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The Hartree functional in a double well

Alessandro Olgiati and Nicolas Rougerie

Abstract. We consider a non-linear Hartree energy for bosonic particles in a symmetric
double-well potential. In the limit where the wells are far apart and the potential barrier is
high, we prove that the ground state and first excited state are given to leading order by an
even, respectively odd, superposition of ground states in single wells. The corresponding
energies are separated by a small tunneling term that we evaluate precisely.
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1. Introduction

Both as a non-linear analysis problem in its own right, and as a basic input to a
companion paper [20], we are interested in the low energy states of the bosonic
Hartree energy functional

Epwlu] = / V) dx + / Vow () lu()]? dx
R4 R4

A
T3 / u(x)Pw(x = y)u(y)? dx dy,

RY xR4

1.1

with A, w = 0 a coupling constant and a repulsive pair interaction potential. The
crucial feature we tackle is that we take Vpw to be a double-well potential defined
as (¢ and r stand for left and right)

Vpw(x) = min {V;(x), V;(x)}, (1.2)
where for some s > 2
Vi(x) =[x +x|° and V.(x) = |x —x|°. (1.3)
Here x € R? is of the form
L
x:(?o,...,o) (1.4)

for a large! parameter L — +o00. Hence, Vpw models a potential landscape with
two wells, both the distance and the energy barrier between them being large, and
becoming infinitely so in the limit.

In [23, 20] we are primarily concerned with the mean-field limit of the many-
boson problem in such a double-well potential. As input to the second paper [20]
we use crucially several properties of the ground state problem

EDW = inf {EDw[u]

u e H'(RY) N L2RY, Vpw(x) dx),/ lu(x)|? dx = 1}
]Rd

(1.5)
and of the associated low energy states. Namely, let u4+ be the (unique modulo a
constant phase, fixed so as to have ¥4+ > 0) minimizer for (1.5) and

hpw = —A + Vpw + Aw * [uy|? (1.6)

1 Chosen depending on a particle number N in [20].
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the associated mean-field Hamiltonian (functional derivative of Epw at u4). One
easily shows that Apw has compact resolvent, and we study its eigenvalues and
eigenfunctions.

The Euler-Lagrange variational equation for u reads

hpwu+ = p4uy
with
A
po = Eow + 5 [[ e PuG - )P dvdy. @)
R xR4
Since hpw has a positive ground state (unique up to phase, see Section XIII.12
of [22]), and u 4 is chosen positive, it follows that @4 is the lowest eigenvalue of
hpw, with corresponding eigenfunction v 4.

We denote u_ the smallest eigenvalue above 4, u_ an associated eigenfunc-
tion, and pex the third eigenvalue. We aim at proving

e that Epw, 4+ and p— are given to leading order in terms of the ground state
problem in a single well (left or right).

e asymptotics for the first spectral gap:

U —py ——0 (1.8)

L—oo
with a precise rate (both as an upper and lower bound);
e asymptotics for the associated eigenfunctions: that they both converge to
superpositions of eigenfunctions of the single wells and that

M| — Ju—]l E)O (1.9)

in suitable norms, and with a precise optimal rate;

e a L-independent lower bound to the second spectral gap:

Mex — U— = C  independently of L. (1.10)

The spectral theory of Hamiltonians with multiple wells has a long and rich
history, selected references most relevant to the following being [19, 9, 5, 3, 13,
14, 16, 17, 24]. See also [10, 15] for reviews. Corresponding non-linear results
are also available [6, 7, 8], and more recently [4], but we have not found proofs of
the aforementioned bounds for the setting just described (dictated by the model of
interest in [23, 20]).
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Typically, and in particular regarding results with the level of precision we aim
at, the analysis in the aforementioned references is performed in a semi-classical
regime, namely one studies the spectral properties of

—WA+V (1.11)

as h — 0, with V' a fixed multi-well potential. Say the above, symmetric, Vpw
but with L fixed. One obtains that at leading order the eigenvalues are grouped
in pairs around the eigenvalues corresponding to a single well (with appropriate
modifications for more than two wells, asymmetric wells, or degenerate one-well
eigenvalues). This corresponds to eigenfunctions being strongly suppressed in
the classically forbidden region far from the wells. The (small) splitting between
pairs of eigenvalues can be estimated with some precision, and corresponds to
the tunnel effect, due to quantum eigenfunctions being small but non-zero in
the classically forbidden region. That is, quantum mechanically, there is a flux
of particles through potential barriers, that is manifested in a lifting of classical
energy degeneracies.

In fact, if u; 4+ and u; _ are the eigenfunctions corresponding respectively to
the smallest and largest eigenvalue in the j-th pair, one has

Wi Uiy

wer = (1.12)
and
Uy~ Lﬁ”f’ (1.13)

with u; ¢ and u;, the j-th eigenfunction of (respectively) the left and right well.
The results on eigenvalues are a reflection of this fact.

Our main results (1.8)—(1.10) (stated more precisely below) are adaptations of
the above well-known findings to the case at hand, namely # fixed and L — oo. For
the applications in [20] we need the optimal rates in (1.8) and (1.9), i.e. to exactly
identify the order of magnitude of the tunneling term. To a large extent, the sequel
is an adaptation of known techniques, but we face two main new difficulties:

e the fact that we start from the non-linear Hartree problem;

e the lack of semi-classical WKB expansions for single-well eigenfunctions,
that are essentially fixed in our setting.

The second point is particularly relevant to the derivation of the optimal rates
in (1.8) and (1.9).
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2. Main results

We carry on with the previous notation, and also denote
V(x) = |x]f, @.1)

with s > 2, our single-well potential, appropriately translated in (1.3), recalling
that
x = (L/2,0,...,0) € R?.

As regards interactions, we consider them repulsive, i.e. assume A = 0 and let
w € L®(R¥) with compact support such that (b stands for the Fourier transform)

w=0, w=0. (2.2)

Regularity assumptions could be relaxed to some extent, but we do not pursue
this.

We consider the Hartree functional in the double-well (1.1) The existence
of a minimizer for (1.5) follows from standard techniques [18, Theorem 11.8],
combined with the fact that Vpw prevents mass losses at infinity. The uniqueness
of the minimizer 4 up to a constant phase factor follows from the assumption
W = 0. Let u4 be the unique minimizer. Being unique, it is even under reflections
across the x; = 0 hyperplane. We also know that u . is the unique ground state
of the mean-field double-well Hamiltonian (1.6), i.e.

hDWu+ = U4+U4.

Due to the growth of Vpw, the Hamiltonian shpw has compact resolvent. We
call u_ and uex the eigenvectors whose corresponding energies pi— and uex are,
respectively, the first and second eigenvalue of ipw above . In other words

how = g ) e |+ i) | + prexle) (tex] + D pnln) (. (2.3)
n=4
where
Mg < U < Mex < Un, foralln,



1732 A. Olgiati and N. Rougerie

and
{ug,u_,uex, Ug, Us, ...} form an o.n. basis.

Since |1 |? is symmetric under reflections across the x; = 0 hyperplane, the
Hamiltonian hpw commutes with those. We can thus choose each eigenvector
Uy, U_, Uex, Un, 1 = 4 to be either symmetric or anti-symmetric with respect to
such a reflection. In particular, 4 being positive, it must be symmetric.

We will also consider Hartree functionals with external potential V;, or V;, that
is,

£4lu] = /|Vu(x)|2dx+/Vz(x)|u(x)|2dx

R R (2.42)
. |

+5 [ we = P dx .
RY xR4

el = [ VueP dx+ [ V(oo dx

R N R (2.4b)
-~ _ 2 2

45 [ e = Do) dx .
RY xR4

We will use combinations of the minimizers of £, and &, to approximate the
function u 4. To this end, we define minimal energies at mass 1/2

E¢; = inf {Ee[u]

u e Hl(Rd) N Lz(Rd, V((x) dx),/ |u(x)|2 dx — %}’
R4

(2.52)

E, =inf {Er[u]

ue HY(RY) N L2RY, Vi(x) a’x),/ lu(x)|? dx = %}
]Rd

(2.5b)

As for the full double-well problem, our assumptions on V' and w are sufficient
to deduce the existence and uniqueness of a minimizer using standard methods in
the calculus of variations. Since the functionals £, and &€, coincide up to a space
translation of the external potential,

Ey = Er = &lug] = &r[uy],
where u, and u, are, respectively, the unique positive ground states of

he = —A+ Vi + 2w * [ug|?, hy = —A + Vy + Aw * |u,|? (2.6)
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with ground state energies iy = u,. Again, since the functionals coincide up to
a translation, the minimizers coincide up to a translation, i.e.,

Ug(x) = ur(x — 2x) = up(x — x),
where u is the minimizer obtained by setting x = 0 in (2.4). We are adopting
here the normalization ||u,[|7, = [lu¢|7, = 1/2, which implies

12
(g, o) = %’ (ur, hyuy) = &

Next, we define the main small parameter (in the limit L — oo) entering our
analysis. Associated to (2.1) is a semi-classical Agmon distance [2, 10, 15]

x|

A0 = [ VT dr = sl @)
0

The above governs the decay at infinity of eigenfunctions of the single-well Hamil-
tonians (2.6). Accordingly, it sets the L-dependence of the tunneling term (split-
ting between eigenvalue pairs)

T.=e 245 0. 2.8)
L—oo

This is the energetic contribution of classically forbidden regions: e=A(%) is the
order of magnitude of double-well wave-functions close to the potential barrier at
x1 = 0 (i.e. at distances L/2 from the potential wells). It has to be squared for
the tunneling term is essentially an overlap of two such wave functions. We will
express all our estimates in terms of the above parameter.

Similarly, one can associate a distance to the double-well potential (1.2)

Apw () A(x —x) ifx; =0, 2.9)
x) = .
bW A(x +x) ifx; <0.

The value Apw(x) represents the Agmon distance A between the point x and the
closest of the two bottoms of the wells, namely, either x or —x. In Section 5, we
will need to introduce a further refinement of Apw, namely the distance within
the potential landscape Vpw between any two points.

We shall prove the following result, for space dimensions 1 < d < 3 (the upper
restriction only enters through the Sobolev embedding, and we certainly believe
it could be relaxed).
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Theorem 2.1 (Hartree problem in a double-well). Assume 1 < d < 3. We take
¢ > 0to stand for an arbitrarily small number, fixed in the limit L — oco. Generic
constants cg, C; > 0 only depend on this number. The following statements hold
true.

