9,
A :/V“’Zda :/V"dm = 1Mas
< Sup,, Ve,

for any Borel measure o supported on A, since w, is a probability measure. It
follows from (2.3) that 1V“<2(x) is continuous on Ay = A, ». Therefore,

20(1 =€) = min V202 = V22 (xyin) = Lep = V0 (¥min) = L2 + 0(1).

2
20,(1—c) < max V2@e2 = Y29c2(xp0) = Ley — VP! (Xmax) = Lea + o(1),

2

which implies that £, , = 2¢, + 0o(1) as ¢ — 0. Let w be a weak™ limit point of

we,2 as ¢ — 0. Then w is a probability measure and

V€ (x) < lim i(I)lf V®2(x) = lim i(r)lf(éc,z — VP 1(x)/2 =4y, x € As,
c—> CcC—>

where the first inequality follows from the Principle of Descent [42, Theo-
rem [.6.8]. Therefore, E(w, w) < £, = E(w2, w,), which implies that = w, by
the uniqueness of the equilibrium measure. To deduce the behavior of the con-
stants £, 1 as ¢ — 0, observe that

{Vch,l+wc.2(x) < KC,I’ X € (—OO,“]],

V20e1t@ea(x) > Loy, x € [Bea, Bil,

where the first claim can be easily obtained from (2.3) and the second one was
already mentioned at the beginning of the proof. Then

V2w(!1+a)c_2(a1 —E) < Ec,l < V2wc’l+a)c’2(0l1 +€)
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for any € > 0 since 8.1 < «; + € for all ¢ small enough. Hence, we get that

V@ (g —e€) <liminf{.; <limsupl.; < V(a1 + €).
c—>0 c—0
Since V®2(x) is continuous on the real line and € is arbitrary, we get that £,; —
V®2(a7) as ¢ — 0. The respective claims for the limits as ¢ — 1 can be shown in
a similar fashion.
Let us point out one consequence of the fact that w, » 5 w, as ¢ — 0 that will
be useful to us later. It holds that

B2
/ o dwc2(y) N dwa(y) _ l 1 dy
f“(z)'_/ y—z / y—z n/y—zﬂy—az)(ﬁz—y)

o2

1

w(z)’

locally uniformly in C \ A,, where, as before,

wa(z) 1= \/(Z —a2)(z — B2).

Therefore, we can improve (4.7) to

4c

Bea—ar  |wa(ar)]

+o(1) (4.8)

as ¢ — 0, where we again used (4.5).

The facts that w, ; 5 We,iandl.; — L., ;asc — co €(0,1),i € {1,2}, were
shown in the proof of [45, Proposition 2.1]. Let us now show that 8.1 — B, .1 in
this case (that is, that B, ; is a continuous function of ¢). Weak™ convergence of
measures necessitates that liminf. .., Bc.1 > B¢, ,1. Assume to the contrary that
there exists a subsequence ¢, — ¢, such that 8., 1 < B« = liminf, o Be,.1-
Then,

liminf €., ; = liminf V2®en 1% @en2(x) > V2P 1t @ex2(x) > £, 4
n—-oo n—->oo
for x € (B, 1, B+) due to the Principle of Descent [42, Theorem 1.6.8]. However,
the above conclusion clearly contradicts the claim £.; — £., 1 as ¢ — c.. The
convergence o, » —> 0, 2 as ¢ —> Cx can be shown analogously (unfortunately,
this convergence of the endpoints was asserted without justification in the proof
[45, Proposition 2.1]). Given the convergence of the endpoint, the uniform con-
vergence of the potentials as ¢ — ¢, € (0, 1) was established in the proof of [45,
Proposition 2.1] using harmonicity of H.(z). The same arguments can be applied
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to show that V®ci — V% uniformly on compact subsets of C as ¢ — 2 — i,
i €{1,2}.

Let us now establish the existence of the constants 0 < ¢* < ¢** < 1 and
the monotonicity properties of 8.1 and o, . Claim (4.4) was obtained in [45,
Proposition 2.3]. There it was further shown that

*

,Bc,l < ,31 = Z; = ,Bc,l and Uep > 0y = Ze = O¢ 2. 4.9)

Assume now that B¢, 1 = Bc,,1 < Bi. Then the functions A, (z) and h.,(z) are
defined on the same Riemann surface. Their difference has at least four zeros
(double zero at 0o® and simple zeros at oo™ and co®) and at most three poles
o1,0>, B>. This is possible only if the function is identically zero and therefore
c1 = ¢y as hgl)(z) = cz7! + O(z72) by (4.2). Since B.1 — a; as ¢ — 0, this
shows the existence of ¢* and proves monotonicity of B, ; as a function of ¢ (it is
a continuous and injective function of ¢). The existence of ¢** and monotonicity
of o, are proven analogously. It also follows from (4.9) that ¢* < ¢**. As it was
shown in [45, Proposition 2.3] that z.x = B¢+ .1(= B1) and zexx = dexx 2(= @2),
we in fact get that ¢* < ¢**.

It only remains to prove that z. is a continuous increasing function of ¢ on
[¢*, c**]. To show monotonicity, take ¢* < ¢; < ¢; < ¢**. It follows easily
from (4.2) that each i (x©) is a decreasing function of x € (B;,a3). Thus, to
prove that z;, < z,, it is enough to show that h(x(o)) > 0 in (81, a2), where
h(z) := (he, — he,)(z). Notice that £(x©@) = —h(xM) — h(x®) by (4.2) and
therefore it is sufficient to argue that 2(x(") < 0 on (81, 00) and 2(x®) < 0 on
(—00, @2). These claims are obvious for all |x| large enough since

h(zWy = _CZZ;CI +0(z7%) and h(:z®)= % +0(z7?)

as z — oo according to (4.2). As explained after (4.9), i(z) vanishes only at 00,
ooV and co® . Therefore, 1(z(") and 1(z») cannot change sign on (B, c0) and
(—o0, an), respectively. Hence, these functions are negative everywhere on the
considered rays by continuity.

To show continuity of z. as a function of ¢ € [c*, ¢**], we shall once again
use the fact that /1. (x©) is a decreasing function on (81, az). When ¢ € (¢*, c**),
he (x@) is unbounded on both ends of (81, 2) and therefore changes sign from +
to — when passing through z. (recall that /. (z) has poles at §1 and &> in this case).
When ¢ = ¢*, he(x®) is unbounded only at o, and, since it is non-vanishing, is
negative on [fB1,az). Similarly, when ¢ = ¢**, it is unbounded at 8; only and
therefore is positive on (81, @z]. In any case, z. is the point where the potential



Jacobi matrices on trees generated by Angelesco systems 1535

Y @e1t@c2(x) achieves its minimum on [B1, as]. Thus, if z,, — z, as ¢, — ¢«
when n — 00, ¢;, ¢+ € (¢*, ¢**), then

V@102 (z,) < liminf V@en-1H®en2(z, )
~ n—oo n

< liminf V@en1T@en2(z, ) = V@ex1H@ex2 (7, 1y,
n—>oo
where the first inequality follows from the weak™* convergence of measures and the
Principle of Descent [42, Theorem 1.6.8], the second one from the just discussed
extremal property of z., , and the last equality holds due to the weak* convergence
of measures and the fact that z., does not belong to the supports of the measures
in question. Since V®e+.17@cx.2(x) is smallest at z., , we get that z, = z.,. When
c» = c*, essentially the same argument works. One just needs to replace z,, = B
with B; + € for any € > 0. Since V@e.1T®cx.2(x) is increasing on [B1, az], this
shows that z, < z., + € for any ¢ > 0 and therefore z, = z.,. Clearly, an
analogous modification works when ¢, = ¢**. O

5. Proof of Propositions 2.1 and 3.1

On several occasions, we shall refer to the following consequences of Koebe’s
1/4-theorem, [38, Theorem 1.3]. Given r > 0, let

o) 00 1
a(z) =) ar(z—z0)*. b)) =) bz d(z) =) diz*
k=0 k=0

k=—00

be univalent in D, = {|z — zo| < r}, Dp = {|z| > 1/r}, and Dy = {|z| > r},
respectively. Then,

{lz —ao| < rai/4} Ca(D,),
{lz —bo| < rb1/4} C b(Dyp), (5.1)
{lz| > 4rdi} € d(Dy),

where f(D) stands for image of a domain D under the function f(z).

5.1. Proof of Proposition 2.1. Recall that y.(z) is univalent on R, and )(EO) ()=
z + 0(z7Y) as z — oo, see (2.4). Hence, it follows from (5.1) that there exists
a finite constant R independent of ¢ such that {|z| > R} C XC(D%E,O)) for all
¢ € (0, 1). In particular, it holds that | y.(x)| < R,x € A, 1,aswellas |B. ;| < R,
i €{l,2},see(2.5),forall c € (0,1). Forall ¢ < c¢** (in which case A. > = A»),
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define
o) LT Bt e/24wa(). 2 e RO\ A,
C 2 |z= B+ @)/2—wa(z), zeMP.

This is a meromorphic function in (9%5,0) U ?ﬁgz)) \ A1 with a simple pole at 0o ®,
a simple zero at 0co®, and otherwise non-vanishing and finite. It is normalized so
that ¢(z(®) = z + O(1) as z — co. Observe that ¢(z) continuously extends to the
closed set R U 9. It can be readily checked that the image of R U RP
under ¢(z) is equal to C and ¢(z) is one-to-one everywhere except on A ; that is
mapped into an interval

P(Ac1) =t Ieq = [@(ar), 9(Be,1)] — {@(e1)} asc — 0.

Notice also that 9@ (z) = ¢@,(z) for z € C \ A, see (2.6).

Define f.(z) := (xc(¢~'(z)) — Bc2)/z. Then f.(z) is a holomorphic function
in C \ I., (there is no pole at the origin as ¢~1(0) = 0o® and y.(z) — B.»
vanishes there) with bounded traces on /. ; that assumes value 1 at infinity. Hence,
it follows from Cauchy’s integral formula that

fc(z):1+/wd_x.’ zeC\ L.
Ic.l

X—z 2mi

Since the traces f.+(z) are bounded above in absolute value on /. ; independently
of c and |/;,;1| — 0 as ¢ — 0, we see that f.(z) — 1 as ¢ — 0 locally uniformly
in C \ {¢(er1)}. Hence, it holds that

Xc(2) = Bep + (14 0(1)e(2)

locally uniformly on (9%20) U 9%22)) \ A. 1. Since the image of (9%20) U 9%22)) \Ac1
under ¢(z) is C \ I.; and |I.;] — 0 asc — 0, for any € > 0 there exists
§ > 0 such that the image of (R \ 77 ({|z — a1 < €})) URP under . (z)
contains C \ {|z — Be» — ¢(at1)| < 8}. Due to univalency of x.(z) on R, this
means that the image of (D%EO) N '{lz —ay] < €}) U %gl) is contained in
{lz = Bca — @(a1)| < 8}. Altogether, we get that

o(z), ze€ Digo) U 9{22),
Xe(z) = Bep + (1 +0(1)) (5.2)
o(ay), z€ D‘igl),

where o(1) holds uniformly on the entire surface $R.. Since

B2+ a2 1 @ (B2—a2)?1 1
-2 o(2) ad P = v o( ).

the desired limits (2.7) easily follow.

o) =z
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Continuity of A¢,1, Ac,2, Be,1, Be2 as functions of ¢ comes from the contin-
uous dependence of «., and B.,1 on c, see Proposition 4.2, and therefore the
continuous dependence y.(z) on c.

5.2. Auxiliary estimates, I. In the forthcoming analysis, the following functions
will play an important role:

Yei(z) := Aci(xe(z) = Bei)™' i€ {1,2). (5.3)

It follows from the properties of x.(z), see (2.4) and (2.5), that Y ;(z) is a
conformal map of 93, onto C that maps co® into oo and 0o(® into 0. Moreover,
it holds that

YN =z+01) and YO@) = A1z  +0(2) asz - oo (5.4)
It was explained in [45, Section 7], see [45, equation (7.2)], that
Ye,i(z) — Ye,,i(z) asc—c, €(0,1), (5.5)

uniformly on R, \ U for each i € {1,2}, where i is any open set the containing
ramification points of R., (if U, C PR, is an open set such that n(%gﬁ) \Y) =
n(%gk) \ i) for each k € {0, 1, 2}, then the bordered Riemann surfaces R, \ U
and MR, \ . are identical for all ¢ sufficiently close to ¢, and we can think of
Y., (z) as a function on R, \ ). On the other hand, when ¢ — 0, the following
is true.

Lemma 5.1. It holds that
v(z), zeROURD,
Yeo(z) = (1 +0(1)) (5.6)
Y(ar), zeRD,

as ¢ — 0, where o(1) holds uniformly on the entire surface R, and

Ao 1{2—(ﬁ2+a2)/2—w2(z), ze RO\ A

Yo =202 =
0@ 2| z—(Br+a2)/2+ wa(z), zeRP,
that is, Y@ (z) maps 9{22) conformally onto {|z| > (B2 — az)/4} and

W(O)(Z)W(z)(z) = Ao,2.



1538 A. 1. Aptekarev, S. A. Denisov, and M. L. Yattselev
Moreover, it holds that?

YO @) ~clo @), I @ ~clpe@), Y@~ (5.7

c c c

on C (including the traces on A1 U Ay, Ac1, and Ay, respectively) as ¢ — 0,

where
Be1 + o

2
Bea — a1 (Z 2

is the conformal map of C \ A onto {|z| > 1} that fixes the point at infinity and
has positive derivative there. In addition, it holds that Téll) (z) =z—a; + O(c)
uniformly in C as ¢ — 0.

¢c(z) =

+ e (2)) (5.8)

Proof. Formula (5.6) follows immediately from (5.2), the very definition (5.3),
and the first limit in (2.7). It also is immediate from (5.3) and (5.2) that

Ac,l
(1 +o(1)p(er) + (1 4 0(1))p@(2)
in C (including the traces on A,) as ¢ — O since [¢® (2)| < (B2—a2)/4 < |p(et1)],

see (2.6). It can be readily verified that the symmetric functions of the branches
of a rational function on R, must be rational functions on C. Since Tc(ll) (z) hasa

T3 ()| = Aci (5.9)

simple pole at infinity, Tc(?l) (z) has a simple zero there, and Tc(ﬁ) (2), k €{0,1,2},
are otherwise non-vanishing and finite, the product of three branches of Y. ;(z)
must be a constant. Thus, similarly to (5.9), it holds that

O ()o@ AT A7,

e O e e = gy = "+ ohpen)
in C as ¢ — 0 (recall that () < 0). Foreachz ¢ A.1 U A, let Z be
the point on the same sheet of PR, as z with 7(zZ) = Z and then extend this
definition by continuity to A;; U A.». The function Y, ;(z) is meromorphic on
R, and has the same zero/pole divisor and normalization as Y, ;(z). Therefore,
Y¢,1(2) = Ye,1(2). In particular, Tc(zl) (x) is real on A, and the traces of Tc(ﬁ) (2)
on A. 1, k € {0, 1}, are conjugate-symmetric. Hence, we get from (5.9) and (5.10)
that

~ A2, (5.10)

Aeq ~ AT TR LT L0 ~ T P = 1T 0P, 511

3 Given non-negative functions A.(z) and B.(z), we write A.(z) < B.(z) (resp. Ac(z) ~
B.(z)) as ¢ — 0 on K, for some family of closed sets {K,}, if there exists € > 0 such that
Ac(z) < CB.(z) (resp. C71A.(z) < B.(z) < CA.(z))for all z € K. and each ¢ € [0,¢€],
where C depends only on €.
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for x € A¢,1,as ¢ — 0. Thus, (5.9), (5.11), and the maximum modulus principle
applied to T(O) (2)¢e(z) and Y1) (2) /¢c (z) yield (5.7) with ¢2 replaced by A ;.
That is, we need to show that A.; ~ c2asc — 0.

As is mentioned above, the sum T(O) (z) + T(l)(z) + T(2) (z) is a rational
function on C. Since it has only one pole, which is simple and located at infinity,
it is a monic (see (5.4)) polynomial of degree 1. In particular, it holds that

Bea—er =2Y(Be) + T (Be) =27 (@) = YR @), (5.12)

where we used the fact that T(O)(y) = T(l)(y) = Yea1(y) for y € {a1,Bc.1}-
Thus, it follows from (4.7) and (5.12) (lower bound) together with (5.9) and (5.11)
(upper bound) that

¢ S 2O Be )l + 10 Be, )+ 21X @)+ 17 ()] £ AV + Ach < A7

~

as ¢ — 0, where we also used the fact that A.; — 0 as ¢ — O for the last
inequality. On the other hand, it holds that

A Ac 1A 1 1
(€)) c,2 c,14c¢,2

YT = — — (9 _
2 = g " Bes —Borz (22)
as z — oo by the very definitions (5.3) and (2.4). Therefore, we can deduce from

Cauchy’s integral formula that

Ac1Acp 1 / (1) (1)
_Teliee T T d
Besr— Bey i (Y4 () =Yg (x))dx
Ac.1 (5.13)
Bea — oy (1)
< — T V4
o T xrenAaz(.l | 2 () + 2|

for any complex number Z. Now, if we show that

A
max ﬁ <A} (5.14)
c, c,

xX€A,.

