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Spectral invariants of Dirichlet-to-Neumann operators
on surfaces
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Abstract. We obtain a complete asymptotic expansion for the eigenvalues of the Dirichlet-
to-Neumann maps associated with Schrodinger operators on compact Riemannian surfaces
with boundary. For the zero potential, we recover the well-known spectral asymptotics
for the Steklov problem. For non-zero potentials, we obtain new geometric invariants
determined by the spectrum of what we call the parametric Steklov problem. In particular,
for constant potentials parametric Steklov problem, the total geodesic curvature on each
connected component of the boundary is a spectral invariant. Under the constant curvature
assumption, this allows us to obtain some interior information from the spectrum of these
boundary operators.
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1. Introduction and main result

1.1. The Dirichlet-to-Neumann map. Let (2, g) be a compact Riemannian
surface with smooth boundary ¥ and 7 € C*°(Q2; R). For A € R, the Dirichlet-
to-Neumann map on 2

DNj, := DN, (Q: 7): C®(Z) — C®(X)
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is defined as DN, u = d,u, where 0, is the outward pointing normal derivative
on X and # is the solution to the problem

{(Ag +A0)i=0 inQ,

U=1u on X.

Given Q2 and 7, the map DN, is well defined for all A € V C R, where R\ Vis
a discrete set consisting in the Dirichlet eigenvalues of the linear operator pencil
Ag + At, i.e., the values of A such that the problem

{(Ag +Au=0 inQ,

u=20 on X,

admits a non-trivial solution. For fixed A € V, the Dirichlet-to-Neumann map
is a self-adjoint elliptic pseudodifferential operator of order one with principal
symbol [£]g, see [21]. Its spectrum is discrete and accumulating only at infinity,

00(R: ;1) <01 (13 4) < -+ o0

These eigenvalues are solutions to the eigenvalue problem
(Ag +At)u =0 in <2,
{ ¢ (1

oyu = ou on X.

A survey of the general properties of the Steklov problem, i.e., the problem for
A =0, is found in [9]. When A = 0, since t becomes irrelevant, we simply label
the eigenvalues o0 (€2, 0).

1.2. Spectral asymptotics. Since DNj is a self-adjoint elliptic pseudodifferen-
tial operator of order one with principal symbol ||, it follows from Weyl’s law
with sharp remainder (see [11]) that for any A, t the eigenvalues satisfy

mj
per(%)

where per(X) denotes the length of ¥ and the remainder R(j, A, t) is a bounded
function of j for every fixed A and t. Our aim is to obtain a complete asymptotic
expansion for o; (£€2; 7; A). In order to state our results, we generalise the standard
notion of asymptotic expansions.

0j(2;T;A) =

+ R(j. A, 1),
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Definition 1.1. Let {a;}, {b;} be two sequences of real numbers. We say that they
are asymptotically equivalent, and write aj ~ b;, if for all N € IN there exist Cy
and Jy such that for all j > Jy,

la; —bj| < Cnj™V.

More generally, suppose that for every N € N, {B;N )} is a sequence of real
numbers. We write

Clj ~ B;OO)
if for every N € IN, there exist Cy and Jy such that for all j > Jy,

N— -
jaj — BNV < ey

We observe that the last part of the definition corresponds to the usual notion
of asymptotic expansion

o0
aj~ ) baj"
n=K

if we take B }N ) = Zf,v: x bnj 7" for every N € IN, but our definition allows for a
larger class of asymptotic behaviour.

When €2 is simply connected, Rozenblum [20] and Guillemin and Melrose
(see [5]) proved independently that the eigenvalues of DNy were asymptotically
double and satisfy the precise asymptotics

02;(Q) ~ 02j-1(R2) ~

27 — o (per(Z) ]D).

per(X) 2

In other words, 0»; and 01 have the same complete asymptotic expansion, and
every term except the principal term in that expansion vanishes. That principal
term is given by the Steklov eigenvalues for the disk with the same perimeter
as Q. Our first result is an extension of this result to the Dirichlet-to-Neumann

operators associated to Schrodinger operators.

Theorem 1.2. Let (2, g) be a simply connected compact Riemannian surface
with smooth boundary ¥. For A € R NV, the eigenvalues of DN, (2; 1) are
asymptotically double and admit a complete asymptotic expansion given by

. (e, 0)
02 ~ 021 ~ T+ Y s Q) @)

n=1
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%&?. The coefficients s, are polynomials in A of degree at most n

with vanishing constant coefficients. They depend on both t and the metric in an
arbitrarily small neighbourhood of X. If T = 1, then the first two terms are given
by

where L =

AL AL
(i) =~ 20:iQ) = E/kgds 3)
)

where kg is the geodesic curvature on X.

Just as with the Steklov problem, the righthand side of (2) is in fact an as-
ymptotic expansion for an eigenvalue problem defined on the disk. When Q is
not simply connected, the situation is not so simple. Our main theorem shows
that in such a case, the spectrum is asymptotically equivalent to the spectrum of a
Dirichlet-to-Neumann operator associated to a Schrodinger operator on a disjoint
union of disks. When A = 0, Girouard, Parnovski, Polterovich, and Sher proved
the same result in [8], whereas Arias-Marco, Dryden, Gordon, Hassannezhad,
Ray, and Stanhope proved in [2] the equivalent statement for the eigenvalues of
DNy on orbisurfaces.

To state the theorem, we introduce notation for a union of non-decreasing
sequences, reordered to be non-decreasing. Let 8 = {§V, ... £®)} be a finite
set of non-decreasing sequences of real numbers accumulating at co. We denote
by S(Z) the sequence £ U --- U £® rearranged in monotone non-decreasing
order. Here, the union is understood as union of multisets, in other words repeated
elements are kept with their multiplicity.

Theorem 1.3. Let (2, g) be a compact Riemannian surface whose smooth bound-
ary X has £ connected components X1, . . ., %y with perimeters per(X,,) = 21w Ly,
l<m<dl Let A€c RNVandt € C*(Q).

(A) For every 1 < m < {, there are a metric g, on the unit disk, a collar
neighbourhood Y, of X, a collar neighbourhood Y, of S', and ©,, €
C°(D) such that

(a) there is an isometry Qp,: (Tm, gm) = (Ym, 9);

(b) the restriction of t,, to Y, is the pullback by ¢, of T, in other words

Tm|’?m = go;:t‘dTm’
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(c) putting
m
Q= | |D.gm)

{=1

and ty € C*(Q2y) to be equal to vy, on each components of Q4,
0j(2;1;4) ~ 07 (Ry: T: A). @)

(B) Any other metric h on Q4 and function v € C*(Qy) that satisfies (a) and
(b) leads to the same asymptotic equivalence (4).

(C) Foreveryl <m < {and N > 1, define the sequence £€™N) as Eém’N) =0
and for j > 1,

m,N) _ (m,N) _
EZj = S2j—-1 T

N
PIT O 5)
n=1
where the coefficients s,(,m) depend only on A, T and the metric in an arbitrarily
small neighbourhood of ¥, in the same way as in (2) (including the case
when t = 1). Let EM) = {é(l’N), .. .,é(e’N)}. For A € RNV, the
eigenvalues of DN (2; t) are asymptotically given by

gj NS(E(OO))]'. (6)

To To

Figure 1. Construction of collar neighbourhoods in statement (A) of Theorem 1.3.

o
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Remark 1.4. In the previous theorem, statements (B) and (C) are direct conse-
quence of statement (A) and Theorem 1.2, along with the observation that the
spectrum of DN, on a disjoint union of surfaces is equal to the union of the spec-
tra, repeating multiplicity. As such, we will only need to prove statement (A).
Nevertheless, statements (B) and (C) are useful to have explicitly for our applica-
tions to inverse problems.

Note that Theorem 1.3 obviously implies Theorem 1.2. However, the statement
for simply connected surfaces is cleaner and obtained as an intermediate step in
proving Theorem 1.3. Hence we state them separately.