(i) Bounds on the first spectral gap:
ceT'" e S pe —py <CT' (2.10)
(ii) Bounds on the second spectral gap:

Pex — U— = C. (2.11)

independently of L.

(iii) Convergence of lower eigenvectors:

et | = Ju— |1 < CT', (2.12)
o] — ]l 2 < CTV?2, 2.13)
g ] — [u—|l|oe < C.TV?75 (2.14)

A few comments. (1) As mentioned above, corresponding results for the semi-
classical setting have a long history [10, 15]. Obtaining the (almost) sharp lower
bound in (2.10) in this case usually relies on WKB expansions, unavailable in the
present context. We however need this sharp bound in [20] and have to come up
with an alternative method.

(2) The relevance of the definition (2.8) is vindicated by (2.10). With extra
effort one should be able to show that 7' gives the order of magnitude of the first
spectral gap up to at most logarithmic corrections.

(3) Item (iii) is also crucial in [20], in particular (2.12). It reflects the ex-
pectation (1.12)—(1.13), i.e. that u4 and u_ mostly differ by a sign change in a
half-space. This will be put on a rigorous basis later, following [16, 17]. With
a suitable choice of u;¢, u;, we indeed vindicate (1.12)—(1.13), with remainders
O(T'*¢). Then (2.12) follows, using also decay estimates for the product u; ¢u;,,.
The less sharp estimates (2.13)—(2.14) are mostly stated for illustration (and will
serve as steps in the proof).

(4) The results in Theorem 2.1 do not depend, in their essence, on the particular
form w * |u|? of the non-linearity. A possible generalization, modulo a number
of adaptations in the proof, would include a cubic local (Gross—Pitaevskii) non-
linearity corresponding to w(x) = §(x).
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The following statement on higher eigenvalues/eigenfunctions follows from
variants of the arguments establishing Theorem 2.1, as we quickly explain in Ap-
pendix B. We denote by ,uf j =1,..., 00, the eigenvalues of the left Hamiltonian
hy¢ (identical to those of 4,), m(j) their multiplicities and

k
M(k) =" m(j),
Jj=1

with the convention that M (0) = 0.
Theorem 2.2 (higher spectrum). Assume 1 < d < 3. Letk = 1 and

MoMk—-1)+1, -5  HoM(k)

the ordered eigenvalues of hpw in a corresponding spectral window (counted with
multiplicities). The following statements hold true.

(i) Bounds on small spectral gaps: for all 2M(k — 1) + 1 < j <2M(k),
Iy = il —— 0. (2.15)

(i) Bounds on large spectral gaps: for all 2M(k — 1) + 1 < j <2M(k),
Ham)+1 — Mj = Ck. (2.16)
for some constant Cy > 0 independent of L.
(iii) Convergence of higher eigenvectors: one can pick an eigenbasis
uf Uy, .. u;(k), “;1(1()

Of Ly prk—1y 1 <hpw <2, "DW such that for all 1 < m < m(k),

L r
+
uh — Zm—Im 0, 2.17)
ﬁ L2 L—oo
where uf, .. .,ufn(k) form an orthonormal basis of 1hz:#1€he and where
ul, ..., u:n(k) are their reflections. Moreover,
1> = It [l 1 ——0, (2.18a)
L—oo
ety | = Tty [l L2 =——>0, (2.18b)
L—oo
] = |tz [l oo ——0, (2.18¢)
L—oo
and
/ lut + u;l|2 dx — 0, / lut — u;l|2 dx —— 0. (2.19)
L—oo

x1<0 x1=0
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We do not state convergence rates here, but believe the same rates as in
Theorem 2.1 can be achieved, for k fixed in the limit L — oo (or, better said, for
convergence rates whose k-dependence is left unspecified). We do not pursue the
details, nor the dependence on k, for we do not need this in our applications [20].
Certainly, if the eigenvalues are taken high enough in the spectrum (k — oo fast
enough as L — o0) the two-mode approximation (1.12)—(1.13), on which the
result relies, breaks down.

The rest of the paper contains the proof of Theorem 2.1, organized as follows:

e Section 3: optimal bounds on the decay of eigenfunctions far from the
potential wells, and first consequences thereof;

e Section 4: proof of items (i) and (ii) in Theorem 2.1. The hardest part is the
lower bound on the first gap in item (i);

e Section 5: adaptation of techniques of Helffer—Sjostrand [17] to deduce item
(iii) from the previous bounds;

e Appendix A: a collection of straightforward consequences of the decay esti-
mates of Section 3.

Finally, in Appendix B, we briefly sketch the additional ingredients needed for
the proof of Theorem 2.2.

3. Preliminary estimates

3.1. Regularity and uniformity results. We start by stating and proving in this
subsection a number of important properties of the eigenvectors and eigenvalues
of hmg, hy, and hy.

Lemma 3.1 (regularity). The functions u4,u—_, uex, Uy, Uy, and u, with n = 4,
belong to C*®(R4).

Proof. We discuss the case of u4 only. Define
W = Vpw + Aw * |uy|> — pg.
Then u4 then solves the elliptic equation with locally Lipschitz coefficients
—Auy +Wuy =0. (3.1)

This means that we can apply [12, Theorem 8.8] and deduce that u € H?(K)
for every compact set K € R¢. In order to prove higher regularity we will use a
bootstrap argument.
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Recall that, for a sufficiently regular K,

I fellas) < Cllfllasix lgllmas2x)

for s < s1 + 52 — d/2. The validity of the above formula if K is replaced by R¢
is well known, and to deduce it for compact domains one uses Stein’s extension
Theorem [1, Theorem 5.24]. Now, since u; € H?*(K) and W € H'(K), the
above inequality proves in particular that Wu € H'(K). Due to (3.1), this means
Aui € H'(K), and therefore uy € H>(K). We can now iterate the procedure,
because uy € H3(K) and W € H'(K) imply Wu € H?(K). In this way we
deduce that u; € H*(K) for any s > 0. This implies that u4 is C* in any
sufficiently regular compact set, which means it is C* on the whole of R¢. The
same argument can be repeated for all the other functions. O

Lemma 3.2 (uniform bound for the eigenvalues). For each j, the j-th eigenvalue
Wi of 2 hmr satisfies
0<up; <G, (3.2)

for a constant C; that does not depend on L.
Proof. First we observe that, as operators,
hmr < hy + C,

where , is the one-well Hamiltonian from (2.6). Indeed, both w * |uy|? and
w * |u,|? are uniformly bounded by sup |w|, since |u+|? and |u,|? are L?-normal-
ized. Moreover, Vpw < V, by definition. By the min-max principle, this means
that the j-th (ordered) eigenvalue of A\ is bounded by the j-th (ordered) eigen-
value of &, plus a constant. However, the spectrum of /4, does not depend on L,
because %, coincides with the translation (by —x) of a fixed Hamiltonian. O

We will also need an analogous result on the uniformity of Sobolev norms of
the eigenvectors of hyr. To this end, we start with the following

Lemma 3.3 (estimate on hlz)w). We have the quadratic form bound
Leay<m, +c
E(_ ) S DW + )

for a constant C that does not depend on L.

2'We are adopting the convention (t; = (4, o = —, and (3 = flex.
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Proof. Let W = Vpw + Aw * |uy|?. Fory € D[hdy ] with ||y |,> = 1, after
expanding the square and integrating by parts, we get

(W W) = (V. A%Y) + (0, W2y) + (Vy, (VW) y)
+ 2(Vy, WYY) + (y, (VW) V)
= (Y, A2Y) + (v, W2P) 4+ (VY. (VW)Y) + (Y. (VW) V),

where for a lower bound we used W = 0. By the Cauchy—Schwarz inequality, we
have

(V. (YW)Y) + (¥, (VIW)VY) = —(¥, (=A)¥) — (¥, VW *y),
and the further inequality —A < $A? + 2 yields

(i ¥) = 5 (0 A2) + (g (2 = [VW P = 2)y).
The lemma follows from the claim
W2 —|VW|* = -C
that we now prove. Let us consider the half-space {x; = 0}. Here,
W2(x) = |x —x|* + Aw * [up|?)® + 2| x —x|*w * |uy|?

and

IVIW(x)]* = s%|x — x|*72 + 24w * (u4Vuy)?
X —X

X — x|

Let us consider the difference W2 — |VW |2. For W?2 we will use the estimate

+ 4As|x — xy 57!

-w * (UyVuy).

W2(x) = |x —x|*.
For the A2-term in |[VW|? we have, by Young’s and Hélder’s inequalities,
—(QAw * (u4Vu4))? = =422 |wl|7 oo lu+172 lu+ 13 = =C,

because [|u+ %, < p+ < C by Lemma 3.2. For the A-term in [VW|? we use
the Cauchy—Schwarz inequality followed by the Young inequality and the Holder
inequality to get

X —X

|s—1 cw* (U Vuy) = —8)x —x|*72 - C;.

—4As|x — xn x|

The three last inequalities imply
W2(x) = [VW@))? = |x = x|* = (s* + §)lx —x|*? - G5~ C = -C".

This concludes the proof. O



The Hartree functional in a double well 1739

Lemma 3.4 (uniform Sobolev regularity). For each j, the j-th (normalized) ei-
genvector of hyg satisfies

lujllg2ray < Cjy lujllpoomay < G, (3.3)

for a constant C; that does not depend on L.
Proof. By the Sobolev embedding

1f lLooray < ClLf I m2may,
that holds for d = 1,2, 3, the second inequality follows from the first one. To
prove the first one, we recognize that
il = I = Ausll7o + llus 7> < {uj. hygeu;) + C.

where the second inequality follows from Lemma 3.3. Since u; is an eigenvector
of hyg, we have

lujlf> < uf+C <G,

thanks to Lemma 3.2. O

3.2. Decay estimates. Key ingredients for all our estimates are the following
estimates on the decay of the eigenvectors of spw far from x and —x.