T ) +

as ¢ — 0, inequalities (4.7) and (5.13) together with limits (2.7) will allow us
to conclude that Al/ 2 < c as ¢ — 0, which will finish the proof of (5.7). To
prove (5.14), observe that

Ac,2
e = o B
_ ACJ
B Bc,l - Bc,2 + Ac,lﬁrc_j (Z)
Ac,2 Tc,l (Z)

By —Beq A1 _
c,2 ¢l Beo—Boi Tc,l(z)
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according to their very definition (5.3). Thus,

Ac,2 _ Ac,2 Ac,l
Bc,2 - Bc,l Bc,2 - Bc,l Ac,l - (Bc,z - BC,I)TC,I(Z)'

Tc,2 (Z) +

The desired estimate (5.14) now follows from (5.11) and (2.7).
To prove the last claim of the lemma, observe that Téll) (z) — (z — ay) is
holomorphic in C \ A.,; and

Y00~ (ol < max MR+ fer—er Se. v € Aey,

as ¢ — 0 by (4.7) and (5.11). The desired claim now follows from the maximum
modulus principle. O

In our analysis, it will be convenient to apply Lemma 5.1 in the following form.

Lemma 5.2. Foreach 0 < § < (ay — B1)/2 fixed, it holds that

{ YO @) TR @ TR ()] ~ 1, 515
(1 -2 7)) (1 =2 )L Y3 @) ~ 1
on K. 51 :={z:dist(z, A¢,;1) < 8} forall c € (0,1) and that
{ YO Y@ e 2rE @) ~ 1, 516
11— 0@ 1= 1 -0 TR @) ~ 1, '

on K. 5, :={z:dist(z, A¢c2) < (1 —c)8} for all c € (0, 1), where the constants of
proportionality depend only on §.

Proof. We provide the proofs only for Y, ;(z), understanding that the arguments
for Y. »(z) are essentially identical. Recall that Y, ;(z) is a conformal map of 9R,
onto C that maps 0o® into 0 and oo into co. Let r := max{|a;], |B2|}. Then it
follows from (5.1) and (5.4) that

{lz] < Ac /40 + )y YOzl > r +8))
and
{2l > 40 + &)y < Yzl > r + 8)).

Thus, it holds that

A
oo S Ter @ =40 +8) forallz € Ko UKeso.
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Since A1 — ((B1 — a1)/4)? by the limit analogous to the one for A, in (2.7),
this establishes the desired bounds in (5.15) and (5.16) for all ¢ € [e, 1) and any
€ > 0 fixed with the constants of proportionality dependent on ¢ and . On the
other hand, the bounds for ¢ € (0, €] readily follow from (5.7) and (5.8) as

cé + —a
1S|¢c(2)|54# <44 and ¢l (2)| ~ |z — oy
,Bc,l — o] 2 — U
(5.17)
on K. 51 and K, s, respectively, as ¢ — 0 by elementary estimates and (4.7).
The estimates of Tc(kz) (z) can be verified similarly. O

Let a function I1.(z) be defined on PR, analogously to the way I1;(z) was
defined on 9R;; just before Theorem 3.3. Further, let I, ; (z),i € {1, 2}, be rational
functions on R, with the divisors and normalization given by

. . ; 1 1
(Me) = 0@ + 00® +2008 =D, and MW (z) = - + o(—z), (5.18)
’ z z

where D, is the divisor of the ramification points of 9’., see Proposition 4.2.

Lemma 5.3. It holds that
(X —1N(2). zeRrO,
(1> (Wewe ) () e3-i(2) = 1 (XD —1)(2), zemD, (519
Y -1 zem®.
fJori € {1,2} and
QT - 1HID @), e RO,

(Weawe2)(D)e(z) = 3 (YATA — YT, zemD, (520
TETR = 1OrNe). zeRn?.
Moreover, it holds that
@(2)z —a; + O(c @(z
n®e) =@ +o(1))'” ©) 1+ 00) _ (1 +0(1))w ©) (5.21)
wa(2) We,1(2) wa(2)

as ¢ — 0, where the first relation holds uniformly in C (that is, including the traces
on Ac,1 U Ap) and the second one locally uniformly in C \ Ao,1-

Proof. Representations (5.19) and (5.20) can be easily verified by observing that
the right-hand sides are continuous across A.; and A, and by comparing the
zero/pole divisors and the normalizations of the left-hand and right-hand sides,
see (2.5), (5.3), and (5.18). Asymptotic formula (5.21) follows immediately from
the first relation in (5.20), asymptotic formulae (5.6) and (5.7), and the last claim
of Lemma 5.1. O
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5.3. Proof of Proposition 3.1. It was shown in [45, Section 6] that the Szegé
function S, (z) satisfying (3.7) is given by

|2
Se(z) := eXP{@Z /log(piwc,i-f—)(s)ez(s)}’
i=1 Ac.i

where C;(s) is the third kind differential on YR, with three simple poles at z, z1, z5
that have the same natural projection z and respective residues —2, 1, 1. Limit (3.8)
was in fact proven in [45, Section 7]. Thus, it only remains to show the validity
of (3.9) and (3.10). In order to do that we shall use an alternative construction of
S¢(z) that is more amenable to asymptotic analysis.

Since we are interested in what happens when ¢ — 0, we shall assume that
¢ < min{l/2, c**} (the choice of 1/2 is rather arbitrary, but convenient to use
in (4.7)). Set

z—(Bea +0e,1)/2 4+ we1(2)
2wc,1(z)

Dc1(z) = ( )1/2, zeC\ A,

where we take the branch of the square root such that D, ;(z) is holomorphic and
non-vanishing in the domain of the definition and has value 1 atinfinity. The traces
of D¢,1(z) on A.,; satisfy

Bea—on _ ifea—a
Hwe i ()] 4 we14(x)’

|De14 ()| = (De14Dei=)(x) = x € Acy.

(5.22)
Let§ > 0 be as in Lemma 5.2, that is, § < (a2 — f81)/2. Then it follows from (4.7)
that ¢ < |A.,1]/8. Using (4.7) once more together with our assumption that
¢ < 1/2, we get that

V32 — B1) < |we,1(5)1/(cv/8) < 3y/B2—an,

|s —o1] =éc, |s — Bea| = éc,

Vé(az — B1) < |we,1x(x)|/c < 8(B2 —ay),

a1+ 8¢ <x < Bc1—dc,

(5.23)

(the constants in the above inequalities are in no way sharp, but sufficient for our
purposes). Therefore, equation (5.23) and similar straightforward estimates of
|2z — a1 — B¢,1] using (4.7) as well as (5.22) and the maximum modulus principle
for holomorphic functions applied to both D, 1(z) and D;} (z) yield that

|Dc,1(S)|~5_1/4’ |s —aq| = dc, |S—,3c,1| = dc,
(5.24)
1 < |Dea(2)] £87Y4, 0 < 8c <dist(z, {o1, Bea ).



Jacobi matrices on trees generated by Angelesco systems 1543

uniformly on the respective sets, where the constants of proportionality do not
depend on ¢, §. Additionally, since 8.1 — «; as ¢ — 0 and therefore w. ;(z) =
z — a1 + o(1) locally uniformly in C \ Ag,; as ¢ — 0, it holds locally uniformly
in C \ AO,I that

Dci(z)=140(1) asc—0. (5.25)

Now, let D. ,,(z) be the Szeg6 function of the restriction of p;(x) to A1
normalized to have value 1 at infinity. That is,

We,1(2) / logpi(x) dx /10gpl(x) dx
D = . — —>5, (5.26
e1(2) exp{ 2mi Z—Xx Wei4(x) We, 1+ (x) 27i (5-26)
Ac,l

c,1

z € C\ A1, where we set log p; (x) := log Wy (x) + log(2m) — mi/2, see (3.2)
and recall that ) (x) is positive on A;. Observe that

—/deﬁ and i/ I _ 1 (5.27)

We,14(x) wi mi ) z—xweir(x)  wei(2)

c.1 c.1

by Cauchy’s theorem and integral formula. Hence, D, ,,(z) = D, W, (z) is a holo-
morphic and non-vanishing function in C \ A.,; with continuous and conjugate-
symmetric traces on A, ; that satisfy

P1 (x)|Dc,p1 :I:(x)|2 = (p1 D¢ p, +Dc,p1—)(x)

1 d
= Ge,p, 1= €Xp { —/ e pLY) _x} (5.28)
We,1+(X) 7i
c,1

according to Plemelj—Sokhotski formulae. Now, analyticity of p;(x) in a neigh-
borhood of Ay implies that maxyea, , |p1(x)/p1(a1) — 1| = 0 as ¢ — 0. Com-
bining this estimate with (5.27) yields that
_/ log p1(x) dx log(p1(x)/p1(ar)) dx _

- =10gp1(a1)—/ - =log p1(a1) + 0o(1)
We,14(x) mi We,14(X) i
c.1 c.1

when ¢ — 0 as well as that
We,1(2) / logpi1(x) dx
i
A

Z—=X Wei+(x)

—log p1(a1)

 wea (2) / log(p1(x)/p1(@1)  dx
T o7 zZ—x We,14(X)
Ac.l

= o(1) —log p1(a1)
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uniformly on compact subsets of C \ Ay ; when ¢ — 0. Thus, it follows from the
maximum modulus principle that

Dep(z)=1+0(1) and Gep =(1+oM)pi(e)  (5.29)

locally uniformly in C \ Ag,; as ¢ — 0. One can also see from its very definition
in (5.28) combined with the second formula of (5.29) that G, ,, extends to a non-
vanishing continuous function of ¢ € [0, 1] (it is constant for all ¢ > ¢*). This
observation as well as (5.28) combined with positivity of p;(x) on A; show that
|D¢,p,+(x)| ~ 1 uniformly on A, ; for all ¢ € (0, 1). Then the maximum modulus
principle for holomorphic functions applied to D, ,, (z) and DC_’}) , (2) yields that

Gepys | Depy (2)] ~ 1, (5.30)

uniformly in C for all ¢ € (0, 1) (notice that | D, ,, ()] is a continuous function on
the entire sphere C independent of ¢ when ¢ > ¢*).

Let I'c» := yxc(Ac,2), which are clockwise oriented analytic Jordan curves
(recall that A, is oriented so that ,9%20) remains on the left when A » is traversed
in the positive direction and that y.(z) is conformal on 2R, and maps co® into co).
The function

— 1 log(De,1De,p) (7 (1 ' (5)))
Sec,2(z) :=exp {ﬁ / p— ds} (5.31)

FC,Z

is holomorphic and bounded in 2R \ A, > and has value 1 at 00 | Tt follows from
Plemelj—Sokhotski formulae that

Se2—(x) = Sep4(x)(De1Deypy)(X),  x € Acp. (5.32)

Observe also that (D.,1 D¢ p, )(7(z)) is holomorphic in a neighborhood of A, .
Therefore, S¢»(z) can be continued analytically across each side of A.>. In
fact, this continuation has an integral representation similar to (5.31), where one
simply needs to homologously deform I'c » within the domain of holomorphy of
(De,1Dep, ) (w(x21(s))). Moreover, it holds that

Sea(z) =14+0() asc—>0 and |S.x(z)|~1, c¢e€(0,c*], (5.33)

uniformly on 9R. (again, this means including the traces on A, »). Indeed, observe
that the analytic curves I'c » approach the circle {|z — Bo 2| = (B2—w2)/4} by (2.7)
and (5.2). Let § > 0 be small enough so that the integrand in (5.31) is analytic
in a neighborhood of the closure of the annular domain bounded by I';» and
Cs :={|z — Bo2| = 26 + (B2 — @2)/4}. Assuming that Cs is clockwise oriented,
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it follows from Cauchy’s theorem that I'.» can be replaced by Cs whenever
z € m?), i.e., whenever y.(z) is interior or on I'c . Then it trivially holds that

1Cs]
278

1Se2(2)] < exp{ max |1og<Dc,1Dc,m)(n(x?(s)))|} ,
for z € P, where |Cs| is the arc length of Cs. The desired limit in %% now
follows from (5.25) and (5.29) while the uniform boundedness follows from (5.24)
and (5.30). Clearly, the estimates in the remaining part of SR, can be obtained
analogously by deforming I, , into the circles {|z — B 2| = —28 + (82 — a2)/4}.
As a part of the final piece of our construction, let I'c,; := x.(Ac,1). Similarly
to I'c 2, these are clockwise oriented analytic Jordan curves that collapse into a
point By,1 by (2.7) and (5.2). Let

1 /10g[sz(ﬂ(XZl(S)))/sz(OO)]ds}

o Py = (5.34)

Se,1(2) 1= exp{
Fc,l

which is a holomorphic and bounded function on R, that has value 1 at oo™ and
whose traces on A, ; are continuous and satisfy

Se,1-(x) = Se14(x)Sp, (x)/Spy(00),  x € Acy, (5.35)

by Plemelj—Sokhotski formulae. Notice that all the observation about analytic
continuations (contour deformation) made for S.»(z) apply to Sc,1(z) as well.
Since the Cauchy kernel is integrated against the pullback of a fixed function
Sp,(2)/Sp,(00) from A, ; while the curves I'; ; collapse into a point, straightfor-
ward estimates of Cauchy integrals as well as analytic continuation (deformation
of a contour) technique yield that

Sei(z)=1+0(1) asc—>0 and |S.1(z)|~1, c¢e€(0,c*], (5.36)

locally uniformly on (9%20) U 9%22)) \ A¢,1 and uniformly on fR., respectively. To
examine what happens to S, ;(z) on 9{21), given € > 0, let
Ce :={|z — Bc1]l = €}

be clockwise oriented circle. It follows from (5.2) that the Jordan curve y,!(Ce)
belongs to ?REO) and is homologous to A ; for all ¢ sufficiently small. A straight-
forward computation shows that

/ 10g [Sp, (7 (22" (5)))/ Spy (00)] ds

s — Bc,l 2mi
Ce (5.37)
S S
= log Sea (1) + (9( max log Sp2(2). )
Sps(00) zem(xz 1 (Ce) Spa(a1)
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It further follows from (2.7) and (5.2) that Jordan curves 7 (y!(Ce)) converge
to the analytic Jordan curve (g, + Bo2) ' (Ce) (recall that ¢,(z) = ¢©(2)) and
the latter curves collapse into a point «; as € — 0. Hence, by taking the limit as
¢ — 0 and then the limit as € — 0 of the O(-) in (5.37) gives 0. Therefore, analytic
continuation (deformation of a contour) technique and (5.34) imply that

1 1 -1
lim S, 1(00(1)) = lim exp {_/ 08[Sp, (T (xz " (5)))/ Sp, (00)] ds}
c—>0 c—0 2mi s — Bc,l
Ce (5.38)

_ Spy (1)
Spy (OO)

Finally, we are ready to state an alternative formula for the functions S.(z)
when ¢ < ¢**. Since relations (3.7) characterize S.(z) up to multiplication by
a cubic root of unity, it follows from the normalization of D, ;(z) and D ,, (z)
at infinity, the normalization of S. ;(z) and S¢»(z) at 00 and relations (3.4),
(5.22), (5.28), (5.32), and (5.35) that

Sp_21 (00)(De,1 De,py Sp)(2),
z2€ RO\ (A1 UAcy),
Sc(z ,3 1 — 01 _
ﬁg(z,)) = (S¢,15¢:,2)(2) 1CTGc,p1 (De,1Dep) ' (2),
C
zeRW\ A,
(Spy(00)Sp, (2))Y, 2 € RP\ Ac.

(5.39)
Now, it follows from (5.33) and (5.36) that

SP(2)/89(00) = (1 4+ 0(1))(Sp,(00) S, (2)) ! (5.40)

uniformly in C (that is, including the traces on A,) as ¢ — 0. Similarly, it follows
from (5.25), (5.29), (5.33), and (5.36) that

S9(2) /8O (c0) = (1 + 0(1))S,,(2)/ S, (00) (5.41)

locally uniformly in C\ Ao ; as ¢ — 0. Further, it follows from the middle relation
in (3.7) and the last two asymptotic formulae that

SP@ 1 8200) 80(00)

S5, (00)?
P00 5% sO0) @@ oW

5O (00)? (5.42)

locally uniformly in C \ Ag,1 as ¢ — 0. Since relations (5.40)—(5.42) also provide
asymptotics for the ratios of Sc(k) (0c0)/ SC(O) (00), the limits in (3.9) easily follow.



Jacobi matrices on trees generated by Angelesco systems 1547

In fact, we deduce from (5.40) and (5.42) that

(0)
icz ((z)) and SV (c0) = (1+ 0(1))( Sp, (00) )2.
02

5(00) = (1 + (1) Se” (00)

On the other hand, it follows from the normalization D, ;(z) and D, ,, (z) at
infinity, (3.2), (4.8), (5.29), (5.33), and (5.38) that

1850(00) _ 2t () |wa(@1)]Spy (1)
c=0c g (00) Sy, (00)

(5.44)

Plugging in the second asymptotic formula of (5.43) into (5.44) yields the first
limit in (3.10). The other two now follow from (5.43).