1.3. Inverse spectral geometry. Inverse problems consist in recovering data
of some PDE — the domain of definition €2, the metric, the potential, etc. —
from properties of the operator alone, and inverse spectral geometry consists in
recovering that data from the spectrum only. One of the seminal questions in that
field was asked for the Dirichlet Laplacian by Mark Kac in [15] and answered
negatively by Gordon, Webb and Wolpert in [10]: “Can one hear the shape of a
drum?” For this reason, we often say that any geometric data that one can recover
from the spectrum of an operator can be “heard”.

It is long known and follows from Weyl’s law that the total boundary length
can be heard from DN,. It also follows from the standard theory of the wave
trace asymptotics as developed by Duistermaat and Guillemin [4] that the length
spectrum — that is the length of the closed geodesics — of the boundary X can
be heard as well. For DNy, it is shown in [8] that we can recover the number
of connected components, as well as their lengths. It is also shown that from
polynomial eigenvalue asymptotics alone in dimension two nothing more can be
recovered. This can be seen as a consequence of Theorems 1.2 and 1.3 since the
coeflicients s, and s,(,m) are all polynomials in A that vanish when A = 0.

For DNy, to extract more information different authors have turned to spectral
quantities that have a more global nature. In [18], Polterovich and Sher obtain an
asymptotic expansion as ¢ — 0 for the heat trace of DNy. From the coefficients,
they obtain that the total mean curvature is a spectral invariant for d > 3. See
also the work of Liu [17] for further improvements. In the case of DN, (2; 7),
heat trace asymptotics as well as invariants deduced from them have also been
obtained by Wang and Wang in [22], again in dimension d > 3. We also refer
to the works of Jollivet and Sharafutdinov [13, 14] where they find invariants for
simply connected domains from the zeta function associated with DNj.

Our main theorem shows that for non-zero potential, one can hear more infor-
mation from polynomial eigenvalue asymptotics.
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The spectral inverse problem for the Dirichlet-to-Neumann map consists in
extracting information about €2, g, 7, and A (or a subset of these parameters) from
the eigenvalues {o;: j € IN}. As an application of our methods, we will find
spectral invariants when t = 1, and show that we can recover A as well as
geometric data on Q2. For A = 0, the problem has been studied already and is
referred to as the Steklov problem. Lee and Uhlmann have shown in [16] that
the map DNy (but not necessarily its spectrum) determines the Taylor series for
g close to the boundary. Girouard, Parnovski, Polterovich and Sher show in [8]
that from polynomial order spectral asymptotics, one can determine the number
of boundary components and each of their lengths, but nothing more. Our goal is
to obtain more information from the spectrum when A # 0.

Theorem 1.5. For any A € (R N V) \ {0}, the spectrum of DN, determines the
Jollowing quantities:

o the number of connected components of the boundary, and their respective
perimeters;
e cach coefficient s,([") in (5), and. in particular. if t = 1,

— the parameter A and

— the total geodesic curvature on each boundary component.

The previous theorem along with the Gauss—Bonnet theorem also yield the
following theorem. We denote by K the Gaussian curvature on 2.

Theorem 1.6. Let Q2 be a compact orientable Riemannian surface with smooth
boundary ¥ and genus y, and let A € (R N'V) \ {0}. Then, the quantity

dry + / KgdAg
Q
is a spectral invariant of DN, (2; 1). In particular, if the Gaussian curvature is
assumed to be a constant K(2), then the quantity
4wy + K(2) area(S2) @)
is a determined by the spectrum of DN, (2; 1).

Here, the genus y of  corresponds to the minimal genus of a closed surface
in which @ can be topologically embedded. Equivalently, it is the genus of the
closed surface obtained from 2 by gluing topological disk onto each boundary
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component. By restricting the choice of 2, we can gain more interior geometric
information from the spectrum. Note that while the Steklov spectrum is not known
to determine interior information in general, for planar domains it is already
known from the work of Edward [6, Theorem 4] that we can get lower bounds
for the area.

Corollary 1.7. If Q is a domain of the standard sphere S, then its area is a
spectral invariant of DN (2; 1) for all A € (RN V) \ {0}.

Proof. If @ C $2,then y = 0 and K(2) = 1. This leaves only area(Q2) in (7). O

Corollary 1.8. If Q2 is a domain in a flat orientable space form, then its genus is
a spectral invariant of DN (2; 1) for all A € (R N V) \ {0}.

Proof. If Q is a domain in a flat orientable space form, then K(£2) = 0 and only
47y remains in (7). O

The inverse problem for DN, (£2; ) has a concrete interpretation in terms of
the inverse scattering problem. In this context, 2 C R? has anisotropic refraction
index 7. Non-destructive testing is the process of using the far-field data to
measure the scattering of an incoming wave at frequency +/A by the obstacle .
The inverse scattering problem consists in recovering then the refraction index t,
as well as the geometry of 2. In [3], it is shown that the far-field data determines
the spectrum of DN, (2; 7), so that any spectral invariant of DN, can be obtained
from the far-field data. We have explicit expressions for geometric quantities
related to the boundary of 2 when the refraction index is isotropic, i.e., constant.
When it is not, we do not give an explicit value of the coefficients s,, however
the algorithmic procedure to compute them in Sections 3 and 6 applies. Similarly,
Theorem 4.2 is also valid in that context, giving an exact expression for the first
few invariant quantities. Note that the coefficients s, are polynomials of order
at most n in A with vanishing constant coefficient. This means that it is possible
to decouple the coefficients of this polynomial by knowing the asymptotics for
Al,...,An. Physically, this simply means measuring the scattered far-field data
for incoming waves at n different frequencies.

1.4. Sketch of the proof of Theorem 1.2. Let us introduce a slightly more
general version of problem (1). For p: ¥ — R astrictly positive smooth function,
we consider the eigenvalue problem

{(Ag +A0u=0 inQ, ®

oyut = opu on X.
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Our first step will be to show that we can reduce Theorems 1.2 and 1.3 for the
problem (8) to proving them for

—Au=Atu inD,
)

dyu=o0pu onS'.

In other words, by introducing this extra parameter p they only need to be proved
in the case where Q2 is a disk, and g is the flat metric gg.

This reduction will be done by following the strategy set out in [8], where they
glue a disk to a collar neighbourhood of every boundary component, and discard
the rest of the surface. Since the symbol of DN depends solely on data obtained
from a neighbourhood of the boundary, this doesn’t change the symbol of the
Dirichlet-to-Neumann map. Mapping these topological disks conformally to the
unit disk in R? will multiply the factors T and p by a conformal factor, in other
words it doesn’t change the structure of the problem.

We then follow the general theory set out by Rozenblum in [19] to obtain a
complete asymptotic expansion of the eigenvalues of a pseudodifferential opera-
tor on a circle in terms of integrals of its symbol. Note that in [19], an abstract
algorithm is given to do so, but as is often the case with pseudodifferential sym-
bolic calculus the expressions become unwieldy very quickly, and the difficulty
resides in extracting actual geometric information out of it. The symbol is easy to
compute for p = 1, A = 0, where it is simply ||, with no lower order terms. How-
ever, when A # 0, this is no longer the case, and it will lead to the full asymptotic
expansion that we obtain.

We obtain the following theorem for the disk.

Theorem 1.9. The eigenvalues of the problem (9) satisfy the asymptotic expansion

. o0
. J .
2j 2j—1 (J ) fSI,de ; nJ
where the coefficients b, depend only on p, A and the values of t in a neighbour-
hood of ', as well as their derivatives.

We will then specialise the previous theorem to the values of 7 and p coming
from the conformal mapping between the disk and 2. We obtain explicit values
of the coeflicients b, in that situation.

1.5. Plan of the paper. In Section 2, we make clear our reduction to the disk
and compute the full symbol of the Dirichlet-to-Neumann map. In Section 3 and
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Section 4, using the method laid out in [19], we transform the symbol of a gen-
eral Dirichlet-to-Neumann map on a circle to extract the asymptotic expansion
of its eigenvalues. In Section 5, we specify our results to the case of the para-
metric Steklov problem in order to show Theorem 1.2. Finally, in Section 6, we
prove Theorem 1.5. There, we use Diophantine approximation to decouple the
sequences obtained in Theorem 1.3 recursively.