Proposition 3.5 (decay estimates for eigenmodes). Let ¢ be an arbitrarily small
parameter and Apw be as in (2.9).

o Integral bound. Let u;j be any eigenvector of hpw, corresponding to eigen-
value pj and with normalization ||u;|;2 = 1. There exists C.j > 0 (de-
pending on € and j but not on L) such that

/|V(e(1—8)ADWu,~)|2dx + /e2(1—8>ADW|uj|2dx < Cej. (3.4)
R4 R4

o Pointwise bound. Let u; be as above. For R > 0 large enough, there exists
Cs,j > 0 such that

uj (x)| < Cg je” 179 4DWE) (3.5)

for every x such that |x — x|, |x + x| = R.
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e Pointwise bound for one-well modes. For R > 0 large enough, there exists
C, such that

Uur(x) < Cee~ 1704 (3.6)

for |x —x| = R, and
ug(x) < Coe~(17AG+X) (3.7)

for|x +x| = R.
We start the proof with the following Lemma.

Lemma 3.6 (integral decay bounds). Let ® be locally Lipschitz and let its gradient
be defined as the L™ limit of a mollified sequence V®,. Moreover, let u be an
eigenvector of hpw, corresponding to the eigenvalue . and with normalization
lull,2 = 1. Define the total potential W := Vpw + Aw * |uy|* — u and assume
that W = |V ®|? outside of a compact set. Then

/ |V (e®u)|? dx + /(W — |[V®|»)e?®|u|? dx < 0. (3.8)
R4 R4
This is very much in the spirit of [2, Theorem 1.5], [17, Lemma 2.3] or [15,
Theorem 3.1.1].

Proof. To avoid a number of boundary terms that would arise after integration by
parts, let us introduce the sequence of smooth localization functions

1 if |x[ < J,

_ _ if |x| = 2j,
0;(x) = o TSI

1 — if j < |x| <2j.
eTTINT77 4 el

Since 0; is obtained by dilating a fixed function by a factor j, we have
||V9] ||Lc>o(]Rd) < 7, ||A9] ||Lc>o(]Rd) < ]_2

The localization function 6; will tend to one pointwise as j — oo, thus yielding
integrals on the whole R, while the terms depending on its derivatives will vanish
thanks to the above bounds. We further define, for k € IN,

®y (x) ;= min{P(x), k}.

This is a uniformly Lipschitz version of ®;, which tends to ® as k — oo.
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By definition the function u satisfies
(—A+W)u=0.

Recall that we fixed all phases so as to have only real-valued eigenvectors of /ipw,
so u is real-valued. We multiply the above equation by 6;e2®<y, and integrate by
parts. We get

0= /OjeCDkV(eq’ku) -Vudx + / 0> uVdy - Vu dx

R4 R4
+/ezq’kuV6j-Vu dx+/0jezq’k|u|2W dx.
R4 R

By using Leibniz rule in the first term in the right-hand side, we get

0= /97|V(e®ku)|2dx—/Gjeq’kuV(eq’ku)-VCIDk dx

R4 R4
+/0je2¢kuV<I>k-Vu dx +/ezq’kuV6j-Vu dx+/0jezq’k|u|2W dx
R4 R4 RY
= /9,~|V(e‘1’ku)|2dx—/eje2q’ku2|vq>k|2dx
R R4
+/e2q’kuv9j -Vu dx+/9je2q’k|u|2W dx,
R4 R4

which is rewritten as

/ 6,1V (e®*u)|® dx + / 0, (W — |VO|?)e®* u|? dx
R4 R4
= /ezq’kuVGJ- -Vudx.
R4
We need to show that the term in the right-hand side converges to zero as j — oo,
and that the quantity in the left-hand side is controlled when j — oo followed by

k — oo.
First,

Ck
‘/emkuVQj Vudx| < Ck||V9j||Loo(1Rd)/|Vu| |uldx < 7||”||L2||”||H"
R? R
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This implies

jli)rgo/GjW(eq’ku)Fdx +/9,-(W— |V |2)e?®* |u|? dx = 0,
RY R4
which, by monotone convergence, means
/ |V(e®*u)® dx + /(W — VO, |®)e2®k |u)? dx = 0.
R4 R4
Since ®;, — & pointwise as k — oo, Fatou’s lemma yields the desired result. O

We are now ready to provide the

Proof of Proposition 3.5. We will apply Lemma 3.6 and show how to recover
inequality (3.4). We fix a constant ¥ > 0, and consider the set

Qe :={xeR?| (2e — %) Vow — 1 =k}

= {x c RY |x — x| ((fc+,uj)/(28_82))1/s if X, 20}

|x + x|

\"AR\%

(e + 1)/ 2e =N ifx1 <0
Q¢ =R\ Q.
We also define, for any ¢ < 1/2,
¢ = (1 —¢)Apw,
so that
IVO|? = (1 —¢)*Vpw.

Notice that the function (2¢ — &2)Vpw — i; appearing in the definition of Q is
smaller than W — |[V®|?, where W = Vpw + Aw * [u4|*> — ;. As a consequence,
W = k on the whole Q.

We thus have

/|V(eq>u‘,-)|2dx +K/e2q>|u‘,-|2dx

R4 Qr
s/|V(eq>uj)|2dx+/(W—|Vd>|2)ezq>|uj|2dx
R4 Qr
$/|V(eq>uj)|2dx+/(W—|V<I>|2)e2q>|uj|2dx
R4 R4

- / W — [V0P)e?® ;| dx.,

Q
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and, by Lemma 3.6 and the inequality W — |V®|? > —pu;, we get

/|V(eq>uj)|2dx +/c/ezq>|uj|2dx < ,uj/32<1>|uj|2dx.
R4 Qi Qz

This in turn implies

[ 1P ax+x [ ¥l dx < Gy +0 [ 2l dx.
Rd Rd Qz

Since ¢2? is easily seen to be bounded by a e-dependent constant on Q¢, the above

inequality implies (3.4) after choosing, for example, x = 1.
Let us now prove (3.5). The function |u; |* satisfies
Aluj? = 2|Vu; > +2(Vow + Aw * [ut > — pj)lu; %,
and therefore
(A|u,~|2) x)=0
for |x — x|, |x + x| = R with R large enough. Hence, by the mean value property
for subharmonic functions (see, e.g., [12, Theorem 2.1] or [18, Section 9.3]),

1
()P € ——— (> d
WP < g [ w0 ay.
Bx(1)
where B, (1) is the ball of radius 1 centered at x (assume R is large enough so that
u; is subharmonic on the whole B, (1)). We multiply and divide by e2(1=®)4pw
inside the integral and use the Taylor-like expansion

|e—2(1—8)ADW(y) _ e—Z(I—S)ADW(x)| < Ce—2(1—8’)ADW(X)’ y € By(1),
which holds for some ¢ < ¢ < 1/2 used to absorb the growth of the gradient.
This gives
|u; (x)|2 < Ce20-¢)Apw(x) / |u; (y)|262(1_3)ADW(y) dy.
Bx (1)
The remaining integral is bounded by a constant thanks to (3.4), and we thus get
uj (x)| < Cg,ue_(l_s/)ADW(x).

This is precisely of the form (3.5) after a redefinition of the constants. The
bounds for u, and u, are obtained through similar arguments, which we do not
reproduce. |

The above allows to efficiently bound most terms that have to do with the
tunneling effect in the sequel. A list of such is provided in Appendix A.
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3.3. First approximations. An important ingredient for the sequel is a first
approximation of u4 in terms of functions localized in the left or right wells:

Proposition 3.7 (first properties of uy and u_). Let xx,>0, Xx,<0 be a smooth
partition of unity such that

X)chZO + XJ261$0 =1,
Xxlzo(x) = Xxlso(—xl,xz, ce, X)),
Axiz0(x) =0 on{x; <-C},

”VXMZOHOO <C.

Then, with uy and u, the left and right Hartree minimizers solving (2.5), and T
the tunneling parameter (2.8),

lxxizous —urllz < CTYV27 pw<os —uellp2 < GTV?70 (3.9)
and, for an appropriate choice of the phase of u_,
| txizou-—urllpe < G478y <ou= +ugll 2 < CGTV47 (3.10)

The approximation (3.10) has a worse rate than (3.9), and therefore it does not
allow to directly deduce (2.13) with the desired rate yet. It follows from the above
and standard elliptic regularity estimates that

Xxi =0+ (X —X) ——> o, (3.11a)
L—o0

Xxi<oU+(x +X) —> o, (3.11b)
L—oo

Yx=oU—(Xx —X) ——> uo, (3.11¢)
L—oo

T <ot—(x + X) ——> —ug, (3.11d)
L—oo

where u is the minimizer of the one-well Hartree functional (obtained by setting
x = 0 in the definition (2.4) of the left and right well functionals). For any fixed
smooth bounded set €2, the convergence is strong in any Sobolev space H*(2) and
(by Sobolev embeddings) in any Holder space C*(2). Indeed, repeatedly differ-
entiating the elliptic PDEs satisfied by u 4 and u_ one obtains uniform bounds in
any Sobolev space. Using local compact embeddings one can then extract conver-
gent subsequences in these spaces, and the above Proposition uniquely identifies
the limit.
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We will prove Proposition 3.7 using energy inequalities, which requires the
following two lemmas.

Lemma 3.8 (stability inequality for gapped Hamiltonians). Let h be a self-adjoint
Hamiltonian with compact resolvent on a Hilbert space H. Let Ay be the ground
state energy with ground state ug (with |ugllsc = 1), and let G = 0 be the
gap between ground state and first excited state. Then, for any u € D(h) with
lullsc =1,

(u, hu)sc = Ao + % 96%17121”] le®u — uo| 2. (3.12)

The assumption of compactness of the resolvent is clearly not crucial for this
Lemma. We anyway keep it since that is the only case we will encounter. We also
remark that in the case G = 0, i.e., a degenerate ground state, the statement is
trivial.

Proof. By the assumptions we have the decomposition

h = Xoluo) (ol + > Anlttn)(in|

with A, = Ao + G for every n. Then,

(u, hu)c = Aol(uo, u)3c|* + (Ao + G)(1 — [(uo, u)3c|?)
= X0 + G(1 — |{uo. u)sc|?).