5.4. Auxiliary estimates, II. The sole purpose of this subsection is to state the
following lemma that follows from (5.24), (5.30), (5.33), (5.36), (5.39), as well as
the analogous results for ¢ € [¢*,1) and ¢ — 1.

Lemma 5.4. It holds uniformly on R, for all ¢ € (0, 1) that
S&% (o0) &% (00)|
SeV (o0) S (c0)

Moreover, let § > 0 be such that 0 < §c < |A¢1]/8 and 0 < §(1 —c¢) < |Ac2]/8
fJorall ¢ € (0,1). Then it holds for all ¢ € (0, 1) that

c 1.

‘7 (l—C)

59(z)

~ 8—1/4
5 (c0)

uniformly on each circle {|z —a1| = 8¢}, {|z—Bc1| = 8¢}, {|z—0c 2] = 8(1—c)},
and {|z — B2| = 6(1 —¢)}; and
Sc(o)(z) —1/4
(0) <48
Se " (00)

uniformly on {§c¢ < dist(z, {a1, Bc.1})} and {6(1 — ¢) < dist(z,{ac 2, B2})}. In
addition, it holds for all ¢ € (0, 1) and eachi € {1, 2} that

~

59 (z2)
59 (00)

~ 51/4

uniformly on circles

{Iz =il =8G —1—(=1)c)} and {|z—Beil =8G —1—(=D'o)}:
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and .

$&@) | -
S(’)(oo)
uniformly on {8§(i —1 — (—1)c) < dist(z, {oc,i, Be.i})})-

81/4 <

6. Proof of Theorem 3.1

Letay < X531 < Xj5 < +++ < Xj 5, < 1 be the zeros of P;(x) on A;. Then we
can write

Pi(x) = Pi ()P0, Py =[x —xp).

i=1

Observe that the polynomials { P; ; (x)};en,, form a normal family in a neighbor-
hood of Aj. As deg(P; ,) = nz and it holds that

/x P (X)) Py 1 (x)dua(x) =0, [ €{0,...,na—1},

by (1.5), the asymptotics of P; ,(z) follows from [12, Theorem 2.7]. Namely, it
holds that

Pin() = (1 +0(0)(S0(2)/Sp ) ([ ] SGixa0) o522 6.1)

i=1

uniformly on compact subsets of C \ A,. Thus, to obtain the asymptotic formula
for P;(z), we only need to show that all the zeros {x; ;};., approach a;. We shall
do it in a slightly more general setting.

Lemma 6.1. Suppose that i, is an absolutely continuous Szegd measure, i.e.,
fAz log 5 (x)dx > —oo, and that Ny is any marginal sequence, that is, ny/n, —
0 as || — oo for i € Ny. Assuming formula (6.1) remains valid, it holds that
Xji n, — 01 as |ii] — oo forii € No. Moreover,

(Pﬁ+él (2) ) _

lim lim P-(5)

|7i| 00, HEN 200

—Boi, i€f{l,2). 6.2)

Proof. Assume to the contrary that there exists € > 0 such that o + € < x; ,,
along some subsequence N’ C Ny. Let pj; ;(x) := Pj 1(x)/(x — Xj ,,). Then it
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follows from (1.5) that

xﬁ,nl

/pr%,l(x)|Pﬁ,2(x)|(xﬁ,nl —x)du(x)
o (6.3)
:/pﬁ,l(xﬂpﬁ,z(xﬂ(x—Xﬁ,nl)d,ul(x),

Xiinq

(since all the zeros of P; ,(x) belong to A, it has a constant sign on Ay). As the
zeros of the monic polynomial P; ;(z) belong to Ay, we have that |P; ; (x)] <
|B1 —a1|™, x € Aq. Moreover, since each S(z; x¢) is a non-vanishing function in
C \ A,, compactness of A, implies that there exists a constant C; > 1 such that
C1_1 < |S(x;x9)| < C; for any x, xo € Aj. Therefore, we can deduce from (6.1)

that
B1

[ @I @I = 230 )06 = gt + O (6

xﬁ.nl

for some absolute constant C, > 0. On the other hand, by restricting the interval
of integration from [a1, xj; ,,] t0 [@1, @1 + €/2] and then using (6.1), the lower
estimate of the Szegd functions S(z;xo), the facts that u} (x) is non-vanishing

and |@2(x)| is decreasing for x < o, we get that
xﬁ.nl

/ Pz 1 (O P 2 ()| (X5, — x)dpe (x)

o]

ay+e/2
> Cpatar +¢/20" [ 92 ax

o]

(6.5)

ay+e/2
> Cy' min ( /Lﬁl—l(X)dX)lfﬂz(al +€/2)|"

neN’
o]

> C,' g2 (o + €/2)["

for some constants C3, C4 > 0 that might depend on ¢, but are independent of
i, where L,(x) is the n-th monic orthogonal polynomial with respect to dx on
[a1, 1 + €/2] (rescaled Legendre polynomial) and the last estimate follows from
[37, Table 18.3.1]. Since n;/n, — 0 and |p,(x)| is decreasing on (—oo, a3), we
have that

C ™ pa(on + €/2)] > €V ga(en + )]
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for all || large, n € Np. Hence, the above estimate shows that (6.4)—(6.5) are
incompatible with (6.3). Thus, it indeed holds that Xiip, — 01 @as 7] — oo,
i1 € Np. Further, it holds that

ni+1 ni

. Piive 1(2)
Jim (S = 2) = = X e +
> i=1 i=1

ni
= —a1 +o(l) — Z(xﬁ+é'1,i+l - xﬁ,i)-
i=1

It is known that the zeros of P;(z) and P;; (2) interlace, see for example [8,
Lemma A.2]. Therefore,

ny
0= (Ngayitt — Xii) < Xy, — Xig = o(1),
i=1
where the last conclusion follows from the fact that xj; ;, X515, », = @1 (observe
that {#i + ¢1:1 € Ny} is also a marginal sequence). Thus,

P
lim lim (”“7”(2) - z) = —a. (6.6)

|7i| =00, HEN Z—>00 Pﬁ’l(z)
Furthermore, it follows from the explicit definition (3.5) that

Bo 2+¢2(x0) -2 By, -2

S2(eivg) 1 — Boateato) 4 9(;-2) - Boz 4 9(z72)
’ Bo 2440205 ! (x0) 2

|- ———=—+ 0(z72)

_ X0 ’
z

where we used (2.6) to get that ¢»(z) = z — Bo» + O(z™ 1) as z — oo. Since
Bo2 + ¢2(x0) — xo — Ao,295 ' (x0) = 2(Bo,2 + ¢2(x0) — Xo). (6.7)

we have that S(z; x9) = 1 — (Bo2 + ¢2(x0) — x0)z ! + O(z72) as z — oco. Now,
interlacing of the zeros {x; 4z, ’,-};':1’1 and {x;;}7L,, their convergence to &, and

monotonicity of ¢,(z) yield similarly to (6.6) that
+1
im lim [[17 Szixate,i)
liil>o0, ieNg 2> N [TFL, S(z:x5,)
Hence, it follows from (6.1), (6.6), (6.8), and (2.7) that the limit in (6.2) when
i = 1isequal to

1) = =(Bo + g2(en) — ). (68)

(Pﬁ+él,1(z) [T S(ixigs, ) _
Pii(2)  TTL, S(zix,)
Since {1 + é,: 1 € Ny} is a marginal sequence as well and the zeros of P;(z) and

P; 15, (2) also interlace, the limit in (6.2) for i = 2 follows similarly to the case
i=1. O

lim lim
|fi| =00, HEN Z—>00

Z) = _BO,I-
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7. Proof of Theorems 3.2-3.4

To prove Theorems 3.2-3.4 we use the extension to multiple orthogonal polynomi-
als [24] of by now classical approach of Fokas, Its, and Kitaev [20, 21] connecting
orthogonal polynomials to matrix Riemann—Hilbert problems. The RH problem is
then analyzed via the non-linear steepest descent method of Deift and Zhou [17].

As was agreed in Section 3.3, we label quantities dependent on c; only by
the subindex 7 as in f; 1 := Be;.1, Aj; i= Ac,.i, ete. If A is a closed interval,
we denote by A° the open interval with the same endpoints. Moreover, when
convenient, we write o; (= a1) and B; ,(= B2) even though they do not depend
on the index 7.

Throughout this section, the reader must keep in mind the definition of con-
stants ¢* and ¢** in Proposition 4.1. Moreover, we would like to use the symbol
¢ as a free parameter from the interval [0, 1], as was done in the previous sections.
Thus, we slightly modify the notation from the statement of Theorems 3.2-3.4
and assume that we deal with a sequence of multi-indices N,, such that

c; =ny/|n| — ¢, €[0,1] and nqy,ny —> oo as|n| — oo, 1 € N,.

We let [A];; to stand for (i, j)-th entry of a matrix A and E;; to be
the matrix whose entries are all zero except for [E; j];;; = 1. We set I to
be the identity matrix, o3 := diag(l,—1) to be the third Pauli matrix, and
o(n) := diag (|ﬁ |, —n1, —nz). Finally, for compactness of notation, we introduce
transformations T;, i € {1, 2}, that act on 2 x 2 matrices in the following way:

. . e;1 ex 0O . . e;1 0 ern

11 12 11 12

Tl ( ) = 1€21 €22 0 and T2( ) = 0 1 0
€21 €22 0 0 1 €21 €22 e 0 e

21 22

7.1. Initial RH problem. Letthe measures 1, > be as in Theorem 1.2 and the
functions p;(x), p2(x) be given by (3.2). Consider the following Riemann—Hilbert
problem (RHP-Y): find a 2 x 2 matrix function Y (z) such that

(a) Y(z)is analyticin C \ (A; U A) and lim Y(z)z_"(ﬁ) =1;
Z—>00

(b) Y (z) has continuous traces on A7 that satisfy
Yi(x) =Y_-(x)(I + pi(x)E1,i+1), i €{1,2};

(c) the entries of the (i 4+ 1)-st column of Y (z) behave like O (log |z — &|) as
z — & € {0, Bi}, while the remaining entries stay bounded, i € {1, 2}.
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Lemma 7.1 (Proposition 3.1 of [45]). Solution of RHP-Y is unique and given by

) @
P;(2) R.7(z) R:7(2)
Y(2) = | ms  Pig (2) mﬁ,lR,(;l_)gl(Z) mﬁ,lR,(f_)gl(Z) : (7.1)

1 2
mj 2 Pi_z,(2) mﬁ,zR,(;_)gz(Z) mﬁ,ZRé—)éz(Z)

where P;(z) is the polynomial satisfying (1.5), RS) (2),i € {1,2}, are its functions
of the second kind, see (3.14), mj; ; are constants such that

and 21 = (1,0), 52 = (O, 1)

7.2. Opening of the lenses. Givenc € (0, 1) and § > 0, denote by U, s . an open
square with vertices e+cd8, exicéd whene € {1, B¢,1} ande+(1—c)d, exi(1—c)é
when e € {a, 2, B2}. Define §;(c), i € {1,2}, via

51(6) - i min{IBC,l _0‘17/31 _,Bc,l}’ ¢ < 0*7
" 8¢ |min{B; — a1, 02 — B1}, c* <c,

$ (C) L 1 min{,Bz — 0o, 0 —/31}, ¢ < c**,
25T 81— ) |mindBs — @, @ep —an), ¢ <.

Of course, it holds that ¢6;(c) (resp. (1 — ¢)dz2(c)) is constant for ¢ > ¢* (resp.
¢ < ¢**). Moreover, §1(c) (resp. 82(c)) approaches a non-zero constantas ¢ — 0%
(resp. ¢ — 17) by (4.8) and it approaches 0 as ¢ — ¢*~ (resp. ¢ — ¢**T). Set
8(c) := min{d;(c), 62(c)}. For brevity, we write

Ue = Uﬁ,S,e’ fi € NC*7 e € E}_'i = ECﬁ’ EC = {alv ,Bc,lyac,Z’ ,32},

assuming that § € (0,8(c4)). In particular, all the domains U, are disjoint and
b1 ¢ Uﬂml when ¢, < ¢* while o, & 17%2 when ¢, > ¢**, again, for all |7i| large
enough, 7i € N, .

Section 7.4 contains a construction of maps Z.(z), conformal in U,, e € E.,
such that ¢, (z) is real on the real line, vanishes at e, and maps (A¢,; U A ) N U,
into the negative reals (these subsets of A, U A, are covered by the darker
shading on Figure 3). Using these conformal maps corresponding to cj for
n € N, , we can select piecewise smooth open Jordan arcs I‘i., connecting a;; ;
to B; ;, defined by the following properties:

tp, (T3 N U, ) C Le = {z:arg(z) = +27/3}, Lo, (T3, NUs; ) C I,
(7.2)
and F;:—Ll. consist of straight line segments outside of Uy, ; and Ug_. ., see Figure 3.
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+ 1t
r,=r]

farEva)
ANVEERN|

1";_2:1"2—

Figure 3. The squares Ua; ;> Ugm, and Ug,, arcs F;%ti’ domains Q%:l. (shaded).

When ¢, = c¢*, we slightly modify (7.2) and require that
Cpr (T3 NUp, ) C Ie 8py ()= bp, (D) =g, (B, (73)

with an analogous modification holding for ¢, = ¢** at a;; ,. We denote by Q;fl.

the domains delimited by I‘};tl. and Aj ;, see Figure 3.
Given Y (z), the solution of RHP-Y, set

1

Ti( 0)’ zeQE . ie{l,2),
X(z):=Y(2) Fl/pi(z) 1 i,

(7.4)
I, otherwise.

It can be readily verified that X (z) solves the following Riemann—Hilbert problem
(RHP-X):
. .. 2 . + _ . — (") 7.
(a) X(z)is analyticin C \ J;—,(A; U Fﬁ,i U Fﬁ,i) and ZlgroloX(z)z oW =T,

(b) X (z) has continuous traces on Ui2=1 (A7 U I‘;’ ; UT-) that satisfy

O .
Ti( Pz(S))’ se ;.
—1/pi(s) 0 ’
1 0 + _
Xi(s)=X_(s)1T; , sel. UTl's
Upi(s) 1
1 .
T; (0 le(s))’ s €AY\ A,

foreachi € {1,2};
(c) the entries of the first and (i 4 1)-st columns of X (z) behave like O(log |z—£|)
as z — & € {«a;, Bi}, while the remaining entries stay bounded, i € {1, 2}.

The following lemma is contained in [45, Lemma 8.1].

Lemma 7.2. RHP-X is solvable if and only if RHP-Y is solvable. When solutions
of RHP-X and RHP-Y exist, they are unique and connected by (7.4).
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7.3. Auxiliary parametrices. The following Riemann—Hilbert problem (that we
will call RHP-V) is essentially obtained by discarding the jumps of X (z) outside

(a) N(z)is analytic in C\ (A;, U Aj,) and lim N(z)z7°® = I;
Z—>00

(b) N(z) has continuous traces on A? . that satisfy

0 Pi (S)),

Ni(s) = N_(5)T; (—l/pi ) 0 )

(c) it holds that N(z) = O(]z —e| ") as z — e € E;.
Let S;(z) := S, (z) be the one granted by Proposition 3.1. Put

S (2) == diag(S” (2). $V(2), 2 (2))

forz e C\ (Aj 1 UAj,). Further, let ®;(z), w;; ;(2) := we,.i(2), and 5 ;(z) :=
Ye,.i(z) be the functions given by (3.13), (3.6), and (5.3), respectively. Define

! 1/wi 1 (2) 1/w52(2)
M) =S 0o) | T T @)/ i) YD)/ wia) | SE).

T2 Y3 Wi () Y/ wia()
(7.5)
Then RHP-N is solved by N (z) := C(MD)(z), see [45, Section 8.2], where C
is a diagonal matrix of constants such that

lim CD(2)z°® =1 and D(z) := diag(®\(2), " (2), 2P (2)). (7.6)

The jump matrix in RHP-N (b) has determinant 1. It follows from RHP-N (a,b)
that det(N)(z) is holomorphic in C \ E; with at most square root singularities at
the points of E;. Thus, det(/V)(z) is a constant and det(N)(z) = 1 by RHP-N (a).
Therefore, it holds that det(M)(z) = det(D)(z) = det(C) = 1 due to the second
relation in (3.7) and (3.13). Moreover, it follows from (5.19) and (5.20) that

n(z) ) (z) e (z)
M~ (@) =87'C) | i, OTL() wi (DTN G) wi (DTELE) [ S(o0).
Wi (TP (E) wi (D)) wi2()TG(2)
(1.7)
We use the following convention: |4 (z)| <|B(z)| (resp. |A(z)| ~|B(z)]) if all the
individual entries satisfy |[A]; ;(z)| < |[B)i,;(2)] (resp. |[A]i,; (2)| ~ [[B]i,j (2)]).
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Moreover, if the constants appearing in inequalities < and ~ do depend on a
certain parameter, say 6, we write <s and ~s. Furthermore, we shall write
A(z) = Os(1) if all the individual entries satisfy |[A]; ;(z)| <s 1.