1.6. Asymptotic notation. In addition to the asymptotic equivalence introduced
in Definition 1.1, we also make use of Landau’s asymptotic notation.

e For two sequences {a;},{b;}, we write a; = O(b;) if there exist a constant
C >0and N € Nsuchthatforall j > N, |a;j| < Cbj. We note that if the
sequence {b;} is strictly positive, this implies the existence of a (potentially
larger) constant C’ such that |a;| < C’b; for all j € IN.

e For two functions f, g: R? — R, we say that f = O(g) if there exist C > 0
and R > O such that | f(x)| < Cg(x) for all |x| > R.

e We write a; = O(j~) to indicate that forall N € N, a; = O(j V).

We can observe that the asymptotic equivalence a; ~ b; is equivalenttoa; —b; =
0.
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ies at the Université de Montréal, under the supervision of losif Polterovich. Both
authors would like to thank him for many useful discussions, and relevant com-
ments when this paper was in its final stages. The authors would also like to thank
Alexandre Girouard, Michael Levitin, Leonid Parnovski, and Grigori Rozenblum,
who read the preliminary version of this paper and gave useful suggestions. We
also thank the two anonymous referees who made comments improving the clarity
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2. The symbol of the Dirichlet-to-Neumann map on surfaces

This section will be split into two parts. First, we follow Melrose’s factorisation
method, as described in [16]. We will see that the symbol of % DN, (2; 7) depends
only on A, p, as well as on the restriction of 7 and the metric g in a neighbourhood
of the boundary X. This will allow us to show that we can reduce the problem at
hand to the situation where €2 is the unit disk D. In the second part of this section,
we explicitly compute the value of the symbol for the disk.
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We recall the definition of the rolling radius (see [12]) and the construction of
Fermi coordinates. Given x € X, the exponential map defines a normal geodesic
curve yx: Ry — €,

Yx(t) = exp,(tv).
The cut point of x is the point cuts (x) = exp, (fov), where fg is the minimal ¢ such
that exp(¢v) does not minimise the distance to ¥. Smoothness and compactness
of the boundary ensures that such a ¢y > 0 exists. The cut locus of X is the set

cut(X) := {cutg(x): x € X}.
The rolling radius of Q2 is defined as
Roll(R2) := dist(Z, cut(X));

compactness of ¥ ensures that Roll(2) > 0. It is called the “rolling radius”
because any open ball of radius » < Roll(2) can roll along ¥ while always
remaining a subset of . For some 0 < ¢ < Roll(€2), let T be a collar
e-neighbourhood of the boundary,

Y = {x € Q:dist(x’, ) < &).

Since ¢ < Roll(R2), for every x’ € 7Y, there is a unique x € ¥ and ¢ < ¢ such
that x” = exp, (tv); set x’ = (x, ). The boundary X is characterised by {t = 0},
and the outward normal derivative is given by d,, = —d,. In these coordinates, the
metric has a much simpler form as

g(x") = g(x")(dx)* + (dr)?,

for some positive function g. The Laplacian reads

i N . [ (9x8)
—Ag = Di - 5(8, logg)D; + g~ ' D3 - 3 g2 Dy,
where D, = —idy and x now denotes an arc length parameter along X.

2.1. Reduction to the disk. We start by observing that Propositions 1.1 and 1.2
of [16] apply to the Schrodinger operator H = —A — At.

Proposition 2.1. There is a family A(x,t, Dy) of pseudodifferential operators
depending smoothly on t such that

—Ag —At(x) = (Dy +iE —iA(x.t, Dx))(Dy + iA(x.t, Dy)) (mod ¥™),

where .
14 -
E = —5(3, log 2).
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Proof. The proof follows that of [16, Proposition 1.1] in computing the symbol
of A recursively. Their construction only relies on ellipticity of H, and the fact
that the only derivatives in ¢ are in A,. d

Remark 2.2. In Subsection 2.2, we make this recursive computation of the symbol
explicit for the disk, as we need to obtain concrete values of the coefficients in that
case. The reader interested in a more detailed proof of Proposition 2.1 can see that
this recursive computation also works for a general 2.

Proposition 2.1 admits the same corollary as in [16].

Corollary 2.3. Let r(x,§) be the symbol of % DN, (2; 1) and a(x,t, &) be the
symbol of A. Then,
a(x,0,8)

8 =m0

In other words,

1 —1
—-DN; (1) = —A (mod ¥™°).
p p lz

In particular, the symbol of % DN, (R2; T) depends only on A, p and the boundary
values of g, v and of their derivatives.

We denote by 0; (2; 7; p; 1) the j™ eigenvalue of L DN (R, 7).

Lemma 2.4. Let Q1, Q, be compact Riemannian surfaces with smooth boundary
31, Y. Suppose there exists an isometry ¢ between collar neighbourhoods Y1 of
31 and Y, of . Let T € C®(23) and p € C*°(X,). Then,

0j (9 T:9"p1 ) ~ 0 (R T p; A)

where ¢* denotes the pullback by .

Proof. By Corollary 2.3, the operators i DN, (Q21; ¢*7) and § DN, (R22; 7) have
the same symbol, or in other words they are equivalent up to smoothing operators:

1 1
—— DN (Q1;¢%7) = = DN;(Q2:7) (mod ¥™).
Y p

In [8, Lemma 2.1], it is shown that whenever two elliptic selfadjoint pseudodiffer-
ential operators are equivalent up to smoothing operators, then their eigenvalues
are asymptotically equivalent. O
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Lemma 2.5. Let Q2 be a compact simply connected surface with smooth boundary
Y. Let 9: D — Q be conformal. Then, the Steklov problem (8) on  is isospectral
to the problem

—Au = Ae? (p*t)u  inD,
dou = oel (p*p)u on St,

where f:D — R is such that 9*g = 2/ g,.

Proof. It follows directly from the observation, see [13], that the Laplacian and
normal derivatives transform under a conformal mapping ¢: (D, go) — (Q: g) as

Ago(@*u) = 2/ * (Agu)
and
av,go((p*u) = efw*(av,gu)

respectively. O

Lemma 2.6. Let (2, g) be a compact Riemannian surface whose smooth bound-
ary X has £ connected components X1, ..., Xy Forevery 1 <m <, there exist
a metric gm on the unit disk, a collar neighbourhood Yy, of ¥, and a collar
neighbourhood Y, of 8! such that g, |, is isometric to g|r,,.

Proof. Since X, is a closed curve, we can assume without loss of generality that
it is parameterised as f:[0,2n] — X,. Let 0 < ¢ < min{Roll(2), 1/2} and
Y, (¢) be an e-collar neighbourhood of %,,. Let Y;,(¢) C D be defined as

Yn(e) :={(r.,0) eD:r > 1 —¢}.
Endow 7, with Fermi coordinates and define ¢,: Yom (¢) = Ym(e) by

p(1—1.0) = (f(0).1).

and let g,, = ¢, g so that g,, is isometric to g. Let

U:= {(r,@)e]D:r<1—§}

and let {Y/v, Yy} be a partition of unity subordinated to (Y;,(¢), U). Define the
metric g on D as

&m = VYr&m + Yu Lo,

where gg is the flat metric. Then, g,, is the desired metric with Y, = Y, (e/2)
and Yy, = YTy(e/2). |
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Figure 2. Isometric collar neighbourhoods of %, and $!. In the outer, darker region Tm
of D, the metric is isometric to the metric on Y,,. In the inner, lighter region, it is
the Euclidean metric. In the intermediate region, it is a convex combination of both the
pullback of a metric in the intermediate region on €2, and the Euclidean metric.

This leads us to the main theorem of this subsection, reducing the problem to
the one on the unit disk.

Theorem 2.7. Let (2, g) be a compact Riemannian surface whose smooth bound-
ary X has £ connected components X1, ..., Xy, and let Q' be the disjoint union
of  identical unit disks Dy, ..., Dg with boundary X' = S} U...US). There exist

70:Q — C and py:Y — C

such that
0 (Q: 75 p: 1) ~ 0;(Q'; 703 po: A).

Proof. The proof follows that of [8, Theorem 1.4]. For 1 < m < ¢, let Q,,
be a topological disk with a Riemannian metric that is isometric to a collar
neighbourhood Y, of ¥,,, and denote by Q4 the union of the disks 2,,. We
abuse notation and denote also by T any smooth function on Q4 whose value on
T,, coincides with t on Q2. This is justified since only its value in a neighbourhood
of the boundary affects eigenvalue asymptotics. It follows from Lemma 2.4 that

loj (7505 4) — 0 (s T: p1 A)| = O ).