On the other hand, we have

min |ei9u—u0|§{=2—2 max Re(e’® (ug, u)s¢)

9e[0,27] 9€[0,27]
=2 —2|(uo, u)3cl.
Since
1= [{uo, uhsc| < 1~ [{uo, u)ac|?,
the last two equations yield the desired estimate. O

Lemma 3.9 (stability inequality for the one-well Hartree functionals). For a
genericu € H*(R?) N L2(R4, Vy(x)dx) with ||u||i2 = % the following stability
inequality holds:

& ul = &fu] +C min [le"u —u, |2, (3.13)
0€l0,27]
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Proof. First, let us notice that an application of Lemma 3.8 for 4 = h, yields (the
different normalization has no effect since the whole inequality is homogeneous
with respect to an overall factor)

(. heu) = (up heup) +C min _[le™®u —u, |2, (3.14)
0€[0,2]
Indeed, 4, is obtained from a L-independent Hamiltonian by a translation by x,
and therefore its spectrum does not depend on L. The properties of V and w imply
that 4, must have a gap (see, e.g., [22, Theorem XIII.47]). The L-independence
of the spectrum implies that such a gap does not depend on L. We can therefore
apply Lemma 3.8 and consider G/2 as a fixed constant.
To deduce (3.13), a simple computation gives

Er[u] - Er[Ur] == <u, hr”) - (ur, hr”r)
A A
5 Jwstur Pyt dx = 5 [ s ey ax

R4 R4
+A/@wum?ﬁmﬁmm%u
]Rd

= {u, hou) — (ur, houy)

5 [ G = ) s~ ) .

R4

Since w = 0, the last integral on the right-hand side is non-negative. We discard
it for a lower bound and get

Erlul = Erlur] = (u, hyu) — (ur, hrur), (3.15)
which proves (3.13) thanks to (3.14). O
We are now ready to give the
Proof of Proposition 3.7. Let us first show the upper bound
Epwlus] <28 [u,] + C.T17¢. (3.16)

The normalized state (v, +uy)/||ur + ug||;2 is an admissible trial function for the
minimization of Epw at unit mass. Notice that, by positivity of u, and uy,

llu, + ue||i2 =1+ 2Re{u,,ug) =1,
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and hence we can ignore the norms in the denominator for an upper bound. We
have

Ur + Uy ]

Epwluy] <€ [7
pw /(1 +] DW i + ¢,z

A
< / Vaur P dx + / Vowlur |2 dx + 2 / 1y Pw # Jur [?) dx

2
R4 R4 R4
A

b [ 19 ax [ Vowluel x4 5 [ el o« e d

R4 R4 R4
+ 2/ Vuy - Vu, dx + 2/ Vowu e, dx

R4 R4

A 2
5 [ we = et (s () + e

R e + 20 P tr (I + 20y () dx .

(3.17)

In the first two lines in the right-hand side we can use, respectively, Vpw < Vg
and Vpw < V;. In this way the first line equals &, [u,] and the second one equals
E¢[u¢], which actually coincide by translation invariance. The terms in the third
line are remainders as follows from (A.4) and (A.7). We then deduce

8DW[U+] < 28r[ur] + CaTl_s
A
5[] v = o ) + 1,0
R 2 (P ue ) () + uy () dx .

To get rid of the last terms, involving w, we notice that by the Cauchy—Schwarz
and Young inequalities we have

‘ // w(x — g (g dx dy | < wlzo gl / wo dx.

RY xR4 R4

and the scalar product on the right is estimated using (A.1). The only remaining
term to estimate is

A // w(x — ) () Pluy () Pdxdy.
R4 xR4

which we bound using (A.14). We thus precisely obtain (3.16).
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Let us now prove the lower bound
Epwlu+] = 2&, [fx,z0us] — CeT' 7% (3.18)
Using the IMS localization formula we have

—A + VDW = - XXIZOAXJC]ZO - XxlﬁoAXxlﬁo
+ VDW)()%];O + VDWXfclso = (Vx120)? = (Vx1<0)*

Moreover,

/(w*|u+| oy |2 dx = /(w*um ottt ) s ot |2 dx
2 2d
(w * |Xx1 <oU+| )|Xx1<074+| X

12 / (W # 11, <ot 1) 2y s0u s P dx.

R4

The last summand in the right-hand side of the last equation is positive and we
will simply discard it for a lower bound. We thus have

Epwlis] = 26, [nsotts] + / (Vow — Vo) 2, solus P dx

]Rd
+ /(VDW - VZ)X§1s0|”+|2dx
Rd
- / (V tay20) s |2 dx — / (V 1y <o)l [ dx.
R4 R4

The first two integrals in the right-hand side are estimated in (A.9). The integrals
in the third line are smaller or equal than the quantities estimated in (A.2), because
|V xx,>0| and |V yx,<o| are by construction bounded by a constant and localized
in {—C < x; < C}. This proves (3.18).

Comparing (3.16) and (3.18) we deduce

Erltxizou+] < Efur] + C:T' 5.
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On the other hand, a direct application of Lemma 3.9 with u = y,,>ou+ (notice
that the property x3 >o + X3,<o = 1 together with the symmetry of u4. imply
Jull2, = 1/2) yields

B 14 2
Erlxxizou+] = &Eplur] +C eef[%l,rzln] lle"” xxy=0u+ — urHLz

= &rlur] + Cllxx zou+ — ur”ib
having noticed that the minimum is attained at & = 0 since yx,>ou+ and u, are
positive. The last two formulae imply the first estimate in (3.9). The second one
immediately follows since u is symmetric under reflection across the x; = 0
axis, while u, is mapped into u, by such a reflection.
Let us now prove (3.10). As a first ingredient, let us show the following
inequality:

‘ JJ w6 = Pl G 0P = e Py dx | < T )
R4 xR4
Clearly, an analogous inequality holds if u, is replaced by u,. To prove (3.19), let
us decompose

// W = Nty @R (s )P — [y () dx dy

R4 xR4
- // W = Dty P (20 0+ D = [y () dx dy
RY xR4
+ // W = )ity ()P <0t ()2 dx dy
RY xR¥
- // W = Nty @R (0t () — 1 (1)
RY xR4 (Xxlzo()/)qu()/) + ur()’)) dx dy
4 // W(x = )ity ()P <0 ()2 dx dy.
R4 xR4

The first term is estimated using Young’s inequality for w * |u,|?, then the Cauchy—
Schwarz inequality in the y-integration, and then (3.9). The second term is
estimated by recognizing that

// W(x = Dt ()2 1y <0us ()2 dx dy < € / ()2 dx < G,

RdXRd X1 <C
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thanks to (A.8). This shows (3.19). Notice that the error estimate in the right-hand
side of (3.19) is worse than the one in (3.9). This is the reason why we will obtain
a similarly worse error estimate in (3.10).

Let us now proceed to the actual proof of (3.10). We aim at first proving an
upper bound of the form

f < py + C.TV278, (3.20)
Recall that we have
p— = (u—, hpwu—) = inf{(u, hpwu) | llull2 = L,u L uy}.

The function (v, —ug)/||ur —uy||z 2 is then a trial state for this minimization since,
by the even parity of u .,
(e, uy) = (ur,ug).

Moreover, using (A.1) we deduce
lu, — ug||iz = 1—2Re(ug,u,) = 1—C,T' 5.

Hence, by the variational principle, we have

1

- < —2<u’ — ug, hpw (U, — uyg))
”ur _u(||L2

7
$ (ues heuﬁ) + (ur7 hrur)

—Z/VugVu, dx+/Vg|ur|2dx+/Vr|u4|2dx

R4 YA r
—2/VDwu4ur dx—/Vg|ug|2dx—/Vr|ur|2dx
R4 r 4
, (3.21)
2 [ e = e Wl () dx dy
R4 xR
A
+5 [ w6 = P s 0P = )Py dx ay
RY xR
A
+5 [ w6 = @ PG OF = b)) dx dy
RY xR
+ C,T' .

In the right-hand side of (3.21), the first line equals 2(u,, h,u,). The second line
contains remainders that can be estimated using (A.4) and (A.12). The third and
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fourth lines are negative and we can safely discard them for an upper bound. The
fifth and sixth lines account for the presence of w * |u¢|? and w * |u,|? in hg and &,
and their estimate was provided in (3.19). The only further term in the right-hand
side of (3.21) is the last line, which comes from the estimate of ||u, — uy ||Z§. We
therefore proved (3.20).

The lower bound

H—= (u—thWu—> = 2<Xx1>0u—, hr)(xlzou—) + CSTI/Z_S (3.22)
is easily obtained using the IMS formula and proceeding as in the proof of (3.18),
using also (3.19), (A.2), and (A.5). Comparing (3.14), in which we choose
U = Xx;zou-— (the symmetry of [u_| implies that [lul|7, = 1/2), with (3.20)
and (3.22) we deduce

. 0. 112 1/2—
min |y, zou— — e u, |72 < CeT /2=
6€l0,27]
Repeating the arguments for the function yx, <ou— we also deduce
min || yx, <o¥— — eieueﬂiz < CsTl/z_s-
6€l0,27]

By continuity, the minimizations have to be realized at some 6; and 6, (that a-
priori depend on the distance L), i.e.,

i0 2 1/2—¢ io 2 1/2—¢
[ Xx1=0u——e 1“r”Lz s G T /2, [ Xx <ou— —e 2W||L2 < CGT /27e,
(3.23)
Moreover, since u_ and u, are real-valued functions, we have

[ X1 =0u— — eielurﬂiz =1-—cost; / Xxi=oU—Ur dX,
]Rd
and similarly for the other norm. This shows that the minimization can occur for
01 € {0, r} and 6, € {0, 7} only, depending on the sign of the integral in the right-
hand side. Modulo a change of sign of u_, we can certainly assume that 8; = 0
for every L. There remains to show that 6, = & for every L. But this follows from

0= (u—,uy) = (Yx;<0U—, Yx;<0U+) + (Xx;20U—, Xx;>0U+)
= ((fx<ot= — '), yu <orus) + ((Xx10U— — Ur). Xx; 20 +)
+ T2 (ug, pxy <o) + (Ur, fxyzol+).

Indeed, the first two scalar products in the right-hand side converge to zero due
to (3.23) (with the choice 6; = 0), while the second two scalar products converge
to one due to (3.9). This shows that 6; must converge to 7 as L tends to infinity.
Since it can only attain the values 0 and = by what discussed above, it must
coincide with & for L large enough. O
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4. Estimates on spectral gaps

In the present section we prove the claims (2.10) and (2.11) from our main result.
The proof of the lower bound in (2.10), being the most involved, requires an
extra amount of information on u4+ and u_, beyond the preliminary estimates of
Proposition 3.5. We discuss this in Subsection 4.2.