Lemma 7.3. It holds that M*'(z) = Og(1) uniformly for z such that 0 < §cj; <
dist(z, {a1, B5 1)) and 0 < 8(1 — ¢;;) < dist(z, {aj; 5. B2}), where the estimate is
independent of the parameter c;;. Moreover, it holds that

§1/4 §1/4 1—c;
M@~ | s 5714 Gl —cp)
(1—c;)8 V% (1 —c;)87 14 1
and
8_1/4 o 5—1/4
M (z)| ~ | ;614 1 c; 614
§1/4 c;(1—c;) §1/4
uniformly on |z — ay| = 8c;, |z — Bia|l = 8¢ and on |z — oz 5| = §(1 — c5),
|z — B2l = 8(1 — cz), respectively, where the constants of proportionality are

independent of c; and §. Finally, it holds that

1 1 1 —c;
1
_1 _ - _ .
M) =0 = 1 1 1 —c;
(1—c;)87 V% (1 —c;)87 14 §-1/4
and
. 1 Cy 1
M'(z)=0 517 c;87V4 T4 gm1/4
1 C;; 1
uniformly on |z — ay| = 8c;, |z — Biq| = 8¢ and on |z — oz 5| = §(1 — c5),

|z — Ba2| = 8(1 — c;), respectively, with O(-) holding independently of c;; and é.

Proof. Consider first z on one of the circles from the statement of the lemma. It
follows from (3.10) and Lemma 5.4 that

S (00) ~ diag(c; (1 —cz) T3, 2P (1 — e V3 e (1 - )?P),

where the constants of proportionality are independent of c;. It further follows
from Lemma 5.4 that

1S (z)| ~ S (co)diag(67V4,8Y4, 1) and |S(2)| ~ S (co)diag(6~ /4, 1,8%)
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uniformly on |z — 1| = 8¢z, |z — B;.1] = 6¢; and on |z — o5 5| = 8(1 — ¢5),
|z — B2| = 8(1 — ¢;), respectively, where the constants of proportionality are
independent of ¢; and §. Moreover, we deduce from Lemma 5.2 and (5.23) that
S (c0)(MS™)(2)] is

1 c1§71/2 1
n

(I—=cz)* ;' = ;)28 V2 1
and

1 1 (1—cz)71671/2

- 2 201 _ y—1g—1/2
c; 1 cz(1—c3)778
=i (I—cp)? 8702

uniformly on |z — a1| = 8¢;, |z — Bj.1] = 6¢; and on |z — o5 5| = 8(1 — ¢5),
|z — B2| = 8(1 — ¢;), respectively, where the constants of proportionality are

independent of ¢; and §. The combination of the above three estimates yields the
desired asymptotics of M (z) on the circles around a1, B 1, %; 5, Ba.
It further follows from Lemma 5.4 that

1S+(x)] < S (co)diag(8™"/4,1,1)
uniformly for
x € (o1 + 8¢z, B — 8¢i) U (a5 + 8(1 — ¢5). B2 — 8(1 — c3)),

where the constants of proportionality are independent of ¢;; and §. Analogously,
it follows from Lemma 5.2 and (5.23) that the above estimate of S (c0)(MS ~')(z)
on the circles remains valid as an upper estimate on

(a1 + 8¢z, By —8ci) U (e 2 + (1 — ¢5), B2 — 8(1 — ¢5)).
The last two observations and the maximum modulus principle for holomorphic
functions show that M (z) = Og(1) uniformly for z such that
0 < 8c; <dist(z, {1, B5,1}) and 0 < 8(1 —cj) < dist(z, {az 5. B2}),

where the estimate is independent of the parameter c;;.
Finally, as det(M)(z) = 1, the estimates of M ~!(z) follow in a straightforward
fashion from the ones for M (z). O

Besides N (z), we shall also need matrix functions that solve RHP-X within
the domains U,, introduced at the beginning of Section 7.2, with an additional
matching condition on the boundary. More precisely, let ¢;; be given by (3.11). For
each e € {a1, Bj 1. . B2} We are seeking a solution of the following RHP-P,:
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(a,b,c) P.(z) satisfies RHP-X (a,b,c) within U,;

(d) P.(s) = M(s)(I +0(1))D(s) uniformly on 9U, \ 7, (A; UT UT- ),
where

5—1/2’ e=aj,
llo(D)]jx| < Cez 187372, e = B5 1 when ¢, <c*,

(8(ze, — B1))"Y2, e =By whenc, > c*,

for some constant C > 0 independent of 7 and §, and analogous estimates
hold around o ,, B> (in the cases ¢, = ¢* and ¢, = ¢** we cannot specify
the exact rate of the error term), where the point z., or more precisely z.
was defined in Proposition 4.2.

We will solve RHP- P, only for e € {ay, B; ;} understanding that the solutions
for e € {aj . B2} can be constructed similarly. Solving each RHP-P . will require
a construction, carried out in the next subsection, of a local conformal map around
a1 and B; ;. Recall that these maps were already used in (7.2).

7.4. Conformal maps. In this subsection we construct local conformal maps
needed to solve problems RHP-P,. To this end, recall the definition, given right
after (4.1), and properties, described in Proposition 4.2, of the function /. (z) that
is rational on the surface R..

7.4.1. Local maps around ;. Given ¢ € (0, 1), define
[ 2
Qm@y:(Z/mP—%%@mo, Mz < Ber. (7.8)
ai

Since hg (x) = hg (x) on A? ,, the function {c o, () is holomorphic in the region

of definition. When  is a real measure on the real line, it trivially holds that

dw(x) _ (x —xp)dw(x) __. dw(x)
/X—(Xoii)’)_ (X—Xo)2+y2:F1 (x —x0)2 + y2

Therefore, if the traces of [(x — z)"!dw(x) exist at x¢, they are necessarily
conjugate-symmetric. In particular, it follows from (4.2) that the integrand in (7.8)
is purely imaginary on A¢ | and therefore ¢ o, (x) < Oforx € AC ;. It also clearly
follows from (4.2) that {. «, (x) > 0 for x < ;. Moreover, since /.(z) has a pole
at o1, a ramification point of YR, of order 2, . 4, (z) has a simple zero at «;.
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Lemma 7.4. There exist 6o, > 0, Ay, > 0, and Dy, > 0, independent of c, such
that each §c 4, (2) is conformal in {|z — o1| < 8a ¢}, 4Ag ¢ < {4 (@1)], and
18] o (2)] < Do, c when {|z — ;| < 8q,c} forall c € (0,1).

c,01

Proof. We start by proving the estimate on the size of | , (er1)|. Assume first

that ¢ < c¢*. Since «; is a simple pole of 4.(z) and hgo)(x) < O0forx < ap
by (4.2), it holds that A (x) = uc (e —x)~1/2 + O(1) for x < &1 and sufficiently
close to o1, where the branch of the square root is principal and u, < 0. Since

AV (x) = —uc(a; — x)~Y2 + O(1) around a1, it can be readily checked that
Cpo gy (1) = —u2. It was shown in [7, equation (2.7)] that /. (z) solves
—d c—c?
h3 _ 1 — 2 z ¢ — = 0’ 7.9
( C+C)H(Z) e (7.9)
where [1(z) = (z — @1)(z — a2)(z — B2) and d, is the point such that the

discriminant of (7.9), whose numerator is a cubic polynomial, vanishes at S ;
and has an additional double zero. By plugging the identity

h(x) = ue(or —x)™2 + 0(1)

into (7.9), it is easy to verify that

de —ay

(a2 —a1)(B2 — Oll)‘

The numerator of the discriminant of (7.9) is equal to

(7.10)

uz=(1-c+c?

41 —c+ >3z —d)? —27(c —cH?*(z —a1)(z — az)(z — B2) (7.11)

and must have a single sign change, which happens at 8.,;. If d. < «; were true,
then the discriminant would have been positive at «,, 8, and non-negative at o1,
that is, it would have been positive on (a1, B2), which contradicts vanishing at
Be.,1- On the other hand if, d. > B.,1 were to be true, then the discriminant would
have been strictly negative at 8.1, which, again, leads to a contradiction. Thus,
a1 < d; < Be,1- Now, (7.9) yields that

de —ar l—c v (1—c*)(a2 = p1)’

¢ (a—do)(Ba—de)h3(de) ~ (2 —ar)(Ba—a1) (7.12)

where we used (4.2) to observe that h?) (d;) < 1/(az — B1). The above inequality
and (7.10) clearly yield the desired estimate for |, , (er1)| = u2 when ¢ < c*.
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In fact, when ¢ — 0, it actually follows from the first equality in (7.12) that

c _ ((XZ - dc)(,BZ - dC) (h(Z)(dc))3
de = I—c (7.13)
d 3 1 '
— (a2 —a1)(B2 —Oll)(/ ij(;cl)) - |w2(a1)|

due to (4.2), the last conclusion of Proposition 4.1, and the formula before (4.8).
In this case, (7.10) and (7.13) yield that

/ L, 140
Cos (1) = —ug = Twa(a)]

When ¢ € [c*, ¢**] the surface R, is always the same. Hence, one can argue using
local coordinates that the pullbacks of /.(z) from a fixed circular neighborhood
of & to a fixed neighborhood in C continuously depend on c. Since [ ,(a1)| >0
for ¢ € (0, 1), the desired estimate follows from compactness of [c*, ¢**]. When
c** < ¢, hc(2) satisfies an equation similar to (7.9). Using this equation, we again
can argue that the estimate holds as ¢ — 1, thus, proving that it holds uniformly
for all ¢ € (0, 1).

It remains to study conformality of {. o, (z). Denote by dy, (c) the supremum
of § such that {. 4, (z) is conformal in {|z — ;| < 26c}. We take

c — 0. (7.14)

8oy = Inf 8g4, (c).
* cel(I}),l) al(C)

Since ¢, (c) > 0 for ¢ € (0, 1) and continuously depends on ¢, we only need to
study what happens as ¢ — 0 and ¢ — 1 to prove that §,, > 0. Assume first that
¢ — 0. Set {eg, (5) i= ¢ 2Ceq, (2(s5)), where z(s) := a1 + |Ac1|(1 — s)/2. Then
it follows from (7.8) that

Beal [ ’
ben ) = (52 G0~ i0ar)
1

where 1% (s) := K% (z(s)). By using (7.9), (7.13), and (4.8), we see that A,
solves an algebraic equation of the form

2(1—s5)—1—0(1) i 1+o0(1) _o
(I =s)(wa2@D)? +o(1))  2(1 =s)(lwa(e)® +o(1))
where 0(1) holds uniformly on compact subsets of the plane as ¢ — 0. The above
equation converges to

- +o()5

A

~y A | . . )
(h i [wa(a1)| " 2(1 —s)|w2(a1)|2)(h Iwz(a1)|) = 0. (7.15)
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Since the branches ﬁﬁf” (s) and ﬁgl)(s) have 1 as a branch point, their limits come
from the quadratic factor in (7.15). This observation together with (4.8) readily
yield that

2 . L firT
§C7‘11 (s) — é‘al (s) := (_ le‘)

e
%(VS2—1+10g(s+\/s2—1))2

locally uniformly in {|1 — s| < 2}, where the branches of the square roots and the
logarithm are principal and therefore g:al (s) is holomorphic in C\ (—oo, —1] and is
positive for s € (1, 0o). Using the explicit expression for Z‘al (s), we can conclude
that it is conformal in {|1 — s| < 2} and therefore liminf._,¢ 84, (c) > 4|wz(ct1)|
by (4.8). When ¢ — 1, we can similarly get from the algebraic equation for /. (z)
that {. o, (z) converges to

(7.16)

1 Z dx 2
(50[ \/(x—al)(x—ﬁl)) (7.17)
= 1(oe(BEE - EanG o) —toe (B51)))

which allows us to conclude that liminf._,; 84, (c) > 0 as desired.

Finally, let Dy, (¢) := ¢! max|,—q, |<8a ¢ |¢¢ &, (2)|. These constants are finite
for each ¢ € (0, 1) since each (. o, () is, in fact, analytic in {|z — o;| < 284, ¢}
Moreover, since (¢ q, (z) continuously depends on c, so do the constants Dy, (¢).
Thus, we only need to check their limits as ¢ — 0 and ¢ — 1. The finiteness of
Dy, :=sup,¢(g,1) Da, (c) now easily follows from (4.8), (7.16), and (7.17). O

7.4.2. Local maps around S, 1 when ¢ € (0,c*]. Givenc € (0, c*], define
3 Z 2/3
Lp, 1 (2) = (— : / (h® — hgl))(s)ds) . ap <Rz <ay, (7.18)
ﬂc,l

where the choice of the root function can be made such that {g_ , (z) is holomorphic
with a simple zero at B.,; and is positive for x > fB.,1. Indeed, since h.(z) is
bounded at 8.1, which is a ramification point of order 2, we can write

hO(x) = he(Be) — ve/x — et — O(x — Be.r) (7.19)

for some number v, and x > B sufficiently small. It follows from Proposi-
tion 4.2 that 7(B.,1) is a non-zero real number. It is also clear from (4.2) that
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h§°’ (x) and h§2) (x) assume any non-zero real number somewhere on (—oo, a;) U
(B2, 00) and (—o0, ap) U (B2, 00), respectively. Thus, if v, = 0, then the func-
tion h.(z) — h(Bc,1) would have at least four zeros (the zero at 8.,; would be at
least a double one), but only three poles, which is impossible. Hence, v, # 0,
or more precisely, v, > 0 since h§°) (x) is a decreasing function on (8.1, @) as
can be seen (4.2). Therefore, the integrand in (7.18) vanishes as a square root at
Be,1- Thus, g (z) has a simple zero there. Again, as in (7.8), we select such
a branch of the root function so that {g_,(z) is negative on A¢ ;. Since the dif-
ference h(o) (x) — h(l)(x) is real in the gap (Bc.1, ®2), the map fﬁc ,(2) is positive
there.

Lemma 7.5. There exist §g, > 0 and Ag, > 0, independent of ¢ € (0,c*], such
that each g, | (z) is conformal in {|z — Be,1| < 8p,c} and 445,¢7V/3 < & (Be,1)
forall c € (0,c*]. ’

Proof. Since Be. (,BC 1) # 0 for ¢ € (0,c*], to prove the second claim, we
only need to con51der what happens as ¢ — 0. Similarly to considerations
preceding (7.15), let

he(s) i= he(Beq + |Aca|(s — 1)/2)

and fz(s) be the limit of /. (s) as ¢ — 0. Then (7.15) gets replaced by

A

© h I <Ly
(F + e * o om@n?) - men) =

Since each 7" (s) has branchpoints at =1 and is negative for s < —1, see (4.2),
the same must be true for their limit 2(®) (s). Thus, solving the above quadratic
equation gives us

R 1 s—1
hO(s) = ——(1 —)
(s) A\ T VST

1 1 s —
= waen]  2walen)] V L 061,

Plugging the above limit and the substitution x = 8.1 +|A,,1|(s—1)/2into (7.19)
yields

1+o0(1)

SR A— 7.20
(16) P wa (@) (7:20)

th (Ben) =v2* =713
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as ¢ — 0, where v, was introduced in (7.19). This finishes the proof of the second
claim of the lemma. To prove the first one, it is enough to observe that

(Be)23s. (Ben + |Acil(s — 1)/2)

S
— [—l——ldt =(VS2—1—10g(S+ VS2—1))
1
as ¢ — 0, where the limit is conformal around 1. O

7.4.3. Local maps around $; for ¢ close to ¢* from the right. This construc-
tion will be used only for the ray sequences N« with infinitely many indices n
such that ¢; > c¢*. By Proposition 4.2, h.«(z) is bounded at B; while /.(z) has
a simple pole at B; for all ¢ > ¢* and a simple zero z. that approaches f; as
¢ — ¢*T. Since the functions 4. (z) converge around B; to hc+(z) as ¢ — c**
by (4.2) and Proposition 4.1, we can write

z

2 [0 -hD) s = VE R pi-e o). <Rz <aa (722
B

for some €, > 0 such that e, — 0T as ¢ — c¢**, where f,(z) is a holomor-
phic function that is real on (¢, z) (the Puisuex expansion of (h£°) — hgl))(x)
around .1 does not have the integral powers of x — 7). Similarly, it holds that
{;L/ f (@) =(- B1)3/2 f.«(z) for some holomorphic function f.«(z) that is real
on (o, ) and is positive at 8;. Since the right-hand side of (7.22) converges
to é‘zi i 1 (z) as ¢ — c¢*7, the functions f,(z) converge to f.«(z) (in particular,
fe(B1) > 0 for all ¢ sufficiently close to ¢*).