For every m, the Riemann mapping theorem implies the existence of a conformal
diffeomorphism @,: (D, g0) = (. gm). Given that ¢ g,, = e>/mgy, define
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7o and pg, for x € D,, and S}n respectively, as

{To(x) 1= e2/m T (g (x)),
po(x) := e/ p(@m(x)).

It follows from Lemma 2.5 that 5 DN; (2s; 7) is isospectral to -~ DN (Dy; 7o)
The conclusion then follows from the fact that the spectrum of the Dirichlet-
to-Neumann map defined on a disjoint union of domains is the union of their
respective spectra. O

2.2. The symbol of the Dirichlet-to-Neumann map on the disk. We now
compute the full symbol of A := % DN; (D; 7) on $' = 9D from the factorisation
obtained in Proposition 2.1. Let us introduce boundary normal coordinates (x, )
for the collar neighbourhood $! x [0, §), for some small but fixed §. The flat metric
in these coordinates reads

g(x, 1) = (1 —1)*(dx)? + (dr)?,
and the Laplacian reads as
i 1

D, + D2,

—A = D? -
T (1—1)2 "~

We are therefore looking for a factorisation of the form
—Ag—At(x) = (D +iE({t)—iA(x,t, Dy))(D;+iA(x,t, Dy)) (mod¥™*),
where E(t) = (1 —1t)~L.

Rearranging, this implies finding A such that

A2(x, 1, Dx)—(l_%)zDﬁJri[D,, Al—E()A(x,1, Dy)+At(x) =0 (mod W™),

which at the level of symbols is tantamount to finding a(x, ¢, £) such that

& a
(1—t)2+ata_ T—;

1
> F(afa)(Dfa) - + At =0,

K=>0

where

a(x,t,€) ~ Z am(x,t,§)

m<l1

is the symbol of A and the coeflicients a,, are positively homogeneous of degree
min €.
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By gathering the terms of degree two, we obtain

RN

a =
Ty

while gathering the terms of degree one yields

ao(x,1,) = (a, a--) =0

1—1¢

One can observe that neither a; nor ag depend on Az. However, by gathering the
terms of order 0, we get

At Al —10)t
L 20

For m < —1, a,,—; is found recursively by gathering the terms of order m and is
given by

an(xn§) = o

1 1 a
aner(5,1,8) = =5 DL @) @) + han =) (10)
T
msG,ksl
y=j+k—m

Note that this is the same recurrence relation as the one appearing in [16] as soon
as m < —1. For the sequel, we will require explicit knowledge of the term of order
—2. From the previous equation we deduce that

(I-0A

a— 2(X z, é) 4|E|2

(itxsgn(é) —27 4+ (1 —1)1y).
As indicated by Corollary 2.3, the symbol of A is given by

r(x.§) = —p(x)~'a(x,0,§)

where the sign is chosen so that A is a positive operator. Note that d; is the interior

normal derivative hence d; = —d,,. Writing f(x) := f(x, 0) for the restriction of
any function to the boundary, the first few terms of the symbol of A read as
gL Ar(x) -
r(x,§) = +roa(x,§) + O(E[7),

p(x)  2p(x)[¢]
with

ro2(x.§) = ————=(itx(x) sgn(§) — 2r(x) — dy7(x)).

4p(x )IEI2



Dirichlet-to-Neumann spectral invariants 1643

2.3. Symmetries of the symbol. When A and t are real, we see from these
first expressions, that the real part of the symbol is an even function of &, while
its imaginary part is an odd function of £. This is equivalent to the following
definition.

Definition 2.8. A symbol a(x, ) is Hermitian if a(x,—§) = a(x,§) for all
x,€& e R.

We now show recursively that the symbol of A is Hermitian.

Proposition 2.9. For A € R, © € C*(D; R), the symbol ry, is Hermitian for all
m<1.

The proposition follows from (10) and the following lemma whose proof is
straightforward.

Lemma 2.10. Let a and b be two Hermitian symbols corresponding to operators
A and B. Then,

(1) dxa and Dga are Hermitian;
(2) a + b and ab are Hermitian,
(3) the symbol of AB is Hermitian.

Proof. The first two claims are a trivial computation. The third claim follows
from the fact that the symbol of A B is obtained from a and b using the operations
described by the first two claims. O

3. Transformation of the symbol

In this section, we follow and make explicit the strategy laid out in [19], [1,
Section 2], and [7] in the specific case of the parametric Dirichlet-to-Neumann
map.

Specifically, we want to find a sequence Py € W! such that

e AUy = Uyn Py (mod \IJI_N) for a bounded operator Uy ;
o the symbol of Py depends only on the cotangent variable £ up to order 1 —N.

Such a procedure (making the symbol dependent solely on &) will be referred to
as a diagonalisation of the symbol. It is motivated by the following proposition
resulting from [19, Theorem 9].
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Proposition 3.1. Let A be an elliptic, self-adjoint pseudodifferential operator of
order 1 and let P be the operator with symbol

N
p(x.&) = prom(®).
m=0

where pi_m depends only on & and is positively homogeneous of order 1—m.
Suppose that AU — UP € W~V for some bounded operator U. Then, the
eigenvalues of A are given by the union of two sequences, {oj+} and {o;"} that

satisfy
N

o =Y prom(Ej)+0G™N).

m=0

3.1. Diagonalisation of the principal symbol. We start by diagonalising the
principal symbol of A = %DN;L (D; 7). Let

2m
1
L= Z/,o(x)dx 11)
0

and
X

S(r.q) = %/p(z)dz.
0

The function S is a generating function for the canonical transformation (y, §) =
T (x,n) given by the relations

s s

f—ga )’—a—n-

We define the Fourier integral operator ® with phase function S as

du() = [ 5D e,

R

where # is the Fourier transform of u. We use ® to diagonalise the principal
symbol of A in the following proposition.

Proposition 3.2. Forany N, there is an operator By € V! such that its principal
symbol depends only on & and such that

A® — ®By € VIV,
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Proof. We are looking for the symbol of B in the form

b(x,£) =b1(E) + ) bm(x,8),

m=<0

with b; (x, §) positively homogeneous of order j in §. Let us first study the operator
A®. It acts on smooth functions as

1 . .
APu(x) = /// r(x, m)e! IS (Eydndy dE

= / k(r.£) ¢ SEDa(E) d g,

where
k(x.£) = // F(x, )el G i (SO-SC) 4y d .

We now look for the asymptotic expansion of k as a symbol on $', up to symbols
of order —oco. Note that the expressions here have sense in terms of distributions,
see [7, Section 2.2.2]. By following the method of proof in [7, Theorem 6.5], we
can localise the symbol by finding smooth cut-off functions /1 (x, y) and h, (&, n)
supported in suitable neighbourhoods of x = y and £ = 7 such that if

k’(x,é) = //r(x,r])ei(x_y)”ei(s(y’s)_s(x”’))h1(x,y)hz(é,r])dydn,

then Op(k — k') € ¥~°°. By Taylor’s theorem, we can write

a8 (x,
5026 =508 = P8B4 Ry B -

with

2S(x +t(y —x),£)
2 dz.

1
R(x.y.8) = / (1-1) (12)
0

We can rewrite k' as

98

K8 = // r(x, n)e! CNO=REYHO=0=5 ] (x, y)hy(E,n)dy d.

Changing variables as 7 = n— R(x, y,&)(y —x) and § = % = £ we obtain

L b
that £’ is of the form

K (x.8) = // Kx.y £ ) 00D d y d 7
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where

K(x, p,&7) = r(x, i+ R(x, y, )y =) (x, Dha &, 7+ R(x, y, §)(y — ).