4.1. Upper bound on the first gap. To deduce the upper bound in (2.10) we
consider the function

- (Xx120 — Xx1<0)U+
[(x120 = Xx1<0)u+ |2

J_u+

as a trial function for the minimization
p— = min{{u, hpwu), ullp2 = L,u L uy}.

Here yx,>0 and yx, <o are localization functions as in Proposition 3.7, and this
ensures

(120 = xxy<0)us 72 = 1— 2/ Xxiz0Xx<oluy>dx =1—-CT'™® (4.1)
Rd
thanks to (A.2). By the variational principle, we have

2(xx1z0U+, hpw X x;=0U+) — 2(Xx;=0U+, hDW Xx; <0U+)
[ (Xx120 — Xx1$0)u+||22

p— < (v, hpwv) =

The second term in the numerator is bounded in absolute value by C, 71~ as can
be seen using (A.5), (A.11), and (A.13). For the first term we use IMS formula
which implies

(U4, how+) = 2{()x;>0U+, how fx, zou+) — CeT' 7%, 4.2)

as can be seen using once again (A.5), (A.11), and (A.13). This, together with (4.1)
gives
p— < (uy hpwuy) + CeT' ™ =py + CT' .

4.2. Further properties of u4+ and u_. We start with the following proposition,
which provides a lower bound analog to (3.5) for u 4, vindicating the sharpness of
the latter estimate.
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Proposition 4.1 (Lower bound for u ). Let

2d —2
7“ ifS>2,
4s
‘= d—-2
2d —
=2+ _ M+ ifs =2.
4s 2s

Then, there exists R > 0 independent of L such that, for every 0 < ¢ < 1, there
exists a constant c; > 0, also independent of L, such that

e—Apw(x)

Vow (x)*+7+¢ *3)

M+(X) = Ce
for any x such that |x — x|, |x + x| = R.

A pointwise lower bound for u_ and uex is not to be expected, since excited
eigenfunctions have to change sign.

Proof. For anumber 8 € R, define the function
e~ s/ a—x"H2 =B iy >0,

f(X) = e_ADW(x)VDW(x)_ﬂ/S = 1 14s/2
e s/ XX 4 x|7B i xy <0

Using the fact that f only depends on |x — x| for x; = 0 or |x + x| for x; < 0, we
compute

(|x—x|s + <2ﬂ—%—d 1) |x — x 82!

Af(x) =

L (B2 +2B—df)|x — x|—2)f(x) for x; > 0,
) (4.4)

(e +x1° + (Zﬁ—%—d + 1) |x + x[7/2!

+ (B> +2B—dB)|x + x|—2) f(x) for x; > 0.

Notice that for x; = 0 the Laplacian is defined in a distributional sense only. Since
w * |u4|?>— 4 is uniformly L*°-bounded (by Young’s inequality and Lemma 3.2),
picking 8 = sa+ + ¢ we deduce

(=A + Vow (x) + Aw * |uy P (x) — p4) f(x) <0 (4.5)

for [x —x| = R and |x + x| = R with R large enough and independent on L, and
away from x; = 0. Notice that, in the case s = 2, the existence of such an R is
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ensured by the fact that w * |u 4 |? decays at infinity with a rate that does not depend
on L, as follows from the upper bound in (3.5). Moreover, again for |[x — x| = R
and |x + x| = R with R large enough and independent on L,

Vow(x) > pig — Aw * [uy [*(x). (4.6)

Consider now a function fjy, Which is equal to f (with 8 = sa4 + ¢) outside of
Bx(R) U B_x(R) and smoothly extended to a function bounded away from zero
inside Bx(R) U B_x(R). Since, by construction, f is a L-independent function
of [x — x| or |x + x|, fiow can be chosen to be L-independent as well. Define the
(a priori L-dependent) constant

o U4 (x)
Ce

B Ix—x|<R flow(X) ‘
[x+x|<R

Since u4+ > 0, we have3 that ¢, > 0. Let us consider the continuous function

g = Uy — Ce flow-
We will prove that g is positive. Then (4.3) follows thanks to

miny—x|<g U+(x)

|[x+x|<R
e = = Cllu |l Loo(Bx(R)UB_x (R))-
max|x—x|<R Siow
[x+x|<R

Here we used Harnack’s inequality [11, Section 6.4.3] for the set Bx(R)U B_x(R)
(the resulting constant depends only on R, not on L). The right-hand side of the
above is bounded away from 0 as L — oo, for otherwise 4 would converge to
0 in L2 (Bx(R) U B_x(R)), contradicting Proposition 3.7. Thus, ¢, is bounded
away from zero as L — oo and there only remains to prove that g is positive.
The function g, being continuous and decaying at infinity, could have either of

the three following behaviors:

(i) it attains a global minimum inside Bx(R) U B_x(R),

(ii) it attains a global minimum outside of Bx(R) U B_x(R), or
(iii) it has no global minimum and is everywhere positive.

In the latter case, (iii), there is nothing to prove. In case (i), the proof is complete
because g is by construction positive inside Bx(R) U B_x(R). Finally, consider
case (ii). g attains a global minimum at some

(V1s--2Ya) =y & Bx(R)U B_x(R).

3 This is the place where the argument ceases to apply to #_ or .
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We can exclude the possibility that y; = 0. Indeed, on the hyperplane {x; = 0},
u4+ has (by parity) a x;-directional critical point where (by smoothness) Vu
vanishes. On the other hand, fioy has by construction a x;-directional minimum
there, with 0y, fiow making a jump between two different non-zero values. Hence,
in the x; direction, u converges at least quadratically to its value at x; = 0,
while fiow decays as ~ |x1] to its value on the hyperplane. It follows that g has a
x1-directional maximum on the hyperplane x; = 0. Thus the global minimum y
must belong to a region where g is smooth, implying Ag > 0 at y. We then use
the eigenvalue equation for u 4 and (4.5) to deduce

(A + Vow(y) + Aw * [ut[2(y) — p1)g(y)
= —Ce(=A + Vow(y) + Aw * [us > () = pt+) fiow(y) = 0
and hence
(Vow(9) + Aw * [us[>(y) — n4)g(y) = 0.
Thanks to (4.6) we finally deduce g(y) = 0, which concludes the proof. |

We also state the following lemma, containing properties of u_.

Lemma 4.2 (symmetry and sign of u_). The function u_ is odd with respect to
reflections across the x; = 0 plane, i.e.,

U_(=X1,X2,...,Xg) = —u—_(x1,X2,...,Xq). 4.7

Moreover, assume that we pick for u_ the same phase as in Proposition 3.7. Then
u—_(x) > 0 almost everywhere for x; > 0.

Proof of Lemma 4.2. Since u_ must be either odd or even, the fact that it is odd
is a consequence of (3.10). To prove that u_(x) > 0 for x; > 0, let us first notice
that by the odd symmetry

p— = min{(u, hpwu), [lufl2 = 1,u L uy}

= min{(u, hpwu), |u||z2 = 1, u odd}.
Thus, u— must coincide with the ground state energy of the Dirichlet Hamiltonian

H=-AP) Vow + Aw * [uy|?,

x1=0

where Axll) ;0 is the Dirichlet Laplacian in the half-space {x; = 0}. Using the

Trotter product formula [21, Theorem VIL.31] and Vpw + Aw * [uy|?> = 0, it is
easy to see that e is positivity improving for all # > 0. On the other hand
H has compact resolvent, and hence the bottom of its spectrum is an eigenvalue.
Using [22, Theorem XII1.44] completes the proof. O
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4.3. Lower bound for the first gap. We now provide the proof of the lower
bound in (2.10), following [24]. We start with the following lemma.

Lemma 4.3 (expression for the first gap). For any smooth f such that fuy €
H'(R?), we have

1
(fus, (hvr — pq) fug) = §||U+Vf||iz- (4.8)

Proof. The proof (from [25, 24]) follows from the equality

Lo — sl = [ 1] £-34]] = 772
after taking the expectation on u . O

In order to prove the lower bound, we apply the above with f = u_/u,, and
drop the integration in the right-hand side outside of a hyper-rectangle. Notice
that f is smooth since both 4 and u_ are, and u is strictly positive (see, e.g.,
[22, Theorem XIII.47]). This gives

x2=K xq=K x1=L/2—R
1 1
pompe =5 [Pz 5 [ [ [P P av,

2
R4 x2=—K x4=—K x1=—L/2+R

where K is an arbitrary fixed positive number, and R is large enough so that one
can apply Proposition 4.1, which we do. For a lower bound on v we use (4.3)
and evaluate Apw at its minimum x = 0 in the right-hand side. This gives

x2=K x4=K x,=L/2-R
u_—u+>C8T1+S/ / /lVf|2dx1...dxd.
x2=—K x4=—K x1=—L/24+R
For the gradient of f we use the trivial inequality
IV =00 /1%
as well as the Cauchy—Schwarz inequality in the form
x2=K x4=K x1=L/2-R

/|31f|2d)€1...d)€d

x2=—K x4=—K x1=—L/2+R
x2=K xg=K x;=L/2—R

;é( // /31fdx1...dxd)2

x2=—K x4=—K x1=—L/24+R
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x2=K x4=K

:L( / /(f(L/2—R,x2,...,xd) i
x=—K xgq=—K —f(—L/2+R,x2,...,xd))dX2...dXd)

_ 2

‘E(

The last step follows from the fact that f = u_/u 4 is odd under reflection around
the x; = 0 axis, since u_ is odd (see Lemma 4.2) and u is even. Since the
L~ factor can be absorbed inside T!1¢ with a slight modification of &, we only
have to show that the integral in the right-hand side is bounded away from zero
uniformly in L. This is a consequence of (3.11) and of the Sobolev embedding
(see the discussion after Proposition 3.7), which imply that ¥ and u_ converge
in L° to the same function in B(x, R) for R fixed. This completes the proof.

x2=K xg=K

2
/ /f(L/2—R,xz,...,xd)dxz...dxd).

x2=—K x4=—K

4.4. Lower bound on the second gap. To prove (2.11), recall that uey is the first
excited state above u_, i.e., lex = (Uex, NDWUex). A lower bound for pex follows
from the IMS formula and reads

1_
Hex = 2<Xx1>0ue)u hDWXmZO”ex) —C, T %,

having used (A.6) and (A.3). Here yx,>0 and yx, <o are localization functions as
in Proposition 3.7. We further argue that (A.10) and (3.19) allow to replace hpw
with &, i.e.,

Hex = 2<Xx120uex, thxlzouex) - CsTl/z_S- 4.9)
We now want to bound from below the right-hand side using (a suitable modifi-
cation of ) yx,>oUex as a trial state for the minimization problem

Wrex o= Inf{(u, hpu) | ullp2 = 1, u L u,}.
Define then

V= Xx1=0Uex — 2(ur, Xx120u6x>ur .