Lemma 7.6. There exist ¢’ > ¢* and a fixed neighborhood of B, such that for
every c € (c*, c'] there exists a function {. g, (z), conformal in this neighborhood,
such that

V4
3 A A R
-3 / (h® — D) ($)ds = E7 (2) = Lo p, (Br + €825 (2) (7.23)
B1
(we can adjust the constant §g, > 0 from Lemma 7.5 so that the neighborhood

of conformality is given by {|z — Bi| < 8p,¢’}). Moreover, fc,ﬂl (z) is positive for
x > B and converges to §g . (z) asc — c*t.
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Proof. Let F(z;¢€) be a family of holomorphic and non-vanishing functions in
{|z] < ro} that are positive at the origin and continuously depend on the parameter
€ € [0, €¢]. Consider the equation

u(zie)u(zie) —3pe) = 2g(zi€),  glzie) :=z(z —€)’F(zie), (724

where p. > 0 is a parameter that we shall fix in a moment. The solution of this
cubic equation is formally given by

{u(Z;e) =2pe +v'3(z;€) + p2v™13(zs €),
v(z:€) = g(z:€) — p2 + g(z:€)(g(z:€) —2pd).

Observe that g'(x; €) = (x—€)[(3x—€) F(x; €)+x(x—¢) F'(x; €)]. The expression
in the square brackets is negative at 0 and positive at €. Since F(0;¢) > § > 0,
independently of € € [0, ¢¢] for some §, €p > 0 sufficiently small, the derivative
of the expression in the square brackets, that is, 3F(x;€) + (5x — €)F'(x;¢€) +
x(x —€)F"(x;¢), is positive on [0, €] for all € € [0, ¢¢], where we might need to
decrease ¢ if necessary. Hence, there exists a unique point x. € (0, €) such that
g'(x¢) = 0. Then we let

2p3 = g(xe;€) = max g(x;e). (7.25)
x€[0,¢€]

Since g’(x;€) = (x —€)[2xF(x;€) + (x —€)(F(x;€) + xF'(x;¢€))] and F(0;¢€) >
8 > 0, independently of € € [0, €], we can decrease ro if necessary so that
g'(x;€) > 0for x € (¢, rg) and € € [0, €9]. Thus, there exists a unique y. € (e, ro)
such that 2p2 = g(ye;e) for all € € [0, €], where, again, we might need to
decrease €. Hence, we can choose v(z; €) to be holomorphic in {|z| < ro}\ [0, ye]
and v'/3(z; €) such that v'/3(x;€) - —pc as x — 0.

Now, since g(x; €) — p2 is real on [0, y¢] and changes sign exactly once on each
interval [0, x¢], [xe, €], and [e, y¢] while the square root vanishes at the endpoint
of these intervals, the change of the argument of v (x;€) is equal to 3. Thus,
we can define v'/3(z; €) holomorphically in {|z| < ro} \ [0, ye] as well, where it
also holds that v}r/3(x; ) 3(x;€) = p? and v (e;€) = —eT27/3 p . In this case
u(z;€) is in fact holomorphic in {|z|] < ro}, has a simple zero at the origin, is
positive for x > 0, and satisfies u(e;€) = 2p.. Since u(z;0) = z(2F(z;0))'/3
and u(z; €) continuously depends on €, we can decrease ry if necessary so that all
the function u(z; €) are conformal in {|z| < ro}.

Let u(z; e.) be the discussed solution of (7.24) and (7.25) with F(z;¢.) =
f2(z + B1)/2. Then the desired function Ec,ﬁl (z)is givenby u(z — B1;¢€.). O
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7.4.4. Local maps around B; when ¢ > ¢*. This construction will be used
only for the ray sequences N, with ¢, > ¢*. Similarly to (7.8), given ¢ € (c*, 1),
define

1 f 2
Cep, (2) = (Z /(hg‘” - th)(s)ds) . ap <Rz <as. (7.26)
B1

Then ¢, g, (z) is holomorphic in the domain of the definition, has a simple zero at
B1, is real positive for x > B, and is real negative for x < ;.

Lemma 7.7. There exists a continuous and non-vanishing function 8g,(c)
on (c*, 1) with non-zero one-sided limit at 1 such that {. g, (z) is conformal in
{lz = B1l < 8p,(c)}. Moreover, the constant Ag, in Lemma 7.5 can be adjusted
so that 44, (zc — B1) < |§‘;,ﬁ1 (B1)|, where z. is the zero of h.(z) described in
Proposition 4.2.

Proof. Since (. g, (z) has a simple zero at B, 8g,(c) is simply the largest ra-
dius of conformality, which is clearly positive. Moreover, when ¢ — 1, the
limiting behavior of (. g, (z) is similar to the one described in (7.17) and there-
fore lim¢—1- g, (c) > 0. To prove the second claim of the lemma observe that

& g, (B1) = uZ, where
() = uelx = )72 + A (). AP () = 0(1) asx — i,

exactly as in Lemma 7.4. Thus, we only need to investigate what happens when
¢ — ¢** (existence of a limit of ¢, g, (z) as ¢ — 1, which is conformal around B,
shows that |§é, 8, (B1)| is bounded from below as ¢ — 1). It follows from the
second part of Proposition 4.1 and (4.2) that the Puiseux expansion of h§°) (x) must
converge to the Puiseux expansion of hgi) (x) in some punctured neighborhood
of B;. In particular, we have that u, — 0 and EEO) (xc) = hgi) (B1) = hex(B) as
¢ — ¢*T for any sequence of points x, — ,Bf' asc — c*T. Since h§°) (z¢) =0,
it holds that u¢(ze — 1)~ Y2 = =P (z.) — —hex(B1) as ¢ — ¢**, from which
the estimate follows. |

7.4.5. Estimates of Hc(o) (z)— Hc(l)(z) around A, ;. The following lemma will
be used in the proof of Lemma 7.10, but is presented here due to its connection to
the conformal maps constructed above.

Lemma 7.8. Let H.(z) be as in (4.1) and g, as in Lemma 1.5. There exists
8, € (0,8,) such that given c € (0,c*) and § € (0,8p,), it holds that

(H® = H)(x +iy) < —Bg, 8 c, (7.27)



Jacobi matrices on trees generated by Angelesco systems 1565

forall x € [Be1 + 8c,ar —éc], y € [-6¢c/2,8¢c/2], where Bg, > 0 is a constant
independent of ¢ and 8. Moreover, for any fixed 5§ > 0 small enough there exist
cs > 0 and € > 0 such that

(H® — HV)(x +iy) < —€ (7.28)

forall c € (0,c5), x € a1 + 8,00 — 6], and y € [-8/2,8/2]. Finally, for any
¢ € (0,1), it holds that

(H® — HV)(x £i8c) > Bp,8%%c, x € |1, Bel- (7.29)

Proof. Since h.(z) = 20, H.(z) and B, ; is a ramification point of R, belonging
to both )1 and MY, it holds that

z
(HO® — HW)(2) = m( / h©® — th)(s)ds), ap <Rz <ax.  (7.30)
Be.1

It further follows from (4.2) that
2 (t —x)?
—X)2 + y2)2
when |y| < §c < dist(x, Ac 1 U Ac2). Therefore, it holds that

(HE = H{)(x +1y) = (H — HD)(Be,1 + 8¢ + 1)

forall x € [Bc1 + 8¢, a2 —c] and y € [—d¢/2, 8¢ /2]. Now, by combining (7.18)
and (7.30) we get that

R 1)+ ) = [ 2 A0+ 062)(0) <0

4
HY —HD)@) = RGP E). e <Rz<w (13D

for all ¢ € (0, c*]. Take 8, < sin(x/6)8g,. Since each map ¢g. ,(z) is conformal

in |z — B¢,1| < 8p,c and § < sin(w/6)dg,, every point B. 1 + Sc + iy lies within

a disk of conformality of {g,,(z) when |y| < &c/2. Since Arg(éc + iy) €

[-7/6,7/6] when |y| < 6c/2 and g, ,(x) is positive for x > B, 1, is negative

for x < f.,1 and has a positive derivative at . 1, there exists §. > 0 such that
R (Ben + e +19)) 2 3163 (Ben + e+ iy)

.1 .1
for all [y| < éc/2and § < §.. Since the maps (g, (z) continuously depend on ¢
and have a rescaled conformal limit as ¢ — 0, see (7.21), the constants §. can be
chosen so that 6. > §g, > 0 for all ¢ € (0, ¢*) and some dg, > 0. Thus,

. 2 -
(HO — HO)x +iy) < =316573 (Bea + 8¢ + 1y)] < —Bp 872

.1
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forx € [Be,1+8c, ar—8c], y € [-8¢/2,8¢c/2],and aconstant Bg, > 0independent
of ¢ by Lemma 7.5 and (5.1), which finishes the proof of (7.27).

Estimate (7.28) follows in straightforward fashion from the observation that the
left-hand side of (7.28) converges to V®2(a)—V®2(x+iy) as ¢ — 0 uniformly on
the considered set by Proposition 4.1 and (4.1), where w, is the arcsine distribution
on As,.

To prove equation (7.29), observe that for each x € A, ; fixed, the functions
(HC(O) — HC(I))(x =+ iy) are increasing for y € [0, co) and vanish at y = 0 by (4.1)
and (2.3). Moreover, since these functions have the same value at conjugate-
symmetric points, it is enough to consider only the upper half-plane. As the right-
hand side of (7.29) is positive whenever ¢, § > 0, we can assume without loss of
generality that § < min{8q,.,8p,, minge[c/,1) 8, (c)}, where &4,, g,, ¢’, and 8g, (c)
were introduced in Lemmas 7.4, 7.5, 7.6, and 7.7, respectively.

Suppose that |x +idc — ;| < 84, c. Then it follows from Lemma 7.4 together
with (5.1) that

C202 (x +i8¢)| = (Aa, /4)'/281 2. (7.32)
It clearly holds that Arg(x + idc) € [arctan(§/8q,). 7/2]. Since (¢ 4, (z) is con-
formal, negative for z > «;, and positive for z < «y, there exists §. > 0 such
that

Arg(é‘cl’/wz1 (x +idc)) € (0, (r — arctan(5/8y,))/2] (7.33)
for all § € (0,6.). Since the maps . o, (z) continuously depend on ¢ and have a
rescaled conformal limit as ¢ — 0, see (7.16), and a conformal limit as ¢ — 1,
see (7.17), the constants §. can be chosen so that §. > 6, > 0 for all ¢ € (0, 1).

However, as mentioned before, without loss of generality we can consider only
8 € (0, §4). Furthermore, similarly to (7.31), it holds that

(H® = HD)(2) = 4REL (). Rz <o,
by (7.8). Thus, combining the above expression with (7.32) and (7.33) gives us
(HO — HW)(x +1i8c) > sin(arctan(§/84,)/2)|E}2 (x +i6c)| = B'8%%¢ (7.34)

C,0]

for some B’ > 0, independent of ¢ and §.
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Now, we shall examine what happens when x lies in the vicinity of S, .
Unfortunately, there are three different constructions of the conformal maps in
this case. Thus, we first assume that ¢ € (0,c*] and |x 4+ i§ — Bc,1| < g, ¢, see
Lemma 7.5. Then it follows from Lemma 7.5 and (5.1) that

1632 (x +i6)| = (g, /4)*/28¥ ¢,

In the considered case Arg(x +idc) € [r/2, w —arctan(5/8g,)]. Since the confor-
mal maps ¢ ﬂ/ (z) continuously depend on ¢, have a rescaled limit when ¢ — 0,
see (7.21), are positive for z > f.,; and negative for x < B 1, (7.33) gets now
replaced by

Arg(§3/2 (x +i8¢)) € (57/8, (3w — arctan(8/8,,))/2] (7.35)

for all § € (0, 8x) and a possibly adjusted constant §, > 0. Thus, combining the
above observations with (7.31) gives us that

(H® — HO)(x + i) > (4/3) sin(arctan(8/83,)/2)[23 (x + isc)|

(7.36)
> B//85/2C

for some B” > 0, independent of § and c¢. Let now ¢’ be the same as in Lemma 7.6
and [x +i6—B1| < 8,c forany ¢ € (c*, ], again, see Lemma 7.6. Then it follows
from (7.23) that

(HC(O) — Hél))(Z) =—= 9{@3//321 (z) — é‘c ,B1 (B1 + EC)gc ,B1 (Z))

Since fc, g, (x) is positive for x > B; and negative for x < B, it holds that

SIRER @)~ b b1+ OBE ) >~ RER ()

for z with Arg(z) € (0,7). Since the maps Z‘c,ﬁ] (z) continuously depend on
¢ € [c¢*, ¢], where we set Ec*,ﬂl (z) := e+ g, (2), see Lemma 7.6, the constant §
can be adjusted so that (7.35) remains valid with ¢, g, (z) replaced by EC, g, (z) for
|8] < 8« and ¢ € [c*, ¢/]. Hence, we can proceed exactly as in the case ¢ € (0, ¢*],
perhaps, at the expense of possibly adjusting the constant B” in (7.36). Further,
when ¢ € [¢, 1), it follows from (7.26) that

(Hc(O) _ Hc(l))(z) — 49%(52/;1 (2)), a1 <Rz <.

It also follows from Proposition 4.2 and Lemma 7.7 that |§‘é, 5, (B1)] is bounded
away from 0 independently of ¢ € [¢/, 1) (the bound does depend on ¢’). Notice
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also that in this case (7.33) remains valid with 6, replaced by min e[’ 1) 8p, (c).
Therefore, (7.34) remains valid as well, where we need to replace . q,(z) by
Cc.p, (z) and, perhaps, adjust B'.

It only remains to examine what happens when «; + §’c¢ < x < .1 — &'c for
some &’ > 0. To this end, let us denote by he (x) the following function:

he(x) 1= 2130 (x)) = K (x) = KO (x) = K (x) — h) (x)
= 2i3(h(D(x)) = 2iI(h{) (x)) = —2i IEQ(x)), x € AZ,.

Let us show that /i (x) # 0 for x € AZ ;. Indeed, if 1. (x") = 0 for some x’ € AZ s
then 1% (x') = h2(x") = ) (x') = A2 (x') and this value is real. That is, there
exist x',x” € A.1 (m(x') = m(x”) = x’) at which /. (z) assumes the same non-
zero real value. On the other hand, when ¢ € (¢*, ¢**), h.(z) has simple poles at
a1, B1,az, B>. Therefore, it can be clearly seen from (4.2) that h§°’ (x) assumes
every non-zero real value twice, once on (—oo, a1) U (82, c0) and once on (B, &2).
Furthermore, (4.2) also shows that hgl) (x) and h?) (x) assume every non-zero real
value once on (—oo, o) U (B1, 00) and (—o0, ar2) U (B2, 00), respectively. As h(z)
has four zeros/poles, it assumes every value exactly four times. Thus, if he(x')
were zero, h.(z) would assume a given real value six times, which is impossible.
Since the proof for the case ¢ € (0, c*]U[c**, 1) is quite similar, the claim follows.
For the next step, we would like to argue that

Nmin ;= inf min |he(x)] > 0.
c€(0,1) aj+8'c<x=<B.1—-8c

For that, it will be convenient to consider the rescaled function ﬁc (s) := Ec (Bey +
|Ac1](s — 1)/2). These functions are purely-imaginary and non-vanishing on
(=1, 1). It follows from (4.8) that there exists §” > 0 such that

Rmin > inf min |he(s)|.

ce(0,1) —1+8"<s<1-8"
For each ¢ fixed, the minimum over s is clearly non-zero and continuously depends
on c. On the other hand, exactly as in Lemma 7.5, it holds that

i 1—=s

Cwa(e)| V1 +s (7:37)

he(s) —

as ¢ — O uniformly on [—1+ 4", 1 —§”], which again, has a non-zero minimum of
the absolute value. Moreover, a computation similar to the one leading to (7.17)
gives us that
ho(s) —> ——2 ! (7.38)
s — .
¢ VB —ar V1 —s2
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as ¢ — 1 uniformly on [—1 + §”, 1 — §”], which also has a non-zero minimum of
the absolute value. Hence, it indeed holds that %;, > O.

o

Now, observe that /. (x) is a trace of a function analytic across A ol

namely,
of

W) -1 (z), 3z >0,

he(z) :=
() {hg”(z)—hg")(z), 3z <0,

Therefore, for each x” € [a; + 8'c, Be,1 — 8'c] fixed, there exists §(c; x”) > 0 such
that

|He(z;x)| = (hmin/ )|z — X', He(z:x') = / he(s)ds, (7.39)

for all |z — x| < &(c;x")c by (5.1). Notice that §(x")c can be taken to be
the radius of the largest disk of conformality of H.(z;x’). Observe also that
8(c; x’) continuously depends on x’ and therefore there exists §(c) > 0 such that
8(c;x") = é(c) for all x" € [o; + 8’c, Be,1 — &c]. Since §(c) can be made to
continuously depend on ¢ and the limits (7.37) and (7.38) hold not only on (—1, 1),
but in some neighborhood of (—1, 1) as well, the constant §, can be adjusted so
that §(c) > 8« for all ¢ € (0, 1).