From [7, Lemma 2.13], we know that k' (x, £) is a symbol given by

1 ~

/ _ _ aqapa ~ B
k (x7g) - Z a!anDyK(x’y7E’ 7’) ﬁzs
a>0 y=x

By the choice of cut-off functions, when x is close to y and 7 is close to §, we

have that 7, and %, are constant and equal to one. Hence, they don’t intervene in

the symbol’s calculation and

Kr8)= Y~ 08D8r (e i+ R,y 6)( — )

a>0

g.
X

<=

We now make the following observation: if r(x,7 + R(x,y,&)(y — x)) is a
symbol of order m, then applying 8‘;" DY results in a symbol of order m — «. In
fact, for « = 1, and denoting by d, the derivative with respect to the second
argument, we have

05 Dyr(x, 7+ R(x, y, §)(y — )|z = =i [03r (x. E)IR(x, x, §)

_ [a%r (x’ p(z)é)] EpZ/(LX)'

It is clear from this last equation that it is a symbol of order m — 1. Induction
on « is then straightforward. This yields the asymptotic symbolic expansion

k'(x,8) = > <1 Gm(x,§), where

<=

_tw . (13)
:xL

an(r ) =Y 08D a4+ Ry, 6~ )

o<a<l-m '

=

We can compute the first few terms of the symbolic expansion, using the fact that
in R \ {0} the second derivative of a; in the second variable vanishes identically.
This gives

ar(e.) = 1.
Go(x. £) = 0
AL
18) =
d—(x,§) = M2 (tr — i sgn(&)ty + 21) + z)tL%s_gn(é)p/

4%-2,03 252’04
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Let us now compute the symbol of ®B. We have
1 . .
PBu(x) = o //f e EMISCEmp (3 £)i(E)dy dndé
T

1 .
= o / fx, £)eSEDNE) dE,

where
F(x,8) = / b(y, é)ei(S(x,n)—S(x,S))eiy(S—n) dydn.

As above, this integral only converges in the sense of distributions. As in [7], we
can find a smooth cut-off function A (&, n) supported in a neighbourhood of ¢ =
such that the symbol

f(x.6) 2/ b(y, £)e'CEM=SENDEDp (e dydy

satisfies Op(f — f/) € ™.
Let us observe that

(n

s -5 =18 [pmar = a-9re
0

and that F(x) = %—?(x, ). After the change of variable y = y + x — F(x), the
equation for f’ becomes

£ = / b — x + F(x). Oh(E )0 45 dy
- // 0(x. 5.7 )T INHd5dn,

Once again from [7, Lemma 2.13], we have that £’ is a symbol in S! and
1 -
S8 =3 — 9 DFO(x, . 61) |5
a=0 n=£&

Since Q is constant in 7 close to &, the derivatives in 1 always vanish. Hence, the
symbol of By is given by

X

Fi 8 = You(1 [ p0rars)

—N<m<1 0
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To have the terms of the same order of homogeneity cancel out, we need to choose

bm(x,§) = am(s(x).§), (14)
where s(x) is the number s such that
_ /S (t)dt
= i3 P .
0
This concludes the proof. |

3.2. Diagonalisation of the full symbol. Let us denote by P; the operator with
symbol

PO E) = b1(®) + Y bu(x. ). (15)

m<—1
The diagonalisation of the full symbol is based on the following lemma inspired
by the methods laid out by Rozenblum [19] and Agranovich [1]. We include it for
completeness.

Lemma 3.3. Let N > 0 and suppose that there exists a bounded operator Uy
such that AUy —Upn Py € W™ where Py is a pseudodifferential operator whose
symbol is given by

pM.g) = Z P + PN (. 6) + O(lE "V,

Then if
2r

PO© = 5 [ PR da (16)
0
and K is the pseudodifferential operator with symbol

k(r.5) = 1 - iLsgn / P - PO @), (a7
there exists an operator Py 41 with symbol

PN ) = Z P ® + UV @) + 00"V Y)

satisfying A(UyK) — (UyK)Pyy1 € ™.
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Proof. Starting off with the pseudodifferential operator Py, we would like to find
a bounded operator K and a pseudodifferential operator Py+; whose symbol
pWN+D gatisfies

PN (x,£) = Z P& + PO @©) + 0(lgm YY)

suchthat Py K—K Py, € W°°. We choose K to have symbol 14+k_p (x, §) with
k_pn positively homogeneous of order —N in &. The symbol of Py K — KPy 4+
is then given by

““(x £) — pOtPE) — i@ p™)@rk_n) + 0N .

The symbol p1 ) comes from the diagonalisation of the principal symbol and is
given by piN) & = pil)(é) = bi1(§) = % Hence, we see that the terms of
order —N cancel if the symbol of K is given by (17) and since 0 = k_n (0, §) =
k_n(2m, &), we must take p(NH) asin (16). In order to get that Py K — KPn 41 €
W~ knowing that the symbol of P is given by

PN (x.6) = Z i@+ pi™) (x.6).

m>N+1

we need to take Py with symbol

PV (3 ) = Z P ® + P © + 3 P ),

m>N+2
which is calculated inductively as

1-m— N
paty —p<N>+Z [(8"‘k N)(DF P i) = @5 Pyt ) (DER-)] (18)

form < —N — 1. It follows that A(Uy K) — (Un K) Py +1 is smoothing. |

The previous lemma gives us a family of operators Py that diagonalise A down
to any desired order. By applying it N — 1 times starting from P;, we get that there
exists Py with symbol
RS
T+ Y g [ e odr o)

0

m

b4

PN (x6) =

such that AUy — Uy Py is smoothing for some bounded operator Uy. We sum-
marise the properties of the operators Py that were proved along the discussion
above in the following proposition.
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Proposition 3.4. The symbols p™™) of Py possess the following properties.
(1) The first symbol pM = b, (§) + Y m<—1bm(x.§), see (15).

2) Form > 1— N, p,(,,NH) = p,(nN) and 8xp,(nN) = 0. In other words, for
everym < —1 the sequence stabilises and eventually becomes diagonal with
respect to .

3) Form < —N —1, p,(nNH) is given recursively by equation (18).

(4) When the sequence stabilises, the diagonalised symbol can be explicitly
computed as p(_]gvﬂ)(é) = % 02” p(_]gv)(x, £)dux.

One can see that p,SfV )isa polynomial in A with coefficients that are functions
of x and £. From this point of view, we observe the following.
Lemma 3.5. For each m < —1 and for each N > 1, the function p,(nN) is a
polynomial in A of degree at most —m whose constant coefficient vanishes.

Proof. We denote by deg(p) the degree of a function p(x, £) as a polynomial in A.
We proceed by induction on both N and m.

It is easily seen from (10) and the expressions for a; and a_; that the functions
am (and hence r,,) are polynomials of order [ =] < —m whenever m < —1. It
then follows from equations (13) and (14) that deg( p,(,,l)) = deg(by,) < —m for all
m<-—1.

Let N > 1 be arbitrary and suppose that deg( p,(,,N /)) <-mforalll <N <N
and m < —1. From Proposition 3.4, we know that

deg(p| ™) = deg(p)) = 1.

Let my < —1 and suppose that deg(p,(,,N+1)) < —m for all =1 > m > my. We
want to estimate the degree of p,% J_rll) Its expression is given by (18) and we can
see that the term of highest degree in A in the sum is obtained when @ = 0. Hence,

deg(pintD) < deg(k_n) + deg(p =1, ) (19)

From the definition of k_p, we have
— (N)
deg(k-n) = deg(pZy) < N (20)
by the induction hypothesis. Since my — 1 + N > my, the induction hypothesis

yields

deg(P,(nNOJ_rlllN) <-mg+1—N. 21)
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Therefore, by combining (19), (20), and (21), deg(pin 1)) < —mo + 1 and the
claim follows by induction.

Finally, to show that the constant coefficient of p,(,,N ) vanishes, it suffices to
show that it is the case for a,. Proceeding inductively, since ay = 0, notice
from (10) that the only term in a,,— that could be constantin A is % Dg (a1)0%(ay)
with y = 2 — m. However, Dg(al) =0 fory > 2. O

Remark 3.6. That p,(nN) = 0 whenever A = 0 is not surprising. Indeed,
this corresponds to the classic Dirichlet-to-Neumann operator whose symbol is
precisely |&].

If one is interested in computing the symbols explicitly in a given example
the calculations quickly become very involved. The following lemma allows us
to reduce the number of computations to obtain the k-th term in the diagonalised
symbol.