[ Xx1=0Uex — 2{ur, Xx;>0Uex)tr || 12
By construction v is orthogonal to u, (since ||u,||i2 = 1/2), which makes it a
trial function for the p,x minimization. We want to estimate the norm in the
denominator. Recall that uex must be either even or odd under reflection across
the {x; = 0} hyperplane. Assume it is even. Then,

0= (ut,uex)
= (Xx1>0u+y Xxlzouex) + (Xx1s0u+, Xxlsouex)

= 2<Xx120u+7 Xxlzouex),
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which implies

1
||Xx120uex —2(ur, XMZOueX)ur Hiz - 2 2Mur XMZOMGX)F
1 2
= 3~ 2[((ur — Xx;20U+), Xx;>0Uex)|
1 1—
> - —C, T8,
2

where the inequality follows by the Cauchy—Schwarz inequality and by approxi-
mation of u4 that we deduced in (3.9). If, on the other hand, uex is odd, then we
can repeat the same calculation with u 4 replaced by u_. The variational principle
then implies

(Xxlzoue)(s hr)(xlzouex) — 2y [{ur, Xxlzouetz
[ Xx1=0Uex — 2(Ur, Xx,=0Uex)Ur ||iz

Mrex I

< 2<XX]ZOMCX1 hr)(xlzouex) + CSTI_Es
having ignored the second term in the numerator because it is negative. Compar-
ing this with (4.9), we find
Hex = Mrex — CsTl/z_E-

Now, we know that the spectrum of 4, does not depend on L, since %, coincides
with the translation of a fixed Hamiltonian. Hence, the gap between p, and pi; ex
is a fixed constant. Moreover, by (3.20), we have

r > U — C8T1/2_8.
This gives
Hex = Mrex — CsTl/z_S
> r 4 C _ C£T1/2—8
> U 4 C _ C3T1/2_8,

which proves (2.11).

5. Refined estimates, following Helffer—Sjostrand

The aim of this section is to prove (2.12), (2.13), and (2.14). The optimal rate in
(2.12) will follow from a careful choice of approximating quasi-modes inspired
by [16, 17].
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Let us denote by uﬁD) the (normalized) ground state of the Dirichlet problem

(—A + Vow + Aw * |uy|*)u = pu,
L 5.1)
u(x) =0 forx; < ) +c

with eigenvalue 1 (P). Let us, in turn, denote by uED) the (normalized) ground

state of the Dirichlet problem

(=A + Vow + Aw * |lug |P)u = pu,
L (5.2)
u(x) =0 forx; = ) +c.

By symmetry across the {x; = 0} hyperplane we have uED)(—xl,xz, e Xg) =
uﬁD )(x) and therefore the eigenvalue corresponding to uéD ) coincides with u®),

The cutoff distance ¢ > 0 will eventually be chosen to depend (non-uniformly)
on the parameter ¢ appearing in the right-hand side of (2.12), which we will take
arbitrarily small. As a consequence, since most quantities depends on ¢, they will

implicitly depend on . We will however not keep track of such a dependence.

5.1. Agmon decay estimates. The first step in the proof of (2.12) is to show
suitable decay estimates for ugD ) and uéD ). These will be more refined that what
we have proved so far.

We start by defining the double-well Agmon distance between two points

X,y e R4,

dpw(x,y)

1
= inf { / VVow Ny ()] dr y(0>=x,y<1)=y}. (5-3)
0

y piecewise C1 curve

The exponentials of the functions dpw ( - , x) and dpw ( - , —x) will model the decay

of, respectively, ugD ) and uéD ). The following general properties are well-known

(see, e.g., [15, equations (3.2.1) and (3.2.2)])

dpw(x,y) < dpw(x,z) + dpw(z,y) forx,y,z (triangular inequality) (5.4)
|Vxdpw(x, »)|* < Vpw(x) forall x, y. (5.5

Furthermore, we have the following Lemma.
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Lemma 5.1 (properties of the double-well Agmon distance). dpw( -, X) satisfies
the three following properties, with A the single-well Agmon distance (2.7) and ¢
the constant in (5.1)—(5.2):

(i) First estimate in the half-space:

dpw(x,x) = A(]x — x|) x1 =0,

(5.6)
dow(x,—x) = A(lx +x[)  x1 <0.
(ii) Estimate at (x2,...,x4) = 0:
L
A(‘xl—z), x1 =0
dpw((x1,0,...,0),x) > L I
— ) — — _— < <
24(5) -l wn]) Lvesnso
(5.7a)
L
A(‘xl'i'E), x1 <0
(5.7b)
(iii) Second estimate in the half space:
Ofor—%+c <x1 <0,
L L
dpw((x1,Xx2,...,X4),X) = 2A<3> — A(‘E + x1 ); (5.8a)
e for0 < x; < %—c,
L L
dow (X1, Xa, - .. Xg), —X) = 2A(5) _ A(‘E —x ‘) (5.8b)

Proof. For each of the three points we will only prove the property for dpw( -, X),
since the one for dpw (-, —x) can be then deduced by reflection symmetry.

(i) First, notice that, in the x; = 0 region, Vpw only depends on the radial
coordinate |x —x|. Hence, the same must be true for dpw( -, x), and thus, without
loss of generality, we can assume x = (x1,0,...,0), the general case being then
deduced from

dpw (x,x) = dpw((||[x —x| = L/2],0,...,0),x).

Let us now prove that, in order to compute a’DW((x1 ,0,...,0), x) for x; = 0 we
can reduce ourselves, in the definition of dpw (-, X), to curves supported on the
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line x5,...,x; = 0 only. Indeed, for any piecewise C! curve y : [0,1] — R?
such that y(0) = x and y(1) = (x1,0,...,0), let us define the curve projected
onto the x»,...,x; = 0line

y1(t) .= (y()1.,0,...,0).

Then, by definition,
il < Iy @)l

Since Vow(y) = Vow((»1.0.....0)) for any y € R, we find

1 1
(/meoﬁ»wvnmzi/¢wwwmnm«0mL
0 0

This shows that it is always favorable to only consider paths restricted to the
line. Let then 7:[0,1] — R be a piecewise C! curve such that 7(0) = L/2 and
7(1) = x1. We have

1 L1+3
A(lx —x|) = X1— 5
e
1
1 d L1+3
- —jn-=Z| Cdr
1+§/dr A

0

B Ls/2 -
-] 17 0ld

1
$ \/
0

1

- /\/VDW(()?(z),O,...,O))|)7/(t)|dt.

0

Considering the infimum over all such curves y (which we proved above to
coincide with the infimum over all curves), we deduce (5.6).

(ii) The claim for x; = 0 already follows from (5.6). We concentrate on x; < 0.
By repeating the arguments used above, one easily sees that in order to compute
dpw((x1,0,...,0),x) for x; < 0 it is again convenient to restrict to curves sup-
ported on x5,...,x; = 0. Let then 7:[0,1] — R be any piecewise C! curve
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such that y(0) = L/2 and y(1) = x;. Since x; < 0, there exists a time 5,
depending on the choice of the curve, such that y(f;) = 0. We then write

2A(£)—A(\§+MD
1
/ (o= a [ E0aG) a5 vl

/\y(z)—— (z)|dz+/\f(z)+§\m|7(z)|dz

- [ SVow GO (0] d.
0

Taking the infimum over all such curves y yields the result.

Finally, (iii) is deduced by arguing, as done above, that projecting a curve onto
the x5, ..., x4 = 0 line cannot increase dpw (-, X). O

D (D)

The following proposition gives decay estimates for u( ) and u ‘
Proposition 5.2 (decay estimates for the Dirichlet modes). For every ¢ = 0 there
exist Cg > 0 and ¢ > 0 such that

R T e i PIE e (5.9)

and

JeC=INCOGYP| 5 = [NV < 0 (5.10)
where uﬁD), respectively u(D), is the ground state of (5.1), respectively (5.2),
D ¢
(extended to zero outside of its domain of definition) for ¢ = c;.

The importance of this result is the following: even though in a region at
distance of order 1 from —x the total potential Vpw + Aw * |u4|? is of order 1,
nonetheless u'?) is as small as the exponential of minus the Agmon distance
from x. Compared to the estimates proved previously, it confirms that uﬁD ) does
not see the left well at all. This is the key to prove (2.12) with such a good rate.

We need the following well-known lemma, which vindicates the importance
of (5.5):
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Lemma 5.3 (Computing with the Agmon distance). Let @ C R? be open with
regular boundary, v € C°(Q,R), ®: Q — R locally Lipschitz and u € C*(Q,R)
with ujpq = 0 (including lim oo u(x) = 0 if Q is unbounded). Let V® be
defined in L° as the limit of a mollified sequence V®,. Define also

h:=—-A+v.

Then,

/|V(e‘1’u)|2dx +/(v— IV®|?)e2®|u)? dx = /e2‘1’u (hu) dx.
Q Q Q

Moreover, assume v — |V®|?> = F — F2 with Fy, F_- = 0, and define
F:=F, +F_.

Then,

/|V(eq>u)|2dx+%/|F+eq>u|2dx
Q

@ (5.11)

$/|F_leq>hu|2dx+%/|F_eq’u|2dx.
Q Q

This is similar to Lemma 3.6. See [2, Theorem 1.5], [17, Lemma 2.3] or [15,
Theorem 3.1.1]. We are now ready to prove Proposition 5.2.