Since the functions H.(z;x’) are conformal in |z — x’| < 8¢ for each x’ €
[@1 +6'c, Be,1 —& ] and are purely imaginary on the real axis, the same continuity
and compactness arguments we have been employing throughout the lemma imply
that

R(H.(x" +iy;x") = C|He(x" + iy; x)| (7.40)

for all y € (0,8«c) and x" € [a1 + 8¢, Be1 — &'c], where C > 0 is constant
independent of c. Since h.(z) = 20, H.(z), it follows from (7.39) and (7.40) that

(HO — HD)(x +i8c) = R(H.(x +i6c: x)) = (Chmin/4)Sc. (7.41)

The estimate in (7.29) now follows from (7.34), (7.36), and (7.41). O

7.5. Local parametrices. Below, we construct solutions of RHP-P, for e €
ta1, Biia)s n € Ng,. Recall that the squares U, have diagonals of length 2§c,
where § < 6(c«) see Section 7.2. Additionally, we assume that § < min{8g,,dg, }
or § < min{dy,,8g,(c+)}, depending on c,, see Lemmas 7.4-7.7. Then the maps
constructed in Section 7.4 are conformal in the corresponding squares U,.
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7.5.1. Matrix Py, (z). Let ¥({) be a matrix-valued function such that
(a) ¥(¢) is holomorphicin C\ (/4 U I- U (—o0,0]), see (7.2);
(b) ¥(¢) has continuous traces on /4 U I_ U (—o0, 0) that satisfy

(0 1) ¢ € (—00.0)
—1 0’ oo

1 0
. el
(1 1)

where /1 are oriented towards the origin;

(c) ¥(&) = O(log|l]) as & — 0;
(d) ¥(¢) has the following behavior near co:

V(0 =v-()

w© = (1 D)+ o expiae o)
J2 \i 1
uniformly in C \ (/+ U I_ U (—00, 0]).

Solution of RHP-W¥ was constructed explicitly in [35] with the help of modified
Bessel and Hankel functions. Observe that the jump matrices in RHP-W(b) have
determinant one. Therefore, it follows from RHP-W(d) that det(¥(¢)) = /2.

Let &5 o, (2) := L, 01 (2), see (7.8), which is conformal in Uy, . It holds due to
Lemma 7.4 and (5.1) that

{|z] < A, 813} C 1i1*C5 4, (Uay) (7.42)

where A, isindependent of § and c; = n;/|n|. It also follows from (4.3) and (7.8)
that |
G @) = (37
Let D(z) be given by (7.6). Note also that the matrix o3¥(¢)o3 also satisfies
RHP-W¥, but with the orientation of all the rays in RHP-W(b) reversed and i
replaced by —i in the asymptotic formula of RHP-¥(d). Relation (7.43) and
RHP-W¥ (a,b,c) imply that the matrix

P, (2) = Eo, ()T1((03%03) (i1’ 0, ()7 ()@Y /@50) ™/ 2(2)) D (2),

(7.44)
satisfies RHP- P, (a,b,c) for any holomorphic prefactor E,, (). As g‘i/ 4= el
on (—oo, 0), where we take the principal branch, it can be easily checked that

e e e [ ()

log(® (z)/cpf;’(z)))z, 2 €Uy, (7.43)
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there. Then RHP-N (b) implies that

11205 0, —o3/4 11 L -1
Eq (z) = M(z)Tl((|n| g’\/(;)) (_i 11),01 /2(2)) (7.45)

is holomorphic in Uy, \ {o1}. Since the first and second columns of M (z) have at
most quarter root singularities at &y and the third one is bounded, see Lemma 7.3,
E,, (z) is in fact holomorphic in U,, as desired. Finally, RHP-P, (d) follows
from RHP-W¥(d) and (7.42).

Recall that det(M (z)) = det(D(z)) = 1 as explained between (7.5) and (7.6).
Hence, it holds that det(Eq, (z)) = 1 /~/2 and respectively det(Pqy, (2)) = 1.

7.5.2. Matrix Pg;  (z) when ¢, < ¢* and ¢; < c¢*. Below, given N, , with

e < c*, wesolve RHP—P,gi1 along the subsequence N7, := {neN, :c; <c*},
when such a subsequence is infinite. Clearly, N7 only omits finitely many terms
from N., when ¢, < c¢*.

Given 0 € C\ (—00,0) and s € (—o00,00), let ®,(¢;s) be a matrix-valued
function such that

(a) ®4(¢;s) is holomorphic in C\ (/4 U I_ U (—o0, 00));
(b) @,(¢;s) has continuous traces on I+ U I_ U (—o0, 0) U (0, co) that satisfy

() s

1 0
o (:5) = o_(s) (1 1), { el

(1 “) ¢ € (0. 00);
0 1’ $ o)

() @1(5;s) = O(1) and @4 (¢;5) = O(log|Z]) wheno # 1as { — 0;
(d) @®(¢;s) has the following behavior near oo:

é——03/4
V2
uniformly in C \ (/+ U I U (—o0, 00)).

As in the previous subsection, notice that det(®, (¢;s)) = /2.
Besides RHP-®,, we shall also need RHP-® obtained from RHP-®, by
replacing RHP-®((d) with

b, (5:s) =

(1 1)a+oe e |- 2¢+ 5720
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(d) @ (¢; s) has the following behavior near co:

YR SGar s I ~1/2 2 .32 1/2
B0 = (; ) )U+OC e =5 + 5t P05},
When ¢ = 1 and s = 0, the Riemann-Hilbert problem RHP-®; is well
known [16] and is solved using Airy functions. In fact, in this case RHP-®,(d)
can be improved to
5—03/4

V2

uniformly in C\ (/+U/_U(—o0, 00)). More generally, when o = 1, the solvability
of these two problems for all s € (—o0,00) was shown in [27] with further
properties investigated in [28]. The solvability of the general case o € C\ (—o0, 0)
was obtained in [44]. In [45, Theorem 4.1] it was shown that RHP-®,(d) can be
replaced by

BN S ls| + 1 2 /
<1><,(§,s)_7(i 1)(1+o( |§|+1))exp{—§(§'+s)3203} (7.47)

which holds uniformly for { € C\ (/4 U I_ U (—00,00)) and s € (—o0, c0) when
o # 0, and uniformly for s € [0, 00) when 0 = 0; and that RHP-®(d) can be
replaced by

N Sl s Is| + 1 2 3 /
s = (i) (o) Joed =50 s
(7.48)

®,(¢:0) =

(i 1)urocmen{-3e2n)  aa)

uniformly for £ € C\ (/4 U I- U (—00,0]) and s € (—o0,0].
Let g, (z) := g, ,(z) be the functions defined in (7.18) that are conformal
inU B; - S€e Lemma 7.5. It follows from (4.3) and (7.18) that

3 2/3
¢, (2) = (— e log(®” /cpg’)) . zeU .. (7.49)
According to Lemma 7.5 and (5.1), it holds that
{Iz] < Ap,8n7"y C 1iiP¢s,  (Ug, ). (7.50)

where Ag, is independent of 77 with 71 € N7, .
Assume now that ¢, < ¢*. Recall that is this case 81 € U, , for all |11] large
enough. Relation (7.49) and RHP-®(a,b,c) imply that the matrix

Py, (2)=Eg, ()T1(®1(ii[*3¢g, , (2):0)0; 7 (2)(@ /0)=7/2(2)) D (2)
(7.51)
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satisfies RHP-P g (a,b,c) for any holomorphic prefactor Eg. (z). As in the
previous subsection, RHP-V (b) implies that

(123, N7 (1 i\ -
Eg, (2):= M(z)Tl( ﬁﬁ (i i)pl 3/2(2)) (7.52)

is holomorphic in Uﬂﬁ’ .- Requirement RHP-P B (d) now follows from (7.46)
and (7.50).

Assume now that ¢, = ¢* and recall (7.3). Observe also that B; ; < B; for
i € NZ. and therefore s; := |ﬁ|2/3§ﬂﬁ!1(ﬂ1) > 0. Then, similarly to (7.51), we
get from (7.49) and RHP-®(a,b,c) that

Pﬂﬁ,l (2)
:=Ep. (2)T1(@o(ii|3Ls.  (2):50)p7 7 (2)(@L /@) 3/2(2)) D (2)
(7.53)

satisfies RHP-P g (a,b,c), where holomorphic prefactor Eg. | (2) is again given
by (7.52). Then it follows from (7.47) and (7.49) that

(M7'Py, D7N)(s)

_ 03/2 1 1 —i é‘ﬂﬁ_l(ﬁl) 03/4 1 1 i
_Tl(p‘ (s)ﬁ(—i 1)(1+Eﬂﬁgl(s)) ﬁ(i I)X

< (1+0 (il + ¢, ,(60)) pf‘”/z(s))

for s € dUp, ,. Since {g. ,(B1) — O as |ii| > oo, ii € N5, and (g, () is
bounded below in modulus on dUg. , RHP-P g (d) follows. As in the previous
subsection, we point out that det(Pg_  (z)) = L.

7.5.3. Matrix Pg_  (z) whenc, = c* and ¢; > ¢*. Wesolve RHP-Pg.  along
the subsequence N7, := {1 € N¢x:c; > ¢*}, when such a subsequence is infinite.

Let Eﬁ’ g, (2) := (.. p, (z) be the conformal map in Up, constructed in Lemma 7.6.
As before, it follows from (4.3) that

A 2 2 3
@)= G B+ G5 () =~ on(@ /@), 2 € Up, (754
Lets; := _|ﬁ|2/32ﬁ,ﬂ1 (B1 +€5). As above, it follows from (7.54) and RHP-® that

P (2) i= Eg, ()Ti(® (711> %5 5, (2): 5300, 2 (2) (@ /@) 703/ D (2)
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satisfies RHP-P g, , where Eg, (z) is given by (7.52) with {g. ;(z) replaced by
Eﬁ, g, (2), and it follows from (7.48) that RHP-P g, (d) is satisfied with

o(1) = O(max{{;/? (B + €7). il ~'/3)).

Again, we stress that det(Pg, (z)) = 1.

7.5.4. Matrix Pg, (z) when ¢, > c¢*. The construction of Pg, (z) in the consid-
ered case is absolutely identical to the one of Py, (z) in Section 7.5.1.

Clearly, we can assume that 7 € N, is such that c; > c¢*. Let {; ,(z) :=
{c;.p1 (2) be the conformal map defined in (7.26), whose properties were described
in Lemma 7.7. It follows from (4.3) and (7.26) that

1
i@ = (37

According to Lemma 7.7 and (5.1) theorem and since n? < |ii|?, it holds that
{lz] < A, 8(zc, — B1INT} C 1G5 5, (Ug,).

where dg, (¢) is continuous and non-vanishing on (c*, 1]. Similarly to (7.44), a
solution of RHP-P g, is given by

Pg,(2) := Eg, (2)T1(¥(ii 2Lz g, (2))p) 2 (2)(@L ) @) ™3/2(2)) D (2),

where
(P88, N (1 0\ —gypa \ 7
By, e 1= (PR (1)

©) /(D)2
log(®” /! )) . zeUs,.

It again holds that det(Pg, (z)) = 1.
7.6. Solution of RHP-X. Set U; := Uy, U Ug. U Uy, , UUg, and I'; :=
+ - + - ' '
Mo Ul vy, Ul Put
Sis = 0Uz U (T U [Bii1, B U [0, i 0) \ Ui),
see Figure 4.

\T;
3Ua2 3U,32

F;\Uﬁ

Figure 4. Lens Xj; 5 consisting of two connected components X5 5 1 (the left one) and
Xj; 5.2 (the right one).
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For definiteness, we agree that all the segments in ¥ 5 are oriented from left
to right and all the polygons are oriented counter-clockwise. We shall further
denote by X5 5 | and Ij; 5 , the left and right, respectively, connected components
of X 7,8-

For what is to come, we shall need uniform boundedness of the Cauchy
operators on ¥ 5. For convenience, we formulate this claim as a lemma.

Lemma 7.9. Given r > 1, there exists a constant C, > 0 such that for all § > 0
it holds that

1+ FllLrs, p < Gl fllLrcs, -
where Cf(z) = 5= Is. ] L0 g Cx f(s) are the traces of Cf(z) on the left

2mi t—z

(—) and right (+) hand-sides of i s

Proof. Recall the following known fact, see [15, equation (7.11)], if Ry, R, are
two semi-infinite rays with a common endpoint, then

1CR, fllLrRo) = CrllfllLr Ry (7.55)

for some constant C, > 0 (we can take C, = 1), where Cg, is the Cauchy operator
defined on R;. Moreover, the same estimate holds when R, = R; and Cg, is
replaced by the trace operators Cg, +, see [15, equations (7.5)—(7.7)]. Trivially,
the same estimate holds when R; is replaced by an interval disjoint from R; (may
be for an adjusted constant C,). Since we can embed any two segments with a
common endpoint into semi-infinite rays with a common endpoint and embed a
function from L” space of a segment into L” space of the corresponding ray by
extending it by zero, the desired estimate then follows from (7.55) (again, with an
adjusted constant C;). O

Given the global parametrix N(z) = C(MD)(z) solving RHP-N, see (7.5)
and (7.6), and local parametrices P.(z) solving RHP-P, and constructed in the
previous section, consider the following Riemann—Hilbert Problem (RHP-Z):

(a) Z(z) is a holomorphic matrix function in C \ £; 5 and Z (c0) = I;

(b) Z(z) has continuous traces on X . that satisfy

(MD)(s)Ti( 0)(MD>—1(s), s €T3\ T,

1/pi(s) 1
Zi(s) =Z_(s) pi (s)
1

(MD)(s)T,-((l) )(MD)—I(s), s € A\ (Ags U D).

Pe(s)(MD)7'(s). s € 0Ue. e € {a1. Bj 1. % 2. B2}
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(¢) around the points of £ 5\ (X ;U{B1, 2}) the function Z (z) is bounded and
around B (resp. «) its entries are bounded except for those in the second
(resp. third) column that behave like O(log |z — B1]) (resp. O(log |z — az])).

To show existence and prove size estimates of the matrix function Z (z), let us
first estimate the size of its jump:

V(s):=Z_'(s)Z4(s) =1, s€Xjy. (7.56)
More precisely, the following lemma holds.
Lemma 7.10. Let V (s) be given by (7.56) and RHP-Z (b). Then it holds that
1, cx €0,¢*) U (c**, 1],

o(s. g <
[VilLeo(s; 9 < 54 {min{zc* —BrLas—ze )V ey € (¢*, ),

(7.57)
with the constant in < being independent of § and i. Moreover, it also holds that
[VlLee(s; 5 = 0(1) when c. € {c*, c**}.

Proof. We shall prove (7.57) separately for different parts of Xj; 5. In fact, we
shall do it only on X; ;5 ; understanding that the estimates on X; 5, can be
carried out in the same fashion. For s € dU,, e € {ai,f; 1}, it holds that
V(s) = P.(s)(MD)~!(s) — I. Therefore, the desired estimate (7.57) follows
from Lemma 7.3 and RHP-P.(d). Letnow s = x € Ay \ (A;; U (7,;), which is
non-empty when ¢, < c¢*. In this case, it holds that

veo = pyem (o ) apy i -
o (x)
_101( ) (1)( )M(X)El,2M_l(x)'
Estimate (7.57) now follows from Lemma 7.3 and the estimate
10 (x)/ @ (x)| = explii|(H” (x) — HS" (x))}

(7.58)

8—»
< exp{— 35153/2111}_ B, 83/2’

see (4.3) and (7.27). Lastly, let s € T2\ Uy. Then, it holds that
V) = D)o

1 o)
~ ) o (s)

10 o
1pi(s) 1)(MD) )

—5 M () E2,i M ().
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The desired estimate (7.57) can be deduced exactly as in the second step of the
proof with (7.29) used instead of (7.27). O

It is essentially a standard argument in the theory of orthogonal polynomials
to deduce existence of Z (z) from Lemma 7.10, see [15, Chapter 7].

Lemma 7.11. Given N,,, ¢, € [0, 1], there exists a constant M(N., ) such that a
solution of RHP-Z exists for all |ii| > M(N,,) and it satisfies

max Z ()= 1ij| 87V Lo, (7.59)
for all z € C when c. € [c*,c**], |z — B1| = 8/5 when ¢, € (0,c*),
dist(z, {a1, B1}) = 8/5 when ¢, = 0, |z — az| = 8/5 when ¢ € (¢**,1), and

dist(z, {az2, B2}) = /5 when c. = 1, where the constant in < is independent of §
and n.

Proof. Let C and C_ be the operators defined in Lemma 7.9 and Cy: L" (% 5) —
L"(Zj 5), r > 1, be an operator defined by Cy F := C_(F V) for any 2 x 2 matrix
function F (s) in L"(Zj; 5). Then it follows from Lemmas 7.9 and 7.10 that

ICVIIr = CrllV lILoos; ) = o(D). (7.60)

Let M(N.,) be such that the above norm is less than 1/2 for all 7 € N,,
] = M(N,). Then the operator J — Cy is invertible in L"(X; 5) for all such
7. Hence, one can readily verify that

Z)=1+CUV)(z), U(s):=(—Cy)  )s).

The above formula and the Holder inequality immediately yield that

WOV, 9 o
———— = S8V Loz, ) (7.61)

Z(z)—1ij| <
n?’a]l_x|[ @) —1lis] 5 dist(z, 25 5) '

for dist(z, Xj 5) > 6/5, where the constant in < is independent of 7 and § (it
involves the arclengths of Xj 5, but the latter are uniformly bounded above and
below).