Lemma 3.7. Forall N > [F"],

2m 2r
/p,(n_m)dx = /p,(nN)dx.
0 0
Proof. If m > 1—-2N, then Bﬁpr(n]\?a+N = Bﬁpfrﬁth = Oforall@ > 0. We also

have p,(nA:L) N= p,(,f\:;,l) and hence

1-m—N
1
N N V)
VD — p V) E a(azk—N)(Dgpmﬂx—l—N)'
a=1 )

Therefore, since p,(n]?a 4+ doesn’t depend on x, integrating both sides yields

27 2w 1-m—N 1 o

N
/pr(nN+1)dx:/pr(rlN)+Z a(Dgpr(n_‘_)a_l_N)/(azk_N)dX.
0 0 a=1 ’ 0

The rightmost integral vanishes for all « since k_ is periodic and thus
2r 2r
/p,(nNH)dx = / PN dx.
0 0
Finally, ift m = —2N, we have
2 2r

27
N+1 N N N+1
[P ax= [ p%ax+ [Kon - %) ax
0 0 0
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and since dyk_y = —iLsgné&( p(N) p(]gvﬂ)) the rightmost integral vanishes.
The result then follows since m > —2N is equivalentto N > [*1. O

The previous lemma simplifies calculations. Indeed, in order to get the diag-
onalised term of order —m, it suffices to apply the diagonalisation lemma [7 ]
rather than m times. In particular, we get

2n 2w 2n

/p(zz)dx = /p(lz)dx = /b 2(x,E)dx = /a »(s(x), £) dx.
0 0 0
: _ L
Using that s'(x) = SGGy) We get
2w 1 2w
[ p%ax =1 [ oo dx
0 0
2w
AL /r,—l—Zr
41&12 p*
0

where the terms containing i sgn £ vanish from the fact that

2w 2w ,
T T

/—;dx=2/%dx,
Y p

0 0

this equality being obtained by integrating by parts. Therefore, by doing a similar
calculation for f02” b_1(x, &) d x, we see that the symbol of P, is given by

2w 2w

) _é_ 'Cr+2'f _3
PO =2 / le/ L dx+0(e ). @

4. General eigenvalue asymptotics from the symbol

4.1. Self-adjointness. For A € R NV and t real-valued, the operator A :=
%DNA (D; 7) is self-adjoint and therefore has real spectrum. This follows from
the fact that DN, (D; 1) is self-adjoint and the following lemma applied to P =
DN, (D; 7).
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Lemma 4.1. Let P be a self-adjoint pseudodifferential operator on L*(S';d x)
and p > 0 be a positive function on S' and denote My, the operator of mul-

tiplication by p~'. For f € Diff($"), define by K; the composition operator

Ksu =u o f. Defining
X

g =7 / p(1)d1 < DIff(s").
0

the operator
Q0 =K;'My,PK,

is self-adjoint on L*(S';d x).
Proof. The operator K is an invertible isometry
L?(8';dx) — L%(8'; p(x)/L dx).

Indeed, for u, v € L2(S';d x), we have
2w
(Kot Ke0)pagonan = [ 1(200(E00E @dx

0
2w

= / u(x)v(x)dx

0
= (U, v)r2(dx)-
The operator My, P is self adjoint on L?(S'; p(x)/L d x), hence we have
(u, QV)120ax) = (. K7 ' M1y PKgv) 124 )
= (Kgut, M1/p PKgv)12(p(x)/L dx)

= (M1, PKgu, Kgv)12(p(x)/L dx)
= (Kg_lMl/pPKgu, v)LZ(dx)

= (Qu, v)12(dx)

proving that Q is self adjoint. O

4.2. General eigenvalue asymptotics. We have shown how to diagonalise the
symbol down to any order. We can now deduce the spectral asymptotics of A
from Proposition 3.1. Eigenvalue asymptotics for an elliptic pseudodifferential
operator on a circle are discussed also in [1, Theorem 3.1].
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Theorem 4.2. The eigenvalues of A are asymptotically double and admit a full
asymptotic expansion given by

. [e.¢] 1 27
. . J )
oy~ oy~ L Yo [ 000
n=1 0
forall N > 0. Truncating the series to its first two terms, this yields

J A T AL /rr+2r
==———] -d d 0 . 23
02 =T 47U P X+8nj2 o x+ 037 (23)

gl

Proof. The fact that the eigenvalues admit a complete asymptotic expansion fol-
lows from Proposition 3.1 and Lemma 3.3. Moreover, (23) follows from equa-
tion (22) and Proposition 3.1. It remains to show that the eigenvalues are asymp-
totically double. This will follow from Proposition 3.1 if we can show that, for all
N € NN, there exist a bounded operator Uy and a pseudodifferential operator Py
with symbol

N
P8 =3 prom(®) + O(E[™)
m=0

such that p;_,, is an even function of £ (since then p;_;,(j) = p1—m(—J)) and
such that AUy — Uy Py is smoothing. To do so, it is sufficient to show that a
symbol being Hermitian is an invariant property of the diagonalisation procedure,
see Definition (2.8). The claim will then follow since A is self-adjoint and hence
all its eigenvalues must be real.

We know from Proposition 2.9 that the symbol of A is Hermitian. In order
to diagonalise the principal symbol, we conjugated by the Fourier integral opera-
tor ®. The resulting symbol is given by

b ) ~ 3 dm(s(x). 6).

m<1

where a,, is given by (13). It suffices to show that d,, is Hermitian for all m. This
is a consequence of the fact that

D50y rmta (.7 + R(x. y.6)(y = X)|;_eox 24)
—x

is Hermitian for all « > 0. Indeed, by Leibniz’s formula and (12) we have

35[R(x,y,$)(y —X)]|y=x = ﬁp(ﬁ)(x)
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for all B > 0. Hermiticity of (24) then follows from Faa di Bruno’s formula
since each derivative in the second argument will come with a power of £, thus
preserving the parity in the real and imaginary parts.

Let N > 0 and suppose that AUy — Uy Py € W™ as in the notation of
Lemma 3.3 is such that the symbol p(N ) of Py is Hermitian. From (17), (18),
and Lemma 2.10, we see that the symbol p@¥V+1 of Py is also Hermitian. The
fact that the spectrum is asymptotically double then follows from the previous
discussion. O

5. Eigenvalue asymptotics

Let (€2, g) be a simply connected compact Riemannian surface with smooth
boundary ¥. We are now interested in finding the spectral asymptotic for the
operator DN, (2; t) corresponding to the problem

{—Agu =Atu inQ,

dyU = ou on X;

the parametric Steklov problem on 2. By the Riemann mapping theorem, there
exists a conformal diffeomorphism ¢ which maps (D, g¢) onto 2 such that p* g =
2/ go for some smooth function f:ID — R. Therefore, the parametric Steklov
problem on (€2, g) is isospectral to the problem

{—Au = re* ¢*tu inD,

ou =ocelu on Sl

In the notation of (11), we have

1 er, (%)
L=— / e/ dx = Pgi'
2
We are now in a position to prove our main results about eigenvalue asymp-
totics.

Proof of Theorem 1.2. The theorem follows directly from Theorem 4.2 for the
existence of the complete asymptotic expansion. The fact that s, is a polynomial in
A of degree at most n follows directly from Lemma 3.5. For the explicit values of
s—1 and s_, when t = 1, we replace in (23) the values of ¢ and p by the conformal



1656 J. Lagacé and S. St-Amant

factor. The second term in (23) is given by

A

D efdx=—,.

4mj 2j
gl

8

2f
G;:/(ezf)r dx=/8v10ge2fdx=2/81,fdx.
e
g1 gl gl

By Green’s theorem, we have

Finally, the third term is given by frfz (G + 4m), where

G:2/AfdA.

D

Recall that the Gaussian curvature of (D, ¢*g) is given by
Kyxg = —e_zfAf.