Proof of Proposition 5.2. We will estimate the norms containing ugD ) only, since,
by reflection symmetry, the identities in (5.9) and (5.10) are trivial. We will
apply (5.11) with the following choices (recall that ¢ is the constant that appears
in (5.1), its choice will be specified later on):

L
Q={x‘x1 Z—E—I—c},
v =Vpw + Aw * Juy > — u@,

® = (1-¢)dpw(-,Xx),

u=u®,

We now explain how to choose the functions F., F_ and the constant c. The main
idea is to define F? to be equal to the function v—|V®|? on the set where v—|V®|?
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is larger than some fixed arbitrary positive constant «, and to be identically equal
to the same « on the set where v — |[V®|? < «. To this end, notice first that

v(x) — [VO(X) 2 = Vow(x) 4+ Aw * [us |2(x) — uP) — (1 — £)2|Vdpw(x, x) 2
> (26 — &%) Vpw(x) — u?,

having used (5.5) and w > 0 in the second step. This shows that v — |[V®|?
can be smaller than a fixed constant only in the regions close to x and —x. As a
consequence, for every ¢ > 0, there exists ¢, > 0 such that v(x) — |[V®(x)|?> = «
for —L/2 4+ ¢, < x; < 0. We pick ¢ equal to such a ¢, in the definition (5.1)
of ugD). The only other region in which v — |[V®|? can be small is the region of
small |x — x|. We take care of this by defining

Kk + pu®
v(@) = [VOWP,  |x—x| = (

1/s L
W) and x; >_5+C8’

Ff_(x) =
K |x—x|<(K+M(D))1/S
' T\ 2e—¢2
Correspondingly, we define
F2(x) = F(x) = v(x) + [VO(x)[?

and we have

1/s L
m) andX1 >_E+C8,

—0 iflx—x|> (
F2(x) =

<k ifjx—x|< ( P

It is then straightforward to verify that, by construction,

K+ M(D)>1/S}
2 — g2 '

We are then ready to apply (5.11), which yields (recall that ~u = 0)

F?>=«k, F?><k, supp(F-)C {x ‘ lx — x| < (

/ |V (=)W (X0, (D)2 g E/ e 1=dow (%), (D)2 g
2

{x1=—L/2+cs} {x1=—L/24cs}
< 37"/ (=W (-3, (D)2 g

(o242 )

E—¢&
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As proven in Lemma 5.1, the function dpw (x, x) for x; = 0 depends on the radial
coordinate |x — x| only. As a consequence, the integral in the right-hand side does
not depend on L, and therefore it is estimated by a (e-dependent) constant. This
completes the proof of (5.9).

In order to prove (5.10) we write

||e(1_s)dDW("x)Vu§D)||22 < ||€(1_8)dDW("x)u£D)||12L11
+ 1 (Vdpw (-, x))e 1= VC 2y [P 2,

< [V Vowe ! mOwWC0y (D)7 o ¢,

where the second inequality follows from (5.5) and (5.9). Using Lemma 5.1,
dpm(-,x) has at least polynomial growth, and therefore one deduces that, for
every § > 0, there exists Kg > 0 such that

VVow < Kg e dw(:x)

We then deduce
et HNEOVIET, < KT ERINEDUD T, + € < KFCons + Ce

which proves (5.10) if we fix § < e. O

5.2. Quasi-modes construction and proof of L! and L? estimates . Now

we use linear combinations of uﬁD ) and uéD ) as quasi-modes for the mean-field
Hamiltonian ipw. A proper smoothing (around respectively x; = —L /2 + ¢, and

x1 = L/2 — ¢;) is required. To this end, define a smooth localization function y,
such that

L
1r(x)=0, x1< -5t 2¢e,

L
rx)=1 x= -5t 3ce,

0<yr(x) =<1,

and the corresponding y;(x) = y»(—x1, X2, ..., xq). Define then
Yri= P,y = pa?, (5.12)
and
rr = (how = k)Y, 1= (how — Py (5.13)

A direct calculation gives

rr==2Vy, - Vu® — (Ayu'P, (5.14)
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and therefore
supp (rr) C {x | 2¢e < |x + x| < 3ce}.

This means that ¥, and v, are quasi-modes for /pw, the only error coming from
the region where, respectively, y, and y, differ from zero and one.

Lemma 5.4 (estimates for quasi-modes). We have, with T the tunneling parame-
ter (2.8),

lrellz2 = lrellze < CeT'2, (5.15)

(W, ¥r) = 1 = (e, e) — 1] < CeT?7, (5.16)
[(Wrore)l = [(We. )| < CeT?7%, (5.17)

0< (Yr. Yg) SC.T' 5 (5.18)

Proof. As usual, we can consider only the right functions. To prove (5.15), let us
start from (5.14). Multiplying and dividing by ¢(1=®4pw(-X) we find
plying g by
Il < flem0mWE D) (AN C 0y DY)
+ 2||e—(1—8)dDw(-,X)(er)e(l—S)dDw(',X)VugD) 2
< C (eI IOV DVUDY )
% sup e~ (1=8)dpw (x.x)

2ce<x1+L/2<3ce

The two norms inside the parenthesis were estimated in Proposition 5.2. To
estimate the supremum, we deduce from (5.8) that

—(1— —(1— Ly_ L
sup e—(=e)dbw(x%) < sup o~ 1=02A5)—A( 5 +x11)
2¢e<x1+L/2<3c¢ 2ce<x1+L/2<3c¢

< Cae—z(l—s)A(%)’

and this proves (5.15).
To prove (5.16) let us notice that

[(Wr, r) — 1] =/(1—x%)|u$’3>|2dx s/|u$’”|2dx. (5.19)
R4 2ce<x1+L/2<3ce

We then argue as above by multiplying and dividing by e(1=99pw(--X) The same
can be done to prove (5.17).
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Finally, let us prove (5.18) (notice that the positivity of the scalar product is
trivial). We write

(Wr, W) = /xrmuﬁD)uéD) dx

< sup ¢~ (1=8)dpw (x.x)—(1=¢e)dpw (x,—X)
—L/242¢cs<x1<L/2-2c,

X/ere(l—s)dDw<-,x)ugb)eu—a)dgwo,—x)u§D) dx.

Using the Cauchy-Schwarz inequality and then (5.9) we see that the integral
in the right-hand side is estimated by an e-dependent constant. To estimate the
supremum we write
sup e~ (1=8)dpw (x,x)—(1—¢)dpw (x,—X)
—L/24+2ce<x1<L/2—2¢¢
< sup e~ (1=8)dpw (x,x)—(1—¢e)dpw (x,—X)
—L/24+2c,<x1 <0
+ sup e~ (1=8)dpw (x,x)—(1—&)dpw (x,—X)
0<x1<L/2-2¢c,
< sup e~ (1m0 QA5)~A(L/2+x1)+A(x+x])
—L/242¢:<x1 <0
+ sup e~ (=245 —A(IL/2=x1 )+ A(Ix—x])
0<x1<L/2-2¢c,
where the last inequality follows from (5.6) and (5.8). However, since the function
A is monotone increasing, we have

A(L/2+x1]) < A(Jx +x]) and  A(IL/2 = x1]) < A(]x —x]),

and therefore we find

sup e~ (1=8)dpw (x.X)—(1-e)dpw (x,—X) < 3—2(1—8)/1(%)’
—L/2+42ce<x1<L/2—2cs

which completes the proof. O
Let us now define the orthogonal projections
Pi:=lus)(uy| + lu-)(u-| and Pi=1- Py

Our aim is an estimate for the norm of Pivy, and Pyy. Let us start with the
following

Lemma 5.5 (further bounds on p4). We have

Iy —uP < C.T
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Proof. An upper bound is deduced by taking v, as trial function for the p4-min-
imization problem:

1 <wr7 rr) _
roh rl = D)y T < (D) C£T2 ‘
Wrog oWV = Ty ST

where the second inequality follows from (5.17) and (5.16). A suitable lower
bound, in turn, was already proven in (4.2), i.e.,

LRSS

My = 2 z0tt. how xysouy) — CeT' 76 = u®P) — C,T17%,

where the second inequality follows once again by the variational principle for the
Dirichlet minimization. O

As a consequence of Lemma 5.5, and of our main results on the gaps (2.10)
and (2.11), we see that M(D) is asymptotically close to p+ (and therefore to p_),
and hence it is separated from the rest of the spectrum of Apw by a gap of order
one. We can then write

Pilﬂr= : ¢( 1 : )dzwr,

_% //,(D)—Z_th—Z
r

where T is a closed contour in the complex plane that encircles i, 41—, and (2,
staying at a finite distance both from them and from the rest of the spectrum.
A simple calculation yields

1 1
Pt = - d . 5.20
=l 2ni9§(u(D)—2)(th—Z) 620
r

By our choice of the contour we have
Pzt <, and [|(hpw —2) " flop < C

uniformly for z € I'. Hence, recalling (5.15), we find

IPLYll2 < CeT'™ and || PLyyllp2 < C.T'*. (5.21)
Now, define
V= Yrt e and Y = M (5.22)
[¥r + YellL2 [¥r — VellL2
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We have
Ve +vellzo =2 < [I19e 172 + IVel]> =2+ 20 )| < CeT'°,
where the last inequality follows from (5.16) and (5.18). Similarly,
Y7 = Well7> =2 < CT'™°.
Hence the norms in the denominators of (5.22) satisfy
17 + el = V2+ 0T and ||y = Yell2 = V2 + O(T'70),
and combining with (5.21) we deduce
Vi =auy +bu_ + 0;2(T'7%)

for complex numbers a, b. But, since ¥4, u4+ are even under reflections across
x1 = 0 and u_ is odd, this must reduce to

Vi =up + Op2(T'7F).
Similarly

Vo =u_+ 0;2(T'7).
These are our vindications of (1.12)—(1.13), as in [17]. We deduce from the above
that

ui? = [u—> = 299y + OL1(T'7°)

and (2.12) then follows from (5.18).

To deduce (2.13) let us first recall that, if x; = 0, then u_(x) is positive by
Lemma 4.2, and u 4 (x) is positive by general arguments. This allows to write

/||u+|—|u_||2dx
Rd

=2/|u+ —u_|*dx

x1=20
<6 [ s = sl dx 6 [ —y-Pdx 6 [ 1~ u-Pdx.
x1=20 x1=20 x1=20

The estimates for the first and third summand follow already from what we dis-
cussed above. For the second summand we write

/ W — yPdx < (¥ + Vel 72— ¥r — wnzé)zf | dx

x1=20 x1=20

(1 + velld + 9 — WII;%)Z/ e[ dx.

x1=20
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The first square bracket in the right-hand side is smaller than C,T1~¢ by the
estimates above. For the integral of v, we write

/|W|2dx < /|u§D)|2dx

x1=0 x1=20
—2(1—&)dpw (x,—x 1—8)dpw(-,—x),,(D) |2
< sup e (1=&)dpw )||e( Ydpw ( )ug ||l2

0<x|<L/2—c:

1—
<GTF,

where the last inequality follows from Lemma 5.1 and Proposition 5.2. This proves
inequality (2.13).