It can be readily seen from RHP-Z (b) that V (s) can be analytically continued
off each connected component of E;’ s- Hence, solutions of RHP-Z for the same
value of 7 and different values of § are, in fact, analytic continuations of each
other. Thus, using (7.61) together with (7.61) where § is replaced by §/2, we get
that (7.61) in fact holds for dist(z, ([B¢,.1, B1] U [o2, ac, 2]) \ Uz) > 8/5. The
set ([Bey.1, B1] U [a2, e, 2]) \ Uj is not empty only when ¢, € [0,¢*) U (¢**, 1].
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In particular, we have finished the proof of the lemma for ¢, € [c*, c¢**]. When
cx € (0,¢%), set I;; 5 := [B1 + i8¢y /3, B1] U (Be,,1 +i8cs /3, B1 + i8cu/3) \ U;
and let Oj, 5 be the bounded domain delimited by dUj, I; 5, and [Be, 1. B1) \ U;.
Observe that V(s) extends as an analytic matrix function into Oj; 5 and still
satisfies (7.58) there by (7.27). Thus, we can analytically continue Z (s) into Oj; s
by multiplying it by I + V (z) there. This continuation will still have a jump matrix
satisfying (7.57) and therefore itself will satisfy (7.61) away from its jump contour.
This finishes the proof of the lemma when ¢, € (0,¢*) U (¢**, 1) (the proof for
the case ¢, € (¢**, 1) is identical). The proof in the case ¢, = 0 (and therefore in
the case ¢, = 1) is similar and uses (7.28) instead of (7.27).

The fact that the above constructed matrix Z (z) has behavior as described in
RHP-Z (c) follows from the fact that it admits an explicit local parametrix around
B1 (resp. az) when ¢, < ¢* (resp. ¢« > ¢**), see [45, Sections 8.3 and 9.1]. O

The following lemma immediately follows from Lemma 7.11.

Lemma 7.12. A solution of RHP-X is given by

X() = €z () |MPIE). 2 €C\T;, (7.62)
P.(2), z €U, e €{a1, Bii 1, Ui ns B2}

where Z (z) solves RHP-Z, N (z) := C(MD)(z) solves RHP-N, see (7.5)—(7.6),
and P.(z) solve RHP-P,, see Section 7.5.

7.7. Proof of Theorems 3.2-3.4. We are now ready to prove the main results of
Section 3. We stop using the notation c, and resume writing ¢ as in the statements
of Theorems 3.2-3.4.

7.7.1. Proof of Theorem 3.2. Let K be a closed subset of C \ (A1 UAcp). It
follows from Proposition 4.1 that the constant § in the definition of the contour
X5 s can be adjusted so that K lies outside of each ﬁii as well as U; for all |ii|
large enough. Then it holds that

Y(z) = C(ZMD)(z), zeK, (7.63)

by (7.4) and Lemma 7.12, where we need to write Y1 (z) and Z1(z) for z €
A; \ Ay, € {1,2}. Set

Bi(z) := [Z(Z)]l,k+1 — ok = 0(1), k€{0,1,2}, (7.64)
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where §;; is the usual Kronecker symbol. Observe that By (co) = 0 and

|Br(2)| = {oh(sﬁ), ¢ & {c*, c**)

7.65
0s(1), c € {c*, c**}, ( )

uniformly in C \ {ay, 81} when ¢ = 0, in C \ {;} when ¢ € (0, c*), in C when
¢ € [c*,c**],in C\{a2} when ¢ € (¢**, 1), and in C\{a2, B2} whenc = 1by (7.57)
and (7.59), where the dependence on ¢ of Os . (¢;) is uniform on compact subsets
of [0, ¢*) U (¢**, 1]. Then it follows from (7.1), (7.63), the definition of M (z) in
(7.5), and of C, D(z) in (7.6) that
P;(2)=[Y(D]11=[Cl11[(ZM)(2)]11[D(2)]1.1
=183 (2)(1 + Bo(2) + 57,1 B1() T30 (2) + 852 B2(2) Ti 5 () @ (2),

where s; ; 1= QO)(oo) /S ’)(oo) i € {1,2}. The first asymptotic formula of the
theorem now follows from (7.65), (5.5)—(5.8), and (3.10).

Letnow K be a closed subset of AZ | U AZ ,. Again, we can adjust § so that K
does not intersect Uj; for all |7| large enough. Hence,

Yi(x) = C(ZMsD1)(x)I + p;7 ' (x)Eit11), x € KNAg;  (7.66)
fori e {1,2}, again by (7.4) and Lemma 7.12. Thus, we get for x € K N A.; that
Pi(x) = y3(S07) L () (1 + Bo(x) + Bi(x) Ty (x) + Ba(x) Y55, (x))

+ 5 (piwi i)~ (0)(S5P7) Y ()1 + Bo(x) + Bi(x) T3], (x)
+ Ba(0) Y5, (x)).

Since Fj(to) (x) = Fj(Fi ) (x) on Aj; ; for any rational function F(z) on 2Rj;, the second
asymptotic formula of the theorem now follows from (3.7), (7.65), and (5.5)—(5.8).

7.7.2. Proof of Theorem 3.3. Similarly to the matrix Y (z) defined in (7.1), set

Li(z) ~40(2) ~A2(2)
V()= | ~dinLive,(0) dinAf); () dinAl); @) |, (7.67)
~diaLive,(2) dipAL, (2) dinAl); ()
where the constants dy; are chosen so that the polynomials dj ; A (’) (z) are

monic. It was shown in [24, Theorem 4.1] that

Y(z) =" (z)"" (7.68)
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Hence, it follows from (7.63) that on closed subsets of C \ (Ac,; U Ac ) it holds
that
Yo =Cc'(Z )M ) @D ()

(as before, the contour Xj; 5 can be adjusted to accommodate any such closed
set, moreover, one needs to write Y4+ (z) for z € A; \ A.;). The above equation
and (7.67) yield that

AV @) =€ Z Y OM Y OD @i, zeK. (169
Let us rewrite (7.7) as

wﬁ,l(z) wﬁ,z(z)
SO sV sP@)

M~Y(z) =: diag( )n(z)S(oo),

which serves as a definition of the matrix II(z). Notice that t;, defined in the
statement of the theorem, is equal to [C]; 1. Thus, it follows from (7.69) that

wy i (2)

@) _ -
A,; (z) =—-[(Z I)T(Z)S(OO)HT(Z)]I,i+1m,

ze K. (7.70)

Similarly to (7.64), set
Bi(z) :==[(Z7) @)]1k41 — ok = 0(1). k €{0.1,2}.

Observe that all the jump matrices in RHP-Z (b) have determinant one. Since
Z (00) = I, we therefore get that det(Z (z)) = 1. Hence, the functions By (z) do
obey the estimate of (7.65) as well. Again, it holds that §k (c0) = 0. Thus,

(Z7)T()S ()T ()]1,i41
= S:7(00) (T (2) + Bo()T1S ) (2) + 57 B1(D)T1S), (2) + s 5 Ba(2)T1S ), (2)),

for all z € K, where, as before, s; ; = S’éo) (c0)/ Sél)(oo). Now, observe that
M, (2)/ Ti(2) = —A7 ) Y5,(2), 1 €{1,2},

which follows from comparing zero/pole divisors and the normalizations at oo(®
of the left- and right-hand sides of the above equality (recall that H%O) (c0) =1

and Hg); (z) = —z7! 4+ O(z72), which can be seen from (5.19)). Therefore, it
follows from (7.70) that

@) @) i
Vi1 (2) i) Vin(2) §2(2)> (11 w;.,)(2)
Si1din Si2 Az 2 Vi (S5 @)@ (2)
(7.71)

AD(z) = —(1 + Bo(z) —
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Hence, the first asymptotic formula of the theorem follows from (7.65), (5.5)—(5.8)
(here, one needs to recall that B; (0c0) = 0 and therefore the estimate for
(1 hp ; B1)(z) around infinity follows from the maximum principle), (3.10), and the
fact that Ajq~ cﬁ shown in the proof of Lemma 5.1. Whenc¢ = 0andi = 1, we
also deduce from (7.71) and the maximum modulus principle that

o(1) 37 (00) (MPwz )(2)  o(1) (M5 w5,1)(2)

2 - 2
G S el ) G o)

AW () =

where we also used (3.9) and o (1) behaves like the right-hand side of (7.65). Recall
that Hg)(z) has a double zero at infinity. Therefore,
@]
MPw2 ] = (T = TETONE S = o)

wia(2)|
uniformly on closed subsets C \ Ag; by (5.20), (5.6)—(5.8), and the maximum
modulus principle. Clearly, the last two estimates prove the second asymptotic
formula of the theorem (the case ¢ = 1 and i = 2 can be treated similarly).

Finally, (7.66) and (7.68) give us

Yi(x) = CTHZ Y @MY )DI ) F o7 () Eit)

on any compact subset of A°

i’ i € {1,2}. Analogously to (7.71), the above
formula yields that

. A~ A~ ~ " n :l:(x)
490 = — (1 Butr) - 1320 gy TR g gy (5 ) )
i, lAn 1 Sn,ZAn,Z Vﬁ(Sﬁq>ﬁ)i (x)
Vi @)
£ o7 01+ Bo(x) — %Bl(x)
1,141,1
0) (0)

H(x)) —2E

n,zAn,z yi (i) § (x)
Once again, (7.65) and (5.5)—(5.8) imply that
(M w3 )+ (x) . ) (x)
B |14 oyt ) —2E
¥a (87 @)y (x) Ya(Si 7))L (x)

uniformly on compact subsets of Ag ;. Since

AP () = —(1 + o(1))

For {@OIE (0)/(S; @)L () = (ML w; ) (0)/(S;0) P (x).  x € A;

n,is

by (3.7), the last asymptotic formula of the theorem follows.
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7.7.3. Proof of Theorem 3.4. As in the previous two subsections, given a closed
set K in C \ (A1 U Aj), we can adjust the contour ¥ 5 so that K lies in the
unbounded component of its complement. Hence, using the notation of the
previous two subsections, we get from (7.1), (7.5), (7.6), (7.63), and (7.65) that

RY(2) = 738, ()w; } () (1 + Bo(2) + 55,1 B1(2) Ty ) (2)
+ 55, B2 () YL (2) 05 (2)

i,
for z € K,i € {1,2}. The first asymptotic formula of the theorem now follows
from (7.65), (5.5)-(5.8), (3.10), and the maximum modulus principle applied to
(T}éil).Bi)(z) to extend the desired estimates to the neighborhood of infinity. As in
the proof of Theorem 3.3, it holds when ¢ = 0 and i = 1 that

My — (1) -1
R (z) = o(1)7 P (Z)wﬁ,l(z)

uniformly on closed subsets of C \ Ag,; by (5.6)—(5.8) and (3.9)—(3.10). Since an
analogous formula holds for ¢ = 1 and i = 2, the second asymptotic formula of
the theorem follows.

Finally, it follows from (7.67) and (7.68) that

0) (0) 0)
. 1. 1(2) . T.5(2) . Y (z)
Li() = (14 Bo(2) = L= Bi() - 22 By(o)) — L
i1 Si2Aio ¥i (8 @;) P (2)

on closed subsets of C \ (A¢,1 U Ac,2), from which the last asymptotic formula of
the theorem follows, as usual, by (7.65) (holding for By (z) as well), (5.5)—(5.8),
(3.10), and since A; ; ~ cr% as shown in Lemma 5.1.

8. Proof of Theorem 1.2

While proving Theorem 1.2 we first consider the case of fully marginal sequences
and then consider separately the asymptotic behavior of a; ;. a; , and b;; 1, bj; 5.

8.1. Fully marginal ray sequences. In this section we only consider sequences
No and Ny satisfying (3.1). Again, we present the proof only in the case of ¢ = 0.
Recurrence formula (1.7) for P;(x) can be rewritten as

o _ P P () Pig(2)
T Pa(2) 1 Pi2) "2 Pai(x)

One can easily see from (8.1) that

z—b ie{l,2). (8.1

Pive (2) )

bs; = — lim ( e

Z—>00

(8.2)
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Thus, the limiting behavior of b; ;, b; , follows from Theorem 3.1 and (6.2) in
Lemma 6.1. Moreover, since the rays {#i & ¢;: 11 € Ny} are also fully marginal, we
can use Theorem 3.1 to rewrite (8.1) fori = 2 as

Bl (14o(1)—22 (8.3)
S(zian)(z —ar) PN N

Recall that S(z;a1) = 1 — (Bo1 —a1)/z + O(z72) by (6.7) and (2.7). Hence, if
we use (2.6) to obtain the first four terms of the power series expansion of ¢, (z)
at infinity, we then can rewrite (8.3) as

s bia =1+ o)z — By — 202 - 202002 4 (L))

z2—=bj» = (1+0(1)p2(2) +(1+0(1))

2 23 (8.4)
(1 B o(5)) 214 B2 o))

It follows immediately from (8.4) that
aﬁ,l + aﬁ,2 = (1 + 0(1))A0,2 and BO,lah',l + BO,2ah’,2 = (1 + 0(1))30’2140,2,

from which the limits of a;; ;. aj; , easily follow (recall that ¢, (z) is non-vanishing).

8.2. Asymptotics of a; ;, aj; » along non-fully marginal sequences. From now
on we are assuming that ray sequences N, satisfy (3.11). It can be deduced from
orthogonality relations (1.5) and definition (3.14) that

; hyp; 1 e .
R’({)(Z) = —ﬁm + O(Z i 2), hﬁ,l = / Ph’(x).xnl d/Ll(X),
i € {1,2}. In particular, we have that mj ; = —2mi/h;_z, ; in (7.1). Then it fol-
lows from the first and second asymptotic formulae of Theorem 3.4, the definition
of constants y; and t; in Theorems 3.2 and 3.3, respectively, and the definition of
the matrix C in (7.6) that

hii  1+o(l) [Cli h i — o(l) [Cl11

2ri spi [Clignit 2mi

8.5
Chon &Y

where, as before, s; ; = n(o) (0c0)/ Sﬁ(i)(oo), i € {l1,2}, the first formula holds for
i €{1,2} whenc € (0,1),i =2 whenc = 0,andi = 1 when ¢ = 1, and the
second formula holds for the remaining cases. Furthermore, we get from (7.1) that

2mi

=my; = lim 2" ()]0 (8.6)
h > Z—00 ’

n—e; i
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Analogously to the computation after (7.63)—(7.65) we get that [Y (z)];+1,1 is equal
to

(0)( )
[Clisvi+1— 55— (i, zT(O)(Z) + Bo,i(2) + 551 BLi(2) T (2)
S(O)( Pl

+ 57282, () 1 (2) DY (2)

8.7)

in a neighborhood of infinity, where By ;(z) := [Z(2)]i+1.k+1 — ik, k € {0, 1,2},
satisfy (7.65). Since By;(c0) = 0and Y, (z) = Az,;z7" + 0(z72) as z — o0,
see (5.3), we get that
27i [Clit1,i+1
—— = (55,45 ; +0o(1))————. (8.8)
hh’_é’i’l‘ ( n,p“"n, ( )) [C]ljl

Now, it is well known, see for example [8, Lemma A.1], that a; ; = h; ;/ h;
Therefore, it follows from (8.5) and (8.8) that

n—é;,i-

aj; = (1 +oM)(Az; +57;0(1)) or a;; = o0(1)(s;;45,; +o(1))

i € {1,2}, where the first formula holds for i € {1,2} whenc¢ € (0,1),i = 2
when ¢ = 0, and i = 1 when ¢ = 1, and the second formula holds for the
remaining cases. The desired limits of a; ; therefore follow from continuity of
the constants A.,; with respect to the parameter c, see Proposition 2.1, asymptotic
formulae (3.10), and the estimates A.; ~ c2asc — 0(Aco ~ (1—c)?asc — 1),
see (5.11) and after.