Hence, since ¢*K; = K+, and 9* d A, = 2/ d 4,

G = —2/K¢,*ge2fdA = —2/(p*(KgdAg) = —2/1<gdAg.
D Q

Combining everything and using the Gauss—Bonnet theorem yields

L AL
_4 2(27T—\/\Kgd14g):?j2\/kgds
Q z

since 2 is simply connected, and hence its Euler characteristic is 1. |

8mj2

Proof of Theorem 1.3. Let (2, g) now be any Riemannian surface whose smooth
boundary ¥ has £ connected components X1,..., Xy. For 1 < m < £, let Q,,

be a smooth topologlcal disk with a Riemannian metric g,, such that there is an
isometry @y,: T — Y, for collar neighbourhoods T of 922,, and Y, of X,

The existence of (2,,, g) is guaranteed by Lemma 2.6. Define t,,: Tm - R by
Tm = ¢, 7|1, Extend 7, to a smooth function on €2,,, which we still denote €2,,.
This can be done, say, with an harmonic extension and then smoothing it with a
mollifier, maybe reducing a little bit the size of the collar neighbourhoods. Denote
by Q4 the disjoint union of the disks 2,,, gy the metric which restricts to g,, on
every 2, and ty € C*°(L2) to be the function which restricts to 7, on every Q,,.
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From Lemma 2.4, we know that
Oj()k, T, Q) ~ Oj(k, T4, Qﬁ).

This concludes the proof of statement (A), and also implies statement (B) since
every other metric and function 7’ satisfying the conclusion of statement (A) is
isometric to 7y and gy in a collar neighbourhood of 3.

Since 24 is a union of disks, its spectrum is given by the union of each disk’s
spectrum. Applying Theorem 1.2 to each 2,,, and using that the parametric
Steklov spectrum of a disjoint union of surfaces is the union of their spectra we
see that the spectrum of Q2 is the union of ¢ different sequences taking the form of
equation (2). This is statement (C) of Theorem 1.3, which concludes its proof.

O

6. Geometric spectral invariants

In this section we obtain spectral invariants that have a geometric interpretation
in the case where the potential is a constant, T = 1. When the surface 2 is simply
connected, the search for spectral invariants is easier. From the first two terms
of the eigenvalue asymptotic expansion, we can deduce uniquely the values of
both L and A. Hence, from the third term, we can deduce uniquely the value of
[ kg ds and it is a spectral invariant. From the Gauss—Bonnet theorem, we get
the following result.

Corollary 6.1. Let (2, g) be a simply connected compact Riemannian surface
with smooth boundary . Then, the total curvature

/KgdAg
Q

is a spectral invariant of the constant potential parametric Steklov problem on Q.
In particular, if the Gaussian curvature is assumed to be a constant K(2), the
quantity

K(2) area(R2)

is a spectral invariant of the constant potential parametric Steklov problem on Q.
In the multiply connected case, we need to introduce some definitions to talk

about functions between two multisets. To determine the number of boundary
components and the lengths of them, we will use methods from Diophantine
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approximation. This is in the spirit of [8], where they obtained those quantities
as invariants of the Steklov problem with A = 0. There, they had an asymptotic
expansion of the form (5)-(6), where all the coefficients s, were 0. However in
order to obtain the number of boundary components and their lengths as spectral
invariants, they need only that the second term is o(1), which we do have.

Recovering A as well as the total geodesic curvature of the boundary is
more complicated and requires an algorithmic procedure to recover subsequences
(which can be explicitly constructed) once we know the number of boundary com-
ponents and the length of the largest one. We start by introducing terminology
found in [8, Section 2.3]

Definition 6.2. Let A, B be two multiset of positive real numbers. We say that
F: A — Bisclose if it has the property that for every & > 0, there are only finitely
many x € A with |F(x) — x| > . We say that F is an almost-bijection if for all
but finitely many y € B, the pre-image F~!(y) consists in a single point.

For a finite set of positive real numbers M = {«;, ..., oz}, we denote by R(M)
the multiset

R(M) :={0,...,00 UaINUaINU---UayIN U NN,

where 0 is repeated £ times and the union is understood in the sense of multisets,
i.e., multiplicity is conserved.

Proposition 6.3. Let M = {«y,...,a} be a finite multi-set of positive numbers.
For N € N, let
EM = (g™ j e Nyl <m < ()

(m,N)
0

be a set of sequences given by & = 0 and such that for j > 1,

N
gi =g +0GTNY = jam + s+ OGN (©25)

n=1

Then, M and the quantities s,(,m) for 1 < n < N are uniquely determined by the
sequence S(EW)) defined as the reordering of the union of the sequences £™N)
in increasing order.

Proof. Let us first describe heuristically how the proof goes. In the first step, we
simply show that Lemmas 2.6 and 2.8 of [8] apply to this situation. This will allow
us to recover M from S(E®)), and we assume from then on that M, and therefore
R(M), are already known to be spectral invariants.
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In the second step, we show that for any «,, € M which is not an integer
multiple of another strictly smaller element of M, we can identify a subsequence
along which S(2™)); = g,ﬁ’(';;" ) where k:IN — NN is a function that can be
computed explicitly. For this, we use Dirichlet’s simultaneous approximation
theorem.

In the third step, we obtain the coefficients of those sequences «,, that we
decoupled in the previous step. Obviously, if o, appears only once in M this is
trivial, the difficulty comes when «,, has multiplicity.

In the fourth step, we proceed inductively and show that if «,, is an integer
multiple of some other o, € M, but we already know the coefficients of the
relevant sequences for «;,, then we can apply the same procedures as in steps 2
and 3 to recover the coefficients of £™) for any N.

Step 1. We obtain M from S(E®)). Combining Lemmas 2.6 and 2.8 of [8], as
soon as A is a multiset such that there exists a close almost-bijection

F:R(M) — A,

then we can recover M from A. Let us describe how this is done.
The close almost-bijection gives us

o) =limsup 441 — A4;,
j—oo
this is the content of [8, Lemma 2.6]. We then write A) = A, and R; = R(M).
Assuming that for 2 < m < £ 4+ 1 we have found «,,—1, we write

Ry = Ry—1 \ (@m—1IN U a1 IN).

Assuming that there is a close almost-bijection Fy,—1: Rpy—1 — A= there is
K € Nsuchthat forall k > N, there are at least two elements of 4?1 at distance
less than «/10, say, from o;,—1k. Construct A by removing from Am=1) the
two closest such elements (in case of ties choose the largest).

Lemma 2.8 of [8] states that the existence of a close almost-bijection

Fp—1: Rpy—y —> AV
implies that there is a close almost-bijection
Fp: Ry —> A™.

Applying recursively [8, Lemma 2.6] gives us

oy, = lim sup A;"l)l — A;m),

Jj—oo
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which is the necessary ingredient for this recursion to continue. This is done until
A®HD and Ry are finite, at which point M is exhausted and we have recovered
M from A.

Now, it is not hard to see that the map F: R(M) — S(E™)) that maps R(M);
to S(E); is a close almost-bijection. Indeed, it follows from the definition of
the sequences £™) that

S(EW); = R(M); + 0(™")

which implies that F is a close almost-bijection. Our previous analysis tells us
that we can recover M from S(E™)), for any N > 1.

Step 2. Suppose without loss of generality that the smallest element of M is 1.
Define on positive real numbers the strict partial order x < y if there is an integer
n > 2 such that y = nx, and denote by x < y the non-strict version of this partial
order, i.e., if n = 1 is allowed. For any multiset U of positive real numbers, we
say that x € U is minimal in U if for all y € U, either x < y, or x and y are
incomparable. Let / C {1, ..., ¢} be defined as

I ={1 <m <{:qy is minimal in M }.

We claim that there exist § > 0 and subsets E,, C IN of infinite cardinality for
each m € I such that for all j € E,,,

[jam — 6, joam + 8] N R(M) = {jom, ..., jom}, (26)
——
2 (m) times

where p(m) is the multiplicity of ¢, in M.