5.3. Proof of the L estimate. In order to prove the L° proximity in (2.14) we
will improve the L2 result (2.13) to an estimate for the H? norms. Notice that, in
the notations of Proposition 3.7, the L? convergence (2.13) implies

lxez0(us—u )7, < CT'™° and | xx,<o(us+u-)|7, < CT'%, (5.23)

which also means that (3.10) holds with an improved rate. We will improve this
result to a higher Sobolev norm.

Proposition 5.6 (H? convergence). We have

I xz0(s —u_)||7 < CeT 2, (5.24)
and

|2y <0 (e +u )2 < CoT'° (5.25)

The L*° estimate (2.14) is an immediate consequence of Proposition 5.6 thanks
to the Sobolev embedding

1f lLooray < ClLf I m2may,
that holds for d = 1, 2, 3. In order to prove Proposition 5.6 we start with a Lemma.
Lemma 5.7 (commuting spw and yx,>o).

1ADw xx1 204 —u )72 < [l Xy z0hpw (s —u_)|7, + CT' 7%
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Proof. We have

(X120 —u), hiyy Xy >0y —u-))
= (Xx1z0hpw (U4 —u-), Xx,;>0hpW (U+ — u—))
+ {[iow . Xx 20 (U4 — u-), [Apw, xx,>0] (U4 — u—))
+ 2([hpw, xx;=0](U+ — u—), hpw Xx, 20 U+ — u-))
= (Xx1z0hpw (U4 —u-), Xx,>0hpW (U+ — u-))
+ 3({[hpw, xxi=0](u+ — u—), [ipW, Xx20] (U4 — u-))
+ 2([hpw, xxi =0l (U4 — u—), Xx;z0(H4U4 — p—u-)).
We then have to estimate
Erry = 3([hpw, fxi>0l(u+ —u-), [Apw, fx,>0](u+ —u-)),

Erry = 2([hpw, xx;z0](U+ —u-), xxz0(U+U4 — p—u-)).

Since
[iow, xxi20] = Axxi20 + 2(Vxx20) - V,

we deduce, using (A.2) and (A.5),
|Erry | < / [(Axxi120 +2(V )xy20) - V)(uy —u)|?
<2 [ 187mzol s —u- P

44 [ 192020 Ve o)
<C.T'®,
The estimate of Err, is similar, and this completes the proof. O
Proof of Proposition 5.6. Using Lemma 3.3 and then Lemma 5.7, we have
IAxx 204 —u)ll7,

< [how xx 204 —u) |72 + Cllxx,=o(us —u)ll7, (5.26)
< X =0hpw(ig —u) |72 + Cllxx,=o(us —u)||3, + C.T'* '
2 2 _
= lxxmzo(psrs — pu)| ;2 + Clixx =0y —u)|» + C.T' %
The norm || yx,>0(u4+ —u—) ||i2 was already estimated in (5.23). To estimate the
first term in the right-hand side, we expand

e
I zo(aus — pu)||7, = =—=—— — 21 i (Xx; 20U+, Xx;0U—).
2
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Since (5.23) implies

—2(Yxz0U+, Yx;z0U-) < —1+ C. T,

we deduce
e -
I zo(urus —pu)ll7, < — TRt C.T'™*
1
=5 (u- - f)? + CT'*
S CSTl_ss

where the last step follows from the upper bound in (2.10). This proves (5.24).
A reflection across the {x; = 0} hyperplane sends the point yx,>o(#+ — u—) into
Xx;<o(u4 4+ u_) and thus (5.25) also follows. O

Appendices

A. Tunneling terms
Here we deduce a variety of useful bounds from the decay estimates of Section 3.2:

Proposition A.1 (bounds on tunneling terms). Let R = 0 be a fixed number. For
any € > 0 there exist ce, Ce such that, for L large enough,

/ugur dx < C, T8, (A.1)
Rd
lug (x)]*dx < C,T'®, (A.2)
—R<x1<R
/ |uex(x)|2 dx < C,T'™, (A.3)
—R<x1<R
/VW -Vu,dx <C, T8, (A4)
]Rd
/|Vui(x)|2dx <C. T8, (A.5)
—R<x1<R
|Vuex(x)|2dx <CT'™, (A.6)

—R<x1<R
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/ Vowuey dx < C.T'8, (A.7)
]Rd
/ (0P dx = / (1) 2 dx < CoT', (A8)
x1=—R X1<R
/ s (P (V3 () — Vow(x) dx
—R<x;<R (A9)
- / s P(Ve(x) = Vow () dx < CoT1~*,
—R<x1<R
/ tex (0) (V3 () — Vow () dx < G T, (A.10)
—R<x1<R
/ Vow (@)l ()P dx < C.T', (A11)
—R<x1<R
/Vr|u4|2dx = / Velur|? dx < C,T ¢, (A.12)
x1=2—R xX1<R
/ s ()P (w * s () dx < CaT', (A13)
—R<x1<R
/f w(x = e Pluy ()2 dx dy < CoT', (A.14)
R4 xR4

Proof. Inequality (A.1) was already proven in [23, Proposition (3.3)]. The main
point is to use the upper bounds in (3.6) and (3.7) in order to reduce the aim to
estimating an integral of the form

I, = / emalexITH 2 malex| T2 g (A.15)

R4
with a = (1 + 5/2)7! — &, the ¢ being used to absorb any polynomial correction
due to V. As said, the estimate of /, can then be found in [23, Proposition (3.3)].
The integrals in (A.2) and (A.3) can in the same way be bounded by an integral

of the type I,.
To prove (A.4) we write

/VugVur dx = —/ugAu, dx = /ug(ur —Vp — Aw * |up|P)u, dx.
R4 R4 R4
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We can then reduce ourselves to an integral of the form (A.15) by slightly changing
the value of ¢ in order to absorb the corrections coming from V, and Aw * |u,|?.
The same holds for every other term from (A.5) to (A.13).

To prove (A.14) we use the fact that w is bounded with compact support to
write

// w(x — e )Pl ()2 dox dy

R4 xR4
<cC // (o) 2y ()2 dx dy
{lx—=y|<C}
e // g (o) 2l () dxe dy + C/ e O Py (0 dx d.
{lx—y|<C}N{x1<0} {lx=y|<C}N{x1=0}

The second summand is bounded by C fxlzo lug|?, and hence a bound for it
follows from (A.8). For the first summand we write

// (o) Pluy () Pdxdy < / e (o) Plur () Pdxdy.
{lx—=y|<C}IN{x1<0} {lx=y|<CIN{x1<0}N{y1<C}

The right-hand side is estimate by C |’ xy<o0 lUr |2, for which we can again use (A.8).
O

B. Higher spectrum

Most of the proof of Theorem 2.2 consists of suitable adaptations of the arguments
already used to derive Theorem 2.1. We only discuss the modifications due to the
fact that higher eigenvalues of the left and right wells are typically degenerate (see
[15, 10] and references therein for more general situations). We do not pursue
convergence rates nor the dependence on k (i.e. we only deal with energies O(1)
apart from the ground state when L — 00).

The case k = 1 of Theorem 2.2 follows from the proof of Theorem 2.1). We
proceed by induction and sketch the proof that the same statements holds for &
provided we know it does for all smaller integers. The necessary bounds on the
decay of eigenfunctions are similar to what was discussed previously and shall not
be reproduced.

Using the induction hypothesis one can construct a trial state

y4 r
uk +uk

/2

+ correction,
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where ui is an eigenfunction corresponding to the k-th eigenvalue of At and

uy its reflection. The correction term can be made very small, and renders the
above orthogonal to all eigenfunctions of ipw corresponding to eigenvalues below
Ma2mk—1)+1- Bvaluating the energy of the trial state using decay estimates as in
the main text yields

aME-1+1 < [k +o(1).
Localizing the corresponding eigenfunction in the left and right wells as in the
main text one deduces that u,pr—1)+1 converges in the left well to U, £ an
eigenfunction corresponding to the k-th eigenvalue of 4¢. In view of the symmetry
of the double-well Hamiltonian we are at liberty to assume that v, p7(x—1)+1 is even
or odd with respect to reflections across the potential barrier. Hence uapr(k—1)+1
converges in the right well to + the reflection of U,f. We assume it converges
to U ,f, with obvious modifications in the sequel if it is the other way around.
Next one can construct a trial state of the form

L
Uy — Uk .
———— + correction,
V2

where U,f is the eigenfunction h¢ that u, M(k—1)+1 converges to in the left well
and U] is its reflection. As above this yields an upper bound to p2p7(x—1)+2 and
allows to deduce that a corresponding eigenfunction must converge in the left well
ﬁ, an eigenfunction corresponding to the k-th eigenvalue of 2¢. Using the
symmetry with respect to reflections and what has just been proved for v pr(x—1)+1
we deduce that either fti 1 U,f and u;pr(k—1)+2 converges to = its reflection in
the right well or ﬁi =U, ,f and U pr(k—1)+2 converges to — its reflection in the right
well.

Assume the latter situation occurs, again with appropriate modifications to the
sequel if it is the former. One can then bound p;p(x—1)+3 from above with a trial
state of the form

to some u

v,‘; + vy
V2

where v,‘; is an eigenfunction of 4* orthogonal to the U,f just found, and vy its
reflection. Similarly as above we deduce that u;p7(x—1)+3 must converge to some
V,f in the left well and to = its reflection in the right well, with V,f L U,f an eigen-
function for the k-th eigenvalue of h¢. The process can then be repeated induc-
tively, and the claimed results follow. The induction stops when all possibilities of
constructing mutually orthogonal even/odd trial states for the double-well Hamil-
tonian out of the eigenstates of the single wells have been exhausted, that is after
m(k) iterations. One thus obtains items (i) and (iii) of the Theorem by arguments

+ correction,
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similar to the main text. Item (ii) then follows as in Section 4.4 by localizing the
next eigenfunction of ipw in the left/right wells. Since said eigenfunction must
be orthogonal to all lower eigenfunctions of ipw, we deduce from what has been
proved so far that the localizations must to leading order be orthogonal to the sub-
space of the single wells Hamiltonians corresponding to all eigenvalues up to the
k-th one. The claimed energy gap follows.
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