8.3. Asymptoticsof b; 1, bj; » along non-fully marginal sequences. Excluding
the cases i = 1 whenc = O andi = 2 when ¢ = 1, we get from (8.6)—(8.8)
and (5.6)—(5.8) that

Piz,(2) = (1+ 0() A5 037 (2)75(S:97) @ (2) (8.9)

in some neighborhood of the point at infinity. Replacing the sequence N, with
{n +é;:n € N.}, we get from (8.2), Theorem 3.2, and (8.9) that

bii = —(1 +o(1) lim ((1;1)74_(2) - z) = (1 4+ 0(1)) Biyz,,

n+é;,i
where we also used (2.5) and (5.3). The desired claim now follows from Proposi-
tion 2.1.
Out of the two exceptional cases, we shall only consider the case i = 1 when
¢ = 0 understanding that the other one can be treated similarly. Assume for the
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moment that the measure i, is, in fact, the arcsine distribution on A,, that is,

dx _ dx
2/ (x —a)(Br—x)  2miwpg(x)’

dus(x) = (8.10)
Recall the notation of Section 6 where we wrote P;(z) = Pj; 1(2) P; 5(z) with
polynomial P; ;(z) having all its zeros on A;. We would like to show that when
W2 is of the form (8.10), formula (6.1) still holds along any marginal ray sequence
No. To this end, we shall use 2 x 2 Riemann—Hilbert analysis of orthogonal
polynomials. Since this method has been described in detail in Section 7, we
shall only outline the main steps.
It follows from (1.5) and (8.10) that the Riemann—Hilbert problem

(a) Y(z)is analyticin C \ A, and lim Y (z)z7"? = I,
Z—>00

(b) Y (z) has continuous traces on each A3 that satisfy

1 (P /w X

Y+(X) — Y—(-x)(o ( ,1/ 12+)( ))’

(c) the entries of the first column of Y (z) are bounded and the entries of the
second column behave like O(|z — £]71/2) as z — & € {2, B2);

is solved by
P;,(2) RP(2) )

*
-

* * *
mg P, (2) my,REL(2)

Y(z):= (

where P, (z) is the monic polynomial of degree n, —1 orthogonal to lower degree
polynomials with respect to the weight P; ; (x)du2(x) and

Ri () =5~

1 n
_ —nz—1
= m + 0(z ).
n,

| / P2, () Py (x)dpa(x)

X —Z

2

Let I'; be a Jordan curve encircling A, counter-clockwise and containing A in

its exterior. Set
1 0
RS Qz,
X(z):=Y(2) (_(w2/Pﬁ,1)(z) 1)
1 otherwise,

where €25 is the interior domain of I',. Then X (z) solves the following Riemann—
Hilbert problem:
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(@) X (z)isanalyticin C\ (A, UT,)and lim X(z)z7"2 =1,
Z—>0

(b) X (z) has continuous traces on A3 U I', that satisfy

( 0 (Pﬁ,l/wz+)(s)) e,
—(wa+/P5.1)(s5) 0
X+(s) = X-(s)
1 0
( ) s € I'y;
(w2/ Py 1)(s) 1

(c) the entries of the first column of X (z) are bounded and the entries of the
second column behave like O(|z — £|7'/?) as z — £ € {an, B2 ).

The solution of the above Riemann—Hilbert problem is given by
X(2) = C(ZL)(2),

where

1 1/wa(z)
1/92(2)  @2(2)/wa(2)
with (compare to (3.5) and observe that ¢» (x)@>—(x) = 1 on Aj)

L) = ( )(5,395'52)"3 2)

ni

i R $2(2) — 2(x5;)  @2(z) \1/2
¢2(2) 1= A0’2 ¢2(2) and S;(2) = l:l_ll (952(2)@2()5%,1') —lz— xﬁ,i> ’

C is a diagonal matrix of constants such that lim,_,o, CL(z)z7"2°3% = [, and
Z (z) solves the following Riemann—Hilbert problem:

(a) Z(z) is a holomorphic matrix function in C \ T, and Z (c0) = I;
(b) Z(z) has continuous traces on I', that satisfy

Z.(s) = Z_(s)L(s)((wz/; 96) ?)L_l(s).

Indeed, as in Section 7, we only need to verify that the jump of Z(z) on I'; can
be estimated as I + o(1) as ny — oo, 11 € Ny. The latter is equal to

I+ 1~2n (?z(s) jl )
(szﬁ,lsﬁz% 2)($) \@3(s)  —@2(s)

Observe that

R TONS SO L $2(2) = §alx0)
(PaaSh® =3t @ [ [boisan). - be0= Zoar T
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Notice that infger, |@2(s)| > 1 and infser, xoea, |6(s;x0)| > 0 by the compact-
ness of Aj and I',. Therefore, there exist positive constants C; > 1 and C; < 1
such that

SUF |(w2Pﬁ’155¢§n2)(s)|—1 < C1’l1C22n2+n1 — (Clnl/(2n2+n1)C2)2n2+n1 — 0(1)
NS

as ni;/ny — 0. This finishes the proof of the identity X (z) = C(ZL)(z) from
which (6.1) easily follows. Observe that u5 as in (8.10) is a Szeg6 weight. Hence,
Lemma 6.1 is applicable. Therefore,

(Pﬁ+él ()

lim lim
P;(2)

|ii| =00, HENG Z—>00

z) = By, (8.11)

by (6.2). On the other hand, it should be clear from the above argument that the
proof in Section 7 will work if i, is as in (8.10). Therefore, Theorem 3.2 for such
a choice of w, gives us that

Pﬁ—l—El (2)
P;(z)

Vire, Sive, Pire) ¥ (2)
Vi (S5 @5) 0 (2)

in a neighborhood of the point at infinity. It follows from (8.11), (8.12), and (3.9)

that

= (1+o(1)) (8.12)

0
(Tﬁ+é'1 q)gi_f)_g;l (2)

lim lim
70 (2)

|7i]—>o00, HEN(Q Z—>0

- z) = —Bo.. (8.13)

where t; was defined in Theorem 3.3. Observe that (8.13) is a statement about
Riemann surfaces 9R; for 7 € Ny and is independent of the original measures
W1, 42. By Theorem 3.2, (8.12) holds for measures j1, it as in Theorem 1.2,
which we are currently proving. Hence, polynomials P;(z), 7 € N, satisfy (8.11)
by (8.13) and (3.9). The final claim of the theorem now follows from (8.2).

Appendix A

In this appendix, we will study the operators Lgl) and L?) defined in (2.10).
As we have already mentioned in Section 2.2, these operators appear in [8, for-
mula (4.20)] used with ¥ = €; and K = é,, respectively. The analysis in this
section is fairly standard for the Spectral Theory of Jacobi matrices on trees (see,
e.g., [32] where the Laplacian and its perturbations were studied for some trees
with the finite cone type). However, to make the paper self-contained, we provide
complete proofs. That will also emphasize the connection between the quantities
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used in Spectral Theory, such as m-functions to be defined a few lines below, and

the quantities standard in the asymptotical analysis of multiple orthogonal poly-

nomials, e.g., function Xg").

We denote by §¥) the delta function (Kronecker symbol) of the vertex Y.
Consider two functions

mi(z) := (LD —2)716 5§ my(z2) := (LP —2)716@ 5Oy (A1)

Given the function y.(z) from Proposition 2.1 and ¢ € (0, 1), [8, equation (4.22)]
yields that
-1 -1

my(z) = ————, my(z) = —-—-—,
19(z) - Bea 19(z) = Bea

where, as usual, )(20) (z) are the values taken from the zero-th sheet 9%5,0). By the
Spectral Theorem [2], they can also be written in the form

(1) )
rmn=/“0?,nmn=/%ﬁﬁ,

X — X —Z
R R

where 0(01) is the spectral measure of §(9) with respect to L1 e {1,2}. The

properties of the conformal map y.(z) imply that the functions my(z) and my(z)
satisfy:

(A) mi(z) and my(z) have no poles since y(z) # B.; for z € MO by
conformality;

(B) both mj(z) and my(z) are Herglotz—Nevanlinna functions in C7, i.e., they
are analytic, have positive imaginary part, and are continuous up to the
boundary. Moreover, Im(x) = Tmy(x) = Oforx € R\ (Ac1 U Acp)
and Jm; (x) > 0,Imy(x) > 0for x € A | UAZ,.

We will use the following notation. If Y, Z € Vand Y ~ Z, then deleting the
edge (Y, Z) that connects them leaves us with two subtrees. The one containing
Y will be called Tz, yj, the other one will be called T[y,z]. The restriction of any
Jacobi matrix J to a subtree T’ will be denoted by J-.

We learned from (A) and (B) above that 0(01 ) and 0(02 ) are absolutely continuous
measures with supports equal to A ; U A.>. We need this for the following
lemma.

Lemma A.1. Ifc € (0, 1), then Lgl) and ng) have no eigenvalues.
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Proof. Suppose that Lg), ! € {1,2}, has an eigenvector ¥. Since 0(01)

is purely
absolutely continuous as just explained, the restriction of Ly) to the cyclic sub-
space generated by 6(?) has no eigenvalues by the spectral theorem. Therefore,
we must have Wo = 0. Now, consider the restrictions of ¥ to T10,0,y, ] and to
J10,0(en) -] One of these functions is not identically equal to zero and the one that

is not must be an eigenvector of the corresponding operator: either J;,, o1 OF
: ch),

d 0.0 21" By construction, these operators are identical to either Lgl) or ng)

and, as we established earlier, this implies that Vo, , = Yo, , = 0. Repeating
the argument, we can now show that ¥ = 0 identically on the whole tree which
gives a contradiction. O

The following observation holds for a general Jacobi matrix (2.8) and (2.9).
Let oy denote the spectral measure of §() with respect to g, i.e.,

doy (x)
x—z

my(z) == ((§—z)" 16D, M) = [ eCt. (A.2)

R

If we delete all edges connecting Y to its neighbors, say / of them, we will be
left with the vertex Y and / subtrees {‘I[y,yj]}j.zl. The restrictions of J to these
subtrees are also Jacobi matrices and we previously denoted them by Jo, L Let

(Y : doty,y;1(x)
miy () = Gy, —2) 71809, 699) =/[x+]z zeCt. (A3)
R

Then the following lemma holds.

Lemma A.2. Foreveryz € C,

1
my(z) = . (A4)
Vy — Z§=1 Wy, ymy,y;1(z) — z
Proof. Let f := (J—2)"'6W). Clearly, J f = zf + 60, that is,
V fx + Yzox W3 fi = zfx. X #Y,
@/)x = R (A.5)
Vyfy—i-zj:l WYj,Yij =zfy+1, X=Y.
Set fU) = —(WYI,/Yi fr)! f|V[Y,Yj]’ which is a renormalized restriction of f to
the set of vertices V[y,y;] of Tly,y;]. Observe that
| @fx =214, X #Y;,
(3‘]’[Y,Yj]f(]))X = (A6)

b 18 YW 1 =2 e x=,
Z~Y;,Z#Y
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where both relations follow from the first line of (A.5) (for the second relation we
need to separate the summand corresponding to Z = Y, bring it to the other side
of the equation, and then divide by it). It follows immediately from (A.6) that

857, [P = 2f P+ 87 = [ = (G, 278D,
The claim of the lemma follows from the second equality in (A.5) since
fr={@-2718D.80) = my(2)
and similarly
fr, = =05 ) 7 = =W my (2mpy v (2). O

Remark. The recursion relations for m-functions, such as the one in formula (A.4),
are well known and have been used previously, e.g., [, 18, 34].

Let us now return to the operators J = Lgl), [ €{l1,2}. Take any vertex Y # O.
Deleting the edge (Y, Y(;)) leaves us with two subtrees. As before, we denote by
J1v,v,)) the one containing Y, and let mg) (z) and mg,) 7)(2) to be given by (A.2)

and (A.3), respectively (with J = Lgl)).

Lemma A.3. For every Y # O, the function mg/)y(p)](z) is meromorphic in

C \ (Ac,1 U Ac ) and the function mg)(z) is analytic there.

Proof. Recall that the functions mj(z) and my(z) are analytic in C\ (A¢,; U Ac ).
We shall prove the desired claims inductively on 7, the distance from Y to the root
O. Assume first that n = 1. Let ¢ be the type of Y. Formula (A.4) applied at the
vertex O to the operator £ restricted to the subtree Tly,0] gives

1 1
My oy2) =

’

)
B. — AC,3—LmE0),Z] (z2)—z

where Z is the other “child” of O and we used an obvious fact that the restriction
of £ from T1y,0] to the subtree T[p,z) is the same as the restriction of £ from

T to J[o0,z]- Since the restriction of £P 1o T, [0,7] is L3, mEIO) 7)(2) is equal

to either my(z) when ¢« = 2 or my(z) when ¢ = 1. In any case, mEIY)’O](z) is
meromorphic outside A. 1 U Ac .

Suppose now that the claims are true for all vertices up to the distance n.
Consider any Y such that its distance from the root is n + 1. Let ¢ be the type
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of Y. As in the first part of the proof, apply (A.4) at the vertex Yy of the subtree
‘T[Y,y(p)] to get

@ 1
MY, Yp)] (2) =

Bey = AC’L(P)mEQ(pﬁ(Y(p))(p)](Z) B Ac’3_tmg/)(p)’z] (2) =z
where () is the type of Y(,) and Z is the “sibling” of Y. The first function in
the denominator is meromorphic outside A, ; U A, » by the inductive assumption
and the other one is either my(z) or my(z). Thus, mg,),y( 1 is also meromorphic
outside A, U A . This way we get the claim for n + p1 and so we proved the
first statement of the lemma.

Now, apply (A.4) to mg)(z). The functions involved are myy y, ;1(z), j €
{1,2}, and m[y,y(p)](z). The first two are my(z), my(z) and they are analytic in the
considered domain. The third one is meromorphic there by the first statement of
the lemma. Notice that mY) (z) can not have poles by Lemma A.1 thus it is analytic
outside A. 1 U A¢ . O

Lemma A4. LetY € Vandc € (0,1). If crl(,l ) is the spectral measure of Y with

respect to Lgl), [ € {1,2}, then it is absolutely continuous and its support is equal
to Ac,l U Ac,z.

Proof. The measure a() is purely absolutely continuous and is supported on
Ac1UA¢p as explamed before Lemma A.1. Fix Y # O and let 1y be the type
of Y. Further, let mg)(z) and m(l ) (z) be given by (A.2) and (A.3), respectively,
with J = L(l) Then is follows from (2.10) and (A.4) that

1 1
ImP(E +ie) = ERPIE N

— ~ (l) B ’
M~ Ny Ac,lJm[Y,Y(Ch).l](E+1€)

where

2
i . ~ )
3:=Acuy JmEY)Y (E +ie) + E Aci JmEY),Y(ch).i](E + i€) + €,
i=1

Ny = ‘Bc w — Ae LYm (E + ie)
2

! . .
- Z Ac szy),y(ch)’i](E +i€) — (E + i€)
i=1

~o(l ! i
Ny i= Acy JmEY)Y (E +ie) + ZAC, JmEY),Y(ch).i](E +ie) + €,
i=1
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because the imaginary parts of all m-functions are positive in C*. Notice now that
the restriction of Lgl) to any subtree of the type Jiz, 7 is in fact equal to either

Lgl) or ng). Therefore, mg/) Y] is either my or myy. The properties (A) and (B)

of my and my listed above can be now applied to get

sup |3m§f)(E +i€)| < 00
Eel,0<e<1

for every interval I C A, U A.,. This implies that crl(,l ) is purely absolutely
continuous on /. By Lemma A.3, the measure 01(/1 ) is supported inside A1 UA;»
and Lemma A.1 implies that it has no mass points. Therefore, we conclude that
01(/1 ) is purely absolutely continuous, as claimed. O

Theorem A.1. We have that 6(LL) = 0es(£P) = Acq U Ao, | € (1,2},
where, as before, we understand that Ao 1 := {o1} and Ay 5 := {B2}.

Proof. If ¢ € (0,1), Lemma A.4 shows that §) belongs to the absolutely
continuous subspace of Ly) for all Y. Since all linear combinations of §®)
must belong to this subspace and are dense in £2(V), this subspace is in fact the
whole space ¢2(V). Thus, O(Lgl)) = cress(Lgl)) and it is equal to A.,; U A.» by
Lemma A.4 and the Spectral Theorem.

Let ¢ € {0,1}. We shall consider Léz) only, other cases can be handled
similarly. By (2.7), we have Ap,; = 0 and Ao > 0. Thus, the operator ng)
decouples into the following direct sum

o0
£ =A@ (@Az), (A7)
n=1

where A; is the one-sided Jacobi matrix

Bo,z \/ Ao,z 0 0
A= |V Ao Bop /Ao 0
b 0 vAo2  Bop Ao

and A, the one-sided Jacobi matrix

B()’l ,/Ao,z 0 0
A, = VAo2 Boz2 Aoz 0
2 0 VAo2 Bop Ao
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This direct sum decomposition implies that O(ng)) =o0(A1) Ua(Ay). Itis well

known that 0 (A;) = [Bo,z — 2,/140,2, By, + 2,/140,2] = [u, B2], see (2.7) for the
second equality, and that

Bos —z + /(z — Bo2)? — 440
2A0,2

_ Bop—z+w(2)

N 240 '

A (2) = ((Ay —2)715©,6©) =

Furthermore, since the restriction of A, from ¢2(Zx¢) to £2(IN) is equal to A; and
therefore m[o,1)(z) = /1(z) in the notation of (A.3), we get from (A.4) that

~ _ -1
M2(2) = (A2 = 2) 18(0)’5(0)) - Agomi(z) +z—Boa’

where w,(z) was introduced in the Proposition 2.1. One can readily check that
Jmip(x) > 0 for x € (a2, B2), Tz (x) = 0 for x & [z, B2], and that /715 (z) has
the unique pole at a point X € R given by

Ao’zl’/l\’ll()z) T BO,I =0 (AS)

which implies that X = & thanks to (2.7). In other words, o (A,) = a1 U [a2, B2].
Now, the statement about the spectrum and essential spectrum follows from direct
sum decomposition (A.7). O
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