Split M into My U M,, where M; C Q and M, C R\ Q. Let QO be the
smallest common integer multiple of elements in M. Dirichlet’s simultaneous
approximation theorem states that there is an infinite subset £ C IN such that for
all ¢ € E and «,, € M, there exists py» € IN such that

1

Q _ Pam
g1+t

Om q

or, equivalently,

10q — pgmom| < amq_l/ﬁ-
This means that for all ¢ € E, there is an integer multiple of ,, within ¢='/¢ of
qQ. Note that for «,, € My, the integer multiple is actually exactly ¢ Q. In that

case we put pg.m = Qqa;,!. Set

1
8= 5min{|am—n(xk|:m € l,ar # ap,n € N},
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and observe that § > 0 from the assumption that c,, is minimal in M forallm € I.
Assume that «y is the largest element of M and for m € I, set

1/e<_}
20, )

We claim that for all j € E,;,, (26) holds. Indeed, if oy # a,, and n € IN, we have

E, = {pq,m—i—l:qu,q_ 27

|j0lm — nak| = |(pq,m + 1)O‘m - (pq,k + n/)ak|
> ot — n/akl — |pq,mam - Pq,kOlk|
> 28 — (ot + ag)g V"

> 4.

It follows that no integer multiple of oy # «,, is within distance § of jo,,, when
j € E,. On the other hand, by definition of R(M ), and assuming without loss
of generality that § < 1, ja,, is the only integer multiple of «,, in the interval
[jotm — &, jom + &), and this happens with multiplicity 2u (m).

Step 3. For m € I, we recover the quantities s,(,k) from S(EM) foranyn < N
and for all £ such that o = o.

Let j € E,, and observe that for any N € N, the indices in the sequence
S(EW)) for the elements in the interval [jo,, — 8, jam + 8] can be uniquely
determined from R(M), which is determined by S(2®)) as seen in the first step
of this proof. It follows from (25), that for all k£ such that «,,, = o and j € E,,
large enough, we have

. . k, k,
(E0N: p e Ny N [jom — 8. jom + 8] = {55, 65N,

For any N > 1, consider the set
XN — A(x = jom)j:j € Em.x € SEM) N [jam — 8, jam + 8]}
From the definition of E,,,, we have

N k,N . . o (k,N . .
XN = | JUEEN — jam) . 65N — jom)jYies,.-

ko =am

Consider the limit points of X l(m’N ). We claim that those points are exactly the
values of sgk) for which oy = a4y,. In fact, from the previous equation, X l(m’N ) is

a union of sequences and the claim follows from the fact that
. kN) . . . kN) . .
lim (559 — jom)j = lim 59" — jom)j = s
j—oo j—oo
JEEm JEEm

(k)
1
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(k") (k)

Moreover, we can know the number of k' such that s;" * = s;"’, which we denote
by rnul‘[(s1 )) Indeed, by setting
1 /
e = Emin{|s§k) —slk )| sgk) # s(k ),(xk =0n},
sy .o
we have that muu(;}) is given by
i G = jem)) € XN (s — s re)j e Epj < il
J—o0 2{j € Em:j = J}|

Note that from the construction, we cannot directly know which k is associated to
each sgk), but without loss of generality we can label them in any way we choose
since we know their multiplicity. For k with oy = «,,, we construct the sequences

k,1 k
77]( )_jOl +s( )j

taking into account the multiplicity of sgk). We let mult(n](.k ’1)) be the number

&D - In this case, mult(n](-k’l)) = mlﬂt(sgk))-

of such sequences identical to 7;
Moreover, r]( ‘) is determined by S(E®™) for any N > 1.

Suppose now that we know s(k), A s(Tk) from S(EM) forall N > T and k
for which «; = «,,, and consider the sequences

(k T) _ = jom + Zs(k) i

As previously, for N > T + 1, consider the set
Xrpy) = A=) T € Epox € SE™) N [am — 8. jom + 8])

which we can rewrite as

k,N k',N k T k',N k,T) -

X7(~+1) U{(%é]—l) ))]T+1 (i_-( ) ( ))]T+1}j€Em-
k"o =am

(k)

T41 such

We claim that the limit points of x¥ T +1 ) are precisely the coeflicients s
that r](k T = ;k 1) for all j € IN. This follows from the fact that

K',N kT - K',N kT, .
.hm (‘i:( ) 77](' ))J T+1 é_—( ) 77](' ))J T+1

= hm(
J€Em ]GEm

k k', T k,T
={S(TJr)l lf’]( ' = ’71( .

+o00  otherwise.
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(k)

T411na similar fashion as before. It

We can also deduce the multiplicity of each s
follows that we can construct the sequences

T+1
k,T+1 . .
T = o + s
n=1

and we know the multiplicity of each such sequence. By induction, we can then

deduce any coefficient s,(,k) from S(E™)) as long as N > n.

Step 4. We now turn our attention to m ¢ I, and assume that we have already
proved the proposition for all k£ such that o < oy, Defining this time

1
8= 5min{|am —nogl:oax £ oy, n € N}
and E,, as in (27), it follows from the same construction as in Step 2 that
[jam — 8, jam + 8] N R(M) = {jotm,..., jom},
N—
 times

where u© = 22% <a,, H(k). We observe that once again, the indices in the
sequence S(E®M)) of those elements are uniquely determined by R(M) for any
N > 1. For every k such that oy < «,,, write r(k) to be the integer such that
am = r(k)og. Defining X l(m’N ) as in step 3, its limit points are now given by the

*)
values of % for which o < «,. From the induction hypothesis, we know those
values whenever r(k) > 1, so we can disregard them. What is left are the values
of sﬁk) for which ay = a;,. Proceeding in a similar manner as in step 3, but with

T+1
k,T . N —
ny T = o+ 3 sk )"
n=1

and disregarding the values we already know, we are then able to recover recur-
sively the values of s,(,k) from S(EW)) for any n < N for each k with oy = ap,.
The set M is finite, hence our inductive procedure necessarily terminates, finish-
ing the proof. O

Theorem 1.5 follows directly from Proposition 6.3.

Proof of Theorem 1.5. Let N € Nandfor 1 < m < ¢, let S(m’N) and 2V be
as defined in the statement of Theorem 1.3. Since o; ~ S(E();, there exists a
constant Cy such that for all j > 0,

loj — S(EM);| < Ccyj N1 (28)
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We define a new set of sequences gm.N) by

s(m,N N ,N
EmN) = £ N) 4 Gy — £ (29)

where ¢ : {1,...,£} x Ny — Ny is a bijective map such that
- N
SEM ).y = ™"

By (28), we have
g =™ 1oy,

Therefore, the sequences 5}”’” ) satisfy the hypotheses of Proposition 6.3 with
_ [ 2 2 o B(N) _ (E(LN E,N)
M = {perél), ) ..,per(’éz)}. Letting EWM) = (§0LN) - £@NY it follows that

S(E™)) determines M and the coefficients s,({") forl <m <{fandn < N. By
taking N arbitrarily large, we can recover any coefficient s,(,m ). On the other hand,
by (29), every E}m’N ) is simply an eigenvalue o;, and since ¢ is a bijection,

SEEM); =g;

for all j > 0. It follows that the spectrum of DN}, is given by S(E®™) for any
N € N and therefore determines the number of connected components of the

boundary and their respective perimeters (from M), as well as all the coefficients
(m)
Sp -

In particular, from (3) we have

A per(Em)

ST ) = -

allowing us to recover A, and
m) /1. Aper(Z,,)
S_r; ()&, Q) = Tm kg dS,
Zm

allowing us to recover the total geodesic curvature on each boundary component.
O

We can now prove Theorem 1.6 as well.

Proof of Theorem 1.6. Since the total geodesic curvature on each boundary com-
ponent is a spectral invariant, the total integral

12
/kgds: > /kgds
=

m=1 Zm
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is a spectral invariant. Applying the Gauss—Bonnet theorem, we get
/kgds = 2n(2—2y—£)—/KgdAg
by Q

where y is the genus of Q. Since the number of boundary components £ is a
spectral invariant, we can deduce that the quantity

4y +/KgdAg
Q

is also a spectral invariant of the constant potential parametric Steklov problem.
O

Remark 6.4. It is impossible to completely decouple the genus and the average
of the Gaussian curvature as spectral invariants from the eigenvalue asymptotic
expansion since the addition of a handle far from the boundary changes the genus
of Q but leaves the symbol of the Dirichlet-to-Neumann operator unchanged.
However, a priori information on €2, such as being a domain of a specific space
form of constant Gaussian curvature, can yield additional information, as in
Corollaries 1.7 and 1.8.
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